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Abstract
Weintroduce anddescribe themulticonfigurational time-depenentHartree for indistinguishableparticles
(MCTDH-X) software,which ishosted, documented, anddistributedathttp://ultracold.org.Thispowerful
tool allows the investigationof ground state properties anddynamicsof interactingquantummany-body
systems indifferent spatial dimensions.TheMCTDH-Xsoftware is a setofprogramsandscripts to compute,
analyze, andvisualize solutions for the time-dependent and time-independentmany-bodySchrödinger
equation for indistinguishablequantumparticles.As theMCTDH-Xsoftware represents a general solver for
the Schrödinger equation, it is applicable to awide rangeof problems in thefields of atomic, optical,
molecularphysics, andcondensedmatter systems. Inparticular, it canbeused to study light–matter
interactions, correlateddynamicsof electrons in the solid state aswell as someaspects related toquantum
information andcomputing.TheMCTDH-Xsoftware solves a set of nonlinear coupledworking equations
basedon the applicationof the time-dependent variational principle to theSchrödinger equation.These
equations are obtainedbyusing anansatz for themany-bodywavefunction that is a expansion in a set of
time-dependent, fully symmetrizedbosonic (X=B)or fully anti-symmetrized fermionic (X=F)many-
bodybasis states. It is the time-dependenceof thebasis set that enablesMCTDH-X todealwithquantum
dynamics at a superior accuracy as compared to, for instance, exact diagonalization approacheswith a static
basis,where thenumberofbasis statesnecessary to capture thedynamicsof thewavefunction typically grows
rapidlywith time.Herein,wegive an introduction to theMCTDH-Xsoftware via an easy-to-follow tutorial
with a focusonaccessibility.The illustrated exemplaryproblemsarehosted athttp://ultracold.org/tutorial
andconsider thephysics of a few interactingbosonsor fermions in adouble-well potential.Weexplore
computationally theposition-space andmomentum-spacedensity, theone-body reduceddensitymatrix,
Glauber correlation functions, phases, (dynamical)phase transitions, and the imagingof thequantum
systems in single-shot images.Althougha fewparticles in adoublewell potential represent aminimalmodel
system,weare able todemonstrate a rich varietyofphenomenawith it.Weuse thedoublewell to illustrate
the fermionizationofbosonicparticles, the crystallizationof fermionicparticles, characteristics of the
superfluidandMott-insulatorquantumphases inHubbardmodels, andevendynamical phase transitions.
Weprovide a complete set of inputfiles and scripts to redoall computations in this paper at http://ultracold.
org/data/tutorial_input_files.zip, accompaniedby tutorial videos athttps://tinyurl.com/tjx35sq.Our
tutorial shouldguide thepotential users to apply theMCTDH-Xsoftware also tomore complex systems.
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1. Introduction

The time-dependentmany-body Schrödinger equation (TDSE) is a fundamental equation at the heart ofmany
differentfields of science: quantum chemistry, condensedmatter, and atomic andmolecular physics. Exact
solutions to the TDSE exist only formodel systems, like the time-dependent harmonic interactionmodel [1–4].
Even for the time-independentmany-body Schrödinger equation (TISE), exact solutions are scarce [5–12].
These exact solutions, however, are inmost cases not generalizable to current experiments or theoretical studies.
To obtain solutions to the TISE andTDSE, numericalmethods and their implementation in software are
therefore indispensable. Due to the fundamental nature of the problem,manymethods have been put forward
—eachwith their advantages and shortcomings.

Examples of these numericalmethods are thematrix-product-state and density-matrix-renormalization-
group approaches, which employ a hierarchical partitioning of themany-bodyHilbert space, and are
particularly well-suited for one-dimensional lattice systems [13, 14].Meanwhile,mean-field approaches like the
time-dependentHartree–Fock [15] and the time-dependent Gross–Pitaevskiimethods [16–18] employ a
drastically simplified approximation to thewavefunction of the state that ignores correlation effects.

Since the 1990s, when themulticonfigurational time-dependentHartree approach [19–21] (MCTDH)was
first put forward, themethod has been applied very successfully in the field of theoretical chemistry, where
systems involve coupled and distinguishable degrees of freedom.MCTDHenables the description of correlated
wavefunctions; its ansatz for thewavefunction is a sumof all possible configurations of distinguishable degrees of
freedomor particles in a set of time-dependent variationally-optimized single-particle functions. In 2003, the
MCTDHmethod for indistinguishable fermions [22–24] (MCTDH-F)was formulated, and in 2007 the
MCTDHmethod for indistinguishable bosons [25, 26] (MCTDH-B) followed.MCTDH-F andMCTDH-B can
be formulated in a unifiedmanner [27], where they share the same equations ofmotion; henceforthwewill use
the acronymMCTDH-X to refer to this unified algorithm,where X is either X=F orX=B.

Other notablemembers of theMCTDH-family ofmethods include the restricted active space-(RAS-) and
multilayer- (ML-)methods: RAS-MCTDH-F [28], RAS-MCTDH-B [29, 30],ML-MCTDH [31–33], theML-
MCTDHmethod in (optimized) second quantized representation [34, 35], and theML-MCTDH-Xmethod
[36]. Here, the ‘ML-’ prefix implies that a hierarchical format of the tensor representation of themany-body
wavefunction is employed. For a review ofmulticonfigurationalmethods for the dynamics of indistinguishable
particles including thesemultilayering and othermethods, see [4].

In this article, we provide an introduction to the software implementation ofMCTDH-Xhosted and
distributed athttp://ultracold.org[3, 37, 38]. In particular,MCTDH-F can be applied to describe the
correlated dynamics of electrons in atoms andmolecules [39–43] or to describe ultracold atomic fermions
[3,44,45,46].MCTDH-B can be used to describe themany-body properties of ultracold atomic bosonswith a
focus on the phenomenon of fragmentation [47, 48], where the reduced densitymatrix of themany-boson state
attains several significant eigenvalues [49–54] and, as a result, quantum fluctuations are non-negligible [55–59].

