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1. Introduction 

August 3, 1095 

This paper is concerned with the contact prort>ss for an arbitrary dimen:.ion d E 

JN\{O} restricted to rN = {-N, ... ,N}"', NE JN, starting with all:iitt>S ( in fN) occupied. 
This is a continuous time Markov proct-ss nu { 0, 1} r N with flip ratt>s at a statt> ( E { 0. 1} z• 

given by 

c(x,() = A 
{ 

1, 
((y), 

if ((.c) = 1, 
if ((.c) = 0, 

d 
if XE rN and c(x,() = 0 if X' Er:;.,, wht>rf' A E IR+ is a fixt>d parameter and 11:11 = L lz,I 

•=• 
for z E ;z"'. 



\\",, nn· i11trrrst1•<l iu th<> 11wta..,tahli• l,..havio11r of th<> p1·urt'SS for A > Ar( cl), tlw critil·a 
v11hw for the 1mn•stric-tl'd contact proct>s.,; in ti-dimensions. Th" rt>StrictP<l proct'ss mus1 
l'VPnt11ally die• out for all A E IR+ nnd wr invrstigate the time it takes for this to happen 
As shown hy Harris I 1 ] ( 1074 ·), in thr unrrstrictrd supercritical contact process, ther, 
is au rxtremal iuvarimit measure v, which is not the Dirac o-mea.'lure concentrated in the 
f'lnpty <"Onfiguratiou. This fact will allow us to show that for A > ..\,.(d) the process behava 
meta.o;tably for lnr)!;e N, in a sense that we prt'dse below. 

In order to investigate metastability we adopt the methods proposed by Cassandra, 
Galvrs, Olivieri nnd Vares I 2 ] ( 1984 ). where the patbwise approach was introduced. In 
that pap<>r tll('y havr shown the ahovr rrs11lt for sufficiently large A. in the one dimension 
case. 

Informally. thi> phrnomt>nom of mf'tastability can be clt>scribed ~follows: The system 
is in a mi>tastahlt• situation if it stays in an appart>nt state of t>quilibrium <luring a long 
random tinw 1111d in particular. if thr statil->tics of the trajt>ctori1·s t>stabilize in this situation. 
liut at thl' t>nd of a memoryless random time ( or asymptotically exponential random time ), 
these s tntisti.-s hav<' n nhrupt brt>ak u! ,·olwn•nc.- an<l estahilize around the true state of 
rquiliLrium nt ti,. 

Tiu• metn.,;tablt> bt>haviour of the sup .. rcritical one-dimensional contact process was 
proven by Schonmann [ 3 ) ( 1985 ). .Moreovt>r he proved that this does not happen in 
thP s11hcriticnl case. Recently Mountford I 4 J ( 1993 ) proved that for the d-dimensional 
supercritical contact proces.'I, restricted and initially fully occupied, the suitable normalized 
time to dir out converges to au exponential random variable of mean one as N tends to 
infinity. 

The goal of this paper is to show that the supercritical contact proces.'I presents a 
metastable behaviour in any dimension. This is done by proving the property of thennal­
ization for the d-climensional case, i.t> .. when the process is out of its equilibrium situation 
the temporal means estabilize dose to the expectation of the statistics of the trajectories 
in somr fixed probability distribution 1111 the configurations of the system. Metastability 
then follows from l\lmmtforcl's r<'sults I 4 ] 011 tht> time for thr process to die out. 

This extf'ntion of tht> tht>rma.lization prnp .. rty to nrhitrary dimensions is derived from 
lht> fa.,;t loss of memory of the prort>s.'I, whirh Wf' obtain 11sinp; somt> rt'sults from Bezuidc>n­
hout and Grimmrtt I 5 J ( 1990 ). Tilt' concept of loss of mrmory was implicit in [ 2 J 
and was later used in Galves, l\Iartinelli and Olivieri [ 6 J ( 1989 ) to :;tudy the a:;ymptotic 
distribution of the time of first ornUTence of an anomalous density of particles in a large, 
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fixed rl'gion of tht> space for the sttpf"rcritical out>-climensioual <"ontact process. Here WP 

Pxteml the concept to f'Stablish our tll<.'orrm. 

