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ARTICLE INFO ABSTRACT

MSC: We investigate homogeneous coupled cell systems with high-dimensional internal dynamics. In
37G40 many studies on network dynamics, the analysis is restricted to networks with one-dimensional
37G10 internal dynamics. Here, we show how symmetry explains the relation between dynamical
20M30 behavior of systems with one-dimensional internal dynamics and with higher dimensional
2;2% internal dynamics, when the underlying network topology is the same. Fundamental networks of
Keywords: homogeneous coupled cell systems (compare to Rink and Sanders, (2014)) can be expressed in

terms of monoid representations, which uniquely decompose into indecomposable subrepresen-
tations. In the high-dimensional internal dynamics case, these subrepresentations are isomorphic
to multiple copies of those one computes in the one-dimensional internal dynamics case. This

Coupled cell systems
Network dynamics
Dimension reduction

Bifurcation theory has interesting implications for possible center subspaces in bifurcation analysis. We describe
Symmetry the effect on steady state and Hopf bifurcations in /-parameter families of network vector fields.
Monoid representation theory The main results in that regard are that (1) generic one-parameter steady state bifurcations

are qualitatively independent of the dimension of the internal dynamics and that, (2) in order
to observe all generic /-parameter bifurcations that may occur for internal dynamics of any
dimension, the internal dynamics has to be at least /-dimensional for steady state bifurcations
and 2/-dimensional for Hopf bifurcations. Furthermore, we illustrate how additional structure
in the network can be exploited to obtain even greater understanding of bifurcation scenarios
in the high-dimensional case beyond qualitative statements about the collective dynamics. One-
parameter steady state bifurcations in feedforward networks exhibit an unusual amplification in
the asymptotic growth rates of individual cells, when these are one-dimensional (von der Gracht,
Nijholt, and Rink, (2022)). As another main result, we prove that (3) the same cells exhibit this
amplifying effect with the same growth rates when the internal dynamics is high-dimensional.

0. Introduction

Dynamical systems as they arise in fields such as neuroscience (the workings of the brain), systems biology (metabolic systems),
and electrical engineering (power grids), exhibit the structure of a network. That is, they consist of nodes (neurons, proteins, power
stations) with connections between them and the behavior of one cell influences that of another. It usually does not suffice to
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Fig. 1. A 3-cell homogeneous feedforward chain.

understand the nature of the individual nodes to deduce the behavior of the network, and the specific interaction structure of a
network can produce remarkable dynamics. One of the most staggering examples is synchronization (e.g. the simultaneous firing
of neurons). The analysis of network dynamical systems is challenging as standard techniques are not tailored to the underlying
structure. In recent years, numerous approaches and formalisms have been put forward to robustly encode network structure
in dynamical systems. The groupoid formalism (see [1,2] and an equivalent definition in [3]) among other uses allows for the
classification of synchrony patterns in terms of balanced colorings of the network nodes. It has been generalized to hypernetworks
to specifically model groupwise and indirect interactions which have recently been identified in numerous applications as a main
driver of collective dynamics [4-11]. Asynchronous networks [12-14] and open systems [15,16] are aimed at flexibly and realistically
modeling real-world applications.

Slightly more specialized — that is, for the smaller class of homogeneous networks — is the approach via so-called homogeneous
coupled cell systems [17-22] (therein, also generalizations to non-homogeneous networks are made). After the category-theoretic tool
of graph fibrations was introduced to network dynamics (see [23,24]), the investigation of their implications on dynamical systems
made it possible to relate the behavior of homogeneous networks to algebraic properties of a representation of a semigroup. In
particular, the admissible vector fields of a lift of the network — the fundamental network — are precisely the vector fields that are
equivariant with respect to this representation. This is referred to as hidden symmetry. The observation sheds light on the — often
anticipated — connection between networks and symmetry in the context of homogeneous coupled cell systems. More precisely,
equivariant dynamics has proven to be a powerful tool to study the dynamics of complex systems by structuring and reducing
systems in terms of representation theory of classical symmetry groups. Even if many networks do not have classical symmetry
groups (i.e., graph automorphisms) their dynamics exhibit features that resemble those of symmetric systems. It turns out that more
general structures such as quivers, semigroups, and monoids adequately reflect the structural features of non-symmetric networks
and their representations can be exploited in a similar manner [18,25] — a strategy that we outline and pursue below.

Oftentimes, one is interested in generic bifurcations in network dynamical systems. These can be interpreted as a prediction of
bifurcation behavior that is dictated only by the network structure and independent of the specific system. Investigations range
from small examples to qualitative statements for entire classes of networks. The book [26] and references therein give an excellent
overview of the current state of the theory and some newer results can for example be found in [11,27]. A major issue in determining
generic bifurcations, say in a given network, is the computational complexity stemming from high-dimensional phase spaces. The
total phase space — the phase space of the entire network dynamical system — has at least one spatial direction for each cell of the
network. In order to reduce this difficulty to its minimum, one often restricts to the case where the internal phase space — the phase
space of a single cell - is one-dimensional. However, this often requires additional work either motivating this restriction from a
modeling point of view or demonstrating its meaning in more general systems, for instance as reduced dynamics.

In the following example, we illustrate in a very simple network an effect high-dimensional internal dynamics may have on the
dynamical analysis compared to one-dimensional internal dynamics.

Example 1. Consider the 3-cell homogeneous feedforward chain in Fig. 1. Its dynamics is governed by the system of ordinary
differential equations

oy = f(,00)
Uy = f(v,,13)
o3 = f(v3,03),

where v; € V is the state variable of cell i in the internal phase space V. In order to investigate dynamical phenomena - in particular
stability — one analyzes spectral properties of linearizations of the right hand side of such systems. Especially for the investigation
of generic steady state bifurcations one is interested in spectral properties of a generic linear right hand side - that is, a linear
admissible map —, which is of the form

A B 0
L=]10 A B
0 0 A+B

where A, B € gl(V) are generic linear maps on V. The spectrum of L is made up of the eigenvalues of A and those of A+ B, where
the eigenvalues of A occur with algebraic multiplicity 2, even though they are generically simple as eigenvalues of A. This spectral
degeneracy — a double eigenvalue is unheard of in a generic linear map without any additional structure - is independent of the
dimension of the underlying space V.

However, the investigation of generic steady state bifurcations also relies on information about the generalized eigenspaces of the
linearization at a bifurcation point. Let us, for simplicity, assume that A has an eigenvalue 0. In the case V' = R, this is equivalent
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to the assumption A = 0. In that case, we also have B # 0 generically. The generalized eigenspace of the eigenvalue 0 is spanned
by an eigenvector and a generalized eigenvector as

1 (0
E0:<0,E>
0} \o

If, on the other hand, ¥ = R? for some d > 1, the eigenvalue O of A is generically simple. Hence, there is an eigenvector v € V'
such that Av = 0 and no other (generalized) eigenvector. As we are assuming 0 is a simple eigenvalue of A, we have a direct sum
decomposition of V into the image of A and the span of v. Thus there exists a scalar ¢ € R and an element w € V such that

—Bv=Aw—cv or Aw = (c]lV - B) v.

Then the generalized eigenspace is spanned by the eigenvector with corresponding generalized eigenvector

1% w
E0=<O,u>.
0)\o

This structure significantly differs from the one in the case V' = R. The generalized eigenvector depends not only on B but also on
A. As A and B do not necessarily commute,

B~lv
0

is in general not a generalized eigenvector. Summarizing, already this simple 3-cell feedforward chain produces significantly different
spectral properties when the internal dynamics is high-dimensional. A

In this paper, we show that issues, such as the one illustrated in Example 1, only have a ‘controllable’ qualitative impact on
generic steady state bifurcations in homogeneous coupled cell systems. After briefly summarizing the formalism in Section 1, we
use techniques from representation theory to show that critical eigenspaces in bifurcation analysis of networks with high-dimensional
internal dynamics are in some sense the same as the ones we encounter in the one-dimensional case. In particular, this allows for
dimension-reduction. The main result of the first part of this paper is

Theorem. The decomposition of the monoid representation that is equivalent to the fundamental network with d-dimensional internal
dynamics is isomorphic to d copies of the decomposition of the total phase space of the same fundamental network with one-dimensional
internal dynamics. As a result, generic 1-parameter steady state bifurcations are (qualitatively) the same as in the one-dimensional internal
dynamics case. Moreover, any generic [-parameter bifurcation in a fundamental network with one-dimensional internal dynamics also occurs
generically in the same network with d-dimensional internal dynamics. Even more so, every generic I-parameter bifurcation that a given
fundamental network supports can be observed when the internal dynamics is of a minimal dimension d —, d = [ for steady state bifurcations
and d = 21 for Hopf bifurcations.

Throughout this paper, ‘the same’, ‘qualitatively the same’, ‘qualitatively equivalent’ in terms of bifurcations always means that
two equivariant bifurcation problems occur in phase spaces that are equivariantly isomorphic with respect to a representation of a
monoid. Hence, the class of generic bifurcation problems in both cases are literally the same in a suitably chosen basis. In particular,
this implies that the number of solution branches, their branching directions, the leading growth rates, and their stability properties
are locally the same. The main result is proved in multiple theorems. In Section 2, we provide the algebraic details by comparing
the decompositions of the monoid representations that are equivalent to the fundamental network structure with internal dynamics
of varying dimensions (Theorem 2.9). Implications for possible center subspaces in steady state or Hopf bifurcation analysis are
discussed in Section 3. We compare 1-parameter bifurcations to the one-dimensional internal dynamics case first (Theorems 3.1 and
3.2) and turn to arbitrary /-parameter bifurcations after (Theorem 3.6 to 3.8). The second part of this paper (Section 4), is devoted
to the application of these techniques and results to the class of feedforward networks. Generic 1-parameter steady state bifurcations
for such systems are described in full detail in [28] for one-dimensional internal dynamics. Here we use this knowledge to investigate
generic steady state bifurcations for high-dimensional internal dynamics. Finally, we close this article with a discussion and outlook
in Section 5.

1. Preliminaries: Hidden symmetries in homogeneous coupled cell systems

In this section we briefly summarize the underlying theory of homogeneous coupled cell systems in the language described in
[17-20,22,29]. To define a homogeneous network, we label the set of nodes (or cells) as C = {p,, ..., py} and denote the interaction
structure in the form of input maps ¥ = {o, ..., 0,}. Then each ¢, : C — C characterizes one specific input type, i.e., cell p receives
an input from cell o(p) via an arrow of color o.

Each cell has a state variable in the internal state space which is the same finite dimensional real vector space for all cells: v, € V.
The internal dynamics of a cell is governed by the same function f: V" — ¥V with arguments given by its inputs (see (1.1) below).
Using the same internal phase space and the same governing function for each cell reflects homogeneity. The total phase space is
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DpecV = V¥, for which we choose coordinates according to the cells of the network: v = (v,),ec = (v
is governed by the ordinary differential equations

T .
pyo e ,upN) . The dynamics

F@oypyy> -+ Vo)

D= Vf(U) — f(uﬁl(l?z)’ ’ Uﬁn(pz)) . (1.1)

F@oypyy > Vo))

Indicating the inputs of f for each cell by the input maps has the effect that a cell receives precisely one input of each type without
imposing (symmetry) relations between the arguments of f, hence the term asymmetric inputs. The network vector fields are also
referred to as admissible maps or admissible vector fields.

Linear admissible maps are of particular interest for the investigation of network dynamics. They appear as linearizations of
network vector fields of the form (1.1) at a steady state and are necessary for the determination of stability properties. It was shown
in Proposition 1.1 in [28] that the space of linear admissible maps is spanned by linear maps B, : VN — V¥ with (B, (1)), = Ug(p)
in the following sense: If L: VN — VN is linear and admissible, i.e., defined as in (1.1) for some linear internal dynamics, then L
is of the form

(Lv), = )" b,(B, (), (1.2)
ceX
where b, € gl(V) are linear maps on ¥ independent of p. In particular, if ¥ = R any linear admissible map L is a linear combination
of the B, i.e.,

L= b,B, 1.3)

cEX

for some b, € R using the identification gl(R) = R.

Remark 1.1. After choosing a labeling of the cells, the maps B, in the case ¥ = R can be interpreted as matrices that are also
known as the adjacency matrices of the network. Then B, encodes the interaction structure of the input map . On the other hand,
the linear maps can be interpreted as matrices with entries in gl(V') which have the same structure independent of the dimension
of the internal dynamics. Consequently, we refer to them as (generalized) adjacency matrices. a

We make two additional assumptions on the set of input maps X. We want it to include the identity map ¢, =1Id: C — C which
is natural in the sense that we require each cell’s dynamics to depend on its own state. Furthermore, we want X to be closed under
composition of maps. This means that every indirect input is also a direct input. Note that closedness can always be achieved by
considering the closure — the smallest set of input maps that is closed under composition and contains the original maps — or,
put differently by including concatenations of arrows in X. This is not a restriction as it only leads to an extension of the set of
admissible vector fields y,. For more details on these assumptions, consult the aforementioned references.

Summarizing, we assume that ¥ has the structure of a monoid, which is to say a group without inverses or a semigroup
with an identity. This algebraic property introduces hidden symmetry to homogeneous coupled cell systems via the following two
constructions. On the one hand, we may define a second network which has nodes labeled by the elements of *~ and the same
input maps X as before. The inputs are now given by multiplication from the left: 6: ¥ — X,z — o7. This network is called the
fundamental network. Its construction is essentially the same as for the left Cayley graph of X. The total phase space is @, .5 V = V"
with coordinates chosen accordingly again: X = (X;),esx = (X, ..., X, ). The dynamics is governed by

f(Xﬁlﬂl""’X%G])
X:Ff(X): f(X"l"Z":"’X"n”Z)

JCAPRS

Note that we use the same governing function f and the same internal state space V' for both networks.

On the other hand, we can construct the regular representation ¢ — A, of ¥ on V", denoted by (V", A,), where we identify
@,cs V with V. The — in general non-invertible — linear maps for the action of X are defined by multiplication from the right
via (4,X), = X,, for 0,7 € X. They satisfy the standard properties of representation maps, i.e., Ay = 1,,» — the identity on V"
—and A A, = A, for all 6,7 € X. The relation between the two constructions is that it can be seen that the class of equivariant
vector fields on (V", A,) is precisely the same as the class of admissible vector fields I, for the fundamental network (Theorem 3.11
in [18]):

{n

Hence, the investigation of fundamental network vector fields can be performed using symmetry properties.

fec® <@ vV, V> } = {FeC®(V",V")| FoA, = A,oF forallo € X}. 1.4

ceEX

Corollary 1.2. Reformulating the definitions of adjacency matrices in terms of fundamental networks, we see that these are defined via
multiplication from the left in %, ie., (B,(X)), = X,,. Additionally, we may compute that the B, respect the multiplicative structure of X,
now in the sense that B,y = 1., and B, B, = B,,. Due to (1.4), these adjacency matrices span the space of all linear equivariant maps —
also called endomorphisms — as in (1.2) and (1.3).
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The contribution of the fundamental network to the analysis of the dynamics of the original network stems from the fact that,
using technical tools called graph fibrations [23,24], one can show that the admissible vector fields of the two networks are semi-
conjugate. In particular there exist linear maps z,,: V" — VN for each p € C — non-invertible in general — such that z,ol; = ysom,.
Even more specifically, under the mild additional assumption that the original network contains a cell that receives an input from
every other cell, the original network can be retrieved as a quotient network of the fundamental network. This means that there
exists a balanced coloring (see [1]) of the nodes of the fundamental network, such that identification of nodes of the same color gives
rise to the original network. This has the effect that the total phase space of the original network — and with that its dynamics —
is a synchrony subspace of the total phase space of the fundamental network. The condition to be fulfilled for this to be true —
sometimes also referred to as backward connectivity [30] — is not very restrictive, as indirect inputs are to be considered as direct
inputs in this setting. The semi-conjugacy between the dynamics of the two networks — or the quotient relation — together with
the equivariance of the fundamental network vector fields (1.4) is what coins the term hidden symmetry. For full details on these
constructions see [18,20,22].

