
RT-MAT 2004-26 

ALGEBRAS WHICH ARE STANOARDL Y 
STRATIFIED IN ALL ORDERS 

F. H. Advincula 
and 

E.N.Marcos 

Outubro 2004 

Esta e uma publi~ prcliminar (''preprint"). 



ALGEBRAS WHICH ARE STANDARDLY 
STRATIFIED IN ALL ORDERS. 

Fidel Hernandez Advincula. 
Departamento de Ecuaciones Diferenciales 
Facultad de Ma.tema.tica y Computaci6n 

Universidad de La Ha.bana, Cuba 

Eduardo do Nascimento Marcos 
Instituto de Matema.tica e Estatistica 

Universidade de Sao Paulo, Brasil 

October 14, 2004 

Abstract 

The aim of this work is to characterize the algebras which are stan­
dardly stratified with respect to any order of simple. We show that 
such algebr!IB are exactly the algebras with idempotent ideals projec­
tive, we &leo conclude as a corollary a characterization for hereditary 
algebras, which was given originally by Diab and Ringel [DJ. 

Preliminaries 

In this paper all algebras are finite dimensional K-algebras, basic and 
indecomposable, where K is an algebraically closed field. Using a funda,. 
mental Theorem of Gabriel all such algebras A are, up to isomorphism, of 
the form A = !S/J- where Q is a finite quiver and / an admissible ideal. 
Let VJ., ••• u11 be the vertices of Q in a fixed order and Si, ... , S,. the corre­
sponding order of the simples modules, P; the projective cover of S;. Define 
the standard module ~; as a maximal quotient of P; with composition fac­
tors S;,i $ i ([R]). 
Given a module A and a set of modules B define the trace of B in A, denoted 
by TB(A), as the sum of all images of morphisms of modules of Bin A, that 
is TB(A) =Elm: B-+ A. 
An alternative definition of the standard modules is the following ~i = ft, 
where Ui is the sum of all images of morphisms P; ➔ P; for j > i, that is 
Ui = r .11> P; (P;), is the trace of all posterior projective modules P; in it. 

J • 
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Another description is A; = A!;~~;Xe., where e1c = e1c + ... + en for 1 :5 
k :5 n and €n+1 = 0. 

Given A = {Ai, ... , An}, consider F (A), the full subcategory of modA, 
formed by the modules M E modA such that M has a filtration with factors 
in A, that is there is a filtration O = Mo c M1 C ... C Mt = M with 
.,.¥i.... ~ A1c, I. E. The factors are isomorphic to some module in A. 
M;-1 

The algebra A is called standardly stratified if A E F {A). If also, the 
endomorphisms ring of each standard module is simple A is called quasi­
hereditary (see for example [R] and [X]). 

An algebra A with idempotent ideals projective [P], denote by iip, is an 
algebra where all idempotent ideal of A a.re projective A-module.This means 
that all ideals I such that fl = I are projective modules. 

One characterization of iip algebras which is useful for us was given by 
M. I. Platzeck, in the Proposition 1.2 of [P], is the following: A is iip if and 
only if r,;: (A) is projective for all i, where .P; = EB P;. 

,-, j;/i 

The main result of this note is to show that these algebras are exactly the 
algebras which are standardly stratified with respect to every order. 

1 Preparatory Lemmas 

In this section, we give several lemmas that will permit a better compre­
hension of our main results, some of these lemmas are known results, they 
have important by themselves, for sake of completeness we decide to state 
and give their proofs in this section. 

Lemma 1 If A is standardly stratifie,d in the order e1, ... , e,. then t¾x is 
standardly stratified in the order e1, ... , e;-1, where e; = ei + ... + e,.. 

Proof. 
Denote by B = x¾x. and A1c (A) and At (B) the I:!,.- modules of A and 

B, respectively. 
Firstly observe that/:!,,.; (A) ,j = 1, ... , n are B- modules, because I:!,.; (A) = 

J.~e; and as j < i this is a A- module annihilated by Ae;A, in other words 
it is a B-module. 

All modules A; (A) have Top S; and l:!,,.r (A) has composition factors only 
in the set {SA:,k < r}. 

