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The aim of this paper is to study the structure of irreducible modules in the variety M
of commutative power-associative nilalgebras of nilindex < 4. If A € M with dimension
at most 5, then we prove that A2 is contained in the annihilator of every irreducible
A-module in the variety M. Also, we consider the enveloping algebra of an algebra A
in the variety M and we obtain a new example of a commutative power-associative
non-nilpotent nilalgebra of dimension 9.
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1. Introduction

The theory of bimodules in a class of algebras defined by multilinear identities
has been introduced by Eilenberg [7] and it is a powerful tool in the study of the
structure of this class of algebras. For every algebra A in M we have its associa-
tive enveloping algebra U (A). This construction is useful in order to pass from a
non-associative structure to a more familiar (associative) algebra over the same field
while preserving the representation theory. Commutative power-associative algebras
are a natural generalization of associative, alternative, and Jordan algebras. Every
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Jordan algebra is a commutative power-associative algebra. Reciprocally, Albert
[2, B] and Kokoris [25] showed that commutative power-associative algebras with
certain additional conditions are Jordan. Every simple finite-dimensional commu-
tative power-associative algebra over a field of characteristic zero is either Jordan
or nil [25]. For Jordan algebras it is true that every finite-dimensional nilalgebra
must be nilpotent. It is natural to ask if the same occurs in the variety of commu-
tative power-associative algebras. This question was answered by Suttles [31], who
constructed a 5-dimensional algebra which is commutative power-associative, nil of
index 4, but it is not nilpotent. However, this algebra is solvable. If every finite-
dimensional commutative power-associative nilalgebra over a field of characteristic
different from 2 is solvable remains so far unknown, [I3, Problem 1]. This problem
is usually called Albert’s problem [I] and has different formulations, in relation to
radicals and simplicity [I8]. Albert’s problem has connections with classical prob-
lems in affine algebraic geometry [32] and it is still open. In some particular cases,
positive answer to Albert’s question was obtained [5, [6], 1T, T4H16, 2T, 28], 29] [33].
The algebra is nilpotent in the following cases: (i) dimension < 4; (ii) is Jordan; (iii)
the nilindex is greater than or equal to the dimension. For dimension < 9 over an
algebraically closed field of characteristic 0, the algebra is solvable. Also, we know
that if the nilindex k of the algebra satisfies n — 3 < k, where n is the dimension of
the algebra, then it is solvable (with suitable characteristic).

On the other hand, it is known that every commutative nilalgebra of nilindex
3 generated by r elements over a field of characteristic # 2,3 is nilpotent of index
less than or equal to r + 5 [19] [33]. However, for finite-dimensional commutative
power-associative nilalgebra of nilindex 4 it is unknown if the algebra is solvable.

An approach to Albert’s question can be achieved using modules (Shestakov’s
generalized theorem, Lemmal[Il). The goal of this paper is to study the structure of
irreducible M-modules, where M is the variety of commutative power-associative
nilalgebras of nilindex < 4.

This paper is organized as follows. Section 2] provides the enveloping algebra
of an algebra in a variety, along with some of its properties, which has its own
independent interest. The study of commutative power-associative representations
for a finite-dimensional algebra A in M is equivalent to studying the (associative)
representations of the associative enveloping algebra of A. In Sec. [3 we give basic
definitions and results about modules in the variety M, and we show the connection
between Albert’s problem and power-associative irreducible modules. Section [ is
devoted to irreducible modules in the variety M. We prove that: If A is a commu-
tative power-associative nilalgebra of nilindex < 4 and dimension < 5, and M is
a finite-dimensional irreducible A-module in the variety M, then A2M = 0. Also,
we give a new example of a commutative finite-dimensional power-associative non-
nilpotent nilalgebra as the null split extension of an algebra of dimension 4 and an
A-module of dimension 5 resulting a nilalgebra of nilindex 5 where A2M # 0. This
paper is a continuation of [I8] where the power-associative modules over a trivial
algebra of dimension 2 were described.
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2. Bimodules and Enveloping Algebras

Throughout this paper, F' will be a field of characteristic # 2,3 and 5 and all the
algebras will be consider over the field F. Let V be a variety of algebras over F,
and take an algebra A in the variety V. An A-bimodule in the variety V, or a V-
bimodule over A, is a vector space M over the field F' and two bilinear mapping
A AXM — M and p: M x A — M sending (a,m) to am and (m,a) to ma
such that the algebra F = A @ M with multiplication given by (a + m)(b+n) =
ab+ (an+mb) for all a,b € A and m,n € M, belongs to V. For example, the algebra
S = A@® M is associative if A is associative and (m,a1,a2) = 0, (a1, m,a2) = 0
and (a2,a2,m) = 0 for all a;,aa € A and m € M. For each element a € A
we define the linear transformations of the vector space M to itself, denoted by
L, and R,, by L,(m) = am and R,(m) = ma for all m € M. The pair of
mappings (L., R,) is called a V-bipresentation of A. Every bimodule M over A
is an associative left module over the algebra generated by the elements L, and
R, where a € A. Moreover, for every algebra A from the variety V there exists
a universal associative algebra denoted by Uy (A), (for simplicity U(A)) such that
every V-bimodule over A is an associative left module over U(A) and vice versa,
every associative left module over U(A) is an V-bimodule over A. The algebra U(A)
is called the V-multiplicative enveloping algebra for A (or enveloping algebra of A
in the variety M) |24, Chap. II]. A natural question is about the description of the
multiplicative enveloping algebra for an algebra A in an arbitrary variety V and this
description has considerable difficulties. If A is a finite-dimensional alternative or
Jordan algebra, then the multiplicative enveloping algebra is also finite-dimensional
[23, 30]. If A is the 2-dimensional trivial algebra, in the sense that A% = 0, and M
is the variety of commutative power-associative nilalgebras of nilindex < 4, then
L’vov [27] obtained a basis of U (A) and a classification of its irreducible modules.