Below, we provide a tutorial-type introduction to theMCTDH-X software with a focus on simplicity and
instructiveness. TheMCTDH-X software, however, can achieve waymore than in the examples we introduce
below. TheMCTDH-X software can deal with indistinguishable particles with internal degrees of freedom like
spin [38], indistinguishable particles placed in a high-finesse optical cavity [57, 60–63], indistinguishable
particles with long-range dipolar interactions [58, 59, 64, 65] andHubbard (lattice)models [38].Moreover, the
MCTDH-X software provides the possibility for an in-depth analysis of the computed solutions of the TISE and
TDSE via full distribution functions [59], variances and quantumfluctuations [54, 55, 59] of observables, and
correlation functions [2, 54, 59, 66]; theMCTDH-X software has been benchmarked against exact results [1, 2],
verified against experimental predictions [55], and recently reviewed in [4].

The objective, workflow and usage of theMCTDH-X software is introduced in section 2 and exemplified by
a detailed tutorial in section 3, where ground states and dynamics of both bosons and fermions are inspected.
Our focus is on introducing the usage of the software; details about theMCTDH-X theory are only
complementarily discussedwhere necessary.We conclude and summarize ourwork in section 4.

2. Structure of theMCTDH-X software

2.1.Objective andmain functionality
The objective of theMCTDH-X software is to numerically solve the TISE or TDSE for a givenmany-body
Hamiltonian, which describesN interacting, indistinguishable bosons or fermions subject to a confining
potential, and to analyze the computed solutions. A general Hamiltonian has the form
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kinetic energy operator, V̂ (x; t) is a general, possibly time-dependent, one-body potential, and Ŵ (x, x′; t) is a
general, possibly time-dependent interparticle interaction operator. The symbol ˆ denotes operators. All the
quantities are given in dimensionless units. The length scale L can be chosen to appropriately represent the
physical problem; the corresponding time and energy scales are then determined as mL2 and  mL2 2( ),
respectively. In particular, in the presence of a harmonic confinement potential, it is natural to choose the time
scale as the inverse of the harmonic trapping frequencyω, i.e. w= L m( ) .

The time-independentmany-particle Schrödinger equation (TISE) corresponding to theHamiltonian of
equation (1) is

Y ñ = Y ñH E , 2E Eˆ ∣ ∣ ( )

while the time-dependent Schrödinger equation (TDSE) is

Y ñ = ¶ Y ñH t ti . 3tˆ ∣ ( ) ∣ ( ) ( )

Note that Ĥ in the TISE needs to be a time-independentHamiltonian. In equation (2), Y ñE∣ is an eigenstate of Ĥ
with eigenvalue (energy)E. Y ñt∣ ( ) stands for the solution of the TDSE at time t. Technically, theMCTDH-X
software is currently capable of accurately computing few lowest-in-energy eigenstates usingDavidson or short
iterative Lanczos routine from theHeidelbergMCTDHpackage [67].

TheMCTDH-X theory [26, 27] uses an ansatz for thewavefunction that is a time-dependent superposition
of time-dependentmany-body basis states:

f

Y ñ= å ñ = ¼

ñ=  ñ = á ñ=

t C t n t n n n

n t b t t b tx x

; ; , , ;

; vac ; ; 0 . 4

n n M
T

i
M

i
n

j j

1

1
i

∣ ( ) ( )∣ ( )

∣ [ ˆ ( )] ∣ ( ) ∣ ˆ ( )∣ ( )
†

 


 

Here, the C tn ( ) are referred to as coefficients, the ñn t;∣  as configurations, and the normalization factor is

=
 =


n

1

i
M

i1 !
for bosons and =

N

1

!
for fermions. Each configuration is a fully symmetric or fully anti-

symmetricmany-body basis state built fromM orthonormal time-dependent single-particle states, or orbitals,
f = ¼t k Mx, ; 1, ,k{ ( ) }. The orbitals form an incomplete basis of theHilbert spacewhich is optimized to
represent themany-bodywavefunctionwith aminimal error. The orbitalsmay be transformed to the
eigenfunctions of the reduced one-body densitymatrix, i.e., the so-called natural orbitals (see below in
section 2.2), via a unitary transformation. To fully specify the solution of the TISE or TDSE, theMCTDH-X
software computes and stores the coefficients C tn ( ) and the orbitals f = ¼t k Mx, ; 1, ,k{ ( ) }at times t that are
specified by the user.

The set of equations ofmotion for the parameters in equation (4) comprises a coupled set offirst-order
differential equations for time-dependent coefficients C tn ( ) and nonlinear integro-differential equations for the
orbitalsfj(x; t). The details about these equations ofmotion and their derivation can be found, for instance, in
[3, 4, 26, 27]. TheMCTDH-X software solves these equations ofmotion using the so-called constantmean-field
integration scheme (see, for instance, [21, 26]). The constantmean-field scheme features an adaptive time step
forwhich the equations ofmotion for the coefficients and the orbitals are decoupled.

We note that the equation for the orbitals contains the inverse of thematrix elements of the one-body
densitymatrix. In cases where the reduced one-body densitymatrix has zero eigenvalues and is not invertible,
the orbital equations are therefore undefined and problematic. In almost all practical cases and, particularly, for
the computationswe present below, the regularization strategy documented in [21]—a posteriori adding
negligibly small eigenvalues tomake the inversion possible—is sufficient.More elaborate schemes to improve or
avoid this regularization have been developed [68, 69].

