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Dynamical analysis of null geodesics in brane-world spacetimes
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In this work, we present an extensive dynamical analysis of the null geodesics in the spacetimes
proposed by Casadio, Fabbri, and Mazzacurati (CFM), which model black holes and wormholes in a
Randall-Sundrum brane. Geodesic stability is evaluated by Lyapunov and Jacobi criteria, with coinciding
results. Semistable photon spheres are found in the geometries of interest. Bifurcations associated with the
dynamical system are also investigated, characterizing a degenerated Bogdanov-Takens bifurcation. Our
results suggest deep connections between the geometric characteristics of the CFM spacetimes and the

dynamics of null geodesics in these backgrounds.
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I. INTRODUCTION

Randall-Sundrum brane models [1,2] are concrete imple-
mentations of extra-dimensional scenarios predicted by
string theories. Although exact bulk solutions describing
compact objects in Randall-Sundrum branes are not easily
obtained, new insights were possible with four-dimensional
effective theories in the brane [3]. Within this formalism,
brane black hole and wormhole geometries were proposed
[4—12]. The investigation of the geodesic dynamics around
compact objects in brane scenarios could open a new
window for the physics beyond standard general relativity.
For instance, the recent direct observations of gravitational
waves [13] in coalescing black holes are generating data
which can be compared with theoretical predictions. More
recently, the first image of a black hole [14] has also yielded
promising results. In both the black hole merging and the
event horizon imaging, geodesic dynamics is relevant.

Considering the set of ordinary differential equations
that describe the geodesic dynamics, the framework of
qualitative dynamic theory can get relevant information
about the system. Usually, the main goal in this analysis is
to understand the asymptotic behavior of the solutions, and
for that, the canonical procedure is the evaluation of
quantities which characterizes the stability, such as
Lyapunov exponents [15-17]. However, there are other
concepts of stability which can be used to understand the
dynamics, such as the Jacobi stability criterion [18,19].
From a general point of view, some systems display
concordance between both concepts of stability and these
are of special interest once this concordance can be
interpreted as an indicator of a robust stability [18,20].
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The nonlinear nature of Einstein’s field equations gives rise
to rich dynamical characteristics to its solutions, such as
bifurcations, special kinds of orbits like homoclinic or
heteroclinic and even the emergence of chaos. The tracking
of these structures shows the possibility of new behaviors to
be expected through observations.

The so-called photon surfaces (or light surfaces) are of
considerable interest in the present work. These structures
are regions where light is confined in closed orbits [21,22].
The connection between photon-surface parameters and
quantities associated with the perturbative dynamics around
black holes has been recently explored, for example, in
[17,23,24]. A semiclassical treatment of the photon surface
was presented in [25], in the context of spherically
symmetric and static geometries (in this case, the photon
surface is a photon sphere). From the observational point of
view, the photon-surface phenomenology is also an issue,
and their astrophysical signatures were discussed in
[24,26,27]. It should be remarked that, although black-
hole scenarios are better explored within the current
observations, wormholes are not excluded [28,29].

In the present work, a dynamical analysis is performed
considering black holes and wormholes in the family of
geometries proposed by Casadio, Fabbri, and Mazzacurati
(CEM) [5]. The CFM geometries can be interpreted as
four-dimensional brane solutions in a Randall-Sundrum
scenario, and could be understood as a deformation of the
usual Schwarzschild spacetime [6,12,30,31]. Null geo-
desics around CFM black holes and wormholes are studied
and their dynamics explored. Characteristics of the dynami-
cal system of interest, such as bifurcations and the existence
of homoclinic and heteroclinic orbits, are investigated.

The structure of this paper is described in the following.
In Sec. II, the brane spacetimes considered are introduced
and discussed. In Sec. III, the effective dynamical system is

© 2020 American Physical Society
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constructed. Relevant features of this system, such as the
existence of semistable photon spheres, are highlighted.
A stability analysis is performed in Sec. IV with a variety of
approaches. In Sec. V bifurcations in the dynamics are
treated in detail. The existence of heteroclinic orbits is
considered in Sec. VI and final remarks are presented in
Sec. VIL. In the present work we use metric signature
diag(+ — ——) and geometric units with Gyp =c =1,
where G,p is the effective four-dimensional gravitational
constant.

II. CFM SPACETIMES AND GEODESICS

The main characteristics of brane-world models are that
the matter fields are confined to a four-dimensional hyper-
surface, the brane, while gravity propagates in a larger
spacetime, the bulk [32]. Brane worlds where the extra
dimension is noncompact can be implemented, and we
focus on the Randall-Sundrum setup, where our universe is
a domain wall embedded in a five-dimensional anti—de
Sitter spacetime [1,2].

