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§0-lntroduction: We consider an analytic set 5 in R" with O G S. Lojaciewicz has 
proved (see [L-l]) that in a neighborhood V of 0 there are a finite number of analytic 
manifolds Af*, 1 < i < r in V each one of them connected, semi-analytic and adherent to 
the origin such that

S\{0} = UMi;
.= 1

we present here a demonstration of that there are. for 1 < i < r. analytic curves 7,: [0;e] —► 
Rn such that 7i(0) = 0 and 7,(f) 6 A/,-, for 0 < t < e. Except by the analyticity of 7, at 
zero this is a result of Bruhat and Whitney in a joint work of 1959 (see (B-W-l]). In that 
work the curves are analytic in ]0;c] and continuous in [0;s]. Our result in the context of 
real algebraic sets is a classic theorem of John Milnor (see [M-l]) who gives it the name of 
curve selection lemma.

§1- Some preliminaries: We give in this section the basic definitions of analytic sets 
and some results above them that we will use later. We don’t prove the facts expressed in 
this section. The demonstrations of these statments can be found, for instance, in (N-lJ. 

In this text ft will be an open subset of Rn.
Definition 1.0: A subset S of ft is analytic in ft if for each point p 6 ft there are a 
neighborhood Up C ft of p and real analytic functions f\,... ,/r defined in Uf such that

S n Ur = {x e UT: fi(x) = 0, 1 < i < r} .

The functions f\,... ,/r depend on the point p.
If 5 is an analytic set in ft and p € ft then we denote by (S;p) the germ of S at p. 

We call a germ of analytic set 5 by analytic germ.
Definition 1.1: We say that an analytic set S offlis irreducible at p 6 ft if when we 
have (5;p) = (5r,p) U (S2;p), with Si and Sj analytic sets in ft then there is i € {1;2} such 
that (S;p) = (S,;p).

We say that the germ (S;p) is irreducible if some representant of this germ is irreducible
at p.

We have the
Fact 0: If S is analytic in ft and p € ft then there are a finite number k of irreducible 
analytic germs (S,;p), 1 < i < k such that
(i) (5;p) = U‘=,(*;P>
(») (5,;p) t UU*i

Moreover, except by the ordenation of the germs (S;;p). this decomposition is unique. 
The germs (S;;p) determined above are called irreducible components of S in p.

(Si;p), Vj€ {I;...;*}.
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Definition 1.2s Let S be an anayiic set in fl and let p E S. We say that p is m-regular 
if there is an open neighborhood U C £1 of p such that SHU is an analytic manifold of 
dimension m. We say that p is a singular point of S if, for all m E N, p isn't m-regular.

It follows immediately from this definition that 
Fact 1: Let S be an analytic set in fl C Rn and let m be a natural number, with m < n. 
A point p E S is m-regular if, and only if, there are an open neighborhood of p,U C Q, 
and real analytic functions /m+i, . • • ,/n defined in U such that SC\U = {x £{/:/;(*) = 0} 
and D/m+i(i),... ,D/n(x) are linearly independent for all x E U.

By using this concept one can define the notion of dimension of an irreducible anlyitic 
germ as follows
Definition 1.3: Let p be a point of fl. If(S,p) is an irreducible analytic germ, not empty, 
then the maximum of the set

(q 6 N: all representant of (5;p) has a sequence of q-regular points that converges to p}

is called dimension of the germ (S;p). Define the dimention of (0;p) as —oo.
One can put us the question of the concept of dimension of an analytic germ is well 

defined. This is a classical result of analytic sets and can be state as 
Fact 2: If p £ ft and S is a representant of the irreducible anlvtic germ (5;p) then the 
set of points of S which are m-regular, for some m > 0, is dense in S.

Now we can state
Definition 1.4: Let p £ ft and let (S;p) be an analytic germ in p. Take {Sr,p), 1 < i < r, 
the irreducible components of (S;p). We define the dimension of (S;p) as the maximum 
of the dimensions of (Sj;p), 1 < t < r. We will denote this number by dim{S\p)

One can prove (but we don’t known any elementary proof) that 
Fact 3: Let 5 be an analytic set in C Rn and let p E S, such that (5;p) is irreducible. 
If dim(S;p) = q < n and Mq = {x E ft: x is q-regular } then there is a neigborhood U C ft 
of p and there are real analytic functions fo’Jq+\;... ;/„ defined in U such that
(i) U f)Mq — {x E U:fo{x) ± 0 and /,(*) = 0, q + 1 < i < n) and D/?+1( j);... ;D/n(x) 

are linerly independent for x E Mq.
(ii) U n Mq = {x 6 U: x E S and f0(x) £ 0).

