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Abstract 

In this work we will study the decomposability property of primitive 
branched coverings of the projective plane. The main result is to show that 
any branching data which is realizable it can be realized by an indecompos­
able if the degree d is even. Also we cl11SSify the branching coverings with 
one branching point from the view point of decomposibility. For more than 
one ramification point let d be odd. We have two cases. One is when the 
defect is d - 1 and we give examples where in one case there is an inde­
composable and in the other case there is no an indecomposable. When the 
defect is > d - 1 few examples are computed and they give support to the 
conjecture that in this case there is always a positive answer to the question. 
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1 Introduction 

Let (M, q,, S, B,,, d) be a branched covering and !7A a branch data. The question of 
cl8.5Sify which branch data admits a relization which is indecomposable and which 
branched data admits a realization which is decomposable has been considered for 
many years. See for example [4), (3), (7) and (16). Recently, in [3), this problem& 
has been completely solved in the case where S is a closed surface different from 
the sphere S2 and the projective plane lRP2 • The purpose of this work is study this 
question for the projective plane. Let us point out that the realization problem for 
the projective plane has been solved some years ago in [9), i.e. one knows exactly 
which branch data can be realized. The realization problem for the sphere is still 
an open question. 

From now on let S = RP2, the projective plane and <J> : M -+ JRP2 a prim­
itive branching covering, i.e. the induced homomorphism 1r1(M} -+ 1r1 (1RP2

) is 
surjective. If the homomorphism is not_ surjective the maps admits an obvious 
decomposition. 

Let (M, q,, S, B4>, d) be a branched covering and fJ a branch data. Since q, is 
orientation-true then M is nonorientable. From [9] this data is realizable if and 
only if the total defect satisfies: 

d - 1 ~ v(!lA} = d - x(M) = 0 (mod 2). (1) 

2 Branch coverings with one branch point 

This case is quite simple. From the Hurwitz conditions given in [9) follows that 
the total defect of these brahching data are d-1. We will show that the branching 
data is not realizable by an indecomposable, in contrast with the case where the 
base is not RP2• The total defect of these brahching datum are d - 1. So the 
branch covering is of the form (lRP2 , </>, IRP2, { x}, d) and fJ = [d). 

Proposition 2.1. A branched coverings like (IRP2, ¢>,RP2, {x}, d} is always de­
composable if d is not prime. 

Proof Look, if !7A is the branch data, by (HC} v(!lA) = d-1 = 0 (mod 2}, therefore 
d is odd and !7A = [d). Thus, every non-trivial factorization of d = uw defines a 
factorization of !7A by non-trivial realizable datas "a' = [u) and "fl/ = (w] on IRP2 

and by Theorem 1 from (3) !7A is decomposable. 
In another way, notice that the representation 

p : 1r1(1RP2 
- {x}} = (a, uxla2u,, = 1) --> Ed 
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such that a2 = 'Y- 1 is a d-cycle, the group G = Imp = ('Y, o) = (o) is always 
imprimitive, because if a2 is a d-ciclo, necessarly o is a cl-cycle, then every isotropy 
subgroup is trivial and since d is no prime, it is contained in a proper subgroup of 
Imp and our affirmation is a consequence of Corollary I.SA in (8). □ 

Now we will move to the cases where we have more than one branched point. 

3 Even degree 

Let (M, ¢,,RP2 , B~,d} be primitive with branch data~= {D1, ... , Dt}, and notice 
that if dis even then by (1) the genus of Mis even, therefore x(M) $ 0. Moreover, 
by (1) we havex(M)-l¢,-1(B~)I = d(l-t} andsincex(M) $ 0, necessarllyt > 1. 

Proposition 3.1. Let d > 2 be an even number and ~ = { D1, .. . , D1} a finite 
collection of partitions of d such that d $ v(~) = 0 (mod 2} and containing 
a partition different of (2, ... , 2). Then ~ can be realized by an indecomposable 
primitive branched covering. 

