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1. - INTROVUCTION. 

Avoiding the classification of the closed sets of a 

manifold is one of the reasons for the generic study of Dyna 

mical Systems. 

The aim of this paper is to present a classification, 

by homeomorphism, of the closed sets of a differentiable mani­

fold of one dimension (see 2.1, 2.3 and 4.1) and to all the 

diffeomorphisms of such a manifold (see 3.1, 3.2, 4.2, 4.4, 

4. 9) • 

In the case of closed sets of (0,1] we obtain a topo­

logical conjugacy which is equivalent to the classification I 

by order . type, of all the sequences of [0,1] (see 2.4 and 2.·s). 

Except the results related to the diffeomorphisms of 

the circle s1 
({zeC: lzl.= 1}) without periodic points, every -

thing else is iri our Master Dissertation for the MPhil degree 
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2. - CLOSEV SETS OF M~ 

M1 is a differentiable manifold of one dimension. 

2.1. VEFINITION. 

1 
Let A and B be closed sets in M. We say that A is 

conjugat~ · to B iff there exists a homeomorphism hon M1 

that h (A) =· B. Notation: A"'B. · 

such 

#-

It is easy to check that"' is a equivalence relation 

over the set of closed sets in M1 and that the quotient space 

has the cardinality of the continuum. In particular, two per­

fect sets with empty interior (called Cantor sets) are conju­

gated by ~(12], page 38). 

We are going to establish what means 2.1. over the 

set of closed sets of M1 and we first present the case M1 = I = 

=[0,1] • 



Let A be a closed set in I, then, A = clAu U V. , where 
. Kern 1 
H • 0 

aA is the boundary of A and V. is a connected component of Au 
l. 

0 
u ( I .:A) (A is the interior of A and I,A is the CCXC1?lerrent of A in I) • 

2.2. DEFINITION. 

Let x, yEI. We say that xis conjugate toy iff either 

x = YE aA or 3 iE K such that x, yE V . • 
l. 

Notations 

x~ y if xis conjugate toy; 
A 

[x]A is the~A - class of equivalence of x; 

XO = { [x] A 
A 

XIv\ = { [x] A : XE I~} i 

We observe that XA has a natural order: 

(x]A<[y]A iff x<y and x'f,A y; [x]A=[y)A iff x~Ay. 

2.3. PROPOSITION. 

{0, 1} c AnB. A~B monotonic. 

b.lje.c.t.lon '6uc.h that h (x
0

) ,,.x
0 

a.nd h (XI'i'\) = X1'B • 

A B 

PROOF. see [3), page 49. # 



We denote by A' the set of accumulation points of A 

2.4. COROLLARY • . 

Let S be a monotonic 6equence 06 di6tinct element6 06 

I. 16 s-s' = {~ : neJ~~}, then the~e exi6t6 a clo~ed 6et A in I 
n 

.&uch that: 

a) {O,l} c A; 

c) { [rn] A : neJ<;:Z} = X0 u X (see page 3). 

A l'A 

PROOF. 

We divide the proof in three parts: 

1~) S' =¢ ; 

29) S' has only one point; 

3~) S' has at least two points. 

1~) In this case, S = {r1 , .•. ,rn} and osr1 <r2 ... <rnsl. We 

define the following intervals: 

Im = ] (r 
1 

+ r l/2 , {r + r · 1)/2 [ if m e {2, ••• ,n-1}; 
m- rn m rn+ 



Then, if we take 

0 

A = 

we have the thesis. 

u_ 
m e 
par 

; I-A - - u 
m e 

impar 

u {O,l}, 

I ; and 
m 

2~) S' = {a} and we can have either O<a<l or aE {O ,IL In the 

first case, we have osr0<r1< ..• <a< ••. < r_2<r_
1

~1 

and we define the intervals I in the following way: 
m 

= ] ( r + r , ) / 2 , ( r + r · 
1

) / 2 [ if m~ 1 m m-i m m+ or m~ -2 ; 

Then, if we take 

A=( "xYe Im )U{O,l,a} 

.par 

we have the thesis. 

In the second case (aE{0,1}) we have either osr0<r1< 

••• < 1 or 0< ••• < r _1 -s r 0s 1 and the procedure is the same than 



anterior. 

3~) Let a,b be two elements of S' such that a<b, ]a,b[ n 

f\S' =¢ and ]a,b[ n S == {r.: iEZ} with r.<r. 1 , Vi€i . 
l. . l. l.+ 

0 
(If S = S ' , then A == ¢ and A == S ' u { 0 , 1} .) 

In ]a,b[ n S we define the following intervals: 

and we take 

An ] a ,b [ == U 
m e 
par 

And so on, for each two sucessive points of S'u{O,l}. 

Then, if we take 

A = l,.__ ____ J 
a,bES' u {O,l} 

U, 
m e 

r:' h )us•u{O,l} 

]a,b[ns' #¢ 
par 

we have the thesis. 