Because the algebras considered in this paper are commutative, we can use only
left multiplications. Note that in the case of commutative algebras the notion of
module and bimodule is the same.

Let A be a commutative algebra. For each element © € A we define inductively
the powers of by 2! = 2 and ¥ = z2*~! for all k > 2. The algebra A is called
power-associative if x’z/ = 2't7 for all positive integers %, j. Basic properties of
these algebras were given by Albert in [I]. In particular, a commutative algebra
over the field F' is a power-associative algebra if and only if it satisfies the fourth
power-associative identity z* = z222. A power-associative algebra A is called nil,
or nilalgebra, if for every x € A, there exists a positive integer k such that 2* = 0.
If there exists a positive integer & where 2% = 0 for all z € A, then we say that A
is of bounded nilindex. For a power-associative nilalgebra A of bounded nilindex,
the smallest positive integer k such that % = 0 for all 2 € A, is called nilpotent
index (or nilindex) of A.

In the following, M will be the variety of commutative power-associative nilal-
gebras of nilindex < 4. A commutative algebra belongs to the variety M if and
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only if this algebra satisfies the following two identities:
zt =0, 2*2?=0. (1)

Using the process of linearization of identities [34], we obtain the following useful
identities for the variety M [12]:

2%y + w(2®y) + 2z(z(ay)) = 0, 2*(zy) =0, (2)
z(zy?) + y(ya®) + 2z(y(ay)) + 2y(x(zy)) =0, 2(zy)*+2°y* =0, (3)
2[z(2(yz)) + x(y(z2)) + 2(2(2y)) + y(2(z2)) + 2(2(zy))]

+y(za?) + z(yz?) = 0, (4)

2*(yz) + 2(zy)(z2) = 0, ()

s(x1, e, x3,24) =0, (zy)(2t) + (z2)(yt) + (xt)(yz) =0, (6)

where s(z1,z2,x3,24) 1= %20654 To(1)(To2) (To(3)To4))) and Sy is the set of all

permutations on the set {1,2,3,4}.
We shall denote by span{ X}, the vector subspace of A spanned by a subset X
of A.

Proposition 1. Let 2 be the free algebra generated by {a,b} in the variety defined
by the identities x1xo = xox1 and x1(zexs) = 0. If U is the enveloping algebra of 2
in the variety M and % = A/A? is the trivial 2-dimensional commutative algebra,
then

Uu/JU) = U@,
where J(U) is the Jacobson radical of U.
Proof. Let M be an arbitrary irreducible 2-module in the variety M. We need
to prove that L. = 0 for all ¢ € 2. Since the action of the group End(2) on 2 is

transitive, it is enough to prove that L,> = 0. Because cd? = 0 for all ¢,d € 2, the
identity (@) implies

LLg = —2L,gpL. = 0. (7)

We will now prove by induction on n that

L:=L.,L, - L, L, =0, (8)
for all ¢1,...,¢, € 2. The case n = 0 is given in (7). Assume now that n > 0. By
linearity, we can assume that ci, co,...,c, € {a,b,a? b% ab}. If ¢; € {a,a?, ab,b?},

then L = 0 by @) and ([@). In the remaining cases, ¢; = b. If n = 1, then
LaszLa2 = *La2La2Lb - LbLa2La2 =0 by @) and (M) If Cl = C2 = b, then
L,L)L, = —LyL,2L;, — LyLyL,2 by @) and [@) and now L = 0, by induction
hypothesis. If ca = a, then L,2LyL, = —L,2L,Ly—LyL,2L, —LyLoLy2 — L, L2 Ly —
L,LyL,2 = 0 by @), @), (@ and induction hypothesis. If co € {a?, ab,b?}, then
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L,LyL., = —L.LyL,2 = 0 by (@), (@) and induction hypothesis, since ab belongs
to the vector space spanned by {d? : d € A}. Thus, we have proved that L = 0 in
all the cases.

Finally, we will prove by contradiction that L, = 0. Assume that L,> # 0.
We can take v € M such that a?v # 0. Because M is irreducible, M is spanned

by all the elements of the form a;(--- (a,,(a?v))---) where a1,...,a, € 2. But,
Eq. @) implies that a®(a;i(--- (am(a®v))--+)) = 0 so that a®M = 0, which gives a
contradiction. O

3. Power-Associative Modules

The interested reader can find equivalences to Albert’s problem and a brief overview
about the structure of finite-dimensional commutative nilalgebras and the Albert’s
problem in [I7), [I8]. The study of finite-dimensional irreducible modules over the
variety M is motivated by the following generalization of a Shestakov’s theorem [18]
Lemma 1].

Lemma 1. Let A be a finite-dimensional commutative power-associative nilalgebra
over a field of characteristic zero and V' a finite-dimensional irreducible A-bimodule
in the variety of commutative power-associative algebras. Assume that we can define
a product on'V with values in A, (v, w) — v-w € A, such that V-V = A. If the vector
space Q@ = A @V with the multiplication (a +v)(b+w) =a-b+v-w + (aw + bv)
is a commutative power-associative algebra, then Q is nil, Q> = Q, and gives a
counterexample to Albert's problem.

Previous lemma can be extended in the following sense. Let A be a finite-
dimensional commutative power-associative nilalgebra over a field of characteristic
zero and V and W two finite-dimensional irreducible A-bimodules in the variety of
commutative power-associative algebras. Let f: V x W — A a surjective bilinear
map. If the vector space Q@ = AV & W with the multiplication (a + v + w)(b +
V4w) =a-b+ f(v,w) + f(V,w) + (a0 + aw’ + buv + bw) is a commutative
power-associative algebra, then @ is nil and Q? = Q. In this case, for each maximal
ideal I of @, we have that Q/I is a simple finite-dimensional power-associative
nilalgebra.