Proof Without loss of generality, let us suppose D1 :/ [2, ... , 2). Since d $ v(~) = 
0 (mod 2), there is q ;:: 0 such that v(~) = d + 2q, then v(D1} + v(D2} = 
d + 2q - r::=3 v(D;). Us= I:;~3 v(D;) - 2q is bigger than zero, applying Lemma 
4.2 in [9) there are permutations 'Yi E D1, ')'2 E D2 such that ('Y1,')'2) acts in 
{ 1, ... , d} with s orbits and 

t 

v('Yn2} = d - s = d - L v(D;) + 2q. 
i=3 

(2) 

Us $ 0, applying Lemma 4.3 in [9] fork= -(l - E:=3 v(D;}} there exist 'Yi E D1, 

')'2 E D2 such that hi, 'Y2) acts trasitively on {1, ... , d} and 

t 

vbn2) = (d - 1) - k = d - L v(D,). (3) i=3 
Let D12 be the partition determined by 'Yl'Y2 and by (2) implies v(D12) + v(D3) = 
d + 2q - E:=4 v(D1) and we can repeat the analisis before. On the other hand, 
the situation in (3) implies that v(D12) + v(D3) = d - E!=4 v(D;) and since 
r::=4 v(D1) > 0, by Lemma 4.2 in [9], there are ')'12 E D12, ')'3 E D3 such that 
('Y12, ')'3) acts with I:!=1 v(D,) orbits and v('Y12"(3) = d - E:=4 v(D,). It is clear 
that repeating the analisis before we will obtain the following situation: 

{ 
d + 2q , applying Lemma 4.2[9) 

v(D12 ... t-1) + v(Dt) = d ' applying Lemma 4.3(9) (4) 
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where D 12. .. ; denotes the partition dtermined by the cyclic structure of -r1 ... ;-1-'Y; 
with -r1 ... J-l E D1 ... ;-1 and 'Y; ED;, for j = 2, ... , t-1, where the -ri's are obtained 
by succesive applications of Lemmas 4.2, 4.3 in [9]. Whatever the case, we are 
under the hypothesis of Lemme. 4.5 in [9) D1 'F [2, . .. , 2], the are permutations 
"112. .. 1-1 E D12. .. 1-1, 'Yt E D1 such that the group ("112. .. 1-1, 'Yi) acts transitively on 
{ 1, . . . , d} and the product 'Y12 ... 1-t'Y1 is ad- 1 cycle, wich guarantees the existence 
of a permutation a E r:d such that 'Y12. .. i-t'Y• = a 2 and the permutation group 
("112. .. 1-1, 'Y1) is primitive. 

On the other hand, for i = 1, ... , t - 1, there is .>., E r:d such that 'Yi2 ... i-l = 
'Yi'''Yi' ... -r;~1• (recall that 'fi" = .>.m.>.11). Thus, we define the representation 

p : (a, u1, ... , utla2II~=t u1 = 11) --+ r:d 
a .......... a-1 

U1 I--+ '(i" 
Ut t--+ 'Yt 

Then, there exists a primitive branched covering (M, ,t,, IRP2
, B4,, d) with M nonori­

ente.ble realizing gJ as branch de.ta and since ('Y12. .. t-1,'Yi) < G = Imp, then G is 
a primitive permutation group and by Theorem 2.1 in [2], (M,,j,,RP2 ,B4,,d) is 
indecomposable. □ 

Proposition 3 .2. Let d > 4 be even and gJ = {Di, . .. , D1} a finite collection of 
partitions ofdsuch thatd ~ v(gJ) = 0 (mod 2) andD, = [2, .. . ,2] fori = l, ... ,t. 
If t > 2 there is an indecomposable primitive branched covering (M, ,j,, RP2

, B4,, d) 
realizing gJ as branch data. 

