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ON THE STABILITY IN TERMS OF TWO MEASURES OF
PERTURBED NEUTRAL FUNCTIONAL DIFFERENTIAL
EQUATIONS

M.A. BENA! AND S.M.S. GODOY 2

ABSTRACT. The aim of this paper is to investigate the stability in terms of two mea-
sures in a perturbed neutral linear system. To address this issue we will discuss under
what conditions, stability in measure of an unperturbed neutral linear system implies
similar stability of the perturbed system.

REsuMO. O objetivo deste trabalho é estudar estabilidade em termos de duas medidas
de um sistema de equacdes lineares do tipo neutro perturbado. Discutimos sob quais
condigdes, estabilidade em medida de um sistema de equagoes lineares do tipo neutro
nio perturbado implica em estabilidade similar do sistema perturbado.

key words and phrases. neutral functional differential equation, stability in measure,
perturbed linear systems, Lyapunov functional.

1. INTRODUCTION

Different concepts of stability are presented in the literature. To recall a few, we
name the usual stability, partial stability and the conditional stability. The overall con-
cepts of stability can be put forward in the notion of stability in terms of two different
measures. Following Movchan [12], many authors have successfully developed the the-
ory of stability in terms of two measures, which became important in the investigation
of converse theorems. See [1], [3], [8], [9], [10], [13].

2. PRELIMINARIES

Let R™ be a real or complex n-dimensional linear vector space with norm | - |. For
r >0, let C = C([—7,0], R") be the space of continuous functions taking [—r, 0] into
R" with ||¢|, ¢ € C, defined by ||¢]| = sup{ |¢(0)|, 6 € [-7,0]}. If Q is an open subset
of Rx C, g, f:Q — R" are continuous functions, we define the operator D : 2 — R"
by
D(t,¢) = #(0) — 9(t, )-
ISupported by FAPESP, proc. 2000/04365-3.
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2 M.A. BENA AND S.M.S. GODOY

A functional differential equation is a system of the form
(1) (d/dt)D(t, ;) = f(t,2),
where z, € C is defined by z,(0) = z(t +0), 8 € [-7,0].

For any ¢ € C, to € R, (to, ¢) € 2, a function z = z(to, ¢) defined on
[to — T, to + A], A > 0, is said to be a solution of (1) on (o, to + A) with initial value ¢
at t, if z is continuous on [to —1, to+ A4), Ty, = ¢, D(t,z:) is continuously differentiable
on (to,to+ A) and relation (1) is satisfied on (to, % + A).

The initial value problem
2 (d/dt)D(t’ :Et) = f(t, :L‘t)
) e
to

is equivalent to the integral equation D(t, ) = D(to, é) + ftf) f(s,zs)ds, t>to.

For g = 0, D(t, ) = ¢(0), equation (1) is the standard functional differential equa-
tion of retarded type.
System (1) is said to be a functional differential equation of neutral type if g(t, ¢) is
non-atomic at zero.

In this paper, it is always assumed that g(t, ¢) is linear in ¢ and there are an n X n
matrix p(t, ), t > to, 6 € [-7,0], of bounded variation on 6 and a scalar function I(s)
continuous, nondecreasing for s € [0,7], [(0) = 0, such that

0

o(t,8) = [ ldanst,0)0(9),
(3) 0 -

| [ [dons(t,0)] 6(6)] < U(s) BOp |¢(6)]-
Furthermore, f takes bounded sets of R x C into bounded sets, f(¢,0) = 0,D(¢,0) =
0, t € R, and f,g and D satisfy enough additional properties to ensure the existence,
uniqueness, continuation and continuous dependence of the solution z(to, ¢) of (2) on

the initial data.

More information about neutral functional differential equations may be found in
2], (5], [6], [7), [11]-
Definition 1. The operator D is said to be uniformly stable if there are positive
constants K and M such that for any (to,¢) € Ry x C, H € C(R.,R"), the solution
z(to, ¢, H) of D(t,z) = D(to,d) + [H(t) — H(to)], t > to, Tto = & satisfies the
condition: ||z:(to, d, H)|| < K|Sl + M sup;,<uct |H (u) — H(to)], t = to

3. STABILITY CONCEPTS IN TERMS OF TWO MEASURES

Definition 2. A continuous function h: Ry X R* — Ry 15 called a measure if
h(t,0) = 0.
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Consider the following classes of functions:
R ={a € C (R4, Ry) : ais strictly increasing and a (0) = 0},
¢h={ae C(R%,Ry):a(t,.) € R for each t}.