Let A be a closed set in I and we consider the following 

sequences: 

- So 
A 

0 
, formed by one element of each connected component of A; 

, formed by one element of each connected component of I'A 



= (S
0

x{O})u(S 1_Ax{l}). 
A 

. 2.5. COROLLARY. 

Let A a.n.d B be c.lo.6ed .6e.t.6 -ln 1. Al\,B -<-6 6 the.1te. ex-

,L6t.6 a. mono.ton-le. b-ljec.t-lon <P : SA-+ SB .tiu.c.h tha.t . . (rr
1
" <P) (S0 

A 
x{O}) : so X {0} and (7Tl O <Pl (SI•A X {l}) = Sr-BX {l}. 

B 

X 

(Obs.: TI 
1 

(x, y) = x and we say that <P: SA-+ SB is monotonic iff 

7T 
1 

o <P is monotonic in the sense of real numbers.) 

3. - VIFFEOMORPHISMS. 

we denote by pelt f the set of periodic points of f with pe -n 
riod. n and pelt 

1 

3 .1. VEFI NITION. 

f=6-<-X f. 

Let f ,g E: Difr (M1 ), 0~r~co . f is conjugate to g iff 

there exists a homeomorphism hon M1 which takes orbits of f 

onto orbits of 1 g (i.e., '7xEM, h (0f(x)) =0g(h(x))). Notation: 

If I\. denotes the usual conjugacy (i.e . , f'\Jg iff 

3 hQ)ifO (M1 ) such that h o f = g o h) , it is easy to check that 

but the converse is not true as may be seen from the following 



counter-example: 

let f ,gEDif0 
"( [0,1)) with 6-i.x 6 = 6..i.x g = {0,1/2,1} and 

g(x) 
= { f (x) 

f-l (x) , l/2~x~l . 

For example, like in the picture. 

f(x}, 
g(x} 

.o 
.Fig. 

1/2 
1 

We have Of(x) = Og(x), VXE:I, and this means that f%g by 

the identity nap; however, there does not exist a homeomorphism on 

I= [0,1) such that either h O f=g O h or ho -1 f = g o h, 

because (1/2, 1/2) is a ~-i.nk for g but it is not for f. 



3.2. PROPOSITION. 

Let f, g t::Vi6r (I), osr:S 00 • f%g i66 f O g i-ti oJt.deJt.-

-pJt.e-tieJt.ving and .theJt.e exi-tit-6 hf Vi6o {I) -tiuch that h(peJt.n61 = 

"' peJt. g , n=l,2 • 
n. 

PROOF. see [3] , page 82. 
# 

It is possible to prove, with the help of 3.2, the 

following statements. 

1. VfE V-loo (I) , f ii.> not% - c0 
- 1.>:tJr.uc.tu.1ta.e..e.y .t.ta.b.le. 

2. 

1.>table i66 it1.> peJt.iodic. po.{.n.t-6 aJz.e hypeJt.bolic.. _ ([31, page-ti 95 

a.nd 140, Jt.e.6pectively). 

Afterwards, we can prove, by using UrysohnJs differ -

entiable lema (see any book in General Topology) that: i6 A i-6 

a c.io-6 ed -6 et on. I with. {O ,l}c A, .theJt.e exi1.d.-6 f E: V-<.6
00 

{I) , 01tde1t.­

-p1te:& eJt.v-<.ng, .6 uc.h that 6ix 6 = A ; pa.Jt.t.{.c.u.la.1tly, i6 A i-6 6ini.te, 

then. 6 can. be a hype1t.bolic. one. 

All the preceding results ha•.re an imnediate generalization 

to·- that cases in which M1 is either ] 0, 1 [ or [0, 1 [ (the case 

M1 =] 0 ,l] is similar to [0,1 U ( [3], page 142). 

There is only one more case in which M1 is. connected: 

i i - 1 · I M = S = { ZE: «: : Z = 1} • 



4. - VIFFEOMORPHISMS OF THE CIRCLE s1. 

We denote by j the map j : lR -+ s 1 defined by j (x) = 

= exp(2nix) 

4.1. PROPOSITION . . 

Le:t A,B 
1 

be eloJed -0e:t-0 on S ; A~B i66 :thell.e 

j- 7 (A)n[0,7J~((z
0
j)-J (B))n[0,7J. 

PROOF. 

!mediate. ( [3], page 159) 

4.2. PROPOSITION. 

· Le:t 6,9€Vif1c. (S 1), 05 1l.500 wi:th pell. 6 I¢. I pell. g; 6 %g 

i66 6 °g ih oll.dell.-pll.e-0ell.uing and thell.e exih:th h€Vi60 iS 1 ) Jueh 

:t_ha:t h ( pe.ll. 6} = peJr. g, lfnE 1N • 
n n 

PROOF. see [3], page 168. 

Let fEDifr (S1 ), 05r5co, order-preserving, with perf # 

~¢ ~ it is known ([2], page 38) that the rotation number off, 

p(f), is a rational number of the form p/q, where p and q are 

positive, co-prime and q represents the period of the periodic 

points off. 

