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1 Introduction 

The main object of this paper is to discuss the application of the local influence 

method (Cook, 1986) in the measurement error regression models with null intercept 

and dependent populations. A univariate version of the model was originally consid­

ered in Chan and Mak (1979). Wong (1995) considered some structures of dependency 

between the covariates of two samples. We are going to apply the model described in 

Section 2 to the data from a pretest/posttest study presented in Singer and Andrade 

(1997). In that study, designed to compare two types of toothbrushes with respect to 
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the efficacy in removing dental plaque, 26 pre.sclioolers were evaluated with respect 

to a dental plaque index before and after toothbrushing either with a conventional 

or with an experimental (hugger) toothbrush. The reason for considering null inter­

cepts is that null pretest dental plaque indices imply null expected posttest values. 

As the same individuals were evaluated under two different experimental conditions 

(toothbrushes), we need a model which takes into account the possible within sub­

jects correlation structure. We are going to discuss the model in detail in the next 

section. Influence diagnostic is an important step in the analysis of a data set, as it 

provides us indication of bad model fitting or of influential observations. Usually the 

analysis is based on case-weight perturbation scheme where the weights are either 0 

or 1 so that the case is either deleted or retained and then the individual impact of 

cases are assessed in the estimation process, see Cook (1986) for a wide reference. 

Cook (1986) proposed a very .important method for assessing the local influence of 

minor perturbations of a statistical model. Since then many works has been written 

with respect to the local influence, but little work has been found in the literature for 

the measurement error regression models. Lee and Zhao (1996) employed local influ­

ence approach. in generalized linear measurement error models and Abdullah (1995) 

compared several methods for detecting influential observations in a functional mea­

surement error models. Recently, Kim (2000) applied the local influence method in 

the structural measurement error models. We are going to illustrate the application 

using a real data from pretest/posttest study described earlier in this section. The 

appropriate matrices necessary to construct the influence graphs are given in closed 

form expressions. Section 2 presents the model. Section 3 reviews the concept of 

the local influence and the application to the model defined in Section 2. Finally, in 

Section 4 we present the illustrative application. 
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2 Measurement regression error model with null 

intercept 

In this section we are going to describe the model. The basic model is given by 

Xi; = Xij + Ui;' 

(1) 

(2) 

where Y.; and Xi; respectively denote the observed values of the response and ex­

planatory variables for population i and subject j, (i = 1, ... ,P, j = 1, ... ,n), Xi;, 

correspond to the true values of the latter, /31, i = l, ... ,P stand for the (unknown) 

slopes and 

(3) 

are independently distributed, i = 1, . . . ,P, j = 1, ... , n. An extra term was included 

in the model to allow for a possible within subjects oorrelation structure, leading to 

Xij =µ+a; (4) 

i = 1, ... ,P, j = 1, ... , n with the a; independently distributed as N(O, u;) and 

independent of the 'Hi;. Considering the case of two dependent populations and under 

the model specified by equations {l), (2), (3) and (4), the vector of observations 

(X1;, Yi;,Xlj, Yljt is distributed according to a four-dimensional normal distribution 

with mean vector (µ, /3iµ, µ, /3,iµf and covariance matrix 

3 



(5) 

By using general properties of the multivariate normal distribution it follows that the 

log-likelihood function for 0 = (/31, /32, µ, <T!, CT2, Ai, >.2f can be written as 

p,A, (t,xljY,, + t,x,;Y,;) + P.,A1 (t,xljY,; + t,x,,Y,;)] + 

CT
2
µ [>.1>.2 (tx1; + 'f X2;) + /31>.2 'f Ylj + 112>.1 'f ~;]-
H nu'µ'r + (<l- A,A,u!) (txi + i:;X1 )- (6) 

[CT
2>.2 + (/3? + 2>.2) c,;] tYt + (a2>.1 + (/3~ + 2>.1) <T!] tyi}}, 

where r = /31.>.2 + ~>.1 + 2>.1>.2 and 6. = r <T! + u2.>.1.>.2. Maximum Likelihood 

estimates for the vector of parameters (} has to be obtained by iterative procedurE:11. 

One such procedure is the EM algorithm, which are described in the Appendix A. 

