





the efficacy in removing dental plaque, 26 preschoolers were evaluated with respect
to a dental plaque index before and after toothbrushing either with a conventional
or with an experimental (hugger) toothbrush. The reason for considering null inter-
cepts is that null pretest dental plaque indices imply null expected posttest values.
As the same individuals were evaluated under two different experimental conditions
(toothbrushes), we need a model which takes into account the possible within sub-
jects correlation structure. We are going to discuss the model in detail in the next
section. Influence diagnostic is an important step in the analysis of a data set, as it
provides us indication of bad model fitting or of influential observations. Usually the
analysis is based on case-weight perturbation scheme where the weights are either 0
or 1 so that the case is either deleted or retained and then the individual impact of
cases are assessed in the estimation process, see Cook (1986) for a wide reference.
Cook (1986) proposed a very important method for assessing the local influence of
minor perturbations of a statistical model. Since then many works has been written
with respect to the local influence, but little work has been found in the literature for
the measurement error regression models. Lee and Zhao (1996) employed local influ-
ence approach in generalized linear measurement error models and Abdullah (1995)
compared several methods for detecting influential observations in a functional mea-
surement error models. Recently, Kim (2000) applied the local influence method in
the structural measurement error models. We are going to illustrate the application
using a real data from pretest/posttest study described earlier in this section. The
appropriate matrices necessary to construct the influence graphs are given in closed
form expressions. Section 2 presents the model. Section 3 reviews the concept of
the local influence and the application to the model defined in Section 2. Finally, in

Section 4 we present the illustrative application.



2 Measurement regression error model with null
intercept

In this section we are going to describe the model. The basic model is given by
Y;; = Bizij + e, (1)

Xij = Tij + Wiy (2)

where Y;; and X; respectively denote the observed values of the response and ex-
planatory variables for population ¢ and subject j, (i = 1,...,p, § = L.... M)y Tijy

correspond to the true values of the latter, Bi, i =1,...,p stand for the (unknown)

eij 0 o2 0 0
( Uij ) ~ N 01, 0 o* 0 ’ 3
Tij n 0 0 o

are independently distributed, i =1,...,p, j=1,...,n. An extra term was included

slopes and

in the model to allow for a possible within subjects correlation structure, leading to

Ty =p+a; (4)

i=1,...,p, j = 1,...,n with the ag; independently distributed as N(0,02) and
independent of the u;;. Considering the case of two dependent populations and under
the model specified by equations (1), (2), (3) and (4), the vector of observations
(X3, Yaj, Xz, Yo;)T is distributed according to a four-dimensional normal distribution

with mean vector (4, B4, i, fopt)T and covariance matrix
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oi+a’  pio; oz B0l
V= ﬂlo';’ ﬁfaﬁ + A1C|'2 ﬂlaz ﬁlﬂzdz (5)
R Y -
Pao? PrBao; Bo? B0k + Ago®

By using general properties of the multivariate normal distribution it follows that the
log-likelihood function for 8 = (By, s, it, 02,02, A, M) can be written as

L(6) = const — — log[aeA] + lA { [1\1)\2 ZXngz, + BB ZY1,Y2,+

i=1

+

(leg}’l] + ZXZ‘IY'IJ) + ,32A1 (ZXhYm + ZXQjYQJ)

J=1 j=1 J= Jj=1

o2u {AlAg (zn:le + iXZJ) + fiAe Z":Yu + Bl z":thl 3

% {naﬂ,ﬁr + (A = Mp0) ()Exfj + ixgj) —~ (6)
i=1 i=1
[*%2 + (83 + 2X3) o2 SYE+ [oA + (B2 +2)) o7 Y2 }} ,
J=1 j=1

where ' = ﬁ%)g + ﬂgAl + 2A1A2 and A =T 0'3 + 0'2A1A2. Maximum Likelihood
estimates for the vector of parameters  has to be obtained by iterative procedures.
One such procedure is the EM algorithm, which are described in the Appendix A.

