
CHARACTERIZATION OF THE DUAL OF AN ORLICZ SPACE
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the dual of anOur objective is to characterize 
Orlicz space L (X,E,u), with the only hypothesis that (X,E ,u)

A
is a measure space with no atoms of infinite measure.

This work originates from the reading of [71 and [8] 
of M.M.Rao, where we found some statements which were unclear 

In particular the characterization in [8] seems to be 
incomplete, possibly for some 
tion.

to us.
fault in the fundamental defini

Here we present a new one.

SI. Preliminaries

If p is a nondecreasing function from [0,*[ to [0,*] 
such that 0 < p(tQ) < * for some tQ * 0, the function A de~

- f P (t) dt 
J 0

is calledfined on [0,*[ by the equality A (u)

Young's function. The Young's complement of A is defined on 
[0,-[ as

A(u) - sup{uv - A(v): v e (0,-(} .

In all that follows we will denote

a « sup{u e [0,-[: A(u) * 0> , a = supCu e [0,-[: A(u) = 0} , 

b * inf(u e [0,“[: A(u) ® •} , b » inf( u e [0,-[: A(u) = -} .

Moreover (X,I,y) will be a fixed but arbitrary measure space 
with no atoms of infinite measure (i.e, if E6I and u (E)-=*" , 
then there exists F6E , F<=E such that 0- < y (F) < •) . Unless 
otherwise stated, our functions will be from X on 1R, and we 
shall employ the conventions that 0/0 ■ 1/- « 0.« * 0 and 
inf 0 «
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is the space of all measurable 

for some k G ]0," [ .

The OrLicz space LA 

functions, such that [ A(k|f | )du < 
' X

This is a complete space with the seminorm || • |IA # defined by

I, S 1> .||f ||A* inf(k e ]0,“ [s

Proposition. The following assertions are true:(1-1)

(i) A is nondecreasing and convex;

(ii) the right derivative A' of A exists and is finite-val­
ued on [0,b[;

uv * A(u) + A(v) for u,v Q (0,*[, the equality hold­
ing if, and only if, at least one of the relations

(iii)

u * lim A' (t) v = lira A*(t) is satisfied by u and 
t+u

or
t+v

v;

6 i-A , the re 
and

(iv) for E e l we have U(E) < • implies K E
ciprocal holding if a = 0; besides, if P(E) = " 
a > 0, then ||?EIIA ■ 1/a;

e La , then HCE ||a * b y (E) ;(v) if E e Z and £ E

f A (| f |) dy 
'X

(vi) for f 6 LA we have, S 1 if and only if

l|f||A s 1;

(vii) if 6 e (0,-[ and f e lA , then

p ({x e X: | f (x) | H 6 || f |1 A>)-A(6 ) S 1;

||£||a S j A(|f|)d(viii) if f e La , then u + 1.

Proof. Assertion (vii) is a consequence of (i) and (vi). The



-373-

may be found in (1] and (31 .//others

For f in iA there is a sequence (sn) of(1.2) Proposition.
simple functions in LA such that

(sn) is nondecreasing if f i 0;(i)

|f-sj s |f| and |sj s |f| for all n 6 H;(ii)

(iii) (sn) converges to f;

(iv) (sR) converges in u-measure to f?

A(|f|/k) 6 , then(v) k 6 10,«( is such that

if-sJ
if

lim fxA( k -) du = 0.
n-^»

Proof. Discarding a trivial case, let ||f||A x 0. 
urability of f guarantees the existence of a sequence (sn) of 
simple functions satisfying (i), (ii) and (iii). Moreover,if 
E e Z is such that f is bounded on E, then (s £„) converges 
uniformly to f£_. From (i) and (ii) it follows that each
s e L .n A

The raeas-

Suppose that a > 0 and let B = (x6X: |f (x) |*2a|| f ||A>.
Clearly (s £ ) converges uniformly to f5 . By (1.1.vii) we

B B have y(B) < - and hence, by Egorov's Theorem, that
converges to in measure. So (iv) holds.

(snV
B

For a = 0 we will find a subsequence (s ) which 
converges in ^-measure to f.

Suppose a=0 and let c € ]0,*( be such that
0 < A(c) < •. It follows from (i), (ii) and (iii) that

lf-sJlimI A( 
n-*-JX

—)dw a 0, and so we* can find a subsequence ‘VllfllA
l£-sn. IfxA< PIIA—)dM < A(”tt) . 