In order to investigate dynamical properties such as bifurcations, we may now analyze the fundamental network using techniques
from equivariant dynamics. In fact, many techniques from dynamics with underlying compact Lie group symmetry can be applied
in a similar way (see [18,19,22]). In order for a bifurcation to occur, the steady state of a system of the form (1.1) has to change its
stability properties when one or multiple parameters vary. More precisely, one or multiple eigenvalues of the linearization L have
to cross the imaginary axis. The bifurcation then occurs along the generalized kernel kery(L) or the center subspace X¢ — i.e., the
generalized eigenspace to the critical eigenvalues — of L. As the system is equivariant, it can be seen that the generalized kernel
and center subspace are invariant under the action of X, they are so-called subrepresentations.

On the other hand, it is known that any representation of a monoid uniquely (up to isomorphism) decomposes as a direct sum
of indecomposable subrepresentations. That means

V=W, @ @ W, (1.5)

where W, for all 1 <i < k is a subspace satisfying A, W; C W; for all ¢ € ¥ and that cannot be decomposed further into non-trivial
subspaces satisfying the same property. These indecomposable subrepresentations can be classified as being of real type — also called
absolutely indecomposable —, complex type or quaternionic type. This terminology is essentially identical to the one in the context of
group representations. It indicates that the space of endomorphisms of the respective subrepresentation contains a real, complex,
or quaternionic structure. However, these specific details are of no particular importance in the remainder of this article.

Summarizing, this means that the generalized kernel and center subspace are isomorphic to the direct sum of some of the
indecomposable components: kero(L) = W; @ - @ W with | < i; < - < i; < k and accordingly for X¢. Furthermore, one
can determine which configurations of these components and their types can generically be present in an /-parameter bifurcation
(see [31] for the 1-parameter case and [21] for the /-parameter case). For example, in a l-parameter steady state bifurcation
the generalized kernel is generically exactly one absolutely indecomposable subrepresentation. In a generic 1-parameter Hopf
bifurcation the center subspace is either the direct sum of two isomorphic components of real type or one component of complex
or of quaternionic type. In general, for every fundamental network for which the decomposition of its regular representation into
indecomposable components is known, we now have a systematic way of classifying the generic bifurcations and mode interactions
in (multi-parameter) bifurcation problems.

In the remainder of this paper we frequently compare properties of dynamical systems with the same underlying network
structure with one- and d-dimensional internal dynamics, where d > 1. To avoid confusion when setting them side by side we
introduce some notational conventions. In general, we distinguish these two settings by referring to them as the cases 1D and DD,
respectively. Oftentimes, the distinction is highlighted in the notation by a super- or subscript 1 (1D) or D (DD). We denote the
internal phase spaces by ¥ =R or V = W ~ R?. If we do not want to specify one of the two cases — i.e., if an observation holds
for both cases simultaneously — we keep on denoting the internal phase space by V. In particular, we have coordinates in the total
phase spaces given by (x,),ec € D,ec R. (Wy)pec € Dpec W and (vy)pec € D¢ V- Note that in the case 1D we commonly use the
basis

{(5p,q)pec}qec (1.6)

for the total phase space @f\:{ | R, where §,, is the Kronecker delta, which equals 1 if p = g and 0 otherwise. The majority of the
investigations in this paper focuses on fundamental networks. For these, we abbreviate the total phase spaces by N = @ - R and
NP =@, s W. The coordinates on these spaces are denoted by x = (x,)yex € N0 = (W,)5ex € NP and v = (v,),e5 € Dpes Vs
instead of the capital letters X, used above. Finally, recall that the total phase space of the fundamental network is the representation
space of the right regular representation of the monoid of input maps ¥. We denote the linear maps by which its elements act on
N1 and NP by Al and AP, respectively. They are defined by

(Alx)f = X;5s (AECO)T =W,

in accordance to (1.4). After choosing coordinates for both spaces that respect the network structure — as above —, the
representation maps can be interpreted as matrices. They have a very similar structure in both cases. The maps A} have one entry
1 per row and all the other entries equal to 0. The matrices AP have the same structure, but now the entries come from the ring
gl(W) of linear maps on W. Hence, whenever A! has an entry 1, AP has an entry 1. Accordingly an entry 0 in A! corresponds
to an entry 0 € gl(W) in AP. Compare also to the generalized adjacency matrices (Remark 1.1).
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2. Dimension reduction in fundamental networks

In this section, we investigate the relation between networks with one-dimensional internal dynamics, i.e., ¥V = R, and those
with arbitrary finite-dimensional (d-dimensional), real vector spaces as internal phase spaces. This serves as a motivation for the
restriction to the former case which is often done in bifurcation analysis of steady states. As was laid out in Section 1, one typically
restricts to the analysis of generic vector fields on the (generalized) kernel of the linearization at the bifurcation point, in order
to qualitatively investigate steady state bifurcations. The technical tool for this is Lyapunov-Schmidt reduction. For more detailed
results (e.g. stability properties of branching solutions) one computes the center manifold, which is a graph over the center subspace.
These methods were thoroughly described in [18,22,32] for homogeneous coupled cell systems (1.1). In this section, we mostly
restrict the investigations to fundamental networks. As was pointed out in Section 1, this has the advantage that the reduction
methods can be performed to respect symmetry: the generalized kernel and center subspace are subrepresentations and the reduced
vector fields are precisely the equivariant ones on the respective subrepresentation. The bifurcation results for the original network
can then be regained by restriction to a synchrony subspace. It turns out, that the generalized kernels and center subspaces in both
cases (1D and DD) are strongly related due to the monoid symmetry. In particular, for 1-parameter steady state bifurcations, the
case DD leads to ‘the same’ generalized kernels and center subspaces as one would obtain in the case 1D. The bifurcation patterns
are therefore qualitatively equivalent.

One of the main tools in this section is a representation of the total phase space in the case DD in tensor product notation. To
that end, we may identify

Pw = <@ ]R) OW. (2.1)

peC peC

In particular, we may split each (w,),ec € @,ec W as a sum of vectors that have precisely one non-vanishing coordinate entry:
(W) pec = > gecGpqWp)pec- This can be represented as a sum of pure tensors

Z(‘Sp,q)qec ®w, (2.2)
peC
using the basis for B, R as in (1.6). Note that this notation as the sum of pure tensors is not unique, since multiple sums of pure

tensors can represent the same element (w),),ec € ,cc W For example,

(6p.g)pec ® swy, = 5(5, 1) pec ® W,

for a scalar s € R. However, in critical cases like this the tensors are identified via an equivalence relation. Hence, the representation
via tensors in (2.2) is unique. For more on this see the details and definitions of tensor products of vector spaces (e.g., in [33]).
This formalism allows for a graphical interpretation of attaching a vector space to each cell instead of using vectors of vectors and
block matrices. It has been used, for example, in [34-37] to describe adjacency matrices and their spectral properties for networks
with higher-dimensional internal dynamics. Note that the isomorphism in (2.1) is a mere identification of notations.

Remark 2.1. The representation (2.2) relies on the fact that for two finite-dimensional vector spaces A and B with bases {g;};c;
and {b;},c; the elements {a; ® b;},cs je; form a basis for the tensor product A ® B. In particular, given a basis {b;,...,b,} for W,
we can represent each element (w,),ec € Dpec W as

d d
Z(ép»q)qec Quw, = Z Z(‘Sp,q)qec ®af b= Z Zaf’ " (Bpg)gec ® by

peC peC i=1 peC i=1
where w, = afb; + - +ahb;. A
The tensor product formalism allows us to give a precise characterization of linear admissible maps in the case DD. Recall
from (1.2) that any linear admissible map L: €,cc V — @D,ec V' can be represented using the generalized adjacency matrices B,

defined by (Bs(Up)pec)y = Us(q)- Using the tensor notation, we see that these matrices from the case 1D are sufficient to represent
linear admissible maps also in the case DD.

Proposition 2.2. Define the 1D linear map B! : Diec R = D,ec R through B (x))pec)y = Xop for all o € X. Then any linear
admissible map in the case DD L: @ ,cc W — @ ,cc W is of the form

L= Bl®b, (2.3)

cEX

for suitable linear maps b, € gl(W).

Proof. Let L: P,cc W = D,cc W be a linear admissible map. According to (1.2) there are linear maps b, € gl(w) foreach o € =
such that

(LW gec)y = D bo(BR(w,)yec), = X boty(y)

ceEX =3
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in the non-tensor notation, where (BE(wq)qec)p = Wy, In the tensor notation (2.2), L((w,),ec) can therefore be represented as

Lwg)gec) = 2(5p.q)qec ® Z be(We ) = Z z(5p,q)qec ® by (Wy(p))- (2.4)

peC ceX peCoeX

On the other hand (B:-((Sp,q)qec)r which equals 1 if » € 6~!(p) and 0 otherwise. In particular,

= %o
1
B, (8y4)qec = 2 (8r.9)qec-
res!(p)
Using the tensor notation (2.2), i.e., representing (Wy)gec as
Z (5ﬂ.q)q€C ® Wy,
peC

we compute

[Z B, ® b“] <Z(5ﬁ,q)q€C ® wp) = Z 2 B (8p4)gec ® by (1))
o€X peC c€eX peC
Z Z z (6r.4)gec ® (bswo'(r))

0€X peC res—1(p)

Z Z(ar,q)qec ® (bown'(r)) . (25)

ceX reC

Therein the last equation holds since {a"(p) |peC } forms a partition of C for all ¢ € X. As (2.4) and (2.5) agree, this completes
the proof. []

Remark 2.3. Note that the tensor notation is also applicable in the case 1D. Then in (2.2) and (2.3) we tensor with a scalar.
Furthermore, gl(R) = R so that application of a linear map can be identified with scalar multiplication. This only plays a role in
cases where we do not explicitly distinguish between 1D and DD. &

Furthermore, we may also describe robust synchrony subspaces in the tensor notation. It is well known that these are in
one-to-one correspondence to balanced partitions of the cells of the network (see for example [1,3] for an exact definition).

Proposition 2.4. Let P = { P, ..., P,} be a balanced partition of the cells C and let

4y, = { x)ec € PR

peC

A = { wy)ec € P W

peC

x,=x, if pgeP forsomeISiSr},

wy, = w,, if p.q€P forsomelstsr}

be the corresponding synchrony subspaces for one- and for high-dimensional internal dynamics, respectively. Then
Doyl
AB=aew.
Proof. The result follows almost directly from the characterization of bases of tensor products in Remark 2.1. The synchrony subspace
A}, is spanned by elements {(x;) pecs > (X)) ec ], Where xfu =1if pe P, and x; = 0 otherwise. Hence,
{@pec®b, | i=1,randj=1,....a} (2.6)

is a basis of A}, ® W, when {b,,...,b,;} is a basis of W.
On the other hand, let py, ..., p, € C be a set of representatives of the partition P, i.e., p; € P,. Then every element (w,),ec € A}D,
can be represented as

p
(Wypec = Z(x; Wy )pec
i=1
using the basis of A},, since w, = w,, if p € P,. Furthermore, every element w), is of the form

i b,

wPr =

™-

i
@ b;
1

J
using the basis of W. Hence, we obtain

d

(W))pec = 2 2 @ (%, by)pec-

i=1 j=1
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In particular, we see that
{(x;-b/-)pec i:l,...,randj:l,...,d} 2.7)

is a basis of A?,. Representing these basis elements in their respective tensor notation (2.2) shows that (2.7) agrees with (2.6) which
completes the proof. []

From now on, we focus on fundamental networks. We want to understand the structure of the regular representation and its
decomposition into indecomposable subrepresentations (1.5) to determine all possible generalized kernels when the internal phase
space has dimension greater than 1. As it turns out, this is strongly related to the case 1D.

The main goal of this part is to prove Theorem 2.9, which states that the indecomposable subrepresentations in the decomposition
of the total phase space (1.5) are independent of the dimension of the internal phase space. In fact, only their multiplicities are varied
by increasing this dimension. The proof of this result relies on multiple technical steps in the upcoming propositions and lemmas that
aim at making the intuition that the tensor representation suggests rigorous. We first prove that the right regular representations
of the monoid X~ on N and on NP are isomorphic. Then, we need to ensure that the tensor representation also behaves well
when decomposing N'! into indecomposable components. The result for AP then follows by simultaneously decomposing N into
indecomposable components and W into one-dimensional subspaces spanned by single basis vectors.

Proposition 2.5. The X-representation {AP},.5 on NP is isomorphic to N'' @ W on which ¢ € X acts as A] ® 1.

Proof. The main idea for the proof is the interpretation of the total phase space NP as having the vector space W attached to each
cell of the network. These are in 1-to-1 correspondence to the coordinates in (x,),ex € N = @, R. Hence, we assign a vector
w, € W to each coordinate x, which is reflected in the tensor notation N'' @ W'.

First, note that both vector spaces have dimension »-dim W. Hence, they are isomorphic as such. An isomorphism can be defined
as

o N'@W - NP
(xa)JEZ uwr (xaw)crEZ’

which is linearly extended to non-pure tensors (sums of elements (x,),c> ® w). Note that this, except for the transposition, coincides
with the often used identification of (x,),cs ® w with the outer product (x,),esw’ = (x,w!)ges.
As in (2.2), we may uniquely split each @ = (w,),cs € NP as a sum of vectors that have precisely one non-vanishing coordinate
entry: (W,)pes = X rex(65:W,)ses- Hence, the map
v (wo‘){rEZ = 2(66,1)062 ® w;
T€EX

is inverse to @. In particular,

L4 (@((XO)UEZ ® w)) =¥ ((ch)ael)

=¥ < Z (66,1x6w)662)

TEX

= z (56,1)662 ® (xo'w)

T€EX

= Z(Bo,rva)aez ®w

T€EX
= ('XD')O'EZ ® w,

which extends linearly to non-pure tensors. Recall that the basis {(6, ,)ycx},cx C N corresponds to the cells of the network.
Therefore, we may interpret ¥ as the map that picks the vector w, in the o-entry and attaches it to cell ¢ via the tensor product.
It remains to be checked that @ intertwines the two X-representations. In order to do so, we compute

@ (147 ® Ly (X )oex ® W) = P(Xgo)ex ® W) = (X t)sex
but also
ARD(x,)pes ® W) = A (X, t0)pe 5 = (XorWges-
Equivariance on non-pure tensors follows from linearity of the representation matrices. This proves equivalence of the

representations. []

Remark 2.6. Combining Corollary 1.2 and Proposition 2.2 we see that any endomorphism L € Ends(N' ® W) of the regular
representation that characterizes the fundamental network is of the form (2.3) in the tensor notation, i.e.,

L=Y B,®b,

ceX

for linear maps b, € gl(W). a
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The tensor notation relates the representation NP in a straightforward way to the representation N'! of the fundamental
networks in the cases DD and 1D, respectively. Understanding the structure of the representation, especially its decomposition
into subrepresentations, is essential for the investigation of generic dynamics. We now relate the decomposition of N'' ® W to that
of N'!. It is well known that the tensor product commutes with direct sums: if A and B are vector spaces with A = A; @ A,, then
A® B = (A; ® B) ® (4, ® B) (see for example Theorem 17 in [38]). In particular, projections z,,z, € g[(A) onto A; and 4,,
respectively, can be extended to projections 7; ® Lz, 7, ® 1 € gl(A ® B) onto (4; ® B),(A, ® B), respectively. Applied to the
above setting, this even applies to decompositions into subrepresentations: If N1 = Y; @ Y, where Y; and Y, are subrepresentations,
the projections z, and r, are equivariant with respect to {A!},cy. Then 7, ® 1, and 7, ® 1, are equivariant with respect to
{A; ®1l, }eex- Thus, N TQW = Y, @ W)@ (Y, ® W) as a decomposition into subrepresentations. The same constructions works
for a decomposition of W.