2.2.Quantities of interest
Once the coefficients C tn ( ) and the orbitalsfk(x, t) are computed, theMCTDH-X software can analyze the
solution Y ñt∣ ( ) and calculate several quantities of interest. These include, respectively, the real-space and
momentum-space density distributions

r = áY Y Y Yñ Nx x x , 5( ) ∣ ˆ ( ) ˆ ( )∣ ( )†

r = áY Y Y Yñ Nk k k , 6˜( ) ∣ ˆ ( ) ˆ ( )∣ ( )†
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Here Y Yx xˆ ( )( ˆ ( ))†
is afield operator that creates (annihilates) a particle at position x. The natural orbitals are

ranked in the order that the first orbital has the highest occupationwhile the last orbital has the lowest
r r ... M1 . Another important quantity, the correlation order parameter (COP), is defined as the sumof the
squares of the orbital occupations ρi [58, 59]

å rD =
=

. 10
i

M

i
1

2 ( )

TheGlauber correlation functions and the orbital occupations are related to each other.When only thefirst
orbital ismacroscopically occupied and thusΔ≈1, the system is in a coherent state. In this case, both the one-
body and two-body correlation functions for largeN are unity, = =g gx x x x, , 11 2( ) ( )( ) ( ) . Themany-body
wavefunctionΨ of the system is a product of the same single-particle wavefunctionψ,

yY ¼ =  =x x x, , N i
N

i1 1( ) ( ).Whenmore than one orbital ismacroscopically occupied and thusΔ<1, the
system is fragmented. In this case, theGlauber correlation functions become non-trivial and differ fromunity.
For the sake of brevity, above and in the followingwe omit the dependence of quantities on time unless when
imperative or instructive.

Evenmore importantly, theMCTDH-X software can simulate single-shot images [55–59]. These single-shot
images are the standardway tomeasure quantummany-body systems of ultracold atoms [70–73].We note here
that single-shot images were also recently simulated, chiefly formixtures of different species of ultracold atoms,
withML-MCTDH-X, see [74] and references byMistakidis et al. therein. By simulating such single-shot images,
theMCTDH-X software can reproduce the quantummeasurements in the laboratory. In real space, a single-
shot image can be obtained by drawing randompositions x1(˜ , x x... N2˜ ˜ ) distributed according to the probability

¼ = YP x x x x x, , , ,..., . 11N N1 1 2
2( ) ∣ ( )∣ ( )

A similar definition holds inmomentum-space too.Due to the presence of quantumfluctuations and
correlations, a single-shot image, which is distributed according to Y 2∣ ∣ , can be drastically different than the
density distributions ρ(x), r k˜( ) in equations (5) and (6). The deviation of single-shot images from the density
distributions is especially significant when the particle number is small and/or the quantum correlations are
large.

A large collection of single-shot images can be used to provide information on the system and particularly on
its correlations and phases. Below, we consider a total number ofNshot images, with the value of the ith image at
position x given by  xi( ), and provide two types of single-shot analyses:

1. Single shots for particle correlations between the two wells of a double-well potential: for each shot, the
number of particles in onewell, = å¢ n xi ix ( ), is calculated.Here,Σ′ indicates that the summation is
within a certainwell (left or right).We then calculate the probability offinding n=ni particles in the
consideredwell among all single-shot images

=
=

Î ¼P n
N n n

N
n N, 0, 1, 2, , , 12n i

shot

( ) ( ) { } ( )

whereNn(ni=n) denotes the total number of shots with ni=n.Wewill show that the distribution of this
probability depends on the correlations between particles.

2.Quantum fluctuations can also be extracted from single-shot images [55–59]. To quantify the position-
dependent quantumfluctuations of the particle number, we calculate the variance  x( ) from single-shot
simulations as:
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All these quantities above are chosen because of their accessibility in experiments and direct comparability to
experimental results. For example, themomentum-space density distribution is accessible by time-of-flight
measurements, the one-body particle correlations are accessible from thermodynamic quantities like kinetic
energy [75], and single-shot images are the standardway ofmeasuring cold-atom systems [70–73]. Other
quantities of interest currently available in theMCTDH-X software include, for instance, theGlauber one-body
and two-body correlation functions inmomentum space [76] andmany-body entropies of the system [77].We
note that theMCTDH-X software provides the fullmany-bodywavefunction and therefore, in principle, any
desired and computationally feasible quantity of interest can be computedwith it.

2.3.Workflow
TheMCTDH-X softwaremainly consists of two programs:

1. Themain program,MCTDHX, computes the numerical solution Yñ∣ of the TISE or TDSE.

2. The analysis program,MCTDHX_analysis, analyzes the found solution Yñ∣ .

Here and in the following, we use theverbatim font to refer to code, including executable commands, files,
statements, and variables.

To set up a numerical task, the usermodifies and chooses the parameters via the text input fileMCTDHX.
inp. A detailed description of the available options is given in themanual [78] of theMCTDH-X software. The
fileGet_1bodyPotential.F is used to specify customone-body potentials [V̂ (xi; t) in equation (1)], while
thefileGet_Interparticle.F allows for custom two-body potentials [Ŵ (xi, xj; t) in equation (1)]. For
custom (initial) states, theGet_Initial_Coefficients.F andGet_Initial_Orbitals.F files can
be used to specify the (initial) coefficients =C t tn 0( ) [see C tn ( ) in equation (4)] and orbitals
f = = ¼t t k Mx; , 1, ,k 0{ ( ) } [seefj(x; t) in equation (4)], respectively.

Theworkflow and structure of theMCTDH-X software follows naturally from itsmain objectives to
determine a numerical solution to the TISE or the TDSE and then to extract desired quantities of interest from
the solution. This workflow can be summarized in the following steps, which are also visualized infigure 1:

1.Determine the initial state.

(a) Default: compute the ground state of some Hamiltonian Ĥ by running MCTDHX and configuring the
numerical task (‘relaxationmode’, Hamiltonian, integration procedure etc) in the inputfile
MCTDHX.inp.

(b) Advanced:manually set the coefficients and orbitals that determine the initial wavefunction via the files
Get_Initial_Coefficients.F andGet_Initial_Orbitals.F

2.Analyze the initial state by choosing the desired quantities of interest in analysis.inp and running the
analysis programMCTDHX_analysis

(a) Default: call supplied visualization scripts orgnuplot to obtain plots or videos of the results

(b) Advanced: create customvisualizations or customize supplied visualization scripts

3.Compute the time-evolution of the initial state with given Hamiltonian Ĥ . The dynamics of the system is
obtained by choosing the numerical task (‘propagationmode’, Hamiltonian, integration procedure etc.) in
the inputfileMCTDHX.inp and runningMCTDHX.

4.Analyze the computed time-evolving state by choosing the desired quantities of interest in analysis.inp
and running the analysis programMCTDHX_analysis. Visualization of the results as in step 2.(a) and
2.(b).

