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 A B S T R A C T

We investigate homogeneous coupled cell systems with high-dimensional internal dynamics. In 
many studies on network dynamics, the analysis is restricted to networks with one-dimensional 
internal dynamics. Here, we show how symmetry explains the relation between dynamical 
behavior of systems with one-dimensional internal dynamics and with higher dimensional 
internal dynamics, when the underlying network topology is the same. Fundamental networks of 
homogeneous coupled cell systems (compare to Rink and Sanders, (2014)) can be expressed in 
terms of monoid representations, which uniquely decompose into indecomposable subrepresen-
tations. In the high-dimensional internal dynamics case, these subrepresentations are isomorphic 
to multiple copies of those one computes in the one-dimensional internal dynamics case. This 
has interesting implications for possible center subspaces in bifurcation analysis. We describe 
the effect on steady state and Hopf bifurcations in 𝑙-parameter families of network vector fields. 
The main results in that regard are that (1) generic one-parameter steady state bifurcations 
are qualitatively independent of the dimension of the internal dynamics and that, (2) in order 
to observe all generic 𝑙-parameter bifurcations that may occur for internal dynamics of any 
dimension, the internal dynamics has to be at least 𝑙-dimensional for steady state bifurcations 
and 2𝑙-dimensional for Hopf bifurcations. Furthermore, we illustrate how additional structure 
in the network can be exploited to obtain even greater understanding of bifurcation scenarios 
in the high-dimensional case beyond qualitative statements about the collective dynamics. One-
parameter steady state bifurcations in feedforward networks exhibit an unusual amplification in 
the asymptotic growth rates of individual cells, when these are one-dimensional (von der Gracht, 
Nijholt, and Rink, (2022)). As another main result, we prove that (3) the same cells exhibit this 
amplifying effect with the same growth rates when the internal dynamics is high-dimensional.

0. Introduction

Dynamical systems as they arise in fields such as neuroscience (the workings of the brain), systems biology (metabolic systems), 
and electrical engineering (power grids), exhibit the structure of a network. That is, they consist of nodes (neurons, proteins, power 
stations) with connections between them and the behavior of one cell influences that of another. It usually does not suffice to 
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Fig. 1. A 3-cell homogeneous feedforward chain.

understand the nature of the individual nodes to deduce the behavior of the network, and the specific interaction structure of a 
network can produce remarkable dynamics. One of the most staggering examples is synchronization (e.g. the simultaneous firing 
of neurons). The analysis of network dynamical systems is challenging as standard techniques are not tailored to the underlying 
structure. In recent years, numerous approaches and formalisms have been put forward to robustly encode network structure 
in dynamical systems. The groupoid formalism (see [1,2] and an equivalent definition in [3]) among other uses allows for the 
classification of synchrony patterns in terms of balanced colorings of the network nodes. It has been generalized to hypernetworks
to specifically model groupwise and indirect interactions which have recently been identified in numerous applications as a main 
driver of collective dynamics [4–11]. Asynchronous networks [12–14] and open systems [15,16] are aimed at flexibly and realistically 
modeling real-world applications.

Slightly more specialized — that is, for the smaller class of homogeneous networks — is the approach via so-called homogeneous 
coupled cell systems [17–22] (therein, also generalizations to non-homogeneous networks are made). After the category-theoretic tool 
of graph fibrations was introduced to network dynamics (see [23,24]), the investigation of their implications on dynamical systems 
made it possible to relate the behavior of homogeneous networks to algebraic properties of a representation of a semigroup. In 
particular, the admissible vector fields of a lift of the network — the fundamental network — are precisely the vector fields that are 
equivariant with respect to this representation. This is referred to as hidden symmetry. The observation sheds light on the — often 
anticipated — connection between networks and symmetry in the context of homogeneous coupled cell systems. More precisely, 
equivariant dynamics has proven to be a powerful tool to study the dynamics of complex systems by structuring and reducing 
systems in terms of representation theory of classical symmetry groups. Even if many networks do not have classical symmetry 
groups (i.e., graph automorphisms) their dynamics exhibit features that resemble those of symmetric systems. It turns out that more 
general structures such as quivers, semigroups, and monoids adequately reflect the structural features of non-symmetric networks 
and their representations can be exploited in a similar manner [18,25] — a strategy that we outline and pursue below.

Oftentimes, one is interested in generic bifurcations in network dynamical systems. These can be interpreted as a prediction of 
bifurcation behavior that is dictated only by the network structure and independent of the specific system. Investigations range 
from small examples to qualitative statements for entire classes of networks. The book [26] and references therein give an excellent 
overview of the current state of the theory and some newer results can for example be found in [11,27]. A major issue in determining 
generic bifurcations, say in a given network, is the computational complexity stemming from high-dimensional phase spaces. The
total phase space – the phase space of the entire network dynamical system – has at least one spatial direction for each cell of the 
network. In order to reduce this difficulty to its minimum, one often restricts to the case where the internal phase space – the phase 
space of a single cell – is one-dimensional. However, this often requires additional work either motivating this restriction from a 
modeling point of view or demonstrating its meaning in more general systems, for instance as reduced dynamics.

In the following example, we illustrate in a very simple network an effect high-dimensional internal dynamics may have on the 
dynamical analysis compared to one-dimensional internal dynamics.

Example 1.  Consider the 3-cell homogeneous feedforward chain in Fig.  1. Its dynamics is governed by the system of ordinary 
differential equations 

𝑣̇1 = 𝑓 (𝑣1, 𝑣2)

𝑣̇2 = 𝑓 (𝑣2, 𝑣3)

𝑣̇3 = 𝑓 (𝑣3, 𝑣3),

where 𝑣𝑖 ∈ 𝑉  is the state variable of cell 𝑖 in the internal phase space 𝑉 . In order to investigate dynamical phenomena – in particular 
stability – one analyzes spectral properties of linearizations of the right hand side of such systems. Especially for the investigation 
of generic steady state bifurcations one is interested in spectral properties of a generic linear right hand side – that is, a linear 
admissible map –, which is of the form 

𝐿 =
⎛

⎜

⎜

⎝

𝐴 𝐵 0
0 𝐴 𝐵
0 0 𝐴 + 𝐵

⎞

⎟

⎟

⎠

where 𝐴,𝐵 ∈ gl(𝑉 ) are generic linear maps on 𝑉 . The spectrum of 𝐿 is made up of the eigenvalues of 𝐴 and those of 𝐴+𝐵, where 
the eigenvalues of 𝐴 occur with algebraic multiplicity 2, even though they are generically simple as eigenvalues of 𝐴. This spectral 
degeneracy – a double eigenvalue is unheard of in a generic linear map without any additional structure – is independent of the 
dimension of the underlying space 𝑉 .

However, the investigation of generic steady state bifurcations also relies on information about the generalized eigenspaces of the 
linearization at a bifurcation point. Let us, for simplicity, assume that 𝐴 has an eigenvalue 0. In the case 𝑉 = R, this is equivalent 
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to the assumption 𝐴 = 0. In that case, we also have 𝐵 ≠ 0 generically. The generalized eigenspace of the eigenvalue 0 is spanned 
by an eigenvector and a generalized eigenvector as 

𝐸0 =

⟨

⎛

⎜

⎜

⎝

1
0
0

⎞

⎟

⎟

⎠

,
⎛

⎜

⎜

⎝

0
1
𝐵
0

⎞

⎟

⎟

⎠

⟩

.

If, on the other hand, 𝑉 = R𝑑 for some 𝑑 > 1, the eigenvalue 0 of 𝐴 is generically simple. Hence, there is an eigenvector 𝑣 ∈ 𝑉
such that 𝐴𝑣 = 0 and no other (generalized) eigenvector. As we are assuming 0 is a simple eigenvalue of 𝐴, we have a direct sum 
decomposition of 𝑉  into the image of 𝐴 and the span of 𝑣. Thus there exists a scalar 𝑐 ∈ R and an element 𝑤 ∈ 𝑉  such that 

−𝐵𝑣 = 𝐴𝑤 − 𝑐𝑣  or 𝐴𝑤 =
(

𝑐1𝑉 − 𝐵
)

𝑣.

 Then the generalized eigenspace is spanned by the eigenvector with corresponding generalized eigenvector

𝐸0 =

⟨

⎛

⎜

⎜

⎝

𝑣
0
0

⎞

⎟

⎟

⎠

,
⎛

⎜

⎜

⎝

𝑤
𝑣
0

⎞

⎟

⎟

⎠

⟩

.

This structure significantly differs from the one in the case 𝑉 = R. The generalized eigenvector depends not only on 𝐵 but also on 
𝐴. As 𝐴 and 𝐵 do not necessarily commute, 

⎛

⎜

⎜

⎝

0
𝐵−1𝑣
0

⎞

⎟

⎟

⎠

is in general not a generalized eigenvector. Summarizing, already this simple 3-cell feedforward chain produces significantly different 
spectral properties when the internal dynamics is high-dimensional. ▵

In this paper, we show that issues, such as the one illustrated in Example  1, only have a ‘controllable’ qualitative impact on 
generic steady state bifurcations in homogeneous coupled cell systems. After briefly summarizing the formalism in Section 1, we 
use techniques from representation theory to show that critical eigenspaces in bifurcation analysis of networks with high-dimensional 
internal dynamics are in some sense the same as the ones we encounter in the one-dimensional case. In particular, this allows for 
dimension-reduction. The main result of the first part of this paper is

Theorem. The decomposition of the monoid representation that is equivalent to the fundamental network with 𝑑-dimensional internal 
dynamics is isomorphic to 𝑑 copies of the decomposition of the total phase space of the same fundamental network with one-dimensional 
internal dynamics. As a result, generic 1-parameter steady state bifurcations are (qualitatively) the same as in the one-dimensional internal 
dynamics case. Moreover, any generic 𝑙-parameter bifurcation in a fundamental network with one-dimensional internal dynamics also occurs 
generically in the same network with 𝑑-dimensional internal dynamics. Even more so, every generic 𝑙-parameter bifurcation that a given 
fundamental network supports can be observed when the internal dynamics is of a minimal dimension 𝑑 —, 𝑑 = 𝑙 for steady state bifurcations 
and 𝑑 = 2𝑙 for Hopf bifurcations.

Throughout this paper, ‘the same’, ‘qualitatively the same’, ‘qualitatively equivalent’ in terms of bifurcations always means that 
two equivariant bifurcation problems occur in phase spaces that are equivariantly isomorphic with respect to a representation of a 
monoid. Hence, the class of generic bifurcation problems in both cases are literally the same in a suitably chosen basis. In particular, 
this implies that the number of solution branches, their branching directions, the leading growth rates, and their stability properties 
are locally the same. The main result is proved in multiple theorems. In Section 2, we provide the algebraic details by comparing 
the decompositions of the monoid representations that are equivalent to the fundamental network structure with internal dynamics 
of varying dimensions (Theorem  2.9). Implications for possible center subspaces in steady state or Hopf bifurcation analysis are 
discussed in Section 3. We compare 1-parameter bifurcations to the one-dimensional internal dynamics case first (Theorems  3.1 and
3.2) and turn to arbitrary 𝑙-parameter bifurcations after (Theorem  3.6 to 3.8). The second part of this paper (Section 4), is devoted 
to the application of these techniques and results to the class of feedforward networks. Generic 1-parameter steady state bifurcations 
for such systems are described in full detail in [28] for one-dimensional internal dynamics. Here we use this knowledge to investigate 
generic steady state bifurcations for high-dimensional internal dynamics. Finally, we close this article with a discussion and outlook 
in  Section 5.

1. Preliminaries: Hidden symmetries in homogeneous coupled cell systems

In this section we briefly summarize the underlying theory of homogeneous coupled cell systems in the language described in 
[17–20,22,29]. To define a homogeneous network, we label the set of nodes (or cells) as 𝐶 = {𝑝1,… , 𝑝𝑁} and denote the interaction 
structure in the form of input maps 𝛴 = {𝜎1,… , 𝜎𝑛}. Then each 𝜎𝑖 ∶𝐶 → 𝐶 characterizes one specific input type, i.e., cell 𝑝 receives 
an input from cell 𝜎(𝑝) via an arrow of color 𝜎.

Each cell has a state variable in the internal state space which is the same finite dimensional real vector space for all cells: 𝑣𝑝 ∈ 𝑉 . 
The internal dynamics of a cell is governed by the same function 𝑓 ∶ 𝑉 𝑛 → 𝑉  with arguments given by its inputs (see (1.1) below). 
Using the same internal phase space and the same governing function for each cell reflects homogeneity. The total phase space is 
3 



S. von der Gracht et al. Chaos, Solitons and Fractals 208 (2026) 118196 
⨁

𝑝∈𝐶 𝑉 ≅ 𝑉 𝑁 , for which we choose coordinates according to the cells of the network: 𝑣 = (𝑣𝑝)𝑝∈𝐶 = (𝑣𝑝1 ,… , 𝑣𝑝𝑁 )
𝑇 . The dynamics 

is governed by the ordinary differential equations 

𝑣̇ = 𝛾𝑓 (𝑣) =

⎛

⎜

⎜

⎜

⎜

⎝

𝑓 (𝑣𝜎1(𝑝1),… , 𝑣𝜎𝑛(𝑝1))
𝑓 (𝑣𝜎1(𝑝2),… , 𝑣𝜎𝑛(𝑝2))

⋮
𝑓 (𝑣𝜎1(𝑝𝑁 ),… , 𝑣𝜎𝑛(𝑝𝑁 ))

⎞

⎟

⎟

⎟

⎟

⎠

. (1.1)

Indicating the inputs of 𝑓 for each cell by the input maps has the effect that a cell receives precisely one input of each type without 
imposing (symmetry) relations between the arguments of 𝑓 , hence the term asymmetric inputs. The network vector fields are also 
referred to as admissible maps or admissible vector fields.

Linear admissible maps are of particular interest for the investigation of network dynamics. They appear as linearizations of 
network vector fields of the form (1.1) at a steady state and are necessary for the determination of stability properties. It was shown 
in Proposition 1.1 in [28] that the space of linear admissible maps is spanned by linear maps 𝐵𝜎 ∶ 𝑉 𝑁 → 𝑉 𝑁  with (𝐵𝜎 (𝑣))𝑝 = 𝑣𝜎(𝑝) 
in the following sense: If 𝐿∶𝑉 𝑁 → 𝑉 𝑁  is linear and admissible, i.e., defined as in (1.1) for some linear internal dynamics, then 𝐿
is of the form 

(𝐿𝑣)𝑝 =
∑

𝜎∈𝛴
𝑏𝜎 (𝐵𝜎 (𝑣))𝑝, (1.2)

where 𝑏𝜎 ∈ gl(𝑉 ) are linear maps on 𝑉  independent of 𝑝. In particular, if 𝑉 = R any linear admissible map 𝐿 is a linear combination 
of the 𝐵𝜎 , i.e., 

𝐿 =
∑

𝜎∈𝛴
𝑏𝜎𝐵𝜎 (1.3)

for some 𝑏𝜎 ∈ R using the identification gl(R) ≅ R. 

Remark 1.1. After choosing a labeling of the cells, the maps 𝐵𝜎 in the case 𝑉 = R can be interpreted as matrices that are also 
known as the adjacency matrices of the network. Then 𝐵𝜎 encodes the interaction structure of the input map 𝜎. On the other hand, 
the linear maps can be interpreted as matrices with entries in gl(𝑉 ) which have the same structure independent of the dimension 
of the internal dynamics. Consequently, we refer to them as (generalized) adjacency matrices. ▵

We make two additional assumptions on the set of input maps 𝛴. We want it to include the identity map 𝜎1 = Id∶𝐶 → 𝐶 which 
is natural in the sense that we require each cell’s dynamics to depend on its own state. Furthermore, we want 𝛴 to be closed under 
composition of maps. This means that every indirect input is also a direct input. Note that closedness can always be achieved by 
considering the closure — the smallest set of input maps that is closed under composition and contains the original maps — or, 
put differently by including concatenations of arrows in 𝛴. This is not a restriction as it only leads to an extension of the set of 
admissible vector fields 𝛾𝑓 . For more details on these assumptions, consult the aforementioned references.

Summarizing, we assume that 𝛴 has the structure of a monoid, which is to say a group without inverses or a semigroup 
with an identity. This algebraic property introduces hidden symmetry to homogeneous coupled cell systems via the following two 
constructions. On the one hand, we may define a second network which has nodes labeled by the elements of 𝛴 and the same 
input maps 𝛴 as before. The inputs are now given by multiplication from the left: 𝜎 ∶𝛴 → 𝛴, 𝜏 ↦ 𝜎𝜏. This network is called the
fundamental network. Its construction is essentially the same as for the left Cayley graph of 𝛴. The total phase space is ⨁𝜎∈𝛴 𝑉 ≅ 𝑉 𝑛

with coordinates chosen accordingly again: 𝑋 = (𝑋𝜎 )𝜎∈𝛴 = (𝑋𝜎1 ,… , 𝑋𝜎𝑛 ). The dynamics is governed by

𝑋̇ = 𝛤𝑓 (𝑋) =

⎛

⎜

⎜

⎜

⎜

⎝

𝑓 (𝑋𝜎1𝜎1 ,… , 𝑋𝜎𝑛𝜎1 )
𝑓 (𝑋𝜎1𝜎2 ,… , 𝑋𝜎𝑛𝜎2 )

⋮
𝑓 (𝑋𝜎1𝜎𝑛 ,… , 𝑋𝜎𝑛𝜎𝑛 )

⎞

⎟

⎟

⎟

⎟

⎠

.

Note that we use the same governing function 𝑓 and the same internal state space 𝑉  for both networks.
On the other hand, we can construct the regular representation 𝜎 ↦ 𝐴𝜎 of 𝛴 on 𝑉 𝑛, denoted by (𝑉 𝑛, 𝐴𝜎 ), where we identify 

⨁

𝜎∈𝛴 𝑉  with 𝑉 𝑛. The — in general non-invertible — linear maps for the action of 𝛴 are defined by multiplication from the right 
via (𝐴𝜎𝑋)𝜏 = 𝑋𝜏𝜎 for 𝜎, 𝜏 ∈ 𝛴. They satisfy the standard properties of representation maps, i.e., 𝐴Id = 1𝑉 𝑛  — the identity on 𝑉 𝑛

— and 𝐴𝜎𝐴𝜏 = 𝐴𝜎𝜏 for all 𝜎, 𝜏 ∈ 𝛴. The relation between the two constructions is that it can be seen that the class of equivariant
vector fields on (𝑉 𝑛, 𝐴𝜎 ) is precisely the same as the class of admissible vector fields 𝛤𝑓  for the fundamental network (Theorem 3.11 
in [18]): 

{

𝛤𝑓
|

|

|

|

|

|

𝑓 ∈ ∞

(

⨁

𝜎∈𝛴
𝑉 , 𝑉

)}

=
{

𝐹 ∈ ∞(𝑉 𝑛, 𝑉 𝑛) ∣ 𝐹◦𝐴𝜎 = 𝐴𝜎◦𝐹  for all 𝜎 ∈ 𝛴
}

. (1.4)

Hence, the investigation of fundamental network vector fields can be performed using symmetry properties. 

Corollary 1.2. Reformulating the definitions of adjacency matrices in terms of fundamental networks, we see that these are defined via 
multiplication from the left in 𝛴, i.e., (𝐵𝜎 (𝑋))𝜏 = 𝑋𝜎𝜏 . Additionally, we may compute that the 𝐵𝜎 respect the multiplicative structure of 𝛴, 
now in the sense that 𝐵Id = 1𝑉 𝑛  and 𝐵𝜎𝐵𝜏 = 𝐵𝜏𝜎 . Due to (1.4), these adjacency matrices span the space of all linear equivariant maps — 
also called endomorphisms — as in (1.2) and (1.3).
4 
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The contribution of the fundamental network to the analysis of the dynamics of the original network stems from the fact that, 
using technical tools called graph fibrations [23,24], one can show that the admissible vector fields of the two networks are semi-
conjugate. In particular there exist linear maps 𝜋𝑝 ∶𝑉 𝑛 → 𝑉 𝑁  for each 𝑝 ∈ 𝐶 — non-invertible in general — such that 𝜋𝑝◦𝛤𝑓 = 𝛾𝑓◦𝜋𝑝. 
Even more specifically, under the mild additional assumption that the original network contains a cell that receives an input from 
every other cell, the original network can be retrieved as a quotient network of the fundamental network. This means that there 
exists a balanced coloring (see [1]) of the nodes of the fundamental network, such that identification of nodes of the same color gives 
rise to the original network. This has the effect that the total phase space of the original network — and with that its dynamics — 
is a synchrony subspace of the total phase space of the fundamental network. The condition to be fulfilled for this to be true — 
sometimes also referred to as backward connectivity [30] — is not very restrictive, as indirect inputs are to be considered as direct 
inputs in this setting. The semi-conjugacy between the dynamics of the two networks — or the quotient relation — together with 
the equivariance of the fundamental network vector fields (1.4) is what coins the term hidden symmetry. For full details on these 
constructions see [18,20,22].

In order to investigate dynamical properties such as bifurcations, we may now analyze the fundamental network using techniques 
from equivariant dynamics. In fact, many techniques from dynamics with underlying compact Lie group symmetry can be applied 
in a similar way (see [18,19,22]). In order for a bifurcation to occur, the steady state of a system of the form (1.1) has to change its 
stability properties when one or multiple parameters vary. More precisely, one or multiple eigenvalues of the linearization 𝐿 have 
to cross the imaginary axis. The bifurcation then occurs along the generalized kernel ker0(𝐿) or the center subspace 𝑐 — i.e., the 
generalized eigenspace to the critical eigenvalues — of 𝐿. As the system is equivariant, it can be seen that the generalized kernel 
and center subspace are invariant under the action of 𝛴, they are so-called subrepresentations.

On the other hand, it is known that any representation of a monoid uniquely (up to isomorphism) decomposes as a direct sum 
of indecomposable subrepresentations. That means 

𝑉 𝑛 = 𝑊1 ⊕⋯⊕𝑊𝑘, (1.5)

where 𝑊𝑖 for all 1 ≤ 𝑖 ≤ 𝑘 is a subspace satisfying 𝐴𝜎𝑊𝑖 ⊂ 𝑊𝑖 for all 𝜎 ∈ 𝛴 and that cannot be decomposed further into non-trivial 
subspaces satisfying the same property. These indecomposable subrepresentations can be classified as being of real type — also called
absolutely indecomposable —, complex type or quaternionic type. This terminology is essentially identical to the one in the context of 
group representations. It indicates that the space of endomorphisms of the respective subrepresentation contains a real, complex, 
or quaternionic structure. However, these specific details are of no particular importance in the remainder of this article.

Summarizing, this means that the generalized kernel and center subspace are isomorphic to the direct sum of some of the 
indecomposable components: ker0(𝐿) ≅ 𝑊𝑖1 ⊕ ⋯ ⊕ 𝑊𝑖𝑠  with 1 ≤ 𝑖1 < ⋯ < 𝑖𝑠 ≤ 𝑘 and accordingly for 𝑐 . Furthermore, one 
can determine which configurations of these components and their types can generically be present in an 𝑙-parameter bifurcation 
(see [31] for the 1-parameter case and [21] for the 𝑙-parameter case). For example, in a 1-parameter steady state bifurcation 
the generalized kernel is generically exactly one absolutely indecomposable subrepresentation. In a generic 1-parameter Hopf 
bifurcation the center subspace is either the direct sum of two isomorphic components of real type or one component of complex 
or of quaternionic type. In general, for every fundamental network for which the decomposition of its regular representation into 
indecomposable components is known, we now have a systematic way of classifying the generic bifurcations and mode interactions 
in (multi-parameter) bifurcation problems.