2* 2*
such that
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c||f|l&» < 4(x) I >From this we see that y({x6X: (ffxj-s^

for all k 6 H,
place (s ) by (s ). n

2k2k
and so (s ) converges to f in y-measure. Re 

nk

To establish (v) it suffices to 
(iii) and apply the Lebesgue*s- Convergence Theorem.//

recall (ii) and

Characterization of the dual spaceS 2.

Denote by MA the closed subspace of spanned 
all simple functions.

by

In [81 the author gives a representation for x*6 (MA) * 
as an integral, in the sense of Dunford and Schwartz [2], re-

Clearly 
occur

latively to a measure G defined as G(E) = x*(£E). 
this defines G(X) only if 5X6LA- Since this does not 
when a - 0 and y(X) = ", in this case, G is not defined on
Z, and so we cannot apply the theory of [2]. Thus in [41 we 
introduce the concept of integration relative to an extended 
real-valued finitely additive measure G, defined on an ideal H 
of an algebra A.

To facilitate the reading, we transcribe from [41 
some definitions and one proposition, supposing A , H and G 
are as above.

We shall write that a ring H of subsets of X is 
ideal of A, if for E 6 A and

an
E n F e H.F e H one has

(2.1)
pairwise disjoint, finite sequence (E1#E2

Definition. A'function s is H-simple if there is
En) in H

a
and

n
- I c.C,cn) e lRn such that sthere exists (c^c^ isEi. If

v(G;s""A ({c^})) < • for c^ * 0, ws shall say that s is G-inte-

, • • •
i=l

1

n
l c.G(E n E.), 

i=l 1 X
grable and for E 6 A. we define fdG - where

E
v(G,.) is as in (2.2.1) below.
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(2.2) Definition. A function f is G-integrable if there is 
(sn) of G-integrable sinple functions such that

(sn) converges in G-measure to f, i.e.
{ 6 ]0f* [ we have

lim{inf {v (G,F) : Fetf and (xGX: | fR(x)-f (x) | > <5} CF}) = 0, 
n-*—

a sequence

for every(i)

v(G,.) is the total variation of G, which is ob 
tained replacing J by H in [2-III.1.4];
where

-sm|dv(G,.) = 0.(ii) lim
m,n-*-“

If f is G-integrable and EGA we define

ra Sr,- Je nL fdG = lira s _dG .
n+

Let be f a function• (2.3) Proposition (Vitali's Theorem), 
and (sn) a sequence of G-integrable functions, such that

(i) (sn) converges in G-measure to f;

lE|snfdv(G,.) = 0 uniformly in n G W;(ii) lim
v (G,E)-**0

(iii) for each c e 10,«[ there is a set F 
v(GfF^) < - and such that

in H with

( |sn|dv(G,.
;FCe

) < c , for all n6W.

Then f is G-integrable and for all

s dG. n

EGA we have

. I.fdG = lim
n-+-°»

Next we take up our characterization of (MA)*«

From here on we agree that A ** E, E^ ■ {e e E; u(E)<°*}, 

Ej if a = 0H - and H ■ E if a > 0.
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(2.4) Definition. We shall say that G € G-^(X,E,u,H) if G is 
a real-valued# finitely additive, measure defined on H such 
that

if E e E and u(E) =0, then G(E) = 0;G << y, i-e.(i)

(ii) 0 S v(G,E) < - for all. E e H }

(iii) = inf {k 6 ]0,-[s Ij(pX) S l) < “ 

r n _ |G(E.) |
^‘E'E) = *up(iI1A<3nrriTT
E 6 z and t?(E^,E) is the set of all pairwise disjoint 
finite sequences (E^fE^,•••,En) in M » such that

, where

E)eP(E.,E) }, n i)u (E^ : (E1,E2 , ... ,

n
UE.ce, 
i=l X

Unless otherwise stated, G will denote a real-valued , 
finitely additive measure, defined on H such that G << y .

(2.5) Remarks. (i) We replace the domain of G and a condi­
tion (i) of [8 - Definition 3 - page 563], respectively, 
by H and (2.4.ii).

For k e ] 0, °»(, the function I [—
7%. K

finitely additive measure defined on E.

(ii) ) is a real-valued/ •

If 0 < a* <
u

If cu ** 0, then G(E) = 0 for all E e E.. « I

(iii) ~, then I— X) i 1.A
G

(iv)

A(v) The function a is a seminorra on the vector space(.)