While complete brane-world cosmological solutions
(including both the bulk and the brane) are relatively
common, the derivation of exact bulk solutions modeling
compact objects in Randall-Sundrum scenarios is more
difficult. One alternative is to construct four-dimensional
geometries in the brane and invoke Campbell-Magaard
theorems [33], which guarantees their extensions through
the bulk (at least locally). Four-dimensional gravitational
field equations obtained by Shiromizu, Maeda, and Sasaki
[3] are assumed to describe gravity in the brane. The
vacuum version of their effective equations, considering
asymptotically flat branes, are given by

1

R/u/ - ERg;w = _g;tw (1)

where £, is the projection of the five-dimensional Weyl
tensor on the brane. In brane-world models, £, is traceless
[32], and hence

R=0. (2)

Considering a spherically symmetric and static four-
dimensional brane, the metric has the form given by

ds* = A(r)dt* — B(r)~'dr? — r*(d6* + sin*0d¢?).  (3)

In this case, relation (2) can be rewritten as a constraint
between the metric functions A(r) and B(r),

A// (A/)2

A 247
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with prime (') denoting differentiation with respect to 7.

We are interested in solutions “close” to the
Schwarzschild-like geometries, in which A(r) = B(r). A
family of spacetimes which are one-parameter continuous
deformations of the Schwarzschild spacetime was obtained
by Casadio, Fabbri, and Mazzacurati [5,12,31]. The CFM
metric can be written as

The constant M is the Misner-Sharp mass of the compact
object, while C can be interpreted as a deformation
parameter. It is assumed that M is positive and C € R.
The real and positive quantity », = 2M is a root of both
A(r) and B(r). If C <0, the function B(r) has an addi-
tional positive root ry,, with ry, > r,. It should be
remarked that the coordinate system (¢, r,0,¢) is valid
for the radial coordinate r taking values in a subset of R
such that A(r) > 0 and B(r) > 0.

Considering the asymptotic limit » — co of the metric
functions, the CFM metric functions behave as

A(r) :1—7,

B(r) = A(r) {1

r

A(F) ~ B(r) ~ 1 + c9<1>. (6)

Hence the CFM spacetimes are asymptotically flat for any
value of the deformation parameter C. But further global
properties depend strongly on C.

For instance, if C > 0, the analytic extension beyond
r=r, can be performed with the usual methods, for
example using the ingoing and outgoing Eddington charts.
In the maximal extension, if C > 0 the surface r = r, is an
event horizon with a nonvanishing surface gravity. When
C = 0, the surface gravity of the horizon is zero. The CFM
spacetime with C > 1 describes a black hole with a
singularity hidden by the event horizon [5,12]. In the
specific case C =1 the usual Schwarzschild solution is
recovered. If 0 < C < 1, the CFM solution still describes a
black hole surrounded by an event horizon at » = r. But
its interior is regular, with no singularity [5,12]. If C = 0,
the derived solution models an extreme black hole [5,12].
For non-negative values of the deformation parameter C,
the coordinate system (7, 7,0, ¢) is valid when r > r,.

For negative values of C, the CFM metric no longer
describes a black hole, but instead a symmetric and
transversable wormhole. In this case, the function B(r)
has two simple positive zeros, r, and ry,.. The zero r, does
not play any role in the causal structure since r, < ry,. In
its maximal extension, the CFM geometry has a wormhole
structure with a throat at r — ry, [5,12]. With C < 0, the
coordinate system (¢, 7,6, ) is valid when r > ry,. The
maximal extension can be made changing the “areal”
coordinate r to the quasiglobal coordinate u [34], where
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du _
dr

A(r)
B(r)

(7)

The chart (¢, u, 6, ¢) with —co < u < co maps the whole
wormhole spacetime. With a convenient choice of the
integration constant in Eq. (7), the throat is located
at u = 0.

With the main characteristics of the CFM spacetimes
reviewed, the next step is to consider the propagation of
massless particles in these backgrounds. In order to derive
the geodesic equations of motion, let us consider the
following action [35]:

dx* dx*

Extremizing the action (8) we get the Euler-Lagrange
equations for the problem associated with the functional
I, and the geodesic equation is obtained [35]. By evaluating
the associated Hamiltonian  we find that £L="H =
constant, and

i 2 pé p?
=L _pppr-Po__Li_ 9
A(r) (r)p 2 rrsin?0 ®)

where the conjugated momenta read

dr L9
pi=Al) g Po=-r g
Py = —rzsinzﬁg, Py = —B(r)‘lg. (10)