In the remainder of this paper we frequently compare properties of dynamical systems with the same underlying network 
structure with one- and 𝑑-dimensional internal dynamics, where 𝑑 > 1. To avoid confusion when setting them side by side we 
introduce some notational conventions. In general, we distinguish these two settings by referring to them as the cases 1D and DD, 
respectively. Oftentimes, the distinction is highlighted in the notation by a super- or subscript 𝟭 (1D) or 𝗗 (DD). We denote the 
internal phase spaces by 𝑉 = R or 𝑉 = 𝑊 ≅ R𝑑 . If we do not want to specify one of the two cases — i.e., if an observation holds 
for both cases simultaneously — we keep on denoting the internal phase space by 𝑉 . In particular, we have coordinates in the total 
phase spaces given by (𝑥𝑝)𝑝∈𝐶 ∈

⨁

𝑝∈𝐶 R, (𝑤𝑝)𝑝∈𝐶 ∈
⨁

𝑝∈𝐶 𝑊  and (𝑣𝑝)𝑝∈𝐶 ∈
⨁

𝑝∈𝐶 𝑉 . Note that in the case 1D we commonly use the 
basis 

{

(𝛿𝑝,𝑞)𝑝∈𝐶
}

𝑞∈𝐶 (1.6)

for the total phase space ⨁𝑁
𝑖=1 R, where 𝛿𝑝,𝑞 is the Kronecker delta, which equals 1 if 𝑝 = 𝑞 and 0 otherwise. The majority of the 

investigations in this paper focuses on fundamental networks. For these, we abbreviate the total phase spaces by  𝟭 =
⨁

𝜎∈𝛴 R and 
𝗗 =

⨁

𝜎∈𝛴 𝑊 . The coordinates on these spaces are denoted by 𝑥 = (𝑥𝜎 )𝜎∈𝛴 ∈  𝟭, 𝜔 = (𝑤𝜎 )𝜎∈𝛴 ∈ 𝗗 and 𝑣 = (𝑣𝜎 )𝜎∈𝛴 ∈
⨁

𝜎∈𝛴 𝑉 , 
instead of the capital letters 𝑋𝜎 used above. Finally, recall that the total phase space of the fundamental network is the representation 
space of the right regular representation of the monoid of input maps 𝛴. We denote the linear maps by which its elements act on 
 𝟭 and 𝗗 by 𝐴𝟭

𝜎 and 𝐴𝗗
𝜎 , respectively. They are defined by

(𝐴𝟭
𝜎𝑥)𝜏 = 𝑥𝜏𝜎 , (𝐴𝗗

𝜎𝜔)𝜏 = 𝑤𝜏𝜎

in accordance to (1.4). After choosing coordinates for both spaces that respect the network structure — as above —, the 
representation maps can be interpreted as matrices. They have a very similar structure in both cases. The maps 𝐴𝟭

𝜎 have one entry 
1 per row and all the other entries equal to 0. The matrices 𝐴𝗗

𝜎  have the same structure, but now the entries come from the ring 
gl(𝑊 ) of linear maps on 𝑊 . Hence, whenever 𝐴𝟭

𝜎 has an entry 1, 𝐴𝗗
𝜎  has an entry 1𝑊 . Accordingly an entry 0 in 𝐴𝟭

𝜎 corresponds 
to an entry 0 ∈ gl(𝑊 ) in 𝐴𝗗. Compare also to the generalized adjacency matrices (Remark  1.1).
𝜎
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2. Dimension reduction in fundamental networks

In this section, we investigate the relation between networks with one-dimensional internal dynamics, i.e., 𝑉 ≅ R, and those 
with arbitrary finite-dimensional (𝑑-dimensional), real vector spaces as internal phase spaces. This serves as a motivation for the 
restriction to the former case which is often done in bifurcation analysis of steady states. As was laid out in Section 1, one typically 
restricts to the analysis of generic vector fields on the (generalized) kernel of the linearization at the bifurcation point, in order 
to qualitatively investigate steady state bifurcations. The technical tool for this is Lyapunov–Schmidt reduction. For more detailed 
results (e.g. stability properties of branching solutions) one computes the center manifold, which is a graph over the center subspace. 
These methods were thoroughly described in [18,22,32] for homogeneous coupled cell systems (1.1). In this section, we mostly 
restrict the investigations to fundamental networks. As was pointed out in Section 1, this has the advantage that the reduction 
methods can be performed to respect symmetry: the generalized kernel and center subspace are subrepresentations and the reduced 
vector fields are precisely the equivariant ones on the respective subrepresentation. The bifurcation results for the original network 
can then be regained by restriction to a synchrony subspace. It turns out, that the generalized kernels and center subspaces in both 
cases (1D and DD) are strongly related due to the monoid symmetry. In particular, for 1-parameter steady state bifurcations, the 
case DD leads to ‘the same’ generalized kernels and center subspaces as one would obtain in the case 1D. The bifurcation patterns 
are therefore qualitatively equivalent.

One of the main tools in this section is a representation of the total phase space in the case DD in tensor product notation. To 
that end, we may identify 

⨁

𝑝∈𝐶
𝑊 ≅

(

⨁

𝑝∈𝐶
R

)

⊗𝑊 . (2.1)

In particular, we may split each (𝑤𝑝)𝑝∈𝐶 ∈
⨁

𝑝∈𝐶 𝑊  as a sum of vectors that have precisely one non-vanishing coordinate entry: 
(𝑤𝑝)𝑝∈𝐶 =

∑

𝑞∈𝐶 (𝛿𝑝,𝑞𝑤𝑝)𝑝∈𝐶 . This can be represented as a sum of pure tensors 
∑

𝑝∈𝐶
(𝛿𝑝,𝑞)𝑞∈𝐶 ⊗𝑤𝑝 (2.2)

using the basis for ⨁𝑝∈𝐶 R as in (1.6). Note that this notation as the sum of pure tensors is not unique, since multiple sums of pure 
tensors can represent the same element (𝑤𝑝)𝑝∈𝐶 ∈

⨁

𝑝∈𝐶 𝑊 . For example,
(𝛿𝑝,𝑞)𝑝∈𝐶 ⊗ 𝑠𝑤𝑝 = 𝑠(𝛿𝑝,𝑞)𝑝∈𝐶 ⊗𝑤𝑝

for a scalar 𝑠 ∈ R. However, in critical cases like this the tensors are identified via an equivalence relation. Hence, the representation
via tensors in (2.2) is unique. For more on this see the details and definitions of tensor products of vector spaces (e.g., in [33]). 
This formalism allows for a graphical interpretation of attaching a vector space to each cell instead of using vectors of vectors and 
block matrices. It has been used, for example, in [34–37] to describe adjacency matrices and their spectral properties for networks 
with higher-dimensional internal dynamics. Note that the isomorphism in (2.1) is a mere identification of notations. 

Remark 2.1. The representation (2.2) relies on the fact that for two finite-dimensional vector spaces 𝐴 and 𝐵 with bases {𝑎𝑖}𝑖∈𝐼
and {𝑏𝑗}𝑗∈𝐽  the elements {𝑎𝑖 ⊗ 𝑏𝑗}𝑖∈𝐼,𝑗∈𝐽  form a basis for the tensor product 𝐴⊗ 𝐵. In particular, given a basis {𝑏1,… , 𝑏𝑑} for 𝑊 , 
we can represent each element (𝑤𝑝)𝑝∈𝐶 ∈

⨁

𝑝∈𝐶 𝑊  as

∑

𝑝∈𝐶
(𝛿𝑝,𝑞)𝑞∈𝐶 ⊗𝑤𝑝 =

∑

𝑝∈𝐶

𝑑
∑

𝑖=1
(𝛿𝑝,𝑞)𝑞∈𝐶 ⊗ 𝛼𝑝𝑖 ⋅ 𝑏𝑖 =

∑

𝑝∈𝐶

𝑑
∑

𝑖=1
𝛼𝑝𝑖 ⋅ (𝛿𝑝,𝑞)𝑞∈𝐶 ⊗ 𝑏𝑖,

where 𝑤𝑝 = 𝛼𝑝1𝑏1 +⋯ + 𝛼𝑝𝑑𝑏𝑑 . ▵

The tensor product formalism allows us to give a precise characterization of linear admissible maps in the case DD. Recall 
from (1.2) that any linear admissible map 𝐿∶

⨁

𝑝∈𝐶 𝑉 →
⨁

𝑝∈𝐶 𝑉  can be represented using the generalized adjacency matrices 𝐵𝜎
defined by (𝐵𝜎 (𝑣𝑝)𝑝∈𝐶 )𝑞 = 𝑣𝜎(𝑞). Using the tensor notation, we see that these matrices from the case 1D are sufficient to represent 
linear admissible maps also in the case DD. 

Proposition 2.2. Define the 1D linear map 𝐵𝟭
𝜎 ∶

⨁

𝑝∈𝐶 R →
⨁

𝑝∈𝐶 R through (𝐵𝟭
𝜎 (𝑥𝑝)𝑝∈𝐶 )𝑞 = 𝑥𝜎(𝑞) for all 𝜎 ∈ 𝛴. Then any linear 

admissible map in the case DD 𝐿∶
⨁

𝑝∈𝐶 𝑊 →
⨁

𝑝∈𝐶 𝑊  is of the form 

𝐿 =
∑

𝜎∈𝛴
𝐵𝟭
𝜎 ⊗ 𝑏𝜎 (2.3)

for suitable linear maps 𝑏𝜎 ∈ gl(𝑊 ).

Proof. Let 𝐿∶
⨁

𝑝∈𝐶 𝑊 →
⨁

𝑝∈𝐶 𝑊  be a linear admissible map. According to (1.2) there are linear maps 𝑏𝜎 ∈ gl(𝑊 ) for each 𝜎 ∈ 𝛴
such that

(𝐿((𝑤𝑞)𝑞∈𝐶 ))𝑝 =
∑

𝑏𝜎 (𝐵𝗗
𝜎 (𝑤𝑞)𝑞∈𝐶 )𝑝 =

∑

𝑏𝜎 (𝑤𝜎(𝑝))

𝜎∈𝛴 𝜎∈𝛴
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in the non-tensor notation, where (𝐵𝗗
𝜎 (𝑤𝑞)𝑞∈𝐶 )𝑝 = 𝑤𝜎(𝑝). In the tensor notation (2.2), 𝐿((𝑤𝑞)𝑞∈𝐶 ) can therefore be represented as 

𝐿((𝑤𝑞)𝑞∈𝐶 ) =
∑

𝑝∈𝐶
(𝛿𝑝,𝑞)𝑞∈𝐶 ⊗

∑

𝜎∈𝛴
𝑏𝜎 (𝑤𝜎(𝑝)) =

∑

𝑝∈𝐶

∑

𝜎∈𝛴
(𝛿𝑝,𝑞)𝑞∈𝐶 ⊗ 𝑏𝜎 (𝑤𝜎(𝑝)). (2.4)

On the other hand (𝐵𝟭
𝜎 (𝛿𝑝,𝑞)𝑞∈𝐶

)

𝑟 = 𝛿𝑝,𝜎(𝑟), which equals 1 if 𝑟 ∈ 𝜎−1(𝑝) and 0 otherwise. In particular,

𝐵𝟭
𝜎 (𝛿𝑝,𝑞)𝑞∈𝐶 =

∑

𝑟∈𝜎−1(𝑝)

(𝛿𝑟,𝑞)𝑞∈𝐶 .

Using the tensor notation (2.2), i.e., representing (𝑤𝑞)𝑞∈𝐶 as
∑

𝑝∈𝐶
(𝛿𝑝,𝑞)𝑞∈𝐶 ⊗𝑤𝑝,

we compute
[

∑

𝜎∈𝛴
𝐵𝟭
𝜎 ⊗ 𝑏𝜎

](

∑

𝑝∈𝐶
(𝛿𝑝,𝑞)𝑞∈𝐶 ⊗𝑤𝑝

)

=
∑

𝜎∈𝛴

∑

𝑝∈𝐶
𝐵𝟭
𝜎 (𝛿𝑝,𝑞)𝑞∈𝐶 ⊗ 𝑏𝜎 (𝑤𝑝)

=
∑

𝜎∈𝛴

∑

𝑝∈𝐶

∑

𝑟∈𝜎−1(𝑝)

(𝛿𝑟,𝑞)𝑞∈𝐶 ⊗
(

𝑏𝜎𝑤𝜎(𝑟)
)

=
∑

𝜎∈𝛴

∑

𝑟∈𝐶
(𝛿𝑟,𝑞)𝑞∈𝐶 ⊗

(

𝑏𝜎𝑤𝜎(𝑟)
)

. (2.5)

Therein the last equation holds since {𝜎−1(𝑝) ∣ 𝑝 ∈ 𝐶
} forms a partition of 𝐶 for all 𝜎 ∈ 𝛴. As (2.4) and (2.5) agree, this completes 

the proof. □

Remark 2.3. Note that the tensor notation is also applicable in the case 1D. Then in (2.2) and (2.3) we tensor with a scalar. 
Furthermore, gl(R) ≅ R so that application of a linear map can be identified with scalar multiplication. This only plays a role in 
cases where we do not explicitly distinguish between 1D and DD. ▵

Furthermore, we may also describe robust synchrony subspaces in the tensor notation. It is well known that these are in 
one-to-one correspondence to balanced partitions of the cells of the network (see for example [1,3] for an exact definition). 

Proposition 2.4. Let 𝑃 = {𝑃1,… , 𝑃𝑟} be a balanced partition of the cells 𝐶 and let

𝛥𝟭𝑃 =

{

(𝑥𝑝)𝑝∈𝐶 ∈
⨁

𝑝∈𝐶
R

|

|

|

|

|

|

𝑥𝑝 = 𝑥𝑞 , if 𝑝, 𝑞 ∈ 𝑃𝑖 for some 1 ≤ 𝑖 ≤ 𝑟

}

,

𝛥𝗗𝑃 =

{

(𝑤𝑝)𝑝∈𝐶 ∈
⨁

𝑝∈𝐶
𝑊

|

|

|

|

|

|

𝑤𝑝 = 𝑤𝑞 , if 𝑝, 𝑞 ∈ 𝑃𝑖 for some 1 ≤ 𝑖 ≤ 𝑟

}

be the corresponding synchrony subspaces for one- and for high-dimensional internal dynamics, respectively. Then
𝛥𝗗𝑃 ≅ 𝛥𝟭𝑃 ⊗𝑊 .

Proof. The result follows almost directly from the characterization of bases of tensor products in Remark  2.1. The synchrony subspace 
𝛥𝟭𝑃  is spanned by elements {(𝑥1𝑝)𝑝∈𝐶 ,… , (𝑥𝑟𝑝)𝑝∈𝐶}, where 𝑥𝑖𝑝 = 1 if 𝑝 ∈ 𝑃𝑖 and 𝑥𝑖𝑝 = 0 otherwise. Hence, 

{

(𝑥𝑖𝑝)𝑝∈𝐶 ⊗ 𝑏𝑗
|

|

|

𝑖 = 1,… , 𝑟 and 𝑗 = 1,… , 𝑑
}

(2.6)

is a basis of 𝛥𝟭𝑃 ⊗𝑊 , when {𝑏1,… , 𝑏𝑑} is a basis of 𝑊 .
On the other hand, let 𝑝1,… , 𝑝𝑟 ∈ 𝐶 be a set of representatives of the partition 𝑃 , i.e., 𝑝𝑖 ∈ 𝑃𝑖. Then every element (𝑤𝑝)𝑝∈𝐶 ∈ 𝛥𝗗𝑃

can be represented as

(𝑤𝑝)𝑝∈𝐶 =
𝑟
∑

𝑖=1
(𝑥𝑖𝑝 ⋅𝑤𝑝𝑖 )𝑝∈𝐶

using the basis of 𝛥𝟭𝑃 , since 𝑤𝑝 = 𝑤𝑝𝑖  if 𝑝 ∈ 𝑃𝑖. Furthermore, every element 𝑤𝑝𝑖  is of the form

𝑤𝑝𝑖 =
𝑑
∑

𝑗=1
𝛼𝑖𝑗 ⋅ 𝑏𝑗

using the basis of 𝑊 . Hence, we obtain

(𝑤𝑝)𝑝∈𝐶 =
𝑟
∑

𝑑
∑

𝛼𝑖𝑗 ⋅ (𝑥
𝑖
𝑝 ⋅ 𝑏𝑗 )𝑝∈𝐶 .
𝑖=1 𝑗=1
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In particular, we see that 
{

(𝑥𝑖𝑝 ⋅ 𝑏𝑗 )𝑝∈𝐶
|

|

|

𝑖 = 1,… , 𝑟 and 𝑗 = 1,… , 𝑑
}

(2.7)

is a basis of 𝛥𝗗𝑃 . Representing these basis elements in their respective tensor notation (2.2) shows that (2.7) agrees with (2.6) which 
completes the proof. □

From now on, we focus on fundamental networks. We want to understand the structure of the regular representation and its 
decomposition into indecomposable subrepresentations (1.5) to determine all possible generalized kernels when the internal phase 
space has dimension greater than 1. As it turns out, this is strongly related to the case 1D.

The main goal of this part is to prove Theorem  2.9, which states that the indecomposable subrepresentations in the decomposition 
of the total phase space (1.5) are independent of the dimension of the internal phase space. In fact, only their multiplicities are varied 
by increasing this dimension. The proof of this result relies on multiple technical steps in the upcoming propositions and lemmas that 
aim at making the intuition that the tensor representation suggests rigorous. We first prove that the right regular representations 
of the monoid 𝛴 on  𝟭 and on 𝗗 are isomorphic. Then, we need to ensure that the tensor representation also behaves well 
when decomposing  𝟭 into indecomposable components. The result for 𝗗 then follows by simultaneously decomposing  𝟭 into 
indecomposable components and 𝑊  into one-dimensional subspaces spanned by single basis vectors. 

Proposition 2.5. The 𝛴-representation {𝐴𝗗
𝜎 }𝜎∈𝛴 on 𝗗 is isomorphic to  𝟭 ⊗𝑊  on which 𝜎 ∈ 𝛴 acts as 𝐴𝟭

𝜎 ⊗1𝑊 .

Proof. The main idea for the proof is the interpretation of the total phase space 𝗗 as having the vector space 𝑊  attached to each 
cell of the network. These are in 1-to-1 correspondence to the coordinates in (𝑥𝜎 )𝜎∈𝛴 ∈  𝟭 =

⨁

𝜎∈𝛴 R. Hence, we assign a vector 
𝑤𝜎 ∈ 𝑊  to each coordinate 𝑥𝜎 which is reflected in the tensor notation  𝟭 ⊗𝑊 .

First, note that both vector spaces have dimension 𝑛 ⋅dim𝑊 . Hence, they are isomorphic as such. An isomorphism can be defined 
as

𝛷∶ 𝟭 ⊗𝑊 → 𝗗

(𝑥𝜎 )𝜎∈𝛴 ⊗𝑤 ↦ (𝑥𝜎𝑤)𝜎∈𝛴 ,

which is linearly extended to non-pure tensors (sums of elements (𝑥𝜎 )𝜎∈𝛴⊗𝑤). Note that this, except for the transposition, coincides 
with the often used identification of (𝑥𝜎)𝜎∈𝛴 ⊗𝑤 with the outer product (𝑥𝜎 )𝜎∈𝛴𝑤𝑇 = (𝑥𝜎𝑤𝑇 )𝜎∈𝛴 .

As in (2.2), we may uniquely split each 𝜔 = (𝑤𝜎 )𝜎∈𝛴 ∈ 𝗗 as a sum of vectors that have precisely one non-vanishing coordinate 
entry: (𝑤𝜎 )𝜎∈𝛴 =

∑

𝜏∈𝛴 (𝛿𝜎,𝜏𝑤𝜎 )𝜎∈𝛴 . Hence, the map
𝛹 ∶ (𝑤𝜎 )𝜎∈𝛴 ↦

∑

𝜏∈𝛴
(𝛿𝜎,𝜏 )𝜎∈𝛴 ⊗𝑤𝜏

is inverse to 𝛷. In particular,
𝛹
(

𝛷((𝑥𝜎 )𝜎∈𝛴 ⊗𝑤)
)

= 𝛹
(

(𝑥𝜎𝑤)𝜎∈𝛴
)

= 𝛹

(

∑

𝜏∈𝛴
(𝛿𝜎,𝜏𝑥𝜎𝑤)𝜎∈𝛴

)

=
∑

𝜏∈𝛴
(𝛿𝜎,𝜏 )𝜎∈𝛴 ⊗ (𝑥𝜎𝑤)

=
∑

𝜏∈𝛴
(𝛿𝜎,𝜏𝑣𝜎 )𝜎∈𝛴 ⊗𝑤

= (𝑥𝜎 )𝜎∈𝛴 ⊗𝑤,

which extends linearly to non-pure tensors. Recall that the basis {(𝛿𝜎,𝜏 )𝜎∈𝛴}𝜏∈𝛴 ⊂  𝟭 corresponds to the cells of the network. 
Therefore, we may interpret 𝛹 as the map that picks the vector 𝑤𝜎 in the 𝜎-entry and attaches it to cell 𝜎 via the tensor product.

It remains to be checked that 𝛷 intertwines the two 𝛴-representations. In order to do so, we compute
𝛷
(

[𝐴𝟭
𝜏 ⊗1𝑊 ]((𝑥𝜎 )𝜎∈𝛴 ⊗𝑤)

)

= 𝛷((𝑥𝜎𝜏 )𝜎∈𝛴 ⊗𝑤) = (𝑥𝜎𝜏𝑤)𝜎∈𝛴

but also
𝐴𝗗
𝜏 𝛷((𝑥𝜎 )𝜎∈𝛴 ⊗𝑤) = 𝐴𝗗

𝜏 (𝑥𝜎𝑤)𝜎∈𝛴 = (𝑥𝜎𝜏𝑤)𝜎∈𝛴 .

Equivariance on non-pure tensors follows from linearity of the representation matrices. This proves equivalence of the
representations. □

Remark 2.6. Combining Corollary  1.2 and Proposition  2.2 we see that any endomorphism 𝐿 ∈ End𝛴 ( 𝟭 ⊗𝑊 ) of the regular 
representation that characterizes the fundamental network is of the form (2.3) in the tensor notation, i.e.,

𝐿 =
∑

𝜎∈𝛴
𝐵𝜎 ⊗ 𝑏𝜎

for linear maps 𝑏 ∈ gl(𝑊 ). ▵
𝜎

8 
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The tensor notation relates the representation 𝗗 in a straightforward way to the representation  𝟭 of the fundamental 
networks in the cases DD and 1D, respectively. Understanding the structure of the representation, especially its decomposition 
into subrepresentations, is essential for the investigation of generic dynamics. We now relate the decomposition of  𝟭⊗𝑊  to that 
of  𝟭. It is well known that the tensor product commutes with direct sums: if 𝐴 and 𝐵 are vector spaces with 𝐴 = 𝐴1 ⊕ 𝐴2, then 
𝐴 ⊗ 𝐵 = (𝐴1 ⊗ 𝐵) ⊕ (𝐴2 ⊗ 𝐵) (see for example Theorem 17 in [38]). In particular, projections 𝜋1, 𝜋2 ∈ gl(𝐴) onto 𝐴1 and 𝐴2, 
respectively, can be extended to projections 𝜋1 ⊗ 1𝐵 , 𝜋2 ⊗ 1𝐵 ∈ gl(𝐴 ⊗ 𝐵) onto (𝐴1 ⊗ 𝐵), (𝐴2 ⊗ 𝐵), respectively. Applied to the 
above setting, this even applies to decompositions into subrepresentations: If  𝟭 = 𝑌1⊕𝑌2 where 𝑌1 and 𝑌2 are subrepresentations, 
the projections 𝜋1 and 𝜋2 are equivariant with respect to {𝐴𝟭

𝜎}𝜎∈𝛴 . Then 𝜋1 ⊗ 1𝑊  and 𝜋2 ⊗ 1𝑊  are equivariant with respect to 
{𝐴𝟭

𝜎 ⊗1𝑊 }𝜎∈𝛴 . Thus,  𝟭 ⊗𝑊 = (𝑌1 ⊗𝑊 )⊕ (𝑌2 ⊗𝑊 ) as a decomposition into subrepresentations. The same constructions works 
for a decomposition of 𝑊 . 

Lemma 2.7. Suppose 𝑌 ⊂  𝟭 is a subrepresentation with respect to {𝐴𝟭
𝜎}𝜎∈𝛴 and let 𝑤 ∈ 𝑊 ⧵ {0} be an arbitrary element. Then 

𝑌 ⊗ ⟨𝑤⟩ ⊂ 𝟭 ⊗ 𝑉  is a subrepresentation with respect to {𝐴𝟭
𝜎 ⊗1𝑊 }𝜎∈𝛴 . Furthermore, 𝑌 ⊗ ⟨𝑤⟩ ≅ 𝑌  as subrepresentations.

Proof. We first note

𝑦1 ⊗ 𝑟1𝑤 +⋯ + 𝑦𝑘 ⊗ 𝑟𝑘𝑤 = 𝑟1𝑦1 ⊗𝑤 +⋯ + 𝑟𝑘𝑦𝑘 ⊗𝑤

= (𝑟1𝑦1 +⋯ + 𝑟𝑘𝑦𝑘)⊗𝑤

for an arbitrary formal sum in 𝑌 ⊗ ⟨𝑤⟩, i.e., 𝑦1,… , 𝑦𝑘 ∈ 𝑌  and 𝑟1,… , 𝑟𝑘 ∈ R. Hence, every element in 𝑌 ⊗ ⟨𝑤⟩ can uniquely be 
expressed as a pure tensor 𝑦 ⊗ 𝑤 with 𝑦 = (𝑟1𝑦1 +⋯ + 𝑟𝑘𝑦𝑘) ∈ 𝑌 . Therefore, we may identify 𝑦 ⊗ 𝑤 with 𝑦 which is equivariant by 
definition of the representation maps. This proves the claim. □

Remark 2.8. In particular, if 𝑌  is indecomposable of a specific type, the same holds for 𝑌 ⊗ ⟨𝑤⟩, due to equivalence of the 
representations. ▵

We obtain the main result of this section as a corollary of the above. 

Theorem 2.9. Suppose  𝟭 = 𝑌1 ⊕ ⋯ ⊕ 𝑌𝑠 as a decomposition into indecomposable subrepresentations with respect to {𝐴𝟭
𝜎}𝜎∈𝛴 . Let 

{𝑏1,… , 𝑏𝑑} be a basis for 𝑊 . Then 

𝗗 ≅  𝟭 ⊗𝑊 =
𝑠

⨁

𝑖=1

𝑑
⨁

𝑗=1
𝑌𝑖 ⊗ ⟨𝑏𝑗⟩ (2.8a)

≅
𝑠

⨁

𝑖=1
𝑌 𝑑𝑖 (2.8b)

as a decomposition into indecomposable subrepresentations with respect to {𝐴𝜎 ⊗1𝑊 }𝜎∈𝛴 .

Remark 2.10. Note that the first isomorphism in (2.8a) is only an identification of different notations. The second relation however is 
an equality. Hence, we may identify the fundamental network representation space 𝗗 in the case DD with the decomposition given 
in that equation without changing the coordinates. In particular the network structure is preserved by this identification. On the other 
hand, not every decomposition of 𝗗 is of the form (2.8a). However, as the decomposition into indecomposable subrepresentations 
of a monoid representation is unique up to isomorphisms, every indecomposable component 𝑊𝑖 ⊂𝗗 is isomorphic to one of  𝟭, 
i.e., 𝑊𝑖 ≅ 𝑌𝑖 ⊗ ⟨𝑤⟩ ≅ 𝑌𝑖 after relabeling the indices, but they are not necessarily equal. Nonetheless, every decomposition of  𝟭

gives rise to a decomposition of 𝗗 as in Theorem  2.9. ▵

Corollary 2.11. Let 𝑊 1 and 𝑊 2 be two finite-dimensional real vector spaces that we choose as internal phase spaces of a fundamental 
network. Furthermore, assume dim𝑊 1 ≤ dim𝑊 2. Then there is a subrepresentation 𝑈 ⊂

⨁

𝜎∈𝛴 𝑊
2 such that

𝑈 ≅
⨁

𝜎∈𝛴
𝑊 1.