Lemma 2.7. Suppose Y C N is a subrepresentation with respect to {Al}ae s and let w € W \ {0} be an arbitrary element. Then
Y @ (wy c N1 @V is a subrepresentation with respect to {A] ® 1y, },c. Furthermore, Y ® (w) =Y as subrepresentations.

Proof. We first note

W®riw+ - +y @riw=riy QW+ --+r.y Qw
=y + ) Qw

for an arbitrary formal sum in Y ® (w), i.e., y,...,y, € Y and r(,...,r, € R. Hence, every element in Y ® (w) can uniquely be
expressed as a pure tensor y @ w with y = (r;y, + -+ + r,y,) € Y. Therefore, we may identify y ® w with y which is equivariant by
definition of the representation maps. This proves the claim. []

Remark 2.8. In particular, if Y is indecomposable of a specific type, the same holds for Y ® (w), due to equivalence of the
representations. A

We obtain the main result of this section as a corollary of the above.

Theorem 2.9. Suppose N1 = Y, @ - @ Y, as a decomposition into indecomposable subrepresentations with respect to {A!},c>. Let
{by,...,by} be a basis for W. Then

s d
NP=NTeW =PEPY ®®) (2.82)
i=1 j=1
=P/ (2.8b)
i=1

as a decomposition into indecomposable subrepresentations with respect to {A; ® 1y, },cs.

Remark 2.10. Note that the first isomorphism in (2.8a) is only an identification of different notations. The second relation however is
an equality. Hence, we may identify the fundamental network representation space NP in the case DD with the decomposition given
in that equation without changing the coordinates. In particular the network structure is preserved by this identification. On the other
hand, not every decomposition of AP is of the form (2.8a). However, as the decomposition into indecomposable subrepresentations
of a monoid representation is unique up to isomorphisms, every indecomposable component W; ¢ AP is isomorphic to one of N1,
ie, W, @Y, ® (w) Y, after relabeling the indices, but they are not necessarily equal. Nonetheless, every decomposition of N
gives rise to a decomposition of N'P as in Theorem 2.9. a

Corollary 2.11. Let W' and W? be two finite-dimensional real vector spaces that we choose as internal phase spaces of a fundamental
network. Furthermore, assume dim W' < dim W2 Then there is a subrepresentation U C @ 5 W? such that

Ug@wl.

ceX
Proof. This follows directly from (2.8b). []

Finally, we show that the identification of indecomposable subrepresentations in the cases 1D and DD respects synchrony
subspaces. This is particularly relevant in the analysis of bifurcations, as it implies that the restriction to the case 1D does not
change patterns of synchrony. In particular, this holds true for those patterns of synchrony that provide the original network as a
quotient of the fundamental network. We need the following technical result on subspaces of tensor product spaces. The proof is
elementary. It is included here, because we could not find a suitable reference in the literature.



S. von der Gracht et al. Chaos, Solitons and Fractals 208 (2026) 118196

Lemma 2.12. Let A and B be finite-dimensional real vector spaces and let A, A, C A and By, B, C B be subspaces. Then (A; ® B;) n
(A, ® By) =(A; N A,)) ® (B; N B,) as a subspace of A® B.

Proof. This result follows from the representation of a basis of the tensor product space in terms of bases of the components in
Remark 2.1. Let {a;};,c; and {b;},c; be bases of A and B, respectively, and let I}, I, C I and J;,J, C J be subsets such that

Ay ={q |i€l), Ay=(a; |i€el)
By =(b; |jeJ)y, By=(b;|je).

Note that I, I; and I, can be constructed by completing a basis of A; n A, to bases of A; and A,. Then the set of all basis elements
of A, and A, is completed to a basis of A. Accordingly we construct J, J;, and J, for B from a basis of B; n B,. In particular, we
obtain

AinAy={(a |ielnl), BinB,=(b; |jenJy).
Hence, using Remark 2.1 we see
(A|NA)Q® (B NBy)=(aq;®b; |[icnandjeJ nJ).
On the other hand
A ®B =(aq,®b; |[iclandjeJ ), (4 ®By)=(q;®b; |icLandjeJ,).
Thus,
(Al®B)NA, ®By) =(a;®b;, |iel)nland j€J nJ,)
which completes the proof. []

As a corollary of Proposition 2.4 and Lemma 2.12 we obtain

Proposition 2.13. Let P = { P, ..., P,} be a balanced partition of the cells ~ of the fundamental network and let A}, and A'ID, denote the
corresponding robust synchrony subspaces in the case 1D and DD, respectively. Furthermore, let Y ¢ N'! be an indecomposable component

and U ¢ NP such that U 2 Y ® (w) =Y. Then

Bavzalew)n ®w)=uULny)® (w).

3. Implications for bifurcations of steady states

In Theorem 2.9, we describe the relation between the algebraic structures of a given fundamental network in the cases 1D and
DD. In particular, decomposing the regular representation in the case 1D provides a decomposition in the case DD by choosing a
basis for W. In this section, we want to investigate how this allows us to reduce the investigation of bifurcations in fundamental
networks with high-dimensional internal dynamics to that in fundamental networks with one-dimensional internal dynamics. We
provide the general setting first and discuss the implications of Theorem 2.9 on generic steady state and generic Hopf bifurcations
in Sections 3.1 to 3.4. Throughout this section, we still focus on fundamental networks.

In the investigation of bifurcations of steady states, one is interested in qualitative changes of the set of steady state or periodic
solutions when a given steady state changes its stability properties as a parameter is varied. We assume that the admissible vector
fields (1.1) depend on a real parameter 1 € R':

S Wo605 V5,502 4)
Iy A= : A (B.1)
O

The case I > 1 is also referred to as an /-parameter bifurcation in which we interpret each component of 1 as one parameter. We
aim at describing generic bifurcations from a fully synchronous steady state. Without loss of generality, we may assume this to be
the origin and the bifurcation to occur for 4 = 0. Hence, we assume

(0,0) =0,

which implies f(0,0) = 0. Furthermore, the assumption that the steady state changes its stability can be translated to certain technical
conditions on the partial derivatives of f. We are interested in steady states and periodic solutions close to this bifurcation point
for a generic smooth function f satisfying these conditions.

More precisely, due to the implicit function theorem and the Hopf bifurcation theorem the linearization D,I';(0,0) needs to
have eigenvalues on the imaginary axis in order for non-trivial (steady state or periodic) solutions to exist close to the bifurcation
point. A steady state bifurcation requires vanishing eigenvalues and a Hopf bifurcation requires purely imaginary eigenvalues of
the linearization at the bifurcation point. As the vector field (3.1) is equivariant in its v-component and the steady state is fully
synchronous — which is equivalent to fully symmetric —, so is the linearization D,I';(0,0). Hence, in either case it induces a

10
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decomposition of the right regular representation into subrepresentations given by its generalized kernel and reduced image or by
its center and hyperbolic subspaces, respectively, i.e.,

PV =kery(D,,(0,0) ® imy(D,I';(0,0)) or

cEX

Prv=xeox"

oceXr
Therein kery(D,I'7(0,0)) is the generalized eigenspace of the eigenvalue 0 and X° the direct sum of the generalized eigenspaces
of the eigenvalues on the imaginary axis. The respective complements imy(D, I /(0,0)) and X" are given by the direct sum of the
remaining generalized eigenspaces.

The bifurcation problem can be reduced to an equivalent one on the generalized kernel or the center subspace. In particular,
branching steady state or periodic solutions of the original system lie on the center manifold which is a graph over the corresponding
subspace. We refer to this fact by saying that the bifurcation occurs along that generalized kernel or center subspace. Furthermore,
the reduced bifurcation problem is fully characterized by symmetry of the subrepresentation. Hence, in order to classify the
bifurcations of steady states that may occur in the fundamental network, one has to determine all possible subrepresentations
of @,V that can form center subspaces. As the decomposition into indecomposable subrepresentations (1.5) is unique up to
isomorphisms, that means one needs to decompose the regular representation

Pv=wo-ow.

cEX
The center subspace is then isomorphic to the direct sum of a suitable collection of the components W,. Theorem 2.9 shows that
it is sufficient to determine this decomposition in the case 1D — i.e., to decompose N'' —, as each indecomposable component
of AP is also an indecomposable component of N In particular, if we know the decomposition of N'! and if the dimension of
the internal phase space W (in the case DD) is d, we immediately obtain the decomposition of AP in the form of d copies of the
components of M.

Furthermore, recall that indecomposable representations come in three types: real (also called absolutely indecomposable),
complex and quaternionic. This is determined by technical properties of the linear equivariant maps of that representation. We
make the decomposition more precise by writing

Prv=-rfe-ov;erfe-eov, evie eV,

ceX
where

Ra (WR)TL vCx (WOt vEx (i)

i

collect isomorphic subrepresentations. The WiR, W,.C, and WiH are pairwise non-isomorphic indecomposable subrepresentations of
real, complex, and quaternionic type, respectively. Then we may determine, which configurations of indecomposable components
are possible as generalized kernels or center subspaces for a generic /-parameter family of equivariant vector fields. In particular,
let

§

UE@ ”’ea@ ch'ea@ (WH)"

i=1

with 0 < p; < 58,0 <, <s5,0 <y; < 5! for every i. Then U can only occur as a generalized kernel — i.e., ker(D,I;(0,0)) = U —,
if

mR mc my
Ky= Y p+2- Y ri+4- D <1, (3.2)
i=1 i=1 i=1
and as a center subspace — i.e., X = U —, if
mR mc my
Cy= D 0p/21+ Y i+ Q<1 (3.3)
i=1 i=1 i=1

Here [a] denotes the nearest larger integer. For details on this see [31] for the case / = 1 and [21] for the general case. The conditions
(3.2) and (3.3) have simpler interpretations for the case of 1-parameter families.

In the upcoming subsections, we investigate the interplay of Theorem 2.9 with the classification of generalized kernels and center
subspaces in generic bifurcation problems. This allows to relate generic bifurcations of a fixed fundamental network with high-
dimensional internal dynamics to those of the same network with one-dimensional internal dynamics. We begin with a discussion
of the 1-parameter case, before turning to general /-parameter families.

3.1. Generic 1-parameter steady state bifurcations

When focusing on steady state bifurcations, we want to characterize solutions to

Iiw,A)=0

11
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close to the bifurcation point (vy, 49) = (0,0). We may restrict the analysis to the generalized kernel kery(D,I(0,0)) in order to
qualitatively determine branching steady states. By Lyapunov-Schmidt reduction, all generic branches of steady states can be found
in that kernel. The actual branches (and their stability properties) still require investigation of the center manifold, the qualitative
picture including branching directions, however, does not. As the generalized kernel is a complementable subrepresentation
(i.e., there exists an invariant complement) and the Lyapunov-Schmidt reduction can be performed to respect equivariance (see
[18]), this allows us to restrict to a lower-dimensional equivariant bifurcation problem on the generalized kernel. From (3.2), we
know that this generalized kernel is generically an absolutely indecomposable subrepresentation.

Let us turn to the case DD, i.e., to a bifurcation problem on A'P. Applying Theorem 2.9 (especially (2.8b)), we obtain that
the generalized kernel in a given network in the case DD is isomorphic as a subrepresentation to one of the indecomposable
subrepresentations one computes for A'! in the case 1D. That is

kerg(D,, I'7(0,0)) = Y, ¢ N!

in the notation of Theorem 2.9. As the dynamics — in particular the generic steady state bifurcations — on these subrepresentations
is entirely classified by monoid symmetry, the reduced bifurcation problem in the case is equivalent to one on the subrepresentation
Y;. Hence, the generic steady state bifurcations in the case DD occur generically also in the case 1D. On the other hand, as every
component Y; can occur as a generalized kernel kery(D,I';(0,0)) in this way, any generic steady state bifurcation in the case 1D
occurs generically in the case DD as well. Summarizing, we have shown

Theorem 3.1. The generic 1-parameter steady state bifurcations in a fundamental network with d-dimensional internal dynamics are
qualitatively the same as those for the same network with 1-dimensional internal dynamics in the sense that the reduced bifurcation problems
are equivalent in both cases.

We cannot expect a more precise comparative result. The generalized kernels are the same in both cases so that the reduced
bifurcation problems are the same. However, the full system has different dimensions and requires different coordinate systems.
Therefore, the branching solutions for the full systems in general cannot be ‘equal’ in a stricter sense.

3.2. Generic 1-parameter Hopf bifurcations

Similar to Section 3.1, we investigate Hopf bifurcations in a generic 1-parameter family of fundamental network vector fields.
In order to do so, we have to investigate possible center subspaces corresponding to non-vanishing purely imaginary eigenvalues.
Condition (3.3) shows that only three cases can occur generically:

2
xexwC xe=whH  xex(WRY.

That is, either X¢ is isomorphic to precisely one indecomposable component of complex or of quaternionic type or it is the direct
sum of two isomorphic components of real type. Note that X¢ =~ Wl.R — i.e., the center subspace is isomorphic to one indecomposable
component of real type — satisfies (3.3) as well. However, this situation can only occur for an eigenvalue 0 and cannot provide
a pair of purely imaginary eigenvalues (for more details see [21]). In the case DD, Theorem 2.9 shows that the existence of two
isomorphic components of real type in AP can occur in two different situations. Either ! contains two isomorphic components
of real type — i.e., X¢ = Yi2 c N in the notation of Theorem 2.9 — or d > 2 and we obtain two copies of the same component of
N1 due to the high-dimensional internal dynamics — i.e., ¢ = ¥ ¢ N'. Moreover, the latter choice is the only center subspace
for a generic 1-parameter Hopf bifurcation in the case DD that does not occur in the case 1D. The other three cases are possible
independent of d.

The solutions to the reduced bifurcation problem on X* are entirely classified by symmetry. In particular, in the cases that are
independent of d the reduced bifurcation problem is equivalent for each choice of d. The bifurcations are qualitatively the same as
in the case 1D. Furthermore, note that these cases describe all possible center subspaces in a generic 1-parameter Hopf bifurcation
in the case 1D. Hence, all generic 1-parameter Hopf bifurcations in the case 1D can also be observed generically in the case DD.
Conversely, the center subspace that is due to the high-dimensional internal dynamics — i.e., X¢ = Yi2 ¢ N1 — can only occur as
a generic center subspace for d > 2. Hence, in general there is no equivalent reduced bifurcation problem in the case 1D and the
corresponding Hopf bifurcations can only be observed in the case DD. The discussion of this subsection can be summarized as

Theorem 3.2.

(i) All center subspaces in generic 1-parameter Hopf bifurcations in the case 1D are generic as center subspaces in a 1-parameter Hopf
bifurcation in the case DD for any d. The branching periodic solutions corresponding to one center subspace are qualitatively the
same for all values of d in the sense that the reduced bifurcation problems are equivalent.

(i) Let N' =Y, @ --- @Y, be a decomposition into indecomposable subrepresentations and assume Y; to be of real type such that Y; & Y;
for all j # i. If the internal dynamics is at least two-dimensional, i.e., d > 2, Y; yields a center subspace X°¢ = Yf of a generic
1-parameter Hopf bifurcation in the case DD. The corresponding branching periodic solutions cannot be observed in the case 1D. All
remaining generic 1-parameter Hopf bifurcations in the case DD are as described in (i).

Remark 3.3. Note that in both situations the indecomposable component of A'! can be high-dimensional due to symmetry. Hence,
in general Theorem 3.2 does not describe a standard Hopf bifurcation with 2-dimensional center manifold. a

12
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Corollary 3.4. Assume that the specific network structure forces the fundamental network to decompose into only components of real type
that are pairwise non-isomorphic. Then Hopf bifurcations in generic 1-parameter families are only possible in networks with internal dynamics
of dimension greater or equal to 2.