G_(X,E,u,H) and a norm on G_(X,E ,y ,E^) .
A A

(vi) G e G (X,E ,y , H), then by (l.l.iv) and (2.4.ii) ev-If
A

ery simple function in L. is H-simple and G-integra- 
ble.
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we shall find aIn (2.8) below, for a fixed £ € 
sequence (s^) of simple functions in LA such that

L fdG *= lira s dG for every 
n--;E

First some propositions.

E 6 £ and all G € G_(X,E,u,H).A

A < -If b ■ " and G is such that(2.6) Proposition. aG

lira G (A) = 0. 
U (A)-*-0

then G is u-continuous, i.e.

[7 - Lemma 6].//Proof.

G 6 Gj- (X,E,u,W) .If s e la is(2.7) Proposition. Let

a simple, nonnegative function, then 

) * c || s || A , wheref c = 2<*A if a = 0sdv (G / • GX

A + av(G,X) if a > 0 and u(X) = -or u (X) < - , and c = 2a_

Proof. Eliminating a trivial case, suppose ||s ||A * 0.

= f be as in (2.1) withc.C * 0.Let s cii Ei=l i

F£) is a pair - 

aA * 0 , then

First we observe that if (F^#F2

wise disjoint finite sequence in ^ 
by (l.l.iii) we have

/••mg

and

L l
)+A(_^)) „(F.>] . (1)

ii»Ha
s «gII,IIaij^1(a(.s

ar^(FjG j

Letl^UeH: lMSn 
(1.1.vi), (2.5.ii), (2.5.iii), (1) and observing (2.5.iv) 
follows that

E± 6 . Usingand
it

<^<<5,8^ S 2aA||s||A. (2)

By (1.1.iv) we obtain
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I c.v(G,E.) - a I 
1$XX

lltEjlAV(G'Ei) S a|hllAv(G'X)- (3)L c.

desiredFrom (2), (3) and (1.1.iv) we obtain the
result.//

(2.8) Proposition. For f in LA there is a sequence (s^) of 
simple functions in LA satisfying (1.2.i), (1.2.ii), (1.2.iii) 
and such that for all G 6 G— (X,E,u,H) we haveA

(i) (sn) converges in G-measure to f;

J.(ii) f is G-integrable and fdG = lim s dG , for E € I ;
n

* c||f||A, with c as in (2.7) .(iii)

fen. (i) cutvcL (il)-Proof. We may suppose f ^ 0^

If b = From (2.6) welet (sn) as in (1.2).
obtain that (sn) converges in G-measure to f.

It b < «, we have that |f| $ 2bII f IIA 
(l.l.vii) and since f is measurable we can take a sequence 
(sn) simple functions satisfying (1.2.1)f (1.2.iii) and 
converging uniformly to f except on a set E e Z with u (E)=0. 
Clearly sfl G t 
G-measure to f.

A for n e U, v(G,.) <<y and (sn) converges in

Now we will prove that the sequence (s^) above also 
satisfys (2.3.ii) and (2.3.iii), and thus we will obtain (ii).

Since (yn)

is bounded (2.7), and nondecreasing, given t 6 ]0,“[ there is 
an nQ e K such that

n " Jxsndv(G'->-For all n £ W, let y

fE*ndv(G'•>' "I. "L j +f s dv(G, .) ,
* >E ‘ O

sndv(G,.) sndv(G,,.) <
E

for all n * nQ and Eel.
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and F£ = {x6Xs sr (x)*0), 
o

, and (sn) satisfys (2.3.ii) and (2.3.iii).

If 6= e/(2(||s IL+1))
o

we have that F£ 6 H

Assertion (iii) is a consequence of (ii), applied^fco
and of (2.7).//

f 6 lA / Y 6 3R and 

fdG2

From (2.8) it follows that if

fdG- + 
x ;X

fxfd(TG1+G2) = rfxG1#G2 e G-(X,E,y,K) then

in Ma,Moreover since simple functions in L 
tablish (2.9).

one can es-are

(2.9) Proposition. The function defined by

- sup{11 fdG| 
'X

l|f|tA s i> /INI* : f e L_ and A

is a norm on G^lX,!! ,y , H) , and

IIGII a = SUpt l|xfdGl 5 l|f|lA S 1> •f € M and A

If G 6 G^(XfE,p,H), then the function 

fdG, belongs to (M-)*

(2.10) Proposition.