Proof. This follows directly from (2.8b). □

Finally, we show that the identification of indecomposable subrepresentations in the cases 1D and DD respects synchrony 
subspaces. This is particularly relevant in the analysis of bifurcations, as it implies that the restriction to the case 1D does not 
change patterns of synchrony. In particular, this holds true for those patterns of synchrony that provide the original network as a 
quotient of the fundamental network. We need the following technical result on subspaces of tensor product spaces. The proof is 
elementary. It is included here, because we could not find a suitable reference in the literature.
9 
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Lemma 2.12. Let 𝐴 and 𝐵 be finite-dimensional real vector spaces and let 𝐴1, 𝐴2 ⊂ 𝐴 and 𝐵1, 𝐵2 ⊂ 𝐵 be subspaces. Then (𝐴1 ⊗ 𝐵1) ∩
(𝐴2 ⊗𝐵2) = (𝐴1 ∩ 𝐴2)⊗ (𝐵1 ∩ 𝐵2) as a subspace of 𝐴⊗ 𝐵.

Proof. This result follows from the representation of a basis of the tensor product space in terms of bases of the components in 
Remark  2.1. Let {𝑎𝑖}𝑖∈𝐼  and {𝑏𝑗}𝑗∈𝐽  be bases of 𝐴 and 𝐵, respectively, and let 𝐼1, 𝐼2 ⊂ 𝐼 and 𝐽1, 𝐽2 ⊂ 𝐽 be subsets such that

𝐴1 =
⟨

𝑎𝑖 |

|

𝑖 ∈ 𝐼1
⟩

, 𝐴2 =
⟨

𝑎𝑖 |

|

𝑖 ∈ 𝐼2
⟩

𝐵1 =
⟨

𝑏𝑗 |

|

𝑗 ∈ 𝐽1
⟩

, 𝐵2 =
⟨

𝑏𝑗 |

|

𝑗 ∈ 𝐽2
⟩

.

Note that 𝐼, 𝐼1 and 𝐼2 can be constructed by completing a basis of 𝐴1 ∩𝐴2 to bases of 𝐴1 and 𝐴2. Then the set of all basis elements 
of 𝐴1 and 𝐴2 is completed to a basis of 𝐴. Accordingly we construct 𝐽 , 𝐽1, and 𝐽2 for 𝐵 from a basis of 𝐵1 ∩ 𝐵2. In particular, we 
obtain

𝐴1 ∩ 𝐴2 =
⟨

𝑎𝑖 |

|

𝑖 ∈ 𝐼1 ∩ 𝐼2
⟩

, 𝐵1 ∩ 𝐵2 =
⟨

𝑏𝑗 |

|

𝑗 ∈ 𝐽1 ∩ 𝐽2
⟩

.

Hence, using Remark  2.1 we see
(𝐴1 ∩ 𝐴2)⊗ (𝐵1 ∩ 𝐵2) =

⟨

𝑎𝑖 ⊗ 𝑏𝑗 |

|

𝑖 ∈ 𝐼1 ∩ 𝐼2 and 𝑗 ∈ 𝐽1 ∩ 𝐽2
⟩

.

On the other hand
𝐴1 ⊗𝐵1 =

⟨

𝑎𝑖 ⊗ 𝑏𝑗 |

|

𝑖 ∈ 𝐼1 and 𝑗 ∈ 𝐽1
⟩

, (𝐴2 ⊗𝐵2) =
⟨

𝑎𝑖 ⊗ 𝑏𝑗 |

|

𝑖 ∈ 𝐼2 and 𝑗 ∈ 𝐽2
⟩

.

Thus,

(𝐴1 ⊗𝐵1) ∩ (𝐴2 ⊗𝐵2) =
⟨

𝑎𝑖 ⊗ 𝑏𝑗 |

|

𝑖 ∈ 𝐼1 ∩ 𝐼2 and 𝑗 ∈ 𝐽1 ∩ 𝐽2
⟩

which completes the proof. □

As a corollary of Proposition  2.4 and Lemma  2.12 we obtain 

Proposition 2.13. Let 𝑃 = {𝑃1,… , 𝑃𝑟} be a balanced partition of the cells 𝛴 of the fundamental network and let 𝛥𝟭𝑃  and 𝛥𝗗𝑃  denote the 
corresponding robust synchrony subspaces in the case 1D and DD , respectively. Furthermore, let 𝑌 ⊂ 𝟭 be an indecomposable component 
and 𝑈 ⊂𝗗 such that 𝑈 ≅ 𝑌 ⊗ ⟨𝑤⟩ ≅ 𝑌 . Then

𝛥𝗗𝑃 ∩ 𝑈 ≅ (𝛥𝟭𝑃 ⊗𝑊 ) ∩ (𝑌 ⊗ ⟨𝑤⟩) = (𝛥𝟭𝑃 ∩ 𝑌 )⊗ ⟨𝑤⟩.

3. Implications for bifurcations of steady states

In Theorem  2.9, we describe the relation between the algebraic structures of a given fundamental network in the cases 1D and
DD. In particular, decomposing the regular representation in the case 1D provides a decomposition in the case DD by choosing a 
basis for 𝑊 . In this section, we want to investigate how this allows us to reduce the investigation of bifurcations in fundamental 
networks with high-dimensional internal dynamics to that in fundamental networks with one-dimensional internal dynamics. We 
provide the general setting first and discuss the implications of Theorem  2.9 on generic steady state and generic Hopf bifurcations 
in Sections  3.1 to 3.4. Throughout this section, we still focus on fundamental networks.

In the investigation of bifurcations of steady states, one is interested in qualitative changes of the set of steady state or periodic 
solutions when a given steady state changes its stability properties as a parameter is varied. We assume that the admissible vector 
fields (1.1) depend on a real parameter 𝜆 ∈ R𝑙: 

𝛤𝑓 (𝑣, 𝜆) =
⎛

⎜

⎜

⎝

𝑓 (𝑣𝜎1𝜎1 ,… , 𝑣𝜎𝑛𝜎1 , 𝜆)
⋮

𝑓 (𝑣𝜎1𝜎𝑛 ,… , 𝑣𝜎𝑛𝜎𝑛 , 𝜆)

⎞

⎟

⎟

⎠

. (3.1)

The case 𝑙 > 1 is also referred to as an 𝑙-parameter bifurcation in which we interpret each component of 𝜆 as one parameter. We 
aim at describing generic bifurcations from a fully synchronous steady state. Without loss of generality, we may assume this to be 
the origin and the bifurcation to occur for 𝜆 = 0. Hence, we assume

𝛤𝑓 (0, 0) = 0,

which implies 𝑓 (0, 0) = 0. Furthermore, the assumption that the steady state changes its stability can be translated to certain technical 
conditions on the partial derivatives of 𝑓 . We are interested in steady states and periodic solutions close to this bifurcation point 
for a generic smooth function 𝑓 satisfying these conditions.

More precisely, due to the implicit function theorem and the Hopf bifurcation theorem the linearization 𝐷𝑣𝛤𝑓 (0, 0) needs to 
have eigenvalues on the imaginary axis in order for non-trivial (steady state or periodic) solutions to exist close to the bifurcation 
point. A steady state bifurcation requires vanishing eigenvalues and a Hopf bifurcation requires purely imaginary eigenvalues of 
the linearization at the bifurcation point. As the vector field (3.1) is equivariant in its 𝑣-component and the steady state is fully 
synchronous — which is equivalent to fully symmetric —, so is the linearization 𝐷 𝛤 (0, 0). Hence, in either case it induces a 
𝑣 𝑓
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decomposition of the right regular representation into subrepresentations given by its generalized kernel and reduced image or by 
its center and hyperbolic subspaces, respectively, i.e.,

⨁

𝜎∈𝛴
𝑉 = ker0(𝐷𝑣𝛤𝑓 (0, 0))⊕ im0(𝐷𝑣𝛤𝑓 (0, 0)) or

⨁

𝜎∈𝛴
𝑉 = 𝑐 ⊕ ℎ

Therein ker0(𝐷𝑣𝛤𝑓 (0, 0)) is the generalized eigenspace of the eigenvalue 0 and 𝑐 the direct sum of the generalized eigenspaces 
of the eigenvalues on the imaginary axis. The respective complements im0(𝐷𝑣𝛤𝑓 (0, 0)) and ℎ are given by the direct sum of the 
remaining generalized eigenspaces.

The bifurcation problem can be reduced to an equivalent one on the generalized kernel or the center subspace. In particular, 
branching steady state or periodic solutions of the original system lie on the center manifold which is a graph over the corresponding 
subspace. We refer to this fact by saying that the bifurcation occurs along that generalized kernel or center subspace. Furthermore, 
the reduced bifurcation problem is fully characterized by symmetry of the subrepresentation. Hence, in order to classify the 
bifurcations of steady states that may occur in the fundamental network, one has to determine all possible subrepresentations 
of ⨁𝜎∈𝛴 𝑉  that can form center subspaces. As the decomposition into indecomposable subrepresentations (1.5) is unique up to 
isomorphisms, that means one needs to decompose the regular representation

⨁

𝜎∈𝛴
𝑉 = 𝑊1 ⊕⋯⊕𝑊𝑘.

The center subspace is then isomorphic to the direct sum of a suitable collection of the components 𝑊𝑖. Theorem  2.9 shows that 
it is sufficient to determine this decomposition in the case 1D — i.e., to decompose  𝟭 —, as each indecomposable component 
of 𝗗 is also an indecomposable component of  𝟭. In particular, if we know the decomposition of  𝟭 and if the dimension of 
the internal phase space 𝑊  (in the case DD) is 𝑑, we immediately obtain the decomposition of 𝗗 in the form of 𝑑 copies of the 
components of  𝟭.

Furthermore, recall that indecomposable representations come in three types: real (also called absolutely indecomposable), 
complex and quaternionic. This is determined by technical properties of the linear equivariant maps of that representation. We 
make the decomposition more precise by writing

⨁

𝜎∈𝛴
𝑉 = 𝑉 R

1 ⊕⋯⊕ 𝑉 R
𝑚R
⊕ 𝑉 C

1 ⊕⋯⊕ 𝑉 C
𝑚C
⊕ 𝑉 H

1 ⊕⋯⊕ 𝑉 H
𝑚H
,

where

𝑉 R
𝑖 ≅

(

𝑊 R
𝑖
)𝑠R𝑖 , 𝑉 C

𝑖 ≅
(

𝑊 C
𝑖
)𝑠C𝑖 , 𝑉 H

𝑖 ≅
(

𝑊 H
𝑖
)𝑠H𝑖

collect isomorphic subrepresentations. The 𝑊 R
𝑖 ,𝑊

C
𝑖 , and 𝑊 H

𝑖  are pairwise non-isomorphic indecomposable subrepresentations of 
real, complex, and quaternionic type, respectively. Then we may determine, which configurations of indecomposable components 
are possible as generalized kernels or center subspaces for a generic 𝑙-parameter family of equivariant vector fields. In particular, 
let

𝑈 ≅
𝑚R
⨁

𝑖=1

(

𝑊 R
𝑖
)𝜌𝑖 ⊕

𝑚C
⨁

𝑖=1

(

𝑊 C
𝑖
)𝛾𝑖 ⊕

𝑚H
⨁

𝑖=1

(

𝑊 H
𝑖
)𝜄𝑖

with 0 ≤ 𝜌𝑖 ≤ 𝑠R𝑖 , 0 ≤ 𝛾𝑖 ≤ 𝑠C𝑖 , 0 ≤ 𝜄𝑖 ≤ 𝑠H𝑖  for every 𝑖. Then 𝑈 can only occur as a generalized kernel — i.e., ker0(𝐷𝑣𝛤𝑓 (0, 0)) ≅ 𝑈 —, 
if 

𝐾𝑈 =
𝑚R
∑

𝑖=1
𝜌𝑖 + 2 ⋅

𝑚C
∑

𝑖=1
𝛾𝑖 + 4 ⋅

𝑚H
∑

𝑖=1
𝜄𝑖 ≤ 𝑙, (3.2)

and as a center subspace — i.e., 𝑐 ≅ 𝑈 —, if 

𝐶𝑈 =
𝑚R
∑

𝑖=1
⌈𝜌𝑖∕2⌉ +

𝑚C
∑

𝑖=1
𝛾𝑖 +

𝑚H
∑

𝑖=1
𝜄𝑖 ≤ 𝑙. (3.3)

Here ⌈𝑎⌉ denotes the nearest larger integer. For details on this see [31] for the case 𝑙 = 1 and [21] for the general case. The conditions 
(3.2) and (3.3) have simpler interpretations for the case of 1-parameter families.

In the upcoming subsections, we investigate the interplay of Theorem  2.9 with the classification of generalized kernels and center 
subspaces in generic bifurcation problems. This allows to relate generic bifurcations of a fixed fundamental network with high-
dimensional internal dynamics to those of the same network with one-dimensional internal dynamics. We begin with a discussion 
of the 1-parameter case, before turning to general 𝑙-parameter families.

3.1. Generic 1-parameter steady state bifurcations

When focusing on steady state bifurcations, we want to characterize solutions to
𝛤 (𝑣, 𝜆) = 0
𝑓
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close to the bifurcation point (𝑣0, 𝜆0) = (0, 0). We may restrict the analysis to the generalized kernel ker0(𝐷𝑣𝛤𝑓 (0, 0)) in order to 
qualitatively determine branching steady states. By Lyapunov–Schmidt reduction, all generic branches of steady states can be found 
in that kernel. The actual branches (and their stability properties) still require investigation of the center manifold, the qualitative 
picture including branching directions, however, does not. As the generalized kernel is a complementable subrepresentation 
(i.e., there exists an invariant complement) and the Lyapunov–Schmidt reduction can be performed to respect equivariance (see 
[18]), this allows us to restrict to a lower-dimensional equivariant bifurcation problem on the generalized kernel. From (3.2), we 
know that this generalized kernel is generically an absolutely indecomposable subrepresentation.

Let us turn to the case DD, i.e., to a bifurcation problem on 𝗗. Applying Theorem  2.9 (especially (2.8b)), we obtain that 
the generalized kernel in a given network in the case DD is isomorphic as a subrepresentation to one of the indecomposable 
subrepresentations one computes for  𝟭 in the case 1D. That is

ker0(𝐷𝜔𝛤𝑓 (0, 0)) ≅ 𝑌𝑖 ⊂ 𝟭

in the notation of Theorem  2.9. As the dynamics — in particular the generic steady state bifurcations — on these subrepresentations 
is entirely classified by monoid symmetry, the reduced bifurcation problem in the case is equivalent to one on the subrepresentation 
𝑌𝑖. Hence, the generic steady state bifurcations in the case DD occur generically also in the case 1D. On the other hand, as every 
component 𝑌𝑖 can occur as a generalized kernel ker0(𝐷𝜔𝛤𝑓 (0, 0)) in this way, any generic steady state bifurcation in the case 1D
occurs generically in the case DD as well. Summarizing, we have shown 

Theorem 3.1. The generic 1-parameter steady state bifurcations in a fundamental network with 𝑑-dimensional internal dynamics are 
qualitatively the same as those for the same network with 1-dimensional internal dynamics in the sense that the reduced bifurcation problems 
are equivalent in both cases.

We cannot expect a more precise comparative result. The generalized kernels are the same in both cases so that the reduced 
bifurcation problems are the same. However, the full system has different dimensions and requires different coordinate systems. 
Therefore, the branching solutions for the full systems in general cannot be ‘equal’ in a stricter sense.

3.2. Generic 1-parameter Hopf bifurcations

Similar to Section 3.1, we investigate Hopf bifurcations in a generic 1-parameter family of fundamental network vector fields. 
In order to do so, we have to investigate possible center subspaces corresponding to non-vanishing purely imaginary eigenvalues. 
Condition (3.3) shows that only three cases can occur generically:

𝑐 ≅ 𝑊 C
𝑖 , 𝑐 ≅ 𝑊 H

𝑖 , 𝑐 ≅
(

𝑊 R
𝑖
)2 .

That is, either 𝑐 is isomorphic to precisely one indecomposable component of complex or of quaternionic type or it is the direct 
sum of two isomorphic components of real type. Note that 𝑐 ≅ 𝑊 R

𝑖  — i.e., the center subspace is isomorphic to one indecomposable 
component of real type — satisfies (3.3) as well. However, this situation can only occur for an eigenvalue 0 and cannot provide 
a pair of purely imaginary eigenvalues (for more details see [21]). In the case DD, Theorem  2.9 shows that the existence of two 
isomorphic components of real type in 𝗗 can occur in two different situations. Either  𝟭 contains two isomorphic components 
of real type — i.e., 𝑐 ≅ 𝑌 2

𝑖 ⊂ 𝟭 in the notation of Theorem  2.9 — or 𝑑 ≥ 2 and we obtain two copies of the same component of 
 𝟭 due to the high-dimensional internal dynamics — i.e., 𝑐 ≅ 𝑌 2

𝑖 ⊄  𝟭. Moreover, the latter choice is the only center subspace 
for a generic 1-parameter Hopf bifurcation in the case DD that does not occur in the case 1D. The other three cases are possible 
independent of 𝑑.

The solutions to the reduced bifurcation problem on 𝑐 are entirely classified by symmetry. In particular, in the cases that are 
independent of 𝑑 the reduced bifurcation problem is equivalent for each choice of 𝑑. The bifurcations are qualitatively the same as 
in the case 1D. Furthermore, note that these cases describe all possible center subspaces in a generic 1-parameter Hopf bifurcation 
in the case 1D. Hence, all generic 1-parameter Hopf bifurcations in the case 1D can also be observed generically in the case DD. 
Conversely, the center subspace that is due to the high-dimensional internal dynamics — i.e., 𝑐 ≅ 𝑌 2

𝑖 ⊄  𝟭 — can only occur as 
a generic center subspace for 𝑑 ≥ 2. Hence, in general there is no equivalent reduced bifurcation problem in the case 1D and the 
corresponding Hopf bifurcations can only be observed in the case DD. The discussion of this subsection can be summarized as 

Theorem 3.2. 
(i) All center subspaces in generic 1-parameter Hopf bifurcations in the case 1D are generic as center subspaces in a 1-parameter Hopf 

bifurcation in the case DD for any 𝑑. The branching periodic solutions corresponding to one center subspace are qualitatively the 
same for all values of 𝑑 in the sense that the reduced bifurcation problems are equivalent.

(ii) Let  𝟭 = 𝑌1⊕⋯⊕𝑌𝑠 be a decomposition into indecomposable subrepresentations and assume 𝑌𝑖 to be of real type such that 𝑌𝑖 ≇ 𝑌𝑗
for all 𝑗 ≠ 𝑖. If the internal dynamics is at least two-dimensional, i.e., 𝑑 ≥ 2, 𝑌𝑖 yields a center subspace 𝑐 ≅ 𝑌 2

𝑖  of a generic 
1-parameter Hopf bifurcation in the case 𝗗𝗗. The corresponding branching periodic solutions cannot be observed in the case 1D . All 
remaining generic 1-parameter Hopf bifurcations in the case DD are as described in (i).

Remark 3.3. Note that in both situations the indecomposable component of  𝟭 can be high-dimensional due to symmetry. Hence, 
in general Theorem  3.2 does not describe a standard Hopf bifurcation with 2-dimensional center manifold. ▵
12 
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Corollary 3.4. Assume that the specific network structure forces the fundamental network to decompose into only components of real type 
that are pairwise non-isomorphic. Then Hopf bifurcations in generic 1-parameter families are only possible in networks with internal dynamics 
of dimension greater or equal to 2.

Remark 3.5. In particular, both conditions of Corollary  3.4 hold true if the network structure forces the linear admissible maps to 
only have real eigenvalues. An example of this phenomenon is the class of feedforward networks that were introduced in [28]. We 
investigate 1-parameter steady state bifurcations in feedforward networks with high-dimensional internal dynamics in Section 4. ▵

3.3. Generic 𝑙-parameter bifurcations

The situation for 𝑙-parameter bifurcations is a lot more involved than in Sections 3.1 and 3.2. Similar precise statements relating 
the case DD to 1D are not possible in full generality, as conditions (3.2) and (3.3) allow for greater flexibility in the composition 
of generalized kernel or the center subspace the larger the value of 𝑙 is. Nevertheless, the underlying mechanism that made the 
two different characterizations in Theorem  3.2 possible, applies to 𝑙-parameter bifurcations (with 𝑙 > 1) as well. In the case
DD the representation space 𝗗 decomposes into the indecomposable subrepresentations of  𝟭, each occurring 𝑑 times. These 
subrepresentations can be components of generalized kernels or center subspaces. Hence, there are potentially numerous possibilities 
to find suitable combinations of components that satisfy (3.2) and (3.3). Nonetheless, any combination of subrepresentations that 
occurs in a generic 𝑙-parameter bifurcation in the case 1D — i.e., one that does not make use of extra copies — also occurs as 
a generalized kernel or center subspace in a generic 𝑙-parameter bifurcation in the case DD. Once again, the reduced bifurcation 
problems are equivalent due to symmetry. They can be seen as the ones that are inherent to the network structure and independent 
of the internal dynamics. On the other hand, in general a generalized kernel or center subspace in a generic 𝑙-parameter bifurcation 
in the case DD with 𝑑 ≥ 2 contains multiple copies of the same indecomposable component of  𝟭. Then there is no equivalent 
reduced bifurcation problem in the case 1D. We summarize these results as 

Theorem 3.6. Generic 𝑙-parameter bifurcations in a fundamental network with 1-dimensional internal dynamics are also generic in the 
same network with 𝑑-dimensional internal dynamics.

More generally, Theorem  3.6 follows almost directly from Corollary  2.11. The total phase space  𝟭 is a subrepresentation of 
𝗗. Hence, any combination of indecomposable components of  𝟭 that make up a generalized kernel in a generic 𝑙-parameter 
bifurcation in the case 1D also occur in a generic 𝑙-parameter bifurcation problem in the case DD. This yields the previous result. 
Even more so, it can be generalized to compare bifurcations in the same network with internal dynamics of arbitrary dimension. 
If dim𝑊 1 ≤ dim𝑊 2 the total phase space ⨁𝜎∈𝛴 𝑊

1 is isomorphic to a subrepresentation of ⨁𝜎∈𝛴 𝑊
2. Hence, every generalized 

kernel or center subspace in a generic 𝑙-parameter bifurcation in ⨁𝜎∈𝛴 𝑊
1 also occurs as a generalized kernel or center subspace 

in a generic 𝑙-parameter bifurcation in ⨁𝜎∈𝛴 𝑊
2. 

Theorem 3.7. Generic 𝑙-parameter bifurcations in a fundamental network with 𝑑1-dimensional internal dynamics are also generic in the 
same network with 𝑑2-dimensional internal dynamics, whenever 𝑑1 ≤ 𝑑2.

On the other hand, for a fixed number of parameters 𝑙, conditions (3.2) and (3.3) impose restrictions on the maximal number 
of indecomposable components of  𝟭 that can occur as a generalized kernel or as a center subspace in a generic 𝑙-parameter 
bifurcation for any value of 𝑑. More precisely the generalized kernel can at most be composed of 𝑙 components of real type, of ⌊𝑙∕2⌋
components of complex type, or of ⌊𝑙∕4⌋ components of quaternionic type. Here ⌊𝑎⌋ denotes the nearest smaller or equal integer. 
Likewise, the center subspace can at most be composed of 2𝑙 components of real type, of 𝑙 components of complex type, or of 𝑙
components of quaternionic type. In particular, the total number of indecomposable components is always less than or equal to 𝑙 for 
generalized kernels and less than or equal to 2𝑙 for center subspaces. Recall that increasing the dimension of the internal dynamics 
𝑑 yields additional copies of the indecomposable components of  𝟭 in the decomposition of 𝗗. In particular, we find all possible 
combinations of 𝑙 or 2𝑙 indecomposable components in the case that 𝑑 = 𝑙 or 𝑑 = 2𝑙, respectively. Increasing 𝑑 beyond these critical 
values does not provide any further solutions to the combinatorial problems (3.2) and (3.3). As a result, all possible generalized 
kernels in a generic 𝑙-parameter bifurcation problem with internal dynamics of dimension 𝑑′ > 𝑙 can also be observed in the case 
𝑑 = 𝑙. Likewise, all possible center subspaces in a generic 𝑙-parameter bifurcation problem with internal dynamics of dimension 
𝑑′ > 2𝑙 can also be observed in the case 𝑑 = 2𝑙. Once again, the reduced bifurcation problems are therefore equivalent to those in 
the cases 𝑑 = 𝑙 and 𝑑 = 2𝑙, respectively. In combination with Theorem  3.7 we obtain 

Theorem 3.8. 
(i) All generic 𝑙-parameter steady state bifurcations that can occur in a fundamental network can be investigated in the case of an internal 

phase space of dimension 𝑑 = 𝑙.
(ii) All generic 𝑙-parameter Hopf bifurcations that can occur in a fundamental network can be investigated in the case of an internal 

phase space of dimension 𝑑 = 2𝑙.
13 



S. von der Gracht et al. Chaos, Solitons and Fractals 208 (2026) 118196 
Fig. 2. A 5-cell fundamental network.

Remark 3.9. The minimal values of the dimension of the internal phase space 𝑑 stated in Theorem  3.8 are optimal in the sense 
that for any fundamental network there is indeed a bifurcation scenario that can only occur in a generic 𝑙-parameter bifurcation 
problem if 𝑑 ≥ 𝑙 or 𝑑 ≥ 2𝑙, respectively. In the remainder of this remark, we construct the corresponding decomposition of the center 
subspace into indecomposable subrepresentations of  𝟭 which specifies this bifurcation scenario.