The paper is organized as f9llows: In Section 2 we i11trod11ce the notation to be used 
in this work and state the metastability throrem. Section 3 we prove general results about 
the loss of memory of the contact process, which are used in Section 4 to prove the main 
theorem. In Section 5 we prove that the phenomenom of metastability does not hold for 
,\ < ..\,(d). 

2. Notations and Results 

We consider the contact process as being derived from a collection of Poisson procr.sses. 
defined in the sites :r: E ~", as in the Harris representation [ l ). This representation enables 
us to muple contact processes with different initial configurations. For a construction and 
proofs of the existence and uniqueness of the process defined by the parametPr ,\ St'(' for 
instru.1rC' Durrett [ 7 J ( 1991 ) and LiAAett [ 8 ] ( 1!)85 ). 

We use the notation {{j!,.(t) : t 2: 0} to describe the process restricted to rN C ~" 
starting from the configuration 17 E {O, l}r,., i.e., cj!,.(O) = ,,. Restricted means that 
Poisson processes defined in r,.. a.re not con:,idered. 

Given '7 E {O, l}r,., we define thf" hitting time of the trap state, i.e., the empty 
configuration, starting from '7 by 

T." r,. = inf{t 2: O: cj!,.(t) = 0}. 

For notational convenience we write {c"(t) : t 2: 0} for the unrestricted process and in this 
case, for the initial condition l'1 E {O, l}z' we define T 11 anala,;ously. 

We call f : {O, l}z' -o m. a cylindrical function if there is a finite set .a. C z" such 
that / ( 17) = / ( 17 n ~) for any configuration 11 E { 0, 1} z'. The support of f is defined as 
the smallest set of ~" which ha,; this property and we write .a.(/) for this set. 

Given a real number b > 0, N E IN and a cylindrical function /, we define the 
temporal mean of/ with respect to the pron•ss {c~Z(t) : t 2: O}, as the measure valued 
process {A,:-'(s,/): s 2: O} given by 

.•+• 

Ar(s,f) = i I !(€~Z(t)) dt, 

3 



where ., is the instant of the beginning of the measurement and b the time interval of 
observation. We can now enuntiate the metB.'ltability theorem : 

For any d 2: 1, ,\ > ..\c(d) a11d a cylindrical fuucion /, tl1ere is an increasing sequence 
of positive real numbers {b(_N,d): N 2: 1} s11d1 that the process {A~N,J) ( .,JE[ T~: ],/): 
., ~ O} converges in distribution, as N - ex>, to a Markovian jump process { A( s) : s 2: 0} 
defined by: 

A(s) = { v !f., < T, 
6• 1f -• > T, 

where Tis an exponential random time of mean one, vis the extremal non trivial invariant 
measure of unrestricted contact process and 6• is the Dirac 6-measure concentrated in the 
empty configuration. 

3. Loss of Memory of the Process 

For any O $ q :5 1 let 

A(rN,q) = { ,, e {o, 1}•· : :E 11(.:z:) 2: q 1rN1 } 
zer,.. 

where 1r NI = (2N + 1 )" is the cardinal of the set r N. 

In order to obtain our results we will consider contact processes with different initial 
configurations, using an appropriate coupling established when both processes are con­
structed in the same probability space following the same collection of Poisson processes 
considered in the Harris representation. 

Lemma 3.1 Let d 2: 1 and ,\ > ,\~( d). For auy O < q $ 1 there are L = L( d, ,\) E IN and 
C = c(d, ,\) e (0, 1) such tl1at, for every N 2: L and evt".ry '7 e A(r N, q), 

IP( T"nr.., = oo ) 2: 1 - exp {-cq(2N + l)"- 1 } • 

Proof: The case d = 1 follows from Theorem ( 3.2!) ), page 303 of [ 8 ). Suppose d > 1 
and for r E JN\{O} fixed let Dr = { z E z": lz;I :5 r,i = 1, ... ,d} be a disc in 7Z". 

Bezuidenhout and Grimmett [ 5 ] have shown that there i11 a finite disc Dr = D and 
a positive integer L > r such that for all ..\ > ..\.,( d) we have 

IP { {tL,LJ4-1 xz survives in (O,oo}} = 7 > 0. 
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For N ~Land r, E A(f N, q) fixed, wr, ran find 0 -1- ( c 11 n r N such that 

where 1(1 is the cardinal of ( and (z) the greatP.St integer less or t-qual to z, such that the 
sets 

z+(-L,L)"-1 x7.t, when zE(, are disjoint. 