Hamilton’s equations of motion dp,/dA = OH/Ox*
applied to the components ¢ and ¢ imply that
p; = E = constant, py = L = constant.  (11)
The integration constants E and L are related to the energy
and angular momentum of a given geodesic. The existence
of these conserved quantities is a consequence of the
staticity and spherical symmetry of the geometry. Also,
from Hamilton’s equation dp,/dA = 0H /00, it is observed
that the geodesic is restricted to an invariant plane which
may be chosen as @ = z/2. Considering null geodesics
(H = 0) and manipulating the Hamiltonian (9), one gets the
equation of motion for the radial component,

(3_2)2 -F EEZ; — B(r) ?—;] (12)

where the impact parameter D is defined as

L

D=—.
E

(13)

Introducing a new affine parameter # defined as
n=EJ, (14)

the explicit mention to E is eliminated from the system, and
Eq. (12) is written as

a0
(&) =303 50% "

The differential equation (15), together with relations
(11) restricted (without loss of generality) to the plane
0=rx/2,

dr 1

iAW) (16)
d¢ B _2

d_n_ X (17)

form the extended set of differential equations that char-
acterize the null-geodesic dynamics in spherically sym-
metric and static spacetimes. In this extended system,
Eq. (15) is decoupled, and with r(5) determined the
functions #(#) and ¢ () can be calculated in a straightfor-
ward way.

Although Egs. (15)—(17) completely define the dynamics
of the null geodesics in spherically symmetric and static
spacetimes, this is not the most convenient way of treating
the problem considering the developments to be done in the
present work. In the next sections, a new version of the
dynamical system will be introduced and explored.

III. EFFECTIVE DYNAMICS
AND PHOTON SPHERES

Instead of treating the set of differential equations (15)—
(17), it is more convenient to work with an effective
dynamical system, associated only with its radial depend-
ence. Differentiating relation (15) with respect to #, the
obtained autonomous second-order differential equation is

d2 /
d_nz 1 §r> , (18)
where the function f(r) is defined as
_B() D
1) =5 = B0 o (19)

From Eq. (18), the effective system associated to the null
geodesics is written in the phase portrait F, with F C R?,
labeled by the coordinates (r,w), where
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dr
dp " dn 2

dw_ J1r) (20)

Also, according to Eq. (15), the first-order differential
equations in (20) are subjected to the constraint

w? = f(r). (21)

This constrained system can be turned into an uncon-
strained problem. Relation (21) can be used to eliminate D
from equations in (20), yielding the following uncon-
strained system:

dr
dw -
=T, 23)
where
Frw) =3(r) + 3w2h(r), (24)
with
.« B[ Alr) - . _B(r) 2
=307 e, =g @

We have obtained a system that is unconstrained and
independent of E and L, with the impact parameter D
being determined by the initial data. The set of differential
equations (22)—(23) defines the dynamical system explored
in the present work.

Denoting a point in the phase portrait by z = (r, w), and
defining the function F: F — F as

F(z) = (w, f(r,w)), (26)
the dynamical system (22)—(23) can be written as

dz_

o F(z). (27)

A fixed point z* of the system is defined as
F(z*) = 0. (28)

In terms of the function f(r) and f(r,w), the fixed-point
condition (28) is equivalent to

w* =+/f(r*) =0, (29)
dw* Tl x *\
(W) = (30)

with r* and w* defined by z* = (r*, w*). However, since
w* = 0, the fixed point z* can be written as z* = (r*,0).

Of considerable importance for the geodesic dynamics is
the concept of photon surfaces. Intuitively, they are regions
where particles with null rest mass are confined. More
precisely, photon surfaces are defined as hypersurfaces S
where any null geodesic initially tangent to S remains
tangent to S, that is, given a manifold equipped with a
metric, a photon surface is an immersed, nowhere spacelike
hypersurface S such that for every point p € S and every
null vector k €T,S there exists a null geodesic
yi(—€,€) > M of (M,g) such that dy/dn|, =k with
the image of y being a subset of S [21]. In static and
spherically symmetric spacetimes, photon surfaces are
regions formed by circular null geodesics around the
ultracompact object. In this context, photon surfaces are
usually denoted photon spheres. Alternatively, the geodesic
radius should be constant at the photon sphere, that is,
r = r*, implying that the rate of variation of the radial
coordinates is zero. This condition can be expressed as
f(r*) = f(r*,0) = 0, where r* can be interpreted as the
radius of the photon sphere [17,36]. Considering Egs. (28)—
(30), the photon-sphere condition is written as F(z*) = 0 in
the phase portrait F. Hence, photon spheres are fixed
points in the dynamic description of null geodesics accord-
ing to the effective dynamical system (22)—(23).