The first step to study the irreducible modules in the variety of commutative
power-associative nilalgebras was given in [I8] where the irreducible A-modules
when A is the 2-dimensional algebra with zero multiplication are described in [I8],
Theorem 1].

Theorem 1. Let A = span{a,b} be a 2-dimensional algebra with zero multiplica-
tion. Then every irreducible power-associative A-module M has dimension 1 or 3.
If M has dimension 1, then AM = 0. If M has dimension 3, then we can choice a
suitable basis {u,v,w} of M and a scalar 0 # \ € F such that

au=v, av=w, aw=0, bu=0, bv=>u bw=—-Nv. 9)
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The goal of this paper is to study the structure of irreducible M-modules, where
M is the variety of commutative power-associative nilalgebras of nilindex < 4. We
know that every algebra of this variety satisfies the following Engel identity [12]:

z(z(z(z(zy)))) = 0. (10)

The following lemma is an immediate consequence of the above identity.

Lemma 2. Let A be an algebra in the variety M and M a nonzero finite-
dimensional A-module in the variety M. Then aM C M for alla € A. In particular,
if dim M =1, then AM = 0.

Let A be an algebra in the variety M and M an irreducible finite-dimensional
A-module in the variety M. For each a € A, we define the following set:

Vo = ker(L,) Nker(Lyg2).
The next lemma will be used throughout the paper without explicit mention.

Lemma 3. Let M be an A-module in the variety M. Take a € A and m € M.

(i) If W is a nonzero vector subspace of M invariant under the action of a, that
is aW C W, then ker(L,) N W # 0;
(ii) Ifa € V,, then a®>m = 0;
(iii) If M # 0, then V, # 0.

Proof. We get (i) and (ii) from (I0) and first identity of (), respectively. Second
identity of (@) implies that ker(L,2) is invariant under the action of a. Now (i) and
(ii) force (iii). |

Theorem 2. Let A be an algebra in span{L,, L2}, the subalgebra generated by
L, = L and L,2 = U, is spanned, as a vector space, by the following operators:
L,L?,U, L3 LU,L* L?>U. Furthermore, we have the following identities:

L, =—LU—-2L% UL=0, UU=—-2L,:L=4L* (11)
and p(a,b) = 0 for every non-associative monomial p(x,y) with x-degree > 5 and

y-degree 1.

Proof. First and second multiplication identities of (1) are an immediate con-
sequence of ([@). Next, UU(b) = a?(a?b) = —2a3(ab) = —2L,sL(b) = 2LUL(b) +
4L4(b) = 4L*(b) by (@) and previous identities. Now, using (G) we obtain that

ULgs(b) = a?(a®b) = —2a*(ab) = 0 and LsU(b) = a3(a?b) = (aa)(a?b) =
—(1/2)(aa?®)(ab) = 0 since a* = a?a® = 0. Then by first identity of () we
have that L3U = —(1/2)LUU = —2L5 = 0. We can now turn to prove that

I?’L,s = —L3U — 2L° = 0 and LL,;sL = —2L° = 0. In order to prove the last
statement of the theorem, it is sufficient to show that UL?U = 0 and UL* = 0.
Both relations are obviously true from the multiplication identity UL = 0. O
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Previous theorem can be reformulated as follows.

Theorem 3. Let A be the free algebra in the variety M with free generating system
{a}. Then U() in the variety M is a graded 7-dimensional associative algebra

uR) =Pu;,
i>1
where U; = span{a}, Us = span{a? b}, Us = span{a® ab}, Uy = span{a?, a®b},
U, =0 for allmn > 5 and
ba=0, b%=4a"
The above theorem suggests the following conjecture.
Conjecture 1. Let p(z,y) be a non-associative monomial with x-degree n and

y-degree m. If |m —n| > 4 then p(xz,y) =0 is an identity in the variety M.

By Theorem 2] we know that above conjecture is true for m = 1.

4. Irreducible M-Modules

In the following A will be an algebra in M and M a finite-dimensional irreducible
A-module in the variety M. An interesting open question is the following conjecture.

Conjecture 2. Let A be a commutative finite-dimensional power-associative nilal-
gebra of nilindex < 4. If M is a finite-dimensional irreducible A-module in the
variety M, then A2M = 0.

We confirm this conjecture in a positive way if dimA < 5. The condition,
nilindex < 4, cannot be eliminated as the following example shows.

Example 1. Let A be the 4-dimensional algebra spanned by a, b, a? and ab such
that b2 = 0 and A% = 0. As an F-vector space, M is spanned by v, vs, v3, v4 and
vy subject to the relations

avy = ve, a’vy = —2vs, bu; = —buy, (ab)vy = vs,

1
avs = vy, a’vs = 22 bvg = 4vs, (ab)vs = —uy,
avy = vs, bus = vs,
avs = 1,

and avy = a’v; = a’vy = a?vy = bvg = bvy = (ab)vy = (ab)vs = (ab)vy = 0. Then,
M is a commutative power-associative irreducible A-module. If u = A\ja + Aaa? +
Agb + Agab + 2?21 ;v with A\;, pu; € F, is a generic element of A @ M, then

’LL2 == /\%a2 + 2/\1)\3ab + 2/\1#51}1 + (2)\1#1 + /\2#5)’02 + 2/\3#51}3 + (2)\1#3
— 1031 — 2/\4#5)’04 + (2)\1#4 —4)dous + 8z + 2)\4#1)’[}5,

2350205-7



J. Algebra Appl. Downloaded from www.worldscientific.com
by UNIVERSIDADE DE SAO PAULO on 03/15/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

J. C. Gutierrez Fernandez, A. Grishkov & E. O. Quintero Vanegas

u® = 201 (A1 ra — 2 apz + A\zpa + Aajir)vy
+((5/2)M2 s + Mdafia — 20313 + 4dada iz + Ao Aajir )va
+12X3(A1pea — 2X2p3 + 4302 + Aapin)vs
+ (=10A1 Az 5 — 2M1 Aapts + 4dadapiz — 8z a2 — 2031 )va,
w?u? = ut = (Mg — 20apz + ddae + Agpn) (2ATv2 — 8M Azvs),
ub = 0.