Remark 3.5. In particular, both conditions of Corollary 3.4 hold true if the network structure forces the linear admissible maps to
only have real eigenvalues. An example of this phenomenon is the class of feedforward networks that were introduced in [28]. We
investigate 1-parameter steady state bifurcations in feedforward networks with high-dimensional internal dynamics in Section 4. A

3.3. Generic I-parameter bifurcations

The situation for /-parameter bifurcations is a lot more involved than in Sections 3.1 and 3.2. Similar precise statements relating
the case DD to 1D are not possible in full generality, as conditions (3.2) and (3.3) allow for greater flexibility in the composition
of generalized kernel or the center subspace the larger the value of / is. Nevertheless, the underlying mechanism that made the
two different characterizations in Theorem 3.2 possible, applies to /-parameter bifurcations (with / > 1) as well. In the case
DD the representation space NP decomposes into the indecomposable subrepresentations of A'!, each occurring d times. These
subrepresentations can be components of generalized kernels or center subspaces. Hence, there are potentially numerous possibilities
to find suitable combinations of components that satisfy (3.2) and (3.3). Nonetheless, any combination of subrepresentations that
occurs in a generic /-parameter bifurcation in the case 1D — i.e., one that does not make use of extra copies — also occurs as
a generalized kernel or center subspace in a generic /-parameter bifurcation in the case DD. Once again, the reduced bifurcation
problems are equivalent due to symmetry. They can be seen as the ones that are inherent to the network structure and independent
of the internal dynamics. On the other hand, in general a generalized kernel or center subspace in a generic /-parameter bifurcation
in the case DD with d > 2 contains multiple copies of the same indecomposable component of A'. Then there is no equivalent
reduced bifurcation problem in the case 1D. We summarize these results as

Theorem 3.6. Generic [-parameter bifurcations in a fundamental network with 1-dimensional internal dynamics are also generic in the
same network with d-dimensional internal dynamics.

More generally, Theorem 3.6 follows almost directly from Corollary 2.11. The total phase space N is a subrepresentation of
NP. Hence, any combination of indecomposable components of N'! that make up a generalized kernel in a generic /-parameter
bifurcation in the case 1D also occur in a generic /-parameter bifurcation problem in the case DD. This yields the previous result.
Even more so, it can be generalized to compare bifurcations in the same network with internal dynamics of arbitrary dimension.
If dimW! < dim W? the total phase space ,s W' is isomorphic to a subrepresentation of () s W?2. Hence, every generalized
kernel or center subspace in a generic /-parameter bifurcation in @,z W' also occurs as a generalized kernel or center subspace
in a generic /-parameter bifurcation in @, W2

Theorem 3.7. Generic [-parameter bifurcations in a fundamental network with d,-dimensional internal dynamics are also generic in the
same network with d,-dimensional internal dynamics, whenever d; < d,.

On the other hand, for a fixed number of parameters /, conditions (3.2) and (3.3) impose restrictions on the maximal number
of indecomposable components of A! that can occur as a generalized kernel or as a center subspace in a generic /-parameter
bifurcation for any value of d. More precisely the generalized kernel can at most be composed of / components of real type, of |//2]
components of complex type, or of |//4] components of quaternionic type. Here |a] denotes the nearest smaller or equal integer.
Likewise, the center subspace can at most be composed of 2/ components of real type, of / components of complex type, or of /
components of quaternionic type. In particular, the total number of indecomposable components is always less than or equal to / for
generalized kernels and less than or equal to 2/ for center subspaces. Recall that increasing the dimension of the internal dynamics
d yields additional copies of the indecomposable components of A'! in the decomposition of A'P. In particular, we find all possible
combinations of / or 2/ indecomposable components in the case that d =/ or d = 2/, respectively. Increasing d beyond these critical
values does not provide any further solutions to the combinatorial problems (3.2) and (3.3). As a result, all possible generalized
kernels in a generic /-parameter bifurcation problem with internal dynamics of dimension d’ > I can also be observed in the case
d = I. Likewise, all possible center subspaces in a generic /-parameter bifurcation problem with internal dynamics of dimension
d’ > 21 can also be observed in the case d = 2/. Once again, the reduced bifurcation problems are therefore equivalent to those in
the cases d =/ and d = 2/, respectively. In combination with Theorem 3.7 we obtain

Theorem 3.8.

(i) All generic I-parameter steady state bifurcations that can occur in a fundamental network can be investigated in the case of an internal
phase space of dimension d = .

(ii) All generic I-parameter Hopf bifurcations that can occur in a fundamental network can be investigated in the case of an internal
phase space of dimension d = 2I.

13
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Fig. 2. A 5-cell fundamental network.

Remark 3.9. The minimal values of the dimension of the internal phase space d stated in Theorem 3.8 are optimal in the sense
that for any fundamental network there is indeed a bifurcation scenario that can only occur in a generic /-parameter bifurcation
problem if d > I or d > 21, respectively. In the remainder of this remark, we construct the corresponding decomposition of the center
subspace into indecomposable subrepresentations of N’ which specifies this bifurcation scenario.

To that end, let

A()={()c(,)gez€j\f1 X, =x,, forall G,TGZ}CN1

be the fully synchronous subspace in the case 1D. In particular, 4, is a (not necessarily complementable) subrepresentation on which
each representation map Al acts as the identity. This assertion holds true independent of the specific fundamental network at hand.
Assume Y € N'! is a subrepresentation with Y = 4. Then all Al act as the identity on Y as well. That is, for all y = (y,),ex €Y
we have (Al Mo = Yor = ¥, for all 6,7 € X by definition of the right regular representation. In particular, for ¢ = Id we see

Yia = Ve

for all € X. As 4, is one-dimensional, we obtain y € 4, and therefore Y = 4. In particular, there is no subrepresentation in "' that
is isomorphic but not equal to 4. This observation depends crucially on the fact that the internal dynamics are one-dimensional. In
general, there is an indecomposable component of N that contains the fully synchronous subspace Y D 4. This follows from the
fact that 4, is spanned by (1, ..., 1), which is an eigenvector of all the equivariant projections onto the indecomposable components,
as these are network maps. If a second subrepresentation Y’ ¢ N1 is isomorphic to Y the consideration above implies that Y and
Y’ contain 4,. Hence, Y nY’ D 4, # 0.

As a result, any decomposition of A! into indecomposable components contains precisely one component isomorphic to Y where
4, C Y. Consequently, in the case of d-dimensional internal dynamics there is a subrepresentation U ¢ NP with U = Y/ only if
d > I by Theorem 2.9. Likewise, a subrepresentation U ¢ NP with U =~ Y? exists only if d > 2/. A

Remark 3.10. The argument in the previous remark uses only the property of the subrepresentation 4, that it occurs precisely once
in any fundamental network. It can thus be applied in the same way to any other subrepresentation with that property in any other
fundamental network. On the other hand, if a subrepresentation Y ¢ N'! occurs with multiplicity m, a subrepresentation U ¢ NP
with U 2 Y' (or U = Y?%) exists only if the internal dimension d satisfies dm > I (or dm > 21, respectively). A

Remark 3.11. In the case of 1-parameter bifurcations Theorem 3.8 shows that all generic steady state bifurcations can be observed
in the network with 1-dimensional internal dynamics and all Hopf bifurcations can be observed in the case of 2-dimensional internal
dynamics. This matches the results in Sections 3.1 and 3.2. a

Example 2. Consider the class of network ODEs given by

f(X, X5, X3, Xy, X5)
Sf(Xa, X3, Xy, X5, X3)
X =| f(X5, X4, X5, X5, X0 |- 3.9
f(Xy, X5, X3, Xy, X5)
f(Xs5, X3, Xy, X5, X3)

Fig. 2 shows the corresponding network structure, which is isomorphic to its own fundamental network. For convenience, we have
only drawn one type of interaction, with the others found by tracing the given arrows back two, three, and four times. Self-loops
corresponding to internal dynamics have likewise been left out. Systems of the form (3.4) are precisely those for which the linear
map

S

Il
oo oo
(= =
-0 O = o
(== =]
===
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sends solutions to solutions. This map satisfies A2 = A and generates, together with the identity map, a monoid of 5 elements.
It is shown in [29] that a decomposition into indecomposable representations for the 1D case is given by

N =R=w,oW,0U,
where

W ={(X,X,X,X,X)| X €R}
W, = {(X,Y,0,0,0)| X,Y € R}
U={(X.Y,Z,X.Y)| XY, ZER, X +Y + Z =0}.

These are all non-isomorphic, with W, and W, of real type and U of complex type. Thus, for the case DD we have d copies of each
of these indecomposables.

Since U is of complex type, an eigenvalue movement through the origin is a co-dimension 2 event for this subrepresentation.
Thus, in the case of a generic 1-parameter steady state bifurcation, the generalized kernel may either be a single copy of W, or of
W,. Similarly in a 2-parameter steady state bifurcation, the generalized kernel may be isomorphic to either U, W, or W, & W), for
any choice of i, j € {1,2}. It therefore suffices to set d =2 in order to observe all 1- and 2-parameter steady state bifurcations that
the network structure in Fig. 2 supports generically, which illustrates the mechanism and the result of Theorem 3.8.

The center subspace in a generic 1-parameter bifurcation (i.e., potentially also caused by complex eigenvalues crossing the
imaginary axis) can be given by

U, wiew, or W, & W,,

as well as the aforementioned generalized kernels W, and W,. In a generic 2-parameter bifurcation, the center subspace will be
isomorphic to one of

W eW, @MW, eW,: W, eWw,eU; W,eWw,eU;

4 4
Ueu; Pw: P w

or any complementable subrepresentation thereof. Again in accordance with Theorem 3.8, the last two show that we need d > 4 to
observe all generic local 1- and 2-parameter (steady state or Hopf) bifurcations. A

3.4. Beyond qualitative statements using center manifold reduction

Sections 3.1 to 3.3 describe how to determine qualitative bifurcations in homogeneous coupled cell systems with (possibly)
high-dimensional internal dynamics. In particular, how (parts of) the branching pattern in the case DD can be observed in the case
1D. The reason why the restriction to qualitative statements needs to be made is the fact that the relation between the two cases is
made in terms of reduced bifurcation problems. The reduction methods (namely Lyapunov-Schmidt and center manifold reduction)
require coordinate changes so that whatever information is stored in the precise choice of coordinates is lost when applying Theorems
3.1, 3.2 and 3.6. Most importantly, in the investigation of network dynamics this includes the possibility to distinguish individual
cells from the coordinates of the total phase space variables as they were chosen in Section 1. However, Theorem 2.9 allows for
more precise statements about the case DD, if more knowledge about bifurcations in the case 1D is available. We can explicitly
construct bifurcating branches in the case DD from those in the case 1D, capturing the spirit of Theorem 3.6, without losing all
information about each cell’s behavior.

3.4.1. Technicalities on the center manifold reduction

Let us briefly recapture the center manifold reduction and its usage for bifurcation analysis of systems governed by fundamental
network vector fields (3.1) as it was introduced in [22,32]. The main goal of this section is to introduce some notation. We note
that the remainder of this paper can be understood without reading the proofs of Lemmas 3.12 to 3.15 below. We also add some
additional technicalities that were not explicitly proved in [22,32]. As the techniques presented here can be applied to steady state
bifurcations as well as to Hopf bifurcations, we slightly abuse notation from now on and denote the generalized kernel or the center
subspace and the respective complement by ¢ and X”. We obtain equivariant projections along X and X", respectively

PPy -t PPV - an
ceX ceX

These allow to uniquely split any element v € P, 5 V as v = v¢ + v" with v¢ = P¢(v) and v" = Ph(v).

In order to apply the center manifold reduction to bifurcation problems, one extends the system (3.1) to v = (v, 1) € P, 5 V XR!
to include the parameter as a dynamic variable:

o\ (T
£= <,1> = < "o > =L, (3.5)

Solutions to this system are in one-to-one correspondence with solutions to the original system. In particular, I ;0,0) = 0. If we
extend the representation matrices accordingly

A = (v,4) > (A0, 4),
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this system, furthermore, remains equivariant I" oA, = Aol . The following lemma explores the consequences of equivariance
with respect to the extended monoid representation.

Lemma 3.12. Let

F: @Vx]R’e@VxR’

cEX ceX

F (v, 4)
(v, 4) (Fl(x, /1))

be equivariant with respect to the extended monoid representation: FoA_ = A _oF for all c € X. Then the component functions F, and F,
are parameter dependent and equivariant or invariant with respect to the non-extended monoid representation, respectively. That is

Fy(Ag0, ) = A Fy(0,4),  Fy(A,0,4) = Fy(u, A).

Proof. This can be seen directly from the equivariance condition

_(F(Au D)\ _ (A F(v,2)
(Fod,) .0 = <F,«L(AGU,)»)> < Fy(v, 2)

Under the bifurcation assumption — eigenvalue 0 or purely imaginary eigenvalues — the linearization of the extended system
(3.5) induces a splitting

): (A,0F) (v, 4. O

@ V x Rl — {C o &h

ceX
into center subspace — generalized eigenspace to purely imaginary eigenvalues — and its hyperbolic complement of DI" £(0.0). These
are subrepresentations of the extended monoid representation ),y ¥ xR'. Furthermore, they are also related to the corresponding
subspaces of the non-extended system. In particular,

X =x"x {0},

X (3.6)
X=X % {0} @ (0], Ap)s o, (0] A1)

h

where {4,,..., 4} is a basis of R/ and ”?""7”1

respectively, are denoted accordingly

P @V xR s &t P PV xR - &

ceX ceX

€ X" are chosen suitably. The extended projections along X° and along X",

They allow us to uniquely split every v € @, .5 V X R! as v = v¢ + v" with v¢ = P°(v) and v" = P(v).

Lemma 3.13 (See Also the Proof of Lemma 5.3 in [32]). Let

PPV xR - xe (3.7)

ceX

be the equivariant projection onto the center subspace of the extended system. Then P¢ acts as the identity on the A-component, i.e., P°(v, 4) =
(P50, 2). ).
Proof. Fix (v, 1) € @, s V X R'. Recall that

Pv=xox"

ceEX

Hence we find a unique representation v = v¢ + 0" with v° € X° and v" € X" using projections v¢ = P¢(v),v* = P"(v). From the
representation in (3.6), we see that (v,0) € X°. Furthermore, we may represent the parameter as 4 = a;4; + --- + ;4; and it holds
that

a1 4) + -+ ], 4y) € X°.
Lastly, as v?, . vf’ € X" we obtain
(vh —(ay u{' + -+ a,vf),O) € {h.
Since P° is the projection onto X°, it acts as the identity on X and maps X" to 0. We obtain

. 2) =@ + 0", 1) =00+ " = (00 + -+ + o), 0) + (W, A) + - + oy (0], 1))
B (05,00 + 0+ a; (0, A) + - + oy (0], 1)
= (0 + ool + ol d). O
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We define another projection that ‘forgets’ about the skewed directions of the extended center subspace. Every element in R/
can uniquely be represented in terms of its basis as A = a;4; + --- + o; 4, with coefficients «, ..., ; € R. Thus, every element in X*
has a unique representation as

o = (05,0) + oy (00, 4) + - + oy (0], Ap)
where v¢ = P¢(v) € X°. Hence, the map

P X - X xR

(3.8)
Vs (A 4+ agh) = (05, 4)
is a projection. Note that this map satisfies P’ = (P X Lg/)| ye-
Lemma 3.14 (See Also the Proof of Theorem 5.4 in [32]). The projection P’ : X¢ — X¢ x R! is invertible with inverse given by
Q1 x*xR - x°
f9 (3.9)

(05, 1) = (0°,0) + a; (U7, A) + - + a0, 4) = o°,

where A = a;A| + -+ + a; A, is a representation in the basis R/ = (A1,..., 4;) and v’l’, ,v;‘ e x" suitable as in (3.6).