3 Local influence diagnostics

Let L (6) denote the log-likelihood function given in (6), where 8 = (61, B2, &, 02,
0%, A1, A2)T. The perturbation is introduced in the model by the vector w, g x 1,
where w € @ C RY, 2 an open subset. Denoting L (#/w) the log-likelihood of the
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perturbed model, we are going to assume that there is a vector wp € 2 such that
L (8) = L (8/wq), V 8. To assess the influence of the perturbation on the maximum
likelihood estimates of 8, we may consider the likelihood displacement

LD (w)=2[L(9) - L(4)], (7)
where § and 6,, denotes the maximum likelihood estimator under the postulated model
and under the perturbed model L (8/w), respectiverly. The idea of local influence
(Cook, 1986) is concerned in characterizing the behavior of LD (w) at wp, which
can be summarized by the normal curvatures at LD (wp) as LD (w) is a nonnegative

function with a global minimum at wg. Cook (1986) showed that the normal curvature
at LD (wp) in the unit direction d, Cy, can be expressed as

Ca=2|dTFd|, (8)

where, F=AT (£)™ A, Ay = 6°L(8/w) /06:0w; evaluated at 0 = 0 and w = wo,
i=1,...,pj7=1,...,qand —1I is the observed information matrix for the postulated
model. "Large” values of Cy indicates sensitivity to the perturbation introduced in
the direction d. Notice that the direction d.. corresponding to the largest curvature
Ca,.. is the eigenvector of the largest eigenvalue (Cy,,,,) of the matrix F. The index
plot of d,,,, may reveal those observations that under small perturbations exert
notable influence on LD (w).

There are situations in which our interest is on a subset 6; of § = (61,63)". In
our case the interest is in 6; = (81, 7)7- In this case, the likelihood displacement can
be defined as

LD, ) =2[L (6) - L (b, 9 (b))},
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where g is the function which maximazes L (6,, 0,) for each fixed 6; and 6y, is de-
termined by the partition 7 = (é};, ég;)T. The normal curvature on the direction
d is given by (Cook, 1986)

Ca(0r)=2|d"AT (L' - Bn) Ad |,

0 0

swhere, {lidifj= 1, Biy = ( i

( Lll L12

) and Ly, is determined by the partition L =
Loy Lo ) After some algebraic manipulations we obtained the observed infor-

mation matrix L under the model defined by (1), (2), (3) and (4), which is given in
Appendix B. We are going to define some perturbations under the model defined by
(1), (2), (3) and (4) and obtain the matrix A. The maximum likelihood estimator of
the model parameters are going to be denoted by 6= (ﬁl, Bs, B, &2, 1;2, Sas :\2)

3.1 Perturbation of case weights

Let us denote by Z;, the vector of observed values, i.e., Z; = (X5, Yaj, Xoj, Ya5)"s
j=1,...,n, then Z; ~ Ny (m, X), with m = (g, bt s, Bop)” and T as given in (5).
Taking the log-likelihood function of the perturbed model as

L ((Xyj, Yaj, Xoj, Y2;), 0/w) =w;L((Xys, Y15, Xoj, Yo;), 8),0r

L(g/W) = —2LO_q(27l’ , b |%)iw, = %iwj (Z_, = m)T z! (ZJ = m) ’
=1

j=1
we may obtain after algebraic manipulations the matrix A, given by
-1
A== (104, 174s, 1745, 1/2 1]As, 1/(26°)1745, 1/2 17As, 1/2 1744,
1

where A; = diag{a;,...,0m},i =1,...,7, with
ayj = P1)o82 — FiRy;/(6%A1), a5 = fhi6% — FjRy;/(6%Ay),
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a3 =Gy, 645 = © + Ake — G3AT,

a5 = 30y + MAgd? + M; — (B + A1 )g8%) (62M; + 62N;) /(62 A1),

o = Py — R;/(6%D1), az; = Py — RY;/(62 ),
F;,Gj, M;, Nj, Ryj, Ryj, P, P2, A; and @ as given in the Appendix B, j = 1,...,n.
The vector wy is given by wy = 1,,.