3 Local influence diagnostics 

Let L (9) denote the log-likelihood function given in (6), where 0 = (/31, 112, µ, ~. 

u2, .>.1, >.2f- The perturbation is introduced in the model by the vector w, q x 1, 

where w E n ~ R9 , nan open subset. Denoting L(9/w) the log-likelihood of the 
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perturbed model, we are going to assume that there is a vector w0 E n such that 

L (9) = L (9/wo), \/ 9. To assess the influence of the perturbation on the maximum 

likelihood ffitimatei of (), we may consider the likelihood displarement 

LD (w) = 2 [L (o) - L (o., )] , (7) 

where O and 0.,, denotes the maximum likelihood estimator under the postulated model 

and under the perturbed model L (8/w), respectiverly. The idea of local influence 

(Cook, 1986) is concerned in characterizing the behavior of LD (w) at wo, which 

can be summarized by the normal curvatures at LD (w0 ) as LD (w) is a nonnegative 

function with a global minimum at w0 • Cook ( 1986) showed that the normal curvature 

at LD (w0) in the unit direction d, Cd, can be expressed as 

(8) 

where, F=t:,,.T (Lf1 
t:,,., ~; = {J2L (0/w) /a£MJw; evaluated a.t 0 = 9 and w = wo, 

i = 1, ... ,p, j = 1, ... , q and-£ is the observed information matrix for the postulated 

model. "Large" values of Cd indicates sensitivity to the perturbation introduced in 

the direction d. Notice that the direction d.,.,.., corresponding to the largest curvature 

Cd...= is the eigenvector of the largest eigenvalue (Cd......) of the matrix F. The index 

plot of elm= may reveal those observations that under small perturbations exert 

notable influence on LD (w). 

There are situations in which our interest is on a subset 91 of 9 = ( 8f, 8flT • In 

our case the interest is in 91 = (/31 , fJ'J) T. In this case, the likelihood displacement can 

be defined as 
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where g is the function which maximazes L (01, 02) for each fixed 01 and 81.,, is d~ 

termined by the partition B'S= (er.,,, er.,)T. The normal curvature on the direction 

dis given by (Cook, 1986) 

where, II d II= 1, B22 = ( ~ 1~1 ) and £ 22 is determined by the partition L = 

( t t ) . ~ some algebraic manipulations we obtained the observed infor­

mation matrix L under the model defined by (1), (2), (3) and (4), which is given in 

Appendix B. We are going to define some perturbations under the model defined by 

(1), (2), (3) and (4) and obtain the matrix~- The maximum likelihood estimator of 

the model parameters are going to be denoted by iJ = (.81, ,82, µ, ;:, d2, .\1, A2). 

3.1 Perturbation of case weights 

Let us denote by Z;, the vector of observed values, i.e., Z; = (Xlj, Yi;, X2;, Y2;f, 

j = 1, ... , n, then Z; ~ N4 (m, :E), with m = (µ, f31µ, µ, fJ?.µ)T and :E 88 given in (5). 

Taking the log-likelihood function of the perturbed model 88 

n 1 n 

L(9/w) = -2Log(21r IE I½) Ew; - 2 :Ew; (Z; - mf :E-1 (Z; - m), 
j:l j=l 

we may obtain after algebraic manipulations the matrix a, given by 
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a3; = G;, a4,; = 4> + A1-\2 - GJ.6.11, 

a11; = 3.6.1 + -X1-X2&2 + M; - ( .6.1 + -X1-X2&2) (&2 M; + o!N;) /(8-2.6.1), 

as;= P2 - ~;/(&2.6.1), Or;= Pi - R~;/(al.6.1), 

F;,G;,M;,N;,Rli,~,Pi,P2,Ll1 and 4> as given in the Appendix B, j = 1, .. . ,n. 

The vector Wo is given by w0 = ln. 

3.2 Perturbation of the response variables 

Lets introduce the following perturbation in the response variables 

i.e., we are going to introduce an additive perturbation wi; multiplied by a scaling 

factor Syi in the response variable ~;, i = l, 2, j = l, . .. , n. In this case, wo = 

