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0 Introduction 

Conformal geometry considers scale-invariant properties of Riemannian man­
ifolds. See (14] for a. modem introduction to conformal structures via. sec­
ond order frames. Complex structures are related to oriented conformal 
structures in such a way that, in real dimension two, both structures are 
equivalent. 

Any 3-dimensional manifold baa a contact structure {(13, 151), that is, 
a non• integrable distribution characterized by IJ I\ dlJ -; 0 at every point, 
where 9 is a 1-form anihilating the distribution. Contact structures first 
appeared in Mechanics, but they also appeared intermingled with complex 
structures in (16]. Poincare examined the boundary of domains in C1 in an 
attempt to understand uniformization in the case of two complex variables. 
The structure on the boundary is nowadays abstracted in the concept of a 
CR-structure (Cauchy-Riemann structure). 

lt turns out that we may view the CR-structure as a conformal struc­
ture on the contact distribution. Webster defined the concept of pseudo­
Hermitian structure in (19) and noted that it relates to CR-structures in the 



same way as Riemannian structures relate to conformal ones. In (12), the 
general ea.&e of a. metric structure on a contact distribution is treated and 
in (10) the conformal geometry of this structure is analysed based on the 
treatmenl of the CR case ((3, 4, 61). 

A metric defined on a distribution is also called a sub-Riemannian struc­
ture. 1n dimension 3 a contact sub-Riemannian structure is equivalent to 
a pseudo-Hermitian structure, and ita conformal geometry is equivalent to 
a CR structure. In this paper we make explicit the relation between sub­
Riemannian, pseudo-Hermitian and CR structures in the case of dimen­
sion 3. We analyse Carta.n's CR invariant by expressing it in terms of 
sub-Riemannian data and compute it for all homogeneous sub-Riemannian 
manifolds classified in (9). See Table l. 

1 Basic structures 

Let 1J be a contact distribution defined on a. 3-dimensional smooth manifold 
M, that is, there is a 1-form 9 on M such that ker d9 = V and 9 I\ d9 '# 0. 
We will c:onaider the following atruc:tures: 

Definition 1.1 a. (M, V, J) is a CR-structure if J is a. smoothly varying 
linear endomorphism on 'D which satisfies J2 = - I. · 

I,, (M, V,g) is a. sub-Riemannian structure if g is a smoothly varying 
positive definite symmetric bilinear form on V. 

c. (M, V, (g)) is a conformal sub-Riemannian structure if (g) is a confor­
mal class of sub-Riemannian metrics. 

2 Sub-Riemannian and pseudo-Hermitian struc­
tures 

Let (M, V,g) be a sub-Riema.nnian structure. The adapted coframe bundle 
is the bundle of positively oriented orthonormal adapted coframes 9, 8 1 , 92 

satisfying d9 = 291 /\ 9'. If 8', 91', 82' is another adapted coframe, then 

9' = 9 

where (a~) E S0(2) 
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Theorem 2.1 ([11, 19)) T!if!re f!fflU a uniquf! conna:tion/orm wand for. 
aion forms TJ, T 2 ,uch that 

d81 = 82 Aw + 8 A T 1 

d82 = -01 Aw + (J A T 1 

The curvature form is 

and we write then 

(1) 

It will be important to collect \he Bianchi identities in the followin~. 
First observe tha.t we ma.y choose 6 1 and 62 such tha\ T 1 = r06 1 and 
T 2 = -r082 • This defines a parallelism on the manifold in the case r0 ;. O. 
We b&ve 

-W, - T02 = 2Tc,e.,1 

W2 - Toi = 2To"'2 
Ko - W12 - W,w, + W21 - W:zW, = 0 

-w12 + W21 - (w,)'' - ("'2)2 + 2w0 = K 

-W10 + Wo1 - Wt To - WoW2 = w, 
-W20 + Wo2 -wow, - W:iTo = w, 

Here we used the convention a = 0 18 1 + 0 282 + 0 08 for a I-form a on M 
and, in particular, df = fi81 + fl8 2 + /0 0 for a function/ defined on M. 