- JX
x* defined on MA (or LA] by x*(f) 

[to (La) *] and 11**11 = I|g||a •

(2.11) Proposition. Let x* 6 (MA) *
tion defined on H by G(E) = x*(C )„ ThenE
the following holds:

and let G be the func- 
G 6 G-(X,E,U ,H)and

“l(i) x*(f) f e «A # and ||x*|| - ||g||a .fdG for all

Proof. We may suppose ||x*|| * 0. It is clear that G is a 
real-valued, finitely additive measure, and G <<u.
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To prove that v(G,E) < - for all E 6 f( , it is e-
is aV<E!'E2E € H andnough to observe that, if , • • •,

n
c= E then takingpairwise disjoint sequence in H with UJ E. 

i=l x

) * 0} ,and x* we haveIx « li 8 W: 1 & i S n

l |G(E.) | - x*U 
i=l 1

) * 2||x*hiue||a) - x*(5UJ E. 
iGix

UJ E.
Hh 1

A 11**11Now we will prove that <

Let c 8 ]0,1[ and we take (£^^2 

trary pairwise disjoint sequence in If

* c|G(E^) |/(l|x*||u (E^)) belongs to [0,b[ (1.1.v) ,

c, = lim A* (t) for i 6 (1,2 
t+u

E ) a arbi- nt • • • t

ui
n

= Jcisgn(G(Ei))^E ,n) and f9 • • • 9

i

and by (1.1.ill)then f 8 L.A and (1.1.viii) we have

_ c |G(E.)| 
+ A (----------—

n
l [A (c •) 

i=l 1
s c1x*(f)| _ 

11**11lifllA )]P(Ei)II** 11“ (Ei)

n _ c|G(E.) |
- X + l A(-------- i------ :11**11“ <E.)■* PHa )w (Ei) .

1=1

s 11**11/5.This relation it is easy to verify that

and since c e ]0,1[ is arbitrary, we conclude that S||x*||.

G e G-(X,I,u,H).A

To obtain (i) it is enough to observe that (240)

sdG for 8 simple function in LA-//

Thus

“Lis true and that x*(s)

From (2.10) and (2.11) we obtain in (2.12) acharac 
terization of (MA)*; it will follow that G-(X,E,u,H) is a
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Banach space.

an isometric isomorphism of 
given by the mapping

E e H , and the following holds:

(2.12) Theorem. There exists 
(M^)* onto the G^(X,E,u, tf) ,

where G(E) * x*(C£) for

x*>— G

■lx for all f G Ma and ||x*|| = ||g|I- .fdG(i) x*(f)

S3. Characterization of the dual space (MA)*

Let WA = La/Ma , write f = f+MA

and denote by d(.) the quotient norm on MA« 
show that

for any f € LA, 

One can easily

d(f) - inf{ ll f+s 11A: s is a simple function in LA>.

Let i,g 6 We define f S g if there

g^ € g such that f^ S g^.

(3.1) Definition.

f^ 6 ? andexist

In [8) it is proved that the above relation is a 
partial ordering on Two results which are used in this 
proof and are not obvious to us are established in (3.4) and 
(3.5). First two propositions.

(3.2) Proposition. Let a > 0 or u(X) < •. If f is a 
measurable function, bounded y-a.e, then f e

Proof. We may suppose f to be bounded. Since there exist 
x e l0,-[ such that A(x) S 1/(y (X) + 1) , and a sequence (sn)
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of simple functions, converging uniformly to f, it is easy to
verify that lim||f-sn||A = 0. From a > 0 or y (X) < «■ it 

n+o»
lows that f,s G L_ for all. n S 3N . Thus f 6 H, .// n A

(3.3) Proposition. Let f 6

Then JA is a vector space and the following 
true:

A

< w for all k6[0,®[ }.

assertions are

(i) JA C MA ^ LA?

(ii) if a = 0 and b =* •, then JA =* MA;

(iii) if b < - and a > 0, or if b < - and u(X) < -, 
= Mthen L A*A

[8 - Lemma 2). //Proof.