The scripts in theMCTDH-X software generally fall into two categories: either scripts to automate
computations like parameter scans or scripts to visualize data in plots and videos. A series of tutorial videos
illustrating theworkflow step-by-step is available athttps://tinyurl.com/tjx35sq. Convergence tests on
different variables, including orbital number and grid size, are needed to ensure the accuracy of the simulations.
A discussion on the convergence, particularly in orbital number, can be found in the supplementarymaterial
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available online at stacks.iop.org/QST/5/024004/mmedia9 (including [79–84]). For support and
documentation, thewebsite of theMCTDH-X software,http://ultracold.org[37], theMCTDH-Xmanual
[78], and the email addressmctdhx@ultracold.orgare available. Feature requests should be directed towards
the support email address and/or be discussed on theweb forum.

3. Tutorial and application

As a tutorial example, we use theMCTDH-X software to study bosons and fermions in one-dimensional
double-well one-body potentials V̂ . The double-well potential has a simpleHamiltonian, and is experimentally
relevant [85–87]. Importantly, seen as a lattice with two sites, the double-well potential can be used as a
demonstration on howwe can use theMCTDH-X software to reveal the static and dynamical properties of the
building blocks of lattice systems, i.e. periodic structures of potential wells. Such periodic structures are
particularly interesting since they are commonly seen in nature and also synthesized in laboratories. Cold atom
systems serve as a convenient platform for the observation of quantumphase transitions [88], since ultracold
gases offer an astonishing flexibility—for instance, the lattice depth and the inter-particle interaction strength
can be varied almost at will. Choosing aminimal example like the doublewell reduces the computational
difficulty and improves the clarity of our presentation. Nevetherless, some phenomena emerging in large lattices
cannot be captured correctly with a simple two-site picture, for instance the Peierls transition, or the realization
of the SSHmodel [89, 90].

The TISE andTDSE for lattices are a cornerstone inmany other complex physical systems studied in
condensedmatter physics, ultracold atoms and quantum gases, quantum computers,materials, andmore.
Typically, theHamiltonian for lattices (the above-discussed periodic potential) is approximated by the so-called
HubbardHamiltonian (see stacks.iop.org/QST/5/024004/mmedia and footnote 9 for details). This
approximation uses a basis of static, potentially suboptimal site-localized functions, which are calledWannier
functions. TheHubbardmodel for bosons features the the celebrated ‘superfluid toMott insulator’ transition as
a result of the competition between the hopping between neighboring lattice sites and the on-site interaction
[88, 91]. The double-well potential, though having only two lattice sites, also displays well this transitionwhen
varying the barrier between the twowells [92].

A superfluid state of bosons is formed in a shallow lattice, where all particles in neighboring sites
‘communicate’ andflow freely. It is characterized by quantum coherence between particles in distinct sites of the

Figure 1.Workflowof theMCTDH-X software.

9
Supplementary information (SI) includes details about redoing the computations in themain text, and a discussion of the convergence of

MCTDH-X computations and of the correspondence of our results with theHubbardmodels. The SI further includes [79–84].
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lattice. Such coherence results from the fact that all bosons occupy the same single-particle state, i.e.
Yñ ~ ñN t, 0, ...;∣ ∣ . In contrast, for deep lattice potentials, the particles are localized inside each site, forming a
‘frozen’ or insulating state analogous to theMott insulator known from condensedmatter physics. In aMott-
insulating state, all bosons in one potential well occupy the same single-particle state. Consider, for example, the
wavefunction Yñ ~ ñN N t2, 2, 0, ...;∣ ∣ forN (here even) bosons in a double well. As a result, theMott
insulator state is characterized by the incoherence of particles between lattice sites.

The coherence and incoherence between sites in a lattice are also reflected inMCTDH-X simulations. In
MCTDH-X, to correctly simulate aMott insulator state, each lattice site requires its own orbital. If the number of
orbitalsM is smaller than the number of lattice sites, two lattice sites have to ‘share’ the same orbital, the
emergence ofMott-type correlations between these two sites thus cannot be captured correctly.With a sufficient
number of orbitals, the coherence and incoherence between sites are accessible through quantities like the
correlation functions [equations (7)] or the reduced densitymatrix and its eigenvalues, which are
straightforwardly available in simulationswith theMCTDH-X software.

Even though the Bose–Hubbardmodel is a successfulmodel, it is quite simplistic and cannot capture all the
rich physics thatmight emerge from the solutions of the Schrödinger equation.MCTDH-X is able to capture the
physics beyond the Bose–Hubbard physics, by virtue of its general basis set which is time-dependent,
variationally-optimized, and not necessarily localized at sites. These include amulti-bandBose–Hubbardmodel
(see stacks.iop.org/QST/5/024004/mmedia and footnote 9) and the fermionization of bosons. Specifically,
situationswhere aHubbard description breaks down have been found, and the improved accuracy offered by
MCTDH-X is discussed in [50, 52, 93].

In our examples, we follow and illustrate theworkflowdescribed in section 2.Wefirst investigate the ground
states and, subsequently the time evolution of one-dimensional setupswith bosonic and fermionic particles,
which are subject to double-well potential and repulsive interactions. The notation xwill be replaced by x in the
following.We also drop the symbol ˆ for simplicity.

The double-well potential ismodeled as a combination of an external harmonic confinement and a central
Gaussian barrier. In natural units, theMCTDH-X length w= L m and energyE=ÿω scales are chosen
according to the harmonic trapping frequencyω. In these natural units, the double-well potential we consider is

= + -V x x E x
1

2
exp 2 . 14i i idw

2
dw

2( ) ( ) ( )

The twominima to the left and to the right of theGaussian barrier correspond to two lattice sites, as visualized by
the orange lines infigures 2(a), (d), (g), (j), (m). The hopping strength of an analogousHubbardmodel ismainly
controlled by the barrier height, Edw, while the on-site interaction ismainly determined by interaction strength,
g (see supplementarymaterial (see stacks.iop.org/QST/5/024004/mmedia and footnote 9) for details on the
Hubbardmodel).

