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. THE .. NDNWANDERING SET OF FLOWS ON A REEB FOLIATION 

1 - JNTRODUCTl ON 

Let x(s3 ) be the space of the Cr vector fields,r>4, . . 
tangent to a Reeb foliation a on · the sphere s3-[l J with the 

usual er topology. 

A periodic orbit a (in particular a singular point) 

_of x·6 x(S 3) is called hypubollc. if it is hyperbolic in 

.the usual sense for the restriction x !Fp where FP denotes 

the leaf of a containing p (;a • When a is a singular point , or 

is the boundary of a disc contained in its leaf,the
0

quali-. 

tative heh.aviour of small pertu~bations of the vector field 

Xis given by the Kupka-Smale theorem. Let a1 ,a:i be gene­

rators of the fu~damental group of the compact leaf T2 

and H(a1 } the holonomy given by 

g1(y)=y y~Q 9zlY)>y y<O 

{ . and { 
91(y)cy y>D 92(Y)=y y~O. 

Suppose °xc T2 a hyperbolic periodic orbit attractor for 

xj12 .When ·ax is homotopic to ·a1 there exists an open nei -

ghhorhood V of ~ in s3 such that the p~riodic orbits of 

small per:tur:bati.ons Y 6 x (S3 ) of the vector field X with 

· points in V have the.sa~e ty~e ·of ax,are conta~ned in V and · 

definl' .a cylinder with boundary ex y c 12 which is th~ -wy - · 

limit of all the points pe V.If ax is homotopic to cil the 

peri~dic orbits of Y which are completely contained in . 

V define a cylinder w_ith bou~dary ayc · 1
2 which. is an 

at-tractor except for ay which al so admits a 2-dimensi:onal 
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1nvariant and unstable manifold.When ax is homotopic to 

·a 1ma2" ,mn;. o. a: ·y is the only periodic orbit completely 

contained in V. A hyperbolic periodic orbit ax c T2 which is 

an attractor for XI T2 is ca 11 ed a saddle type orbit if it 
m n is homotop~c to a i aj ·m ~ 0 with n < 0 if m = 0 • 

A · saddle connection._ is a regular trajectory Y,-:: T2 

whose a . and w limit sets are· saddle,saddle node or saddle 

type orb.it and ·is not interior to tbe 2-dim•ensional invariant 

ma~ifold of the saddle node . 

. The p~riodic orbits which a~e quasi-gene~ic [31 in· 

their own leaves and the saddle connections,with traceDX j FP(p) 

; 0 in the loop at p [3] • are called q.1as-:'. g·eneric elements , 

if they are generic respect the 1ocal parameter of leaves. 

The structure of o~bits ~ocally , in the quasigene~ic o~bits 

and in -the connecttons between singular potnts are given fn[3] 

In [4] was considered a residual set G 2 'in X.(S~} 

of vect~r fields such th.at only the saddle connections 

between singular points are genertc respect the local pa­

rameter of the 1 eaves. The re was. given al so an open proper 

subset of X (S 3) of vector .fields wi.thout saddle type orh.tt ·· 

where the vector fields without n -e~plqsion are dense 

In this work we are ~llow~ng for the ,addle type · 

orbits and all the types of saddle connections.We.define a 

dense set G3 in -x(S3) of vector fields .such. th.at all tlie 

, saddle connections are quasigeneric elements and conclude 

th~ den~ity of t~~ ·vector fields without n ~explosion tn 

the entire space x(s31. 

Now we state the mainresults of this work whose proofs 

will be outlined in the subsequent parts • · 
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Theorc~: There exists G
3

, a dense set of vector fields 

. ' X 6 X(s·) such that: 

b) tht periodic orbits are ~yperbolic or quasi-generic 

c) the · saddle connections are quasi-generic 

d) each leaf of a contains at most one quasi-generic 

element 

CorolZar~: There exists in X(S 3 ) ~ dense set of vector 

fields without r.-explosion. 

2. PROOF OF THEOREM 

Consider X(S3)jG 1
~G 2

(T)jG 2 (T~S) each open and 

~ense in the preceding.already described in [4J 

o1 denotes a set of vector fields X £ X(S3 ) whose 

singula~ points a~e hyper~olic but . for a finite number 

of quasi-gene~ic points , XIT2 is a Morse-Smale vector 

field and each leaf of a contatns - at most one quast ge­

neric singular potnt. 