As a direct consequence of this we have
Fact 4z If S is an analytic set of Q and p E S with (S;p) irreducible and dim(S;p) = q, 
then there is an open neighborhood U C fl of p such that the set

S\ := {x E S Cl U:x isn’t q-regular )

is an analytic set in U and dim(S\\p) < q.
In section 1 we will need two another classical result of analytic sets.

Fact 5: Suppose that p E fl and that (S;p) is an irreducible analytic germ of dimension 
q > 0. If{S\,p) is an analytic germ with (S\’,p) £ (S;p) then dim(Si,p) < q.

To finish this section of preliminaries we state a result of local decomposition of real 
analytic sets which is more simple that the Lojaciewicz one about this, and that it is 
enough to ours purposes in sections 2 and 3. We need the Lojaciewicz's result olny in 
section 4 and we will state it there.
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Fact 6:Let S be an analytic subset of ft and let p € S, with dim(S:p) > 1. Then there 
is a neighborhood U of p and there are a finite number of connected analytic manifolds 
Mi,... ,MS, with dimMi = mt- e {1;... ;d:m(S;p)}, such that p is adherent to Mi, 1 < 
m; < fitm(5;p) and

(S\{P})nc/ = ljMj.
i=l

§2 - Reduction to the case of dimension 1: In this section we will state our main 
result and we show that it is enough to prove it for analytic gennes of dimension 1.

The central result of this work is
Theorem 0: Let ft be an open subset of Rn with O € ft and let 5 he an analytic set 
in ft. Consider a finite number of real analytic functions g\.
U = {x £ ft: gi(x) > 0, 1 <*<£}. If O £ U D 5 then there 
curve 7: [0;ej

Note that, since 5 is a closed set in ft and O £ Omega, it follows from these hypotheses 
that 0 6 5. Furthermore, it’s clear that dim(S;0) > 1.

The proof of this theorem is done in two steps.
In the first one of them we prove that if dim(S.O) > 1 then there is an analytic 

subset Si of an open neighborhood fti of the origin, with Si Q S. 0 € S\ C\U and 
dim(S\\0) < dim(S\0). In the second step we prove Theorem 0 when dim(S:0) = 1. Of 
course, this ends the proof.

In the rest of this section we will prove the first of these steps. We start with 
Fact 7: Let S be an analytic set in SI C Rn and let Mq — {x € S:x is q-regular }. If
g:Sl —► R is analytic and V = jx € Mq:x is a critical point of </|w< j 
open set W C ft such that V is analytic in W.
Dem.: The statment is obvious when q = n. Then we suppose that q < n.

Let be x0 € V C Mq. It folows from Fact 1 that there are analytic functions 
fn which are defined in an open neighborhood lVXo C ft of r0 such that

.. ,gr defined in ft and put 
are £ > 0 and an analytic

ft such that 7(0) = O and 7(f) 6 U D S for t > 0.

then there is an

/•i+i

s n Wt0 = {xe WX0:fi(x) = 0, q + 1 < t < »}.

and the rank of A(x) = [Dfq+i(x),...,Dfn[x)\ is equal to n — q. for all x 6 W'x#.
Now, if we remember that Mq is an analytic manifold of dimension q, it follows that 

for x € WXo H Mq we have TxMq = fcerA(x).
From this we can conclude that if B[x) = (Dg(x) -4(x)) then

V H WXo = {x e WXo: rank B(x) < n - q}.

In fact, the rank of B(x) is equal to n - q (since the rank of A(x) is n - q) but this is 
superfulous here.

This shows that V D H*Xo is an analytical set in H*Xo.
Now take W = Ux^m^\Vx. It’s immediate that W is an open subset of ft and that V 

is analytic in W. ■
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So we have
Fact 8: In the hypotheses of the Fact 7 if Ft i = is a bounded subset of fl with fly Cfi 
then set of critical values of g| is finite.