3.2 Perturbation of the response variables

Lets introduce the following perturbation in the response variables
Yi; — Y1 + Sriwyy

Yy; — Yo + Syowsj

i.e., we are going to introduce an additive perturbation w;; multiplied by a scaling
factor Sy; in the response variable Y;;, i = 1,2, j = 1,...,n. In this case, wy =
o,..., O)T and we can use, for example, the inverse of the sample deviance of the Y},

as the scaling factor. The perturbed log likelihood function is given by

L (/w) = —2nlog(27) — glog | 2| —% by (Z; - m)T ) Y (Z; — m) ,
=1

with Z} = (X3, Y1; + Svawyy, Xoj, Yoy + Syaws;)T, m = (i, i, 4, fop)" and T as
given in (5). In this case, the matrix A can be expressed as

T
A= _AL [1Z.B,, 1,Bs, 13.Bs, 13,84, 15,Bs, 13.Bs, 17.B:] ,
1

where B; = diag {b1, - - birns bizy, - .- bizm} i = 1,..., 7, with
by = Sv167% [Qu; + 2605247 (PoYy; — AiQ))]
buay = —Bad2Sv2/ (691) [2B15 a3y + (B1Aad2 — MaP2) Y]
byr; = ~$625y1/(6%A,) [231525\253)/11 + (*35\1&3 - ;\2P1) Yzj] ,
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bagj = Sy26~2 [Qlj +2B,0820 (P 1Ya5 — @QU)] )

bsis = BidaSv1, bsgs = BadiSya . baj = —BihaSviGiATY, buy = —FhiSriGiATY
boty = —Sy1672 [%a (Vi — Bud) + (Ahat? + A1) (BiBeo?Yay — PaYys) [(62A)]

bsyj = —Sy26~2 [5\1 (YM - Bzﬁ) + (5\1:\2&2 + Al) (ﬁxﬁzﬁiYu B IYZi) / (&2A1)] )

boij = —Sv1P2/(6%A1) (BiQas — PaYss) 5 Beas = —PuPad25ya/ (67As) (P2Y1j = Bxsz)
brig = —BiBe628v1/(°1) (PuYas — BaQus) » by = —SvaPi/(67A1) (BaQyy — PiYas)

G;, Qvj, Q2j, P1, P2 and A, as given in Appendix B, j =1,...,n.

3.3 Perturbation of the explanatory variables

As we have done in the response variables, we are going to introduce the following

perturbation in the explanatory variables

variables as the scale factor Sx; and Sx», for example. The vector wp = (0,...,0)

X” - le + SXlej,

Xaj — Xoj + Sxawsj,

Again, we can consider the inverse of the sample deviance of the explanatory
T

and the perturbed log likelihood function is given by

L (8/w) = —2nlog(2r) — %log | Z | ——% z": (Z;‘* - m)T £l (Z;* - m) 3
=1

with Z* = [Xy; + Sx1wy, Yij, Xoj + Sxowss, Yys)', m = (4, Bups, s, Bops)T and 3

as given in (5). The matrix A may be expressed as

1 T
A= 5[50 1565 1505, 15,00 1.0, 15,06, 15,C1]

where C; = diag {ci11, ..., Ciin,Ciz1,- - - Cign } ¢ = 1,..., 7, with

115 = Sx1€15, C12j = Sxze1; , €1 = —Aa62/(82A1) (EITU - :\1R2j) )
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oa1j = Sx1€25, Omj = Sxzezj , €95 = ~M52/(62A4) (Bsz,- - :\2R1,-) ,

caj = Sxihhe, 395 = Sxahda, caj = —SxiMMGHATY, caj = —SxahhaGiAT,

esty = —Sx107 {Aada (X5 — ) — (Mhad? + A1) /(6200) [ (952 + }a}e8?) X5 —

Ak (Xy502 + i6%) — 62L,) },

csas = —Sxa0 2 (Mg (Xa5 — 1) — (MAo0? + A1) /(62D4) [(262 + M hab?) Xoj—

Mha (X1;62 + p5?) — 62L;) },

c1s = —P17ad2Ra;Sx1/(62A1), cerj = —Prrab2Ry;Sxa/(6%A1),

ony = —523\1&31%1,-5,[1/(&%1), Crj = —B22a82Ry;Sx2/(6%A1),
L;,G;, T, Taj, Ryj, Rej, A and @, as given in Appendix B, j =1,...,n