Definition 3. Let hy and h be two measures and z(to, ¢)(t) a solution of (1). We say

that
(i) ho is finer than h if there ezist a p > 0 and a function b € CR such that if

ho(t, z(to, ¢)(t)) < p, then h(t,z(to, )(t)) < b(t, ho(t, z(to, $)(2)));
(i) ho is uniformly finer than h if in (i) b is independent of t.

Let us now establish the stability concepts for equation (1) in terms of two measures
ho and h.

Definition 4. Equation (1) is said to be

(I) (ho, h) - equistable, if for each € > 0 and to > 0 there ezists a 6 = 6(ty,€) > 0
such that ho(to+6, 9(0)) < & , for @ € [—r,0], implies h(t, z(to, ¢)(t)) < €, t > to;

(I1) (ho, h) - uniformly stable, if (I) holds with ¢ being independent of to;

(IIT) (ho, k) - equiasymptotically stable, if given to 2> 0, there exists a 6y = do(to),
and for each € > 0, there exzists T = T'(e,to) such that ho(to + 0, $(0)) < do ,
for 0 € [—r, 0], implies h(t,z(to, 9)(t)) <&, for t > to + T'(€, to);

(IV) (ho, h) - uniform equiasymptotically stable, if 6o and T in (III) are independent
of to;

(V) (ho,h) - uniform asymptotically stable, if (II) and (IV) hold;

(VI) (ho, h) - exponentially stable if there exist positive constants «, B, p  such that
ho(to + 0,9(0)) < p, for 6 € [-r,0], implies
h(t, z(to, ) (t)) < Be~t=) hy(to + 6, $(0)).

We shall give a few choices of the two measures (ho, h) to demonstrate the generality
of the above definition. Definition (4) reduces to

(1) the usual stability of the null solution of equation (1) if h(t, z(to, ) (t)) = ho(t, z(to, #)(t)) =
| (%0, ¢)(2) |

(2) partial stability of the null solution of equation (1) if h(t, z(to, #)(t)) = |z(to, )(t) |, =
(z2(to, ) (t) + z3(to, ) (t) + ... + z2(to, ¢)(t))1/2, 1<s<n and ho(t,z(to, d)(t)) =
| 2(to, ) (1) | = (22 (to, &) (t) + T3 (t0, ) () + . + 22 (t0, ) (1)) """,
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(3) the stability of an invariant set A C R™ if h(t,z(to, ¢)(t)) = ho(t,z(to,¢)) =
d(z, A), d being the distance function.

4. MAIN RESULTS - STABILITY IN TERMS OF TWO MEASURES OF PERTURBED
NEUTRAL LINEAR SYSTEMS

Consider the system
(4) (d/dt)D(t,ye) = f(t,v),

where D(t,¢) and f(¢,¢) are bounded, linear in ¢, continuous and D is uniformly
stable. Consider now the perturbed system

System (5) can be transformed into the system
(6) (d/dt)D(t) xt) = f(t, xt) + G(ta xt) )

where only the function f is perturbed, G :Ry x C' — R™ is continuous, G(t,0) =0

d
and G(t,xt) == f(tvmt) - f(t’xt) s %[D(taxt) - D(taxt)]
To study the properties of stability in terms of two measures of system (6), we will

need the following results:

Lemma 1. Let z(ty, ¢)(t) be a solution of (6) and y(to, §)(t) a solution of (4). Suppose
f(t,¢) locally Lipschitzian in ¢ with constant L > 0, uniformly with respect tot and h
is a measure satisfying | h(t,z) — h(t,y) | < M|z —y|; M >0, (t,z),(t,y) € Ry x R
Then the following inequality is valid,

(7) h(t, o(to, $) () — y(to, 9)(2)) < [e"7%) = 1]|G(t,z) |, t > to.