Let us proceed to the analysis of the fixed points in the
null-geodesic dynamics. Inserting the metric functions (5)
in the expression (24) for f(r*,0),

(BM — r*)[(C—4)M + 2r*]
r*(3M = 2r*)(2M — r*)

f(r,0) = - (31)

Using (31) with f(r*,0) =0, we obtain the set {r’}
associated to the fixed points z; = (r},0) written in terms
of the parameters of the geometry:

n=50-0) (32)

rs =3M. (33)

But not necessarily both r} and r; are physically
acceptable, taking into account that only in a subset of
the spacetime manifold the geometry is static (and hence
equipped with a time-like Killing field). For instance, when
the deformation parameter C is non-negative, that is,
considering CFM spacetimes describing black holes,
r = r; is admissible only if r; > r, =2M. Since

C>0=r} <2M, (34)

then r; = 3M is the only physically meaningful fixed point
for CFM spacetimes with non-negative C.

104051-4
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If the deformation parameter C is negative, meaning that
the CFM geometry models a wormhole, the analysis is
more involving. The number of fixed points of the system
depends on the value of C, and bifurcations are possible.
These issues will be considered in Sec. V. One important
result to be mentioned here is that

rt = gy (35)

when r} is an acceptable fixed point. It follows that
wormbhole throats in CFM geometries are photon spheres.
When C < -2, it is straightforward to see that 5 < rj. But
since r} = ry,, it follows that r5 < ry, for C < —2. Hence
r3 is not associated to a photon sphere in this range of the
parameter C, because r > ry,, for any point of the wormhole
spacetime.

Considering null geodesics with the impact parameter D
set at any of the following critical values,

) 4-C32M , .
D = - {W] e associatedtorf,  (36)
DS = 3v/3M, associated to rt, (37)

there will be fixed points satisfying the photon-sphere
conditions f(r) = f'(rr) =0 [17,36]. It should be
noticed that the impact parameter D{ in Eq. (36) is
associated to r} and hence is only meaningful if C < 0.
For this range of C, D{ € R.

The existence and uniqueness of the solutions assure that
there are no intersections of the orbits on the phase portrait.
This way, solutions with D = D¢ approaching the photon
sphere towards or backwards in # will spin infinitely around
the photon sphere and never reach r = r7, thatis r — r} as
¢ — o0. Hence the photon sphere is a limit cycle in the
orbital plane, that is, considering the extended set of
Eqgs. (15)—(17).

IV. STABILITY ANALYSIS

In this section, we introduce the main aspects of the
geodesic stability analysis from a Lyapunov and Jacobi
point of view. The effective dynamical system (22)—(23)
can be studied locally by its linear stability. The method is
based on the linearization of the dynamics, evaluating the
eigenvalues of the Jacobian matrix associated to F. If the
fixed points of F are hyperbolic, that is, if they have non-
null real parts, the Hartman-Grobman theorem assures the
existence of a homeomorphism between the nonlinear
phase portrait and its linearized version. For nonhyperbolic
fixed points, case-by-case analyses will be conducted.

To introduce the Lyapunov’s criterion of stability let us
denote the Jacobian matrix of F evaluated at the equilib-
rium the fixed point z; by J;. Then, z; is stable if all

eigenvalues {v!} and {12} of J; satisfies Re(;?) < 0, and

unstable if at least one eigenvalue satisfies Re(r; %) > 0. As
a subset of the unstable systems, the cases where Re(v?) >0
and Re(v}) < 0 are usually called semistables [37].

The explicit expression for Jacobian matrix related to the
vector field F in terms of the function f is

J _< 0 1> (38)
l gr) 0 (r;,o>’

where g(r) is defined in Eq. (44). The eigenvalues of J; are

promptly calculated
12 _ S0k
vt =£\7 (). (39)

Result (39) implies that the null-geodesic dynamics gen-
erates three possible scenarios: a semistable (and hence
unstable) neutral-saddle regime when & (r}) > 0, a margin-
ally stable center regime when §'(r7) <0, and a degen-
erated fixed point when 7 (r}) = 0.

It should be noticed that, when ' (r}) < 0 (degenerated
fixed-point case), the linear stability analysis is inconclu-
sive, since the necessary conditions to the Hartman-
Grobman theorem fail. However, with the direct
Lyapunov method, it can be checked whether the non-
linearities of the system do not destroy possible centers. To
this purpose, the direct Lyapunov method will be employed
here. This method is based on the existence of a positive-
definite function V(z) which is called a Lyapunov’s
function. If the fixed-point z} of the system (27) is a
minimum of the Lyapunov function, that is, the conditions
V(zr) =0 and V(z) # 0 for z # z! are satisfied and its
derivative with respect to i is dV /dy 2 < 0, then the fixed-
point z* is said to be stable. Asymptotic stability occurs
when the derivative is strictly negative, dV/dn 2 <0.