(3.4) Proposition. If g 6 and f is a measurable function
u-a.e, then f 6 Msuch that |f| S |g|

Proof. We may suppose |f| S |g|. Let (sn) be a sequence of
simple functions in LA such that lim||g-sn||A = 0.

n+“

A#

First we observe that for k e ]0,-[» if n 6 U is 
such that 2||g-sn||A S k, then by (1.1.i) and (l.l.vi), for 
all H 6 E we have

1 lHA‘¥>du s i+1 fH; (i)
H

Um||g-sn||ASuppose b = 0and a > 0. Fromat os

f A<|g“sn * 1-
'X no

Let B “ (x e Xs |g(x)-sn (x) | 2 2a). Then v(B) < -
o

(l.l.vii), and the inequalities |f| S |g| S |g~

there exists an ne U such that o

nj + '“"o's

together with (3.2) implie that ft e M,* Moreover it fol-
BC A

lows from (1) that fCn e JA= So f e in this case.B
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* 0> forLet b < -, a « 0 and En * 6 X: sn(x)

new. Then |f| s2b||f||A u -a.e. (1.1. vii), u(En)
(1.1.iv) and fC„ 6 M. (3.2), for all n e W. 

n A
obtain that lim||f-f^E ||A = 0, and since MA

< —
Using (1) we

is closed in L^,
nn-**~

we conclude that f 6 M_ also in this case.A

The remaining cases are easy (3.3).//

(3.5) Proposition. If f,g 6 1A and |f| 5 |g| 
d(f) S d (g) .

Proof. We may suppose |f| s |g| and, by (3.4) that g $

It suffices to prove that for all e € ]0,»( we have

u-a.e, then

d(f) S d(g) + c . (1)

s 6 La be a simple 
and let

For a fixed c e ]0,»[, let
0< d(g) S ||g+s||A < d(g) + efunction such that

Hx = (x 6 X: s (x) * 0 > .

If b < ■ and a = 0, then u (H^) < « 
u-a.e. (1.1.vii). Since f£

(1.1.iv) 
6 Ma (3.2)

and
If I s 2b||f||A andH 1

II« ell* S H«_cll* S l|(g+s)c CIIA< d(g) + e.
H HH1 1 1

we conclude (1) .

If b < • and a > 0, then d(£) = d(g) = 0 (3.1iii) .

. For the remaining cases, we first note that if HGI 
cfj|s| ((a-1) ||g+s||A)“^6 for alia e )!,-(, thenan

d(tfHr * d(g) + e . (2)

In fact, by (1.1.i) and (1.1.vi) it is true that

M)dU 5 A( (a-l)j|'8^!lA)du
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and hence A( (| f | (a||g+s ||A) 

a simple function sq8 such that || (f-sQKH || A*a||g+s || A« Thus

d(fCH)- S ||(f-so)^H||A^ a ||g+s||A< a (d(g) +e)

a € ]1,«[ is arbitrary, (2) holds.

If b = ® and a = 0, then y(H^) < « (1.1.iv) and 
we obtain (1) replacing H by X in (2).

If b - 00 and a > 0, let

From (1.2) there exists

and, since

H2 * (x 6 X: |g(x)+s(x)| Z 2a||g+s||A). 
us that u(H2) < 00 and we may replace H by H2 in (2). 
over.

Then (1.1.vii) tells 
More-

it follows from |f| £ |g| s |g+s| + |s| that f£ is
H2

Therefore (1) holds.//6 Ma (3.2) .bounded, and thus f£
h2C

andLet E be a pseudonorraed vector lattice, x 6 E 
2* 6 E*. Then we will set as usual x+ * xvo, x_= (-x)vo and 
|x| = x+ + x_. Also, we will write that z* Z 0 if z* (y) Z0 
whenever y Z 0.

(3.6) Proposition. The following assertions are true:

WA is a vector lattice,and if ?,g 6 NA, then

£vg ■ (max(f,g})?Ag = (min{f,g})* and (|f|P = |?|;

(i)

(ii) W. and (N.)* are Banach lattices;A A

(iii) if x* e (WA)* and x* Z 0, then 

||x* || = sup{x*(2) : f l 0 lxA(f)du < ®} ;and

if x* e (WA)*, then ||x* || * || (x*) + || + ||(x*)J| ;(iv)

(V) if x*,y* e (W.) * and x*,y* Z 0, thenA

llx*+y*|| - ||x*|| + IIy*li ;

if ?,g e Na and ?,g Z 0, then d(?vg) ■ max{d(?),d(g)}.(vi)
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Except for (iii), these assertions are proved in 18] .
(2.12)]/Observing

Proof.
Assertion (iii) follows from [8 - Lemma 6 
that |f| = (|f|)* for f 6 La. //

From (3.6.ii) and (3.6.v)f and from (3.6.ii) and 
(3.6.vi) we have, respectively, that (W^)* is an L-space and 
that is an M-space.