Proof. Suppose t > 2 e.nd since v(D1) + v(D2) = d, by Lemme. 4.5 in [9) 
there are permutations 'Yi E D1, 'Y2 E D2 such that {'Y1, 12) is transitive and 

'Y1'Y2 E D12 = [d/2, d/2]. Thus v(D12) + v(D3) = d - 2 + d/2. 
If d/2 is even, we apply a.gain Lemme. 4.5 in [9) and we get permutations 

112 E D12, 13 E D3 such that (112, 1J) is transitive and 1t2'YJ E D123 = [d - 1, 1] is 
a (d - 1)-cycle (because d/2 'F 2). Then, there exist a E I::d such that 112'YJ = a 2 

and {'Y,2, 1J) is primitive. Since 112 and 'Yl'Y2 are conjugates, there is .>. E r:d such 
that -y12 = .>.-yn2.>.-1. If t is odd, we define the following representation: 

I 

p: (a, {uJ}~=1la2 IT UJ = 1) ___. I::4 
j=I 

a I--+ a-1 

U1 I--+ >-11.>.-1 

{u1}::! I--+ >-12>--1 

Ut I--+ 'YJ 
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On the other hand, if t is even, then v(D123) + v(D4) = d - 2 + d/2 and again, 
applying Lemma 4.5 (9) we get permutations -y123 E D 123 and -y4 E D. such that 
{'Y123, 'Y4) is transitive and 'Yt23'Y4 is a (d - 1)-cycle. Then, there is a E Ed such 
that 'Yl2l'Y4 = a 2 and ('Y123, 'Y4) is primitive. Notice that there exist Ai, A2, A3 E Ed 
such that 'Y123 = 1{1~''Yi' and in this case we define the following representation: 

I 

p: (a, {uJ}!=1ja2 IJ UJ = 1) -+ Ed 
j=I 

a ,__. a-1 

Ut ,__. -ti' 
{ui}!;:~ ,__. i' 

Ut- 1 
,__. 'Yi' 

Ut ,__. 'Y4 

Whatever the case G = Im(p) is a primitive permutation group and by Theorem 
YO, the primitive branched covering associated to G is indecomposable. 

U d/2 is odd, the hypothesis implies t even bigger than or equal to 4, thus 
v(D12) + v(D3 ) = (d - 1) + (d/2 - 1), and by Lemma 4.3 [9) there are 'Y12 E D12, 
'Yl E D3 such that ('Y12, 'Yl) is transitive and 'Yt2'Y3 is a d-cycle. Let D123 = [d), 
then v(D123) + v(D4 ) = d + (d/2 - 1). we can implement Lemma 4.5 in (9) and 
we get permutations 'Yt23 E D123, 'Y4 E D4 such that ('Y123, 'Y4) is transitive and 
'Yt23'Y4 is a (d- 1)-cycle. Then, there is a E Ed such that -y123-y4 = a 2 and ('Y123, -y4) 
is primitive. For this case we define a representation like the last in the case 
before. □ 

Lemma 3.3. Let d f. 2 be even and a , {3 E Ed are permutations with cyclic 
structure given by (2, . . . , 2) such that the group G = (a, /3) is tmnsitive. Then G 
is imprimitive and unique up to conjugation. 

Proof We will show that, up to conjugat ion, a = (I 2)(3 4) ... (d - I d) and 
{3 = (2 3)(4 5) .. . (d - 2 d - l)(d I). Thus, the set B = {1, 3, . .. , d - I} will be 
a nontrivial block of G = (a, /3) (just applying a and {3 on it) wich makes it an 
imprimitive permutation group. 

Consider E, 6 E Ed with cyclic structure given by [2, . .. , 2) such that H = (f, 6) 
is transitive. Rearrange the cycles of f and 6 in the following way: if (I i) E f 

and (i j) E 6, we looking at E the cycle containing j, (j k), and we write it after 
(I i). Then, we Joking at 6 the cycle containing k, (kl), and we write it after (i j). 
Then, we looking at Ethe cycle containing l, (l m), and we write it after (j k) and 
we follow in the same way. We can move the cycles because they are disjoint and 
moreover, the process finish because d is finite. Thus E = (1 i)(j k)(l m) . . . (y w), 
6 = (i j)(k l) . . . (w I), where it is clear that H and Gare conjugates. □ 
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Proposition 3.4. Every primitive branched covering of even degree d > 4 on the 
projective plane, with two ramification points realizing the collection {12, . .. , 2], [2, ... , 2]} 
as branch data is decomposable. 