Proof. This follows directly from the definition of P’ in (3.8). [J

After restriction to a suitably small neighborhood around the bifurcation point (0,0) the extended system (3.5) admits a unique
center manifold M¢, invariant under the dynamics, which locally contains all solutions whose X"-component is bounded. In the
formalism of the extended system this includes all bifurcating steady state or periodic solutions. The center manifold can be realized
as the graph of a function y : X — X". More precisely

M€ = {Q’(uf, )+ (@ (05, ) | (1, 1) € X x A} c@v xr (3.10)
- cEX
In particular, the dynamics of a generic system of the form (3.5) restricted to the center manifold is bijectively conjugate to that of

a generic system of the form
0° = r(vf, ),
. (3.11)
A=0

on X¢ x R/, where

(i) #0,0)=0.
(i) The center subspace of D,.r(0,0) is the full space X*.
(iii) It is equivariant with respect to the (non-extended) monoid representation restricted to X*.

The conjugation is realized by the maps P = P'oP° = P x L, and woQ’. As all maps that are needed to define the center manifold
— in particular , P and the projections onto X° and X" — are equi;ariant as well, the entire center manifold M¢ is invariant under
the extended monoid representation.

Lastly, we state a technical result that explicitly describes the parameter-dependence of the center manifold M¢ of the extended
system and the maps that define the interconnection between the center manifold and the center subspace.

Lemma 3.15. Let y: X° — X" be the map whose graph is the center manifold M¢ as in (3.10). Then y has a trivial A-component,
Le, y(v.A) = (IKU(U, /1),0).

Proof. This follows directly from the representation of the subspaces in (3.6): X" = X" x (0}). [

Remark 3.16. Lemmas 3.13 and 3.15 can be summarized by stating that the center manifold and the center subspace of the extended
system share the same parameter component. Furthermore, the same holds for the reduced system on X¢ x R’ governed by r. The
conjugation maps leave the A-component unchanged. Introducing the parameter dependence into the system for bifurcation analysis
yields a skewed center subspace (see (3.6)) that extends into parameter space. The same holds for the center manifold. This can be
regarded as a continuation of the center manifold of the non-extended system for 4 = 0 to varying parameter values. Nevertheless,
no dynamic effects occur in the A-component of the extended system. a

3.4.2. Determining DD-branches from 1D-branches
Assume now that we know the branching behavior of each cell in a branch of a generic bifurcation of steady states of the system
(3.1) in the case 1D. That is, we have a smooth curve of steady states or of initial conditions for periodic solutions (x,(4)),cs for
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small absolute values of 1. We denote the subrepresentation that forms the corresponding generalized kernel or center subspace by
&7 c N1. Due to the conjugation of the dynamics on the center manifold and the reduced system (3.11), we obtain that

Py ((xs(M)sex)

— where P; is the projection onto the generalized kernel or center subspace &7 in the case 1D — is the branching solution of a
generic reduced bifurcation problem corresponding to (x,(4)),cx. As the center subspace, in general, is a proper subspace, not every
cell’s coordinate entry x,(4) can be found in the projected solution branch. For example, the projection might map coordinates to
zero or sum up multiple coordinate entries. Nevertheless, as long as the projection Py is known, this method provides a method to
represent the qualitative branching solutions of the reduced system while respecting the coordinates that are chosen according to
the cells of the network. This projection operator, however, is often computed while classifying the generic bifurcations in the case
1D as a byproduct.

Furthermore, Theorem 3.6 shows that any bifurcating branch in the case 1D occurs generically in the same network in the
case DD as well. Theorem 2.9 allows us to transform a generic 1D-branch into a generic DD-branch. In particular, there is a generic
I-parameter bifurcation problem in AP whose generalized kernel or center subspace is isomorphic to &7 in the case 1D. Furthermore,
from (2.8a) we see that this generalized kernel or center subspace X[C, c NP is of the form

XS = X8 ® (w), (3.12)

where w € W'\ {0}. Denote the equivariant isomorphism in (3.12) by ¥ : &7 ® (w) — &j. Consequently, the branch (x,(4)),e5 can
be represented as a generic branch on the center subspace X as

(P (xs(D)gex @ W).

In more general terms, there exists a direction w € W \ {0} such that the generic bifurcation pattern — that is, all generic
bifurcating solutions — restricted to the center subspace in the 1-dimensional case is reflected in the d-dimensional case, where
internal dynamics is restricted to this direction w. This interpretation, however, is only fully accurate in the case that ¥ is the
identity — after identifying tensor and non-tensor notation. In general, it yields only qualitatively the same bifurcation diagram in
the case DD. Nevertheless, as the coordinates for the center subspace in the case DD reflect the cells of the network, we can read off
cell-by-cell information from this representation. Finally, using the conjugacy between the center manifold and the reduced system
once more, this time in the case DD, we find the representation of the branch (x,(4)),cs in the center manifold of the DD-system
as

wP (O (P(Pf (x,(A))gexr @ w), 4)) .

Due to Theorem 3.6 this branch occurs in a generic bifurcation problem with generalized kernel or center subspace isomorphic to
X7 ® (w).

In theory, this procedure provides a mechanism to translate generic branching solutions in the case 1D to generic solutions
in the case DD. As long as information about the maps Py, B,ZD and ¥ is available, it also transforms information about the
branching behavior of each individual cell. However, this latter part is not to be expected in general. The results in this chapter
aim at simplifying the investigations of generic steady state bifurcations in the case DD by restricting to the case 1D. In particular,
we do not want to determine a generic center manifold in the high-dimensional case. As a result, knowledge about these maps
is not available in general. Nevertheless, the observations in this subsection provide a theoretical tool to relate generic branching
solutions in the case DD to those in the case 1D. In Section 4, we investigate how additional structure in the network — in particular
feedforward structure — provides information about the maps Py, Oy, ZD and ¥ without explicitly computing them. This suffices to
exploit this mechanism to characterize generic branching solutions in the case DD from those in the case 1D including the behavior
of each cell without computing the center manifolds.

Remark 3.17. The method presented in this section can also be used in the spirit of Theorem 3.8 to translate a bifurcating branch
of steady state or periodic solutions in a fundamental network with d,-dimensional internal dynamics into one for the same network
with d,-dimensional internal dynamics if d; < d, and whenever the corresponding generalized kernel or center subspace occurs in
both cases generically. In particular, when a branch exhibits a robust pattern of synchrony — i.e., coordinate entries corresponding
to a balanced partition of the cells coincide — then the representation of that branch exhibits the same synchrony for internal
dynamics of any dimensions for which it exists generically. This follows from Proposition 2.13. A

4. Steady state bifurcations in feedforward networks

In this section, we investigate how additional structure in the network helps to gain more insight into the generic steady state
bifurcations of networks with high-dimensional internal dynamics for the example of feedforward structure. In Sections 2 and 3,
we show that symmetry of the fundamental network forces the qualitative bifurcation picture in the high-dimensional case to be
the same as that in the case 1D. Exploiting the feedforward structure, we can even understand bifurcations in individual cells,
which was already hinted at in Section 3.4. We begin by recalling different equivalent characterizations of feedforward networks
as they are introduced in [28]. The generic steady state bifurcation result in the case 1D is summarized in Section 4.1. Finally, we
discuss implications for generic steady state bifurcations in the case DD. Note that the results in [28] hold for general homogeneous
networks with asymmetric inputs. Here, we restate only the required bits in the context of fundamental networks.
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In general terms, the feedforward structure can be interpreted as the absence of any feedback. In that sense, a network is called
a feedforward network if it does not contain any closed, directed loops of length 2 or larger. Note that this allows for self-loops. We
do not exclude the situation that a cell influences itself, which is not considered as feedback in this setting.

Secondly, we view feedforward structure as a notion of regularity in the network: all arrows are either self-loops or ‘oriented
in the same direction’. We introduce a preorder on the monoid of input maps X which are the cells of the fundamental network
by saying ¢ < ¢’ if there is a path from ¢’ to ¢. For a fundamental network, this means ¢ < ¢’ if there exists 7 € ¥ with 76 = ¢’.
Then, a network does not contain any closed directed loops of length 2 or larger, if and only if this preorder is a partial order which
reflects the aforementioned regularity. We denote the situation that ¢ < ¢’ but ¢ # ¢/ by 6 < ¢’.

In Section 4.1, we see that we may relate the asymptotics in a generic feedforward bifurcation to the partial order of the cells
in the case 1D. For a fundamental network, we want to investigate the implications of this for the case DD.

Remark 4.1. It can be shown, that a homogeneous coupled cell network is a feedforward network if and only if its fundamental
network is. In that sense, the upcoming analysis is also relevant for networks that are not fundamental networks.

Remark 4.2. Note that labeling the nodes {cy,...,0y5} of a feedforward fundamental network according to <, such that o; < o;
implies i < j, yields that all the linear admissible maps are upper triangular with entries in gl(V) — or, put differently, upper
triangular block matrices. If V' = R they are truly upper triangular. In the tensor notation (see Proposition 2.2) this yields that linear
admissible maps are of the form

Y B,®b,,

oceX
where b, € gl(V) and the B, are upper triangular. In particular, this implies that all the equivariant linear maps of the regular
representation are upper triangular due to (1.4). In fact, this property can be shown to be equivalent to the network having
feedforward structure. However, for most of our considerations it is more convenient not to use the tensor notation of linear maps. A

The structure of linear admissible maps immediately implies the following result on generic 1-parameter bifurcations, such as
the Hopf bifurcation, in feedforward networks.

Theorem 4.3 ([28], Rem. 2.12). In a 1-parameter bifurcation in a feedforward network with one-dimensional internal dynamics there
cannot be a pair of conjugate imaginary eigenvalues at the synchronous bifurcation point. On the other hand, if the internal dynamics is at
least 2-dimensional, a 1-parameter bifurcation in which a pair of complex eigenvalues crosses the imaginary axis is possible.

Proof. In order for a bifurcation to occur, a 1-parameter family of linear admissible maps has to have an eigenvalue/a pair of
complex conjugate eigenvalues that crosses/cross the imaginary axis at the bifurcation point. In the case V' = R all linear admissible
maps are real upper triangular matrices. Their eigenvalues are the diagonal elements which are real. Hence, only real eigenvalues
can cross the imaginary axis. On the other hand, when the internal dynamics is in ¥V =~ R? with d > 2, linear admissible maps
are upper triangular with entries in gl(V). Thus the eigenvalues of a linear admissible map are the union of the eigenvalues of all
diagonal elements which are arbitrary elements in gl(V) (some of which might be related). In particular, there are possible diagonal
elements with complex eigenvalues. []

Remark 4.4. In particular, the emergence (or collapse) of periodic solutions in a bifurcation — as in classical and non-classical
Hopf bifurcations — requires a pair of complex conjugate eigenvalues to cross the imaginary axis. The previous theorem shows that
this can only occur in feedforward networks, if the internal dynamics is at least 2-dimensional. A

Finally, we restate the following definition from [28]. It proves to be useful for the investigation of bifurcations. It induces an
equivalence relation on the cells of a feedforward network whose equivalence classes are in one-to-one correspondence with the
eigenvalues of linear admissible maps.

Definition. Given a homogeneous coupled cell network, we denote £, = {r € X |70 = ¢} for all ¢ € X and define an equivalence
relation o— on the input maps as follows:

cood &= L,=L,. 4.1)

If 6 oo ¢’ we say that ¢ and ¢’ have the same loop-type. In a network, two nodes have the same loop-type if and only if they have
the same self-loops (of the same color). A

Remark 4.5. As the network consists of only finitely many cells, there are well-defined maximal elements with respect to <. These
are all of the same loop-type. &

4.1. Summary of the case 1D

In [28], the generic steady state bifurcations in a 1-parameter family of vector fields for a feedforward network are thoroughly
investigated. It is shown that feedforward structure induces a so-called amplification effect in bifurcating branches, i.e., the branching
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solution in a given cell has a steeper slope the ‘lower’ the cell is in the network with respect to <. These results in particular apply to
fundamental networks. The bifurcation problem is as laid out in Section 3. We investigate parameter-dependent dynamics governed
by

Uy =f(vrla,...,urn6,ﬂ), (4.2)

for all ¢ € X, where 1 € R. Due to the feedforward structure, the equation for component v, depends only on those states v,, for
¢’ > o. Furthermore, we assume f(0,0) = 0 and the linearization D,I;(0,0) at the bifurcation point to have an eigenvalue 0. In
accordance to Remark 4.2, the linearization takes the form

ZTGCGI a, * *
0 a :
D,I;0.0=f Zfefﬂz T , (4.3)
0 e 0 ELECGN a;

where a, = 9, f(0,0) is the partial derivative in the direction of the z-input.

Remark 4.6. In the tensor notation, this linear map has the form
D,I;(0,00= Y B, ®a,,
ceX

as in Proposition 2.2 and Remark 4.2. Here the maps B, are upper triangular. However, as we are only interested in the diagonal
elements, the non-tensor notation is more convenient. A

The eigenvalues of the linearization (4.3) are determined per cell from the diagonal elements ZGE& a,. Their multiplicities are
given by the number of elements of the same loop-type, as loop-type equivalent elements yield the same diagonal elements of the
linearization. Hence, D,I'/(0,0) is non-invertible, if and only if there is a node ¢ € X such that

0 € spec ( Z ag> . “4.9

cEL;

Then the same holds for all nodes 6 € X such that 6 o—- 5. We call these nodes, as well as their loop-type, critical. All other cells
and their loop-types are referred to as non-critical. Note that generically precisely one loop-type is critical while all others are not.
In particular, in the light of Remark 4.5 either all maximal cells are critical (and no other cell is) or no maximal cell is critical. The
bifurcation problem is to find solutions to

Iy A)=0

locally around the bifurcation point (0, 0).
In the remainder of this subsection, we summarize the results for the bifurcation problem stated above in the case 1D as is
provided in [28]. Once again, we replace the coordinates describing the internal state of each cell v, € V' by coordinates x, € R.

Note that in this case the linear admissible maps are truly upper triangular and the eigenvalue condition (4.4) becomes ), .. a, =0

for critical cells o. Generically, four different types of branching steady states may occur depending on whether the maximal cells
are critical or not and whether the branching occurs for 4 > 0 or 4 < 0. The following results are a summary of corresponding ones

in [28].

Proposition 4.7 ([28], Thm. 3.7). Branching steady state solutions of a feedforward fundamental network with maximal critical cells,
generically are as in one of the following two cases:

0 (supercritical)
X;(A) =Dy - VA+O(A|) for small A>0;
(ii) (subcritical)

X,(A) =Dy - V=A+0O(|4]) for small A<0;
where D, € R\ {0}. The direction of branching is the same for all ¢ € X.

Proposition 4.8 ([28], Thms. 3.21, 3.23 & 3.24). Branching steady state solutions in a feedforward fundamental network with non-
maximal critical cells are as follows: There is a root subnetwork, i.e., a subset of nodes B C X containing all maximal cells that is not
influenced from outside of B meaning ¢ B C B for all ¢ € X. The state variables of all ¢ € B bifurcate as

Xe(A) = X(A)=D-A+0(4%)

for |A| small. The remaining cells bifurcate as in one of the following two cases
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0] (supercritical)
- ~(g=1)
x,(A) =D, - 2> +(9(|/1|2 ! ) for small 1> 0;

(ii) (subcritical)

X, =D, (=" +0 (|/1|2’(“"’”) for small 4 < 0;

where u, is defined inductively setting u, = 0 for all ¢ € B and

max, g 4y for ¢ non-critical,
Uy =AMaX,p, Hy for ¢ critical and t € B for all > p, (4.5)
max ., i, +1 for o critical and there exists t > p such that © ¢ B.

That is, u, is the maximal number of critical cells © ¢ B along paths from any cell in B to ¢. Furthermore, D, D, € R\ {0} for all ¢ € X.
The direction of branching is the same for all ¢ ¢ B.