(0, ... , of and we can use, for example, the inverse of the sample deviance of the Yi, 

as the scaling facwr. The perturbed log likelihood function is given by 

L (8/w) = -2nlog(21r) - ;log I EI -~ t (z; - m f E-1 (z; - m), 
1=1 

with z; = (Xi;, Yi;+ Snw1;, X2;, Y2; + Sy2W2;f, ID= (µ,/31µ.,µ,fhµ.)T and E 8.8 

given in (5). In this case, the matrix .6. can be expressed as 

where Bi= diag {b.11 , ••• , biln, bi21, ... , bi2n}, i = 1, ... , 7, with 

bu;= Sn&-2 [Q2; + 2.Bi-\2&~.6.11 (P2Yi; - fJiQ2; )] , 

b12; = -{1/T;SY2/(&2A1) [2.81.82.X1t3-;Y2; + (.Bf-X2&!- .X1P2) Y1;], 

~lJ = -/3i&;Sn/(o-2A1) [2.Bi.82-X2o;Yi; + (.B~-X1&;-A2Pi) Y2;], 
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IJ.i2; = SY2a--2 (Q1; + 2J3.i~16-;A11 (P1Y:z; - .8-iQli )] , 
A A A A A A -1 A A -1 

bsli = /31A2Sn, ~ = f3.J).1Sn, b,u; = -/31A2SnG;A1 , b421 = -/32A1SY2G;A1 , 

b51i = -Sy1&-2 [X2 (Y1i -Si_µ)+ (~1~2&2 + A1) (Si_fe.ia-;Y2; -P2Yli) /(&2A1)], 

b52; = -sY2a--2 [5.1 (Yiz; -AP.)+ (5.1X2a-2 + Ll1) (.Bifi2a-;Yli -P1Y2.1) /(&2Ll1)], 

bi3li = -SnP2/(fi2A1) (fhQ2.1 - P2Yli) , bt32; = -fi1P2ff;SY2/(&2A1) (P2Yli -Si.Q2;) 
A A 2 2 ( A ) -o_2 ( A ) ~ = -/3i/32fizSn/(a- A1) P1~; - /32Q1; , b12; = -SY2Pi/(frA1) /32Q1; - P1Y2; 

G;,Q1;,Q2;, P1,P2 and A1 as given in Appendix B, j = 1, ... ,n. 

3.3 Perturbation of the explanatory variables 

.AJ!. we have done in the response variables, we are going to introduce the following 

perturbation in the explanatory variables 

Again, we can consider the inverse of the sample deviance of the explanatory 

variables as the scale factor Sx1 and Sx2 , for example. The vector w0 = {O, ... , of 
and the perturbed log likelihood function is given by 

L (8/w) = -2nlog(2,r) - ~log IE I _! t (Zj - mt E-1 (zr - m), 
2 2 j=l . 

with zr = [Xlj+Sx1Wt;, Yi;, X2;+Sx2W2;, Y2;f, ID= (µ.,/3iµ,µ.,f32µ.f and E 

as given in (5). The matrix A may be expressed. as 

where C, = diag {cm, ... , en,., t:.21, •.. , Ci:m}, i = 1, ... , 7, with 

Cit;= Sx1ei;, c12; = Sx2et;, e1; = -.>.2~/(u2A1) (/31T1; - .>.1R2;), 
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~i; = Sx1e-i;, ~; = Sx2e2; , e2; = ->.1u~/{&2Ll1) (P2T2; - >.2Ri;), 

C31; = Sx1>.1>.2, c321 = Sx2>.1>.2, c~1; = -Sx1>.1>.2G;il11, c42; = -Sx2>.1>.2G;Ll11, 

C51; = -Sx1&-2 {>.1-\2 (X1; - µ) - (>.1-\2&2 + ~1) /(&2~1) [( ~~ + ,\1.\2u2) Xi;­

>.1>.2 {X2;&~ + µ.o-2) - u;L;]} , 
ct;2; = -Sx2&-2 {>.1>.2 (X2; - µ,) - (5..1>.2&2 + Ll.1) /(u2Ll1) [( «I>o; + >.1>.20-2) X2; ­

>.1>.2 (X1;u; + fJ.o'2) - u!L;]}, · 
C-t!1; = -/31>.2u;R2;Sx1/(o-2Ll1), C62; = -/31>..20-;R2;Sx2/(o-2Ll1), 

C-,Ij = -/32i1&;R1;Sx1/(fril1), C72; = -!hi1&;RljSx2/(u2Ll1), 

L;,G;,T1;,T2;,R1i,R2;,Ll1 and cl>, as given in Appendix B, j = 1, ... ,n. 