.w,nni

Dem.: Let x0 be a critical point of g| and take W Cfi.a neighborhood of xo such
Mtnnl

taht V fl W is analytic in W.
By the local decomposition of analytic sets that we have seen in Fact 6 we can as­

sume. w.l.g., that there are connected analytic manifolds Mi,__Ma such that each Mi is
adherent to the origin and

(V\{x0})nw = uUiMi.
Then, since V is the set of the critical points of g restricted to the analytic manifold 

Mq, one can conclude that 9(1) = 9(x0), for all x £ V fl W.
Now, use Fact that Qi is compact to conclude the thesis. ■
By appling the previous result to the function r(x) = ||x — x0||2, we can conclude 

imediately that
Fact 9: If x0 is a g-reguiar point of the analytic set S of fl. then there is an co > 0 such 
that Se(x0) = {x6 Rn: ||x — x0|| = £} is transversal to S, for 0 < £ < £q.

Now we can prove the result that finishs this section.
Fact 10: Let S be is an analytic set of fl C Rn with O € fl and consider the open U = 
{x 6 Rn: 9i(x) >0, 1 < i < £}. where 9,-: fl 
Suppose that O € S D U and dim(S:0) = q > 1. Then there is an analytic set Sy in an 
open neighborhood of the origin. V. such chat S\ £ S, O 6 Sy fl U and 1 < dim{S\\0) < q. 
Dem.: If q = n the result is evident, then we’ll suppose q < n.

Another observation: if Hk = {x = (xj; — ;x„) € Rn:x* = 0}. we can assume that 
S Hk, for it = 1;... ;n. In fact, if this doesn’t happen one can take r as the number of 
k'3, such that 5 C Hk and consider S an analyitic subset of an open subset of Rn"r.

We can suppose also that (S;0) is irreducible, since if this fails we can take an irre­
ducible component (5;0) of (S;0) given by Fact 0 and then we work with 5 (a representant 
of (5;0)) in place of 5.

If we put. for t > 0. EC(S) = {x E 5: ||x|| < c and x is not g-regular } we cam suppose 
that there is £0 >0 such that T,eo{S)C\U = 0. In fact, if this doesn't occur, we use Fact 4 to 
choose > 0 such that T.gl (5) is analytic and since, also by Fact 4. dim(S\ :0) < dim(S\0) 
we are done.

R is an analytic function for !<:<£.

Then we are working under the hypothesis of that (S;0) is an irreducible analytic 
germ of dimension q < n — 1 and all the points of U fl 5 are (/-regular.

By using Fact 3 and Fact 9 we can choose an open neighborhood V of O such that, if 
r(x) = ||x||2,

(i) There are analytic functions /0 and fy.V
SnVnU = {xeun V: fo(x) / 0 and fj{x) = 0, q + 1 < j < n} and. moreover, the 
rank of [Dfq+\(x) ... Df„(x)) is n — 9, Vx 6 U fl V' fl 5 (to see this, use Fact 3).
(ii) The rank of (D/,+ i(x) ... D/„(x) Dr( j) ] is »/-</ + 1. Vx € U D V fl 5 (this
is a consequence of Fact 9).
Consider Uy = {x € V:gi(x) >0. 1 < i < t and (fo{x))2 > 0}. We have l\ C U and, 

by (i). one can see that U C\ V C\ S = U\ H S therefore O £ U\ fl 5.

R, 9 + 1 < j < n such that
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We will prove that there is an anaytic set S\ in V such that 5j £ S. 1 < dim(Si;0) < 
q — 1 and O £ U\ fl S. Of curse, this will complete the proof.

For this we’ll construct n + 1 subsets of V — S';SJ;... \S'n —, which will be analytitc 
sets in V and we will prove that, at least one of them satisfies our thesis.

Put y0(*) = (/o(*))2 consider

t
9(x) = Tl**) and r(x) = ||*||2-

i=0

We will define
S' = {x £ SO V: rank of [Dfq+i{x) ... Dfn(z) Dr(x) Dg(x) ] < n - q + 1},

Of course S' is an analytic subset of V' and S' C 5.
We will prove now that O £ S' fl U\.
For this define, for e > 0. Ks = {x 6 Se 0 S:y;(x) >0. 0 < / < (}.
Since O £ S fll/j there is a sequence £m i 0 such that Ktm ^ 0. and there is xm £ KCm 

with gi(xm) > 0 for 0 < i < t.
But KCm is compact them there is a xm £ KCm which maximizes g\Kf . Therefore 

?(*m)>0.
Then y,(xm) > 0, for 0 < * < t and we have proved that Tm £ Uj.
Now we say that xm £ S'. This is a direct consequence of Fact that this point is a 

maximum point of y|sn{/ns,m and U fl SCtn is an analytic manifold of dimension q — 1, by

Then, since lim xm = O. we have 0 £ S' fl U. As x'" jL O this shows that 
dim(S';0) > 1.