Let us consider the following quantity:

r?B(r) — r*w?A(r)
A(r)B(r)

V(r,w) = =g(r) —=w?h(r), (40)

with the functions g(r) and h(r) defined as

2 2

h(r) = #r). (41)

It is straightforward to check that the orthogonality con-
dition is satisfied for this function [20]:

dv
—=F(z)-VV =0. 42
3 = F@) (42)
Therefore, the proposed function V is a suitable candidate
for a Lyapunov function. The last condition to show is that
the fixed-point r} is a local minimum of V(r,w), thus,
evaluating the Hessian matrix we obtain
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IL:(jgg-QZw>wm' )

From result (43), there is a local maximum if ¢’(r}) <0
and h(r}) > 0, alocal saddle if ¢"(r}) > 0 and h(r}) > 0,
and a local minimum if ¢"(r}) > 0 and A(r}) < O Also,
inspecting Eq. (41), we notice that h(r) is a positive-
definite function, and therefore there is no center in the
null-geodesic dynamics. When either ¢"(r}) =0 or
h(r}) =0 the stability analysis presented here is incon-
clusive, and a complementary approach is needed.

Writing the functions §(r) and A(r) in terms of g(r), h(r)
and their derivatives,

g =2V Gy = O gy

Rewriting the Hessian matrix (43) in terms of §(r) we get

(25 (r)h(r) 0
= < 0 —2}1(?))(4,0)' ()

Hence the stability of the system according to the Lyapunov
function is characterized by the sign of F(r}). If
g (rr) <0, the fixed point is a nonhyperbolic semistable
saddle If §(r}) > 0, the fixed point is a semistable neutral
saddle. That is, the development presented so far indicates
that the indirect and direct Lyapunov methods are con-
sistent. However, if 7 (r7) =0, the fixed point is an
inflection point in the Lyapunov function and the definition
of stability cannot be determined with this method.

Another important characterization of stability is the
Jacobi criterion.' To introduce the concept of Jacobi
stability, we will outline the method in the following,
restricting the formalism to the CFM case. Consider the
second-order differential equations in the standard form
[18],

d2
L+ 2G(x, %) =0, (46)
dn

with a fixed point at x = 0. Let us denote by ¢ the first-
order variation of x. Defining the Kosambi-Cartan-Chern-
covariant derivative of the field & [18,19],

DggaG

- 3 (#7)

and varying the trajectories of (46) into nearby ones, the
Jacobi equations [18] are obtained:

'"The connection between Jacobi and linear stability was
previously studied in detail by several authors [18-20].

D?¢
— = P¢. 48
P (48)
The so-called deviation curvature tensor [ 18] (in the present
case, a scalar) is defined as

:—22—G—ZGG+x2—N+(N) (49)

where x = dx/dy and the nonlinear and Berwald terms (N
and G respectively) [19] are given by

0G - ON
N = P G= e (50)
With the relevant quantities introduced, Jacobi’s criterion of
stability [18,19] can be stated. The trajectories of (46) are
Jacobi stable if P(0) are strictly negative, and Jacobi
unstable otherwise.
Taking the null-geodesic dynamics written in the form
(18), the Berwald conection is written as

G(r, w) =—
and the following quantities can be computed:

IG(r,w) & ON  9*G(r.w)
ow w ot

From the expressions for P, N, and G in Egs. (49) and (52)
[18], the deviation curvature scalar is calculated:

N= (52)

p_ aG(r w) 0’G oG (8G>2

_2_ i
o T araw T \aw

or ow? (53)

Noticing that w =0 and G(r},0) =0 for the photon
sphere, it follows that

oG 0G\?
=-2— — . 4
or i <8w> (54)
Comparing with the Jacobian in Eq. (38) we get
1
P = —det(J) + 7 [o@]* = 7 (r}). (55)

Result (55) indicates that the system is Jacobi unstable
for §(r}) > 0

We conclude that the stability analysis using Jacobi
criterion coincides with the results obtained from
Lyapunov’s criteria (direct and indirect methods). This is
a significant result, since linear (Lyapunov) and Jacobi
stability criteria are not in agreement considering many
examples of dynamic systems [18-20]. Indeed, there is a
special interest in the scenarios where the coexistence of
both stabilities can be checked, which indicates a robust
behavior of the system [18].
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V. BIFURCATIONS

In a broad sense, a bifurcation in a dynamical system
occurs when a small variation in the parameters character-
izing the system generates a qualitative change in the
behavior of the system. We will consider this issue in the
dynamics of null geodesics, and in the presented discussion
the possibility of semistable photon spheres in the CFM
spacetimes will be shown. The bifurcation associated to the
variation in the number of photon spheres can be found
considering the condition r} = r3, that is,

M
3M =" (4-C") = " =-2. (56)

Hence, if the deformation parameter is given by
C = CP=-2, a photon sphere with degenerated null
eigenvalues is produced.