From here on v will denote a real-valued finitely 
additive, bounded measure defined on z , v(v +v(v #-))/2 and 
v 2= (v (v #.)-v )/2. Also we will denote by P the set of all the 
pairwise disjoint finite sequences (E^,E2/-• • #En) in z , such

n
that LJ E. = X.

i=l 1

(3.7) Definition. Let f 6 L^. If f is nonnegative, then we 
define

n
* inf{ l d(f£ )**v . (E.): (E. 

i=l i 3 1 1
f fdv 
jX

.,En) 6 P},,e2j f • •

for j 6 {1,2}.

In the general case we define

f -cj>x -I, -•!. - f
'x£+dvi £+dv2> f_dv^

(3.8)Remarks (i) From (3.7) and (3.5), we conclude that

if M*| S [ 
‘X 1X

J^|f |dv2 S d( | f | *) (vx+v2) (X) = d (f) v (v ,X).If|dvx +

lii) From [8 - Lemma 10] 
fdv for i e W

and (i) , it follows that 
x* € (Na)*if x*(?) A * then and

IIx* || S v(v ,X) .

(iii) If v is nonnegative, E e z and v 
on E by »E(F) - v (E n F) , then [

J X

is defined 
for all

E
«Edv
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o sf e t..A

and ! 2 0, then there exists(iv) if ?eWA 
nonnegative representative of ?.

a

Next we take up our characterization of (WA)*-

We shall say that v 6 V_(X,E,u) if v << u
A

and there exists l 6 l * 0 with d(f) s 1, for which the
following holds:

(3.9) Definition.

(i) if E 6 E and v(v,E) * 0, then d(f£E)~ = 1.

It is easy to see, using (3.6.vi), that V_(X,E,u)is
a vector space.

(3.10) Comment. In [8 - page 573], in place of V_(X,E,u) ,----------- A
the author uses B_(u), the space of all v << y such that there

A(|f|)du < - , f $ Ma andA
exists f e i.A with.

[R] support of v
lies in the support of f.

(i.e., "the sets E for which
v(v,E) > 0")

The author claims that if
tive and x*(f) * I fdy 

JX

v e 8_ (p) is nonnega - 
for all l e WA , then ||x*|| = „ (X) .

En> 6 r
+ f where n

and the support of f^ is

To prove this, he considers ir =* (E^,E2 
v(E^) > 0 and defines f =

< •

with, a • * ,

fl + f2 +
f A(|f.|)du 
JX

, dtf^ - 1 Ei'
for i C {1,2 n). Then he writes:, • • •,

n
■Thus l d(f£

i-1 Ei
)*v(Ei) - v (X) and refining the partition n

on the left yields x*(£) =* v(X)", This last assertion is not 
However we ob­

it is 
Thus we have replaced [R] by

clear to us, for f depends on the partition *.
serve that if there is an f satisfying (3.9.i), then 
easy to see that x*(?) ■ v(X).
(3.9.1) .
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and x* € (WA)*» we will denoteNotation. 'If E 6 Z(3.11)
by x* the function defined on WA by x*(f) = x*(f^E)'.

Then there exists(3.12) Proposition. Let 0 S x* 6 (NA)*. 
g 6 La, g - 0, with d(g) * 1, such that

ll*| II = *‘<95E)* for all E 6 £ ;(i)

and ||x* || * 0, then d(g£E)~ = 1.(ii) if E 0 £

Proof. By (3.6.iii), for n 6 JN there exists a nonnegative
fn e La such that | A(fn)dy < - and xM?n) >

• X
Moreover from (1.2) we know that there is a nonnegative hn6LA

and h = f_.