Remark 4.9. We may extend the definition of y, to the case of critical maximal cells. Therein the state variables of all cells bifurcate
as

x,(A) =D, - 2" +0(4) or
xy(A) =D, - (=*" +0()

depending on sub- or supercriticality of the solution branch, where u, = 1 for all ¢ € X. This also satisfies the growing condition
(4.5), as only the maximal cells are critical and these receive all their inputs from themselves.

Remark 4.10. The results in [28] are more complete than what we state here. They also include formulas to explicitly compute
the lowest order coefficients. Furthermore, we can deduce a condition on the system parameters — the partial derivatives of the
governing function f — that determines whether a specific branch exists. In particular, the branching pattern may differ throughout
parameter space. We refer to a bifurcating branch as being generic if it occurs for an open set of system parameters. Propositions 4.7
and 4.8 describe all branching solutions for an open and dense subset of system parameters. The details are omitted here because
we only need the general form of all branching solutions. 4

Even if we do not state the full results here, we can see the main characteristic of the bifurcating solutions, which is the
amplification effect. When we investigate the dynamics cell-by-cell starting with the maximal cells, we observe that in each critical
cell — if the maximal cells are critical, no other cell is — the square root order of the lowest order terms in A increases. Hence,
the branch exits 0 with a steeper slope. This is independent of the branching direction. As indicated in Remark 4.10, in bifurcation
analysis one is often not interested in the explicit expression describing how to compute the branching state for every parameter
value but rather in the qualitative behavior. To that end, we consider the asymptotics of the state variable for each cell separately
in a generic steady state bifurcation which encodes qualitative bifurcation information of each individual cell. Propositions 4.7 and
4.8 allow to describe these asymptotics for each cell separately in a generic steady state bifurcation in the case 1D. We introduce
some notation to state these ideas more precisely and to make them practical for the case DD as well. The following definition
is independent of the feedforward structure and could also have been formulated for non-fundamental networks. We state it for
arbitrary internal dynamics on V from which we may deduce the case 1D as a special case.

Definition. Let (v,(4)),ex C @, 5V be a branch of steady states for a parameter-dependent feedforward fundamental network
vector field for small 1 > 0,4 <0 or |A| small, i.e.,

I'(0,(D)ges, H =0. (4.6)
We say that a cell o € X has the square root order £, > 0 in 4 or that it grows asymptotically as 27 if
lo (Dl = d, - 225 +0 (|/1|2'(5"+”) withd, #0 for & > 1,
log (DIl = O] for &, =0.

Therein || - || denotes the euclidean norm on V. If the branch only exists for 4 < 0 replace 4 by —1. We denote this situation by
vy~ AT A
Remark 4.11. The situation v, ~ 2% with £, > 0 is equivalent to
V()= 2277 - 9, + Ry(A),
where 9, € V \ {0} suitable and R, : R — V — restricted to the suitable neighborhood of 4, = 0 — such that ||R.(A)|| =
—(ur=1)
o (|z|2 ) A
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The key observation for the investigation of implications of the steady state bifurcation results in the case 1D for the case DD is
the following:

Proposition 4.12. Let (x,(4)),cs be a branch of steady states for a generic steady state bifurcation of a feedforward fundamental network
as described in Propositions 4.7 and 4.8 with cell-by-cell asymptotics x, ~ 4> for all ¢ € X. Then the asymptotic orders of the cells are
partially ordered with respect to <, i.e.,

o> implies Ho < Uy 4.7)

Hence, if © < o, then x, has at most the same asymptotic order as x,;.

Proof. In the case of critical maximal cells, all cells have square root order 1, i.e., x, ~ \/; Hence, nothing is to be shown. If, on
the other hand, the maximal cells are non-critical, we obtain a subset of cells B ¢ X that is not influenced by any cells outside of
B and such that all cells in B have square root order 0: x, ~ A — or y, = 0 — for all ¢ € B. In particular, cB C Bforallo € X
implies that B contains all maximal cells. All 6 ¢ B have square root order y,, where y, is defined as in (4.5). By definition u, < u,
ife>z. O

4.2. Feedforward networks with high-dimensional internal dynamics

In this section, we show that feedforward structure can be used to observe the amplification effect also in generic steady
state bifurcations when the internal dynamics is high-dimensional. In particular, for a fixed feedforward fundamental network,
the amplification effect we observe in a generic 1-parameter steady state bifurcation is the same independent of the dimension of
the internal dynamics. The most important tools are the partial order on the cells and the fact that the admissible maps are upper
triangular — or more precisely, they respect the partial order. As the center manifold reduction for fundamental networks respects
monoid symmetry, this in particular holds for the maps involved in the procedure that allows to translate a generic branch in the
case 1D into a generic branch in the case DD presented in Section 3.4.2. As equivariance is equivalent to admissibility (1.4), this
has the convenient effect that whenever we compute some property of the state variable v, of cell ¢ it only depends on the state
variables of cells 7 > ¢. This observation proves to be powerful enough to translate the amplification effect into the high-dimensional
case without having to determine center manifolds explicitly. In particular, we show that critical cells have the same square root
order in any dimension of the internal dynamics. In a special case we obtain the same cell-by-cell asymptotics for all cells.

A crucial part of this section contains the technical analysis of the maps that are needed to define the center manifold reduction
and their interaction with branching steady state solutions. In particular, we will make heavy use of the technicalities proved in
Section 3.4.1. To that end, we reuse the notation from Section 3.4. We investigate steady state solutions of

;- @vxr-Pv.
ceX cEX
which is an admissible vector field for a feedforward fundamental network that depends on a real parameter 4 € R as in (4.2), close
to the bifurcation point (v, 49) = (0,0), as in the beginning of Section 4. That is, we are interested in solutions to

Ii(0,.2)=0,
close to (0,0), where
D,I'4(0,0)

is non-invertible. As stated before, for technical reasons, we focus on the extended system as in (3.5)

. 0 I'c(v, )
i ()~ (5) -2

on @,cs V xR. The extended system is equivariant with respect to the extended right regular representation ¢ ~— A_ where
A tv=0,4) P (A0, ).

Under the bifurcation assumption the linearization of the extended system induces a splitting of @, V xR into subrepresentations

X" =imy(D,I'(0,0)) x {0},
& (4.9
X¢ =kerg(D,I'1(0,0)) x {0} & (", 1)),

h

where v € imy(D, I'/(0,0)) suitable, as in (3.6). These subspaces are generalized kernel and reduced image of DI f(O) =

Dy, L f(O, 0), respectively. The corresponding equivariant projections are again denoted by P¢ and g", respectively. In particular,
every element v° € X° can be represented as

¢ = (v°,0) + A", 1),
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where ¢ € kery(D,I;(0,0)) and 4 € R. Furthermore, the isomorphism of monoid representations P’ X¢ - kero(D,I" '+(0,0) X R is
given by

P'¢) = (PC(° + AvM), 2) = (v°, 4) (4.10)
and its inverse is given by

Q/(v5,2) = (t°,0) + A(", 1) = v° (4.11)
(compare to (3.8) and Lemma 3.14). Then the extended system admits the local center manifold

M€ = { (]1& +£) W) ] o € f} = { (]lﬁc +£) Q' (v, ) | (t%, ) € kerg(D, T4 (0,0)) X ]R} , (4.12)

which is represented as a graph over either X° or equivalently over kery(D,I';(0,0)) X R by the equivariant map .

For any branch of steady states of the bifurcation problem we have ((v,(4)),es.4) C M¢. Furthermore, the dﬁlamics restricted
to the center manifold is bijectively conjugate to dynamics on the center subspace X* or on kery(D,I';(0,0)) xR (compare to (3.11)).
Hence, any branch can uniquely be represented in coordinates of these subspaces using the projections P° or P = P’oP¢ such that

BC ((va('{))ael’ /1) c EC’
P’ (P ((05(A))sexsA)) Ckerg(D,T(0,0)) xR

(compare to Section 3.4.2). Recall from (3.8) and Lemmas 3.12 to 3.15 that all maps required to switch between the three
representation of a branch of steady states — i.e., P°, P',Q’ and y leave the A-coordinate unchanged (the third representation
is the original representation ((ut,(/l))gE 5 /1)). Hence, we see that the parameter of each representation remains the same and we
may write

(GeMgess 4) = P° ((0,(M))gex. 4) C X,
(ze(Mgess4) = P' (P ((0,(D)ges.4)) C kerg(D,I£(0,0) X R.

Note that the second representation of (4.13) is of particular interest as it describes the branch of steady states in the corresponding
reduced bifurcation problem on ker,(D,I" '+(0,0) X R (see (3.11)).

We investigate to what extent cell-by-cell asymptotics are respected when switching between the different representations. In
particular, we answer the following question: Under the assumption of square root orders of individual cells that are partially
ordered as in Proposition 4.12 for feedforward networks — more precisely as in (4.7) — in either one of the representations, can
we recover the square root order of each cell in any of the other representations? As the distinction of cells is reflected in the choice
of coordinates, this is done by analyzing the projection operators in the original coordinates.

(4.13)

Lemma 4.13.

(i) Let ((U5(4))gex,4) C M€ be a branch of steady states of (4.8). Assume cell-by-cell asymptotics v, ~ 2> that are partially ordered
as in (4.7), i.e., o & ¢ implies yu, < p,. Then the representation in the generalized kernel of the extended system

(Go(Mpexs4) = P ((05(M)gess 4) C X
exhibits the same cell-by-cell asymptotics, i.e.,
vo~ 2" forall ce>.

(i) Let ((y(M))ges,4) C X° be the representation of a branch of steady states of (4.8) in the generalized kernel of the extended system.
Assume cell-by-cell asymptotics y, ~ A2 that are partially ordered as in (4.7), i.e., 6 > = implies Uy < .. Then the representation
in the full space

(@ pexs4) = (Lae +w) (05 (D)yexs 4) € M¢
exhibits the same cell-by-cell asymptotics, i.e.,

vy~ ¥ fordl o€z

The proof of the lemma is quite technical but depends on a rather simple observation: The maps used to change from one
representation of a given branch to another are (in their spatial component) equivariant with respect to the monoid representation.
As equivariance is equivalent to being admissible with respect to the feedforward network structure, this pairs very nicely with the
assumed ordering of the cell-by-cell asymptotics. In particular, the r-component of the target representation depends only on the
components of the branch which are above r with respect to <. By assumption, these grow with at most the same asymptotic square
root order as the r-component. As the maps are further linear to leading order, the leading order in the target cell cannot be higher
than that of the original cell. The bulk part of the proof consists of formalizing this argument for both parts of the lemma and to
ensure that the leading order is in fact as stated by proving that leading coefficients do not vanish.
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Proof. The central observation to prove both parts of the lemma is the fact that the maps P¢|,,, : M¢ - X° and ( Ly +y ) : X° -
M¢ are mutually inverse bijections between the center manifold M* and the generalized kernel of the extended system X°. The
properties of these maps are well-understood from Lemmas 3.12, 3.13 and 3.15. We know that

P, 4) = (Py(v.2).4) .

where P¢ can be interpreted as a parameter-dependent linear map on @, V' that is equivariant with respect to the non-extended
monoid representation, i.e., P{(A,v,4) = A, P; (v, 4) for all v e @D, V.2€R and 6 € X. Due to the equivalence of equivariance
and admissibility, it is therefore a parameter-dependent linear admissible map of the fundamental network vector field. In particular,
it respects the partial order <

(P, D), =¢, (s | o2 7).2). (4.14)

where ¢, is a linear map that depends only on the entries v, for ¢ > 7 and the parameter A. The parameter-dependence is linear as
well.

A similar observation holds for the other direction. Denote elements of the generalized kernel of the extended system by
y,A) = ((yg)gez,/l) € X° ¢ @P,exV X R. Then we know w(y, 1) = (Wu(y’ A),0), where v, is a parameter-dependent admissible
map of the fundamental network. That is

(v,0.0) =4 (05102 0.4). (4.15)

As y(0,0) = 0 and Dy (0,0) = 0, we also obtain ¢,(0,0) = 0 and dq,(0,0) = 0.

We may now prove both cases separately beginning with (ii). Let ((y,(4))se5.4) C X° be the representation of a branch of
steady states in the generalized kernel of the extended system. Assume cell-by-cell asymptotics y, ~ 42 that satisfy the ordering
assumption (4.7), i.e., o & 7 implies u, < u,. First, we fix a cell = € X with y, > 1. By definition y, ~ 4" is equivalent to

yo (&) = A2 9 4+ R.(A),

where 9, € V' \ {0} suitable and |R,(1)|| = O <|/1|2_(“’_” . Combining the partial order of the cell-by-cell asymptotics with the form
of the map whose graph is the center manifold (4.15), and the fact that ¢, is at least quadratic to leading order, we compute

(v, (0ooes D)) =g (G 1o 0.2) = 2" 1o+ 5D (4.16)

where 4, € V suitable and ||p, ()] = © (|/1|2"“"”).
As we obtain the representation of the branch on the center manifold ((u(,(/l))ge 5 /1) from

(0o e 2) = (Lae + 3 ) (0eDoex D) = (GoWloex + ¥, (s D)pex A 4)
we directly see

pe ~(ur 1) o
0, A=A 9 AR+ AT 40, (N)= A9, 4, (D),

where ||x, ()| = © (IAIT(”F” . Hence, v, ~ 4>, since 9, # 0.

On the other hand, consider a cell = € X with u, = 0. By the partial order of the square root orders (4.7) we also obtain u, =0
for all ¢ > 7. By definition this is equivalent to ||y, (4)|| = O(|A|) for all ¢ & 7 including 7. Thus, using (4.15) as before, we compute

locll = |32 + 4, (062 | o 2 0. 4) || = ©012D.

which proves v, ~ A and, therefore, completes the proof for (ii).

Next we turn to the proof of the first statement (i). This is slightly more complicated as we have to make sure that the projection
onto the generalized kernel of the extended system does not ‘loose’ information about the asymptotics of a given cell. Assume that
((0s(D)ges-4) € M€ is a branch of steady states whose cell-by-cell asymptotics satisfy the ordering assumption (4.7). Then, fixing
a cell 7 € X with u, > 1, we obtain

v, (D) =" 9, + R, (D),

with 9, € V'\ {0} suitable and ||R,(1)] = O (|A|27%71) ) Combining the partial order of the cell-by-cell asymptotics with the specific
form of the projection onto X¢ (4.14), in which #, is linear, we obtain

(P (W, (Dpes: D)), = ((0,(A) | 0> 1), 4) = 22 -, + p, (D), (4.17)

where 5, € V suitable and [|p, ()| = O (|/1|27(”T7”). The representation of the branch in the generalized kernel of the extended
system ((y,(4)),cx.4) is computed as

(e(Wges: 1) = P ((0s(M)ges:4) = (P ((05(D)gex. 4) - 4) -
Thus, we see that y, ~ 27, if 5, #0.!

1 The opposite case 5, = 0 is what we refer to as ‘loosing’ information about the asymptotics in cell z.
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However, as ((y(,(/l))ae bR /1) C X¢ is the representation of a branch of steady states in the generalized kernel of the extended
system, we may apply the results from (ii) to it and receive its corresponding representation on the center manifold ((5,(A),ex, 4) C
M¢ with the same cell-by-cell asymptotics. As in the proof of part (ii), we compute its v-component to be

0(2) = ye (D) + ¥ (o (Dges: ) = 27 1 +x,(A), (4.18)

where n, € V is as in (4.17) and |, ()] = O <|/1|2’(”””>. Furthermore, P¢|,,. and (ﬂxe +u/) are mutually inverse bijections
between M and X¢. Hence,

(0o hex: ) = ((Lae +v) 0P e ) (@0 (Wges. 2)
= (L +v) (0s(Ages. )
= ((F6(Dges:2) -
Using (4.18), we obtain
0, (A=A 9+ R(A) = AT+ (D) = 5,.(A).