The interaction between the particles is chosen as contact interaction for bosons,

d= -W x x g x x a, , 15B i j i j( ) ( ) ( )

and regularizedCoulomb interaction for fermions,

a b
=

- + - -
W x x

g

x x x x
b,

exp
, 15F i j

i j i j
2 2

( )
∣ ∣ ( ∣ ∣)

( )

where g>0 is the repulsive interaction strength, δ(x) is theDirac delta distribution and the parametersα=0.1
andβ=100 are used as in [3, 94]. These operators substituteW in equation (1) for the respective cases.

For illustration purposes and for the ease of computations, the number of particles is chosen to be small and
thus far from the thermodynamic limit in our examples. Thefinite size of our systems renders the concept of
phases and phase transitions less well-defined, because of the lack of non-analyticity in the ground state energy
density during transition. In the following, for the sake of simplicity and readability, wewill use the terms ‘phase’
and ‘phase transition’ for discussing the properties of the quantum states being aware that they are only the
finite-size precursors of the true quantumphases in the thermodynamic limit.Wewill thus categorize states into
different phases if they exhibit distinct behaviors of the various quantities of interest discussed in section 2.2.

All inputfiles and scripts of this section are hosted athttp://ultracold.org/data/tutorial_input_files.
zipand a detailed description on how to do the computations is given in the supplementarymaterial (see stacks.
iop.org/QST/5/024004/mmedia and footnote 9) and a series of tutorial videos athttps://tinyurl.com/tjx35sq.

3.1. Ground state properties
Wefirst solve the relevant TISE tofind the ground state ofN=6 bosons or fermions in the double-well
potential of equation (14) by propagating theMCTDH-X coefficients C tn ( ) and basis statesfi(x; t) in imaginary
time [see equation (4)].We vary the barrier heightsEdw and interaction strengths g to investigate where the
superfluid-Mott insulator transition happens. This is done by adapting the inputMCTDHX.inp and running
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the programMCTDHX. The number of orbitals is chosen to beM=10. The density distributions in position
space andmomentum space and the one-body correlation function of the ground states in different potentials
are shown infigure 2.

A bosonic superfluid state and a bosonicMott-insulator state are shown infigures 2(a)–(f), respectively.
Compared to theMott-insulator state, the superfluid state has two extra peaks inmomentum space and a non-
zero one-body correlation between the twowells g(1)(x,−x)>0. The comparison between these two kinds of

Figure 2.The real-space density distribution ρ(x) (first column, blue lines, label on the left), potentialV(x) (first column, orange lines,
label on the right), momentum-space density distribution r k˜( ) (second column) and the one-body correlation function g(1)(x, x′)
(third column) of a superfluid bosonic state, (a)–(c), withEdw=5, g=1 (ρ1≈0.831, ρ2≈0.157), aMott insulating bosonic state,
(d)–(f), withEdw=20, g=1 (ρ1≈0.497, ρ2≈0.493), a bosonic state en route to fermionization, (g)–(i), with Edw=20, g=20
(ρ1≈ρ2≈0.246, ρ3≈ρ4≈0.152, ρ5≈ρ6≈0.102), a non-interacting fermionic state, (j)–(l), withEdw=20, g=0
(ρ1=...=ρ6=0.167), and a strongly-interacting crystallized fermionic state, (m)–(o), with Edw=20, g=5 (ρ1≈ρ2≈ρ3≈
ρ4≈0.167, ρ5≈ρ6≈0.165). There areN=6 particles in all systems. The input files of the simulations are given as simulations#1
to#5 in table S1 of the supplementarymaterial (see stacks.iop.org/QST/5/024004/mmedia and footnote 9).
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states has been investigated thoroughlywith theMCTDH-X software [57, 62, 63, 95] and the results are
consistent with other theoretical and experimental results [88, 96, 97]. In this tutorial, we use the terms ‘Mott
insulating’ or ‘Mott insulation’ to refer to situations where the one-body correlation function [equation (7)] has
vanishing values in off-diagonal blocks, i.e. situations where ¢ »g x x, 01∣ ( )∣( ) is true for positionswhere x and x′
are in distinct wells or at the position of distinct peaks of the one-body density, see figure 2(f), for instance.

As the interaction between the bosons further increases, it induces a self-organized lattice-like structure of
the density and correlations evenwithin each of the double-well sites [figures 2(g)–(i) for g=20]. This
emergence of structure heralds the onset of so-called fermionization; the real-space densities of bosonswith
large contact interactions approach those of non-interacting fermions [98]. The reason for the emergence of
fermionization is that two bosonswith infinitely large repulsive contact interactions, like fermions, cannot pass
through each other in a one-dimensional system [98]. Such similarities lay the foundation of useful tools like
bosonization [99, 100].

However, fermionization and fermionic nature are driven by differentmechanisms. This can be intuitively
understood through theirmany-bodywavefunctions. Thewavefunction of a fermionized state of bosons, Y ñB∣ , is
still symmetric, while thewavefunction of a non-interacting fermionic state, Y ñF∣ , is given by an anti-symmetric
Slater determinant built from the firstN single-particle eigenstates. In position-space representation
Y º YB F

2 2∣ ∣ ∣ ∣ holds true in the fermionization limit; thewavefunctions of bosons and fermions, however, are
completely different Y ¼ =  - Y ¼<x x x x x x x x, , , sgn , , ,B N i j i j F N1 2 1 2( ) ( ) ( ) [98]. This difference is reflected
in distinct features of themomentumdistributions of bosons in the fermionization limit and non-interacting
fermions [seefigure 2(b), (e), (h), (k), (n) and discussion below].

The density distribution at g=20 infigure 2(g) is similar to the one of non-interacting fermions in
figure 2(j). The one-body correlation function of the fermions has a complicated pattern of significant and non-
trivial correlations [figure 2(l)]. The bosons have a slightly different correlation function than the fermions, but
the distinct fermionic pattern is already visible.We thus refer to such states as ‘en route to fermionization’. As
discussed in [95, 101] and the supplementarymaterial, if an extremely large repulsive interaction and an
adequate number of orbitals are used, the fermionization limit can be accurately captured by theMCTDH-X
approach [see stacks.iop.org/QST/5/024004/mmedia and footnote 9].