3.4 Perturbation on the variance of the measurement errors

Under the model specified by the equations (1), (2), (3) and (4), the variances of the
measurement errors were considered the same for all individuous. We are going to

perturb the specified model assuming that o? = 0/w;, so that
Z_‘i = (X1j1 Ylj) X2j’ },2,1')1' ~ N4 (m: 2_1) )

j=1,...,n, withm = (4, Bip, p, Bap)" and

o2 +0°/w; pro o2 Beo?
. = Pro? Biol + ot fw; Bro2 B1B20
A o2 Bro? o2 + o Jw; Ba02 ’
Boo? Br 5o’ Beo? P30+ Xeo?/w;

i.e., a heteroscedastic model. The log likelihood function is given by

L(8/w) = —2nlog(27) — Zlog |25 | —3 E(Z —m)” ;1 (Z; — m),

z— J—l

and wp = 1,,. The matrix A may be expressed as

% a o~ T
A=t [l'fDl, 17D,, — Ahe6?17Dy, X 326%17 Dy, 1/213Ds, 1/21T D, 1/21£D7]

At
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where D; = diag {di1, .. .,din},i =1,...,7, with
dy = — 01 M2B,6%62+672 {32 {:\15\2[;,&4 (Yu - ﬁlﬁ) + 55?2 [&:‘;Nj + 25 \8%A7 X
(2M; + 82N,)]} — 63 (A1 + Ahot?) [Buda (X3 + X3;) — Ra (Xagis + XasYy5) +
Ya; (AiYes — AaYys)]
dyy = ~ 333, B5%524+672 {1 {Adojio* (Yas — o) + Bt [62N; + 23u 5062 A7
(63M; + 63N} — 62 (1 + Mudad?) [Bods (X3 + X3) — Ao (XyYas + XogYas) +
Yy (Bt — Ai¥a)]} |
dyj=Gj,  dy=—(2+X1,)/2+G2AT,
dsy = Muda (@ + Juko) 62+572 {62672 (Mhat® + A1) N; + 3uJo8?A7" [Muda (82M;+
252N;) — (@ + Aihs) 83M;) ),
doj = 33B36762 — Ry~ {3152 [Ma (Xus + Xo5) + BoYas)| — (B3 + 2ha) 62Y3—
26347 (51626 + MRy},
drj = NB36%62 — Ryy6=? {8282 [ (X + X5) + BiYay] — (B2 +25) 62Ya;—
A62A7 (@&';’G,- + X,le)} ,
N;, M;,Gy, Ry, Ryy, Ay and P as given in Appendix B, j =1,...,n.

4 Application

Considering the pretest/posttest data presented in Singer and Andrade (1997), we
applied the perturbations described in the last section. The Figures 1 and 2 corre-
spond to the index plots of d.: to assess the influence of the perturbation w on
the maximum likelihood estimator of the full parameter vector  and on the subset
6 = (B1,3)", respectiverly. The plots (a), (b), (¢) and (d), refers to the application of
perturbation schemes described in Section 3, namely perturbation on the variance of
the measurement errors, case weights, response variables and explanatory variables,
respectiverly. In the plots (c) and (d) the index from 1 to 26 refers to the data corre-
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sponding to the experimental toothbrush, while the index from 27 to 52 refers to the
data corresponding to the conventional toothbrush.

o) ®
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Figure 1: Influence Graphics: (a) Perturbations on scale, (b) Case weights, (c) Re-
sponse variables and (d) Explanatory variables.