Thus, the commutative algebra B = A @& M is power-associative and nil with
nilindex 5. In order to prove that M is irreducible, we first observe that M, as
A-module, is generated by vs. Furthermore, for each z € M, x # 0, we have that
vs belongs to the submodule generated by x. Let z = Z?:1 Wwivi, with p; € F| a
nonzero element of M. Then

If p3 # 0, then a((ab)(a’z)) = 2usvs;

If u3 = 0 and ps # 0, then b(a?z) = 2usvs;

If us = ps = 0 and pg # 0, then (ab)x = pivs;

If p1 = ps = ps = 0, then ax = pyvs and bz = 4usvs.

Until now, the Suttles algebra S was essentially the only known commuta-
tive power-associative finite-dimensional and non-nilpotent nilalgebra, where S =
span{a, a?,a3,b,a?b} and the non-obvious nonzero products are

a(a®b) = a®, @b = —a’. (12)

The algebra B = A @® M is a new example of commutative finite-dimensional
power-associative nilalgebra that is not nilpotent. We observe that the Suttles alge-
bra S can also be given through irreducible modules, because S = Ay & M, where
Ap is the trivial 2-dimensional algebra and Mj is the 3-dimensional irreducible
Ap-module defined in Theorem [II

Many different classification results of finite-dimensional commutative nilalge-
bras have appeared in the literature. Gerstenhaber and Myung [I5] showed that
commutative, power-associative, nilalgebras of dimension 4 are nilpotent and deter-
mined their isomorphic classes. Thus, Suttles’s example is the commutative, power-
associative nilalgebra not nilpotent of least possible dimension. Elgueta and Suazo
[9) described the commutative power-associative nilalgebras of dimension 5 and the
commutative Jordan nilalgebras of dimension 6 in [9, [10], respectively. The commu-
tative right-nilalgebras of right-nilindex 4 and dimension at most 4 were classified
by Elduque and Labra in [§], thus extending the classification by Gerstenhaber and
Myung.

4.1. The dimension of A is less than or equal to 4

In this section, we confirm Conjecture [ for all algebras with dimension at most 4.
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Lemma 4. Let dim A = 2. Then the dimension of M is either 1 or 3. If dim M = 3,
then A% =0 and the action of A on the vector space M is given as in Theorem [l

Proof. Every (irreducible) A-module in the variety M is in fact an (irreducible)
power-associative A-module. Thus, the case A2 = 0 is clear from Theorem [ since
the algebra A@® M is trivial if dim M = 1 and it is isomorphic to the Suttles algebra
when dim M = 3. Let us assume now A? # 0. Take an element a € A with a? # 0.
Then A = span{a, a?}. First, we observe that U = {u € M : au = 0} is a non-zero
submodule of M since by @) we get that a(a?u) = —a3u — 2a(a(au)) = 0 for all
w € U. Therefore, AU = a?U C U. Because M is irreducible, we have that M = U
and hence aM = 0. Let now V be the nonzero vector subspace of M given by the
set {u € M : a®u = 0}. Since aV = 0 and also a?V = 0, we have that AV =0C V
and hence M = V. Therefore, AM = 0 so that dim M = 1. O

As a more general result, we have the following.

Proposition 2. Let B be an algebra with zero multiplication where dim B =
dim A — dim A2. Take a vector subspace V of A such that A =V @ A2 and a
bijective linear mapping f : V. — B. If M is a power-associative (irreducible) B-
module, then M is an (irreducible) A-module in the variety M via A2M = 0 and
ve = f(v)x for allv € V and x € M. Reciprocally, if N is an (irreducible) A-
module in the variety M and A2N = 0, then N is a (irreducible) power-associative
B-module via by = f~1(b)y for allb € B and y € N.

Proof. For simplicity, we can assume that B =V and f is the identity mapping.
Let M be a power-associative B-module and u = (a, z) an arbitrary element of the
algebra A ® M. We have a unique decomposition a = v + ag where v € V and
ag € A% Then u? = (a?,2ax) = (a?,2vx), v*u? = (a?a?,4a*(vz)) = (0,0), u® =
(a,2)(a?,2vx) = (a®,2a(ve) + a®x) = (a*,2v(vr)) and u* = (a,7)(a®,2v(v)) =
(a*,2a(v(vz)) = (0,2v(v(vz))) = (0, —v3z —v(v%z) + 4% (vx)) = (0,0). This proves
the first part of the proposition. The reciprocal case can be obtained in a similar
way. O

In [I5], the authors classified all the power-associative nilalgebras of dimension
< 4. In particular, for dimension 3 and with non-zero multiplication, each one of
those algebras is isomorphic to one of the following:

e Ay :=span{a,a?, a®}, where AT = 0;
o As(a) := span{a,a?, b}, where ab = 0, b*> = aa? and (A3(a))® = 0.