Proof: The inequality (7) is verified for ¢ = ¢o. Let ; be the supremum of the t's for
which inequality (7) is satisfied. From the continuity of both sides of (7) there exists a
sequence t, ,t, — 0 for n — oo, t, small enough such that

Bty + s (b0, 8) (b1 + ) — yldo, 8) (11 + ) > [BOH=0) Z 1] |G 11 + . Tups,) |
Since h is Lipschitz continuous and h(t,0) = 0, it follows that
h(ty +ta, T(to, @) (t1 +tn) — Y(to, @) (b1 +10)) < M|z (to, ¢)(t1 +1tn) —y(to, §) (01 +1n) | <
M ||, 44, (to, B) — Yer-+ta (05 D) |-

From [2], there exist a ko small enough and a function {(s) as in (3) such that if
0 <tn < kO)
1 t1+tn )
T4, 40 (P05 @) — Yer-+ta (0, B) | < T= (k) / | G(s,z5) | ds, with (ko) < 1.

i
Then we can write '
M t1+tn
h(ty + tn, T(to, ®) (t1 + tn) — y(to, ) (t1 + 1)) < T= (ko) / | G(s,5) | ds.

t1
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M t1+tn
/ Gls,2) [ ds > [H0H5=9) — 1] Glts + by Tupees) |

Thus, T o) /.

G(s,zs)| > [eL(““"“O) — 1] | G(t; + tn, Tty 41,) | and

Hence 1——l_(k0—) n SUDPy, <5<ty 41

CL(tl+tn—t0) _ 1
) G
tn

SUD¢, <s<ty+tn |G(s,25) | 2 mtn_)0+ (t1+tn, Toy4t,) |-

M
1 — i(ko)

hm tn—0t

M
Then =10k | G(t1,3,) | > Lett™) | G(ty,z,) | and this is a contradiction if we
— (ko

M
take L > I_ZG—) Therefore inequality (7) is valid for all t > to.
- o

Definition 5. If V : Ry x C — Ry s continuous and z(t,$) is the solution of (1)
through (t,¢) we define

V(t,¢) = Tl ko £ [V + b, st ) — V(1)

Theorem 1. Let us suppose that for ¢ € C([-r,0], R"), ho(to + 0,¢6(0)) < H and
there erists a functional V (t,¢) defined for to > 0 with the following properties:

(1) There ezist functions a(t), b(1), c(7), continuous, positive and monotone in-
creasing for T > 0, a(0) = b(0) = ¢(0) = 0, such that
a(h(t, z(to, 9)(t))) < V(¢ ¢) < blho(to + 0, $(0))).

(i) T e LT Zeatlb N VG < sy +,0(0))).

Then equation (1) is (ho, k) - uniform asymptotically stable.

Proof: We must show that (1) is (ho, k) - uniformly stable and (ho,h) - uniform

equiasymptotically stable.
Let 6(e) < b~'(a(e)), holto +6,4(0)) < d(e), V*(t) = V(t,z4(to, ). We have

V(t+k, Tyrk (to, 9)) = V(t, z(to, 9))
k

V*(t+ k) — V*(t)

lim 0+ = lim 0+

S —C (ho(to = H,mt(to, ¢)(9))) <0 if ho(to + Q,xt(to, qb)(H)) 75 0.
It follows that V*(¢) is monotone decreasing. Thus,
V*(t) < V*(tO) = V(t()axto(t()a ¢)) = V(t0>¢) < b(h‘O(tO + 0) ¢(0))) < b((S(G)) < (L(E).
By hypothesis (i), a(h(t, z(to, #)(t))) < a(e). From the monotonicity of the function a,
we obtain h(t, z(to, ¢)(t)) < €, for t > to. Hence we proved equation (1) is (ho, h) -
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uniformly stable. Since V*(t) is monotone decreasing, it is differentiable almost every-
where and thus (ii) is verified almost everywhere by the derivative of V*.

Let 60 = (S(H), T(E) = b(éo)/c(é(é)), ho(to + 9,¢(6)) < (50.