The difference between the bosons en route to fermionization and the fermions, however, appearsmost
explicitly inmomentum space. Themomentumdistribution for the bosons en route to fermionization
[figure 2(h)] has the same single-peak structure as the normalMott insulating bosons [figure 2(e)], where both
widths and heights of the peaks are similar. This confirms the similarity between fermionized bosons andBose–
Einstein condensates inmomentum space [98]. In contrast, the fermionic state has three peaks in itsmomentum
distribution due to the Pauli principle [figure 2(k)]. These peaks correspond to the three fermions in eachwell
since the twowells areMott insulating [figure 2(l)].

For long-range dipolar interactions crystallization emerges; for this case, bosons and fermions have been
compared, for instance, in [102]. A crystallized bosonic state and a crystallized fermionic state have similar real-
space density distributions and they both havemany contributing eigenvalues in the reduced one-body density
matrix. This indicates that the long-range interaction dominates over the particle statistics.We note that
crystallized bosons and fermionized bosons can be distinguished via the spread of their densitymatrices as a
function of the interparticle interaction strength [101].

A fermionic state crystallizes in the presence of sufficiently strong long-range interactions g=5 [see
equation 15(b)]. As expected, the repulsive interaction increases the distance between the fermions in real space,
see figure 2(m). The interactions also have a pronounced impact in themomentum space distribution
[figure 2(n)] and the particle correlations, see figure 2(o). The peaks in the real-space density distributionwithin
each of thewells, which are induced by the Pauli exclusion principle in the absence of interaction [see figures 2(j),
(l)], becomeMott insulating for crystallized fermions [see figures 2(m), (o)].

The correlations andfluctuations of particles can also be revealed by (simulations of) single-shot images
[55–59]. For an illustration of what can be extracted from simulated single-shots, wefix the barrier height
Edw=20 and compute bosonic and fermionic ground states for various interactions g. For every computed
state, we generate 10 000 simulated single-shots (adaptinganalysis.inp and running
MCTDHX_analysis). For each set of single-shot images, we calculate the frequency of n=0,K,6 particles
being in the left well,P(n), and show it infigure 3. For the fermions, eachwell contains exactly half of the particles
regardless of the presence of interactions. This can be seen as a consequence of the Pauli principle. For the
bosons, in the superfluid limit g=0, the system is in a coherent state [g(1)∼1 for all x, x′ infigure 2(c)]. In such
a coherent state, the distributions of all bosons are independent of each other. As a result of this and the

symmetry of the potential, P(n) should be given by the binomial distribution =B N
N

n
, 1 2 2N⎜ ⎟⎛

⎝
⎞
⎠( ) and this is

confirmed by the single-shot results. As superfluidity gives way toMott insulation, the distributions of different
bosons become interdependent. Due to the repulsive interaction, theHubbardmodel predicts that the particles

9

QuantumSci. Technol. 5 (2020) 024004 R Lin et al

http://stacks.iop.org/QST/5/024004/mmedia


tend to be distributed evenly in eachwell andP(3) gradually increases while ¹P n 3( ) gradually decreases. For
ourMCTDH-X results in theMott-insulator limit, g=1,Edw=20, the repulsion between particles becomes so
strong that there are exactly three particles in eachwellP(3)=1 as predicted by theHubbardmodel.

The behavior of the system in the superfluid,Mott-insulating crystallized and phases can be summarized
and represented by theCOPΔ [equation (10)] [58, 59]. The dependence of theCOPon the barrier height Edw
and interaction strength g in bosonic and fermionic systems is shown infigure 4. In the bosonic system, theCOP
decreases from almost unity in the superfluid phase to 0.5 in theMott insulating phase, as expected for a
fragmented state with ρ1≈ρ2≈0.5 [figures 4(a) and (b)]. As the interaction strength increases and the system
is en route to fermionization, the COPdrops further toΔ≈0.2. In the fermionic system,Δ ismuch less
sensitive to the interaction strength. It only drops very slightly when the fermions crystallize [figure 4(c)]. The
valueΔ≈0.167 indicates each fermion occupies a single orbital, agreeingwith the Pauli principle.

3.2.Dynamical behavior
MCTDH-X is capable of solving the TDSE to capture the dynamics of a system as a reaction to a time-dependent
Hamiltonian or to a quench of a parameter. As an example, we prepare the system in the ground state of a

harmonic trap, =V x xhar
1

2
2( ) and subsequently, we rampup a barrier at x=0.We thus smoothly transform

Figure 3.The probability P(n) to find n particles in the left well obtained from10 000 single-shot images (standard error 1%( ), not
shown). For non-interacting bosons (blue), the probability follows a binomial distribution P(0)=P(6)=1/64,P(1)=P(5)=6/
64,P(2)=P(4)=15/64 andP(3)=20/64. For bosonswith large interaction and fermions, the probability follows the prediction of
the single-bandHubbardmodel and Pauli principles, respectively, both giving P(3)=1. The inputfiles of the simulations are given as
simulations#1,#2,#5,#6 in table S1 of the supplementarymaterial (see stacks.iop.org/QST/5/024004/mmedia and footnote 9).

Figure 4.Correlation order parameter (COP)Δ [equation (10)] as a function of barrier height Edw and interaction strength g in
double-well potentials. Six particles are used in all cases. In panel (a), the bosonic system transitions from the superfluid phase into the
Mott insulator phase. In panel (b), the bosonic system goes from the superfluid phase at g=0 to theMott insulator phase at small g
andfinally to the crystallized phase at large g. In panels (a), (b),Δ has a strong dependence on the phases. In panel (c), the fermionic
system goes from theMott insulating phase to the crystallized phase.Δ decreases only slightly when the fermions transition to the
crystallized phase at larger values of g. The dashed orange line indicatesΔ=1/6 for non-interacting fermions. In all these
simulations, the barrier is chosen asEdw=20. The input files of the simulations are given in table S2 of the supplementarymaterial
(see stacks.iop.org/QST/5/024004/mmedia and footnote 9).
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the harmonic trap into the double-well potential given in equation (14).We use a linear rampwith a time scale τ

t t
t

=
>


E t
E t t
E t

,
, .