We show that these /:!,,.; (A) are exactly the A; (B). 
Observe that Ar (A) has Top Sr and it has all composition factors in 

the set { SA:, k < r }, moreover it is a B-module then Ar(A) is a quotient 
of Pr (B) with composition factors in the set { SA:, k < r }, and as Ar (B) it 
is the maximal quotient of Pr (B) with this property, therefore we have an 
epimorphism from Ar (B) to Ar (A). 

We also have an epimorphism from Pr (A) to Pr (B) and another from 
Pr (B) to Ar (B), thus we have an epimorphism from Pr (A) to l:!,,.r (B), thus 
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~ (B) is quotient of Pr (A) that has Top Sr with all composition factors in 
the set {S1:, k < r} and a.s Ar (A) is the maximal quotient of Pr (A) with 
this property, we have an epimorphism of A, (A) \o A, (B). 

Therefore A, (A) ~ ~ (B). 
Let us show now that Pr (B) E FB (A), Vr. 
Recall that Pr (B) = (AE~Aj~~(,',) and that if M is a A -module (AE~)M 

is a B - module. -
Now because A is standardly stratified, we have Pr (A) E FA (A), so that 

we have a filtration 
Q: c ... C Q~ C Q: C Pr (A) with factors A1: (A) ,k < r. 
Passing to factors have 
_____9;___ qi QI P, r) 
(KE;Af~ C ... C (Ae,l)Qa C (Ae,A)Qi C Pr (B) = (AE,A P,.(A) 
Then Pr (B) E FB (A). ■ 

Lemma 2 If A is an algebra with idempotent ideals projective, then Tp (Q) 
is projective for P indecomposable projective and Q projective. 

Proof. 
Tp (Q) is a summand of Tp (A"), ifwe prove that Tp (A) is projective, we 

will prove our claim, also this is clear, because P = Ae withe idempotent, 
thus Tp (A) = AeA, that is an idempotent ideal and therefore projective. ■ 

Moreover if P = P[' 1 II ... II ptn,, with P; ~ P; indecomposable then 
Tp (A) = TP}IJ ... IIP, (A) 

Lemma 3 J/ A is an algebra with idempotent ideals projective, then Tp1 IJ ... IIPt (A) 
is projective where the P; are non isomorphic, indecomposable, projective 
modules. 

Proof. 
Clearly P1ll ... IIPt = Ae1 + ... +Aee = A (e1 + ... + e,), then Tp1IJ ... IlP1 (A) = 

A (e1 + ... + e1) A, that is an idempotent ideal and therefore projective. ■ 

2 The main result 

We are now in conditions to prove the main result of this note. 

Theorem 4 The algebra A is standardly stratified in all orders if and only 
if it is an algebra with idempotent ideals projective. 

Proof. We are going to prove first that if A is standardly stratified in 
all orders then is an algebra with idempotent ideals projective. 
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Let A be an algebra which is standardly stratified in all orders. We can 
select one order such that l (P.) ~ l (P.+1), Vi 

We claim that in this case Pk = Ak for all k. 
We have by definition that Pn = An, we also have an exact sequence 

0 ➔ Tpn (Pn-1) ➔ Pn-1 ➔ .6.n-1 ➔ 0. 
If Tp,. (Pn-d I- 0 => Tp,. (Pn-il-::: P!", since A is standardly stratified, this 
cannot happens because of our hypothesis on the length of the projective 
modules, therefore rp,. (Pn-i) = 0. We continue by induction. 

Let us assume that An, An-1, ... , An-j+l are projective, 
if T II p, (Pn-;) I- 0 => T II P. (Pn-;) -::: II .P:• but this can not be 

r>n-; r>n-j r>n-J 
because the hypothesis over the length, then P; = A;. 

Thus we have an order where Pk = .6.k and therefore F (A) = Proj 
Observe also that with the order defined above Hom (P;,P.) = Hom (A;,Ai) = 

0 for j > i. An algebra A with this property is usually called quasi triangu-
lar. 

In this algebra the vertex tin is a source if we forget the loops in it. That 
is there is no arrow starting as tin and endind at another vertex. 

Let be A = !S.{l, then consider Q the quiver obtained from Q by elimina­
tion of tin and I the ideal generated by the relations of I that remain after 
eliminate the arrows that start at Un. 

Then A:;,.A = !ff is also standardly stratified in all orders, this is con­
sequence of Lemma 1, and the fact that Hom(P(n), P(j)) = 0 if n I- j. 