If for ¢ € [to,to + 7] we would have ho(to +0,z:(to, #)(0)) # d(e), it would follow
that c(ho(to + 0, z(to, ¢)(0))) > c(d(e)) . Hence

T oor TRV o gt + 0, 2.(t0, 6)(6))) 2 —cl6(e), that impies

L~

V*(t) — V*(to) < —c(d(e)) (t — to). Therefore

V*(t) < V*(to) — c(8(€)) (t —to) < b(ho(to +06,8(0))) — c(6(€)) (t — to)

< b(dy) — c(6(€)) (t — to) . From this follows that V¥(to+T) < b(dg) —c(6(e)) T =0,
which is a contradiction. So, there exists t' € [to,to + T] such that ho(to +
0, zu(to, #)(0)) < d(€). Hence, h(t,z(t',zy (to, ¢)(t))) < ¢, for ¢ = t'. This means
that for t > to+ T we have h(t,z:(to,¢)(t)) < ¢ and the theorem is proved.

Lemma 2. Let hy and h be measures satisfying h(t,z +y) < h(t,z) + h(t,y),
h(t,pz) = |p|h(t,z),p € R. If equation (4) is (ho,h) - uniform asymptotically
stable, then it is (ho, h) - ezponentially stable, that s, there exist positive constants
a, B, p such that if ho(to + 6, ¢(0)) < p, for0 € [-7,0], then h(t,z(to, #)(t)) <
Be~at=t0) ho(to + 0, $(0)).

Proof: We define the operator Uy, by therelation Ups,¢ = y(to, §)(s), t—r < s < t,
where y(to, #)(t) is the solution of (4). The operator maps the space of continuous
functions defined in [to — 7, %] in the space of the continuous functions in [t — 7, ¢]. The
linearity of equation (4) implies the operator is linear and it is also continuous. See [4].
Consider the quantity || Uz, || with the property

|| Ut,to ” == sup h(t7 Ut,to¢)7 t Z tO'

ho(to+0,¢(0)) <1

By (ho,h) - uniform stability, for ho(to + 0,¢(0)) < do, t > to + 7, we have
h(t, y(to, ¢)(t)) < € hence for t > to + T + r it follows that h(t,Upsy¢) < €. We fix €
with 0 < € < 1. Let ¢ arbitrary with ho(to + 6, $0(f)) < 1. By hypothesis on h we
can write ho(to + 0, 6o #o(0)) = do ho(to + 6, $0(0)) < 6. Hence h(t, Upyydo o) < €, for
t > to+T +r and h(t, Upsodo) < €/8o. Since ¢o is arbitrary with ho(to+0,¢0(6)) <1,
we will have || Usy, || < €/80 for t > to+T + 1, or, || U | <efort>ty+T1+r,
where we set Ti(¢) = T(8o€). We have the relation Uys,¢ = Utor1i+r (Uto4Ti4r.t0 )
which amounts to  y(to, ¢)(s) = y(to + T1 + r,y(to, #)(w))(8), u € [to+T1, 0+ T1 + r].
From here follows, || Usso || < | Ustormitr |- | Utortino | < € for & 2 to + 2(T1 + 7).
By induction it follows that || Uz || < €™, for ¢ > 2o + m(T} + r). Now let ¢ > to,
arbitrary. There exists an m > 1 such that ¢ + (m — (T +7r) <t <to+m(Tyh+7).
Furthermore, m(Ty +7) > t—to, m > (1/(T1+71)) (t - to), €™ < eM/(Mi+m)t=to) gince
e<l.
On the other hand, there exists a d(¢) such that
h(t,y(to, )(£)) < € if holto +0,6(8)) < 8(e) and ¢ >t +T(e) . As above, we

will have h(t,6(€) Uro®) < €, t > to+T'(€). Hence h(t, Ui, ) < 25%’ t>to+T(e).
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Since t > to + (m — 1)(Ty + 1) , we will have || Uy, || < [€/0(€)] €™
Indeed, if m > 2 this inequality follows from the fact that é(¢) <€, and if m =1 from
the fact that || U, || < €/d(€), for t > to + T'(¢). Finally, we have shown that for
every t > to+T(€), || Uw |l < [1/8(¢)]€™ and thus || Uy, || < [1/8(e)] et/ Ti+mlt=to),
Let us 1/6(¢) = B, o = —(1/(Ty +7))Ine, and the previous estimate becomes
|| Upio || < Be~@=%). Let 9 be arbitrary, 1 # 0. We observe that
ho(to + 0,  Tolls +(Z)¢( ))) = [1/ho(to + 0,%(0))]-ho(to + 0,7(0)) = 1. Then we have

h(t, Urte®) = h(t, Uso[t) ho(to+0, (0 ))/hO(t0+9 $(0))]) = ho(to+0,%(6)) h(t, Upo [t/ ho(to+
8,%(6))]) < holto + 0, %(0)) || Upso || < Bem@Uho(to + 0, %(6)).
Thus, equation (4) is (ho, k) - exponentially stable.