Proof If (M, cp,'JRP2, {x, y},d) is a primitive branched covering with branch data 
{12, . . . , 2], [2, ... , 2]} and Hurwitz's representation 

p: (a, u1, u2la2u1u2 = 1} --> Ed 
a 1---+ a 

U1 1---+ 'YI 

U2 1---+ 'Y2 

then Imp is a transitive permutation group with -y1, -y2 E [2, . . . , 2] and cr2'Y1'Y2 = 1. 
If ('Y1, -y2} is transitive, by Lemma 3.3 it is imprimitive, then the branched 

covering is decomposable. 
If {'Yi, -y2} is not transitive and 'Yi'Y2 = 1 then, without loss of generality, suppose 

'Y1 = 'Y2 = (1 2)(3 4) .. . (d - 3 d - 2)(d - 1 d) . By the relation, the options 
for a are, up to conjugation, either a := (2 3)(4 5) .. . (d - 2 d - l)(d 1) or 
a:= (1)(2 3)(4 5) ... (d - 2 d - l)(d). For the first option we have Imp equal to 
the group considered in the case before, then it is imprimit ive. For the second 
one, notice that {l, d} define a block. On the other hand, if 'Yl'Y2 -1- 1, using 
G = {'Yi, -y2 , ol-y~ = Y2 = 1, 'Yl'Y2 = a-2} we show that F ix('Y1'Y2) = Fix('Yn2Y'' = 
Fix(-y1-y2) 0 for i = 1, 2, then for all g E G we have Fix('Y172)9 = F ix('Yn2)- But 
Supp('Yn2) -1- 0 and G is transitive, then Fix('Yn2) = 0. Therefore every cycle 
of o has length bigger than or equal to three and -y1, -y2 have not commun cycles. 
Thus, given 'YI , each transposition of -y2 connects two transpositions of 'Y1- Let 
0 1, • • • , 01: be the orbits of the action of ('Y1,-y2} on {1, . . . ,d}, with k > 1. Notice 
that I01I ~ 4 is even, because each transposition of -y2 connects an even number 
(bigger than or equal to four) of elements, and if {-y1, -y2}; denotes the restriction 
of the action of {71, -y2) on 0 1 he are in the situation of Lemma 3.3 and {'Y1, -y2}1 

is imprimitive. On the other hand, considering that o makes the group G be 
transitive and the relation -y1-y2 = 0-2, we conclude that a connects two orbits, 
O; and OJ, only if 10,I = 10;1- Therefore all them have tha same cardinality. In 
particular, is a cycle of a conects O; and OJ, whose elements are in 'Y1'Y2 in the 
way (a;, . .. a;.)(a;.+, .. . 0;2.), (b1, . . . b1.Hb1.+, ... b1,.) respectively, whitout loss 
of generality, we can suppose that a cycle of o is (a;, b;, Oj2 bi> .. . a;. b;.) and 
thus, the blocks that we have on the orbits, given by the respective restrictions of 
('Y1 , -y2} become blocks for G. Then G is imprimitive and the branched covering is 
decomposable. D 

Proposition 3.5. Every primitive branched covering of degree 4 realizing the fi· 
nite collection ~ = {12, 2], . . . , (2, 2]} as branch data on the projective plane is 
decomposable. 
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Proof Let (M, 4>, RP2
, B♦, 4) be a. primitive branched covering with branch de.ta. 

r». Let t 2'.'. 2 be the number of partitions in ~ then 11(~) = 2t, its Hurwitz's 
representation is given by 

I 

p: {a, u1, ..• , utla2 IT u1 = 1) --+ I:4 
l•l 

a ,__. a 

and the possible images for II!=i u1 a.re, without loss of genera.lity, either (1)(2)(3)(4) 
or (12)(34). Let U = (-y,, .. . ,-y1) < G = Imp. If U is transitive then U ~ 
((12)(34), (13)(24)) is imprimitive, where every pair of elements is a. block. Thus, 
if P(fl:=l u1) = 1, for every a, G = (U, a) is imprimitive. On the other hand, if 
p(TTi=l U;) = (12)(34), necessa.rly either a = {1324) or a = (1423), whatever the 
case, we will have {1, 2} a.s block of G. If U is not transitive then U g,!( ((12)(34)), 
thus for guarantee the transitivity of G, either a = {13)(24), (13) or (1324) and 
whatever the case, we always have G imprimitive. □ 