Lemma 5. If dim A = 3, then A’M = 0. Furthermore

(i) If dim A% = 2, then dim M =1 and AM = 0;

(ii) If dim A2 = 1 and AM # 0, then dim M = 3 and there exist a,b € A and a
basis {v1,va,v3} of M such that avy = va, avy = vz, avs = 0, buy = 0, bvy = vy,
b’l}g = —V2.
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Proof. Case i, (A3 # 0). Take an element a € A such that a® # 0. Obviously, A =
span{a,a?,a®} and A* = 0. Because a®*r + a(a®z) + 2a(a(ar)) = 0 and a?(ax) = 0
for all z € M, we have that a®*(a(az)) = —a(a®(a(ax))) — 2a(a(a(alaz)))) = 0.
This implies that a(aM) is a submodule of M and since M is irreducible and
a(aM) C aM C M, we have that a(aM) = 0. Furthermore, a?(aM) = 0 and for
Lemma [B] we get that aM is a proper submodule of M, so aM = 0. Since we have
proved that aM = 0, where a is an arbitrary element of A such that a® # 0, it
follows that AM = 0 and hence dim M = 1.

Case ii, (A% = 0). There exist two elements a,b € A and a scalar a € F such
that A = span{a, a?,b}, ab =0 and b*> = aa®. Then a?(ax) = 0 and by (@) we have
a?(bz) = —2(ab)(ax) = 0 and a?(a?z) = —2a*(ax) = 0. Therefore A2(AM) = 0.
Obviously, AM is a submodule of M. Since M is an irreducible module, we have
that either AM = 0 or AM = M. In both cases, A2M = 0. The last statement of
the lemma follows from Lemma [ and Proposition O

A classification of commutative power-associative nilalgebras of dimension 4 was
obtained by Gerstenhaber and Myung [I5] based on a classification of Kruse and
Price [26] for nilalgebras of nilindex 3. Also, [20] gives a classification of commutative
nilalgebras with nilindex and dimension 4.

Lemma 6. Ifdim A = 4, then A2M = 0.

Proof. By [I5, 20] we know that A is isomorphic to one of the algebras listed
below. Each case will be analyzed independently.

Case 1. A = span{a, a?,a®,b} where ab = \a?, a* = 0,bA? = 0, A24%? = 0 and b*> =
aa’+ Ba® with o, 8, A € F. Observe that A* = 0. Let U = {x € M : a®?z = 0}. Since
aU C U and U # 0 by ([I0), we can take z € U, x # 0 such that ax = 0. This element
satisfies az = a*r = 0. We will prove inductively that a?(a;(aa(--- (axz) ))) = 0

and a3(ay (az(- - - (arx) ))) = 0 for all non-negative integers k and a1, as, ..., a, € A.
It is sufficient to consider a; € {a,a? a® b}. The case k = 0 is obvious. If k = 1,
then a?(a;x) = —2(aa1)(ax) = 0 and a®(a1z) = —(aar)(a®x) — (a2a1)(ax) =

0. Let now k£ > 1. By induction hypothesis and properties of a, we can assume
that a; € {a,b} for all i. Take y = as(as(--- (axz))). Then a’(ai(az(--- (arx)))) =

at(ai(azy)) = —a'(az(ary)) for t = 2,3, by first identity of (@) and induction
hypothesis. Thus, the product vanishes if a; = ay. Finally, a®(a(by)) = 0 and
a®(a(by)) = —(1/2)a*(a®(by)) = 0. Because M is an irreducible A-module, this

one is spanned as vector space by all the element of the form aj(az(--- (arz)))
where k is a non-negative integer and a; € A. Therefore, we have proved that
A*M = span{a?,a®}M = 0.

Case 2. A = span{a,a?,b,c} where b? = aa?, ¢> = Ba? and all other products

of basic elements vanish. Then a?(ax) = 0, a?(bz) = —2(ab)(az) = 0, a*(cx) =
—2(ac)(az) = 0 and a*(a?z) = —2a®(ax) = 0 for all x € M. Therefore, N =
aM + bM + cM is a submodule of M. If N = M, then A2M = a?M = a?N = 0.
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Otherwise, N = 0 and we can take and element 0 # & € M where a’x = 0. Then
Ax =0 so that M = Fx.

Case 3. A = span{a,a®,b,ab} where b*> = aa? and all other products of basic
elements vanish. Using (§]) and relation A® = 0, we get that

c(dzr) =0, (13)

for all z € M and ¢,d € A% Let U = {& € M : a*x = 0}. Since aU C U and
U # 0 by ([), we can take 0 # = € U such that ax = 0. This element satisfies
ar = a’z = 0. We will prove inductively that A2%(a;(az(--- (arx)))) = 0 for all
positive integers k and a1, as, . . ., ax € A. By linearity, it is sufficient to consider a; €
{a,a?,b,ab}. If k = 1, then a?(a1z) = —2(aay1)(ax) = 0, (ab)(bx) = —(1/2)b*(az) =
0 and by [@3) we have that (ab)(wz) = 0 for all w € A?. Thus, A%(Az) = 0. Let
now k > 1. By induction hypothesis and properties of A, we can assume that
a; € {a,b}. Let y = az(as(---(axz))). If w € A% then w(ai(az(--- (arx)))) =
w(a1(az2y)) = —w(az(a1y)) by first identity of (@), relation A*> = 0 and induction
hypothesis. Thus, the product vanishes if a; = az. Furthermore, a?(a(by)) = 0 and
(ab)(a(by)) = —(1/2)a?(b(by)) = 0. Therefore, the product vanishes in all the cases
as we wanted to prove. Since the module is irreducible, previous fact implies that
either AM =0 or A?2M = 0. O

4.2. The dimension of A is 5 and its nilindex 3

For a nontrival algebra A in the variety M with dimension 5, the nilindex is either
3 or 4. We will now analyze the case when A has nilindex 3. Every commutative
nilalgebra of nilindex 3 is Jordan [4 [34]. Elgueta and Suazo [9] gave a description of
all commutative power-associative (Jordan) nilalgebras of dimension 5 and nilindex
3. We have the following (Hegazi and Abdelwahab [22]).