To that end, let
𝛥0 =

{

(𝑥𝜎 )𝜎∈𝛴 ∈  𝟭 |

|

|

𝑥𝜎 = 𝑥𝜏 , for all 𝜎, 𝜏 ∈ 𝛴
}

⊂ 𝟭

be the fully synchronous subspace in the case 1D. In particular, 𝛥0 is a (not necessarily complementable) subrepresentation on which 
each representation map 𝐴𝟭

𝜎 acts as the identity. This assertion holds true independent of the specific fundamental network at hand. 
Assume 𝑌 ⊂  𝟭 is a subrepresentation with 𝑌 ≅ 𝛥0. Then all 𝐴𝟭

𝜎 act as the identity on 𝑌  as well. That is, for all 𝑦 = (𝑦𝜎 )𝜎∈𝛴 ∈ 𝑌
we have (𝐴𝟭

𝜏𝑦)𝜎 = 𝑦𝜎𝜏 = 𝑦𝜎 for all 𝜎, 𝜏 ∈ 𝛴 by definition of the right regular representation. In particular, for 𝜎 = Id we see
𝑦Id = 𝑦𝜏

for all 𝜏 ∈ 𝛴. As 𝛥0 is one-dimensional, we obtain 𝑦 ∈ 𝛥0 and therefore 𝑌 = 𝛥0. In particular, there is no subrepresentation in  𝟭 that 
is isomorphic but not equal to 𝛥0. This observation depends crucially on the fact that the internal dynamics are one-dimensional. In 
general, there is an indecomposable component of  𝟭 that contains the fully synchronous subspace 𝑌 ⊃ 𝛥0. This follows from the 
fact that 𝛥0 is spanned by (1,… , 1)𝑇 , which is an eigenvector of all the equivariant projections onto the indecomposable components, 
as these are network maps. If a second subrepresentation 𝑌 ′ ⊂  𝟭 is isomorphic to 𝑌  the consideration above implies that 𝑌  and 
𝑌 ′ contain 𝛥0. Hence, 𝑌 ∩ 𝑌 ′ ⊃ 𝛥0 ≠ ∅.

As a result, any decomposition of  𝟭 into indecomposable components contains precisely one component isomorphic to 𝑌  where 
𝛥0 ⊂ 𝑌 . Consequently, in the case of 𝑑-dimensional internal dynamics there is a subrepresentation 𝑈 ⊂ 𝗗 with 𝑈 ≅ 𝑌 𝑙 only if 
𝑑 ≥ 𝑙 by Theorem  2.9. Likewise, a subrepresentation 𝑈 ⊂𝗗 with 𝑈 ≅ 𝑌 2𝑙 exists only if 𝑑 ≥ 2𝑙. ▵

Remark 3.10. The argument in the previous remark uses only the property of the subrepresentation 𝛥0 that it occurs precisely once 
in any fundamental network. It can thus be applied in the same way to any other subrepresentation with that property in any other 
fundamental network. On the other hand, if a subrepresentation 𝑌 ⊂  𝟭 occurs with multiplicity 𝑚, a subrepresentation 𝑈 ⊂ 𝗗

with 𝑈 ≅ 𝑌 𝑙 (or 𝑈 ≅ 𝑌 2𝑙) exists only if the internal dimension 𝑑 satisfies 𝑑𝑚 ≥ 𝑙 (or 𝑑𝑚 ≥ 2𝑙, respectively). ▵

Remark 3.11. In the case of 1-parameter bifurcations Theorem  3.8 shows that all generic steady state bifurcations can be observed 
in the network with 1-dimensional internal dynamics and all Hopf bifurcations can be observed in the case of 2-dimensional internal 
dynamics. This matches the results in Sections 3.1 and 3.2. ▵

Example 2.  Consider the class of network ODEs given by 

𝑋̇ =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑓 (𝑋1, 𝑋2, 𝑋3, 𝑋4, 𝑋5)
𝑓 (𝑋2, 𝑋3, 𝑋4, 𝑋5, 𝑋3)
𝑓 (𝑋3, 𝑋4, 𝑋5, 𝑋3, 𝑋4)
𝑓 (𝑋4, 𝑋5, 𝑋3, 𝑋4, 𝑋5)
𝑓 (𝑋5, 𝑋3, 𝑋4, 𝑋5, 𝑋3)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

. (3.4)

Fig.  2 shows the corresponding network structure, which is isomorphic to its own fundamental network. For convenience, we have 
only drawn one type of interaction, with the others found by tracing the given arrows back two, three, and four times. Self-loops 
corresponding to internal dynamics have likewise been left out. Systems of the form (3.4) are precisely those for which the linear 
map

𝐴 =

⎛

⎜

⎜

⎜

⎜

⎜

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

⎞

⎟

⎟

⎟

⎟

⎟

⎝
0 0 1 0 0

⎠
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sends solutions to solutions. This map satisfies 𝐴2 = 𝐴5 and generates, together with the identity map, a monoid of 5 elements.
It is shown in [29] that a decomposition into indecomposable representations for the 1D case is given by

 𝟭 = R5 = 𝑊1 ⊕𝑊2 ⊕𝑈 ,

where

𝑊1 = {(𝑋,𝑋,𝑋,𝑋,𝑋) ∣ 𝑋 ∈ R}
𝑊2 = {(𝑋, 𝑌 , 0, 0, 0) ∣ 𝑋, 𝑌 ∈ R}
𝑈 = {(𝑋, 𝑌 ,𝑍,𝑋, 𝑌 ) ∣ 𝑋, 𝑌 ,𝑍 ∈ R , 𝑋 + 𝑌 +𝑍 = 0} .

These are all non-isomorphic, with 𝑊1 and 𝑊2 of real type and 𝑈 of complex type. Thus, for the case DD we have 𝑑 copies of each 
of these indecomposables.

Since 𝑈 is of complex type, an eigenvalue movement through the origin is a co-dimension 2 event for this subrepresentation. 
Thus, in the case of a generic 1-parameter steady state bifurcation, the generalized kernel may either be a single copy of 𝑊1 or of 
𝑊2. Similarly in a 2-parameter steady state bifurcation, the generalized kernel may be isomorphic to either 𝑈 , 𝑊𝑖 or 𝑊𝑖 ⊕𝑊𝑗 , for 
any choice of 𝑖, 𝑗 ∈ {1, 2}. It therefore suffices to set 𝑑 = 2 in order to observe all 1- and 2-parameter steady state bifurcations that 
the network structure in Fig.  2 supports generically, which illustrates the mechanism and the result of Theorem  3.8.

The center subspace in a generic 1-parameter bifurcation (i.e., potentially also caused by complex eigenvalues crossing the 
imaginary axis) can be given by

𝑈 , 𝑊1 ⊕𝑊1  or 𝑊2 ⊕𝑊2 ,

as well as the aforementioned generalized kernels 𝑊1 and 𝑊2. In a generic 2-parameter bifurcation, the center subspace will be 
isomorphic to one of

𝑊1 ⊕𝑊1 ⊕𝑊2 ⊕𝑊2 ; 𝑊1 ⊕𝑊1 ⊕𝑈 ; 𝑊2 ⊕𝑊2 ⊕𝑈 ;

𝑈 ⊕ 𝑈 ;
4

⨁

𝑊1 ;
4

⨁

𝑊2

or any complementable subrepresentation thereof. Again in accordance with Theorem  3.8, the last two show that we need 𝑑 ≥ 4 to 
observe all generic local 1- and 2-parameter (steady state or Hopf) bifurcations. ▵

3.4. Beyond qualitative statements using center manifold reduction

Sections 3.1 to 3.3 describe how to determine qualitative bifurcations in homogeneous coupled cell systems with (possibly) 
high-dimensional internal dynamics. In particular, how (parts of) the branching pattern in the case DD can be observed in the case
1D. The reason why the restriction to qualitative statements needs to be made is the fact that the relation between the two cases is 
made in terms of reduced bifurcation problems. The reduction methods (namely Lyapunov–Schmidt and center manifold reduction) 
require coordinate changes so that whatever information is stored in the precise choice of coordinates is lost when applying Theorems 
3.1, 3.2 and 3.6. Most importantly, in the investigation of network dynamics this includes the possibility to distinguish individual 
cells from the coordinates of the total phase space variables as they were chosen in Section 1. However, Theorem  2.9 allows for 
more precise statements about the case DD, if more knowledge about bifurcations in the case 1D is available. We can explicitly 
construct bifurcating branches in the case DD from those in the case 1D, capturing the spirit of Theorem  3.6, without losing all 
information about each cell’s behavior.

3.4.1. Technicalities on the center manifold reduction
Let us briefly recapture the center manifold reduction and its usage for bifurcation analysis of systems governed by fundamental 

network vector fields (3.1) as it was introduced in [22,32]. The main goal of this section is to introduce some notation. We note 
that the remainder of this paper can be understood without reading the proofs of Lemmas  3.12 to 3.15 below. We also add some 
additional technicalities that were not explicitly proved in [22,32]. As the techniques presented here can be applied to steady state 
bifurcations as well as to Hopf bifurcations, we slightly abuse notation from now on and denote the generalized kernel or the center 
subspace and the respective complement by 𝑐 and ℎ. We obtain equivariant projections along 𝑐 and ℎ, respectively

𝑃 ℎ ∶
⨁

𝜎∈𝛴
𝑉 → ℎ, 𝑃 𝑐 ∶

⨁

𝜎∈𝛴
𝑉 → 𝑐 .

These allow to uniquely split any element 𝑣 ∈ ⨁

𝜎∈𝛴 𝑉  as 𝑣 = 𝑣𝑐 + 𝑣ℎ with 𝑣𝑐 = 𝑃 𝑐 (𝑣) and 𝑣ℎ = 𝑃 ℎ(𝑣).
In order to apply the center manifold reduction to bifurcation problems, one extends the system (3.1) to 𝑣 = (𝑣, 𝜆) ∈

⨁

𝜎∈𝛴 𝑉 ×R𝑙
to include the parameter as a dynamic variable: 

𝑣̇ =
(

𝑣̇
𝜆̇

)

=
(

𝛤𝑓 (𝑣, 𝜆)
0

)

= 𝛤 𝑓 (𝑣). (3.5)

Solutions to this system are in one-to-one correspondence with solutions to the original system. In particular, 𝛤 𝑓 (0, 0) = 0. If we 
extend the representation matrices accordingly

𝐴 ∶ 𝑣 = (𝑣, 𝜆) ↦ (𝐴 𝑣, 𝜆),
𝜎 𝜎
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this system, furthermore, remains equivariant 𝛤 𝑓◦𝐴𝜎 = 𝐴𝜎◦𝛤 𝑓 . The following lemma explores the consequences of equivariance 
with respect to the extended monoid representation. 

Lemma 3.12. Let
𝐹 ∶

⨁

𝜎∈𝛴
𝑉 × R𝑙 →

⨁

𝜎∈𝛴
𝑉 × R𝑙

(𝑣, 𝜆) ↦
(

𝐹𝑣(𝑣, 𝜆)
𝐹𝜆(𝑥, 𝜆)

)

be equivariant with respect to the extended monoid representation: 𝐹◦𝐴𝜎 = 𝐴𝜎◦𝐹  for all 𝜎 ∈ 𝛴. Then the component functions 𝐹𝑣 and 𝐹𝜆
are parameter dependent and equivariant or invariant with respect to the non-extended monoid representation, respectively. That is

𝐹𝑣(𝐴𝜎𝑣, 𝜆) = 𝐴𝜎𝐹𝑣(𝑣, 𝜆), 𝐹𝜆(𝐴𝜎𝑣, 𝜆) = 𝐹𝜆(𝑣, 𝜆).

Proof. This can be seen directly from the equivariance condition
(

𝐹◦𝐴𝜎
)

(𝑣, 𝜆) =
(

𝐹𝑣(𝐴𝜎𝑣, 𝜆)
𝐹𝜆(𝐴𝜎𝑣, 𝜆)

)

=
(

𝐴𝜎𝐹𝑣(𝑣, 𝜆)
𝐹𝜆(𝑣, 𝜆)

)

=
(

𝐴𝜎◦𝐹
)

(𝑣, 𝜆). □

Under the bifurcation assumption — eigenvalue 0 or purely imaginary eigenvalues — the linearization of the extended system 
(3.5) induces a splitting

⨁

𝜎∈𝛴
𝑉 × R𝑙 = 𝑐 ⊕ ℎ

into center subspace — generalized eigenspace to purely imaginary eigenvalues — and its hyperbolic complement of 𝐷𝛤 𝑓 (0, 0). These 
are subrepresentations of the extended monoid representation ⨁𝜎∈𝛴 𝑉 ×R𝑙. Furthermore, they are also related to the corresponding 
subspaces of the non-extended system. In particular, 

ℎ = ℎ × {0},

𝑐 = 𝑐 × {0}⊕
⟨

(𝑣ℎ1 , 𝜆1),… , (𝑣ℎ𝑙 , 𝜆𝑙)
⟩

,
(3.6)

where {𝜆1,… , 𝜆𝑙} is a basis of R𝑙 and 𝑣ℎ1 ,… , 𝑣ℎ𝑙 ∈ ℎ are chosen suitably. The extended projections along 𝑐 and along ℎ, 
respectively, are denoted accordingly

𝑃 ℎ ∶
⨁

𝜎∈𝛴
𝑉 × R𝑙 → ℎ, 𝑃 𝑐 ∶

⨁

𝜎∈𝛴
𝑉 × R𝑙 → 𝑐 .

They allow us to uniquely split every 𝑣 ∈ ⨁

𝜎∈𝛴 𝑉 × R𝑙 as 𝑣 = 𝑣𝑐 + 𝑣ℎ with 𝑣𝑐 = 𝑃 𝑐 (𝑣) and 𝑣ℎ = 𝑃 ℎ(𝑣). 

Lemma 3.13 (See Also the Proof of Lemma 5.3 in [32]).  Let 
𝑃 𝑐 ∶

⨁

𝜎∈𝛴
𝑉 × R𝑙 → 𝑐 (3.7)

be the equivariant projection onto the center subspace of the extended system. Then 𝑃 𝑐 acts as the identity on the 𝜆-component, i.e., 𝑃 𝑐 (𝑣, 𝜆) =
(

𝑃 𝑐𝑣(𝑣, 𝜆), 𝜆
)

.

Proof. Fix (𝑣, 𝜆) ∈ ⨁

𝜎∈𝛴 𝑉 × R𝑙. Recall that
⨁

𝜎∈𝛴
𝑉 = 𝑐 ⊕ ℎ.

Hence we find a unique representation 𝑣 = 𝑣𝑐 + 𝑣ℎ with 𝑣𝑐 ∈ 𝑐 and 𝑣ℎ ∈ ℎ using projections 𝑣𝑐 = 𝑃 𝑐 (𝑣), 𝑣ℎ = 𝑃 ℎ(𝑣). From the 
representation in (3.6), we see that (𝑣𝑐 , 0) ∈ 𝑐 . Furthermore, we may represent the parameter as 𝜆 = 𝛼1𝜆1 +⋯ + 𝛼𝑙𝜆𝑙 and it holds 
that

𝛼1(𝑣ℎ1 , 𝜆1) +⋯ + 𝛼𝑙(𝑣ℎ𝑙 , 𝜆𝑙) ∈ 𝑐 .

Lastly, as 𝑣ℎ1 ,… , 𝑣ℎ𝑙 ∈ ℎ we obtain
(

𝑣ℎ − (𝛼1𝑣ℎ1 +⋯ + 𝛼𝑙𝑣ℎ𝑙 ), 0
)

∈ ℎ.

Since 𝑃 𝑐 is the projection onto 𝑐 , it acts as the identity on 𝑐 and maps ℎ to 0. We obtain
(𝑣, 𝜆) = (𝑣𝑐 + 𝑣ℎ, 𝜆) = (𝑣𝑐 , 0) + (𝑣ℎ − (𝛼1𝑣ℎ1 +⋯ + 𝛼𝑙𝑣ℎ𝑙 ), 0) + 𝛼1(𝑣

ℎ
1 , 𝜆1) +⋯ + 𝛼𝑙(𝑣ℎ𝑙 , 𝜆𝑙)

↦ (𝑣𝑐 , 0) + 0 + 𝛼1(𝑣ℎ1 , 𝜆1) +⋯ + 𝛼𝑙(𝑣ℎ𝑙 , 𝜆𝑙)

=
(

𝑣𝑐 + 𝛼1𝑣ℎ1 +⋯ + 𝛼𝑙𝑣ℎ𝑙 , 𝜆
)

. □
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We define another projection that ‘forgets’ about the skewed directions of the extended center subspace. Every element in R𝑙
can uniquely be represented in terms of its basis as 𝜆 = 𝛼1𝜆1 +⋯ + 𝛼𝑙𝜆𝑙 with coefficients 𝛼1,… , 𝛼𝑙 ∈ R. Thus, every element in 𝑐

has a unique representation as

𝑣𝑐 = (𝑣𝑐 , 0) + 𝛼1(𝑣ℎ1 , 𝜆1) +⋯ + 𝛼𝑙(𝑣ℎ𝑙 , 𝜆𝑙)

where 𝑣𝑐 = 𝑃 𝑐 (𝑣) ∈ 𝑐 . Hence, the map 
𝑃 ′ ∶𝑐 → 𝑐 × R𝑙

𝑣𝑐 ↦ (𝑣𝑐 , 𝛼1𝜆1 +⋯ + 𝛼𝑙𝜆𝑙) = (𝑣𝑐 , 𝜆)
(3.8)

is a projection. Note that this map satisfies 𝑃 ′ = (𝑃 𝑐 ×1R𝑙 )||𝑐 . 

Lemma 3.14 (See Also the Proof of Theorem 5.4 in [32]).  The projection 𝑃 ′ ∶𝑐 → 𝑐 × R𝑙 is invertible with inverse given by 
𝑄′ ∶𝑐 × R𝑙 → 𝑐

(𝑣𝑐 , 𝜆) ↦ (𝑣𝑐 , 0) + 𝛼1(𝑣ℎ1 , 𝜆1) +⋯ + 𝛼𝑙(𝑣ℎ𝑙 , 𝜆𝑙) = 𝑣𝑐 ,
(3.9)

where 𝜆 = 𝛼1𝜆1 +⋯ + 𝛼𝑙𝜆𝑙 is a representation in the basis R𝑙 = ⟨𝜆1,… , 𝜆𝑙⟩ and 𝑣ℎ1 ,… , 𝑣ℎ𝑙 ∈ ℎ suitable as in (3.6).

Proof. This follows directly from the definition of 𝑃 ′ in (3.8). □

After restriction to a suitably small neighborhood around the bifurcation point (0, 0) the extended system (3.5) admits a unique 
center manifold 𝑀𝑐 , invariant under the dynamics, which locally contains all solutions whose ℎ-component is bounded. In the 
formalism of the extended system this includes all bifurcating steady state or periodic solutions. The center manifold can be realized 
as the graph of a function 𝜓 ∶𝑐 → ℎ. More precisely 

𝑀𝑐 =
{

𝑄′(𝑣𝑐 , 𝜆) + 𝜓(𝑄′(𝑣𝑐 , 𝜆)) ∣ (𝑣𝑐 , 𝜆) ∈ 𝑐 × 𝛬
}

⊂
⨁

𝜎∈𝛴
𝑉 × R𝑙 (3.10)

In particular, the dynamics of a generic system of the form (3.5) restricted to the center manifold is bijectively conjugate to that of 
a generic system of the form 

𝑣̇𝑐 = 𝑟(𝑣𝑐 , 𝜆),

𝜆̇ = 0
(3.11)

on 𝑐 × R𝑙, where

(i) 𝑟(0, 0) = 0.
(ii) The center subspace of 𝐷𝑣𝑐 𝑟(0, 0) is the full space 𝑐 .
(iii) It is equivariant with respect to the (non-extended) monoid representation restricted to 𝑐 .

The conjugation is realized by the maps 𝑃 = 𝑃 ′◦𝑃 𝑐 = 𝑃 𝑐 ×1R𝑙  and 𝜓◦𝑄′. As all maps that are needed to define the center manifold 
— in particular 𝜓, 𝑃  and the projections onto 𝑐 and ℎ — are equivariant as well, the entire center manifold 𝑀𝑐 is invariant under 
the extended monoid representation.

Lastly, we state a technical result that explicitly describes the parameter-dependence of the center manifold 𝑀𝑐 of the extended 
system and the maps that define the interconnection between the center manifold and the center subspace. 

Lemma 3.15. Let 𝜓 ∶ 𝑐 → ℎ be the map whose graph is the center manifold 𝑀𝑐 as in (3.10). Then 𝜓 has a trivial 𝜆-component, 
i.e., 𝜓(𝑣, 𝜆) =

(

𝜓
𝑣
(𝑣, 𝜆), 0

)

.

Proof. This follows directly from the representation of the subspaces in (3.6): ℎ = ℎ × {0}. □

Remark 3.16. Lemmas  3.13 and 3.15 can be summarized by stating that the center manifold and the center subspace of the extended 
system share the same parameter component. Furthermore, the same holds for the reduced system on 𝑐 × R𝑙 governed by 𝑟. The 
conjugation maps leave the 𝜆-component unchanged. Introducing the parameter dependence into the system for bifurcation analysis 
yields a skewed center subspace (see (3.6)) that extends into parameter space. The same holds for the center manifold. This can be 
regarded as a continuation of the center manifold of the non-extended system for 𝜆 = 0 to varying parameter values. Nevertheless, 
no dynamic effects occur in the 𝜆-component of the extended system. ▵

3.4.2. Determining 𝗗𝗗-branches from 1D -branches
Assume now that we know the branching behavior of each cell in a branch of a generic bifurcation of steady states of the system 

(3.1) in the case 1D. That is, we have a smooth curve of steady states or of initial conditions for periodic solutions (𝑥 (𝜆))  for 
𝜎 𝜎∈𝛴
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small absolute values of 𝜆. We denote the subrepresentation that forms the corresponding generalized kernel or center subspace by 
𝑐
𝟭
⊂ 𝟭. Due to the conjugation of the dynamics on the center manifold and the reduced system (3.11), we obtain that

𝑃 𝑐𝟭 ((𝑥𝜎 (𝜆))𝜎∈𝛴 )

— where 𝑃 𝑐
𝟭
 is the projection onto the generalized kernel or center subspace 𝑐

𝟭
 in the case 1D — is the branching solution of a 

generic reduced bifurcation problem corresponding to (𝑥𝜎 (𝜆))𝜎∈𝛴 . As the center subspace, in general, is a proper subspace, not every 
cell’s coordinate entry 𝑥𝜎 (𝜆) can be found in the projected solution branch. For example, the projection might map coordinates to 
zero or sum up multiple coordinate entries. Nevertheless, as long as the projection 𝑃 𝑐

𝟭
 is known, this method provides a method to 

represent the qualitative branching solutions of the reduced system while respecting the coordinates that are chosen according to 
the cells of the network. This projection operator, however, is often computed while classifying the generic bifurcations in the case
1D as a byproduct.

Furthermore, Theorem  3.6 shows that any bifurcating branch in the case 1D occurs generically in the same network in the 
case DD as well. Theorem  2.9 allows us to transform a generic 1D-branch into a generic DD-branch. In particular, there is a generic 
𝑙-parameter bifurcation problem in 𝗗 whose generalized kernel or center subspace is isomorphic to 𝑐

𝟭
 in the case 𝟭𝗗. Furthermore, 

from (2.8a) we see that this generalized kernel or center subspace 𝑐
𝗗
⊂𝗗 is of the form 

𝑐
𝗗 ≅ 𝑐

𝟭 ⊗ ⟨𝑤⟩, (3.12)

where 𝑤 ∈ 𝑊 ⧵ {0}. Denote the equivariant isomorphism in (3.12) by 𝛹 ∶𝑐
𝟭
⊗ ⟨𝑤⟩ → 𝑐

𝗗
. Consequently, the branch (𝑥𝜎 (𝜆))𝜎∈𝛴 can 

be represented as a generic branch on the center subspace 𝑐
𝗗
 as

𝛹 (𝑃 𝑐𝟭 (𝑥𝜎 (𝜆))𝜎∈𝛴 ⊗𝑤).

In more general terms, there exists a direction 𝑤 ∈ 𝑊 ⧵ {0} such that the generic bifurcation pattern — that is, all generic 
bifurcating solutions — restricted to the center subspace in the 1-dimensional case is reflected in the 𝑑-dimensional case, where 
internal dynamics is restricted to this direction 𝑤. This interpretation, however, is only fully accurate in the case that 𝛹 is the 
identity — after identifying tensor and non-tensor notation. In general, it yields only qualitatively the same bifurcation diagram in 
the case DD. Nevertheless, as the coordinates for the center subspace in the case DD reflect the cells of the network, we can read off 
cell-by-cell information from this representation. Finally, using the conjugacy between the center manifold and the reduced system 
once more, this time in the case 𝗗𝗗, we find the representation of the branch (𝑥𝜎 (𝜆))𝜎∈𝛴 in the center manifold of the DD-system 
as

𝜓𝗗 (

𝑄′
𝗗

(

𝛹 (𝑃 𝑐𝟭 (𝑥𝜎 (𝜆))𝜎∈𝛴 ⊗𝑤), 𝜆
))

.