We draw some consequences from the Bianchi identities. If To = 0 then 
W1 = W2 = O. On the other hand, in the case that r0 '# 0 and K, To, Wi, 
W2 are constant, we have the relations 

There are two possible cases: W1 = -W2 and W1 = W2 • If W 1 '# 0, then 
w0 = To and Wo = -r0 in each case, respt-etively. 

We will show how the s11b-RiPmannian strurture is related to the pseudo­
Hermitian structure defined by Webster in (19). In fact, in dimension 3, the 
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structures a.re the same. A pseudo-Hermitian structure is defined fixing a 
distribution 1), a. complex operator J in 1) and fixing a. form tJ = 8 with 
kernel P. The equations of Webster's connection are obtained by defining 

11 = s1 + ,02 

T
1 = T 1 + fr2 

s: = -iw 

With thia notation, we easily see that we have 

dtJ = i91 "'s1 

dlJ1 = 81 A 11: + 8 A r 1 

with conditions 

s: + 8( = 0 

T 1 A 9I = 0 

Here BJ= Bf. 
The curvature of this connection is 

(3) 

Comparing the pseudo-Hermitian curvature (3) with the sub-lliemannian 
one ( l ), we obtain 

(4) R Ir = - \ 
2 

(5) w 1 i 
= --W2- -W1 

2 2 

3 Sub-conformal and CR-structures 

In this section we describe the bundles which are associated to the CR­
structure a.nd to the sub-conformal structure. Note tha.t in dimension 3 
both structures coincide. See [6} for details on the CR-case and [10) for the 
sub-conformal case. 

Let ( .M, 1), (g]) be a sub-conformal structure. We let E' be the line­
bundle of all sub-Riemannian metrics in the conformal class [g). Given 
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a sub-R.iemannian metric, that is, a section of this bundle, there exists a 
canonical contact form 9 such that 

where 11' is an orthonormal coframe on 'D. We could also consider the line 
bundle E of all contact forms associated to the sub-R.iemannian metrics in 
this sense. It is clear then that there exists a fiber bundle isomorphism 
between those two bundles. To explicit this isomorphism, consider a triv­
ialization of E', that is, a choice of a sub-Riemannian metric g and the 
corresponding trivialization of E, that is, the contact form 9. Then the 
bundle map is defined as >..g .- Ml. We will identify E with E' in the 
following considerations. 

We will construct a bundle Y of 1-forms over the bundle E. We begin by 
defining the tautological form w. Given a point e in E, consider a coframe 
(Ji as above. At e we consider the pull-back of 9" and all forms defined by 

w• = ./'Xa}Bi + v;w where (an E S0(2); 

finally we define the form ,J, by imposing the equation 

J.w = 2w 1 /\ w 3 + W /\ tp. 

Observe that for each choice of w•, ,J, is then any form in the familly 

The bundle of all forms w, w•, ,J, is denoted by Y. This is a G-structure 
with G the group of matrices of the form 

where ( u~) E S0(2). 
In the case of CR-structures we a.lso form the line bundle E of contact 

forms and denote by w = w the tautological form. Y will be the G-structure 
of all coframes satisfying the equation 

dw = iw 1 I\ w1 +WI\ 1/,. 
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where w1 = w 1 + iw3 , ,;--: q,. 
In dimension 3, a sub-conformal structure is equivalent to a CR-structure. 

In complex notation write the group Gas the group of matrices of the form 

where• E U(l). 
We use now the convention o 1 = ci1 and o 1 = o1 for o 1 a. complex valued 

1-form. 

Theorem 3.1 ((3, 4, 6)) On Y there ezi&ts a unique paralleli&m given by 

the /Ot'm$ w, iJ, • ,41, qi, tJ, such that the /ollowing equatio,ia are satisfied 

dJ,tJ = iw1 Aw1 +wll.t/> 

""11 = w1 
/\ <t>: + w I\ </>

1 

dq, = iwi I\ <f,1 + i<f,y /\ w 1 + w I\ "' 

d..1.1, . /\ ..1,l 2 ·..1. /\ I l .J, 
y, : IW1 y, - Jy,1 W - 2 'f' /1. W 

d•l = <P /\ 4>' + q,l /\ 4>: - ~\& /\ w' + Qwl I\ w 

with the condition 4> - 4>} - <t>I = 0. 