Proposition 3. If A has dimension 5 and it is not an associative algebra, then
its nilindex is 3 and there ewist a,b € A such that {a,a? b,ab,a?b} is a basis
of A, a(ab) = —(1/2)a%b, b> = b(ab) = 0 and A* = 0. Furthermore, B =
span{a, a?, ab, a®b} is a subalgebra of A and every irreducible B-submodule N of
M has dimension 1.

Proof. The first part could be found in [9]. From Lemmas [ and [l and Proposition
2l we have that the dimension of N is either 3 or 1. Suppose that dim N = 3. Then,
we can take a basis {vy,v2,v3} of N such that avy = ve, avy = vs, (ab)vy = 0,
(ab)vy = v1, (ab)vg = —vy and a(a(aN)) = a®?N = (a*b)N = 0. From s(a, a, b, v3) =
0 and s(a,a,b,vs) =0, we get

vy = —ala(bva)) — a(bvs), wvs = ala(bvs)). (14)
Multiplying first equation of () by 2a, we obtain 2vs = —2a(a(a(bvs)))
—2a(a(bvs)) = a(a®(bva)) — 2a(a(bvz)) = —2a((ab)(avs)) — 2v3 = 0 a contradic-
tion. Thus, dim N = 1. O
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Lemma 7. If A has dimension 5 and it is not an associative algebra, then
A2M = 0.

Proof. Let B be the subalgebra in the latter lemma and N C M an irreducible B-
module. Then, the latter lemma implies that there exists a nonzero element x € M
such that Bx = 0. It will be proved by induction on k£ that um = 0 whenever
m = ayi(az(---axz)) with a1,...ar € A and u € A?. It is sufficient to consider
the cases a; € {a,b} and u € {a? ab,a®b}. The case k = 0 is obvious. For k = 1
we have that ax = 0, a®>(bx) = —2(ab)(az) = 0, (ab)(bz) = —(1/2)b*(az) = 0

and (ba?)(bx) = —(1/2)b%(a’x) = 0. Let k > 1. If y = az(---(agz)---), then
0 = s(u,a1,a2,y) = u(ai(azy)) + u(az(ary)) so that
u(ar(azy)) = —u(az(ary))- (15)

Thus, it is enough to consider the case a; = a and as = b. Now, a?(a(by)) =

0, (ab)(a(by)) = —(1/2)a*(b(by)) = 0 by ([@T), (a®b)(alby)) = —(a®b)(b(ay)) =
(1/2)b%(a?(ay)) = 0. Hence, A>M = 0. |

Assume now that A is an associative algebra with dimension 5 and nilindex 3.
By Elgueta and Suazo [9] we know that 4% = 0 and 1 < dim A? < 3. We will study
each case separately.

Lemma 8. If A is an associative algebra of dimension 5, nilindex 3 and dim A? =

3, then AM = 0.

Proof. It is clear that A? is an ideal of A since A2A = A% = 0. Take a,b € A where
A = span{a, b} ® A2. Then {a, a?,b,ab,b*} is a basis of A. Therefore, A is the free
algebra in the variety defined by the identities x129 = x9 = x1 and x1(xox3) = 0
with free generating system {a,b}. Proposition [ gives A2M = 0. O

Lemma 9. If A is an associative algebra of dimension 5, nilindex 3 and dim A? =

2, then A’M = 0.

Proof. We know that there exist a,b,c € A and scalars «, 3,7y, A, u € F such that
{a,a? b,ab,c} is a basis of A and

ac=0, b>=n~a% be=aa®+ pab, = \a®+ pab.

The set B = span{a,a?, b, ab} is a 4-dimensional subalgebra of A. Let us consider
N C M an irreducible B-module. We already know that B?N = 0. Take a nonzero
element 2 € N such that az = 0. We will now prove that A%(ay(az(--- (axx)))) =0
for all non-negative integers k and a1, aqo,...,ar € {a,b,c}. The case k = 0 is
obvious. For k = 1 we have that a?(ux) = —2(au)(az) = 0 for all u € A and
(ab)(bz) = —(1/2)b*(ax) = 0, (ab)(cx) = —(ac)(bz) — (bc)(az) = 0. Let us assume

2350205-12
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now that £ > 2 and denote by y the element as(- - - (arz)) for simplicity. Combining
identity s(v, a1, as,y) = 0 with induction hypothesis we get the relation

v(ai(azy)) = —v(az(ary)), (16)

for all v € A2. By (I8) we can assume, without loss of generality, that a; € {a, b},
as € {b,c} and a1 # as. Now

a®(b(cy)) = —a®(c(by)) = 2(ac)(a(by)) = 0,
(ab)(a(azy)) = —(1/2)a®(b(azy)) = 0 if az € {b,c},

() (bley)) = —5¥(aley)) = 0.

Therefore, we have proved that the vector subspace T' of M spanned by all the
elements of the form a(az2(--- (arz))) where a; € {a,b,c} is in fact a non-zero
A-submodule of M and also A2T = 0. Because M is an irreducible A-module, we
have that 7 = M and A2M = 0. O

Lemma 10. If A is an associative algebra of dimension 5, nilindex 3 and dim A% =
1. Then A2M = 0.