3.4 Perturbation on the variance of the measurement errors 

Under the model specified by the equations (1), (2), (3) and (4), the variances of the 

measurement errors were considered the same for all individuous. We are going to 

perturb the specified model assuming that oJ = u 2 /w;, so that 

i.e., a heteroaredastic model. The log likelihood function is given by 

1 " 1 " 
L (8/w) = -2nlog(21r)- - 'Elog IE; I - 2 L (Z; - mf EI1 (Z; - m), 

2 j=l j=l 

and w0 = 1,.. The matrix a may be exprffi80d as 
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where D, = diag { dn, ... , "'"}, i = 1, ... , 7, with 

dlj = -X1Xi.t118-2u!+u-2 {X2 {X1X2fw" (Y1J - P1P) + .Bi~ [u!NJ + 2X1X28'2A11 x 

(&2MJ +~NJ)]}-&! (A1 +X1X2u2) (.BiX2 (xi +Xl;)-X2 (X1JY1; +X2;Y1J) + 
y2J (PiY2; -AYlj)]}, 
~ = -X?X2Au2~+u-2 {X1 {X1X2/w4 (Y2; -AP)+ Au! [u!N, + 2X1X28-2A11x 

(&2M; + u!N;)]}- &! (A1 + .\1.\28-2) [A.xi (xt + xt)- .\1 (X1JY2; + X2;Y2;) + 

ylJ (AYlJ - .Bi~,)]}, 
d3; = G;, d4.1 = -(~+ .\1.\2) /2+ GjA1\ 

ds; = .\1.\2 (~ + X1X2) u!+u-2 {u!&-2 (X1X2u2 + A1) N; + .\1.\28-2A~1 [X1X2 (u2M;+ 

2u!N;) - ( ~ + .\1.\2) 8-!M;]}, 
"6; = ,\~~a-2&! - R2;a--2 {.Btu! [X2 (XlJ + x2j) + AY2j] - (ft~ + 2.\2) o-!Yi;­
.\2&2A11 {ft1a!G; + .\1R2;)}, 
d1; = .xf~a-2&! - R1Ju-2 {Au! [X1 (Xt; + x2j) + PtY1J] - (~ + 2X1) u;½;-
A 2 } (A 2 A )} Aiu A1 f3.io-sG; + A2Rlj , 

N;,M;,G;,R1J,RaJ,A1 and~ as given in Appendix B, j = 1, ... ,n. 

4 Application 

Considering the pretest/posttest data presented in Singer and Andrade {1997), we 

applied the perturbations described in the last section. The Figural 1 and 2 corre­

spond to the index plots of d,,.,.., t.o assess the influence of the pe.rturbation w on 
the maximum likelihood estimator of the full parameter vector () and on the subset 

() = (f3t,f3.J)T, respectiverly. The plots (a), (b), (c) and (d), refers to the application of 

perturbation schemes described in Section 3, namely perturbation on the variance of 

the measurement errors, caae weights, response variables and explanatory variables, 

respectiverly. In the plots (c) and (d} the index from 1 to 26 refers to the data corre-



sponding to the experimental. toothbrush, while the index: from Z7 to 52 refers to the 

data corresponding t,o the conventional toothbrush. 
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Figure 1: Influence Graphics: (a) Perturbations on scale, (b) Case we!ghts, (c) Re­

sponse variable1 and (d) Explanatory variables. 

Considering Figure 1, we observe th.st in the plots (a) and (b) the observations 

4 and 13 stands out. These observations corresponds to the ones which had the one 

of the greatest dental plaque index after toothbrushing and which had one of the 

least reduction of plaque index after toothbrushing with the use of the experimental 

toothbrush. The value1 of I Ct1.- I were 3,437 and 2,857, respectiverly. To assess the 

influence of these observations on the maximum likelihood estimative (mle) of the 

parameters, we have obtained the mle of the parameters {see Appendix A) with the 
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full data and without the observation 13, 88 well 88 without the observations 13 and 

4. These values can be seen in Table 1. 

Table 1: Maximum likelihood estimates and asymptotic standard deviates 

/31 ~ µ, ~2 u,. u2 .\1 .\2 

0,147 0,454 1,759 0,540 0,481 0,102 0,267 
(0,025) (0,045) (0,172) (0,200) (0,040) (0,122) (0,123) 

without 0,135 0,464 1,760 0,594 0,367 0,091 0,310 
obs. 13 {0,020) (0,042) (0,175) {0,208) {0,097) {0,117) (0,147) 
without 0,124 0,463 1,765 0,610 0,370 0,059 0,330 

obs. 13 and 4 (0,017) (0,044) (0,181) (0,216) (0,100) {0,025) {0,157) 