We also have one more equation: 

dv, = - "' I\ "' + 2i~
1 

/\ 4>1 + p /\ w 

It is not difficult to see that p = 2Q181 + 2Q 181• See Cheng ([51). 
The Cartan connection on Y is the 1u(2, 1) valued form 

( 
-½(t;l + 4>) w 1 

r = -it/>1 ½(24>l - <t>) 

-¼t/J ½<I>' 

and the curvature form for this connection is 

fi= (-iQ~1
/l.w 

-¼p/1.w 
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(see ((6)). 
In the case of a conformal sub-ruemannian structure in arbitrary dimen­

sion we have the following theorem proved in [10]. 

Theorem 3.2 ([10)) There uista a unique paralleli8m of Y given bJ/ the 
form. "'• wi, ~. wj, ,J;i, ,P satisfying the equation. 

dw = h;;wi /\ w1 + w /\ ~ 
d.t/> = 2h;;t/>i I\ wi + b;;Wj /\ wi + w /\ v, 

• · 1r · · · 1r 1 • · 1 " . d.wj + wi /\ w; + h,;w' /\ ¢' - ht;w' /\ ti> - it;W /\ w• + 2b._w I\ w' 

h . t . t l t 
- t;<P' /\ w + hh<P' I\ w + h;;W ""' = 
S]tmw" /\Wm+ (\';itw" + Wjt:4'") /\ W 

. 1 . . . 1 . 
d,p' - -q, f\ <I>' - ti>' I\ w~ + -·'· I\ w' = 2 ' 2y 

1 . . " . . " . . . . i";'t + v:;)w I\ w' + Wjt<I> I\ w' + Pjw' I\ w + Rj¢' I\ w + U,p /\ w 
. . . " . . . dv, + 1/) /\ q, - 2h;; <I>' A' +( 2h;; R~ + 4b;, )q, A w' + 2h;; U' T/J /\ w' = 

p I\ w + Q;;i,i I\ r.J 

with condition, 

w; = -w! , 
(b;;) E g 

(S];m) E (g' ).L 

V}; = 0 
pi = 0 I 

where g = ker(ad8 ) n •o(2n), (g').L = im(ad8 ) n sim(2n), for H = (h;,;), p 
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ia a J.form, and the conditiona 

h;; = -h;1 

b;J = -6;, 

6;;1r = -6;;• 

b;;• + 6;11 + 61:;J = 0 

s;.m = -st.m = -s;mlr 
s; .... + s~ ... ; + ~ ... ,. = 0 

Y;'. = -v;{ 
wj., = -W/., 

(sim(2n) denotes the vector space of 2n x 2n real symmetric matrices). 

The parallelism defined by Chern for the CR-structure in (6) corresponds 

to the case in the above Theorem where H = J and (w;) E g. 

4 Cartan 's invariant 

Cartan', invariant is Q and it is defined on Y. A change in coframes 

(J' = ).8 

81
' = ./>,.u81 + v 18 

transforms Cartan's invariant 

(6) 

Definition 4.1 We say a CR-structure is umbilic at p E M if Q(p) = 0. 

Otherwise, we say the structure is non-umbilic at p. 

To obtain an invariant defined on the base manifold M, we first observe 

that, if the point is umbilical, then the invariant Q = 0 is well defined on the 

base manifold at p. If the point is not umbilical, we shall find a parallelism 

on M at p by imposing Q'(p) = i. This condition fixes a unique coframe 8, 

81 at p. Invariants A, B and Care thus obtained on M from the equation 

(7) 

Remark 4.1 11. If a CR-structure is umbilical on a neighbourhood of a 

point, tht>n the CR-structure is locally CR-equivalent to S3 near that -

point. 
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I>. If two nowhere umbilical CR-structures have the same constant invari­
ants A, B a.nd C, then they are locally CR-equivalent. 