G
2

(T·) · d·enotes a set of vector fields · X 6 G1 

whose periodic orbits wi~~ period! Tare .hyperbolic or 

quasi-generic and each ·leaf contains at most one quasi­

. generic periodic orbit with peridd r ; 0 ~ T ! T. 
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(T,S) denotes a set of vector fields X ~ G2 (T) 

without saddle c~nnection between saddle node and saddle 

type orbit, whose saddle connection between singular 

points with length~ Sare quasi-generic and _lie at most_ . 

onein each leaf with the additional condition that the 

quasi~generic periodic orbits of such a leaf have 

period> T. 
---- - ----

Take X G ~ 1 and ai(isl,2, ...• n) its saddle 

type ~rbits. Conside~ open neighbo~hoods v1 of a; and 

I,) of X_ in G
1

. such that vi n yJ = q,, Y 6 _1,,1 admits, for 

each i, ~nly one sad~le type or~it ai(Y)cv 1 , . of the 

same type of ai' that i~ the ~nly orbit completelj · 

contained in ·•Vi except fo~ the local cylinder of typer-

~ bblic orbits at ~;CY)~ We . fix the neighborhoods V a~d Q 

and suppose a 1(Y) to be the only periodic orbits Pf_~ly 2 

at V. 

Let y (=. V be a trajectory of Y G Q, t 1 = 

a in{ ·{t ~ R: Vs~t. y(s) G V} and t 2 = sup {t GR: 

-Vs::t, y(s) s_·v}. The length of y(t) with -co. ~ t 2 <t<t1·~ .. 

will be denoted Lengthy.: For y'c:: V,Length y is zero. 

Fixed X,V and~ we can suppose · the.existence of 
" . ·. 

a number O < m < 1 . llnd an _open Ac: s~. A. n V = cl> C"pntaining 

the singula~ points of a~y Y GI,) such.that the saddle node 

~~pa~atrices,.th~ orbits ori the central ~anifold of saddle :. 

type orbit and the saddle separatrices not completely 

contained in A have Length~ m. 
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Given r.s.R >Owe denote by Q(X,T;S,R) the 

set of all the vector fields Y 6 Q n G2 (T.S) whose 

connections between saddle and saddle type orbit with 

lengths Rare quasi-generic and lie at most one in each 

leaf with the additional condition that the quasi-generic 

saddle connections between critical points and the quasi­

generic periodic orbits of such a leaf have l~ngth > S 

and period> T respectively. 

P~o position 1: Q(X.T,S,R) is open and dense in Q when 

1 ~ R < S 

Lemma 1: Take X 6 G1 and p ~ T2 

a) w(p) is a cycle w~en ~(p)c Fp 

b) w(p) is a periodic orbit or contains a saddle type 

orbit when w(p) n T2 ; t . 

c) a(p) is a saddle type o~bit y when w(p) is a 

saddle type orbit and a(p) ::,Y 

Lemma 2: Take Y 6 Q1 p_$ T2 and ya non trivial periodic 

orbit such that y c w(p). Then. for each R > o. 

there exist neighborhoods VP c s 3 - T2 o·f p and IJP r o . 

of Y such that any regular orbit of 2 6 IJp• but eventually 

for those in central manifQld. of saddle type 9rbit, at 

VP have iength > R. 

Lemma 3: If Y 6 Q(X.T.S,R) and O < R ~ S then Y admits 

a finite number of connections between ·saddle 
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and saddle type periodic orbit with Zength SR. 

Proof: If there were a infinite number of such connec­

tions y
0 

between saddles Pn• with Pn~p. and a 

saddle type ·periodic orbit a we would have a chain of 

saddle connections with lengths ~-R ~Si~ the leaf FP. □ 

Take Y 6 Q(X,T.S,R) and ·Y = y(Y) a connection 

between a saddle p $ T2 and ·a saddle type orbi~ a with 

w(y) = a and lengthy~ R.'. Denote yaa{y(t):- 00<t~ t 1 } 

.(see 'definition of lengthy). Consider open· neighbor­

hoods U of y and ll of Yin Q n G2 (T.~~ such that Z 6 ll 

admits only one connection y(Z} between saddle and saddle 

type orbit, with y(Z) c U, which is quasi generic. 

