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1 Introduction 

There are several approaches to conformal geometry. We will restrict our atention to 
thr. oquival<>nce problem, that is, the problem of finding appropriate connections in 
;i1,propriate spaces. A modern introduction to it by means of second order frames is in 
[K). 

The trratmrnt of conformal geometry presented in thia work was inspired by E. 
Cartan 's treatment of Cauchy-Riemann structures of dim<>ntion 3 (CJ by the introduction 
of a line bundle. This ap1>roach, in the case of CR-structures was generalized by Chern 
in (CM). In this work we consider the lin•• hundlc, which we call E, of all ronformal 
metrics to a fixed one over a manifold, and over this line bundle an appropriate coframe 
bundle Y whirh solves th<> equivalence probll'm. 

The main advantage of this formulation is the first order treatment of the l'quivalence 
11rohll'm ovl'r the line bundle, and moreover, we belive that this paper could be uscfoll 
as an introduction to the CR equivalence problem in a simpler but analogous situation. 

As an appliration, we compute the Ch«'m-Simons class of a conformal structure on 
a 3-manifold pulling-back by sections of this line-bundle a Chern-Simons class on Y. 

The line bundle E wa3 used in (FG) to obtain conformal invariants using a Ricci 
flat ricmannian metric defined on the product EX/, where/= (-1, 1). The proceu 
to obtain the Chem-Simons clasa is the same used in (BE) to obtain a secondary claSI 
for CR-slructurea. The author would like lo Lhanlt Profs. A. M. Rodrigues and J. A. 
Vcrderesi for enlightenning discussions and CNPq for partial aupport. 



2 The Conformal Group and Conformal Structure 

In this- ~cction we revirw the conformal group for the sake of completeness. Let S be 
the following matrix of order n+2 

( ~ f ~1) 
-1 0 0 

The conformal group is defined as/,= O(n+l, I)= {XE GL(n+2,R); XTSX = S}. 
This group acts naturaly in the so-called Mobiua apace 5", thought aa the subspace 

of the projN"tive space {[%) e RP"+l with zTSz = 0 }, x being a colnnm vector In 
R"+2, The isotropy of this action is tht' group 

I.= w:• : n EO(ntl,l)} 

Observe that in the matrix above we have A e O(n), a E R, ( E R" with 11 = 
«-1 A(T' b = q;.. 

The isotropy of first order is the isotropy of the adjoint action, and it is the set 

£, = { ( t ~ D EO(ntl,1)} 

We call G 1 the group 

G, = {( t : n EO(ntl,l)} 

Observe that L ::> Lo ::> G1 ::> L1. 
We st.art slating the definition of a conformal structure. Let (M, g) be a. riemannian 

manifold. 

Definition 2.1 The conformal 11tructurr a1111ocia,ted to (/if, g) u the G-atrvcturr gfoen 
611 the 11r.t of l-fom1S 

(1) (J'; = n1Bi where (a1) e CO(m) 

Geometrically tJi is a basis of coframcs satisfying IJ;(X;) = 6f wi~h 1 ~ i,j S rn 
where X; is an orthogonal basis of TM with respect tog. It is well known that this is 
not a. first order structure in the sense that we cannot find a canonical parallelism of 
thi11 bundle in order to' solve the equivalence problem. \Ve introduce next a G1 - bundle 
over the line bundle of all conformal metrics to a fixed one and, on this bundle, we find 
a canonical parallelism. 
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3 The Line Bundle 

Let E be the lri\'ial line bundle, with fiber R+ of all metrics conformal tog. We will 
define a. G1-structure over this line bundle. Let ,r: E __. M he the natural projection. 

Given a point e E E, we define w! = ir•(~). where~ is a coframe for M at the point 
ir(e) with metric e. 

Choose a local section tr, this is equivalent to a local choice of a riemannian met­
ric. This gi\'e& local coordinates to the line bundle. In those coordinates wi = >.Bi. 
Diferentiating we get 

. . . d>. . 
dw' = w' A wJ + T Aw' 

where wj is the Levi-Ci vita connection defined by Oi. If utr, where u is a positive function 
on M, is another section, then 

Therefore the form d'A/ >. is defined modulo horizontal forms. 
We define the G1 - structure by the forms 

(I) { 
,Y_

1 
= ,J,_+ ~;wi with ,J, = !If in a trivialization of E 

w' = aiw' where (a;) E O(m) 

We will call this G1-bundle over E to be Y. We have Y __. E __. M. Our next goal 
ia to construct a. canonical parallelism Y __. E. 