Proof. We know that there exist a1, az,az,as € A such that {ay,a?, az,as,as} is
a basis of A where a? € Fa? for i = 2,3,4 and the other products of basic elements
are zero. First, we observe that N = E?:I a;M is an A-submodule of M since
a?(a1r) = 0 and a?(a;z) = —2(a1ai)(a1x) = 0 for i = 2,3,4 and all z € M. Thus,
if N # 0, then M = N and hence A2M = A2N = a?N = 0. Let us consider now
the case N = 0. Then a; M = 0 for j = 1,2,3,4. Take a non-zero element y € M
where a3y = 0. Then Ay = 0 so that T' = Fy is an A-submodule of M. Because M
is irreducible, it follows that M =T and AM = 0. O

4.3. The dimension of A is 5 and its nilindex 4

We will now analyze the case when A has nilindex 4. Elgueta and Suazo in [9] gave
a description of all commutative power-associative nilalgebras of dimension 5 and
nilindex 4.

Proposition 4. Let A be a commutative power-associative nilalgebra of dimension
5 and nilindez 4. The following affirmations are equivalents: (i) dim A% = 3; (ii) A
is not Jordan; (iii) A is not nilpotent.

If A satisfies the equivalent previous conditions, then A is isomorphic to the
Suttles algebra.

Furthermore, each nilalgebra in M of dimension 5 and nilindex 4 satisfies the
following property [9, Lemma 1.4]:

1 <dimA? < dim A% <3
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and it is isomorphic to one algebra of the following four types of commutative
algebras, where we indicate only the non-obvious nonzero products of the elements
of the basis:

e S =span{a,a?, a3, b,a%b}, the Suttles algebra, where a(a?b)a® and a3b = —a?.

o O = span{a,a? a3, b,a®b}, where b?> € C? = span{a?, a®, a®b}.

e D = span{a,a? a3 b,ab}, where b*> € D? = span{a?,a®, ab} and a(ab),b(ab) €
D3 = span{a®}.

e E = span{a,a? a3 b,c}, where b bc,c? € E? = span{a® a®} and ab,ac €
span{a?}.

Let A be an algebra in the variety M and M be an irreducible finite-dimensional
A-module in the variety M. For each a € A, we define the following set:

W =V, NkerLyy, = {z € M : ax = a*z = (a®*b)z = 0}.

Lemma 11. If A is isomorphic to the Suttles algebra S, then A?M = 0.

Proof. We can assume that A = S. By (ii) of Lemma Bl we know that V, # 0.
This vector subspace V, is invariant under the action of a2b since for each z € V,
we have that 0 = s(a,b,a%,2) = a((ba®)x) + a(a®(bx)) + x(a(a®b)) + z(ab)
a((ba?)x)+a(a?(bx)) = a((ba?)x)—2a((ab)(az)) = a((ba®)x) as well as a?((ba?)z) =
—2(a(a?b))(azx) = 0. Therefore, W is different from 0 since Lyz2;, is nilpotent by (I0J).
Let’s show that "= W + bW + b(bWW) is a submodule of M. Obviously,

AW C bW.
Now, a(a(bw)) = (1/2)s(a, a,b,w) = 0, a®(a(bw)) = 0 and
(a®b)(a(bw)) = (a®b)(a(bw)) — %a(b2(a2w)) = (a®b)(a(bw)) + a((a®b)(bw))
= s(ab,a,b,w) = 0.

Thus, we have proved that a(bW) C W. Also, we have that A%(bW) C (Ab)(AW) C
(Ab)(bW) C b?(AW) = 0. Summarizing, we have proved the following relation:

AW C W + b(bW).

On the other hand, we have that 0 = s(b, b, a, w) = 2b(a(bw))+2a(b(bw)) and hence
a(b(bw)) = —b(a(bw)) C b(a(bW)) C bW. Furthermore, we obtain

a®(b(bw)) = —2(ab)(a(bw)) =0,
a’®(b(bw)) = —a(a*(b(bw))) — 2a(a(a(b(bw)))) = —2a(a(a(b(bw))))
€ a(a(bW)) C aW =0,
(a?b)(b(bw)) = —(1/2)b(a’ (bw)) = 0,
b(b(bw)) = —(1/2)b*w — (1/2)b(b*w) = 0.
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This implies A(b(bW)) C bW. We have proved that T is a non-zero submodule of
M. Because M is an irreducible module, we get that M = T. Therefore, A>M =
AT =0. O

Using (@) and (6) we immediately obtain the following.

Lemma 12. Let N be a C-module in the variety M. Then
a’(bxr) =0, a?(bxr) = —(a®b)(ax)
forallz e N.

Lemma 13. If A is isomorphic to the algebra C, then A?M = 0.

Proof. Assume that A = C. First, we shall prove that W # 0. We already
know that V, # 0 by Lemma Bl For any z € V,, we have 0 = s(a,a? b,2) =
a(a?(bx)) + a((a?b)x) = —2a((ab)(ax)) + a((a?b)z) = a((a?b)x) and a?((a?b)z) =
—2(a(a®b))(az) = 0. Hence, (a?b)V, C V, and this implies that W # 0. Now,
we will show that T = W + bW + b(bWW) is a non-zero submodule of M and
AT = 0. Obviously AW = bW. For any w € W, a?(bw) = —2(ab)(aw) = 0,
ad(bw) = —(ab)(a*w) — (a?b)(aw) = 0 and (a?b)(bw) = —(1/2)b*(a’*w) = 0. Thus,
A2(bW) =0 and
ABW) = a(bW) + b(bW).
In order to prove that a(bW) C W, note that s(a,a, b, w) = 0 forces a(a(bw)) = 0.
Furthermore, a?(a(br)) = a®(a(bz)) = 0 and 0 = s(a®b,a,b,z) = (ab)(a(bz)).
Hence,
A(BW) C W + b(bWV).