5 Cartan's invariant via sub-Riemannian invari­
ants 

It is now our goal to write Cartan 's invariant in terms of the sub-Riemannian 
data. Following Webster (19} and a correction in (1), we embbed the sub­
Riemannian structure into the sub-conformal structure by fixing a section 

ibl = 91 I I+ 4R9 

(8) q,1 i 
= T1 +-R91 + E8 

4 

"' = GB+ i(E91 
- E81) 

where E - !!i. + .h!!'.. - e 3 

Recall the last equation from Theorem 3.1 

(9) dt/,1 
- <P /\ t/,1 

- t/,1 
A ct,l + ~" /\ w1 = Qw1 

I\ w 

- and substitute relations (8) into (9) to get 

(10) 

To simplify the exposition we will suppose from now on that K, To, W1 , 

W2• are constants. If To = 0 then Q = 0. Otherwise, substituting the 
sub-Riemannian da.ta. (4), (5) and (2) into (10), we get 

Q = i{ ~T'oK + -1
- (Wl + w:n 

4 6To 

As we observed before, to obtain the parallelism in the non-umbilical 
case we set Q' = i in (6) to get 

..\
2u2 = ~Toli + -1

- (Wl + w:) 
4 6ro 

Now there are two cases to consider, whether the right hand side of the 
equation above is positive or negative. We have respectively u = I and 
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" = i ud find C = f-41~ from (7). Similarly, A = ~(W2 + iWi) and 
IIAI heyl-' 

B = - ,t-'l ( K + 2wn It is better to work with the following expression as 
Cuta.D'a invariant 

C _ _!_l = ~ K + .!, Wf 
ii C 2 4 To 3 'ro 1 

u it allow■ to detect some umbilical caaea with non-vanishing torsion. We 
next compute the value of this invariant for the examples of homogeneous 

aub-Riemannian manifolds classified in [9}. The final results a.re summarized 

in Table 1. 
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type G A B I To 

1 H 3 

-2a Euci 

3a Poin4 I o -1 o ) I ¼ o 
0 0 0 0 1 

!! 
4 

4ad SU(l, 1) l 

-Sad SU ( l , 1 )' 

0 -1 0 
I O 0 

0 1 0 
1 0 0 

6ad SU(2) I O 1 O I . 1 
-1 0 0 I 

1ab E+(b) I D 1 -b I 
D O 0 

Bab E_(b) I O -l b I I 
" 0 0 0 " 

l 0 
0 !.±i 
0 ¼ 4 

¼ o l !. 
0 1 4 

¼ o l . 
0 1 4 

L 

K 

0 

a 
2 

o-d 
-2-

0 

0 

0 

0 

0 

0 

W2 I C 

0 0 

0 

0 

0 

0 

0 

1 
2 

Table I: 3-dimensional sub-homogeneous spaces: all of them are Lie 
groups G; {X1, X2 , Y = [Xi, X 2]} is a basis of tbe Lie algebra of G, {X1, X2 } 

is a basis of the distribution and A is the matrix of adv restricted to the 
distribution; B is the matrix of the inner product on the distribution; To, 
K, W1 and W2 are sub-ruemannian invariants; a, band dare positive pa­
rameten; we may assume a~ d for types (4) and (6); each one of types (1), 
(2), (3), (7b) and (8b) gives rise to a unique homogeneous conformal sub­
Riemannian manifold (or, what is the same, homogeneous CR-manifold), 
but each one of types (4), (5) and (6) gives rise to a one-parameter family of 
homogeneous conformal sub-Riemannian manifolds indexed bys= (d/a)112, 

ands E (O, l] for types (4) and (6) and.~> 0 for type (5); C is Carta.n's CR 
in va.rian t. 

11 

• 



(10) E. Falbel and J.M. Veloso. A parallelism for conformal sub-Riemannian 
geometry. Preprint, IMEUSP, 1993. 

(11) E. Falbel, J.A. Verderesi, and J.M. Veloso. Constant curvature models 
in sub-Riemannian geometry. Matematica Contemporanea, Soc. Bras. 
Mat., 4:119-125, 1993. 

(12) E. Falbel, J.A. Verderesi, and J.M. Veloso. The equivalence problem in 
sub-Riemannian geometry. Preprint, IMEUSP, 1993. 