In what follows, y(t, #) is understood as any solution of equation (4) with the initial
condition ¢ at time .

Theorem 2. Assume h and hy two measures satisfying the hypotheses of Lemma (2)
and | ho(t,z) — ho(t,y) | < ho(t,z —y); g andl asin (3).

Then, if equation (4) is (ho, h) - uniform asymptotically stable, there is a
continuous scalar functional V(t,@) for (t,4) € [to,00) x C, such that

(a) (ho(t+6,9(0)))* < V(t,¢) < ki (ho(t +6, $(0)))?
(0) | V(t, 1) =V (t, 2) | < ks [ho(t+8, $1(6))+No(t+6, $2(0))]. [ho(t+0, 1(6) — p2(6))]

(c) V(t,6) < —(h(t +0, ui(to, $)(6)))*.

Proof: (a) Dogﬁne
Vit ¢) = / (At + 5+ 6, vees (t, ) (O)))° ds + sup [h(t + 5 + 6, vews (2, D) )]

Then V(t,¢) > sup,» [A(t + 5+ 0, Yrvs(t, 9)(0))]°.

As h(t + 0, yu(t, 8)(8)) = ho(t + 6, ¢(6)), it follows that V'(t,8) > (ho(t + 0, (6 1
Since equation (4) is (ho, h) - umform asymptotically stable, by Lemma(2) it is (ho, h)
- exponentially stable, that ensures the convergence of the integral in the defini-
tion of V(t,¢). This implies the existence of positive constants «, B, p such that
ho(t+6,¢(0)) < p, then h(t+s+0,y(t,¢)(t+s+0)) < B e (t+s+0-1) ) ho(t+6, $(0))
= Bemt €00 (1 + 0, (6)) < Be " e ho(t + 0, 6(9)).

Thus, (h(t+s+0,y(t,¢)(t+s+0)))> < B2e > e* (ho(t +0,¢(0 )2

It follows that

SUD,so (h(t + s+ 0,y(t, $)(t + 5 +6)))* < B2 e 7 (ho(t + 6, 6(6)))". So
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V(t,¢) < 57 B2e™ e (ho(t+0,(6)))* ds + B> (ho(t + 6, 6(0)))*
= B2e27 (ho(t + 0, $(0)))* [5” €72 ds + B> (ho(t + 0, 6(0)))*

= G (haft + 0, 6(0)))* 5= + B¢ (ha(t+ 6, 9(0)))°

= pre* (% +1) (ho(t + 8, $(8)))* = kx (ho(t + 0, $(6)))*

hHence, V(t, ) < ki(ho(t+0,6(0)))% As V(t,¢) > (ho(t + 0,4(0)))?* , it follows
that
(ho(t+6,6(0)))* < V(t,¢) < ki(ho(t +6,¢(0)))” and (a) is proved.

(b) [V(t,61) — V(t, ¢2)]

< | [ (h(t+s+0,y(t d1)(t+5+0))  ds =[5 (A(t+s+0,y(t, ¢2)(E+5+0)))* ds| +
| sup,so (h(t+ 5+ 0,y(t, 1) (¢ + 5 +6)))* —supszo(h(t+ 5 +06,y(t d2) (¢ + 5 +0)))* |
< [ (Rt +s+0,y(t, 1)t +5+0))) ds — (A(t+5+0,y(t, ¢2)(t+5+0)))* | ds+
sup,so |(A(t+ s+ 0,y(t, ¢1)(t + 5 +0)))* = (h(t + 5+ 0,y(t, d2) (¢ + 5 +0)))?]