We summarize the case d even in the following theorem: 

Theorem 3.6. let d even and r» = {Di, . .. , D1} an admmisible data on the 
projective plane such that d ~ 11(~) = 0 (mod 2). Then r» is realizable by an 
indecomposable primitive branched covering on the projective plane if, and only if, 
it satisfies one of the following cases: either 
(1) d = 2, or 
(2) There is i E {1, ... , t} such that D; ,f (2, ... , 2), or 
{3} d > 4 and t > 2. □ 

4 Odd degree 

When dis even, notice that in (P11, 4>, RP2, B♦,d), by (1), his odd. Recall also that 
a. primitive branched covering on the projective plane with only one ramification 
point looks like (RP2, 4>, RP2 , {x}, d) and it is always decomposable (see Proposi­
tion 2.1). Then, the remaining cases a.re the decomposable de.ta.~= {Di, .. . , D1} 

such that t > 1. 

Proposition 4.1. Let d be odd and r» an admissible data on the projective plane 
such that d - 1 ~ 11(r») = 0 (mod 2). If r» contain a partition like [d] then ther 
is an indecomposable primitive branched covering on the projective plane realizing 
r» as branch data. 
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Proof Suppose ~ = {D1, ... , D1} with D1 = ldJ· For i = 1, . .. , t - 1 choose 
'Yi E Ed with cyclic structure given by Di. If n::1 'Yi "F ld, then its cyclic structure 
defines a new partition D = (di, ... , d.] of d such that v(D) = d-s = E::: 11(Di) = 
v(!il) - v(D1) = d - 1 = 0 (mod 2), therefore s is odd. If s = 1, define 'Y1 = m::: 'Y1)-1, a- = (1 1'71 ) and the representation 

I 

p : (a, { u,} :.,1 la
2 IT u, = 1) -+ Ed 

i=l 
a ,__. a 

U1 I--+ 'YI 

where Imp is a primitive permutation group, because by the structure of a-, every 
block containing the element 1 contain also 1 ° = 17 ' and since -y1 is a &-cycle, 
this block contain everybody, therefore the block is trivial. Ifs> 1, we apply the 
Corolrio Z for p::: 'Yi and therefore there is a &-cycle 'YI such that n:=1 'Yi is a d­
cycle and {TI::1 'Yi, -y1) is primitive. Moreover, since n:=t 'Y1 is an odd length cycle, 
there is a E Ed such that a 2 = n:=I 'YI· We define the following representation: 

I 

p: (a, {u,}:=1la2 IT u, = 1) -+ Ed 
l=I 

u, I--+ ,..,, 

with Imp primitive because it contains {TI::: 'Y;, -y1) . Whatever tha case, Theorema 
YO guarantee that the primitive branched covering associated to each one of the 
representations above is indecomposable. 

If TI::: 'Yi = ld and there is some 'Yi with a cycle with length bigger than or 
equal to 3, we change 'Yi by -y;1

. If each 'Yi is a product of cycles of length less than 
or equal to 2 we change the symbol of a transposition by a symbol in another cycle. 
thus, without change the cyclic structure of the permutations, the new product 
TI:=t 'Yi is different of the identity and we are in the case before. □ 

By the proposition above, it remains to analyze the cases where every partition 
in gj is different of [ d]. 

4.1 A special case 

Let d E z+ be an odd integer and !iJ = { D., D2} a decomposable data on the 
projective plane such that Di -f [d], for i = 1, 2, and v(!iJ) = d - 1. 

Since !iJ is decomposable, there exist a non-trivial factorization of d, say d = 
u.w, and a non-trivial factorization of !iJ, say !iJ = %' .:#'. 
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Conjecture. Let >. E D1, /3 E D2 • If "U = {[u)} then a transitive permutation 
group like (a, /3, >.ia2 >.{3 = 1) imprimitivo. 