16dw
max

max

⎧⎨⎩( ) ( )

In the following,we compare the states that result for different τ. There are two situationswhere the resulting state
canbedifferent from the ground state of the instantaneousHamiltonian. (i) If the systemundergoes afirst-order
phase transition—while the parameters of theHamiltonian change smoothly, the systemcan get stuck in an
excited state of thefinalHamiltonian in the absence of a strongperturbation. (ii)With a fast andnon-adiabatic
change of parameters in theHamiltonian, excitations are inevitably triggered. Such a quench thusmay result in a
finite occupationof a largenumber of eigenstates of thefinalHamiltonian [103]. To investigate these two scenarios,
wenowdiscuss two exampleswhere the system containsN=5 orN=6weakly-interacting bosons or fermions.

Afirst-order transition between a superfluid and aMott insulator has already been observed in the presence
of a three-body interaction [104] in a bosonic system. Such afirst-order transition is also observed in our
simulations evenwithout three-body interactions, when the total number of bosons or fermions is odd (N=5
in our simulations). There is a large residual correlation - »g x x, 0.61∣ ( )∣( ) in the time-evolving state—even in
the slow evolution limit with ramping time τ=100 [figures 5(b), (d)] for both the bosonic and the fermionic
cases, compared to the ground state where the one-body correlations between the twowells vanish completely
[x, x′where »g 01∣ ∣( ) infigures 5(a), (c)].

The interaction between particles is an essential ingredient in thisfirst-order transition. It lifts the degeneracy
between theMott-insulating state and the statewith large residual correlations.However, as the barrier of the
doublewell increases, one of the particles has no preference for entering either of the twowells and thus straddles
across bothwells. This straddling particle builds up the correlations between the twowells that we observe.

To justify the claimof afirst-order transition,we investigate the hysteretical behavior of one-body correlations
-g 1, 11∣ ( )∣( ) forN=5 bosons, as shown infigure 5(e). In the ground state, there is clearly a jumpat roughly

Edw≈11. To study the dynamical effects,we choose a ground state in the superfluid limit,Edw=0 and a ground
state in theMott-insulator limit,Edw=20.Wepropagate them in ‘opposite directions’ across the phase boundary
by slowly ramping up (down) the barrier fromEdw=0 toEdw=20 (Edw=20 toEdw=0) in a timeofτ=100.
It is clear that there is a hysteresis in the particle correlations. Strikingly, the hysteresis covers an infinite area [see
the yellowmarked region infigure 5(e)], as the residual correlationswill never vanish in theMott limit. The jump
in the correlation functions in the ground states and the hysteresis in the time-evolving states are not seenwith an
evennumber of particles [figure 5(f)]. In this even-number case, there is thus a second-order phase transition.

Since the system follows the ground state in the slow limit (large τ)with an even number of particles, we now
investigate the effect of a quench (smaller τ)usingN=6 bosons or fermions.We ramp up the barrier from zero

Figure 5. (a)–(d)One-body correlation functions ¢g x x,1∣ ( )∣( ) ofN=5weakly-interacting (g=1) bosons (a), (b) andN=5weakly-
interacting (g=2) fermions (c), (d). In (a), (c) the ground states and in (b), (d) slowly evolving states are shown. (e), (f)The one-body
correlations between the twowells -g 1, 11∣ ( )∣( ) as a function of barrier height (blue) in the ground state, when the barrier is ramping
up (orange) and ramping down (green) slowly, for a systemwith (e)N=5 and (f)N=6 bosons. Hysteresis is clearly seen andmarked
in yellow in panel (e) but absent in panel (f). The ramping time is chosen as τ=100 for all cases in panels (b), (d), (e) and (f), and the
correlation functions at t=100 are shown in panels (b) and (d). The inputfiles of the dynamical simulations are given as simulations
#13 to#17 in table S3 of the supplementarymaterial (see stacks.iop.org/QST/5/024004/mmedia and footnote 9). (g), (h)
Correlation order parameter (COP)Δ [equation (10)] of (g)N=6 bosons and (h)N=6 fermions as a function of timewith different
ramping times τ. The dynamical behavior exhibits two different regimes, one for τ10 and the other for τ10 for bosons and
fermions alike, implying a dynamical phase transition at τ;10. The input files of the simulations are given as simulations#20 and
#21 in table S4 of the supplementarymaterial (see stacks.iop.org/QST/5/024004/mmedia and footnote 9).
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toEdw=20 in three different ramping times, τ=1, τ=10 and τ=50, towhichwe refer as a fast, an
intermediate, and a slow ramp, respectively, in the following. Their one-body correlation functions at a given
time, t=80, are shown in figures 6(a)–(c) for bosons and infigures 6(g)–(i) for fermions.

Figure 6.One-body correlation functions ¢g x x,1∣ ( )∣( ) (a)–(c) and variance  x( ) over 10 000 single-shot experiments (d)–(f) ofN=6
bosons at t=80with different ramping times τ=1, 10, 50. At fast ramping, τ=1, the correlations g 1∣ ∣( ) arefluctuative. In the
bosonic system, the distribution of the single-shot variance depends significantly on the ramping rate. The same quantities as in (a)–
(f), but for fermions (g)–(l). The one-body correlation functions have a quite similar structure to those of the bosons [compare panels
(g)–(i) and (a)–(c)]. Unlike for the bosonic case, the density fluctuations quantified via the variance  x( ) in the fermionic case in (j)–(l)
are only slightly affected by a different ramping rate. The input files of the simulations are given as simulations#20 and#21 in table
S4 of the supplementarymaterial (see stacks.iop.org/QST/5/024004/mmedia and footnote 9). A video showing the evolution of all
these one-body correlation functions in time is available onhttps://tinyurl.com/u2cx39m.
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With a slow ramp (τ=50), the ground state of the finalHamiltonian is recovered—the correlation between
the twowells vanishes [see areas where x is to the left (right) of the barrier and x′ to its right (left) and

¢ »g x x, 01∣ ( )∣( ) infigures 6(c), (i)]. As the ramping time becomes shorter τ=10, fluctuations appear on the
correlation function, indicating excitations [see areaswhere x is to the left (right) of the barrier and x′ to its right
(left) and ¢ >g x x, 01∣ ( )∣( ) infigures 6(b), (h)]. These excitations accumulate rapidly as the ramping time
shortens and, eventually, with a fast ramping τ=1, we obtain a strongly fluctuating one-body correlation
function [figures 6(a), (g)].