4 The Cartan Connection 

(f we choose a. section of coframes wi, tf,, we ca.n write without loss of generality 

(2) { 
Jwi = ~ Awj +t/,Awi 
di/, = w' Aw; 

where wj and w; a.re one-forms to be determined. We will impose conditions on them 
10 that they will be uniquely determined. 

Define 

and write 
n; - l Ki w1 Aw• 
" - 2 "'· 

Then we can state the following theorem. 
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Theorem 4.1 There are uniquely defined forrru wj and w;, auch that 

(3) = -wf 
= 0 

Proof: The (•xistence and uniqueness 0£ the £orms wj follows by the same reasoning as 

in ri<'mannian grometry. It remains to find the (orms w;. Starting with arbitrary forms 

w; d<'finrd by rquation (2), we use Cartan's lemma to obtain that 

Wj = Wj + 6;,.wl, 

with b;1, = b.1:; , Computing Oj .:... ff, we obtain 

LI{jilt - L~iA: = (n -2)b;1r + 6iLbii 
Imposing that L KJi1t = 0, we can solve for b;1,: 

To dE'fine the Cartan connection we write the equations (2) u equation■ io Y 

(4) { 
d9 = -w 11 9 + r/> I\ I 
dr/> = -ID f\' 

a 

where we ronsi<ll'r the tautological forms defined by wi in a column vector I. 

Theorem 4.2 There are unique Jorma w and w defined on the fibe.r bundle Y ..... E 61 

(5) 
wT = -w 
EKt, = 0 

nnd u•e have that (-• 9T' 

:) (6) ,r = ~,T II,/ 

w 

i11 a Cartan cormection. 

Proof' 1 We ha\'e to examine the change on the forms w and w when a change 

{ 
# = ~+al 
f1 = Al where A e O(m) 
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is made. Dy straightforward computations we obtain the following transformation, 

"'= A-1w'A + Ba- aTBT 

w = w' A - aw + aip + aaB - !9T aaT 
2 

We observe then, that those transformations Jaws are precisely 

The curvature of the Cartan connection 'II' is given by 

· (0 0 0) n = d'JI' - "" 11 'JI' = wT n o 
0 W 0 

0 

Let a: M - Ebe a section of the line-bundle. This is equivalent to fix a riemannian 
metric In the conformal class. We will show that there ia a natural imbedding of the 
Levi-Civita connl'dion of the riemannian structure in the Cartan connection over the 
line bundle. 

Let Bi be a orthonormal coframe for this metric. Observe that <P == d).f),, is deter­
mined by "· We determine "' using the curvature of the metric. From the 1tncture 
NJUation dip = -w I\ I = 0 we compute that 

to·= _ l _ ( --l - 6LRi .. - Ri .. ,.) fr 
' n - 2 2(n - 1) ''' '' 

where R;4-1 is the riemannian curvature of the metric. 
Observe also that using this imbedding t1•(0j) = WJ, the Weyl tensor. 
To construct the Chern-Simons class consider the simplest case of 3-manifolds, and 

the Chern-class 

c2 = 7"r( n " fl) 
which lives in Y. Using the standard argument we construct the transgression on Y 

Using a Sl'Ction "• and the imbedding above, we compute the pull-back of the transgres­
sion on Y, to get 

where llR is the riema.nnlan curvature of the metric. This is precisely the Chem-Slmo111 
class for the conformal structure. 

5 



5 Bibliography 

BE Burns, D. , Epstein, C. L. , A Global invariant for three dimensional CR-structures, 

Invent. Math. , 92 (1988), 333-348. 

C Cartar., E.: Sr.r la.geometrie pseudo-conforme des hypersurfa.cps de deux variables 

complexes, I. Ann. Math. Pura Appl., (4) 11 (1932) 17-00 (or Ouevres II, 2, 1231-

1304); II, Ann. Scuola Norm. Sup. Pisa, (2) 1 (1932) 333-354 (or Ouevres III, 2, 

121i-1238). 

CM Chern, S.S., Moeer, J.: Real Byperaurfacea in Complex Ma.nifolda. Acta Ma.th. 

133 (1974) 219-271. 