Furthermore, the length o2(x).·with x 6 U-y(Z) and 

o2(x) n V; ~. is greater.than R • . For Z 6 ll we also 

suppose that in the saturated set of U by the foliation 

the periodic orbits with period~ Tare h~perbolic ,and 

the saddle connections between singular points have 

length> S. 

l 
"··- ##.. • -····-· . .......... . 

L_J ~~---
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Proof o f pro position 1: For Y 6 Q{X,T,S,R) consider, 

like above, convenient neigh­

borhoods ui and lli determined by the connections between 

saddle and saddle type orbit with length~ R. The con­

_tinuity of arc length, the lemmas above and the local 

behaviour in the saddle, saddle-node and saddle connec-

tions betwe·en -singular points with length· ~ 

(l] guarantee the existence, for each x 6 K 

R < S [2], 

of open neighborhoods Ux of x and llx of Y in Q n G2 (T,S) 

such that the connections- between saddle and saddle type 

orbit, of Z 6 llx~ by Ux have length> R. The openness 

follows from the compacity of K: The density will follow 

1,ke proposition 11~2.J of (3]. Let ai(Y) be the 

saddle type orbits of Y 6 Q n G2 {T,S) and 

the fundamental domain of the Poincare map asso-

ctated to a1 (Y) ~ith ·oi n T2 • •· Consider for 1 > o 

the compact K1 
.. {x 6 U D; : Dy(x) is saddle-separa,trix 

with length~ 1}. For x 6 K1 ,oy{x) = y, w{x) = a1 (Y), 

q(x)=p, consider the above neighborhoods U, ll such that 

for Z 6 11 the · connections between saddle q $ u and ai(Z) 

by u n v have lflngth > 2 ( ni in the -y- Z.ength Y + m 

beginning of this section) and 

saddle and aj(ZJ by u-n V h~ve _ 

where k is a natural number> 1 

{ R < (j)k m. ·eeginning with .e. 

the connections between 

h (s (!)km ) lengt > max , .:i 

such that (j)k:l m ~ 
4 = ! m, cover the compact 

D; n K1 with· a 

( U U
5
i) fl { U UJS.) 

1/j 

finite number of open u1 such that s 

For each i we perturbe the vector ·~ 
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field in these neighborhoods without change in S3-U u! 
to have a finite number of connections between ai (Y) and 

4 saddle point with length~ t = 3 m, which are quasi-

generic. By a small change we obtain a vector field Z 

with, at most, one such connection in each leaf ~here 

the saddle connections betwee.n critical points have 

length> Sand the periodic orbits with p~riod t,O~,, T 

are hyperbolic. For each connection y 1 between saddle 

and saddle type orbit a1(Z) with le~gth ~ j m consider 

the neighborhoods ui such that ui n Uj = ~. the connec­

tions between saddle and aj (i # j) by U; n V have 
· 4 k ; 

length> max (S, (!) m) and between saddle q ~ U and 

ai• have Zeng~h > S + j m ~ (j)
2

m since the connections 

between sadd·l es and between saddle and saddle node· in 

FY have length> S. 
i 

Repeat the initial process ·for 

t = (})
2
m perturb~ng the connections between saddle and 

saddle type orbit of 'length~. i ,m < t ~ {;)
2m without · 

break i n g the i n i ti a 1 perturb at i on ; . thus s u.c c es s i v e 1 y 

until 4 k 
.e. = ("!) m. D 

Given L>O we - call Q(X,T,S,R,l) th·e set of the vec­

tor fields Y 6 U(X,T,S,R) whose connections between two 

saddle type orbits with length~ Lare quasi generic 

and lie at most one in each leaf with the additional 

. _c~ndition that ~he q~asi-generic periodic orbiti, the 

saddle connections between •singular points and between 

~add·le _and saddle type orbit of such a leaf have period > 

> T, length> Sand> R respectively. 
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Lemma 4: Let Y 6 l.l(X.T,S,R,L) and O<l~ R~ S • . Then Y ha ( 

a finite number of connections between saddle 

type orbits with length~ l. 

Pro position 2: l.l{X.T,S,R,L) is open and dense in 

JJ(X,T,S,R).for 1~ l~ R<S. 