Considering Figure 1, we observe that in the plots (a) and (b) the observations
4 and 13 stands out. These observations corresponds to the ones which had the one
of the greatest dental plaque index after toothbrushing and which had one of the
least reduction of plaque index after toothbrushing with the use of the experimental
toothbrush. The values of | Cy_,_ | were 3,437 and 2,857, respectiverly. To assess the
influence of these observations on the maximum likelihood estimative (mle) of the
parameters, we have obtained the mle of the parameters (see Appendix A) with the
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full data and without the observation 13, as well as without the observations 13 and
4, These values can be seen in Table 1.

Table 1: Maximum likelihood estimates and asymptotic standard deviates

i B i &2 &2 A1 Az

0,147 0454 1,759 0540 0481 0,102 0,267
(0,025) (0,045) (0,172) (0,200) (0,040) (0,122) (0,123)

without 0,135 0,464 1,760 0594 0,367 0,091 0,310
obs. 13 (0,020) (0,042) (0,175) (0,208) (0,097) (0,117) (0,147)
without 0,124 0,463 1,765 0,610 0,370 0,069 0,330
obs. 13and 4 (0,017) (0,044) (0,181) (0,216) (0,100) (0,025) (0,157)

Notice that in these cases the greatest differences were on the estimatives of the
variances of the measurement error. Considering plots (c) and (d), which refers to the
perturbation of the response variables and explanatory variables the corresponding
values of | Cy,,,, | were 1,306 and 1,358. Analysing the plot (c) we can cleary see that
the data refering to the conventional toothbrush stands out compared to the data
refering to the experimental toothbrush, which means that the data obtained after
the use of the conventional toothbrush has greater effect with small local changes in
the parameters estimates. Considering plot (d), which refers to the perturbation of
the explanatory variables, none of the observations stands out. In this case, both
samples (with the use of the experimental and conventional toothbrushes) have the
same distribution for the explanatory variables, while the response variables have
different distributions for each sample. The estimated asymptotic variance of the
response variable with the use of the experimental toothbrush is given by 0,06 while
this value for the convencional one is given by 0,24.

Considering Figure 2, the values of | Ca_,__ | for the plots (a), (b), (c) and (d)
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Figure 2: Influence Graphics: (a) Perturbations on scale, (b) Case weights, (c) Re-
sponse variables and (d) Explanatory variables.

were 1,754; 1,509; 0,354 and 0,717, respectiverly. Notice that in this case none of the
observations stands out in the plots (a) and (b), what is in accordance, for instance,
with the results obtained previously when the observations 13 and 4 were taken out
and we had observed that the estimated values of the 5, and f; were not much
affected. Analysing plots (c) and (d), we observe that plot (c) has the same pattern
as the plot (c) of the Figure 1, which gives us the same conclusions. In the plot (d)
the observations 21 and 26 stands out, but since the value of | Ca,,,, | refering to
this perturbation is "small” we would expect that these observations would not have
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great influence on the estimates of the parameters of interest §; and 5 as can be
confirmed in Table 2.

Table 2: Maximum likelihood estimates and asymptotic standard deviates

I B i 52 &* M A2

without 0,145 0499 1616 048 0463 0,111 0,252
obs. 21 and 26 (0,028) (0,050) (0,171) (0,186) (0,122) (0,045) (0,125)
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Appendix A: EM Algorithm

Considering the model defined by (1), (2), (3) and (4), the log likelihood function
is given by (6). However there are no explicit solutions for the likelihood equations.
In that way, we are going to implement the EM algorithm. Let us define by T; =
(z5,2;7)7, with Z; = (X , Y1, Xoj, Y25)T, where z; is the true unobserved value of
the explanatory variables, X;; (Y;;) is the observed explanatory (response) variable
for the population i, i = 1,2, and individual j, j = 1,...,n. Then Tj ~ N5 (m,V),
with m = (, 4, Bips, 4, Bapr)” and

0?2 o2 fro? o? Bao?

o oi+o®  piol o; Bo?
V=|po? PBwo? BFol+lo® piol P B2

o2 o2 Bro? o2+ o2 Beo?