FG Fefferman, C. , Graham, C. R.. : Conformal Invariants. Aatcrisque, hors scrie, 

1985, 05-116. 

K Kobayashi, S. : Transformation Groups in Differential Geometry. Springer-Verlag. 

1972. 

6 



TRABALHOS DO OEPARTAHENTO OE HATEM~TICA 

TiTULOS PUBLICAOOS 

91-01 COELHO, S,P, & POLCINO MILIES, C. Derivations of 
Upper Triangular Matrix Rings. 7p. 

91-02 JESPERS E., LEAL G. & POLCINO MILIES, C.Idempotents 
in Rational Abelian Groups Algebras. 10p, 

91-03 FALBEL, E, Non-embeddable CR-structures and dlla -
tions. 7p. 

91-04 JESPERS E., LEAL G. & POLCINO MILIES, C, Indecompo­
sable R.A. Loops, 36p. 

91-0~ COELHO F,, HAPPEL D. & UNGER L. Complements to par­
tial tilting modules. 21p. 

91-06 FALBEL, E. The topolog~ of envelopes of holomorph~ 
and Hartogs Theorem. 9p. 

92-01 COELHO, S.P. The automorphism group of a 5tructural 
. matrix algebra . 33p, 

92-02 COELHO, S.P. & POLCINO MILIES, C, Group rings whose 
torsion units form a subgroup. 7p. 

92-03 ARAGONA, J, Some results for the operator on 
generalized differential forms. 9p. 

92-04 JESPERS, E. & POLCINO MILIES, F.C. Group rings of 
some p-groups. 17p. 

92-05 JESPERS, E,, LEAL G, & POLCINO MILIES, C. 
Units of Integral Group Rings of Some Metac~­
clic Groups, 11p, 

92-06 COELHO, S.P., Automorphism Groups of Certain Alge­
bras of Triangular Matrices. 9p. 

92-07 SCHUCHMAN, V., Abnormal solutions of the Evolution 
Equations, I. 16p, 

92-08 SCHUCHMAN, V., Abnormal solutions of the Evolution 
Equations, II. 13p, 

92-09 COELHO, S.P., Automorphism Groups of Certain Struc­
tural Matrix Rings. 23p, 

92-it BAUTISTA, R. & COELHO, F.U. On the existence of ~o­
dules which are neither preproJectlve nor pr£ 
injectlves. 1~p. 

92-11 MERKLEN, H.A., Equivalence modulo preproJectlves 
for algebras which are a quotient of a 
heredltar~. 11p, 

92-12 BARROS, L.G.X. de, Isomorphisms of R~tlonal Loop 
Algebras. 18p. 

92-13 BARROS, L.G.X. de, On semisimple Alternative Loop 
Algebras. 21p, 

92-14 MERKLEN, H.A., Equlvalinclas Estavels e Aplica~oes 
17 p, 



92-15 

92-16 

92-17 

92-18 

92-19 

92-20 

92-21 

92-22 

92-23 

NOTA: 

LINTZ, R.G., The theor~ of a-generators and some 
questions In anal~sls. 26p. 

CARRARA ZANETIC, V.L. Submersions Maps of Constant 
Rank Submersions with Folds and Immersions. 
6p. 

BRITO, F.G.8. & EARP, R.S. On the Structure of 
certain Weingarten Surfaces with Boundar~ a 
Circle. 8p. 

COSTA, ~. & GUZZO J~ •• H. Indecomposable baric alge­
br-as, II. ·10p. 

GUZZO JR., H. A gener-alizatlon of Abraharu"s example 
7p. 

JURIAANS, D.S. Torsion Units in Integral Group 
Rings of Hetabellan Groups. 6p. 

COSTA, R. Shape Identities in genetic algebras. 
12p. 

COSTA, R. & VEGA R.B. Shape identitle5 in genetic 
algebras II. 11p. 

FALBEL, E. A Nate an Canfar~al Geo~etr~. 6p. 

Os titulos publlcados dos R•latorlos Tecnlcos dos anos 
d• 1980 a 1991 estao a disposl~io no Oepartamento de 
Hatematica do IHE-USP. 
Cldade Unlversitaria "Armando de Salles Oliveira" 
Ru• do Hatio, 1010 - Butanti 
Caixa Postal - 2t.57t <Ag. Iguateml) 
CEP: 01-498 - Sao Paulo - Bras I l 