To analyze how the quantum fluctuations in the time-evolving states are affected by the speed of the ramp,
we quantify the density fluctuations using the position-dependent variance  x( ) [equation (13)] extracted from
10 000 single-shot simulations for bosons infigures 6(d)–(f) and for fermions infigures 6(j)–(l).

Generally, wefind thefluctuations are largewhere the density is large. For bosons, a slower ramp results in an
increase of themagnitude offluctuations [compare figures 6(d)–(f)]. For fermions, themagnitude of
fluctuations is practically unaffected by the pace of the ramp [compare figures 6(j)–(l)].We infer that the
behavior of themagnitude of the fluctuations is analogous to theCOPΔ [equation (10)]: for bosons, the COP
increases a lot as the ramping rate decreases in long time t [seefigure 5(g)], whereas theCOP varies only very
slightly at different ramping rates for the case of fermions [see figure 5(h)]. This analogous behavior of the
quantumfluctuations and theCOPhas previously been used to extract the phases of dipolar ultracold atoms in
lattices [58, 59].

The excitations generated by the quench thus alsomanifest themselves in the eigenvalues of the reduced one-
body densitymatrix or orbital occupations as represented by theCOP and its time-dependence [figures 5(g),
(h)]. For bosons, in the case of a slow ramp, only two orbitals aremacroscopically occupied as in the ground
state, while in the case of a fast ramp, the contribution of the first 10 orbitals are of the same order ofmagnitude
and the system is thus highly correlated. The extra fragmentation comes from the dynamics of the system.

For bosons, in the slow case, theCOPdecreases as the barrier increases and converges toΔ=0.5 as in the
ground state [see figure 4(a)]. As the ramping becomes faster, the COP starts to oscillate and the amplitude
becomes larger and larger. However, the dynamical behavior of theCOPbecomes qualitatively different as the
ramping time becomes shorter than τ=10. It no longer oscillates in a regularmanner but rather decreases
rapidly andfluctuates. This implies thatmany high-energy eigenstates of thefinalHamiltonian are populated in
the dynamics of the system.

For fermions, the absolute values of the orbital occupations are not drastically influenced by the system
dynamics and neither is the COP.However, the dynamical behavior of the COP is completely different in the fast
and slow ramping limits—in contrast to the bosonic case, the COP increases slightly for a slow ramp,moving
closer to the value for non-interacting fermionsΔ=0.167. This indicates that the effects of the interparticle
interactions becomeweaker since the fermions are nowdivided into twowell-separated groups.

The results for the one-body correlation, theCOP, and the single-shot simulations point towards a
dynamical phase transition at roughly τC∼10 for fermions and bosons alike. The systembehaves like the
ground state for ramps slower than τC, but becomes highly excited for ramps faster than τC.

4. Conclusion anddiscussions

In this work, we have described and demonstrated theworkflow, usage, and structure of theMCTDH-X
software hosted, documented and distributed throughhttp://ultracold.org. In a step-by-step tutorial, we have
shownhow to examine particle correlations and fluctuations using theMCTDH-X software.We have exhibited
applications ofMCTDH-X to solutions of the time-independent and time-dependent Schrödinger equation for
systems of bosons and fermions in a double-well potential.We have computed themany-bodywavefunction
and calculated various quantities of interest, including correlations, real- andmomentum-space density
distributions and single-shot experiments.We highlight that our paper demonstrates thefirst application of
MCTDH-X to obtain single shot images for fermions, to analyze correlations via single shot counting statistics,
to investigate the dynamical behavior of theCOP, and to directly compare the dynamical behavior of bosons and
fermions using single-shot images and theCOP.

The double-well potential capturesmany salient features of theHubbardmodel, like the superfluid-Mott
insulator transition of bosons. Additionally, wefind a crystallized state emerging for fermions that bears some
similarities with strongly interacting bosons that are en route to the fermionization limit.

In the ground state, we have already observed awide range of states of fermions and bosons by tuning the
interparticle interactions and the barrier height of the doublewell. Apart from the transition into theMott phase,
the bosonic system approaches the non-interacting fermionic one as the interparticle interactions increase
towards the fermionization limit. Fermionized bosonic states havemany similarities to non-interacting
fermions in the real-space representation.We have demonstrated that the superfluid,Mott insulating,
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fermionized, and crystallized phases ofmany-body states can be distinguished by their correlation functions and
by theCOP that is a function of the eigenvalues of the reduced one-body densitymatrix.

Dynamicsmay drive a systemout of the ground state and induce quantum fluctuations and correlations.We
have usedMCTDH-X to solve the time-dependent Schrödinger equation for bosons and fermions in a one-body
potential that is smoothly transformed from a single into a double well by ramping up aGaussian barrier at
different time scales.We have found a novel and unexpected hysteretic behavior that heralds afirst-order phase
transition for the case of an odd number of bosons or fermions.When the particle number is even, there is no
hysteresis, heralding a second-order phase transition.We thus demonstrate that the order of the superfluid-
Mott insulator transition depends on the number of particles in ourfinite-size double-well system.With an odd
number of particles, strong residual correlations between the twowells prevail even in the limit of large barriers
for any pace of the rampof the barrier. This implies that the superfluidity of the system cannot be eliminated by
increasing the barrier and the system cannot enter theMott insulator phase dynamically.

For faster ramps, our tutorial example approaches a quench scenario: when the doublewell’s barrier is
quenched up rapidly, a considerable amount of eigenstates of the finalHamiltonian become relevantly occupied
and participate in the emergent quantumdynamics. This suggests strong fluctuations, which can be confirmed
by an analysis of the variance in single-shot images. The significant differences between the fast and slow ramps
thatwe have observed point to a dynamical phase transition.

Finally, we note that althoughwe only have shown examples with a few particles in this tutorial, the
MCTDH-X software is able to providemany-body states of systemswith amuch larger number of particles
[105, 106].
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