Ho

In particular, 7, = 9, # 0, which proves y, ~ >~
On the other hand, u, = 0 implies x4, = 0 and therefore ||v,(4)|| = O(]A|) for all 6 &> = (which includes 7). Thus we compute

Iy (DIl =

which shows y, ~ 4, completing the proof of (i). [

£ (W) Lo ), 2) | = 004D,

Remark 4.14. The proof for Lemma 4.13 allows for a slightly more precise statement when relaxing the ordering assumption on
the cell-by-cell asymptotics (4.7). That is, for every cell = for which the ordering assumption is fulfilled, u, < p, for all ¢ &> 7, we
obtain that the r-component exhibits the same asymptotics in the full representation of the solution branch and in its representation
in the generalized kernel of the extended system, i.e., v, ~ A2* and y, ~ 42", This does not require the square root orders of all
cells to be ordered. A

In the previous lemma we have shown that, under the ordering assumption (4.7), cell-by-cell asymptotics agree in the
representation of a steady state branch on the center manifold with those in the representation in the generalized kernel of the
extended system. A similar result holds true when comparing representations in X and in kery(D,I';(0,0)) X R even without the
ordering assumption, i.e., y, ~ z, with y, and z, as in (4.13). This follows from the properties of the mutually inverse isomorphisms
P’ and Q'.

Lemma 4.15.

(i) Let ((y5(A))ses.4) C X° be the representation of a branch of steady states of (4.8) in the generalized kernel of the extended system.
Assume cell-by-cell asymptotics y, ~ A> . Then the representation

(zeM)pezs4) = P1 (7 (Mpes» 4) C kerg(D,T4(0,00) X R
exhibits the same cell-by-cell asymptotics, i.e.,
z, ~ ¥ fordl ceZx.

(ii) Let ((zl,(&))t,E SR A) C kerO(DUI: '+(0,0)) X R be the representation of a branch of steady states of (4.8) in kery(D,I';(0,0)). Assume
cell-by-cell asymptotics z, ~ 4> . Then the representation in the generalized kernel of the extended system

(GeM)pexs4) = 0" ((2,(M) e 4) C XS
exhibits the same cell-by-cell asymptotics, i.e.,

yo~ ¥ forall o€ >.

Proof. We prove (i) and (ii) similarly to the proof of Lemma 4.13. Recall that the maps P’ : (y,4) —» (P¢(y), 4) as in (4.10) and
Q' :(z,4) » (z+ A", 1) as in (4.11) form equivariant isomorphisms between X¢ and ker((D,I';(0,0))xR. In particular, due to Lemma
3.12 we know that P¢ is equivariant with respect to the non-extended representation ¢ — A,. Hence, it is a linear, admissible map
for the fundamental network and we obtain

(Pc ((yLr)o'EZ)>T = fr (ytr | ob T) ’

in which #; is linear.
Let ((y{,(/l))(,E Z,/l) C X¢ be the representation of a branch of steady states of (4.8) in the generalized kernel of the extended
system and assume cell-by-cell asymptotics y, ~ A>"°. For a cell 7 with u, > 1, this is equivalent to

y.(D) =22 9.+ R.(A),
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where 9, € ¥\ (0) and IR, = O (147 *"). As ((z(Dgex: ) = (P ((76(Mgex) . 4), e compute
2 ()= (yo(W [0 7)) = 227 -, + py(A),
where 5, € V, ¢, = max . p, and ||p (V)] = O (Mlzf@f” ) Furthermore, note that
Q' ((2;(M)pes>4) = (Z,(Mges + A+ W)pes, 4) .
Therein
2D+ = A o (D = 2 4, (A),
where |[x,(A)|| = O (Mlz_(é'_l) ), since y, > 1. As P/ and Q' are mutually inverse, we obtain
y(D =" 9 + R D=z, D+ 10" = A2+ (A).

Thus, , = 9, # 0 and &, = u, so that z, ~ 427**. If on the other hand y, = 0, we obtain y, = 0 and therefore y, ~ 4 for all ¢ & 7,
including z. We compute

llze )l = |

£ (e Loz ), 4) | = 004D,

which shows z, ~ 4, completing the proof of (i).
Conversely, consider the representation of a branch of steady states in kero(D,I;(0,0)) xR given by ((zg(ﬁ))aez,ﬂ) with
cell-by-cell asymptotics z, ~ A2 . Fix a cell € ¥ with y, > 1 first. Then

z, (A =22 9, + R(D)

with 9, € V'\ {0} and |R,(D)|| = O (|A|2_”’_] ) As before, we compute the representation in the generalized kernel of the extended
system to be

D=z, (N + 40" =229 + 40" + R(D).

As 9, # 0, this implies y, ~ 427", On the other hand, assume yu, = 0, which implies ||z,(4)|| = ©(]4]) as before. In particular, we
compute

Ly (DIl =

z,(D)+ 40"

= O(4D,

which shows y, ~ A and therefore completes the proof of (ii). [

Corollary 4.16. In feedforward fundamental networks, cell-by-cell asymptotics of the full representation of branches of steady states of
(4.8), agree with those of the representation in kery(D,I;(0,0)) X R, if they respect the ordering relation (4.7). That is the cell-by-cell
asymptotics are invariant under the bijective conjugation P = P'oP¢: M¢ — kero(D,I'+(0,0)) x R.

Remark 4.17. Similar to Remark 4.14 a slightly more precise statement relaxing the ordering assumption on the cell-by-cell
asymptotics (4.7) is possible. For every cell = for which the ordering assumption is satisfied, y, < p, for all ¢ > 7, we obtain

that the r-component exhibits the same asymptotics in every representation of the solution branch. Here we do not require the
square root orders of all cells to be ordered as in (4.7). A

These technical results put us in the position to prove the main theorems of the investigation of 1-parameter steady state
bifurcations in fundamental feedforward networks with high-dimensional internal dynamics. For bifurcation problems in which
the generalized kernel at the bifurcation point fulfills an additional condition, cell-by-cell asymptotics turn out to be the same
as in the case 1D. This follows almost directly from Corollary 4.16. In an arbitrary generic bifurcation problem only a slightly
weaker statement holds. That is, the amplification effect as in (4.5) is the same in both cases. The precise square root order of
each cell, however, is not necessarily the same in both cases. In order to properly formulate the results we make use of the tensor
notation introduced in Section 2. In particular, we use indices and superscripts 1 and D with objects that have been defined before
to indicate one-dimensional or d-dimensional internal dynamics, respectively, without explicitly defining them. For example I J) is
a fundamental network vector field with internal phase space R and internal dynamics ¢, while F}’ is an admissible vector field of
the same network with internal phase space W and internal dynamics f.

Theorem 4.18. Consider a feedforward fundamental network with one-dimensional internal dynamics and a generic 1-parameter family
of admissible vector fields satisfying the bifurcation assumption (4.4) formulated in the beginning of Section 4.1 with the absolutely
indecomposable subrepresentation Y ¢ N'' = @, R as the generalized kernel at the bifurcation point. Denote the set of all 1-parameter
families of admissible vector fields satisfying the bifurcation assumption (4.4) with Y as the generalized kernel at the bifurcation point by

F = {F; ‘ 1"; generic and kery(D, F(;(O, 0)=Y } .
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Furthermore, consider a generic 1-parameter family I’ j'? : NP xR — NP of admissible vector fields on the same network with internal phase
space W =~ R? with d > 1 satisfying the bifurcation assumption (4.4) and the additional condition

kery(D,,T'7(0,0) =Y ® (w) (4.19)

on the kernel in tensor notation, where w € W (see Theorem 2.9).> Then there is a generic l“(; € F such that Fj'? exhibits the same pattern
of local branches of steady states with the same cell-by-cell asymptotics.

More precisely, the branches of steady states of I’J) are known from Propositions 4.7 and 4.8. Denote them by (x,(4))ses, SO that
x, ~ A2 with u, as in (4.5). Then each branch of steady states (w,(1)),cs Of Ff'? uniquely corresponds to a branch (x,(4)),es of I’ ;}
and the square root orders are the same in both cases, i.e., w, ~ 2> forall ¢ € .

Proof. Let I'Y : N'° xR — W be a generic 1-parameter family of admissible vector fields with I'?(0,0) =0 and
kerg(D,, I'P(0,0)) = Y & (w),

where Y ¢ N'! is an absolutely indecomposable subrepresentation. Due to the center manifold reduction, the dynamics of F/[.’ on
its center manifold M¢ is bijectively conjugate to those of a generic vector field

F: kero(D,T?(0,0)) x R — kery(D,, I'°(0,0)).

w w

In particular, all bifurcating branches of steady states of F/[.’ can uniquely be represented as branches of steady states of F in
kery(D,I" j[,’(O, 0)) x R. As the center manifold reduction preserves symmetry, the generic steady state bifurcations of the reduced
system are entirely classified by X-equivariance.

The same observation holds true for a generic 1-parameter steady state bifurcation in the case 1D. Let I'' : N xR — R be
a generic 1-parameter family of admissible vector fields satisfying the bifurcation assumption (4.4). Its dynamics on the center
manifold is bijectively conjugate to that of a generic equivariant system

G kerg(D,I;(0,0) X R — kerg(D,T;(0,0))
In particular, if I” q‘) € F the generalized kernel satisfies
kero(D, I'1(0,0)) = Y

Once again, dynamics on Y is classified by X-symmetry. As a result, there is a generic choice I";) € F such that

FyQuw,i) =Gy, )Q@w (4.20)

(recall that every element in Y ® (w) can be represented as a pure tensor y ® w from the proof of Lemma 2.7).

On the other hand, from Propositions 4.7 and 4.8, we know all branching solutions for a generic FJ)' In particular, for any branch
(x,(M)pes € N1 we know that x, ~ 42, where the yu, satisfy the ordering (4.7). Corollary 4.16 shows that the representation
(¥,(4)yes Oon Y has the same cell-by-cell asymptotics y, ~ 27" For this representation we have G((y;(M)yex,4) =0 for all 4 with
small absolute value.

Applying (4.20) this directly implies

F(y:(Moes ® w, D) = G(y;(D)ges, H @ w=0.

Hence, we obtain a branch of steady states of the generic equivariant vector field F on Y ® (w) by attaching the vector w € W'\ {0}
to each coordinate of the branch y(4):

Go(D)gex ® w C kerg(D, I'7(0,0)).

Furthermore, as the dynamics on Y xR and Y ® (w) xR are determined by symmetry, we obtain all branches of steady states of F
in this way (the representation on N'® via {AU ® HW}U < is trivial in the (w)-component). In the original coordinates this branch
is denoted by

(z2e(MN)ges = (Vo(D) - Wses

(see (2.2)). In particular z, ~ 227" Due to the center manifold reduction, this branch uniquely corresponds to a branch (We(DN)ges
of the full system governed by FP. As (y,(4),ex satisfies the ordering (4.7) on its cell-by-cell asymptotics, Corollary 4.16 implies
w, ~ A", Note that all steps in this proof require the application of bijective maps. Hence, we indeed have a one-to-one
correspondence between branches in the 1D-case and branches in the DD-case. []

Remark 4.19. Note that condition (4.19) imposes a restriction of generality. In general, due to Theorem 2.9, the generalized kernel
is isomorphic — as a subrepresentation — but not equal to Y ® (w). a

2 In the original coordinates this means for any basis (b)),cs. ... (b5),es Of Y the elements (b w),cy span kerO(F;’(O, 0)).
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GO==0 20

Fig. 3. A 3-cell homogeneous feedforward chain.

Example 3. We illustrate the previous remark by recalling Example 1 from the introduction. The network in Fig. 3 is the network
in Fig. 1 after its input maps have been completed to a monoid. It is easy to see, that it is also a feedforward fundamental network.
Similar to before, we observe that the linearization of a 1-parameter family of admissible vector fields satisfying the bifurcation
assumption (4.4) is of the form

A B C
L={0 A B+C |,
0 0 A+B+C

where A, B,C € gl(V). Under the assumption of non-critical maximal cells, we have a (generically simple) eigenvalue 0 of A —
i.e., A =0 in the case 1D —, while generically B and C are invertible and we compute

Y) (v
>, kerg’(LD)=< of.]Y >
0)\o

where Y,Y’ € W are such that AY =0 and AY’ = (1, — B) Y. Hence, we see

1
ker(‘)(L‘)=< o[,
0

owl— o

Y 0
ker(?(LD);é< of.|B 1y >§ker(1)(L1)®(Y>.
0 0
Nevertheless, it can easily be verified that
Y’ Y Y’
D D
A2lr| =|o| A2lY| =o
0 0
0 B~y 0
AP By =] o |. AP |B'y|=0.
2 3
0 0

In particular the actions of ¢, and o3 on (Y’,Y,0)" and on (0, B~'Y,0)T are conjugate. Hence, we have indeed

Y\( o
ker3<L°);< of,| B~y >gker},(L’)®(Y>. A
0 0

Theorem 4.18 describes generic steady state bifurcations in a DD-feedforward network only in the special case that the
generalized kernel of the vector field is essentially equal to one that also occurs generically in the 1D-case. For a generic feedforward
fundamental network with high-dimensional internal dynamics the result is slightly weaker. Here we only obtain the same cell
asymptotics as in the 1D-case for cells ¢ € X for which u, > p, for all = > . In particular, this is the case for cells that are critical
in the 1D-setting. In cells that are non-critical the square root order in the case DD is less than or equal to that in the case 1D.
However, as amplification in the case 1D is only visible in the critical cells — p, increases only in critical cells (see (4.5)) —, this
can be interpreted as the same amplification effect in steady state bifurcations in networks with high-dimensional internal dynamics.
In order to make the notion of genericity precise, we need to make the following remark first.

Remark 4.20. Consider a generic 1-parameter family of admissible vector fields for a feedforward fundamental network I” }) : NP x
R — NP satisfying the bifurcation assumption (4.4) in the case DD. As generic steady state bifurcations occur along absolutely
indecomposable subrepresentations, we know that kerO(DmeD(O, 0)) is absolutely indecomposable. Furthermore, due to Theorem
2.9, there is a decomposition into indecomposable subrepresentations

N'=v @Y,
such that
kerg(D,I'2(0,0) 2 Y; ® (w) = Y,

for some 1 < j < s. Any subrepresentation Y; can occur in a generic 1-parameter steady state bifurcation in the case 1D. Furthermore,
the subrepresentations are all absolutely indecomposable and in one-to-one correspondence with the eigenvalues of a generic linear
admissible map (see [28]). This can readily be proven by exploiting the structure of upper triangular matrices using methods which
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have been formalized in [39]. That is, there is a generic 1-parameter family of admissible vector fields for the same fundamental
feedforward network I 41) : NTxR - N1 satisfying the bifurcation assumption (4.4) in the case 1D such that

kerg(D, I}(0,0)) = Y; = kerg(D, I’} (0,0)),
where the isomorphisms are isomorphisms of subrepresentations. A
Theorem 4.21. Consider a feedforward fundamental network with internal phase space W ~ R? with d > 1. Let T’ }:’ :NPxR - NP bea
generic 1-parameter family of admissible vector fields satisfying the bifurcation assumption (4.4). Then FfD exhibits the same amplification
effect in its branching steady state solutions as a generic 1-parameter family of admissible vector fields for the same network with
one-dimensional internal dynamics I'! : N'" xR — N\,

That is, any branch (w,(4)),es of steady states of F}? uniquely corresponds to a branch (x,(4)),es Of Fd]f These are known from
Propositions 4.7 and 4.8. In particular, each cell ¢ € X is of square root order u,, i.e., v, ~ A2 with u, as in (4.5). Then

wy ~ 2% fordl o€z,
where

= i, for o critical,
o

€{0,....us} for o non-critical.
Here, criticality is to be understood with respect to I'' — the definition of criticality depends on a non-invertible linearization of a 1-parameter

¢
family of admissible vector fields.