For 1 < i < n, let the functions A,-: R" —► R, A,(x) = xig{ r).
Consider, for 1 < i < n, the analytic subset of V defined b >*

5- = {x £ Sn V: rank of [Dfi+ i(x) ... Df„(x) Dr(x) DXi(x)] < n - q + 1},
We claim that O £ 5- fl U\. for 1 < z < C.
Fix an i. Remember that 5 £ Hi, then we can suppose, without lost of generality, 

that there is a sequence cm i 0 such that
v+m =SfU/’i ns.m n{x = (x,;...:xn)e Rn:x, > 0} # 0. ....

One can see without difficulty (remember the definition of U\ and Fact that S and Se 
are closed) that A,*(x) > 0. for x £ V4+, and Aj(x) = 0 for x £ dYVjj,.

Now, take the compact V+m and consider y •" a maximum point of A, )-^-.
______

It’s obvious that yj” £ S| 0 I7j. Then we have proved the claim. We have shown also, 
that dtm(5J;0) > 1.

There are two possible situations:
(I) S ^ S' or S ^ Sj for some i £ {1;... ;n}.
(II) S = S' = S{ = ... = S'n.

We’ll prove that the case (II) is impossible since this implies that dim(S;0) = 1 
against our assumption.

Suppose that (II) happens and take x £ S C\V C\U\ with 0 < || x|| < cq.

(ii).
m—»oo
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Remember that (ii) is true. Then if S = S' we conclude that Dg(x) is a linear 
combination of Dfq+\(x);... ;Dfn(x);Dr(x) for all x G V fl Ui ft S.

Put now 7r,(ii;... ;i„) = x,. for 1 < i < n.
If S = SJ, .DA,-(x) is a linear combination of Dfq+ i(x); 

x6Sni/,nv.
From the definition of Aj it follows that DA,(x) = tt^^x)) 4- x,\D</(x).
Since g(x) ^ 0 in U we see that tt,- is a linear combination of the linear transformations 

Dfq+i(x); ...\Dfn{x);Dr(x) for x 6 S n C/j Pi V, and for 1 < * < n.
But the rank of [ 7TJ .... ] is equal to n. then, by (ii). n—p+l = n and so p = 1.
Then (I) happens. Suppose, w.l.g., that S ^ S'. Since S' C S and (S;0) is irreducible 

we have, by Fact 5, that dim(S':0) < dim(S\0). This ends the proof. ■

:Df„{x)\Dr(x) for all

§3 - The Proof in the Case of Dimension 1: In this section we complete the 
proof of Theorem 0. We take an analytic set S with dim{S:0) = 1 and we prove it in this 
case. We use in this demonstration the following result which describes analytic sets of 
dimension 1.
Fact 11 (Local description of real analytic sets of dimension 1): Let 5 be an 
analytic set of the open fl C Rn with 0 G S and dim{S:0) = 1. Then there exists 
an open neighborhood W C fl of 0 and there are a finite number of analytic curves 
7jt: ]e;£[ —► W\ 1 < k < s such that S D W — UJ_, [ Image (7*)) and 7*(0) = O for all k. 
Dem.: See, for instance, [G-l].

So we have
Theorem 0: Let ft be an open subset of Rn with O G Q and let S he an analytic set 
in Q. Consider a finite number of real analytic functions (j\
U = jx6 fl: 9i{x) > 0. 1 < t < f}. If O G U O S then there are s > 0 and an analytic 
curve 7: [0;e]
Dem.: By Fact 10 we need only consider the case dim(S;0) = 1.

Since 0 G U we see that gj(O) > 0.1 < j < t. Put /o = {1 € {1:...:<ji{0) = 0}. 
Let W be the open neighborhood of 0 in Rn which is given by the Fact 11 and 

consider the analytic curves 7*:] — cijcij —* W. I < k < s. given in that result, which 
describe 5 fl W.