Evaluating the eigenvalues v} and v? of the Jacobian,
considering the photon sphere localized at r = r7,

12 2(C+2)
g _i\/(C—4)(C—1)C(c+2)M' 57)

Result (57) indicates that the mass M of the compact body
does not influence the stability of this photon sphere. Still,
variations in M can increase or decrease the magnitude of
the eigenvalues. We illustrate this point in Fig. 1, where the
contour plot associated to Eq. (57) is presented. In this
figure, the nonhyperbolic region is marked with a dotted
pattern. The photon sphere becomes degenerated in the
regions marked with contours and in the dashed

line 1/}‘2 =0.

2.00

1.75 1

1.50 A

1.25 1

1.00 A

M

0.75 1

0.50 17

0.00 T
-2.0

C

FIG. 1. Hyperbolic regions for the photon sphere located at
r=rf=M(4 - C)/2. The photon sphere is nonhyperbolic in
the dot-filled region and hyperbolic in the contour region
(showing the level curves for the magnitude of the eigen-

12
values v,7).

2.00 7 -
/ %
R o
1759 <
1.50 1
/ Q-Q)
1.254 |
= 1.00 A 08T ]
i / ~ - ] X-Q e
1 2 3
FIG. 2. Instability region in the parameter space for the photon

sphere located at r = r5 = 3M, with the level curves for the

magnitude of the eigenvalues y;’z.

By checking the critical value D{ for the impact
parameter D in Eq. (36), we verify that D{ € R in the
range 0 < C < 4, meaning that the photon sphere located at
r =r} is not the asymptotic limit of a null geodesic. In
short, for C > 0 it follows that r} is not associated to a
photon sphere and for C < —2 the photon sphere at r = r}
is unstable.

Considering the photon sphere located at r = rj, the
associated eigenvalues v} and 13 are given by

vyt = VACRE) (58)

M

Result (58) shows that the photon sphere at r = rj is
hyperbolic for C > —2. This point is illustrated in Fig. 2.
When C = C° = -2 we get u{‘z = 0 in the critical photon
sphere located at r = r}, as can be seen from Eq. (33). This
result indicates that a Bogdanov-Takens bifurcation is
present when C = —2. This bifurcation is associated with
the coalescence of the two photon spheres, destroying the
heteroclinic orbit, as it will be commented in the next
section. When C < -2, we have seen in Sec. III that r3 is
not associated to a photon sphere.

In order to better characterize the bifurcations in the null-
geodesic system, we consider the photon-sphere manifold”
in the (C, r) space, defined by [37]

f(r7,0) =0 (59)

’In the literature of dynamical systems this is called “equi-
librium manifold,” but since we are dealing with photon spheres it
is suitable to use the terminology “photon-sphere manifold.”

104051-7



W.S. KLEN and C. MOLINA

PHYS. REV. D 102, 104051 (2020)

3.4

394 S~
30

g8 AN

ry/M

R R O
DI I I ...\.\

I R I I I I I S I I .\\

20 deeee... feesee . PPN FAPIPIPIRIAI

FIG. 3.

3.4

~
Sso
o o eN

S~

S

3.9 Jee e -~

3.0_..............\.

D I N

ry /M

R ORI N
DI I \

IR I R I q‘

20 eeee-. PP
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the regions (dashed lines) the Jacobian eigenvalues are zero. Superimposed with the photon-sphere manifolds are the functions r} /M
(left panel) and r3 /M (right panel) in term of C. The bifurcation point C = C® = -2 is marked with large dots in both panels.

for bifurcations related to the number of photon spheres,
and
f'(r7.0)=0 (60)

for bifurcations related to the change of hyperbolicity on
the fixed points. The manifold defined by (59) is illustrated
in Fig. 3. In this figure, if C > C® = -2, the photon sphere
at r = r} is nonhyperbilic and the photon sphere at r = r}
is hyperbolic. When C < CP, there is only one unstable
photon sphere at r = r}. Heuristically, when the two
photon spheres “collide” in the limit C — =27, one of
then is annihilated.