B2 Bt BBl ol PR3+ Mgo?

15



By using general properties of the multivariate normal distribution it follows that the
complete log-likelihood function is given by

L(o/zlv aaog Zn) = const — %log[AlA20'80-:l N l i ( u)2 Z (X‘l] ) +

2 j=1 z j=1

i ng + i (Yy; — Biz;)° E (Yo; — 52971')2 )

)
i=1 j=1 A;lO'2 A20’2

With 0 = (ﬁla ﬁ?) K, U:Z’ 029 Al; A?)T-
E Step

Here the expectation of the complete data log likelihood function given in (9) is
obtained, given the observed data Z = (Z;,...,%Z,)" and the current estimated
parameters. To implement this step, it suffices to obtain the conditional expectation
of the sufficient statistics over the distribution of T = (T4,...,Ta)7, given Z and
8, as the log likelihood function is from regular exponential family (Dempster et al.,
1977). As the sufficient statistics depend on z;, only through z; and z}, the E step
is defined by the equations

3 = E(z;/Z,0)
0’2 [ﬂlAzyl_., + faAYo; — ﬂ%/\zp ﬂgAUL + A1A2(X1_1 + ij) - 2[1,A1/\2]
AAeo? 4 o2 (B3Ag + B3A1 + 201 )9)

and

i} = E(s}/Z,0)
_ /\1A20'20'2 + (5:)2
T X_‘Agdz + 0'3. (ﬁ%)z ~+ ﬁgAl + 2)(1A2) 1
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M Step

The step M is implemented by maximizing the complete data log likelihood function
given in (9). Deriving equation (9) with respect to the parameters and equating to

zero, we obtain after algebraic manipulations

A Uz s Uz, 5 Usyy .9 1 [Ux,x; +UXx
n . ) Ugg ’ n 9 T z X1 zXq |

X —_ Uny, — (uzyx)z/uzz
1=

ux, X, HeX, X ?
1X X X Xg
2 + Upy

— Ugx, — UxX,

2
:\2 _ uyy, — (Uzy)* /e
T ux, x; HUXo X, ’
tid T3 W, L3R
3 F Upy — Upx, — Uzxy

with,

ux,x; = Loy X35, uxex, = Yo X%, uny, = Y0 Y, uny = Y Ve, 4 =
i By ez = T5q 27, vexy = Ty 25 X015, Yaxy, = Loy £iX2js Usyy = Tjy ;Y35
and uzy, = 35, 25Ye, 7 =1,...,n.

The EM algorithm cycles between equations given in the E step and the equations
given in M step until convergence. Observe that no additional iterative procedure is
requered to solve the M step within each cycle of the algorithm, making the above
procedure extremely simple to implement and computationally inexpensive. In a
general setting, each cycle of the EM algorithm increases the observed likelihood
function given in (6) (Dempster et.al., 1977).

Considering the methods of moment estimators (MME) as initial values, we have

obtained the following estimates of the parameters.
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Table 3:Maximum likelihood estimative (MLE) of the parameters under the
model defined by equations (1), (2), (3) and (4), via EM algorithmith for the data
presented in Singer and Andrade (1997).

Parameter
B Ba I o2 o’ A Az
MME 0.156 0.436 1.769 0.408 0.562 0.074 0.363
MLE 0.147 0.454 1.758 0.539 0.482 0.102 0.267

Appendix B: Observed Information matrix

. 0°L(6)

E= S o=t} Lo=1.,Te0= (B B o 0% 0% Dy )
wher

b = AT {na02 (Pud — B0a52) + 02 Ty [QusFs — 3ad2Rss (Vi
4407}

by = OO {2nbfusadan? — 07 i (Bt —2B0¥is) Fi = By (Y~
shF;A7Y)]}

hs = —XAT? Yia (BITU = ;\1sz) J

hy = —:\gA;2 [nBide0? — AT T2, G5 (BT ~ 5‘1321')] ’