Proof. The general idea of the proof is similar to that of Theorem 4.18. Therefore, we omit some of the details and focus on the
difficulties that arise when condition (4.19) is violated. Once again, dynamics restricted to the center manifold of a generic parameter
dependent system I'? : NP x R — AP satisfying the bifurcation assumption (4.4) is bijectively conjugate to that given by a generic
equivariant vector field

F @ kerg(D,I'P(0,0)) X R = kero(D,, I'7(0,0)).
Due to Theorem 2.9, we know that
NP S kerg(D,I'P(0,0) 2 Y @ (w), (4.21)

where w € W \ {0} and Y c N is an absolutely indecomposable subrepresentation. Remark 4.20 implies, that there is a generic
1-parameter family of admissible vector fields FJ) : NTxR — N7 for the same network with one-dimensional internal dynamics
such that

kerO(Dxr;(o, 0)=Y cN. (4.22)

Generic dynamics — most importantly steady state bifurcations — on Y is uniquely determined by symmetry. On the other hand,
the same holds for generic dynamics on ker,(D, I‘J)(O, 0)). As in the proof of Theorem 4.18, these are also determined by the reduction
of the generic system I“; to its generalized kernel by the center manifold reduction. In particular, using Propositions 4.7 and 4.8 and
Corollary 4.16, we obtain a unique representation (y,(4)),cs C kero(DxF; (0,0)) of each branch of I' (; such that y, ~ 2>, where u,
is defined as in (4.5). In the same manner, we obtain all branching steady state solutions of a generic A! ® 1y -equivariant system

G kerg(D,T;(0,0) ® (w) X R — kerg(D,T(0,0)) ® (w)
as

o(Dgex ® w C kerg(D, I,(0,0) ® (w).
This is due to the obvious observation

kery(D, I7}(0,0)) ® (w) = kerg(D, I} (0,0))

as representations with respect to ¢ — A! ® 1y, and o — A], respectively. In the remainder of this proof, it is convenient not to
use the tensor notation but to rely on the original coordinates (y,w),cs € kery(D, FJ) (0,0)) ® (w). In particular, the generic branch
in kerO(DXF(;(O, 0)) ® (w) becomes (y,(Hw),cx- It satisfies

ya(l)w - 12’”"

for all ¢ € X as w is fixed.
Using (4.21) and (4.22) we see that there is an isomorphism of subrepresentations

v kerO(le"j'?(O, 0)) — kero(DxF(;(O, 0)) ® (w).
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with inverse =. This isomorphism conjugates generic dynamics on the two spaces as it respects symmetry. In particular, all branches
of steady states of the generic reduced system F are of the form

(Zo(Dgex = = (7, (M)gexw) C kerg(D, I'F(0,0)).

Similar to the proof of Theorem 4.18 we have found a relation of the generic branches of steady states in the case DD to those in the
case 1D. However, due to the characterization of (z,(4)),c > using the isomorphism = it is not obvious what the square root orders of
each cell are in this representation. Hence, we cannot apply Corollary 4.16 directly to obtain square root orders of the corresponding
branches of F}’. Hence, we begin by investigating the effect of the isomorphism ¥ on cell-by-cell square root orders similarly to
Lemmas 4.13 and 4.15. To that end, we extend ¥ and = trivially to the full space, i.e., ¥, 5 : NP - AP. Hence, both maps are
equivariant maps with respect to o — AP (they are, however, only invertible when restricted to the respective subrepresentations).
Due to the equivalence of equivariance and admissibility, they are therefore linear admissible maps for the feedforward fundamental
network with internal phase space W. In particular, both maps respect the partial order < so that we may write

(Y(Zy)oes)), =C(Zylo1) =€2Z, |o27) w, (4.23a)
(E(Vw)eex), =L,w]| o2 1) = Z Y, [7(w), (4.23b)
okt

where 7, : WHeRT) o W g2 wHor) S Raswellas [0 : WHoET) & W and [0 : W — W are suitable linear maps.
Similar to the proofs of Lemmas 4.13 and 4.15, we investigate the implications of this structure of the linear maps ¥ and = on
the cell-by-cell asymptotics of (z,(A)sex = = ((V5(A))gesw). By definition

a, - A2 +c9(|x|2’(”“’”) if o, > 1,

Yo(A) =
(1)) if u, =0,

where a, € R\ {0}. Consider a cell r € ¥ with u, = 0 first. By definition u, = 0 for all ¢ > 7. Hence, using (4.23b) we obtain

Izl = || Y, v )| = 04D

o>t

and, therefore, z, ~ 4. In particular ¢ is of square root order ;. = 0 in that representation.
Next, consider a cell r € X with u, > 1. Then (4.23b) gives

2D = D v, (DIEw) = 7, +5,(D),

o>t

where 7, € W and ||x,(1)|| = O (/12_“"_” ) In particular, z, ~ 22 with

= if 0,
. Ue 1 N # (4.24)
e{0,....u,—1} if n,=0.

The second case can be avoided, if additionally 7 is a critical cell with respect to FJ). By definition, this implies y, < y, for all o > 7.
Hence, (4.24) gives

1y, < phy <y, forall o7 (4.25)
As ¥ and £ are mutually inverse on the respective subrepresentations, we obtain
vew= (a2 0 (1)) w
= (Y (2,(D)ges)),
=0lz,MD o 1)-w
—hz ~(uz=1)
= (B 2 w0 (1)) -,
where g, : W — R linear. Therein, the last equation holds due to (4.25). Hence, f,(n,) = a, # 0 which implies , # 0. Hence, due to
(4.24), 1, = p, so that z, ~ A2,

Summarizing, we have shown that the representation (z,(4)),cs of the generic branch of steady states (y,()w),es in
kero(D,I" })(O, 0)) has cell-by-cell asymptotics z, ~ 227" . These do not satisfy the ordering (4.7) on all cells. However, for a cell
7 that is critical with respect to I'!, we have that 1, < 1, for all ¢ > 7. This follows from (4.25) and the fact that 1, = u, for such
7. Due to the bijective conjugation between the dynamics of F and those of the generic original system I'P restricted to its center

manifold, each branch (z,(4)),cs of steady states of F uniquely corresponds to a branch of steady states '(w(,(/l))(,E s € NP of FfD.
It can be computed as in (4.12)

(o Wgex:4) = (L +¥) (€' (Go(Wgex- 4)) (4.26)
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using the map whose graph is the center manifold M¢. It remains to be investigated, how the square root orders translate to this
representation. From Corollary 4.16 and Remark 4.17 we immediately obtain

w, ~ ¥ =2 (4.27)

for all cells r € X that are critical with respect to I, as the ordering (4.7) is satisfied for these cells as well as 1, = y..
We cannot apply Corollary 4.16 to cells that are not critical with respect to FJ). However, using Lemma 4.15, we may take an
intermediate step in (4.26) as

(Xe(WgessA) = Q' ((2,(M))ges: 1) € X° C NP XR,

where X° is the generalized kernel of the linearization of the extended system at the bifurcation point DE?(O, 0) and Q:
kery(D,I" j'?(O, 0))xR — X¢ is the isomorphism of X-representations given in (4.11). Then ((X,(4)),cx, 4) is the unique representation
of ((z4(A))ses,4) in X¢. Due to Lemma 4.15, the X-component of this representation exhibits the same cell-by-cell asymptotics as
(Zg(/l))O-EZ) i'e"
X, ~ A"
foralloc € 2.
Finally, as in (4.26) we have

(o Wpexs A) = (Lae +¥) (Xo(Dgex. 4)

Hence, it remains to investigate what impact the map ( 1 yc +y ) has on the square root orders of each cell. Lemma 4.13 does not
apply to this situation, as the square root orders for the branch (X +(M))yes are given by i, for all ¢ € X which do not respect the
partial order < as in (4.7). Nevertheless, a proof similar to that of Lemma 4.13 allows for a characterization of the square root
orders of the branch (w,(4)),cs. Recall from (4.15) that v is trivial in the A-component, i.e., y(X, )= (ZX(X , 4),0), and vy is a
parameter-dependent admissible map of the fundamental network. That is,

(v, X 2) =0 (X, o2 0.40).
In particular, we compute
0. (0) = XoD)+ 4.(X, (D) | 0 2 9), ), (4.28)

for all = € X, where ¢,(0,0) = 0 and dq,(0,0) = 0.
Fix a cell ¢ € X with 1, = 0. Then i, = 0 for all 6 > 7. Hence, we have || X (1)|| = O(|4]) for all ¢ > = (which includes 7).
Therefore, from (4.28) we obtain

lw (DIl = | X (D) + 4.(X,(D) | 0 & 2), D| = O D,

which is equivalent to w, ~ A. That is = has square root order 0 =1, = y,.
On the other hand, consider a cell z € X with 1, > 1. We may focus on the case that 7 is non-critical with respect to I'!, as we
have investigated the other case already in (4.27). By definition

X, () = 2279, + po(3),

for all o € X, where 9, € W \ {0} and ||p, ()|l = O (Mlzf(“’f”). Hence, using (4.28) we obtain

W (A) = X, + g (XA o B =229, + 47" -, + 2,(A),
where @, € W, [|2,(D)] = O (l/llz_("_l) + |/1|2_(Y’_”) and Y, = max,, 1, — 1. Recall that 1, < y, for all ¢ € 2. Furthermore,

He = Max f;,
o>T

as t is non-critical for Fq]ﬁ' Hence, we obtain

Y, =maxi; — 1 <maxpu, —l=pu, —-1<pu,.
(<3 o>t

This proves w, ~ A2 where &, <1, <p,. [
Remark 4.22. In Theorems 4.18 and 4.21 we show that the 1-parameter family of admissible vector fields I'® in the case DD admits
branching steady states that exhibit the same amplification effect as those of F;s in the case 1D. In particular, cells that are critical
with respect to Fq} exhibit the same asymptotics in both cases — the same holds for cells r € ~ with u, = 0.

On the other hand, consider a cell = with u, > 1 that is non-critical with respect to F}’. Assume, furthermore, that for a specific
branch of steady states (w,(4)),cs, we know w, ~ 427 with i, > 0 for all ¢ > 7. In order to determine the r-coordinate of this

branch, the equation to be solved is
O:f(w(,lr,... w, A).

»Wo, s
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Note that for all ¢ € X either 67 = 7 or o7 > 7. In particular, we may fill in the coordinates of the branch w,(4) for all ¢ > 7. The
7 equation reduces to a bifurcation equation on W

0= g(w,, ).
Due to the bifurcation assumption (4.4), we have

D, 2(0,0)= D, f(0,0)= ) a,

c€EL,

which is invertible as z is assumed not to be critical. Therefore, we may apply the implicit function theorem to obtain
w () = G(w,(D) | o> 1), 4)
such that

0=2gw. (1), = f(Wg (A, ..., w5 (2), 1)
for all A close to 0. As G is at least linear up to lowest order in all its arguments, we immediately obtain

w, ~ 22"

with 1, < max,,, 1,. In particular, no amplification may occur in a cell that is non-critical with respect to I'?. As a result, all cells
that provide an amplification must be critical. Since these are precisely the ones that are critical with respect to I'!, we obtain that
the set of critical cells is the same in both cases. A

Remark 4.23. The bifurcation results in the case 1D in [28] are proven by bare-hands analysis exploiting the partial order in the
network. The fact that the equation for cell ¢ depends only on the state variables of cells r > ¢, allows for inductive computations of
solutions. A similar approach is possible in the case DD as well. Computations in non-critical cells can be solved using the implicit
function theorem (compare to Remark 4.22), critical cells require application of the Lyapunov-Schmidt reduction. However, taking
care of the numerous different cases of branching patterns, depending on a large number of parameters in the equations, and in
particular investigating genericity is at least tedious if not factually impossible, due to the arbitrary dimension of the internal phase
space. A

5. Discussion

In the theoretical study of networked dynamical system, one often restricts to the case that the state of each unit evolves in
a one-dimensional state space (typically a real vector space). However, many complex systems in applications do not inherently
justify this restriction. For instance, coupled oscillators, unless reduced to phase dynamics, require at least a two-dimensional phase
space. As a more specific example, the state of each Hodgkin—-Huxley neuron in a network consists of four values describing the cell
membrane’s capacitance, as well as its conductance to three different ions. Similarly, the positional variables of multiple interacting
mobile agents in realistic applications require two or three spatial dimensions. In simplifications to one spatial dimension, the
collective typically behaves vastly differently.

In this paper, we justify the restriction to one-dimensional phase spaces from a theoretical point of view. Specifically, we study
how the representation theory of monoids can be exploited to study bifurcations of coupled cell systems with high-dimensional
cell dynamics. It is known that homogeneous coupled cell systems with asymmetric inputs are related to monoids and their
representation on the total phase space. This representation uniquely decomposes into indecomposable subrepresentations. We
show that the dimension of the internal phase space only affects the multiplicity with which the components occur. Together with
known transversality results for monoid equivariant bifurcation problems, this further leads to powerful statements about generic
bifurcations in these networks. In particular, there is a minimal dimension for the internal phase space (depending on the number
of parameters and the nature of the bifurcation) that is needed for all possible combinations of indecomposable subrepresentations
that a given coupling structure allows to emerge in a generic bifurcation problem. Hence, all possible generic bifurcation problems
for any dimension of internal phase space are equal to one of those in the minimal dimension in the sense that there is an equivariant
isomorphism identifying them. As such, the emerging bifurcation patterns are ‘qualitatively the same’. This argument is based on
the Lyapunov-Schmidt reduction. If more detailed knowledge about the generic bifurcation behavior of a given coupling structure is
known, the center manifold reduction can be exploited for a fine-grained relation between bifurcation behavior for different internal
phase space dimensions. This is exemplified in this paper at the hand of feedforward networks.

We would like to mention one notable treatment of the question how the dimension of cell-dynamics influences the qualitative
bifurcation behavior, which was performed in [40]. While not being the main focus of their study, the authors prove that 1- and
2-parameter bifurcations are effectively independent of the internal dimension (we believe this result to hold true for an arbitrary
number of parameters). This apparent contradiction to our results in Section 3 stems from the fact that both works study entirely
different classes of coupled cell systems. In fact, both classes are in some sense as different as they can be: While in this paper the
network is assumed to be homogeneous — the dynamics of all cells are governed by the same function —, the networks in [40] are
assumed to be fully inhomogeneous — the dynamics of all cells are governed by pairwise (generically strictly) different functions. Both
approaches can be motivated by complex systems coming from applications in their own right. Their respective analyses however
differ greatly. This can best be illustrated at the hand of a feedforward network in the sense of Section 4. As we have seen, the
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homogeneity assumption leads to the phenomenon that multiple cells in the network can be critical at the same time which in turn
causes higher multiplicities of critical eigenvalues in bifurcation problems. On the other hand, this effect can generically not occur
in fully inhomogeneous networks, as the contribution of all cells to the spectrum is necessarily different. This in turn implies that
the multiplicity of critical eigenvalues in a generic bifurcation problem is completely determined by the number of parameters.

Therefore, in our approach, we need to address high-dimensional center subspaces. To that end, we have the advantage that the
homogeneity introduces monoid symmetries into the system whose representations and decompositions thereof can be exploited to
combinatorically understand which components can make up the center subspace in a given generic bifurcation problem, as outlined
above. This algebraic machinery is no longer available in the fully inhomogeneous context. In fact, fully inhomogeneous networks
only have trivial monoid symmetries. However, the impact of high-dimensional cell dynamics can be circumvented in a more direct
way. In fact, in a generic fully inhomogeneous network vector field, the impact of the different components of high-dimensional
cell states on each other are all pairwise different. Hence, the state of a high-dimensional cell can instead be interpreted as the
collection of states of multiple one-dimensional cells. This identification does not require any technical steps but is simply a change
in perspective (or in notation for that matter). Hence, any bifurcation problem with high-dimensional cells can be identified with a
bifurcation problem on a larger network with only one-dimensional cells. At this point, the authors of [40] go a step beyond what is
provided in this paper: They fully classify all 1- and 2-parameter bifurcations in fully inhomogeneous networks with one-dimensional
cells. By the argument outlined above, this result then immediately yields the same classification for high-dimensional cells.
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