Let x1 for I = 0, 1, ... , 1(1 - 1 be an enumeration of the sites of(, namely 

( = { x 1 E '1 : I = 0, ... , 1(1- 1 } . 

Note that there is a strictly prniitive lower hound, say 7,(d, A, r, h), for the probability 
that at any time h > 0, there is a fully occupied disc Dr+ .1:

1 in the process { {f~+.,,(t): 
0 ~ t ~ h } , x1 E (, coustructt"d by the coupling described before with the proces.'I 
{e"(t) : t ~ O}. 

We now show that there is a lower bound for the probability of the event 

{ {'(t) survives in [O,oo) }. 

Defining B,,t(z1
) = x 1 + (-L,L)'-1 X 7.t, both processes {e,L.1.(:1:')(t): t :2:: 0} and 

{ea:.d.s"')(t): t ~ 0} , If- m, x1 and zm E (, which are restricted versions of the process 
starting from '1 with the same parameter A > 0, have independent evolutions. 

Denoting by {{0 (t) : t :2:: O} the unrestricted process starting at the origin of 7.t' we 
observe that for each x1 E ( the following inequality holds 

JP{ {~uC.s'}(t) survives in [O,oo)} = JP{ et.doJ(t) survives in [O,oo)} 
~ JP{ {t_1.(o)(t) survives in [O,oo), {~1.(h) = Dr for some OS h $ t} 

= -yp(h,r,d,A) > 0, 

where the first equality follows from the translation invariance property of the contact 
process and the second from the Markov property. 

To complete the proof note that from the attractivent'Ss of tbP mntact proCf'.ss it 
follows that 

{ {~~.d.s')(t) survives in (0,oo) } 
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for auy x 1 E ( implies that 

and by the construction of the process { (~u(ir'l(t): t 2: 0 } we have that 

JP{ T"n'N = oo} = JP{ LJ { C(t) survives in jO,oo)} } 
ire.,nrN 

::: JP{ ('(t) survives in [O,oo)} = JP{ LJ { C1
(t) survives in (0,oo)} 

1~1,1-1 

2: JP { LJ { (~ •. dz'l(t) survives in [0, oo) } } 
1$ICl-t 

1,1-1 
= 1 - JP{ n { (~,.d.c')(t) = 0 for some t > 0} 

l=O 

= 1 - IT JP{ (~,.dir')(t) = 0 for some t > 0 } } 
1s1,1-1 

2: 1- TI (1--yp(h,r,d,..\)) 
1s1,1-1 

2: 1 - exp {--yp(h, r, d, ..\) 1(1} 

lfNlq 2: 1-exp{--yp(h,r,d,..\)((4L)"-•(2N + l)i} 

If NI d-t 2: 1 - exp { -c q 
2

N + l} = l - t>Xp { -cq(2N + 1) } , 

wherec=-yp(h,r,d,A)(4L) 1-" E(0,l). 

■ 

The next lemma estimates the rate, at time t, of the loss of memory of the process as 
N grows. 

Lemma 3.2 Let d 2: 1 and>. > ,\~(d). For any O < q ~ 1, N 2: 1, 11 and ( E A(fN,q), 
there are a= a(d, ,\) E (1, oo), c = c(d, ..\, q) E (0, oo) and C = C(d, ,\) E (1, oo), such that 
for every t 2: aN, 

Proof: It is enough to prove the result for rt E A( r N, q) and ( = JZ". 
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Given t 2:: I, it follows from Lemma ( 3.1 ) that th<>re are positivP C"onstants Land c', 
independent of N, such that 

1P(3 y E 1-Lt,Lt)•, 11(.y) = 1, T' =co)= JP(T"n{-ir,LiJ• = oo) 

2: 1 - exp {-c'q(2Lt + l)d-t} . 

Since (2Lt + 1)4 - 1 2: 1 + (d - l)Lt we. obtain that 

I - exp {-c'q(2Lt + l)"- 1 } 2: 1 - exp {-c'q(l + (d - l)Lt)} 

= 1 - exp { -c' q} exp { -r' q( d - 1 )Lt} 

2: I - exp {-c'qt} . 