We write A = lAl = (en+ e;.) A (en+€;,) = (e,.Aen) + (enAi;.) + 
( e;.Aen) + ( e;.Ae";,) . 

L = (enAen) is a local algebra therefore it is standardly stratified. 

(enAe;.) = 0 = Hom (Pn,P.:). 
M = (€;,Ae,.) = rp;_ (P,.) 

U = (€;,Ai;,) = ~ = !f9. i\e,.n. I 
Thus 

A-::: (; i) 
We can describe the projective modules of the algebra A,as triples in the 

following way. 
There is the projective Q,.=(Pn, M ® Pn, id), where Pn is the projective 

of the local algebra L, the other projectives can be viewed in the form and 
Q; = (0, Pi, O) for i E {1, ... , n - 1} where Q; are the projective modules of 
u. 

By a result of Marcos, Merklen, Saenz in "Standardly Stratified Split 
and Lower Triangular Algebras" [MMS] Proposition 16 we have that M = 
(e;,Ae,.) = Tp;_ (P,.) E F(e,;Ae,;) (.6.). 
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BecaUBe A is standardly stratified in all orders, we can choose one order 
so that e.. is the first. 

We show, by induction in the number of simples, that A is iip 
It is clear that a local algebra is iip. 
Now we see that A is an algebra with idempotents ideals projective, 

for this is enough to show, using a result of Platzeck, [P] that Tp; (A) is 
projective for all i. 

We also have that U is iip, by induction hypothesis because it has less 
simple, non isomorphic modules, than A. 

So TQ---: (A) = TQ---: ( Qn EB Q1 EB ..• EB Qn-1) = TQ---: ( Qn) EB TQ---: ( U Qj) , , 1 , J-::/:n 
If i =/= n,Tf.j; (Qn) = Qn, which is projective because Qn is summand of 

Q;, hence i ,fa n, r-Q· ( _ll Q;) ~ Tp; (U) that is projective since U iip, then • J#n ' 
Tq; (A) is projective. 

If i = n, rq; ( Qn) = (0, M, 0) , which is isomorphic to TPi (Pn) = M and 

-r0--: ( _11 Qi) :::: Tp; (U) = U, because~ ~ U Pn = U, clearly Tq---: ( U Qi) • ,#n , r;tn , Jin 
is projective. 

It remains only to see that (0, M, 0) is projective or equivalently that M 
is projective. 

To see that M is projective, since U = ( e;,Ae;) = A~A = ¥, is 
standardly stratified in all orders, then we can choose an order such that 
P,. = l!,.,._ and therefore F(enhe,,) (~) = Proj and as M = (e,,Ae,,) = 
TPn (Pn) E F{~Ae";;) (.6.), therefore M is projective. 

We will prove now the other implication. 
That is: If A is an algebra with idempotent ideals projective then A is stan­
dardly stratified in all orders. 

Let A be an algebra with idempotent ideals projective and e1, ... , en an 
order of idempotents, we will show that A is standardly stratified in this 
order. 

For this we show that Pk E F (.6.), Vk. 
First Pn = .6.n E F (.6.). 
Suppose that Pn, Pn-1, ... , Pn- k+I E F (.6.) and we prove that it follows 

that Pn-k E F (.6.). 
If Pn-k = .6.n-k, it is clear Pn-k E F(.6.), if not we have a sequence 

0 ➔ T II Pr (Pn-k) ➔ Pn-k ➔ .6.n-k ➔ 0, and because -r II Pr (Pn-k) ~>n-k F>n-• 
is projective, we get as consequence of Lemmas 2 e 3, T ll Pr (Pn-k) = 

.,.>n-A: 
11 P:• E F (.6.), and this shows the result. ■ T>n-k 
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3 Some applications 

In this section we get various consequences of the main tbeorem4 proved in 

the previous section. 

Corollary 5 If A is standardly stratified in all orders then there e:r:ists a 

order such that F (A)= Proj. 

Proof. 
ff A is standardly stratified in all orders, as in the proof of Theorem4, 

we can choose one order such that l (~) ~ l (P;+1), Vi, and in that case all 

Pk= Ak and therefore F (A)= Proj. ■ 

The next corollary is linked with the modules of finite projective dimen­

sion. 