Since it is necessary to vary two parameters of the system
in order to qualitatively change the system, there is a
codimension-two bifurcation associated to the null-
geodesic dynamics in CFM spacetimes. Specifically, this
bifurcation produces a degenerated photon sphere located
at r = 3M = r] = r3, when

C=Ct=-2. (61)

Evaluating the Jacobian matrix in the bifurcation point, one

obtains
'] - i j b

which is the zero Jordan block of order 2 with a doubly
degenerate null eigenvalue. It implies the existence of a
Bogdanov-Takens bifurcation [37,38].

Linear stability analysis is not sufficient for the proper
characterization of this case, since both eigenvalues are on
the central manifold of the system. In this scenario, to study

(62)

the stability of the bifurcation point, we will evaluate the
coefficients of the normal form of the Bogdanov-Takens
bifurcation [38].

Near a fixed point, the restriction of the field F(z) in
Eq. (27) to any center manifold in the critical parameter
values can be expressed by the polynomial approximation
z =H({y, ¢y), specifically,

1 .
H(Co.81) = Cogq0 +C1q1 + Z Tk,hjk%é'lf

2<jrk<ad

+O([l(So- SDIP). (63)
\_ :-_=‘E -:-__
1.0 _h‘iﬁ".‘}"."{":f;‘;."":::.. -:;\
-1.0 —(I].5 OiO Of5 1.0
€o

FIG. 4. Phase portrait of the normal form (69) and (70) of the
Bogdanov-Takens bifurcation, with a cusp at the origin, asso-
ciated to a bifurcation of the null-geodesic dynamics in CFM
spacetimes.
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FIG. 5.

90°

270°

The emergence of a bounded orbit (left dashed lines) and heteroclinic orbit (left continuous loop) in the phase portrait and in

the orbital plane, in the left and right panels, respectively. The parameters for the left graph are C = 0, M = 1 and for the right graph are

C = —0.2, with initial conditions (7(0),w(0)) = (2.11,0.00).

where g, and ¢, are the eigenvectors of J;. From (63), the
invariant central manifold conditions furnish the associated
homological equation,

OHdG,  OHdG, _
9y dn O dn

With a coordinate change [38], Egs. (64) and (63) yield the
normal form

F(H(%o.£1))- (64)

ddy
d_ﬂ - gla (65)
d
% = (@l + biZk1¢y). (66)
T =

The coefficients a;, and b, depend on F(z). Direct
evaluation of the coefficients furnishes b, = 0 [38], indi-
cating that the system exhibits a degenerated Bogdanov-
Takens bifurcation, whose normal form is

dgo

d]’] - Cl’ (67)
dCl _ 2 3 5
2= a4 b+ O b)) (69

where a, and b, are, respectively, the second-order and
fourth-order coefficients of the normal form. Evaluating

*For more details about the computation of normal forms of
Bogdanov-Takens bifurcation with codimension 2 and 3, see for
example [38].

these coefficients [38], we verify that a, = 1/3 and b, = 0.
Hence, close to the bifurcation, the phase portrait of the
dynamical system (22)—(23) is locally topologically equiv-
alent to the system [38]:

dfo

d_n_ €l7 (69)
d 1
=38+ 0. I (70)

Considering the normal form (69) and (70), the asso-

ciated Jacobian is
J= ( 0 1) (71)
- \1/3 0)°

The eigenvalues of J in Eq. (71) are given by v!? =
++4/1/3 and therefore the phase portrait displays an
unstable cusp point in the critical photon sphere
(r=r7 =3M and C = C* = -2), as illustrated in Fig. 4.

VI. HETEROCLINIC ORBITS

Of considerable importance in a dynamical system is the
possible existence of heteroclinic orbits. A heteroclinic
orbit joins two different fixed points. These structures are
present in CFM spacetimes, specifically considering worm-
hole backgrounds (C < 0) and extreme black holes
(C = 0), as it will be discussed in this section.

For values of the deformation parameter in the range
—2 < C £0, heteroclinic orbits are present. A geodesic
originated at the photon sphere with radius 5 goes until the
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throat and then returns back. This path forms a heteroclinic
loop, which is illustrated in Fig. 5. As the parameter C
approaches —2 from the right, this family of bounded orbit
contracts until it disappears when C = C® = -2, giving
rise to a Bogdanov-Takens bifurcation. The maximum
amplitude of the orbits in this set is » = M and it occurs
when C — 0. Itis possible to access the region of bounded
orbits by conveniently adjusting the initial conditions of the
geodesics.

The fixed point at the wormhole throat is a nonlinear
saddle, while the other fixed point is a neutral saddle.
Those, in turn, generate heteroclinic loops, which are the
closed orbits connecting the saddle fixed points. After the
Bogdanov-Takens bifurcation, this region disappears and
the system admits just scattering states.