Notice that in these cases the gre,a.test differences were on the estimatives of the 

variances of the measurement error. Considering plots ( c) and ( d), which refers to the 

perturbation of the response variables and explanatory variables the corresponding 

values of I Cd_ I were 1,306 and 1,358. Analysing the plot (c) we can deary see that 

the data refering to the conventional toothbrush stands out compared to the data 

refering to the experimental toothbrush, which means that the data. obtained after 

the use of the conventional toothbrush has greater effect with small local changes in 

the parameters estimates. Considering plot (d), which refers to the perturbation of 

the explanatory variables, none of the observations stands out. In this case, both 

samples (with the use of the experimental and conventional toothbrushes) have the 

same distribution for the explanatory variables, while the response variables have 

different distributions for each sample. The estimated asymptotic variance of the 

response variable with the use of the experimental tooth.brush is given by 0,06 while 

this value for the oonvenciona.l one is given by 0,24. 

Considering Figure 2, the values of I Cd,,._ I for the plots (a.), {b), (c) and (d) 
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Figure 2: Influence Graphics: (a) Perturbations on scale, (b) Case weights, (c) Re­

sponse variables and ( d) Explanatory variables. 

were 1,754; 1,509; 0,354 and 0,717, respectiverly. Notice that in this case none of the 

observations stands out in the plots (a) and {b), what is in accordance, for instance, 

with the results obtained previously when the observations 13 and 4 were taken out 

and we had observed that the estimated values of the {3i and f3.J were not much 

affected. Analysing plots (c) and {d), we observe that plot (c) bas the same pattern 

as the plot (c) of the Figure 1, which gives us the same conclusions. In the plot (d) 

the observations 21 and 26 stands out, but since the value of I Cd.,.... I refering to 

this perturbation is "small" we would expect that these observations would not have 

13 



great influence on the estimattB of the parameters of inten~t /31 and ~ as can be 

confirmed in Table 2. 

Table 2: Maximum likelihood estimatffi and asymptotic standard deviates 

fr2 

without 0,145 0,499 1,616 0,480 0,463 0,111 0,252 

obs. 21 and 26 (0,028) (0,050) (0,171) (0,186) (0,122) (0,045) (0,125) 
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Appendix A: EM Algorithm 

Considering the model defined by (1), (2), (3) and (4), the log likelihood function 

is given by (6). However there are no explicit solutions for the likelihood equations. 

In that way, we are going to implement the EM algorithm. Let us define by TJ = 

(x;,Z{)T, with Zj = (Xlj,YtJ,X2;,½;f, where x; is the true unobserved value of 

the explanatory variables, Xi; (Y.;) is the observed explanatory (response) variable 

for the population i, i = 1, 2, and individual j, j = 1, ... , n. Then T; ~ Ns (m, V), 

with m = (µ,µ,f3tµ,µ,/3,i.µf and 
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By llSing general properties of the multivariate normal distribution it follows that the 

complete log-likelihood function is given by 

E Step 

Here the expectation of the complete data. log likelihood function given in (9) is 

obtained, given the observed data. Z = (Z1 , ... , z.)r and the current estimated 

para.meters. To implement this step, it suffices to obtain the conditional expectation 

of the sufficient statistics over the distribution of T = (T 1, ... , T n )T, given Z and 

0, a.s the log likelihood function is from regular exponential family (Dempster et al., 

1977). AB the sufficient statistics depend on x;, only through x; and xj, the Estep 

is defined by the equations 

and 

j = 1, ... ,n. 
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M Step 

The step M is implemented by ma.Yiroizing the complete data log likelihood function 

given in {9). Deriving equation (9) with respect to the parameters and equating to 

zero, we obtain after algebraic manipulations 

with, 

and '-'zY2 = Lj=l x;Y2.1, j = 1, ... , n. 

The EM algorithm cycles between equations given in the E step and the equations 

given in M step until oonvergenre. Observe that no addition.al iterative procedure is 

requered to solve the M step within each cycle of the algorithm, making the above 

procedure extremely simple to implement and computation.ally inexpensive. In a. 

general setting, each cycle of the EM algorithm increases the ob8erved likelihood 

function given in (6) {Dempster et.al., 1977). 