Corollary 6 If A is standardly stratified in all orders then there is an order 

such that F (A}= p<oo, where p<oo is the aubcategory of modulea of finite 

projective dimension. 

Proof. 
HA is standardly stratified in all orders then A is an algebra with idem­

potent ideals projective and in this case we can take a order such that 

Hom(P;,l'i} = 0 for j < i, thus Ai= .,.Jh) (P] and F(A} = p<oo. ■ 

Using the previous results we can obtain i characterization of hereditary 

algebras that generalize one result of Dlab and Ringel which appears in [D]. 

Corollary 7 The following conditiona are equivalents: 

1. gl dim A < oo and A ia standardly atratified in all orders. 

2. Q does not have oriented cycles and A is quaai hereditary in all orders. 

9. A ia quasi hereditary in all orders. 

,l.. A is hereditary. 

Proof. 
2 => 1 Clear. 

1 => 2 
If A ls standardly stratified in all orders then by the previous Corollary 

there exists one order such that F (A) = p<oo and since gl dim A < oo it 

follows that F (A)= p<oo = modA =>A;= S; => Q does not have oriented 

cycles. 
Beca1.1Se A is standardly stratified in all orders and gl dim A < oo then 

it is quasi hereditary in all orders. 
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2 => 3 Evident. 

3 => 1 
It is clear that if A is quasi hereditary in all orders then A is standardly 
stratified in all orders and we have gl dim A< oo. 

1 => 4 
If A is standardly stratified in all orders then by the previous Corollary 

there exists an order such that F (A) = p<oo and by gl dim A < oo then 
F (A) = p<oo = modA. 

If follows from the work [CMMP] of Coelho, Marcos, Merklen, Platzeck 
that if A is an algebra with idempotent ideals projective then fdA 5 1, so 
gl dim A= JdA 5 I, therefore A is hereditary. 

4 =::} 1 
Let be now A an hereditary algebra, it is clear that gl dim A < oo, if 

e1, ... , en is a order of idempotents, show that A is standardly stratified in 
this order. 

For this prove that Pk E F (A), Vk. 
First Pn = An E F (A). 
Suppose that Pn, Pn-1, ... , Pn-k+l E F (A) and prove that Pn-k E F (A). 
If Pn-k = An-k is clear, if not we have a.sequence O ➔ T II Pr (Pn-k) ➔ 

,->n-l 

Pn-k ➔ ..1.n-k ➔ 0, and T II Pr (Pn_,;) is projective, because it is a sub-
r>n-• 

module of Pn-k, then, T II Pr (Pn-k) = II p;r E F (a). ■ 
r>n-k r>n-k 

4 Remarks and Examples 

Remark 8 If A is a local algebra thenF (..1.) = Proj = p<oo. 

Remark 9 It can exist, as the next examples show, orders, not necessarily 
distinct 11t1,ch that F(..1.) = Proj and F(A) = p<oo, and A not necessarily 

with idempotent ideals projective. 

1. Let be A = Jif1 where Q is the quiver 

1 •~D{J 
and / is the ideal generated by the relations f3a = 0 and {32 = 0, in the 
order 1, 2 this algebra is not standardly stratified because Pi ¢ F (..1.), 
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although in the order 2, 1, F (~) = Proj, thus A is not iip, but 
if we analyze the modules of finite projective dimension, they are the 
projective modules, because if a module has finite projective dimension 
then it has even dimension as K-space and the only indecomposable 
modules with even dimension are the projective modules p<oo. 

2. Even in the case that exists orders distinct such that F (~) = Proj 
and F (~) = p<oo, A is not necessarily iip, as shown in the following 
example: 

Le b A Kr> h Q. h . n On-1 n - 1 t e = T w ere 1st eqmver 
• ----t • 

2 01 1 
• ----+ • ' 

and / is the ideal generated by the relations Oi+t ai, for i = 1, ... , n - 2, 
in this case in the order 1,2, ... ,n, F(~) = Proj and in the order 
n, n - 1, ... , 2, 1, F (~) = p<oo, but this algebra is not standardly 
stratified in all orders because it is of finite global dimension and if it 
was standardly stratified, it would be hereditary by the Corollary. We 
also can show directly that this algebra is not standardly stratified in 
the order n, 1, 2, ... , n - 1. 
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