Proof: Take Y 6 o(X,T,S,R) and keep notation of the 

proof of proposition 1. -Consider the compact 

F = .{x s u 01 Oy(X) is a connection between saddle 

type orbits with length ~ l}. Call aj(Y) the saddle 

type orbits which are attractor sets on T2 • for each 

x 6 Kn Dj consider convenient open neighborhoods 

Uj_c S3 -V of a segment of oy(x) and llj of Y in 

O{X,T,S,R) such that if a(x) = aj(Y) and w(x) = ak_(Y), 

then, any trajectory by Uj not connecting aj(Z) a~d 

ak (Z), has length> L. From the compacity of F n D; 
j 

we have a finite number of such neighborhoods uf with 

(U ~~) _ .9. (U U~) = ~- Begin changin~ the vector 
l r ·J , 

field in U Uk such that any connection between a 1 (Y) 

and saddle type orbit with length~ Lis quasi generic. 

Repeating the process for j = 2,3, we have a vector 

field whose saddlP. type orbits admit only a finite 

number- of such connections. For~ small change we have a 

vector field in JJ(X,T,S,R.L). [] 

The ·theorem follows _ by considering 
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3. ON THE NONWANDERING SET 

Let y be a quasi-generic connection between 

two saddle type periodic orbits y
1

• y
2 

of X 6 G
1 

with 

·w(y} = Y.l' a(y) = y 2 • Call P1 , P2 the Poincare- maps of 

X,(-X) associated to y
1 

and y
2

_respective1y. · In coor­

dinates {see . [5]) we have P
1
{x.y.X) = (A 1 x, 9x{Y)), 

P2 (x,y,X) = (A
2
x,gx(Y)) whe.re 9x 6 c"\ 9x(O) = g~n)(O)=O 

for n>l. gX(O) = 1. Suppos~ l 1>A 2 >1 then 9x(Y)< y for 

y > o. 

For x>O small enough and y 6lgx(1),1J define 
· n 1 (x,y,X) n 1 (x,y,X) n 1 (x,y,X) 

hl(x,y,X)" (ll x • 9x (y)_ ) ·where O<a,AlX < 

. g n2 Cx,y,Xl } where 
• X (y} 

n2 (x,y,X) 
O<afl2 X . < l2a 

Suppose a= 1. 
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The next results stated for X are obv i Qusly 

extended for a neighborhood of X in G1
• 

Lemma S: Under the above conditions. n2 h1 (x,y,X) > 

> n2 h2 (x,y.X) for x>O small enough and 

y G ] 9xCl), 1] where n 2 (x,y) - y. 

11. 

Proof: Given a natural N>O we have n2 (x,y,X)-n 1 (x,y,X)>N 

for small x>O and y 6 Jgx(l).1] since 
R.n X;/X 

.tn 1/x n1 (x,y,X) i = 1 , 2·. [] 
~ < R.n ). i .tn ). i ' 

Suppose p G T2 , a(p) = y
1

, w(p) = y
2

• On certain 

open subsets of {(x,y): x>O, yG) 9x(1),1)}. we can define 

Hh 1 , h2 K where Hand K are ·given by the flows of X and .• 

(-X} .respectively. Wit~ the notation of lemma 5 we have 

1n K1 (x,y) /x 
---- - - - · < 1 

R.n >. 2 
. clK

1 From -- (0,y) >a> 0 for 
ax 

any y 6 [gx(l),1] we deduce the existence of a natural 

number m such that n2
(K(x,y),X) = n

2
(x,y,X)+i, -m~i~m 

ni(x,y,X)+k 
· for small x. From· ir 2 H h1 (x,y.X) = 9x (y) , k ~ 0 

and lemma 5 we .have 
n

2
(K(x,y),X) 

,r2hi(K(x,y),X) = 9x (y) < 

<-ir 2 H h1{x,y,X) for x small enough. Then 

. 
Lemma 6: Under the hypotesis above, y and the canonical 

component of Xlrz containing pare ccntained in 

n(X). 
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Lemma 7: Under the same hypotesis, ye per ~ 

Proof: For p(x,y) • -1 
ffl h2 Hhl(x,y) and X1,x2 small 

enough with ff 2h1(x 1,y) a u2h1(x2,yj we have 

p(x1,Y) -p(X2,Y) Al "1<x1°Y) - I ------- I ;: M (--) • M>O • constant 
xl - x2 12 

and then. 

Thus, for Yn+Y we deduce the · existence of il)tervals In 
_ 1 . 

where Kp is a contraction. hence, the existence of a 

hyperbo]ic fixed ·point in .1
0 
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