Considering the methods of moment estimators (MME) as initial values, we have 

obtained the following estimates of the parameters. 
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Table 3:Maximum likelihood estimative (MLE) of the parameters unde.r the 

model defined by equations (1), (2), (3) and (4), via EM a.lgorithmith for the data 

presented in Singer and Andrade (1997). 

Parameter 

MME 0.156 0.436 1.769 0.408 0.562 0.074 0.363 

MLE 0.147 0.454 1.758 0.539 0.482 0.102 0.267 

Appendix B: Observed Information matrix 

where 
l11 

l12 = 

l13 = 
l14 = 
lu, = 

l16 = 
l11 

l22 = 

l2a = 
l24 

l2s = 



l2s -Pi~A12 { nt31#-J>.2~ + l/(a-2A1) Lj=l &.l; [>-2R1J - h{.B2>.1~Y2;+ 
i2Qlj)]}, 

l21 = .a-;2 [nfi2>.1u!P1 + a--2 Lj=l Rlj ( Q1; - 2P1T2j~11)]' 

!33 = -n.a1 4> + >.1>.2 , l34 = A1 4> + >.1>.2 Ej=1 G;, 1( ,A) 2( AA) 

l35 = >-1>.2~12 LJ=l G;, l36 = -Si>.2~12 LJ=l ~. 
A A 

2 
[37 = -/J.JA1A1 LJ=l Rlj, 

l« = ( 4> + >.1>-2) Ai:-2 [n ( 4> + >-1>-2) /2 - A11 Lj=l G1] ' 
AA 2[ ( AA) 1 ] l4s = >.1>.2A1 n 4> + >-1>.2 /2 - A1 E'J=1 G'j , 

l4s = .81>.2Ll12 (n.81>.2&2 /2 + .a11 r:J=1 G;R2; J, 
l41 = .82>.1~12 [n.B-i>.10-2 /2 + A11 Ej=1 G;R11] , 

lss 1/(&2A1) {n (aA? + >.~>.~u4
) /(2B-2A1) - LJ=t [i~i~.a12 (u2M1 + u;N;) + 

8-;N; (>.1>.28-2 + A1) /(&4A1)]}, 
( 2) { A2A 2 2 4 [A 2 (A A 2 ) ls6 = -l/2A1 n/31>.2u.,+R2;/(uA1)E1=1 >.20- >..1R2;+/31u.,G; + 

A10-; [(.Bi+ 2>.2) Y11 - .81 [.82Y2; + >-2 (X11 + X2;) ]]]} , 
l51 = -l/(2An {n,B~>.~&; + R1;/(o-4A1) Li=t [>.10-2 (>-2R1; + .82u;G;) + 

A1u; [ (/Jf + 2>.1) Y2; - /32 [/J1Yi; + >.1 (X1; + X2;)]]]}, 

l66 = P2.a12 
( nP2/2 - LJ=l ~; / ( u2 A1)) , 

l51 = .81.B-ia-;.a(i ( nt3i,B,i&;J2 + 1/(a-2Ai) E'l=1 Rli~i), 

l11 = Pi~12 (nP1/2 - LJ=l R~;/(u2 Ai)), 

with 

4> = t3?5.2 + .Bl>.1 + >.1>-2 1 A1 = (4> + >-1>.2) &-; + >-1>.20-2 

Pi= /3f+2>..1 a-;+>.1&2, P2= ~+2>.2 a-.,+>..2&, Q1;=.810-.,Yi.;+>..1W1, (
A A) A (A A) 2 A 2 A A2 A 

Q2; = ,8,i&-;Y2; + >.2W; , R1; = P1Y2; - .8-iQ1; , R2; = P2Y1; - /JiQ2; , 

Tli = .8t>.2u;Yli + >.1Q2; , T2; = /32>-1&-;Yil; + >.2Q1j , L; = .81>-2Y1; + /32.X1Y2; , 

F; = >-1>.2W; + u!L; , G; = µ ( 4> + >-1>-2) - >.1>.2 (X1; + X2;) - L; , 

N; = 4> ( X?; + X~;) + (m + 2-\1) 1';1 + (.Bi + 2>.2) Y~ - 2 (.81>-2 (X1; Y1; + X2j Y1;) 
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j = 1, ... ,n. 
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