Note that in the ca.-;e d = 1 the itlt'qull.!ity abovP is a eonsequeuce of the Theori,m 
( 3.2!) ) page 303 of [ 8 ]. 

Define for any y E ?L" and t 2:: 0 tht' couplrcl region Kf = <'(t)U (lz"(t)t. WP have, 
for any t 2: 1 fixed that 

{3ye[-Lt,Lt)", 71(y)=l, T'=co}C LJ{e'(t)=lz\t) inKf, T'=co} 
!IE'I 

where the last set is for one chose y with the smallest norm. 

Therefore 

JP(f'(t) = lz•(t) in r,.) 

2: 1-exp{-c'qt} - JP(rN </.. Kl, P = co). 

Since 

lP(fN rt. Kf, T" = co) = JP( U {x 't Kf, T' = co}) 
.<Ef,. 

it follows from the invariance by translations of the contact procPss that 

.. er,.+, 

Durrett and Griffeath ( 9 ) ( 1982 ) obtained some results, which after the breakthrough 
of Bezuidenhout and Grimmett ( 5 I are valid for the unrestricted d-dimensional contact 
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proceSH. We use here one which ensures that there are pm;itive constants a, c and C, 
independents of N, such that 

IP( x </. /(~, T' -= oo) :5 C exp {-ct} for II.ell < at . 

Note that II.ell :5 Nd for all x E rN, and, therefore, we have 

Nd 
IP(rN <t. Kf, T' = oo) :5 lfNICexp{-ct} for all t > -. 

a 

Consequently, there are constants a, c, C such that 

JP({''(t) = ~Z
4 
(t) in f N) 2: l 

~ 1 1rNICexp{-d}, 
Nd 

for all t > -, 
a 

(3.3) 

where c = max{ c'q, c} E {O, oo) and C = max{C, l} E [l, oo ). Putting o = max{!, 1} E 
(1, oo) we get the desired conclusion. 

■ 

4. Proof of the Theorem 

Following the method employed by Durrett and Scho11111ann ( 10 ] ( 1988 ), it has 
recently been shown by Mountford ( 4 ] that : 

Theorem ( Mountford ) Let d 2: 1 Md ,\ > Ac( d), 

T,rN 
rN ...!!.... EXP (1) when N - oo. 

JE( r{; I 

Tb.is result was proven using the method introduced by [ 5 ) together with the ideas 
of orientated percolation which can be follnd in Durrett [ 11 ) ( 1984 ). 

To state the thermalization of the process we start by defining, for each y E zz.i, the 
translation opera.tors on cylindrical funciuus by : 

where ,,<,>(x) = ,,(x-y). 

Given a cylindrical funcion / and N, LE IN, with N > L, let 

Ill.(/l,N(L) = {ye 7Z4
: a(-r,f) c l-N + L,N - L)" n 7Z4 

}, 
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nnd write .IE,,(/) = J f dv to denote the «-Xpt-ctation of/ with rt'NJ)t'Ct tu v. 

The following Lt\uuna is a direct rouse<111t·ure of m,ults <>f Durrt'tt [ 11 I 1uid ~fount· 
ford's Throrern. 

Lemma 4.1 If d ~ 1 and A> Ac(d), then 

lim 
N - oo 

(2N + l)u 

.IE( T{; I 
=0 . 

Proof.- We give here a short proof using the proposition ( 2.1 ) of Mountford ( 4 J, page 

220 which ensures that, for large N, there is a ronstant a E (0, 1), indt>pendcnt of N, such 
that 

IP(T{: $ exp {aN}) $ t'Xp {-nN} , 

and this leads to 

N~oo IP(T{: $ (2N + l)u) $ 

< 

Jim IP(T{H" $ t'Xp {aN l) 
N-oo 

lim c-xp {-11N} = 0. 
N-00 

The result follows then easily from Mountford's Theort>m. 

■ 

Theorem 4.2 Let d ~ l and A > Ac(d). Then there is an increasing sequeiJce of positfrP 
real numbers {b(N,d),N ~ l}, such that 

i ) •<+/) - 0 when N - oo, 
E( r:1 

ii ) For any t > 0 and a cylindrical function/, there is L = L(d, A, t, /) E IN sudJ tlJat 

max I A~N,cl) (l b(N, <l), r,/) - IE,,(/) I > f ) -+ 0 
,e,A(/J,111(LI 

when N-oo, where FN = max{ IE IN : l b(_N,d} < T{; }. 