Due to Theorem  3.6 this branch occurs in a generic bifurcation problem with generalized kernel or center subspace isomorphic to 
𝑐
𝟭
⊗ ⟨𝑤⟩.
In theory, this procedure provides a mechanism to translate generic branching solutions in the case 1D to generic solutions 

in the case DD. As long as information about the maps 𝑃 𝑐
𝟭
, 𝑄′

𝗗
, 𝜓𝗗 and 𝛹 is available, it also transforms information about the 

branching behavior of each individual cell. However, this latter part is not to be expected in general. The results in this chapter 
aim at simplifying the investigations of generic steady state bifurcations in the case DD by restricting to the case 1D. In particular, 
we do not want to determine a generic center manifold in the high-dimensional case. As a result, knowledge about these maps 
is not available in general. Nevertheless, the observations in this subsection provide a theoretical tool to relate generic branching 
solutions in the case DD to those in the case 1D. In Section 4, we investigate how additional structure in the network — in particular 
feedforward structure — provides information about the maps 𝑃 𝑐

𝟭
, 𝑄′

𝗗
, 𝜓𝗗 and 𝛹 without explicitly computing them. This suffices to 

exploit this mechanism to characterize generic branching solutions in the case DD from those in the case 1D including the behavior 
of each cell without computing the center manifolds. 

Remark 3.17. The method presented in this section can also be used in the spirit of Theorem  3.8 to translate a bifurcating branch 
of steady state or periodic solutions in a fundamental network with 𝑑1-dimensional internal dynamics into one for the same network 
with 𝑑2-dimensional internal dynamics if 𝑑1 ≤ 𝑑2 and whenever the corresponding generalized kernel or center subspace occurs in 
both cases generically. In particular, when a branch exhibits a robust pattern of synchrony — i.e., coordinate entries corresponding 
to a balanced partition of the cells coincide — then the representation of that branch exhibits the same synchrony for internal 
dynamics of any dimensions for which it exists generically. This follows from Proposition  2.13. ▵

4. Steady state bifurcations in feedforward networks

In this section, we investigate how additional structure in the network helps to gain more insight into the generic steady state 
bifurcations of networks with high-dimensional internal dynamics for the example of feedforward structure. In Sections 2 and 3, 
we show that symmetry of the fundamental network forces the qualitative bifurcation picture in the high-dimensional case to be 
the same as that in the case 1D. Exploiting the feedforward structure, we can even understand bifurcations in individual cells, 
which was already hinted at in Section 3.4. We begin by recalling different equivalent characterizations of feedforward networks 
as they are introduced in [28]. The generic steady state bifurcation result in the case 1D is summarized in Section 4.1. Finally, we 
discuss implications for generic steady state bifurcations in the case DD. Note that the results in [28] hold for general homogeneous 
networks with asymmetric inputs. Here, we restate only the required bits in the context of fundamental networks.
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In general terms, the feedforward structure can be interpreted as the absence of any feedback. In that sense, a network is called 
a feedforward network if it does not contain any closed, directed loops of length 2 or larger. Note that this allows for self-loops. We 
do not exclude the situation that a cell influences itself, which is not considered as feedback in this setting.

Secondly, we view feedforward structure as a notion of regularity in the network: all arrows are either self-loops or ‘oriented 
in the same direction’. We introduce a preorder on the monoid of input maps 𝛴 which are the cells of the fundamental network 
by saying 𝜎 ⊴ 𝜎′ if there is a path from 𝜎′ to 𝜎. For a fundamental network, this means 𝜎 ⊴ 𝜎′ if there exists 𝜏 ∈ 𝛴 with 𝜏𝜎 = 𝜎′. 
Then, a network does not contain any closed directed loops of length 2 or larger, if and only if this preorder is a partial order which 
reflects the aforementioned regularity. We denote the situation that 𝜎 ⊴ 𝜎′ but 𝜎 ≠ 𝜎′ by 𝜎 ⊲ 𝜎′.

In Section 4.1, we see that we may relate the asymptotics in a generic feedforward bifurcation to the partial order of the cells 
in the case 1D. For a fundamental network, we want to investigate the implications of this for the case DD. 

Remark 4.1. It can be shown, that a homogeneous coupled cell network is a feedforward network if and only if its fundamental 
network is. In that sense, the upcoming analysis is also relevant for networks that are not fundamental networks.

Remark 4.2. Note that labeling the nodes {𝜎1,… , 𝜎𝑁} of a feedforward fundamental network according to ⊴, such that 𝜎𝑖 ⊴ 𝜎𝑗
implies 𝑖 ≤ 𝑗, yields that all the linear admissible maps are upper triangular with entries in gl(𝑉 ) — or, put differently, upper 
triangular block matrices. If 𝑉 = R they are truly upper triangular. In the tensor notation (see Proposition  2.2) this yields that linear 
admissible maps are of the form

∑

𝜎∈𝛴
𝐵𝜎 ⊗ 𝑏𝜎 ,

where 𝑏𝜎 ∈ gl(𝑉 ) and the 𝐵𝜎 are upper triangular. In particular, this implies that all the equivariant linear maps of the regular 
representation are upper triangular due to (1.4). In fact, this property can be shown to be equivalent to the network having 
feedforward structure. However, for most of our considerations it is more convenient not to use the tensor notation of linear maps. ▵

The structure of linear admissible maps immediately implies the following result on generic 1-parameter bifurcations, such as 
the Hopf bifurcation, in feedforward networks. 

Theorem 4.3 ([28], Rem. 2.12).  In a 1-parameter bifurcation in a feedforward network with one-dimensional internal dynamics there 
cannot be a pair of conjugate imaginary eigenvalues at the synchronous bifurcation point. On the other hand, if the internal dynamics is at 
least 2-dimensional, a 1-parameter bifurcation in which a pair of complex eigenvalues crosses the imaginary axis is possible.

Proof. In order for a bifurcation to occur, a 1-parameter family of linear admissible maps has to have an eigenvalue/a pair of 
complex conjugate eigenvalues that crosses/cross the imaginary axis at the bifurcation point. In the case 𝑉 = R all linear admissible 
maps are real upper triangular matrices. Their eigenvalues are the diagonal elements which are real. Hence, only real eigenvalues 
can cross the imaginary axis. On the other hand, when the internal dynamics is in 𝑉 ≅ R𝑑 with 𝑑 ≥ 2, linear admissible maps 
are upper triangular with entries in gl(𝑉 ). Thus the eigenvalues of a linear admissible map are the union of the eigenvalues of all 
diagonal elements which are arbitrary elements in gl(𝑉 ) (some of which might be related). In particular, there are possible diagonal 
elements with complex eigenvalues. □

Remark 4.4. In particular, the emergence (or collapse) of periodic solutions in a bifurcation — as in classical and non-classical 
Hopf bifurcations — requires a pair of complex conjugate eigenvalues to cross the imaginary axis. The previous theorem shows that 
this can only occur in feedforward networks, if the internal dynamics is at least 2-dimensional. ▵

Finally, we restate the following definition from [28]. It proves to be useful for the investigation of bifurcations. It induces an 
equivalence relation on the cells of a feedforward network whose equivalence classes are in one-to-one correspondence with the 
eigenvalues of linear admissible maps.

Definition. Given a homogeneous coupled cell network, we denote 𝜎 = {𝜏 ∈ 𝛴 | 𝜏𝜎 = 𝜎} for all 𝜎 ∈ 𝛴 and define an equivalence 
relation ⧟ on the input maps as follows: 

𝜎⧟ 𝜎′ ⟺ 𝜎 = 𝜎′ . (4.1)

If 𝜎⧟ 𝜎′ we say that 𝜎 and 𝜎′ have the same loop-type. In a network, two nodes have the same loop-type if and only if they have 
the same self-loops (of the same color). ▵

Remark 4.5. As the network consists of only finitely many cells, there are well-defined maximal elements with respect to ⊴. These 
are all of the same loop-type. ▵

4.1. Summary of the case 1D

In [28], the generic steady state bifurcations in a 1-parameter family of vector fields for a feedforward network are thoroughly 
investigated. It is shown that feedforward structure induces a so-called amplification effect in bifurcating branches, i.e., the branching 
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solution in a given cell has a steeper slope the ‘lower’ the cell is in the network with respect to ⊴. These results in particular apply to 
fundamental networks. The bifurcation problem is as laid out in Section 3. We investigate parameter-dependent dynamics governed 
by 

𝑣̇𝜎 = 𝑓 (𝑣𝜏1𝜎 ,… , 𝑣𝜏𝑛𝜎 , 𝜆), (4.2)

for all 𝜎 ∈ 𝛴, where 𝜆 ∈ R. Due to the feedforward structure, the equation for component 𝑣𝜎 depends only on those states 𝑣𝜎′  for 
𝜎′ ⊵ 𝜎. Furthermore, we assume 𝑓 (0, 0) = 0 and the linearization 𝐷𝑣𝛤𝑓 (0, 0) at the bifurcation point to have an eigenvalue 0. In 
accordance to Remark  4.2, the linearization takes the form 

𝐷𝑣𝛤𝑓 (0, 0) =

⎛

⎜

⎜

⎜

⎜

⎝

∑

𝜏∈𝜎1
𝑎𝜏 ∙ … ∙

0
∑

𝜏∈𝜎2
𝑎𝜏 ⋱ ⋮

⋮ ⋱ ⋱ ∙
0 … 0

∑

𝜏∈𝜎𝑁
𝑎𝜏

⎞

⎟

⎟

⎟

⎟

⎠

, (4.3)

where 𝑎𝜏 = 𝜕𝜏𝑓 (0, 0) is the partial derivative in the direction of the 𝜏-input. 

Remark 4.6. In the tensor notation, this linear map has the form
𝐷𝑣𝛤𝑓 (0, 0) =

∑

𝜎∈𝛴
𝐵𝜎 ⊗ 𝑎𝜎 ,

as in Proposition  2.2 and Remark  4.2. Here the maps 𝐵𝜎 are upper triangular. However, as we are only interested in the diagonal 
elements, the non-tensor notation is more convenient. ▵

The eigenvalues of the linearization (4.3) are determined per cell from the diagonal elements ∑𝜎∈𝜎
𝑎𝜎 . Their multiplicities are 

given by the number of elements of the same loop-type, as loop-type equivalent elements yield the same diagonal elements of the 
linearization. Hence, 𝐷𝑣𝛤𝑓 (0, 0) is non-invertible, if and only if there is a node 𝜎 ∈ 𝛴 such that 

0 ∈ spec

(

∑

𝜎∈𝜎

𝑎𝜎

)

. (4.4)

Then the same holds for all nodes 𝜎̂ ∈ 𝛴 such that 𝜎̂ ⧟ 𝜎. We call these nodes, as well as their loop-type, critical. All other cells 
and their loop-types are referred to as non-critical. Note that generically precisely one loop-type is critical while all others are not. 
In particular, in the light of Remark  4.5 either all maximal cells are critical (and no other cell is) or no maximal cell is critical. The 
bifurcation problem is to find solutions to

𝛤𝑓 (𝑣, 𝜆) = 0

locally around the bifurcation point (0, 0).
In the remainder of this subsection, we summarize the results for the bifurcation problem stated above in the case 1D as is 

provided in [28]. Once again, we replace the coordinates describing the internal state of each cell 𝑣𝜎 ∈ 𝑉  by coordinates 𝑥𝜎 ∈ R. 
Note that in this case the linear admissible maps are truly upper triangular and the eigenvalue condition (4.4) becomes ∑𝜎∈𝜎

𝑎𝜎 = 0
for critical cells 𝜎. Generically, four different types of branching steady states may occur depending on whether the maximal cells 
are critical or not and whether the branching occurs for 𝜆 > 0 or 𝜆 < 0. The following results are a summary of corresponding ones 
in [28].

Proposition 4.7 ([28], Thm. 3.7).  Branching steady state solutions of a feedforward fundamental network with maximal critical cells, 
generically are as in one of the following two cases:

(i) (supercritical)

𝑥𝜎 (𝜆) = 𝐷𝜎 ⋅
√

𝜆 + (|𝜆|) for small 𝜆 > 0;

(ii) (subcritical)

𝑥𝜎 (𝜆) = 𝐷𝜎 ⋅
√

−𝜆 + (|𝜆|) for small 𝜆 < 0;

where 𝐷𝜎 ∈ R ⧵ {0}. The direction of branching is the same for all 𝜎 ∈ 𝛴.

Proposition 4.8 ([28], Thms. 3.21, 3.23 & 3.24).  Branching steady state solutions in a feedforward fundamental network with non-
maximal critical cells are as follows: There is a root subnetwork, i.e., a subset of nodes 𝐵 ⊂ 𝛴 containing all maximal cells that is not 
influenced from outside of 𝐵 meaning 𝜎𝐵 ⊂ 𝐵 for all 𝜎 ∈ 𝛴. The state variables of all 𝜎 ∈ 𝐵 bifurcate as

𝑥𝜎 (𝜆) = 𝑋(𝜆) = 𝐷 ⋅ 𝜆 + (|𝜆|2)

for |𝜆| small. The remaining cells bifurcate as in one of the following two cases
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(i) (supercritical)

𝑥𝜎 (𝜆) = 𝐷𝜎 ⋅ 𝜆
2−𝜇𝜎 + 

(

|𝜆|2
−(𝜇𝜎−1)

)

for small 𝜆 > 0;

(ii) (subcritical)

𝑥𝜎 (𝜆) = 𝐷𝜎 ⋅ (−𝜆)2
−𝜇𝜎 + 

(

|𝜆|2
−(𝜇𝜎−1)

)

for small 𝜆 < 0;

where 𝜇𝜎 is defined inductively setting 𝜇𝜎 = 0 for all 𝜎 ∈ 𝐵 and 

𝜇𝜎 =

⎧

⎪

⎨

⎪

⎩

max𝜏⊳𝜎 𝜇𝜏 for 𝜎 non-critical,
max𝜏⊳𝜎 𝜇𝜏 for 𝜎 critical and 𝜏 ∈ 𝐵 for all 𝜏 ⊳ 𝑝,
max𝜏⊳𝜎 𝜇𝜏 + 1 for 𝜎 critical and there exists 𝜏 ⊳ 𝑝 such that 𝜏 ∉ 𝐵.

(4.5)

That is, 𝜇𝜎 is the maximal number of critical cells 𝜏 ∉ 𝐵 along paths from any cell in 𝐵 to 𝜎. Furthermore, 𝐷,𝐷𝜎 ∈ R ⧵ {0} for all 𝜎 ∈ 𝛴. 
The direction of branching is the same for all 𝜎 ∉ 𝐵.

Remark 4.9. We may extend the definition of 𝜇𝜎 to the case of critical maximal cells. Therein the state variables of all cells bifurcate 
as

𝑥𝜎 (𝜆) = 𝐷𝜎 ⋅ 𝜆
2−𝜇𝜎 + (|𝜆|) or

𝑥𝜎 (𝜆) = 𝐷𝜎 ⋅ (−𝜆)2
−𝜇𝜎 + (|𝜆|)

depending on sub- or supercriticality of the solution branch, where 𝜇𝜎 = 1 for all 𝜎 ∈ 𝛴. This also satisfies the growing condition 
(4.5), as only the maximal cells are critical and these receive all their inputs from themselves.

Remark 4.10. The results in [28] are more complete than what we state here. They also include formulas to explicitly compute 
the lowest order coefficients. Furthermore, we can deduce a condition on the system parameters — the partial derivatives of the 
governing function 𝑓 — that determines whether a specific branch exists. In particular, the branching pattern may differ throughout 
parameter space. We refer to a bifurcating branch as being generic if it occurs for an open set of system parameters. Propositions  4.7
and 4.8 describe all branching solutions for an open and dense subset of system parameters. The details are omitted here because 
we only need the general form of all branching solutions. ▵

Even if we do not state the full results here, we can see the main characteristic of the bifurcating solutions, which is the 
amplification effect. When we investigate the dynamics cell-by-cell starting with the maximal cells, we observe that in each critical 
cell — if the maximal cells are critical, no other cell is — the square root order of the lowest order terms in 𝜆 increases. Hence, 
the branch exits 0 with a steeper slope. This is independent of the branching direction. As indicated in Remark  4.10, in bifurcation 
analysis one is often not interested in the explicit expression describing how to compute the branching state for every parameter 
value but rather in the qualitative behavior. To that end, we consider the asymptotics of the state variable for each cell separately 
in a generic steady state bifurcation which encodes qualitative bifurcation information of each individual cell. Propositions  4.7 and
4.8 allow to describe these asymptotics for each cell separately in a generic steady state bifurcation in the case 1D. We introduce 
some notation to state these ideas more precisely and to make them practical for the case DD as well. The following definition 
is independent of the feedforward structure and could also have been formulated for non-fundamental networks. We state it for 
arbitrary internal dynamics on 𝑉  from which we may deduce the case 1D as a special case.

Definition. Let (𝑣𝜎 (𝜆))𝜎∈𝛴 ⊂
⨁

𝜎∈𝛴 𝑉  be a branch of steady states for a parameter-dependent feedforward fundamental network 
vector field for small 𝜆 > 0, 𝜆 < 0 or |𝜆| small, i.e., 

𝛤𝑓 ((𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆) = 0. (4.6)

We say that a cell 𝜎 ∈ 𝛴 has the square root order 𝜉𝜎 ≥ 0 in 𝜆 or that it grows asymptotically as 𝜆2−𝜉𝜎  if
⎧

⎪

⎨

⎪

⎩

‖𝑣𝜎 (𝜆)‖ = 𝑑𝜎 ⋅ 𝜆2
−𝜉𝜎 + 

(

|𝜆|2
−(𝜉𝜎+1)

)

with 𝑑𝜎 ≠ 0 for 𝜉𝜎 ≥ 1,

‖𝑣𝜎 (𝜆)‖ =  (|𝜆|) for 𝜉𝜎 = 0.

Therein ‖ ⋅ ‖ denotes the euclidean norm on 𝑉 . If the branch only exists for 𝜆 < 0 replace 𝜆 by −𝜆. We denote this situation by 
𝑣𝜎 ∼ 𝜆2−𝜉𝜎 . ▵

Remark 4.11. The situation 𝑣𝜎 ∼ 𝜆2−𝜉𝜎  with 𝜉𝜎 > 0 is equivalent to
𝑣𝜎 (𝜆) = 𝜆2

−𝜇𝜎 ⋅ 𝜗𝜎 + 𝑅𝜎 (𝜆),

where 𝜗𝜎 ∈ 𝑉 ⧵ {0} suitable and 𝑅𝜎 ∶ R → 𝑉  — restricted to the suitable neighborhood of 𝜆0 = 0 — such that ‖𝑅𝜏 (𝜆)‖ =

(

|𝜆|2
−(𝜇𝜏−1)

)

. ▵
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The key observation for the investigation of implications of the steady state bifurcation results in the case 1D for the case DD is 
the following: 

Proposition 4.12. Let (𝑥𝜎 (𝜆))𝜎∈𝛴 be a branch of steady states for a generic steady state bifurcation of a feedforward fundamental network 
as described in Propositions  4.7 and 4.8 with cell-by-cell asymptotics 𝑥𝜎 ∼ 𝜆2−𝜇𝜎  for all 𝜎 ∈ 𝛴. Then the asymptotic orders of the cells are 
partially ordered with respect to ⊴, i.e., 

𝜎 ⊵ 𝜏 implies 𝜇𝜎 ≤ 𝜇𝜏 . (4.7)

Hence, if 𝜏 ⊴ 𝜎, then 𝑥𝜏 has at most the same asymptotic order as 𝑥𝜎 .

Proof. In the case of critical maximal cells, all cells have square root order 1, i.e., 𝑥𝜎 ∼
√

𝜆. Hence, nothing is to be shown. If, on 
the other hand, the maximal cells are non-critical, we obtain a subset of cells 𝐵 ⊂ 𝛴 that is not influenced by any cells outside of 
𝐵 and such that all cells in 𝐵 have square root order 0: 𝑥𝜎 ∼ 𝜆 — or 𝜇𝜎 = 0 — for all 𝜎 ∈ 𝐵. In particular, 𝜎𝐵 ⊂ 𝐵 for all 𝜎 ∈ 𝛴
implies that 𝐵 contains all maximal cells. All 𝜎 ∉ 𝐵 have square root order 𝜇𝜎 , where 𝜇𝜎 is defined as in (4.5). By definition 𝜇𝜎 ≤ 𝜇𝜏
if 𝜎 ⊳ 𝜏. □

4.2. Feedforward networks with high-dimensional internal dynamics

In this section, we show that feedforward structure can be used to observe the amplification effect also in generic steady 
state bifurcations when the internal dynamics is high-dimensional. In particular, for a fixed feedforward fundamental network, 
the amplification effect we observe in a generic 1-parameter steady state bifurcation is the same independent of the dimension of 
the internal dynamics. The most important tools are the partial order on the cells and the fact that the admissible maps are upper 
triangular — or more precisely, they respect the partial order. As the center manifold reduction for fundamental networks respects 
monoid symmetry, this in particular holds for the maps involved in the procedure that allows to translate a generic branch in the 
case 1D into a generic branch in the case DD presented in Section 3.4.2. As equivariance is equivalent to admissibility (1.4), this 
has the convenient effect that whenever we compute some property of the state variable 𝑣𝜎 of cell 𝜎 it only depends on the state 
variables of cells 𝜏 ⊵ 𝜎. This observation proves to be powerful enough to translate the amplification effect into the high-dimensional 
case without having to determine center manifolds explicitly. In particular, we show that critical cells have the same square root 
order in any dimension of the internal dynamics. In a special case we obtain the same cell-by-cell asymptotics for all cells.

A crucial part of this section contains the technical analysis of the maps that are needed to define the center manifold reduction 
and their interaction with branching steady state solutions. In particular, we will make heavy use of the technicalities proved in 
Section 3.4.1. To that end, we reuse the notation from Section 3.4. We investigate steady state solutions of

𝛤𝑓 ∶
⨁

𝜎∈𝛴
𝑉 × R →

⨁

𝜎∈𝛴
𝑉 ,

which is an admissible vector field for a feedforward fundamental network that depends on a real parameter 𝜆 ∈ R as in (4.2), close 
to the bifurcation point (𝑣0, 𝜆0) = (0, 0), as in the beginning of Section 4. That is, we are interested in solutions to

𝛤𝑓 (𝑣, 𝜆) = 0,

close to (0, 0), where

𝐷𝑣𝛤𝑓 (0, 0)

is non-invertible. As stated before, for technical reasons, we focus on the extended system as in (3.5)

𝑣̇ =
(

𝑣̇
𝜆̇

)

=
(

𝛤𝑓 (𝑣, 𝜆)
0

)

= 𝛤 𝑓 (𝑣) (4.8)

on ⨁𝜎∈𝛴 𝑉 × R. The extended system is equivariant with respect to the extended right regular representation 𝜎 ↦ 𝐴𝜎 where

𝐴𝜎 ∶ 𝑣 = (𝑣, 𝜆) ↦ (𝐴𝜎𝑣, 𝜆).

Under the bifurcation assumption the linearization of the extended system induces a splitting of ⨁𝜎∈𝛴 𝑉 ×R into subrepresentations 

ℎ = im0(𝐷𝑣𝛤𝑓 (0, 0)) × {0},

𝑐 = ker0(𝐷𝑣𝛤𝑓 (0, 0)) × {0}⊕
⟨

(𝑣ℎ, 1)
⟩

,
(4.9)

where 𝑣ℎ ∈ im0(𝐷𝑣𝛤𝑓 (0, 0)) suitable, as in (3.6). These subspaces are generalized kernel and reduced image of 𝐷𝛤 𝑓 (0) =
𝐷(𝑣,𝜆)𝛤 𝑓 (0, 0), respectively. The corresponding equivariant projections are again denoted by 𝑃 𝑐 and 𝑃 ℎ, respectively. In particular, 
every element 𝑣𝑐 ∈ 𝑐 can be represented as

𝑣𝑐 = (𝑣𝑐 , 0) + 𝜆(𝑣ℎ, 1),
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where 𝑣𝑐 ∈ ker0(𝐷𝑣𝛤𝑓 (0, 0)) and 𝜆 ∈ R. Furthermore, the isomorphism of monoid representations 𝑃 ′ ∶𝑐 → ker0(𝐷𝑣𝛤𝑓 (0, 0)) × R is 
given by 

𝑃 ′(𝑣𝑐 ) = (𝑃 𝑐 (𝑣𝑐 + 𝜆𝑣ℎ), 𝜆) = (𝑣𝑐 , 𝜆) (4.10)

and its inverse is given by 

𝑄′(𝑣𝑐 , 𝜆) = (𝑣𝑐 , 0) + 𝜆(𝑣ℎ, 1) = 𝑣𝑐 (4.11)

(compare to (3.8) and Lemma  3.14). Then the extended system admits the local center manifold 

𝑀𝑐 =
{(

1𝑐 + 𝜓
)

(𝑣𝑐 ) ∣ 𝑣𝑐 ∈ 𝑐
}

=
{(

1𝑐 + 𝜓
)

(𝑄′(𝑣𝑐 , 𝜆)) ∣ (𝑣𝑐 , 𝜆) ∈ ker0(𝐷𝑣𝛤𝑓 (0, 0)) × R
}

, (4.12)

which is represented as a graph over either 𝑐 or equivalently over ker0(𝐷𝑣𝛤𝑓 (0, 0)) × R by the equivariant map 𝜓 .
For any branch of steady states of the bifurcation problem we have ((𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆

)

⊂ 𝑀𝑐 . Furthermore, the dynamics restricted 
to the center manifold is bijectively conjugate to dynamics on the center subspace 𝑐 or on ker0(𝐷𝑣𝛤𝑓 (0, 0))×R (compare to (3.11)). 
Hence, any branch can uniquely be represented in coordinates of these subspaces using the projections 𝑃 𝑐 or 𝑃 = 𝑃 ′◦𝑃 𝑐 such that

𝑃 𝑐
(

(𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

⊂ 𝑐 ,

𝑃 ′ (𝑃 𝑐
(

(𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆
))

⊂ ker0(𝐷𝑣𝛤𝑓 (0, 0)) × R

(compare to Section 3.4.2). Recall from (3.8) and Lemmas  3.12 to 3.15 that all maps required to switch between the three 
representation of a branch of steady states — i.e., 𝑃 𝑐 , 𝑃 ′, 𝑄′ and 𝜓 leave the 𝜆-coordinate unchanged (the third representation 
is the original representation ((𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆

)

). Hence, we see that the parameter of each representation remains the same and we 
may write 

(

(𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

= 𝑃 𝑐
(

(𝑣𝜎(𝜆))𝜎∈𝛴 , 𝜆
)

⊂ 𝑐 ,
(

(𝑧𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

= 𝑃 ′ (𝑃 𝑐
(

(𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆
))

⊂ ker0(𝐷𝑣𝛤𝑓 (0, 0)) × R.
(4.13)

Note that the second representation of (4.13) is of particular interest as it describes the branch of steady states in the corresponding 
reduced bifurcation problem on ker0(𝐷𝑣𝛤𝑓 (0, 0)) × R (see (3.11)).