4.3. COROLLARY. 



a.nd p(6) = p/q, p(g) = pJq'. I6 6%9, the.n q = q' a.nd the.tte. i1., no 

c.ondi.:tion1., a~e.tt p a.nd p' • 

PROOF. 

Immediate from 4.2. 

The. c.onve.tt6e. 06 4 .3 i.1., tttue. i6 pe.ttq 6 "'pe.ttq g. 

The last case to be considered in s1 is when -pe~ 6=¢. 
In this case, it is known ([2], page 38), that P(f) is a irra­

tional number and the non-wandering set off, n(f), is either 

s1 or a Ca.n.:tott .1.,e..:t 06 s 1 • 

The Ve.njoy'1., the.ottem ([1], page 372) establishes that: 

i..6 6 e Vi6Jt (s 1 ), It~ 2, then n(6l = s 1 
• The Ve.njoy'1., example. 

([1], page 348, [3]; page 209) shows that: thette i1., a. 6eVi6Jt(S 1
) 

ttE{0,1}, wi.:th pelt 6 =I a.nd n(6l a. Cantott 1.,e.:t 06 s 1 
• 

4~4. PROPOSITION. 

Le..:t 6,g e Vi6Jt (s 1), O~Jt~oo , with pelt 6 = pe.tt g = </J and 

n(6J = n(gl" = s1 
; 6%9 i6 p(6l = p(gl. 

PROOF. 

Let R« be the rotation of s1 by angle 2n«. 

The sufficient condition comes from the fact that 

L\',,Rp(f) and g%Rp(g) ([2], page 41 and [3], page 197). 

I couldn't prove any converse yet, but I think the 



converse is true. (ff\!g ~p(f) = p (g) .) 

4.5. PROPOSITION . 

Le.t 6E Vi611. (S 7 ), _ILE{O,l}, with pe.11. 6 = ~ a.nd n(6) a. 

Ca.ntoll ~e.t 06 s 1 ; the.n, ea.ch 011.bit 06 6 meet~ a.t mo~t once. 

ea.ch connected component 06 s{n(6) . 

PROOF. see (3), page 203. 

#=-
We remember that a Cantor set is a perfect set with 

empty interior. 

Let C be a Cantor set either of M1 =I= [0,1) or of 

Ml = S l ; then , 

= u 
ie JN 

] a . , b . [ • 
l. l. 

· Since MtC has lN connected components, we can con -

struct a map p: M1 
+ M1 , continuous, onto and such that: p (x) = 

=P (y) iff x, y E ] a. , b . [ for some iE, lN ; furthermore, if 
l. l. 

fEDifr (S1 ), rE {0,1} , with pe.11.6 =~and n(f) a Cantor set 

of s1 , then the map f : s1 
+ s1 defined by f O p= p O f satis -

fies: 

-b) p(f) = p(f); 

c) SHf) = s1 

([4] , page 693). 

Now we can state the central theorem about conjugacy 

of diffeomorphisms of s1 without periodic points and with a 



Cantor set as non-wandering set. 

4.6. PROPOSITION. 

Le.:t 6,gEVi6"-_ (S 1 ) , 11. E {0,1}, wi:th pe.11. 6 = pe.11. g = ~, 

!2(6) = c, ~ s 1 a.n.d Q(g) = c2~s 1 ; i6 6%g the.n. Pl6) = p(g). 

PROOF. 

We first prove that: if ff\,g then f~g (see page 12 
- -for statements about f and g). 

·_Fig. 2 

If f%g, there exists heDif0 (S 1 ) such that h(Of(z)) = 



1 ;0 (h(z)), VzES ; to prove that f%g, we need to construct g 
- o · 1 · - - 1 hE Dif (S ) such that h (Of (z)) = Og (h (z)) , Vu S 

-It is not hard to check that h
1 

related to h by 
-h O pl = p 2 ° h (where f O pl = pl O f and g O p 2 = p 2 ° g; see 

page 12) is well defined and satisfies the required conditionsj - -then, f%g . 

Since Q(f) = n(g) = s1 (see page 12), then f%Rp(f} and 
g%RP (g) ( [2], page 41 and [3], page 197); but RP (f)% RP (g) iff - - -p(f) = p(g) (see 4.4) and we can conclude, using: p(f)=p(f) ; 
p (g) = p (g) ; and if f%g then f%g, · that 

if f%g then p(f) = p(g) 

=Ir 
If we identify s\ Q(f) by the orbit relat~on, we can 

see the same f ; then it isn't true the strict converse for 4.6. 
and I don't yet know what kind of converse we can prove for it. · 

Finally, we remember that: 

if M1 is not-connected, then M1 is the disjoint union of its 
connected components; 

the closed sets of M1 have closed intersection with each con-
. 1 nected component of M; 

- the homeomorphisms of M1 preserve each connected component of 
Ml . 

Thus, with the results on M1 connected, we have the 
analogous results on M1 not-connected. 
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