II** II - i

)x*,h»’a> • *such that nn

hn» and observe that ifLet h = lim(max{h^ 
n-*»

E « {x 6 X: h(x) » «}, then y (E) = 0. In fact, if y (E)>0, there 
exists F 6 £1# F c E such that y(F) > 0. By (1.1.iii) 
(l.l.vi) we have

, • • •,

and

i
= |x5Fhd« S ) dy -jTj A(hj^)dy] < • / 

nr- 1 ^
•.y(F)

and so y(F) = 0, which is a contradiction.

v&Um** jjx
*<£„> > ||x*|| - \ ,

A(h )dy S 1 and n= H c-
EC

since x* (g) i x*(£n)

we conclude that ||x*|| * x*(g). If E 6 £ , using (3.6.v) we 
obtain the following relations

Let g Then

for all n € U ,= x

0 S ||x*|| - x*(g£E)-' - **<95 c)‘ - II** cll S 0 .
EC EC

II*eII “ **(95e>* S II*JII d(95E>* S ||x||| .
This proves (ii) . //
(3.13) 
unique

Theorem. Let o s X* e (WA>*.
v e ^~(X,£,y), defined by v (E) - ||x*||,

Then there exists a
such that
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x*(f) = f fdv 
Jx

Proof. Let v(E) = ||x*|| for

holds define z*(f) = [ fdv
'X

IIZ* - x* H = 0.

for all ?6Na, and ||x*|| = v(X).(i)

To show that (i)E e E .

for 1 € Wn; we shall prove that
A

For 0 * feWx and it A En) € p we have= (E^/E2/• • •»

I d(KP >-v(E.) = f d(£c )* ||x* || 6 ?x*(fe_
i=l fci L i=*i bi bi i=i bi

and from this it is clear that z* £ x*. Thus ||z*|| = ||x*|| , 
for |lz* || S v (x) » ||x*|| (3.8.ii), and also
|| (z*-x*)+x* || ■ ||z*-x*|| + ||x*|| (3*6.v). Hence ||z*-x*|| = 0.

- xMf) ,

To prove the uniqueness of v suppose that v€l/_(X,E,u) 
= j fdv for all f e WA. Then by (3.8.iii) andand x*(f)

(3.8.ii) we have that

x*(f) - x*(«E)* = f?EdG S d(f)v(E) ,
X

and E 6 z . So is nonnegative, belongs to

fd(v-v) = 0 for all f e L^.

Since v-v e V_(X,E,u), there exists 0<q e Wm such A A
that d(gCE)" * 1 for E € £ with (v-v) (E) * 0 .

for f 6 wA
v—(x,e,w)A Land

Thus

gd(v-v) = (v-v) (X) , and (v-v)(X) = 0.// 
;X

There exists an isometric isomorphism
onto U_(X,E,u), given by the mapping xV*- 

A
the following holds:

(3.14)

<V*
ofTheorem.

such thatv t

(i) x*(?) - f fdv
)x for all ? eWA and ||x*|| « v(v,X).

Let x* e (WA)* , y* - (x*) + , z* - (x*)_ and v1#v2 be

and v ^ (E) - ||z*||.

Proof.

defined on £ by '>^(E) ■ ||y*|| Then
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•I,fdv for all 1 6 NA and

^{X) + v2(X) ((3.13) and (3.6.iv)).

Since ||x*|| S v(v,X) (3.8.ii), and v(v,X) S vx (X) +v2(x) , 

it is clear that ||x*|| = v(v,X) .

To prove that

), v - (v ♦ v(v,.))/2 , * 2 = (v(v,.) - v) /2 and

fdv for few. .A

X*(f)x - v2 e v-(x,i: ,U) ,V « V

11**11 - lly*ll + 11**11 “ V

consideris onto.x*»-v v

v e V-(XfZ 

y* (?)
* U

■L
By what we proved above, there exists v 6 ^^(X,j;,u) 

fdv for leW-J,y*ff)such that A V

(v+v(v,.))/2 and v2 = “ v)/2

+ v2) for f 8 WA.

Let v i ’

J. - f fd<vi;X
fd (v . + v 2) SinceThen

wl>vj e V-lx,l,u)v € l^-r-(X, £ ,M) , it is easy to verify thatA
2 (3.13).and thus Hence v = v.+ v + vV1 2 * V1

Finally observing that x*>-*- v 
se, we conclude this proof. //

has a linear inver

It is immediate, by (3.14), that V-(X,I,u) is a
Banach space.

Characterization of the dual space (L_)*S4. A

As in S2, set H * E if a > 0, and H « t ^ if
a * 0.