(13) M. Gromov. Stable maps of foliations in manifolds. lzv. Akcul. Nauk. 
C.C.C.P., 33:707-734, 1969. 

(14) S. Kobayashi. Tran4ormation Groups in Differential Geometry. 
Springer-Verlag, 1972. 

[15] J. Martinet. Formes de contact sur les varietes de dimension 3, volume 
209 of Lecture Notes in Matl&ematics, pages 142-163. Springer-Verlag, 
1971. 

(16) H. Poincare. Les fonctions analytiques de deux variables et la 
representation confonne. Rend. Circ. Mat. Palermo, 23:185-220, 1907. 

(17) R. S. Strichartz. Sub-Riemannian geometry. J. DijJ. Geometry, 24:221-
263, 1986. 

(18] R. S. Strichartz. Corrections to 'sub-lliemannian geometry'. J. DijJ. 
Geometry, 30:595-596, 1989. 

(19) S. M. Webster. Pseudo-Hermitian structures on a. real hypersurface. J. 
DijJ. Geometry, 13:25-41, 1978. 

12 



93-01 

93-02 

93-03 

93-05 
93-06 

93-07 

93-08 

93-09 

93-10 

93-11 

93-12 

93-13 

93-14 

93-15 
93-16 

93-17 

93-18 

93-19 

93-20 

93-21 

93-22 

..... 

TRABALHOS DO DEPARTAMENTO DE MATOOTICA 

T!TULOS PUBLICADOS 

COELHO, F.U. A note on preinjectiva partial tilting 
modulaa. 7p. 

ASSEM,I. i COELHO, F.U. Complete slices and 
homological properties of tilted algebra•. 

llp. 
ASSEM, I. i COELHO, F.U. Gluaings of tilted algebras 

20p. 
COELHO, F.U. Postprojective partitions 

Auslander-Reiten quivers. 26p. 
MERKLEN, H.A. Web modules and applications. l4p. 
GUZZO JR. ,H. The Peirce decomposition for 

commutative train algebras of rank n.12p. 

and 

some 

PERESI, L.A. Minimal Polynomial Identities of Barie 
Algebras. llp. 

FALBEL E., VERDERESI J .A. 
Equivalence Problem 
Geometry. Up. 

& 
in 

VELOSO J.M. The 
Sub-Riemannian 

BARROS, L.G.X. & POLCINO MILIES, C. Modular Loop 
Algebras of R.A. Loops. lSp. 

COELHO.F.U., MARCOS E.N., MERKLEN H.A. & SKOWRONSKI 
Module Categories with Infinite Radical Square 
Zero are o f Finite Type. 7p. 

COELHO S.P. ~ POLCINO MILIES, C. Automorphi••• of 
Group Algebras of Dihedral Groups. Sp. 

JURIAANS. o.s. Torsion units in integral 
rings. 11 p. 

group 

FERRERO, M., GIAMBRUNO, A. i POLCINO MILIES, C. A 
Note on Derivations of Group Rings. 9p. 

FERNANDES, J 1,,C. & FRANCHI , B. Existence of the Green 
function for a class of degenerate parabolic 
equations, 29p. 

ENCONTRO DE ALGEBRA - IME-USP/IMECC - UNICAMP . 4lp. 
FALBEL, E. & VELOSO, J.M. A Parallelism 

conformal Sub-Riemannian Geometry, 20p. 
for 

"TEOIUA DOS ANEIS" Encontro IME. USP. IMECC-
UNICAMP Realizado no IME-USP em 18 de 
junho de 1993 - sop. 

ARAGONA, J. some Properties 
Generalized Functions on 
Pseudoconvex Domains. Sp. 

of Holomorphic 
strictly 

CORREA I., HENTZEL I.R. & PERESI L.A. Minimal 
Identities of Bernstein Algebras. 14p. 

JURIAANS s.o. Torsion Units in Integral Group 
Rings II, 15p, 

FALBEL E. & GUSEVSKII N. 
of dimension 3. 28p. 

Spherical CR-manifolds 

MARTIN P.A. Algebraic curves over Q and deformations 
of complex structures. 9p. 