We investigate to what extent cell-by-cell asymptotics are respected when switching between the different representations. In 
particular, we answer the following question: Under the assumption of square root orders of individual cells that are partially 
ordered as in Proposition  4.12 for feedforward networks — more precisely as in (4.7) — in either one of the representations, can 
we recover the square root order of each cell in any of the other representations? As the distinction of cells is reflected in the choice 
of coordinates, this is done by analyzing the projection operators in the original coordinates.

Lemma 4.13. 
(i) Let ((𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆

)

⊂ 𝑀𝑐 be a branch of steady states of (4.8). Assume cell-by-cell asymptotics 𝑣𝜎 ∼ 𝜆2−𝜇𝜎  that are partially ordered 
as in (4.7), i.e., 𝜎 ⊵ 𝜏 implies 𝜇𝜎 ≤ 𝜇𝜏 . Then the representation in the generalized kernel of the extended system

(

(𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

= 𝑃 𝑐
(

(𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

⊂ 𝑐

exhibits the same cell-by-cell asymptotics, i.e.,

𝑦𝜎 ∼ 𝜆2
−𝜇𝜎 for all 𝜎 ∈ 𝛴.

(ii) Let ((𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

⊂ 𝑐 be the representation of a branch of steady states of (4.8) in the generalized kernel of the extended system. 
Assume cell-by-cell asymptotics 𝑦𝜎 ∼ 𝜆2−𝜇𝜎  that are partially ordered as in (4.7), i.e., 𝜎 ⊵ 𝜏 implies 𝜇𝜎 ≤ 𝜇𝜏 . Then the representation 
in the full space

(

(𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

=
(

1𝑐 + 𝜓
)

(

(𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

⊂ 𝑀𝑐

exhibits the same cell-by-cell asymptotics, i.e.,

𝑣𝜎 ∼ 𝜆2
−𝜇𝜎 for all 𝜎 ∈ 𝛴.

The proof of the lemma is quite technical but depends on a rather simple observation: The maps used to change from one 
representation of a given branch to another are (in their spatial component) equivariant with respect to the monoid representation. 
As equivariance is equivalent to being admissible with respect to the feedforward network structure, this pairs very nicely with the 
assumed ordering of the cell-by-cell asymptotics. In particular, the 𝜏-component of the target representation depends only on the 
components of the branch which are above 𝜏 with respect to ⊴. By assumption, these grow with at most the same asymptotic square 
root order as the 𝜏-component. As the maps are further linear to leading order, the leading order in the target cell cannot be higher 
than that of the original cell. The bulk part of the proof consists of formalizing this argument for both parts of the lemma and to 
ensure that the leading order is in fact as stated by proving that leading coefficients do not vanish.
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Proof. The central observation to prove both parts of the lemma is the fact that the maps 𝑃 𝑐 |
|𝑀𝑐 ∶𝑀𝑐 → 𝑐 and 

(

1𝑐 + 𝜓
)

∶𝑐 →

𝑀𝑐 are mutually inverse bijections between the center manifold 𝑀𝑐 and the generalized kernel of the extended system 𝑐 . The 
properties of these maps are well-understood from Lemmas  3.12, 3.13 and 3.15. We know that

𝑃 𝑐 (𝑣, 𝜆) =
(

𝑃 𝑐𝑣(𝑣, 𝜆), 𝜆
)

,

where 𝑃 𝑐𝑣 can be interpreted as a parameter-dependent linear map on 
⨁

𝜎∈𝛴 𝑉  that is equivariant with respect to the non-extended 
monoid representation, i.e., 𝑃 𝑐𝑣(𝐴𝜎𝑣, 𝜆) = 𝐴𝜎𝑃 𝑐𝑣(𝑣, 𝜆) for all 𝑣 ∈

⨁

𝜎∈𝛴 𝑉 , 𝜆 ∈ R and 𝜎 ∈ 𝛴. Due to the equivalence of equivariance 
and admissibility, it is therefore a parameter-dependent linear admissible map of the fundamental network vector field. In particular, 
it respects the partial order ⊴

(

𝑃 𝑐𝑣(𝑣, 𝜆)
)

𝜏 = 𝓁𝜏
(

(𝑣𝜎 ∣ 𝜎 ⊵ 𝜏), 𝜆
)

, (4.14)

where 𝓁𝜏 is a linear map that depends only on the entries 𝑣𝜎 for 𝜎 ⊵ 𝜏 and the parameter 𝜆. The parameter-dependence is linear as 
well.

A similar observation holds for the other direction. Denote elements of the generalized kernel of the extended system by 
(𝑦, 𝜆) =

(

(𝑦𝜎 )𝜎∈𝛴 , 𝜆
)

∈ 𝑐 ⊂
⨁

𝜎∈𝛴 𝑉 × R. Then we know 𝜓(𝑦, 𝜆) = (𝜓
𝑣
(𝑦, 𝜆), 0), where 𝜓

𝑣
 is a parameter-dependent admissible 

map of the fundamental network. That is 
(

𝜓
𝑣
(𝑦, 𝜆)

)

𝜏
= 𝑞𝜏

(

(𝑦𝜎 ∣ 𝜎 ⊵ 𝜏), 𝜆
)

. (4.15)

As 𝜓(0, 0) = 0 and 𝐷𝜓(0, 0) = 0, we also obtain 𝑞𝜏 (0, 0) = 0 and 𝑑𝑞𝜏 (0, 0) = 0.
We may now prove both cases separately beginning with (ii). Let ((𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆

)

⊂ 𝑐 be the representation of a branch of 
steady states in the generalized kernel of the extended system. Assume cell-by-cell asymptotics 𝑦𝜎 ∼ 𝜆2−𝜇𝜎  that satisfy the ordering 
assumption (4.7), i.e., 𝜎 ⊵ 𝜏 implies 𝜇𝜎 ≤ 𝜇𝜏 . First, we fix a cell 𝜏 ∈ 𝛴 with 𝜇𝜏 ≥ 1. By definition 𝑦𝜏 ∼ 𝜆2−𝜇𝜏  is equivalent to

𝑦𝜏 (𝜆) = 𝜆2
−𝜇𝜏 ⋅ 𝜗𝜏 + 𝑅𝜏 (𝜆),

where 𝜗𝜏 ∈ 𝑉 ⧵ {0} suitable and ‖𝑅𝜏 (𝜆)‖ = 
(

|𝜆|2
−(𝜇𝜏−1)

)

. Combining the partial order of the cell-by-cell asymptotics with the form 
of the map whose graph is the center manifold (4.15), and the fact that 𝑞𝜏 is at least quadratic to leading order, we compute 

(

𝜓
𝑣

(

(𝑦𝜎 (𝜆)𝜎∈𝛴 , 𝜆)
)

)

𝜏
= 𝑞𝜏

(

(𝑦𝜎 (𝜆) ∣ 𝜎 ⊵ 𝜏), 𝜆
)

= 𝜆2
−(𝜇𝜏−1) ⋅ 𝜂𝜏 + 𝜌𝜏 (𝜆), (4.16)

where 𝜂𝜏 ∈ 𝑉  suitable and ‖𝜌𝜏 (𝜆)‖ = 
(

|𝜆|2
−(𝜇𝜏−1)

)

.
As we obtain the representation of the branch on the center manifold ((𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆

) from
(

(𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

=
(

1𝑐 + 𝜓
)

(

(𝑦𝜎 (𝜆)𝜎∈𝛴 , 𝜆)
)

=
(

(𝑦𝜎 (𝜆))𝜎∈𝛴 + 𝜓
𝑣
((𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆), 𝜆

)

,

we directly see
𝑣𝜏 (𝜆) = 𝜆2

−𝜇𝜏 ⋅ 𝜗𝜏 + 𝑅𝜏 (𝜆) + 𝜆2
−(𝜇𝜏−1) ⋅ 𝜂𝜏 + 𝜌𝜏 (𝜆) = 𝜆2

−𝜇𝜎 ⋅ 𝜗𝜏 + 𝜘𝜏 (𝜆),

where ‖𝜘𝜏 (𝜆)‖ = 
(

|𝜆|2
−(𝜇𝜏−1)

)

. Hence, 𝑣𝜏 ∼ 𝜆2−𝜇𝜏 , since 𝜗𝜏 ≠ 0.
On the other hand, consider a cell 𝜏 ∈ 𝛴 with 𝜇𝜏 = 0. By the partial order of the square root orders (4.7) we also obtain 𝜇𝜎 = 0

for all 𝜎 ⊵ 𝜏. By definition this is equivalent to ‖𝑦𝜎 (𝜆)‖ = (|𝜆|) for all 𝜎 ⊵ 𝜏 including 𝜏. Thus, using (4.15) as before, we compute
‖𝑣𝜏 (𝜆)‖ = ‖

‖

‖

𝑦𝜏 (𝜆) + 𝑞𝜏
(

(𝑦𝜎 (𝜆) ∣ 𝜎 ⊵ 𝜏), 𝜆
)

‖

‖

‖

= (|𝜆|),

which proves 𝑣𝜏 ∼ 𝜆 and, therefore, completes the proof for (ii).
Next we turn to the proof of the first statement (i). This is slightly more complicated as we have to make sure that the projection 

onto the generalized kernel of the extended system does not ‘loose’ information about the asymptotics of a given cell. Assume that 
(

(𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

⊂ 𝑀𝑐 is a branch of steady states whose cell-by-cell asymptotics satisfy the ordering assumption (4.7). Then, fixing 
a cell 𝜏 ∈ 𝛴 with 𝜇𝜏 ≥ 1, we obtain

𝑣𝜏 (𝜆) = 𝜆2
−𝜇𝜏 ⋅ 𝜗𝜏 + 𝑅𝜏 (𝜆),

with 𝜗𝜏 ∈ 𝑉 ⧵{0} suitable and ‖𝑅𝜏 (𝜆)‖ = 
(

|𝜆|2
−(𝜇𝜏−1)

)

. Combining the partial order of the cell-by-cell asymptotics with the specific 
form of the projection onto 𝑐 (4.14), in which 𝓁𝜏 is linear, we obtain 

(

𝑃 𝑐𝑣
(

(𝑣𝜎 (𝜆)𝜎∈𝛴 , 𝜆)
))

𝜏 = 𝓁𝜏
(

(𝑣𝜎 (𝜆) ∣ 𝜎 ⊵ 𝜏), 𝜆
)

= 𝜆2
−𝜇𝜏 ⋅ 𝜂𝜏 + 𝜌𝜏 (𝜆), (4.17)

where 𝜂𝜏 ∈ 𝑉  suitable and ‖𝜌𝜏 (𝜆)‖ = 
(

|𝜆|2
−(𝜇𝜏−1)

)

. The representation of the branch in the generalized kernel of the extended 
system ((𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆

) is computed as
(

(𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

= 𝑃 𝑐
(

(𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

=
(

𝑃 𝑐𝑣
(

(𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

, 𝜆
)

.

Thus, we see that 𝑦𝜏 ∼ 𝜆2−𝜇𝜏 , if 𝜂𝜏 ≠ 0.1

1 The opposite case 𝜂 = 0 is what we refer to as ‘loosing’ information about the asymptotics in cell 𝜏.
𝜏
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However, as ((𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

⊂ 𝑐 is the representation of a branch of steady states in the generalized kernel of the extended 
system, we may apply the results from (ii) to it and receive its corresponding representation on the center manifold ((𝑣̃𝜎(𝜆))𝜎∈𝛴 , 𝜆

)

⊂
𝑀𝑐 with the same cell-by-cell asymptotics. As in the proof of part (ii), we compute its 𝑣-component to be 

𝑣̃𝜏 (𝜆) = 𝑦𝜏 (𝜆) + 𝜓𝑣((𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆) = 𝜆2
−𝜇𝜏 ⋅ 𝜂𝜏 + 𝜘𝜏 (𝜆), (4.18)

where 𝜂𝜏 ∈ 𝑉  is as in (4.17) and ‖𝜘𝜏 (𝜆)‖ = 
(

|𝜆|2
−(𝜇𝜏−1)

)

. Furthermore, 𝑃 𝑐 |
|𝑀𝑐  and 

(

1𝑐 + 𝜓
)

 are mutually inverse bijections 
between 𝑀𝑐 and 𝑐 . Hence,

(

(𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

=
((

1𝑐 + 𝜓
)

◦𝑃 𝑐
|𝑀𝑐

)

(

(𝑣𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

=
(

1𝑐 + 𝜓
)

(

(𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

=
(

(𝑣̃𝜎(𝜆))𝜎∈𝛴 , 𝜆
)

.

Using (4.18), we obtain
𝑣𝜏 (𝜆) = 𝜆2

−𝜇𝜏 ⋅ 𝜗𝜏 + 𝑅𝜏 (𝜆) = 𝜆2
−𝜇𝜏 ⋅ 𝜂𝜏 + 𝜘𝜏 (𝜆) = 𝑣̃𝜏 (𝜆).

In particular, 𝜂𝜏 = 𝜗𝜏 ≠ 0, which proves 𝑦𝜏 ∼ 𝜆2−𝜇𝜎 .
On the other hand, 𝜇𝜏 = 0 implies 𝜇𝜎 = 0 and therefore ‖𝑣𝜏 (𝜆)‖ = (|𝜆|) for all 𝜎 ⊵ 𝜏 (which includes 𝜏). Thus we compute

‖𝑦𝜏 (𝜆)‖ = ‖

‖

‖

𝓁𝜏
(

(𝑣𝜎 (𝜆) ∣ 𝜎 ⊵ 𝜏), 𝜆
)

‖

‖

‖

= (|𝜆|),

which shows 𝑦𝜏 ∼ 𝜆, completing the proof of (i). □

Remark 4.14. The proof for Lemma  4.13 allows for a slightly more precise statement when relaxing the ordering assumption on 
the cell-by-cell asymptotics (4.7). That is, for every cell 𝜏 for which the ordering assumption is fulfilled, 𝜇𝜎 ≤ 𝜇𝜏 for all 𝜎 ⊵ 𝜏, we 
obtain that the 𝜏-component exhibits the same asymptotics in the full representation of the solution branch and in its representation 
in the generalized kernel of the extended system, i.e., 𝑣𝜏 ∼ 𝜆2−𝜇𝜏  and 𝑦𝜏 ∼ 𝜆2−𝜇𝜏 . This does not require the square root orders of all
cells to be ordered. ▵

In the previous lemma we have shown that, under the ordering assumption (4.7), cell-by-cell asymptotics agree in the 
representation of a steady state branch on the center manifold with those in the representation in the generalized kernel of the 
extended system. A similar result holds true when comparing representations in 𝑐 and in ker0(𝐷𝑣𝛤𝑓 (0, 0)) × R even without the 
ordering assumption, i.e., 𝑦𝜏 ∼ 𝑧𝜏 with 𝑦𝜏 and 𝑧𝜏 as in (4.13). This follows from the properties of the mutually inverse isomorphisms 
𝑃 ′ and 𝑄′. 

Lemma 4.15. 
(i) Let ((𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆

)

⊂ 𝑐 be the representation of a branch of steady states of (4.8) in the generalized kernel of the extended system. 
Assume cell-by-cell asymptotics 𝑦𝜎 ∼ 𝜆2−𝜇𝜎 . Then the representation

(

(𝑧𝜎(𝜆))𝜎∈𝛴 , 𝜆
)

= 𝑃 ′ ((𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

⊂ ker0(𝐷𝑣𝛤𝑓 (0, 0)) × R

exhibits the same cell-by-cell asymptotics, i.e.,
𝑧𝜎 ∼ 𝜆2

−𝜇𝜎 for all 𝜎 ∈ 𝛴.

(ii) Let ((𝑧𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

⊂ ker0(𝐷𝑣𝛤𝑓 (0, 0)) × R be the representation of a branch of steady states of (4.8) in ker0(𝐷𝑣𝛤𝑓 (0, 0)). Assume 
cell-by-cell asymptotics 𝑧𝜎 ∼ 𝜆2−𝜇𝜎 . Then the representation in the generalized kernel of the extended system

(

(𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

= 𝑄′ ((𝑧𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

⊂ 𝑐

exhibits the same cell-by-cell asymptotics, i.e.,
𝑦𝜎 ∼ 𝜆2

−𝜇𝜎 for all 𝜎 ∈ 𝛴.

Proof. We prove (i) and (ii) similarly to the proof of Lemma  4.13. Recall that the maps 𝑃 ′ ∶ (𝑦, 𝜆) ↦ (𝑃 𝑐 (𝑦), 𝜆) as in (4.10) and 
𝑄′ ∶ (𝑧, 𝜆) ↦ (𝑧+𝜆𝑣ℎ, 𝜆) as in (4.11) form equivariant isomorphisms between 𝑐 and ker0(𝐷𝑣𝛤𝑓 (0, 0))×R. In particular, due to Lemma 
3.12 we know that 𝑃 𝑐 is equivariant with respect to the non-extended representation 𝜎 ↦ 𝐴𝜎 . Hence, it is a linear, admissible map 
for the fundamental network and we obtain

(

𝑃 𝑐
(

(𝑦𝜎 )𝜎∈𝛴
))

𝜏 = 𝓁𝜏
(

𝑦𝜎 ∣ 𝜎 ⊵ 𝜏
)

,

in which 𝓁𝜏 is linear.
Let ((𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆

)

⊂ 𝑐 be the representation of a branch of steady states of (4.8) in the generalized kernel of the extended 
system and assume cell-by-cell asymptotics 𝑦𝜎 ∼ 𝜆2−𝜇𝜎 . For a cell 𝜏 with 𝜇𝜏 ≥ 1, this is equivalent to

𝑦 (𝜆) = 𝜆2
−𝜇𝜏 ⋅ 𝜗 + 𝑅 (𝜆),
𝜏 𝜏 𝜏
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where 𝜗𝜏 ∈ 𝑉 ⧵ {0} and ‖𝑅𝜏 (𝜆)‖ = 
(

|𝜆|2
−(𝜇𝜏−1)

)

. As ((𝑧𝜎(𝜆))𝜎∈𝛴 , 𝜆
)

=
(

𝑃 𝑐
(

(𝑦𝜎 (𝜆))𝜎∈𝛴
)

, 𝜆
)

, we compute

𝑧𝜏 (𝜆) = 𝓁𝜏
(

𝑦𝜎 (𝜆) ∣ 𝜎 ⊵ 𝜏
)

= 𝜆2
−𝜉𝜏 ⋅ 𝜂𝜏 + 𝜌𝜏 (𝜆),

where 𝜂𝜏 ∈ 𝑉 , 𝜉𝜏 = max𝜎⊵𝜏 𝜇𝜎 and ‖𝜌𝜏 (𝜆)‖ = 
(

|𝜆|2
−(𝜉𝜏−1)

)

. Furthermore, note that

𝑄′ ((𝑧𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

=
(

(𝑧𝜎 (𝜆))𝜎∈𝛴 + 𝜆 ⋅ (𝑣ℎ𝜎 )𝜎∈𝛴 , 𝜆
)

.

Therein

𝑧𝜏 (𝜆) + 𝜆 ⋅ 𝑣ℎ𝜏 = 𝜆2
−𝜉𝜏 ⋅ 𝜂𝜏 + 𝜆 ⋅ 𝑣ℎ𝜏 + 𝜌𝜏 (𝜆) = 𝜆2

−𝜉𝜏 ⋅ 𝜂𝜏 + 𝜘𝜏 (𝜆),

where ‖𝜘𝜏 (𝜆)‖ = 
(

|𝜆|2
−(𝜉𝜏−1)

)

, since 𝜇𝜏 ≥ 1. As 𝑃 ′ and 𝑄′ are mutually inverse, we obtain

𝑦𝜏 (𝜆) = 𝜆2
−𝜇𝜏 ⋅ 𝜗𝜏 + 𝑅𝜏 (𝜆) = 𝑧𝜏 (𝜆) + 𝜆 ⋅ 𝑣ℎ𝜏 = 𝜆2

−𝜉𝜏 ⋅ 𝜂𝜏 + 𝜘𝜏 (𝜆).

Thus, 𝜂𝜏 = 𝜗𝜏 ≠ 0 and 𝜉𝜏 = 𝜇𝜏 so that 𝑧𝜏 ∼ 𝜆2−𝜇𝜏 . If on the other hand 𝜇𝜏 = 0, we obtain 𝜇𝜎 = 0 and therefore 𝑦𝜎 ∼ 𝜆 for all 𝜎 ⊵ 𝜏, 
including 𝜏. We compute

‖𝑧𝜏 (𝜆)‖ = ‖

‖

‖

𝓁𝜏
(

(𝑦𝜎 (𝜆) ∣ 𝜎 ⊵ 𝜏), 𝜆
)

‖

‖

‖

= (|𝜆|),

which shows 𝑧𝜏 ∼ 𝜆, completing the proof of (i).
Conversely, consider the representation of a branch of steady states in ker0(𝐷𝑣𝛤𝑓 (0, 0)) × R given by ((𝑧𝜎 (𝜆))𝜎∈𝛴 , 𝜆

) with 
cell-by-cell asymptotics 𝑧𝜎 ∼ 𝜆2−𝜇𝜎 . Fix a cell 𝜏 ∈ 𝛴 with 𝜇𝜏 ≥ 1 first. Then

𝑧𝜏 (𝜆) = 𝜆2
−𝜇𝜏 ⋅ 𝜗𝜏 + 𝑅𝜏 (𝜆)

with 𝜗𝜏 ∈ 𝑉 ⧵ {0} and ‖𝑅𝜏 (𝜆)‖ = 
(

|𝜆|2
−𝜇𝜏−1

)

. As before, we compute the representation in the generalized kernel of the extended 
system to be

𝑦𝜏 (𝜆) = 𝑧𝜏 (𝜆) + 𝜆 ⋅ 𝑣ℎ𝜏 = 𝜆2
−𝜇𝜏 𝜗𝜏 + 𝜆 ⋅ 𝑣ℎ𝜏 + 𝑅𝜏 (𝜆).

As 𝜗𝜏 ≠ 0, this implies 𝑦𝜏 ∼ 𝜆2−𝜇𝜏 . On the other hand, assume 𝜇𝜏 = 0, which implies ‖𝑧𝜏 (𝜆)‖ = (|𝜆|) as before. In particular, we 
compute

‖𝑦𝜏 (𝜆)‖ = ‖

‖

‖

𝑧𝜏 (𝜆) + 𝜆 ⋅ 𝑣ℎ𝜏
‖

‖

‖

= (|𝜆|),

which shows 𝑦𝜏 ∼ 𝜆 and therefore completes the proof of (ii). □

Corollary 4.16. In feedforward fundamental networks, cell-by-cell asymptotics of the full representation of branches of steady states of 
(4.8), agree with those of the representation in ker0(𝐷𝑣𝛤𝑓 (0, 0)) × R, if they respect the ordering relation (4.7). That is the cell-by-cell 
asymptotics are invariant under the bijective conjugation 𝑃 = 𝑃 ′◦𝑃 𝑐 ∶𝑀𝑐 → ker0(𝐷𝑣𝛤𝑓 (0, 0)) × R.

Remark 4.17. Similar to Remark  4.14 a slightly more precise statement relaxing the ordering assumption on the cell-by-cell 
asymptotics (4.7) is possible. For every cell 𝜏 for which the ordering assumption is satisfied, 𝜇𝜎 ≤ 𝜇𝜏 for all 𝜎 ⊵ 𝜏, we obtain 
that the 𝜏-component exhibits the same asymptotics in every representation of the solution branch. Here we do not require the 
square root orders of all cells to be ordered as in (4.7). ▵

These technical results put us in the position to prove the main theorems of the investigation of 1-parameter steady state 
bifurcations in fundamental feedforward networks with high-dimensional internal dynamics. For bifurcation problems in which 
the generalized kernel at the bifurcation point fulfills an additional condition, cell-by-cell asymptotics turn out to be the same 
as in the case 1D. This follows almost directly from Corollary  4.16. In an arbitrary generic bifurcation problem only a slightly 
weaker statement holds. That is, the amplification effect as in (4.5) is the same in both cases. The precise square root order of 
each cell, however, is not necessarily the same in both cases. In order to properly formulate the results we make use of the tensor 
notation introduced in Section 2. In particular, we use indices and superscripts 𝟭 and 𝗗 with objects that have been defined before 
to indicate one-dimensional or 𝑑-dimensional internal dynamics, respectively, without explicitly defining them. For example 𝛤 𝟭

𝜙 is 
a fundamental network vector field with internal phase space R and internal dynamics 𝜙, while 𝛤𝗗

𝑓  is an admissible vector field of 
the same network with internal phase space 𝑊  and internal dynamics 𝑓 . 