To complete the proof of the Theorem we need to show a k G {1:... } and an £ > 0
such that gi{y^{t)) > 0 for i = 1:... \t and 0 < t < c.

Define, for {i;k) G {l;...:f} x {1:...3} the function 07*. *
If i £ To then 0) > 0. for 1 < k < r, and so we have a positive i such that 

<b(7*(0) > 0 0 < t < £ and for all k (and i G I \ Io). Note that if Iq = 0 this finishs
the proof, since, in this case, any 7* has the propriets that we want.

For i G Iq we have fi,jt(6) = O. for 1 < k < s. Since O G C H 5 one can see that there 
exists a A: € {1;.. - ;s) and there is a sequence tm —* 0 such that h) > 0 for all i 6 /«.

We can suppose, w.i.g.. that tm > 0. and. since #/0 < +oc and h j. is analytic, we 
conclude that is possible to choose a small enough £' > 0 in order to hold that htj\t) > 0 
for 1 G Iq and 0 < t < c.

If we put 7 = 7^ and e = min {£:c'} we have the thesis. ■

<j( defined in il and put

fl such that 7(0) = 0 and 7(i) G U fl 5 for t > 0.
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§4-An Application of The Curve Selection Lemma: Here we do a simple ap­
plication of Theorem 0 to the Lojaciewicz decomposition of an analytic set.

We start with the definition of semi-analytic set.
Definition 4.0: A set A Cfl is semi-analytic in ft if, for all p G ft. there is an open 
neighborhood Up C ft of p and there exist real analytic functions /j;... ;/r and g\\... ;gt 
defined in Up such that

Up0A={xe Up: fi{x) = 0 and gj(x) >0, for 1 < i < r and 1 < j < C] .

Fact 12: Suppose that O € ft and consider S and A, respectively, an analytic and a 
semi-analytic set in ft with O £ A fl S. Then there exists an analytic curve 7: [0;e] 
such that 7(0) = O and 7(t) £ A fl S, for 0 < t < t.
Dem.: Since 06 fi we can consider W an open neighborhood of 0 and the real analytic 
functions hi;... ;hs such that

ft

Wr\S = {xeW:hk(x) = 0. 1 <k< s}.
Analogously, let V be an open neighborhood of the origin and take /1;... ;/r and 

gi; ...:gt real analytic functions such that
V fl .4 = {x £ V: fi(x) = 0. 1 < i < r and gj[x) >0. 1 < j < C}.

Now consider in the open neighborhood of O.fti ,== W fl V the analytic set 
Si = {x £ fti: hk{x) = fi(x) = 0, 1 < k < s and 1 < / < r},

and the open set
U = (16 fti:£,'(z) > 0- 1 < j < f). 

Of course, (S fl .4) fl fl\ = S\ C\U and O 6 U H Sj.
The result follows from an application of Theorem 0 to Sj and U. ■
The next example shows that we can’t avoid the hypothesis of O 6 fl in Fact 12 (or 

in Theorem 0)
Exemple 4.0: Take Q = .4 = U = R2 \ {0} and S = {(*:</) 6 fhy = sin( j)}. A is a 
semi-analytic subset of fi. S is an anlaytic set in ft, 0 € U D S = .4 fl S and it’s evident 
that there isn't a continuous curve 7: [0:f] —♦ R2 which satisfies Theorem 0 or Fact 12.

To finish this note we present the Lojaciewicz decomposition of an analytic set and 
an application of Fact 12.
Lojaciewicz’s Decomposition of Analytic Sets: Let S be an analytic set of Q and 
p £ S. There is an open neighborhod U of p, U C fl and analytic manifolds VV’i;... :Wa 
wich are semi-analytic sets in U such that [S \ {p}) D U = (JJMl ITj.
Dem.: See [L-l]. ■

So, as an imediate consequence of this and Fact 12 we can prove 
Fact 13: Let be 5 a real analytic set of the open ft C R" with p € S. If W»;... \Wa are 
the components of the Lojaciewicz's decomposition of S at p then there are analytic curves 
7,-: [0:c] —► ft, 1 < i < s. such that 7,(0) = p and 7,(t) 6 W, for 0 < t < s.
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