(4.1) Theorem. Let x* e (LA)*. Then there exist a unique

G e Gj[(X,E #u ,H) # defined by G(E) =* x*(£E) for E e H , and 

a unique z* e (Al )*- , where

- (** e (la)*: 2*(f) = 0 for all f e M^), such that
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m\xfdG + z*(f) , for all f 6 L(i) xMf) A -

Proof. The same as in Proposition 2 of [8], noting 
(2.10), (2.11) and (2.12) hold.//

that

(4.2) Proposition. Let x* 6 (LJ*, G and z* as in (4.1),A

■I,fdG for all f € LA- The following assertionsand y*(f) 
are true:

(i) if x* fc 0, then y* 2 0 and z* * 0;

11**11 = lly*ll + ll«* l!»(ii) if x* * 0, then

|y*I A lz*l * 0.(iii) |x*| = |y*| + |z*| and

x* i y*.Proof. For (i) 
this let 
z* e (M.)1

we only have to prove that
as in (2.8).

For

0 s f e
and x* i 0

Sinceand take (s ) n
we haveA

m j - ;xy*(f) = lim sndG = lim x*(sn) S x*(f) •
n-Kon>

For (ii) , let c e ]0,» [.
nonnegative.

Observing that y*,z**0, 
with l|f||Asi »IIgIIthere exist f,g 6 L 

and such that
A S 1A'

IIy*II < y*(f) + j |[z*|| < z* (g) + | .and

From (1.2), for k e U fixed there exists 
and such that

| A(g-s)du < (1 + i) - | A(f)dw .

s* € M a
with 0 S s 2 g

Let h * max{ f, (g-s)> . Then h e and

l/(t> s k+r jx
s & i

A(h) dp

,
A(g-s)du 1 S 1.A (f) dp +
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Thus ||h||A * (k+l)/k.

Hence we have that

||y*|| + II2*II < y*(f)+z*(g)+e - y*(f)+zMg-s) + c

S y*(h)+z*(h) + c= x*(h) + c

* IIx* li IIh IIA + e * H**ll (T1) + e-

Since e and k are arbitrary we conclude that (ii) holds.

Assertion (iii) may be found in [6-page 40].//

(4.3) Proposition. There is an isometric isomorphism 
(M )*• onto (W ) * given by the mapping js x**-*- z*, where z*

A A

is defined by z*(f) * x*(f).

of

In the next theorem we present our characterization
of <tA)*.

(4.4) Theorem. There is an isometric isomorphism of (LA) * 
onto the Banach space G— (x,E,ii,H) x V—(x#E,u) given by the

mapping x*b-*- (G,v) such that the following hold:

I,-I. fdv for all f e ;(i) fdG +x*(f)

11**11 * IIGIlx + v(v'x) '(ii)

the first integral being as in (2.2) 
(3.7).

and the second, as in

Proof. It is a consequence of (4.1), (4.3), (3.14) and (4.2), 
observing that ||x* || « || |x* | || for x* e UA) * [5-24.3].//

This work is part of 
written under the guidance of

our Master's Dissertation 
Dr. Iracema Martin Bund.
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THE CAUSALITY PROBLEM FOR LINEAR VOLTERRA INTEGRAL EQUATIONS

by CHAIM SAMUEL HONIG

We present here a problem with a very simple and elementary 

formulation: let E be a Banach space of numerical functions defined 

on [0,1]. For instance E * £ ([0,1]); or E = G ([0,1]) the 

of regulated functions, i.e., functions that have only discontinuities 

of the first kind, endowed with the norm Ilxll = supg. ^ ^ ^|x(t)| ;

a Lp([0,l]) , 1 s p s ~. Let

H: I* - {(t,s) e [0,1] x [0,1] | 0 s s s t}- IR

space

or E

be a kernel such that

i) For every x e E we have x e E, where

(#*)Ct) - /q H(t ,s)x(s)ds, 0 s t s 1

and the integral is the Lebesgue one.

ii) For every f e E the linear Volterra integral equation 

x(t) - /Qt H(t,s)x(s)ds = f(t) , 0 s t s 1,CH)

has one and one solution x^ e E.

PROBLEM: the operator f e E x^ e E is necessarely causal?

(i.e., if f = 0 on some interval [0,c] c [0,1] does it follow that 
*£ H 0 on the same interval?)

Remarks - 1) If E =£([0,1])and the kernel H is a continuous 

function, or, if E - L2([0,l] and H e L2(T), it is well known that 

the answer is positive; see [2]; see also [3], p. 79, exerc. 3.15
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