93-23 OLIVEIRA L.A.F. de Existence and asymptotic behavior 
of poiaeuille flows of isothermal bipolar fluids. 
9p. 

94-01 BIANCONI, R. A note on the construction of a certain 
class of Kleinian groups. 9p. 

94-02 HENTZEL, I,R., JACOBS, D,P., PERESI, L.A. ' SVERCHKOV, 
s.R. Solvability of the ideal of all weight zero 
elements in Bernstein Algebras. llp, 

94-03 CORREA, I. , PERESI, L.A. Bernstein-Jordan Algebras of 
dimension five, 6p. 

94-04 ABADIE, 8. The range of traces on the Ko-group of 
quantum Heisenberg fflanifolda. 13p. 

94-05 BIANCONI, R., GUSEVSKII, N, and KLIMENl<O, H. Schottky 
type groups and Kleinian groups acting on s3 with 
the limit set a wild Cantor set. JOp, 

94-06 GORODSRI, c. Minimal Hyperspheres in Rank Two Compact 
Symmetric Spaces. 20 p. 

94-07 BARROS, L.G.X, de and WATSON, B, On Modular Loop 
Algebras of RA2 Loops. 19p. 

94-08 BARROS, L.G.X. de Loop Rings of I.P. Loops. 12p. 
94-09 BIANCONI, R. A note on the non-interpratability of a 

discrete order in an o-minimal (dense) structure. 
9p. 

94-10 GOOD.AIRE, E.G. and POLCINO MILIES, C. On the loop of 
units of an alternative loop ring, lOp. 

94-11 GOODAIRE, E.G. and POLCINO MILIES, c. Finite subloops of 
units in an alternative loop ring. Sp. 

94-12 JURIAANS, s.o. Trace Properties of Torsion Units in 
Group Rings. 7p. 

94-13 FALBEL, E, and GORODSRI, C. On Contact Sub-Riemannian 
Symmetric Spaces. 22p. 

94-14 GORODSRI, c. Minimal Sphere Bundles in Euclidean 
Spheres. 32p. 

94-15 COELHO, F.U., MARCOS, E.N., HERKLEN, H.A. and 
SKOWRONSKI, A. Module categories with infinite 
radical cube zero. 28p. 

94-16 CHAVF.S, R,M,B, on two parameter envelopes of N-Spheres 
in a real apace form. 17p. 

94-17 BARROS, L,G,X and JURIAANS, S.O. Units in Integral Loop 
Ri!"tgs. llp. 

94-18 BRASIL, JR. A. Hypersurfaces in s4 (1) with constant mean 
curvature and constant Gauss-Kronecker curvature. 
7p. 

94-19 COSTAR., NEUBURG, M. and SUAZO, A. Some Results in the 
Theory of Bernstein Algebras. 19p. 

94-20 FALBEL E., GORODSKI c. Sub-Riemannian Homogeneous Spaces 
in Dimensions 3 and 4. 32p. 

94-21 BARROS, L. G. X, de and POLCINO HILIES, C. Loops 
Algebras of Code Loops. lJp. 

94-22 CARRARA, V.L., RUAS, M.A.S. and SAEKI, o. A note on 
codimension two submanifolds with at most four 
critical points. llp. 



94-23 

94-24 

94-25 

NOTA: 

COELHO F. U. , MARCOS E. N. , MERKLEN H. A. , and SKOWRONSKI , 
A. Domestic Se■iregular Branch Enlargements of 
Tame Cancealed Algebras. 14p. 

DOKUCHAEV M. A., and JURIAANS, o. Finite Subgroups in 
Integral Group Rings. 20p 

FALBEL E., GOROOSKI C. and VELOSO J.M. Conformal Sub­
Riemannian Geometry in Dimension J. 12p. 

os t1tulos publicados dos Relat6rioa Tecnicos dos anos 
de 1980 a 1992 est&o 6 disposiv&o no Departamento de 
MatemAtica do IME-USP. Cidade UniversitAria "Armando 
de Salles Oliveira• Rua do MatAo, 1010 - Butantl 
Caixa Postal - 20,570 (Ag. Iguatemi) 
CEP: 01498 - Sao Paulo - Brasil -