The existence of heteroclinic orbits in wormhole con-
figurations has important consequences. Following the
Peixoto’s theorem [39], heteroclinic orbits are associated
to structural instabilities. That is, the variation of any
system’s parameter can destroy these special orbits and
then change the topology of the phase portrait. This
phenomenon is related to the emergence of unbounded
orbits (scattering states), and consequently, the inacces-
sibility of the stable photon sphere in the orbital plane for
critical geodesics. These unbounded orbits correspond to
unstable orbits, as can be seen from result (57).

VII. FINAL REMARKS

An extensive dynamical analysis of the null geodesics in
the spacetimes proposed by Casadio, Fabbri, and
Mazzacurati was performed, considering both black hole
and wormhole solutions. Stability was studied within the
Lyapunov and Jacobi framework. Bifurcations and the
presence of heteroclinic orbits were investigated. It was
observed a direct relation between the null geodesics and

the structure of the spacetimes, which gives us a signature
of the inner geometry of the black holes, and so could be
used as future observational tests. The connections between
the null-geodesic dynamics and the associated CFM space-
times are summarized in Table L.

The theory concerning static spherically symmetric
black holes is well developed. For instance, it is known
that in several cases their photon spheres are unstable under
small perturbations [35,36]. In the present work, this
characteristic was observed for both photon surfaces of
the system. The photon sphere located at r = r; =3M
displays hyperbolicity for all black-hole regimes, losing
this feature just when C = —2. Furthermore, the photon
surface at r = r} is always nonhyperbolic.

We explored these issues, showing that both Lyapunov
and Jacobi stability criteria are concordant in the null-
geodesic dynamics considering the CFM solutions. A novel
feature of the CFM spacetimes is the loss of hyperbilicity of
the photon surfaces as the parameter C is varied. This leads
to a richer dynamics for this family of solutions, when
comparing with the usual Schwarzschild case.

It was also shown that there is a bifurcation taking place
when the parameter C is varied. This bifurcation was
classified as a degenerated Bogdanov-Takens. Therefore,
this bifurcation can be thought as a combination of a fold and
transcritical bifurcations, which displays an unstable cuspid
point at the critical photon sphere. These topological changes
can be observed in the orbital plane as the deformation
parameter is varied. The bifurcation gives rise to a region of
bounded states (orbits which are limited to a finite portion of
the orbital plane) where a semistable photon sphere exists
when the deformation parameter is in the range —2 < C < 0.
It should be remarked that a fold bifurcation was observed in
Friedmann-Lemaitre-Robertson-Walker scenarios [40]. That
is, we are presenting similarities between the local physics
associated to compact objects and global physics related to a

TABLE I. Association between the characteristics of the CFM spacetimes and the null-geodesic dynamics.
Deformation Compact Position of the
parameter structure Null-geodesic dynamics photon spheres
C<=2 Wormhole One semistable and nonhyperbolic photon sphere at r = r7. rT > 3M
C=-2 Wormbhole Bogdanov-Takens bifurcation. One degenerate, ry=ry =3M
semistable, and nonhyperbolic photon sphere
atr=ry =r;.
-2<C<0 Wormhole Bounded heteroclinic orbits. One semistable 2M <1} <3M
and nonhyperbolic photon sphere at r = rJ.
Two semistable and hyperbolic photon spheres r5 =3M
at r = r; (one on each side of the wormhole throat).
C=0 Extreme black Bounded orbits near the event horizon, ry =3M
hole one semistable and hyperbolic photon sphere
atr =rj.
CcC>0 Nonextreme black One semistable and hyperbolic photon sphere ry =3M

hole at r =r;.
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cosmological solution. We speculate that the results pre-
sented here may reveal unseen connection between appa-
rently nonrelated gravitational systems.

Heteroclinic orbits were found in the CFM null-
geodesics dynamics. They are the separatrix between the
region of bound and scattering states of this system. When
the system goes through the Bogdanov-Takens bifurcation
this separatrix shrinks until it disappears and only scattering
states are allowed in the orbital plane. The wormhole case
showed the presence of a heteroclinic loop that separates
the regions of bounded and scattering states, enclosing a
semistable photon sphere and connecting two unstable
photon spheres. Finally, our results suggest that CFM
black-hole spacetimes show structural stability, that is,
the topology of their phase portrait does not change under

parameter variation. On the other hand, the wormhole
spacetimes do not appear to be structurally stable, as a
consequence of the existence of heteroclinic orbits and
Peixoto’s theorem [39]. Further investigations on this topic
are being conducted.
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