Theorem 4.18. Consider a feedforward fundamental network with one-dimensional internal dynamics and a generic 1-parameter family 
of admissible vector fields satisfying the bifurcation assumption (4.4) formulated in the beginning of Section 4.1 with the absolutely 
indecomposable subrepresentation 𝑌 ⊂  𝟭 =

⨁

𝜎∈𝛴 R as the generalized kernel at the bifurcation point. Denote the set of all 1-parameter 
families of admissible vector fields satisfying the bifurcation assumption (4.4) with 𝑌  as the generalized kernel at the bifurcation point by

 =
{

𝛤 𝟭 |

| 𝛤 𝟭 generic and ker (𝐷 𝛤 𝟭(0, 0)) = 𝑌
}

.
𝜙
|

𝜙 0 𝑣 𝜙
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Furthermore, consider a generic 1-parameter family 𝛤𝗗
𝑓 ∶𝗗×R → 𝗗 of admissible vector fields on the same network with internal phase 

space 𝑊 ≅ R𝑑 with 𝑑 > 1 satisfying the bifurcation assumption (4.4) and the additional condition 
ker0(𝐷𝜔𝛤

𝗗
𝑓 (0, 0)) = 𝑌 ⊗ ⟨𝑤⟩ (4.19)

on the kernel in tensor notation, where 𝑤 ∈ 𝑊  (see Theorem  2.9).2 Then there is a generic 𝛤 𝟭
𝜙 ∈  such that 𝛤𝗗

𝑓  exhibits the same pattern 
of local branches of steady states with the same cell-by-cell asymptotics.

More precisely, the branches of steady states of 𝛤 𝟭
𝜙 are known from Propositions  4.7 and 4.8. Denote them by (𝑥𝜎 (𝜆))𝜎∈𝛴 , so that 

𝑥𝜎 ∼ 𝜆2−𝜇𝜎  with 𝜇𝜎 as in (4.5). Then each branch of steady states (𝑤𝜎 (𝜆))𝜎∈𝛴 of 𝛤𝗗
𝑓  uniquely corresponds to a branch (𝑥𝜎 (𝜆))𝜎∈𝛴 of 𝛤 𝟭

𝜙
and the square root orders are the same in both cases, i.e., 𝑤𝜎 ∼ 𝜆2−𝜇𝜎  for all 𝜎 ∈ 𝛴.

Proof. Let 𝛤𝗗
𝑓 ∶𝗗 × R → 𝑊  be a generic 1-parameter family of admissible vector fields with 𝛤𝗗

𝑓 (0, 0) = 0 and

ker0(𝐷𝜔𝛤
𝗗
𝑓 (0, 0)) = 𝑌 ⊗ ⟨𝑤⟩,

where 𝑌 ⊂  𝟭 is an absolutely indecomposable subrepresentation. Due to the center manifold reduction, the dynamics of 𝛤𝗗
𝑓  on 

its center manifold 𝑀𝑐 is bijectively conjugate to those of a generic vector field
𝐹 ∶ ker0(𝐷𝜔𝛤

𝗗
𝑓 (0, 0)) × R → ker0(𝐷𝜔𝛤

𝗗
𝑓 (0, 0)).

In particular, all bifurcating branches of steady states of 𝛤𝗗
𝑓  can uniquely be represented as branches of steady states of 𝐹  in 

ker0(𝐷𝜔𝛤𝗗
𝑓 (0, 0)) × R. As the center manifold reduction preserves symmetry, the generic steady state bifurcations of the reduced 

system are entirely classified by 𝛴-equivariance.
The same observation holds true for a generic 1-parameter steady state bifurcation in the case 1D. Let 𝛤 𝟭

𝜙 ∶
𝟭 × R → R be 

a generic 1-parameter family of admissible vector fields satisfying the bifurcation assumption (4.4). Its dynamics on the center 
manifold is bijectively conjugate to that of a generic equivariant system

𝐺∶ ker0(𝐷𝑥𝛤
𝟭
𝜙(0, 0)) × R → ker0(𝐷𝑥𝛤

𝟭
𝜙(0, 0))

In particular, if 𝛤 𝟭
𝜙 ∈  the generalized kernel satisfies

ker0(𝐷𝑥𝛤
𝟭
𝜙(0, 0)) = 𝑌

Once again, dynamics on 𝑌  is classified by 𝛴-symmetry. As a result, there is a generic choice 𝛤 𝟭
𝜙 ∈  such that 

𝐹 (𝑦 ⊗ 𝑤, 𝜆) = 𝐺(𝑦, 𝜆)⊗𝑤 (4.20)

(recall that every element in 𝑌 ⊗ ⟨𝑤⟩ can be represented as a pure tensor 𝑦 ⊗ 𝑤 from the proof of Lemma  2.7).
On the other hand, from Propositions  4.7 and 4.8, we know all branching solutions for a generic 𝛤 𝟭

𝜙 . In particular, for any branch 
(𝑥𝜎 (𝜆))𝜎∈𝛴 ⊂  𝟭 we know that 𝑥𝜎 ∼ 𝜆2−𝜇𝜎 , where the 𝜇𝜎 satisfy the ordering (4.7). Corollary  4.16 shows that the representation 
(𝑦𝜎 (𝜆))𝜎∈𝛴 on 𝑌  has the same cell-by-cell asymptotics 𝑦𝜎 ∼ 𝜆2−𝜇𝜎 . For this representation we have 𝐺((𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆) = 0 for all 𝜆 with 
small absolute value.

Applying (4.20) this directly implies
𝐹 ((𝑦𝜎(𝜆))𝜎∈𝛴 ⊗𝑤, 𝜆) = 𝐺((𝑦𝜎 (𝜆))𝜎∈𝛴 , 𝜆)⊗𝑤 = 0.

Hence, we obtain a branch of steady states of the generic equivariant vector field 𝐹  on 𝑌 ⊗ ⟨𝑤⟩ by attaching the vector 𝑤 ∈ 𝑊 ⧵{0}
to each coordinate of the branch 𝑦(𝜆):

(𝑦𝜎 (𝜆))𝜎∈𝛴 ⊗𝑤 ⊂ ker0(𝐷𝜔𝛤
𝗗
𝑓 (0, 0)).

Furthermore, as the dynamics on 𝑌 ×R and 𝑌 ⊗ ⟨𝑤⟩ ×R are determined by symmetry, we obtain all branches of steady states of 𝐹
in this way (the representation on 𝗗 via {𝐴𝜎 ⊗1𝑊

}

𝜎∈𝛴 is trivial in the ⟨𝑤⟩-component). In the original coordinates this branch 
is denoted by

(𝑧𝜎 (𝜆))𝜎∈𝛴 = (𝑦𝜎 (𝜆) ⋅𝑤)𝜎∈𝛴

(see (2.2)). In particular 𝑧𝜎 ∼ 𝜆2−𝜇𝜎 . Due to the center manifold reduction, this branch uniquely corresponds to a branch (𝑤𝜎 (𝜆))𝜎∈𝛴
of the full system governed by 𝛤𝗗

𝑓 . As (𝑦𝜎(𝜆))𝜎∈𝛴 satisfies the ordering (4.7) on its cell-by-cell asymptotics, Corollary  4.16 implies 
𝑤𝜎 ∼ 𝜆2−𝜇𝜎 . Note that all steps in this proof require the application of bijective maps. Hence, we indeed have a one-to-one 
correspondence between branches in the 1D-case and branches in the DD-case. □

Remark 4.19. Note that condition (4.19) imposes a restriction of generality. In general, due to Theorem  2.9, the generalized kernel 
is isomorphic — as a subrepresentation — but not equal to 𝑌 ⊗ ⟨𝑤⟩. ▵

2 In the original coordinates this means for any basis (𝑏1 ) ,… , (𝑏𝑘 )  of 𝑌  the elements (𝑏𝑖 𝑤)  span ker (𝛤𝗗(0, 0)).
𝜎 𝜎∈𝛴 𝜎 𝜎∈𝛴 𝜎 𝜎∈𝛴 0 𝑓
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Fig. 3. A 3-cell homogeneous feedforward chain.

Example 3.  We illustrate the previous remark by recalling Example  1 from the introduction. The network in Fig.  3 is the network 
in Fig.  1 after its input maps have been completed to a monoid. It is easy to see, that it is also a feedforward fundamental network. 
Similar to before, we observe that the linearization of a 1-parameter family of admissible vector fields satisfying the bifurcation 
assumption (4.4) is of the form 

𝐿 =
⎛

⎜

⎜

⎝

𝐴 𝐵 𝐶
0 𝐴 𝐵 + 𝐶
0 0 𝐴 + 𝐵 + 𝐶

⎞

⎟

⎟

⎠

,

 where 𝐴,𝐵, 𝐶 ∈ gl(𝑉 ). Under the assumption of non-critical maximal cells, we have a (generically simple) eigenvalue 0 of 𝐴 — 
i.e., 𝐴 = 0 in the case 1D —, while generically 𝐵 and 𝐶 are invertible and we compute 

ker𝟭0(𝐿
𝟭) =

⟨

⎛

⎜

⎜

⎝

1
0
0

⎞

⎟

⎟

⎠

,
⎛

⎜

⎜

⎝

0
1
𝐵
0

⎞

⎟

⎟

⎠

⟩

, ker𝗗0 (𝐿
𝗗) =

⟨

⎛

⎜

⎜

⎝

𝑌
0
0

⎞

⎟

⎟

⎠

,
⎛

⎜

⎜

⎝

𝑌 ′

𝑌
0

⎞

⎟

⎟

⎠

⟩

,

 where 𝑌 , 𝑌 ′ ∈ 𝑊  are such that 𝐴𝑌 = 0 and 𝐴𝑌 ′ =
(

1𝑉 − 𝐵
)

𝑌 . Hence, we see 

ker𝗗0 (𝐿
𝗗) ≠

⟨

⎛

⎜

⎜

⎝

𝑌
0
0

⎞

⎟

⎟

⎠

,
⎛

⎜

⎜

⎝

0
𝐵−1𝑌
0

⎞

⎟

⎟

⎠

⟩

≅ ker𝟭0(𝐿
𝟭)⊗ ⟨𝑌 ⟩.

 Nevertheless, it can easily be verified that 

𝐴𝗗
𝜎2

⎛

⎜

⎜

⎝

𝑌 ′

𝑌
0

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝑌
0
0

⎞

⎟

⎟

⎠

, 𝐴𝗗
𝜎3

⎛

⎜

⎜

⎝

𝑌 ′

𝑌
0

⎞

⎟

⎟

⎠

= 0

𝐴𝗗
𝜎2

⎛

⎜

⎜

⎝

0
𝐵−1𝑌
0

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝐵−1𝑌
0
0

⎞

⎟

⎟

⎠

, 𝐴𝗗
𝜎3

⎛

⎜

⎜

⎝

0
𝐵−1𝑌
0

⎞

⎟

⎟

⎠

= 0.

 In particular the actions of 𝜎2 and 𝜎3 on (𝑌 ′, 𝑌 , 0)𝑇  and on (0, 𝐵−1𝑌 , 0)𝑇  are conjugate. Hence, we have indeed 

ker𝗗0 (𝐿
𝗗) ≅

⟨

⎛

⎜

⎜

⎝

𝑌
0
0

⎞

⎟

⎟

⎠

,
⎛

⎜

⎜

⎝

0
𝐵−1𝑌
0

⎞

⎟

⎟

⎠

⟩

≅ ker𝟭0(𝐿
𝟭)⊗ ⟨𝑌 ⟩. ▵

Theorem  4.18 describes generic steady state bifurcations in a 𝗗𝗗-feedforward network only in the special case that the 
generalized kernel of the vector field is essentially equal to one that also occurs generically in the 1D-case. For a generic feedforward 
fundamental network with high-dimensional internal dynamics the result is slightly weaker. Here we only obtain the same cell 
asymptotics as in the 1D-case for cells 𝜎 ∈ 𝛴 for which 𝜇𝜎 > 𝜇𝜏 for all 𝜏 ⊳ 𝜎. In particular, this is the case for cells that are critical 
in the 1D-setting. In cells that are non-critical the square root order in the case DD is less than or equal to that in the case 1D. 
However, as amplification in the case 1D is only visible in the critical cells — 𝜇𝜎 increases only in critical cells (see (4.5)) —, this 
can be interpreted as the same amplification effect in steady state bifurcations in networks with high-dimensional internal dynamics. 
In order to make the notion of genericity precise, we need to make the following remark first. 

Remark 4.20.  Consider a generic 1-parameter family of admissible vector fields for a feedforward fundamental network 𝛤𝗗
𝑓 ∶𝗗×

R → 𝗗 satisfying the bifurcation assumption (4.4) in the case DD. As generic steady state bifurcations occur along absolutely 
indecomposable subrepresentations, we know that ker0(𝐷𝜔𝛤𝗗

𝑓 (0, 0)) is absolutely indecomposable. Furthermore, due to Theorem 
2.9, there is a decomposition into indecomposable subrepresentations

 𝟭 = 𝑌1 ⊕⋯⊕ 𝑌𝑠

such that

ker0(𝐷𝜔𝛤
𝗗
𝑓 (0, 0)) ≅ 𝑌𝑗 ⊗ ⟨𝑤⟩ ≅ 𝑌𝑗

for some 1 ≤ 𝑗 ≤ 𝑠. Any subrepresentation 𝑌𝑖 can occur in a generic 1-parameter steady state bifurcation in the case 1D. Furthermore, 
the subrepresentations are all absolutely indecomposable and in one-to-one correspondence with the eigenvalues of a generic linear 
admissible map (see [28]). This can readily be proven by exploiting the structure of upper triangular matrices using methods which 
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have been formalized in [39]. That is, there is a generic 1-parameter family of admissible vector fields for the same fundamental 
feedforward network 𝛤 𝟭

𝜙 ∶
𝟭 × R →  𝟭 satisfying the bifurcation assumption (4.4) in the case 1D such that

ker0(𝐷𝑥𝛤
𝟭
𝜙(0, 0)) ≅ 𝑌𝑗 ≅ ker0(𝐷𝜔𝛤

𝗗
𝑓 (0, 0)),

where the isomorphisms are isomorphisms of subrepresentations. ▵

Theorem 4.21. Consider a feedforward fundamental network with internal phase space 𝑊 ≅ R𝑑 with 𝑑 > 1. Let 𝛤𝗗
𝑓 ∶𝗗 ×R → 𝗗 be a 

generic 1-parameter family of admissible vector fields satisfying the bifurcation assumption (4.4). Then 𝛤𝗗
𝑓  exhibits the same amplification 

effect in its branching steady state solutions as a generic 1-parameter family of admissible vector fields for the same network with 
one-dimensional internal dynamics 𝛤 𝟭

𝜙 ∶
𝟭 × R →  𝟭.

That is, any branch (𝑤𝜎 (𝜆))𝜎∈𝛴 of steady states of 𝛤𝗗
𝑓  uniquely corresponds to a branch (𝑥𝜎 (𝜆))𝜎∈𝛴 of 𝛤 𝟭

𝜙 . These are known from 
Propositions  4.7 and 4.8. In particular, each cell 𝜎 ∈ 𝛴 is of square root order 𝜇𝜎 , i.e., 𝑣𝜎 ∼ 𝜆2−𝜇𝜎  with 𝜇𝜎 as in (4.5). Then

𝑤𝜎 ∼ 𝜆2
−𝜉𝜎 for all 𝜎 ∈ 𝛴,

where

𝜉𝜎

{

= 𝜇𝜎 for 𝜎 critical,
∈
{

0,… , 𝜇𝜎
}

for 𝜎 non-critical.

Here, criticality is to be understood with respect to 𝛤 𝟭
𝜙 — the definition of criticality depends on a non-invertible linearization of a 1-parameter 

family of admissible vector fields.

Proof. The general idea of the proof is similar to that of Theorem  4.18. Therefore, we omit some of the details and focus on the 
difficulties that arise when condition (4.19) is violated. Once again, dynamics restricted to the center manifold of a generic parameter 
dependent system 𝛤𝗗

𝑓 ∶𝗗 × R → 𝗗 satisfying the bifurcation assumption (4.4) is bijectively conjugate to that given by a generic 
equivariant vector field

𝐹 ∶ ker0(𝐷𝜔𝛤
𝗗
𝑓 (0, 0)) × R → ker0(𝐷𝜔𝛤

𝗗
𝑓 (0, 0)).

Due to Theorem  2.9, we know that 

𝗗 ⊃ ker0(𝐷𝜔𝛤
𝗗
𝑓 (0, 0)) ≅ 𝑌 ⊗ ⟨𝑤⟩, (4.21)

where 𝑤 ∈ 𝑊 ⧵ {0} and 𝑌 ⊂  𝟭 is an absolutely indecomposable subrepresentation. Remark  4.20 implies, that there is a generic 
1-parameter family of admissible vector fields 𝛤 𝟭

𝜙 ∶
𝟭 × R →  𝟭 for the same network with one-dimensional internal dynamics 

such that 

ker0(𝐷𝑥𝛤
𝟭
𝜙(0, 0)) ≅ 𝑌 ⊂ 𝟭. (4.22)

Generic dynamics — most importantly steady state bifurcations — on 𝑌  is uniquely determined by symmetry. On the other hand, 
the same holds for generic dynamics on ker0(𝐷𝑥𝛤 𝟭

𝜙(0, 0)). As in the proof of Theorem  4.18, these are also determined by the reduction 
of the generic system 𝛤 𝟭

𝜙 to its generalized kernel by the center manifold reduction. In particular, using Propositions  4.7 and 4.8 and 
Corollary  4.16, we obtain a unique representation (𝑦𝜎 (𝜆))𝜎∈𝛴 ⊂ ker0(𝐷𝑥𝛤 𝟭

𝜙(0, 0)) of each branch of 𝛤 𝟭
𝜙 such that 𝑦𝜎 ∼ 𝜆2−𝜇𝜎 , where 𝜇𝜎

is defined as in (4.5). In the same manner, we obtain all branching steady state solutions of a generic 𝐴𝟭
𝜎 ⊗1𝑊 -equivariant system

𝐺∶ ker0(𝐷𝑥𝛤
𝟭
𝜙(0, 0))⊗ ⟨𝑤⟩ × R → ker0(𝐷𝑥𝛤

𝟭
𝜙(0, 0))⊗ ⟨𝑤⟩

as

(𝑦𝜎 (𝜆))𝜎∈𝛴 ⊗𝑤 ⊂ ker0(𝐷𝑥𝛤
𝟭
𝜙(0, 0))⊗ ⟨𝑤⟩.

This is due to the obvious observation

ker0(𝐷𝑥𝛤
𝟭
𝜙(0, 0))⊗ ⟨𝑤⟩ ≅ ker0(𝐷𝑥𝛤

𝟭
𝜙(0, 0))

as representations with respect to 𝜎 ↦ 𝐴𝟭
𝜎 ⊗ 1𝑊  and 𝜎 ↦ 𝐴𝟭

𝜎 , respectively. In the remainder of this proof, it is convenient not to 
use the tensor notation but to rely on the original coordinates (𝑦𝜎𝑤)𝜎∈𝛴 ∈ ker0(𝐷𝑥𝛤 𝟭

𝜙(0, 0))⊗ ⟨𝑤⟩. In particular, the generic branch 
in ker0(𝐷𝑥𝛤 𝟭

𝜙(0, 0))⊗ ⟨𝑤⟩ becomes (𝑦𝜎(𝜆)𝑤)𝜎∈𝛴 . It satisfies

𝑦𝜎 (𝜆)𝑤 ∼ 𝜆2
−𝜇𝜎

for all 𝜎 ∈ 𝛴 as 𝑤 is fixed.
Using (4.21) and (4.22) we see that there is an isomorphism of subrepresentations

𝛹 ∶ ker (𝐷 𝛤𝗗(0, 0)) → ker (𝐷 𝛤 𝟭(0, 0))⊗ ⟨𝑤⟩.
0 𝜔 𝑓 0 𝑥 𝜙
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with inverse 𝛯. This isomorphism conjugates generic dynamics on the two spaces as it respects symmetry. In particular, all branches 
of steady states of the generic reduced system 𝐹  are of the form

(𝑧𝜎 (𝜆))𝜎∈𝛴 = 𝛯
(

(𝑦𝜎 (𝜆))𝜎∈𝛴𝑤
)

⊂ ker0(𝐷𝜔𝛤
𝗗
𝑓 (0, 0)).

Similar to the proof of Theorem  4.18 we have found a relation of the generic branches of steady states in the case DD to those in the 
case 1D. However, due to the characterization of (𝑧𝜎 (𝜆))𝜎∈𝛴 using the isomorphism 𝛯 it is not obvious what the square root orders of 
each cell are in this representation. Hence, we cannot apply Corollary  4.16 directly to obtain square root orders of the corresponding 
branches of 𝛤𝗗

𝑓 . Hence, we begin by investigating the effect of the isomorphism 𝛹 on cell-by-cell square root orders similarly to 
Lemmas  4.13 and 4.15. To that end, we extend 𝛹 and 𝛯 trivially to the full space, i.e., 𝛹,𝛯 ∶𝗗 → 𝗗. Hence, both maps are 
equivariant maps with respect to 𝜎 ↦ 𝐴𝗗

𝜎  (they are, however, only invertible when restricted to the respective subrepresentations). 
Due to the equivalence of equivariance and admissibility, they are therefore linear admissible maps for the feedforward fundamental 
network with internal phase space 𝑊 . In particular, both maps respect the partial order ⊴ so that we may write 

(

𝛹 ((𝑍𝜎 )𝜎∈𝛴 )
)

𝜏 = 𝓁𝜏 (𝑍𝜎 ∣ 𝜎 ⊵ 𝜏) = 𝓁𝑦𝜏 (𝑍𝜎 ∣ 𝜎 ⊵ 𝜏) ⋅𝑤, (4.23a)
(

𝛯((𝑌𝜎𝑤)𝜎∈𝛴 )
)

𝜏 = l𝜏 (𝑌𝜎𝑤 ∣ 𝜎 ⊵ 𝜏) =
∑

𝜎⊵𝜏
𝑌𝜎l

𝜎
𝜏 (𝑤), (4.23b)

where 𝓁𝜏 ∶𝑊 #{𝜎⊵𝜏} → 𝑊 , 𝓁𝑦𝜏 ∶𝑊 #{𝜎⊵𝜏} → R as well as l𝜏 ∶ ∶𝑊 #{𝜎⊵𝜏} → 𝑊  and l𝜎𝜏 ∶𝑊 → 𝑊  are suitable linear maps.
Similar to the proofs of Lemmas  4.13 and 4.15, we investigate the implications of this structure of the linear maps 𝛹 and 𝛯 on 

the cell-by-cell asymptotics of (𝑧𝜎(𝜆))𝜎∈𝛴 = 𝛯
(

(𝑦𝜎 (𝜆))𝜎∈𝛴𝑤
)

. By definition

𝑦𝜎 (𝜆) =

⎧

⎪

⎨

⎪

⎩

𝛼𝜎 ⋅ 𝜆2
−𝜇𝜎 + 

(

|𝜆|2
−(𝜇𝜎−1)

)

if 𝜇𝜎 ≥ 1,

(|𝜆|) if 𝜇𝜎 = 0,

where 𝛼𝜎 ∈ R ⧵ {0}. Consider a cell 𝜏 ∈ 𝛴 with 𝜇𝜏 = 0 first. By definition 𝜇𝜎 = 0 for all 𝜎 ⊵ 𝜏. Hence, using (4.23b) we obtain

‖𝑧𝜏 (𝜆)‖ =
‖

‖

‖

‖

‖

∑

𝜎⊵𝜏
𝑦𝜎 (𝜆)l𝜎𝜏 (𝑤)

‖

‖

‖

‖

‖

= (|𝜆|)

and, therefore, 𝑧𝜏 ∼ 𝜆. In particular 𝜏 is of square root order 𝜄𝜏 = 0 in that representation.
Next, consider a cell 𝜏 ∈ 𝛴 with 𝜇𝜏 ≥ 1. Then (4.23b) gives

𝑧𝜏 (𝜆) =
∑

𝜎⊵𝜏
𝑦𝜎(𝜆)l𝜎𝜏 (𝑤) = 𝜆2

−𝜇𝜏 ⋅ 𝜂𝜏 + 𝜘𝜏 (𝜆),

where 𝜂𝜏 ∈ 𝑊  and ‖𝜘𝜏 (𝜆)‖ = 
(

𝜆2−(𝜇𝜏−1)
)

. In particular, 𝑧𝜏 ∼ 𝜆2−𝜄𝜏  with 

𝜄𝜏

{

= 𝜇𝜏 if 𝜂𝜏 ≠ 0,
∈ {0,… , 𝜇𝜏 − 1} if 𝜂𝜏 = 0.

(4.24)

The second case can be avoided, if additionally 𝜏 is a critical cell with respect to 𝛤 𝟭
𝜙 . By definition, this implies 𝜇𝜎 < 𝜇𝜏 for all 𝜎 ⊳ 𝜏. 

Hence, (4.24) gives 

𝜄𝜎 ≤ 𝜇𝜎 < 𝜇𝜏 for all 𝜎 ⊳ 𝜏. (4.25)

As 𝛹 and 𝛯 are mutually inverse on the respective subrepresentations, we obtain

𝑦𝜏 (𝜆)𝑤 =
(

𝛼𝜏 ⋅ 𝜆
2−𝜇𝜏 + 

(

|𝜆|2
−(𝜇𝜏−1)

))

⋅𝑤

=
(

𝛹 ((𝑧𝜎 (𝜆))𝜎∈𝛴 )
)

𝜏

= 𝓁𝑦𝜏 (𝑧𝜎 (𝜆) ∣ 𝜎 ⊵ 𝜏) ⋅𝑤

=
(

𝛽𝜏 (𝜂𝜏 ) ⋅ 𝜆2
−𝜇𝜏 + 

(

|𝜆|2
−(𝜇𝜏−1)

))

⋅𝑤,

where 𝛽𝜏 ∶𝑊 → R linear. Therein, the last equation holds due to (4.25). Hence, 𝛽𝜏 (𝜂𝜏 ) = 𝛼𝜏 ≠ 0 which implies 𝜂𝜏 ≠ 0. Hence, due to 
(4.24), 𝜄𝜏 = 𝜇𝜏 so that 𝑧𝜏 ∼ 𝜆2−𝜇𝜏 .