If "U = {[u)} then there exist u + 1 collections of partitions of w, they are 
W0, Wi, .. . , Wu, such that, without loss of generality, 

Di= [u.Wo), D2 = [W1, • .. , Wu) 

with Wo # [w). Then each component of D1 is divisible by u and each component 
of D2 is less than or equal to w. 

If tis the number of components of D1 then d-t+ 1 is the number of components 
of D2• Notice that Fix/3 t, 0, otherwise each component of D2 is bigger than or 
equal to 2 then 2(d - t + 1) $ d and d $ 2{t - 1), impossible because D1 hast 
non-trivia.I components whose sum is d. Thus 2(d - t + 1 - IFix/11} + IFix/31 $ d 
then 

d - 2t + 2 $ IFix/31 

ISupp/31 $ 2(t - 1) 

Then {3 has at mosts $ t - 1 non-trivia.I cycles and moreover, it moves at most 
2(t - 1) elements. Let us suppose 

Proposition 4 .2. With the hypothesis and the notation above, if(>., /3) is transi­
tive, the conjecture is true. 

Proof. First of a.II we will show that under these hypothesis >.{3 is a &-cycle. Let 
us suppose that {31 is a t;-cycle for i = 1, . .. , s, then 

• 
L);-s+l=t (5) 
i=l 

because 11(!.t>) = (d-t) + C[::=1(t;- l)) = d-t+t-1 = d-1. Then without loss 
of generality we can define /31 as the bridge of the first t1 cycles of >., this is, /31 is 
the cycle formed by the firs element of the first t1 cycles of >.. Then we consider 
the permutation >.{31 with t - ti + 1 cycles and we define 132 as the bridge between 
the first t2 cyclies of >.{31, with {elements of 132} C {l, . .. , d} - {elements of /31}. 
Now, we consider the permutation >.{31132 with t- t1 - t2 - 2 cycles and we define 
/3J in the same way of the cases before. Thus, in the end of the process notice that 
>.{3 defined in this way is a permutation with t - E;=J t; + s cycles, and by (5) >.{3 
is a d-cycle. 
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/31 is a non-trivial ti-cycle of /3, with t1 ~ t, then /31 is defined taken one and 
only one element of t1 different cycles of..>.. Thus, without loss of generality 

where {..>.;} denotes the sequence of elements in ..>.;, for i = 1, ... , t1. 

(6) 

D 

Let us suppose D1 = (d1,, ... , d1,) with 1 < r ~ w, ..>. E D1, /3 E D2 and 
o E r:d such that (o, beta, ..>.lo2..>./3 = 1) is a transitive permutation group. Then 
..>. = ..>. 1 • •• ..>.d,, where..>.; is a d1,-cycle, i = 1, ... , rand we can consider /3 = /31 ... /Ju, 
where /3, E W; with the symbols in /31 different of the symbols in /3;, whenever it, j 
for i = 1, ... , u. Since the number of components of D2 is d- r + 1 then Fi.x/3 ¥ 0, 
otherwise d ~ 2(d - r + 1) then d ~ 2(w - 1) but d = u(w - 1) + u. Moreover 
IFix/31 ~ w(u - 2) + 2 therefore ISupp/31 ~ 2(w - 1). 

5 Final comments 

We would like first to observe that the case where we have two branching points is in 
fact the main case. Using some algebraic argument in terms of the representations 
we can show that a positive solution for this case implies that the problem has a 
solution for all cases. 

1n few examples we can show that the problem has a posite solution. For 
example, by brute force the case of degree 9 we can give a complete classification 
of the coverings in terms of the braching date. We observed that the only cases 
(which are 4) where there is a branch data such date it can not be realized by an 
indecomposable is when the excess is 8 which is d - l. Many other examples gives 
support to possibility that if the excess is greater than d - 1 then there is always 
a realization by an indecomposable. 

The table below shows all possible branch data which can be realized by de­
composable, which are the ones we are interested. We can show that the only 
cases where we cann't find a realization by an indecomposable, are theones given 
item 8, 19, 20 and 26. These cases have excess equal to 8 = d - l. 
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