< [ |h(t+s+0,y(t, ¢1)(t+s+0)) + h(t+s+0,y(t,¢2)(t+s+0)) | x

|h(t + s+ 6,y(t, ¢1)(t+s+0)) — h(t +5+0,y(t, 62)(t + s +0)) [ ds+
Sup,so | At + s+ 0,y(t, ¢1)(t +5+0)) + h(t+5+0,y(t,62)(t + 5 +0)) |

sup,so | h(t +s+0,y(t, $)(t+s+0)) —h(t+s+0,y(t,é2)(t +s+0))|

< [ [Bem™ e ho(t +0,¢1(6)) + Be™ e ho(t + 6, ¢2(0))]x
[B e e ho(t + 6, $1(0)) — Be™® e ho(t + 6, $a(6))] ds +

B e [ho(t + 6, 91(8)) + ho(t + 0, $2(0))] - Be® [ho(t + 0, ¢1(0)) — ho(t + 0, b2(0))]-
The hypothesis of the measure ho allows us write
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| V(t, 1) = V(t,¢2) |
< [ B2e s [ho(t+ 6, $1(0)) + holt +0,¢2(0))] [ho(t + 0, $1(0) — ¢2(6))] ds] +

Be® [ho(t + 0, 01(0)) + ho(t + 0, $2(0))]. 37 [ho(t + 0, $1(0) — $2(0))]
= ﬁQ 62‘” [ho(t+ 0,¢1(0)) -+ ho(t+9, ¢2( ))] [h,()(t-l-g (251 ] fO _QQst-}-

B2 27 [ha(t + 6,1(0)) + holt + 6, a(6))Hha(t + 0, 61(6) = ¢a(0))]

= B (14 o) olt +0,81(0)) + (e + 0, 2O [ro(t +6,61(6) — 62(0))]
Thus, V(5 61) = V(t, o)

< B (14 50 lhalt + 0,61(0)) + holt + 0, G2(O)}[ho(t +0,1(6) = $2(0))]

= ks [ho(t + 6, 61(0)) + ho(t + 6, $2(6))].[ho(t + 6, $1(6) — $2(6))]
and (b) is proved.

( ) V(t Ut tO d) fo t+3+9ayt+s (tayt(tmd)))(e)))? d8+
suPs>o (A(t + 5 + 6, Yits (t, ye(to, ))(6)))?
= f0°° (B(t + 8 + 0, Yis (to, ) (0)))? ds + sup,>q (h(t + 5 + 0, Yits (to, 0)(0)))?

= [ (h(u+ 8, yulto, )(0))? du + sup,5q(h(t + 5 + 0, yess(to, 6)(6)))*

V(ta yt(tO: ¢)) - hm k=0t 7 [f.t_l_k ’LL + 67 yu(tO; ¢) (6))2 du+
supsZO (h’(t +k+s+ 0 Ytt+k+s (t ¢ ft u + 9? yu(tO’ d)) (0)))2 du—

sup,sq(h(t + s + 0, ye+s(to, $)(9)))?].

Since sup,sq(h(t + s + 0, yirs(to, 9)(6)))? is a decreasing function, it follows that
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V(t,yt(t0,¢)) < hmk—>0+ ft+k (u+0, yu(to, 8)(0)))* du— ft (h(u+0, yu(to, $)(0)))? du] =

Edg ftoo (h(u + 0,yu(to, #)(0)))* du = —(h(t + 0, vy, (to, #)(0)))* and the theorem is

proved.

Theorem 3. Let hy and h be two measures with hy satisfying | ho(t,z) — ho(t,y) | <
ho(t,z —y), f and h are as in Lemma (1), h is uniformly finer than hy. Suppose D
and [ satisfying the hypotheses of equation (4) and assume that

®  1SD(d) ~ SD¢) |+ T4 6) -S4 6)] < Vhit, (ke 8O,

where vy 1s chosen small enough and (t,z) € S(h, p) for some p > 0,
S(h,p) = {(t,z) € Ry x R™ : h(t,z) < p}. If equation (4) is (ho, h) - uniform asymp-
totically stable then equation (6) is (ho, h) - uniform asymptotically stable.