Summarizing, we have shown that the representation (𝑧𝜎 (𝜆))𝜎∈𝛴 of the generic branch of steady states (𝑦𝜎 (𝜆)𝑤)𝜎∈𝛴 in 
ker0(𝐷𝜔𝛤𝗗

𝑓 (0, 0)) has cell-by-cell asymptotics 𝑧𝜎 ∼ 𝜆2−𝜄𝜎 . These do not satisfy the ordering (4.7) on all cells. However, for a cell 
𝜏 that is critical with respect to 𝛤 𝟭

𝜙 , we have that 𝜄𝜎 < 𝜄𝜏 for all 𝜎 ⊳ 𝜏. This follows from (4.25) and the fact that 𝜄𝜏 = 𝜇𝜏 for such 
𝜏. Due to the bijective conjugation between the dynamics of 𝐹  and those of the generic original system 𝛤𝗗

𝑓  restricted to its center 
manifold, each branch (𝑧𝜎(𝜆))𝜎∈𝛴 of steady states of 𝐹  uniquely corresponds to a branch of steady states (𝑤𝜎 (𝜆))𝜎∈𝛴 ⊂ 𝗗 of 𝛤𝗗

𝑓 . 
It can be computed as in (4.12)

(

(𝑤 (𝜆)) , 𝜆
)

=
(

1 𝑐 + 𝜓
)

(

𝑄′ ((𝑧 (𝜆)) , 𝜆
))

(4.26)
𝜎 𝜎∈𝛴  𝜎 𝜎∈𝛴
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using the map whose graph is the center manifold 𝑀𝑐 . It remains to be investigated, how the square root orders translate to this 
representation. From Corollary  4.16 and Remark  4.17 we immediately obtain 

𝑤𝜏 ∼ 𝜆2
−𝜄𝜏 = 𝜆2

−𝜇𝜏 (4.27)

for all cells 𝜏 ∈ 𝛴 that are critical with respect to 𝛤 𝟭
𝜙 , as the ordering (4.7) is satisfied for these cells as well as 𝜄𝜏 = 𝜇𝜏 .

We cannot apply Corollary  4.16 to cells that are not critical with respect to 𝛤 𝟭
𝜙 . However, using Lemma  4.15, we may take an 

intermediate step in (4.26) as
(

(𝑋𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

= 𝑄′ ((𝑧𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

⊂ 𝑐 ⊂𝗗 × R,

where 𝑐 is the generalized kernel of the linearization of the extended system at the bifurcation point 𝐷𝛤𝗗
𝑓 (0, 0) and 𝑄′ ∶

ker0(𝐷𝜔𝛤𝗗
𝑓 (0, 0))×R → 𝑐 is the isomorphism of 𝛴-representations given in (4.11). Then ((𝑋𝜎 (𝜆))𝜎∈𝛴 , 𝜆) is the unique representation 

of ((𝑧𝜎 (𝜆))𝜎∈𝛴 , 𝜆) in 𝑐 . Due to Lemma  4.15, the 𝑋-component of this representation exhibits the same cell-by-cell asymptotics as 
(𝑧𝜎 (𝜆))𝜎∈𝛴 , i.e.,

𝑋𝜎 ∼ 𝜆2
−𝜄𝜎

for all 𝜎 ∈ 𝛴.
Finally, as in (4.26) we have

(

(𝑤𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

=
(

1𝑐 + 𝜓
)

(

(𝑋𝜎 (𝜆))𝜎∈𝛴 , 𝜆
)

.

Hence, it remains to investigate what impact the map 
(

1𝑐 + 𝜓
)

 has on the square root orders of each cell. Lemma  4.13 does not 
apply to this situation, as the square root orders for the branch (𝑋𝜎 (𝜆))𝜎∈𝛴 are given by 𝜄𝜎 for all 𝜎 ∈ 𝛴 which do not respect the 
partial order ⊴ as in (4.7). Nevertheless, a proof similar to that of Lemma  4.13 allows for a characterization of the square root 
orders of the branch (𝑤𝜎 (𝜆))𝜎∈𝛴 . Recall from (4.15) that 𝜓 is trivial in the 𝜆-component, i.e., 𝜓(𝑋, 𝜆) = (𝜓

𝑋
(𝑋, 𝜆), 0), and 𝜓

𝑋
 is a 

parameter-dependent admissible map of the fundamental network. That is,
(

𝜓
𝑋
(𝑋, 𝜆)

)

𝜏
= 𝑞𝜏

(

(𝑋𝜎 ∣ 𝜎 ⊵ 𝜏), 𝜆
)

.

In particular, we compute 
𝑤𝜏 (𝜆) = 𝑋𝜏 (𝜆) + 𝑞𝜏 ((𝑋𝜎 (𝜆) ∣ 𝜎 ⊵ 𝜏), 𝜆), (4.28)

for all 𝜏 ∈ 𝛴, where 𝑞𝜎 (0, 0) = 0 and 𝑑𝑞𝜎 (0, 0) = 0.
Fix a cell 𝜏 ∈ 𝛴 with 𝜄𝜏 = 0. Then 𝜄𝜎 = 0 for all 𝜎 ⊳ 𝜏. Hence, we have ‖𝑋𝜎 (𝜆)‖ = (|𝜆|) for all 𝜎 ⊵ 𝜏 (which includes 𝜏). 

Therefore, from (4.28) we obtain
‖𝑤𝜏 (𝜆)‖ = ‖

‖

𝑋𝜏 (𝜆) + 𝑞𝜏 ((𝑋𝜎 (𝜆) ∣ 𝜎 ⊵ 𝜏), 𝜆)‖
‖

= (|𝜆|),

which is equivalent to 𝑤𝜏 ∼ 𝜆. That is 𝜏 has square root order 0 = 𝜄𝜏 = 𝜇𝜏 .
On the other hand, consider a cell 𝜏 ∈ 𝛴 with 𝜄𝜏 ≥ 1. We may focus on the case that 𝜏 is non-critical with respect to 𝛤 𝟭

𝜙 , as we 
have investigated the other case already in (4.27). By definition

𝑋𝜎 (𝜆) = 𝜆2
−𝜄𝜎 ⋅ 𝜗𝜎 + 𝜌𝜎 (𝜆),

for all 𝜎 ∈ 𝛴, where 𝜗𝜎 ∈ 𝑊 ⧵ {0} and ‖𝜌𝜎 (𝜆)‖ = 
(

|𝜆|2
−(𝜄𝜎−1)

)

. Hence, using (4.28) we obtain

𝑤𝜏 (𝜆) = 𝑋𝜏 (𝜆) + 𝑞𝜏 ((𝑋𝜎 (𝜆) ∣ 𝜎 ⊵ 𝜏), 𝜆) = 𝜆2
−𝜄𝜎 ⋅ 𝜗𝜎 + 𝜆2

−𝛶𝜏 ⋅𝜛𝜏 +𝛺𝜏 (𝜆),

where 𝜛𝜏 ∈ 𝑊 , ‖𝛺𝜏 (𝜆)‖ = 
(

|𝜆|2
−(𝜄𝜏−1) + |𝜆|2

−(𝛶𝜏−1)
)

 and 𝛶𝜏 = max𝜎⊵𝜏 𝜄𝜎 − 1. Recall that 𝜄𝜎 ≤ 𝜇𝜎 for all 𝜎 ∈ 𝛴. Furthermore,
𝜇𝜏 = max

𝜎⊳𝜏
𝜇𝜎 ,

as 𝜏 is non-critical for 𝛤 𝟭
𝜙 . Hence, we obtain

𝛶𝜏 = max
𝜎⊵𝜏

𝜄𝜎 − 1 ≤ max
𝜎⊵𝜏

𝜇𝜎 − 1 = 𝜇𝜏 − 1 < 𝜇𝜏 .

This proves 𝑤𝜏 ∼ 𝜆2−𝜉𝜏  where 𝜉𝜏 ≤ 𝜄𝜏 ≤ 𝜇𝜏 . □

Remark 4.22. In Theorems  4.18 and 4.21 we show that the 1-parameter family of admissible vector fields 𝛤𝗗
𝑓  in the case DD admits 

branching steady states that exhibit the same amplification effect as those of 𝛤 𝟭
𝜙 in the case 1D. In particular, cells that are critical 

with respect to 𝛤 𝟭
𝜙 exhibit the same asymptotics in both cases — the same holds for cells 𝜏 ∈ 𝛴 with 𝜇𝜏 = 0.

On the other hand, consider a cell 𝜏 with 𝜇𝜏 ≥ 1 that is non-critical with respect to 𝛤𝗗
𝑓 . Assume, furthermore, that for a specific 

branch of steady states (𝑤𝜎 (𝜆))𝜎∈𝛴 , we know 𝑤𝜎 ∼ 𝜆2−𝜄𝜎  with 𝜄𝜎 ≥ 0 for all 𝜎 ⊳ 𝜏. In order to determine the 𝜏-coordinate of this 
branch, the equation to be solved is

0 = 𝑓 (𝑤 ,… , 𝑤 , 𝜆).
𝜎1𝜏 𝜎𝑛𝜏
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Note that for all 𝜎 ∈ 𝛴 either 𝜎𝜏 = 𝜏 or 𝜎𝜏 ⊳ 𝜏. In particular, we may fill in the coordinates of the branch 𝑤𝜎 (𝜆) for all 𝜎 ⊳ 𝜏. The 
𝜏 equation reduces to a bifurcation equation on 𝑊

0 = 𝑔(𝑤𝜏 , 𝜆).

Due to the bifurcation assumption (4.4), we have
𝐷𝑤𝜏 𝑔(0, 0) = 𝐷𝑤𝜏 𝑓 (0, 0) =

∑

𝜎∈𝜏

𝑎𝜎

which is invertible as 𝜏 is assumed not to be critical. Therefore, we may apply the implicit function theorem to obtain
𝑤𝜏 (𝜆) = 𝐺((𝑤𝜎 (𝜆) ∣ 𝜎 ⊳ 𝜏), 𝜆)

such that
0 = 𝑔(𝑤𝜏 (𝜆), 𝜆) = 𝑓 (𝑤𝜎1𝜏 (𝜆),… , 𝑤𝜎𝑛𝜏 (𝜆), 𝜆)

for all 𝜆 close to 0. As 𝐺 is at least linear up to lowest order in all its arguments, we immediately obtain
𝑤𝜏 ∼ 𝜆2

−𝜄𝜏

with 𝜄𝜏 ≤ max𝜎⊳𝜏 𝜄𝜎 . In particular, no amplification may occur in a cell that is non-critical with respect to 𝛤𝗗
𝑓 . As a result, all cells 

that provide an amplification must be critical. Since these are precisely the ones that are critical with respect to 𝛤 𝟭
𝜙 , we obtain that 

the set of critical cells is the same in both cases. ▵

Remark 4.23. The bifurcation results in the case 1D in [28] are proven by bare-hands analysis exploiting the partial order in the 
network. The fact that the equation for cell 𝜎 depends only on the state variables of cells 𝜏 ⊵ 𝜎, allows for inductive computations of 
solutions. A similar approach is possible in the case DD as well. Computations in non-critical cells can be solved using the implicit 
function theorem (compare to Remark  4.22), critical cells require application of the Lyapunov-Schmidt reduction. However, taking 
care of the numerous different cases of branching patterns, depending on a large number of parameters in the equations, and in 
particular investigating genericity is at least tedious if not factually impossible, due to the arbitrary dimension of the internal phase 
space. ▵

5. Discussion

In the theoretical study of networked dynamical system, one often restricts to the case that the state of each unit evolves in 
a one-dimensional state space (typically a real vector space). However, many complex systems in applications do not inherently 
justify this restriction. For instance, coupled oscillators, unless reduced to phase dynamics, require at least a two-dimensional phase 
space. As a more specific example, the state of each Hodgkin–Huxley neuron in a network consists of four values describing the cell 
membrane’s capacitance, as well as its conductance to three different ions. Similarly, the positional variables of multiple interacting 
mobile agents in realistic applications require two or three spatial dimensions. In simplifications to one spatial dimension, the 
collective typically behaves vastly differently.

In this paper, we justify the restriction to one-dimensional phase spaces from a theoretical point of view. Specifically, we study 
how the representation theory of monoids can be exploited to study bifurcations of coupled cell systems with high-dimensional 
cell dynamics. It is known that homogeneous coupled cell systems with asymmetric inputs are related to monoids and their 
representation on the total phase space. This representation uniquely decomposes into indecomposable subrepresentations. We 
show that the dimension of the internal phase space only affects the multiplicity with which the components occur. Together with 
known transversality results for monoid equivariant bifurcation problems, this further leads to powerful statements about generic 
bifurcations in these networks. In particular, there is a minimal dimension for the internal phase space (depending on the number 
of parameters and the nature of the bifurcation) that is needed for all possible combinations of indecomposable subrepresentations 
that a given coupling structure allows to emerge in a generic bifurcation problem. Hence, all possible generic bifurcation problems 
for any dimension of internal phase space are equal to one of those in the minimal dimension in the sense that there is an equivariant 
isomorphism identifying them. As such, the emerging bifurcation patterns are ‘qualitatively the same’. This argument is based on 
the Lyapunov–Schmidt reduction. If more detailed knowledge about the generic bifurcation behavior of a given coupling structure is 
known, the center manifold reduction can be exploited for a fine-grained relation between bifurcation behavior for different internal 
phase space dimensions. This is exemplified in this paper at the hand of feedforward networks.

We would like to mention one notable treatment of the question how the dimension of cell-dynamics influences the qualitative 
bifurcation behavior, which was performed in [40]. While not being the main focus of their study, the authors prove that 1- and 
2-parameter bifurcations are effectively independent of the internal dimension (we believe this result to hold true for an arbitrary 
number of parameters). This apparent contradiction to our results in Section 3 stems from the fact that both works study entirely 
different classes of coupled cell systems. In fact, both classes are in some sense as different as they can be: While in this paper the 
network is assumed to be homogeneous — the dynamics of all cells are governed by the same function —, the networks in [40] are 
assumed to be fully inhomogeneous — the dynamics of all cells are governed by pairwise (generically strictly) different functions. Both 
approaches can be motivated by complex systems coming from applications in their own right. Their respective analyses however 
differ greatly. This can best be illustrated at the hand of a feedforward network in the sense of Section 4. As we have seen, the 
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homogeneity assumption leads to the phenomenon that multiple cells in the network can be critical at the same time which in turn 
causes higher multiplicities of critical eigenvalues in bifurcation problems. On the other hand, this effect can generically not occur 
in fully inhomogeneous networks, as the contribution of all cells to the spectrum is necessarily different. This in turn implies that 
the multiplicity of critical eigenvalues in a generic bifurcation problem is completely determined by the number of parameters.

Therefore, in our approach, we need to address high-dimensional center subspaces. To that end, we have the advantage that the 
homogeneity introduces monoid symmetries into the system whose representations and decompositions thereof can be exploited to 
combinatorically understand which components can make up the center subspace in a given generic bifurcation problem, as outlined 
above. This algebraic machinery is no longer available in the fully inhomogeneous context. In fact, fully inhomogeneous networks 
only have trivial monoid symmetries. However, the impact of high-dimensional cell dynamics can be circumvented in a more direct 
way. In fact, in a generic fully inhomogeneous network vector field, the impact of the different components of high-dimensional 
cell states on each other are all pairwise different. Hence, the state of a high-dimensional cell can instead be interpreted as the 
collection of states of multiple one-dimensional cells. This identification does not require any technical steps but is simply a change 
in perspective (or in notation for that matter). Hence, any bifurcation problem with high-dimensional cells can be identified with a 
bifurcation problem on a larger network with only one-dimensional cells. At this point, the authors of [40] go a step beyond what is 
provided in this paper: They fully classify all 1- and 2-parameter bifurcations in fully inhomogeneous networks with one-dimensional 
cells. By the argument outlined above, this result then immediately yields the same classification for high-dimensional cells.

CRediT authorship contribution statement

Sören von der Gracht: Writing — review & editing, Writing — original draft, Validation, Project administration, Methodology, 
Investigation, Formal analysis, Conceptualization. Eddie Nijholt: Writing — review & editing, Writing — original draft, Validation, 
Project administration, Methodology, Investigation, Formal analysis, Conceptualization. Bob Rink: Writing — review & editing, 
Writing — original draft, Validation, Project administration, Methodology, Investigation, Formal analysis, Conceptualization.

Declaration of competing interest

The authors declare the following financial interests/personal relationships which may be considered as potential competing 
interests: Sören von der Gracht reports financial support was provided by the Deutsche Forschungsgemeinschaft (DFG, German 
Research Foundation). Eddie Nijholt reports financial support was provided by the Dutch Research Council (NWO). Eddie Nijholt 
reports financial support was provided by the São Paulo Research Foundation (FAPESP). If there are other authors, they declare 
that they have no known competing financial interests or personal relationships that could have appeared to influence the work 
reported in this paper.

Acknowledgments

Parts of this work originated in Sören von der Gracht’s doctoral project and are contained in his thesis (‘‘Genericity in Network 
Dynamics’’, 2019 [41]), written under the primary supervision of Reiner Lauterbach (Universität Hamburg) and co-examined by 
Bob Rink (Vrije Universiteit Amsterdam) and Ana Paula Dias (Universidade do Porto). The author wishes to express his gratitude 
to the examiners for helpful comments, discussions, and support.

SvdG was partially funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation)—453112019.

EN acknowledges support from the São Paulo Research Foundation (FAPESP, grant no. 2024/00930-2).

This work is part of EN’s research program Designing Network Dynamical 
Systems through Algebra, which is financed by the Dutch Research Council 
(NWO).

Data availability

No data was used for the research described in the article.
33 



S. von der Gracht et al. Chaos, Solitons and Fractals 208 (2026) 118196 
References

[1] Golubitsky M, Stewart I. Nonlinear dynamics of networks: The groupoid formalism. Bull Am Math Soc 2006;43(03):305–65.
[2] Golubitsky M, Nicol M, Stewart I. Some curious phenomena in coupled cell networks. J Nonlinear Sci 2004;14(2):207–36.
[3] Field MJ. Combinatorial dynamics. Dyn Syst 2004;19(3):217–43.
[4] Battiston F, Cencetti G, Iacopini I, Latora V, Lucas M, Patania A, Young J-G, Petri G. Networks beyond pairwise interactions: Structure and dynamics. 

Phys Rep 2020;(874):1–92.
[5] Nijholt E, Ocampo-Espindola JL, Eroglu D, Kiss IZ, Pereira T. Emergent hypernetworks in weakly coupled oscillators. Nat Commun 2022;13(1):4849, eprint: 

35977934.
[6] Aguiar M, Bick C, Dias A. Network dynamics with higher-order interactions: coupled cell hypernetworks for identical cells and synchrony. Nonlinearity 

2023;36(9):4641–73.
[7] Bick C, Gross E, Harrington HA, Schaub MT. What are higher-order networks? SIAM Rev 2023;65(3):686–731.
[8] Boccaletti S, de Lellis P, Del Genio CI, Alfaro-Bittner K, Criado R, Jalan S, Romance M. The structure and dynamics of networks with higher order 

interactions. Phys Rep 2023;1018:1–64.
[9] von der Gracht S, Nijholt E, Rink B. Hypernetworks: Cluster synchronization is a higher-order effect. SIAM J Appl Math 2023;83(6):2329–53.
[10] Bick C, von der Gracht S. Heteroclinic dynamics in network dynamical systems with higher-order interactions. J Complex Netw 2024;12(2).
[11] von der Gracht S, Nijholt E, Rink B. Higher-order interactions lead to ‘reluctant’ synchrony breaking. Proc R Soc A: Math Phys Eng Sci 

2024;480(2301):20230945.
[12] Bick C, Field MJ. Functional asynchronous networks: Factorization of dynamics and function. MATEC Web Conf 2016;83(39):09001.
[13] Bick C, Field MJ. Asynchronous networks: modularization of dynamics theorem. Nonlinearity 2017;30(2):595–621.
[14] Bick C, Field MJ. Asynchronous networks and event driven dynamics. Nonlinearity 2017;30(2):558–94.
[15] Lerman E. Networks of open systems. J Geom Phys 2018;130:81–112.
[16] Schultz P, Spivak DI, Vasilakopoulou C. Dynamical systems and sheaves. Appl Categ Structures 2020;28(1):1–57.
[17] Rink B, Sanders J. Amplified Hopf bifurcations in feed-forward networks. SIAM J Appl Dyn Syst 2013;12(2):1135–57.
[18] Rink B, Sanders J. Coupled cell networks and their hidden symmetries. SIAM J Math Anal 2014;46(2):1577–609.
[19] Rink B, Sanders J. Coupled cell networks: Semigroups, Lie algebras and normal forms. Trans Amer Math Soc 2015;367(5):3509–48.
[20] Nijholt E, Rink B, Sanders J. Graph fibrations and symmetries of network dynamics. J Differential Equations 2016;261(9):4861–96.
[21] Nijholt E, Rink B. Transversality in dynamical systems with generalized symmetry. 2017, arXiv:1710.07152.
[22] Nijholt E, Rink B, Sanders J. Center manifolds of coupled cell networks. SIAM J Math Anal 2017;49(5):4117–48.
[23] DeVille L, Lerman E. Modular dynamical systems on networks. J Eur Math Soc 2015;17(12):2977–3013.
[24] DeVille L, Lerman E. Dynamics on networks of manifolds. Symmetry Integr Geom: Methods Appl 2015;11(22).
[25] Nijholt E, Rink BW, Schwenker S. Quiver representations and dimension reduction in dynamical systems. SIAM J Appl Dyn Syst 2020;19(4):2428–68.
[26] Golubitsky M, Stewart I. Dynamics and bifurcation in networks. Theory and applications of coupled differential equations. Other titles in applied 

mathematics, vol. 185, Philadelphia: Society for Industrial and Applied Mathematics; 2023.
[27] Aguiar M, Soares P. Steady-state bifurcations in coalescence of motif networks. Int J Bifurc Chaos 2025.
[28] von der Gracht S, Nijholt E, Rink B. Amplified steady state bifurcations in feedforward networks. Nonlinearity 2022;35(4):2073–120.
[29] Nijholt E, Rink B, Sanders J. Projection blocks in homogeneous coupled cell networks. Dyn Syst 2017;32(1):164–86.
[30] Aguiar M, Dias A, Soares P. Characterization of fundamental networks. Proc Roy Soc Edinburgh Sect A 2019;1–22.
[31] Schwenker S. Generic steady state bifurcations in monoid equivariant dynamics with applications in homogeneous coupled cell systems. SIAM J Math Anal 

2018;50(3):2466–85.
[32] Nijholt E, Rink B, Sanders J. Center manifolds of coupled cell networks. SIAM Rev 2019;61(1):121–55.
[33] Halmos PR. Finite-dimensional vector spaces. Springer eBook collection mathematics and statistics, New York, NY: Springer New York; 1958.
[34] Dias A, Lamb JS. Local bifurcation in symmetric coupled cell networks: Linear theory. Phys D 2006;223(1):93–108.
[35] Golubitsky M, Lauterbach R. Bifurcations from synchrony in homogeneous networks: Linear theory. SIAM J Appl Dyn Syst 2009;8(1):40–75.
[36] Leite MdCA, Golubitsky M. Homogeneous three-cell networks. Nonlinearity 2006;19(10):2313–63.
[37] Aguiar M, Ruan H. Interior symmetries and multiple eigenvalues for homogeneous networks. SIAM J Appl Dyn Syst 2012;11(4):1231–69.
[38] Dummit DS, Foote RM. Abstract algebra. 3rd ed.. Hoboken, NJ: John Wiley & sons Inc; 2004.
[39] Nijholt E, Rink B, Schwenker S. A new algorithm for computing idempotents of -trivial monoids. J Algebra Appl 2021;20(12).
[40] Gandhi P, Golubitsky M, Postlethwaite C, Stewart I, Wang Y. Bifurcations on fully inhomogeneous networks. SIAM J Appl Dyn Syst 2020;19(1):366–411.
[41] Schwenker S. Genericity in network dynamics (Dissertation), Von-Melle-Park 3, 20146 Hamburg: Universität Hamburg; 2019.
34 

http://refhub.elsevier.com/S0960-0779(26)00337-1/sb1
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb2
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb3
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb4
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb4
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb4
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb5
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb5
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb5
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb6
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb6
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb6
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb7
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb8
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb8
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb8
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb9
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb10
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb11
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb11
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb11
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb12
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb13
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb14
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb15
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb16
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb17
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb18
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb19
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb20
http://arxiv.org/abs/1710.07152
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb22
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb23
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb24
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb25
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb26
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb26
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb26
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb27
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb28
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb29
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb30
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb31
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb31
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb31
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb32
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb33
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb34
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb35
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb36
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb37
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb38
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb39
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb40
http://refhub.elsevier.com/S0960-0779(26)00337-1/sb41

	Homogeneous coupled cell systems with high-dimensional internal dynamics
	Introduction
	Preliminaries: Hidden symmetries in homogeneous coupled cell systems
	Dimension reduction in fundamental networks
	Implications for bifurcations of steady states
	Generic 1-parameter steady state bifurcations
	Generic 1-parameter Hopf bifurcations
	Generic l-parameter bifurcations
	Beyond qualitative statements using center manifold reduction
	Technicalities on the center manifold reduction
	Determining DD-branches from 1D-branches


	Steady state bifurcations in feedforward networks
	Summary of the case 1D
	Feedforward networks with high-dimensional internal dynamics

	Discussion
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgments
	Data availability
	References