Let u € {a,a? a3, a?b}. Then, 0 = s(u, b, b, w) = 2b(b(uw))+2b(u(bw))+2b(w(bu))+
2u(b(bw)) +2w(b(bu)) +u(wb?) +w(ub?) = 2b(u(bw))+2u(b(bw). If u # a we obtain
u(b(bw)) = 0. On the other hand, a(b(bw)) = —b(a(bw)) € b(a(bW)) C bW. Finally,

2b(b(bw)) = —b3w — b(b*w) = 0 since AW = 0. Therefore, T is a submodule of M
and using that M is irreducible we get that M =T O

Lemma 14. If A is isomorphic to the algebra D, then A2M = 0.

Proof. Assume that A = D. Let B = span{a, a?,a®,ab} and N be an irreducible
B-submodule of M. We already prove that B2N = 0 and dim N is either 1 or 3.

We will analyze each case separately.
Case 1, (dim N = 1). N = Fz. We will prove by induction on k that

A*(ar(az (- (ar)))) = 0,

for all aq, as,...,ar € {a,b}. The case k = 0 is obvious. By Lemma[2 we have that
axr = 0. Consequently, a?(bz) = —2(ab)(ax) = 0, a®(bx) = —(ab)(a?z)—(a?b)(az) =
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0 and (ab)(bx) = —(1/2)b*(axz) = 0. Furthermore,
Az = F(bz), A(Ax) = span{a(bz),b(bz)}.
Assume now k > 2 and let y = as(--- (axx)) and 2z = a1(agy). Take u € A2

We get that 0 = s(u, a1, az,y) = u(ai(a2y)) + u(az(a1y)) by induction hypothesis.
Therefore,

u(ar(azy)) = —u(az(ary)). (17)
Thus, it is sufficient to prove the relation for a; = a and as = b. In this case,
a’z =0, a*z = a®*(a(by)) = —(1/2)a?(a*(by)) = 0 by () and induction hypothesis
and (ab)(a(by)) = —(1/2)a%(b(by)) = 0 by (D).

Therefore, we have proved that T, the vector subspace spanned by all the ele-
ments of the form aq (az(- - - (axx))) where aq, ..., ar, € {a,b} and k is a non-negative
integer, is a non-zero A-submodule of M and A%T = 0. Because M is irreducible,
we get T = M and also A2M = 0.

Case 2, (dim N = 3). There exists a non-zero element x € M such that N =
span{z, ax,a(ax)}, ala(azx)) = 0, (ab)x = 0, (ab)(azx) = z and (ab)(a(ax)) = —ax
and B2N = 0. Now,

a’(bx) = —2(ab)(ax) = —2x
and hence
a*(b(a?(bx))) = 4. (18)
On the other hand,
a*((bx)(a®b)) =0 by a*b =0,

b(a?(a* (bx)))
(ba)(a®(a®D))
a*(a®(b(bx)))

by Theorem Bl Combining previous identities with s(a?,a?, bz,b) = 0 we get that
a?(b(a®(bx))) = 0. This contradicts relation (I8) and hence Case 2 is impossible.
O

—2b(a?((ab)(azx))) = —2b(a*z) = 0,

0,
—20%((ab)(a(ba))) = 4(a(ab))(a(a(b))) € Fa*(a(a(be))) = 0,

Lemma 15. If A is isomorphic to the algebra E, then A?M = 0.

Proof. Assume that A = E. Let B = span{a,a® a®,b} and N an irreducible B-
submodule of M. We already know that B2N = 0 and dim N is either 1 or 3.
Case 1, (dim N = 1). N = Fz. We will prove by induction on & that

A*(ar(az(- -~ (axz)))) = 0 (19)

for all aj,as,...,ar € {a,b,c}. The case k = 0 is obvious. Let u € {a,b,c}. If
k =1, then a?(ux) = —2(au)(az) = 0 and a®(uz) = —(au)(a?x) — (a®u)(az) = 0.
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Therefore, A%(Az) = 0. Assume now k > 2 and let y = a3(---(ax2)). If j €
{2,3}, then 0 = s(a’, a1, a2,y) = a’(a1(azy)) + a’(az(a1y)) so that a’(ai(azy)) =
—a’(az(a1y)). Thus, it is enough to consider (a1, az) € {(a,b), (a,c), (b,c)}. Now,
by induction hypothesis, we get

a*(b(cy))

—2(ab)(a(cy)) = —2Xa*(a(cy)) =0,
a®(b(cy)) = —(ab)(a*(cy)) — (a®b)(alcy)) =0,
a’(a(uy)) = —(1/2)(a*(a*(uy))) = 0.

Because M is irreducible, ([9) implies that A2M =

Case 2, (dim N = 3). We can take an element z € N such that N is spanned
by z, ax,a(ax). Furthermore, a(a(az)) = 0, bx = 0, b(ax) = x, b(a(ax)) = —ax and
B2N = 0. We will prove by induction on k that

A?(a1(az(- - (axz)))) = 0 (20)

for all ay,as9,...,ar € {a,b,c}. The case k = 0 is clear. Let k > 1 and y =
as(- -+ (agzx)). Then (for u = a,b,c)

a®(uy) = —2(au)(ay) € span{a®(ay)} =0,
a’(uy) = —(au)(a’y) — (a*u)(ay) = —(a*u)(ay) € F(a*(ay)) = F(a*(a’y)) = 0,
by induction hypothesis. This proves that A2M = 0. O

Summarizing, we have proved the following.

Theorem 4. Let A be a commutative power-associative nilalgebra in the variety
M with dimension < 5. If M is an irreducible A-module in the variety M, then
A2M =

We can reformulate Theorem Hlin terms of the enveloping algebra.

Corollary 1. Let A be an algebra of dimension <5 in the variety M. If U = U(A)
1s the enveloping algebra of A in the variety M, then

p=ul)

where J(U) is the Jacobson radical of U.
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