Proof: From (8), |G(t,z;)| < vh(t,z(to,d)(t)). Let V(t,¢) be as in Theorem (2).
Define V*(t) = V(t,z:(to, ). We have

—— * — * - t _ ¢
Tim o+ 4 (t‘*'k]z V*(¢) = Tim o V( +k,$t+k(to,<z) V(t, z(to, ¢))

< g ot V(t+ k,yt+k(t;$t(t0];¢)) = V(t,z:(t0, 9)) +

V(t+k, Tk (t, e(t0, 9))) — V(E+ K, Yok (t, 34 (t0, 9)))

lim k—0+ )
where z(to, #)(t) is a solution of (6) and y(to, )(t) is a solution of (4). From (c) of
Theorem (2) , we have:

AL G ’“; =V < _(n(t + 0, 2u(to, 6)(60))) +

1—_— V(t + k; m‘t+k(ta It(to, ¢))) - V(t + ka yt+k(t: xt(to, d))))
1m g0+ Lk :

From part (b) of Theorem (2) we obtain :

|V (t+ k, Tk (t, Te(to, 9))) — V (E + &, Yeai(E, 3P0, ) |
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< ka [ho(t + k + 0, Tk (t 3e(to, 9)(0))) + ho(t+ & + 0, yuax(t, 24(to, 9)(9))] X

ot + 0, 11, (o 0)6)) — 6 1l O
From Lemma (1) and condition (8) we have
(9) ho(t + & + 0, Tork (8, me(to, 9)(0) — Year(t, Be(to, 9)(0)))

< [P0 ]| Gt + &k + 0, 204k

< (B4 — )]y h(t + k + 0, 24k (t, 200, 9)(6)))

< [eb* — 1) yh(t + k + 0, T (t, 2:(to, ) (0)))-

Now, by means of Lemma (1) and hypothesis on hg, we can write

ho(t + & + 0, ok (t, 22 (to, 6)(9)))

= | ho(t + k + 0, Teyr(t, z4(to, 8)(0))) — ho(t + & + 0, Tek(t, T (to, 9)(0)))+

ho(t + & + 0, Yok (t, T (to, 9)(6))) |

< el — 1] yh(t + k + 0, 21k (L, T4 (t0, 9) (0))) + ho(t + k + 0, T4k (t, z:(t0, 8) (9)))-

Thus,
(10)  h(t+ k + 0, Yk (t, Te(to, )(0))) < [e"% — 1] yh(t + & + 0, Terk(t, me(to, 9)(6)))
+ho(t + k + 0, zeri(t, T4 (o, 9)(0)))-

Hence using (9)and (10) , we obtain:

| V(t+ k, Teqr (t, e (to, P))) = V(t+ k, yeri(t, 7:(t0, 9))) |
S [2k2 ho (t+k+0, Ttk (t, T (to, d)) (9))) +k2 [eL’“—l] Y h(t+k+0, Ttk (t, fllt(to, d)) (9)))] X
(b 1]y h(t+k-+0, Tori (t, Te(to, 8)(0))) = 2kz [€¥F=1]y ho(t+k+0, zeak(t, 22(t0, $)(6))) X

B+, T (1, eltor 8) (6)+ear? (5 —1) (X = 1) (A(t+E-+0, e (1, (10, 6)(6)))
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Therefore, im o+ k7 |V (t + k, T4k (8, 22 (t0, 9))) = V(E+ &, Yar (8, 20 (0, 9))) |
< (h(t + 8, It(th ¢)(0)))2 2kyy mk_>0+k_1 [eLk = 1]+
(h‘(t + 97 zt(tO’ ¢)(9)))2 ko ')/2 mk_;(ﬁ o [eL’“ — 1] [eLk = ]_]

= 2ky 7 L (h(t + 0, ze(to, 6)(9)))°.
Thus if we take v < 1/(2 k2 L), it follows that,

Vit + k) — V*(2)
k

— (bt + 6, u(t0, $)(8)? 2 hav L — 1) = = (h(t + 6,210, )(0)))2 .1 > 0.
Since h is uniformly finer than hg for (¢,z) € S(h, p), we have
ho(t + 0, z4(to, #(0)) < b(h(t+ 0, z(to, $)(F))) ,b € CR.
This implies that (h(t + 6, z:(to, ¢)(6)))? = ¢ (ho(t + 0, 3(to, $)(0)), ¢ € CR.
Hence, using this inequality, we can write,

— V*t+k)—V*(t
lim 0+ ( ) () < —mc(ho(t + 6, z:(to, 9)(0))), which shows, on basis of

k
Theorem (1) that equation (6) is (ho, h) - uniform asymptotically stable.

lim 40+ < —(h(t+0, zi(to, ) (0)))* + 2 ko v L (h(t+0, 2. (ko, 4)(6)))*
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