Ly = énﬁl/\l)\go‘ +672%0 gﬂ&j\zRﬁ + F; (5‘2 (Yl:i 1 Blf‘) N
Ry; (A1 + 20,356 )/(aﬂal) 1}

he = AT* [nAiAod2Py+672 0 Ry (@ — 2P Tyy/AT )],

Ly = —[3202A"2 {ﬂﬂlﬂz)\l +1/(6%A) g=1 1 [’\1R’21 ﬂl (’B iAo Y+
A1Q2,)]}

lyg = _Al {"'\103 (Plj‘z - 3225\163) +67? 2.?=1 [QUF} - 5\1&3le (Yzi_
432T21Af1)} } )

by = ~MATPYL, (132T2j - 3‘2R15) :

by = —:AT? [nﬁzjqigéz ~-AT' TR, Gy (ﬁ2T2j = :\231:')] )

s = A7 {nBN3g82 +67250, [Ah ARy + Fy (A (Yo — Baid) —
Ry (A +231396%) /(@*M))]}
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l.‘26

127
lss

l35

—B82AT {nf1fahad? + 1/(6* M) T3y Raj [MaRyy — Bor(B2ha82Yas+
%2Qu)]},

AT? [nBy)52Py + 672 T, By (Qus — 2PiTyA7)]

_nAl_] (q) + X1i2) ’ ly = ‘AI—2 (CD + ilxi’) Z_;"=1 G.is

:\1:\2A1_2 i=1Girlss = —Bl:\zAf2 =1 Rajs

lsr = B\ AT Y0, Ry,

lu
lss

l46

(q> + 3\13\2) A7? [n (<1> + 3\15\2) /2 — AT
MhAT? [n (@4 Muke) /2 - AT T G?]
Bida AT [nBi3g6? /2 + AT 7y GsRas)

¢,

_1—1

Ly = BohiAT? [nfo3a5%/2 + AT 52, GiRyy

Iss

l56

ls7

les

1/(@2) {n (343 + 323354) /(267A1) — T, [MMAT? (62 M; + 82N;) +
52N; (Mhad® + A1) /(34)]}
~1/(24%) {nﬁfi%&i + Ry;/(6%A1) s [5\252 (5‘132]' + 31&301') +
182 [(B% + 232) Yy - B [Bzym +he (Xy + ij)m},
—1/(2A%) {nﬁg,\'{az + Ryy/(8*A1) Ty [M8? (RaRy + a52G;) +
162 [(ﬁ1 + 2)\1) Ya; — B [ﬁlYlg + Ay (X5 + ij)]]] } )
PAT? (nP2/2 - X jo/(azAl)) )

lor = P13 (nB1Ba6?/2 + 1/ (62 A1) Tjn RisRa)
by = PAT (nPi/2 - T3, RY/(6*D)),

with

= Al + ,335\1 +Md, A= (‘I’ + Al’\ﬂ) o2 + Aot , W = o’ +
&3 (Xuj + Xa5)
Po= (B2 +20)62+58%, P= (B + 2ho) 62+308% , Qi = Aid2Yi;+W;
Qo; = 62Yaj + SoW; , Ryj= PiYy — BaQrs, Roj=PoYy;— $1Qa5
Ty = Budad2Yiy+ 5Qos » Toj = Fadao2¥as + 53aQy » Ly = BudaYsj +hahiYss
Fy=3dgW; +02L; , G = (2 +hks) — Ao (X5 + Xgg) — Ly
Ny =& (X% + X3) + (B2 +251) Vi + (B3 + 2ha) Y3 =2 [Buda (Xu5Yi + Xas¥i)
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+BZ:\1 (leYzj + ijYzj) + Bl,ézylezJ + :\1X2X1jX2j] 5
M; = jG; — (5\15‘2 (Xa; + Xa5) + L,-) B+ A (,“\gxf,. + Y23.) + 3 (Xlxgj + Yg) ,
ji=1...,n.
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