Proof. Since Tf: is almost surely finite, for any rt'al positivf' number b(N, d), FN is a w.-ll 
defined and finite random variable with valut>S in IN. 

If b(N, d) verify condition ( i ) above it follow11 fnnn Mmmtford':1 Tht-ort'm that 

IP[ FN = 0 ] - 0 when N _.. oo. 
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L,·t us uow nssmne that ( b( N. cl). N ~ l) is a st>q1wnn• satisfyin11; ( i ). For f > O, f 
ryliuclriral. k E IN and y E ;z" giwn. rnusidn tht> t>vruts 

Th,·u. for nny m ~ 1, L ~ 0, 

lP( F.v ~ l. n n { Bf., t] 
19;<FN ,e,.,,n.N( Ll 

00 .i-1 

= L [ lP!FN = ii - JP( u u Bf,' FN =j I J 
J = I k=I yE/ Al/1,/11( L) 

nt J-1 

LIP{ u u Bf,,, Frv = j) 

m 

> lP[1$.FN$.m) Li(2N+l)" max max IP(Bf,,FN=i] 
J=I 1:9:<j JE/A(l).N(L} ' 

> JP[ 1 $. FN $. m) - m2 (2N + l)' max max max .IP[ Bf,, FN =i]. 
J~I 1!!,k<j yE/A(fl.N(L) 

(4.3) 

For any 'I E {O, 1} z•, ronsiclf'r K-;' tht> st>t of couplf'd sitrs at time t, defined as before 
by 

1.;-;, = LJ {C(t) U (~z\nr} = C'(t) U ({z'(tW. 
re,, 

Wt> ha\'e, for y E l.i(f).N(L). that thf' f'Vmt 

(Iq :J (-N+L.N-L]" n .7t") 

for somP: E [-N + L, N - L]" n 7.t", implit>s ( is a subset of) 

Choosr L = L(cl,>., t , f) E IN such that 3 z e [-N + L, N - LJ" n Z" with P = oo. 

FixP Oil(': with the smallest nonu. ThPU WP have fort < rr: ' k < j, y E h(f).N(L) 

ru1d N > L the followinl!; inequality 
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• 

(H116(N,d) 

(Ht)6(N,d) 

J r,/({z
4
(t)) dt I > ; or 

U(N,d) 

1 
I b(N,d) J r,f(ez"(t)) dt - JE.,(f) I > ; ' FN = j l . 

U(N,d) 

Trajectory hy trajectory on (FN = j), if k < j, y E h(f) ,N(L) and N > L, we have 

where IIJII = sup f(T/) , 
11cz• 

Defining the events 

er,., 1 = [ I b(N,d) 

DN,L = [ JtL!L k b(N,d) 

er = Cf'o 

(l:+l)b(N,d) 

j ryf({z"(t)) dt I 
k6(N,d) 

(Hl)6(N,d) 

J r,/({z"(t)) dt - JE.,<f) I > i] 
U(N,d) 

6(N,4) 

·1 l1r,._1,(ZKf ,T•=oo} dt > i l 
0 

• 

and a.'l P(Cf,.,) is independent of !/, we have 

Inequality ( 4.3 ) asserts that cou<lition ( ii ) is trne when co11<litio11 ( i ) is, and 

furthermore we can find a sequence {m(N,d), N ;?_ l} such that: 
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a) JP( 1 $ FN $ m(N,d)) -1 

b) m2(N,d) (2N + l)" ( maxJP(Cf] + max.lP(D~•L]) - 0 
k~I "~I 

when N-oo. 

Condition ( a ) may be written as 

JP( T{,: $ m(N,d) b(N,d)] - 1 when N - oo 

and using the Mountford's Theorem we can write it as 

m(N, d) b(N,d) 

JE!T{;'l 
-oo wheu N--+ oo. 

Using the notation 

1PL(b(N,d)) 

and including part ( i ) of the Theorem, all we have to do now is to find L € IN and two 
sequences such that, as N --too 

a ) rn(N,".]/!N,d) --+ OO 
El rNl 

b) m 2(N,d) (2N + 1)4 VJL(b(N,d) - 0 

c) ~-o. 
E(Tr:J 

If tJ,L(b(N,d)) ::5 fi~~J where C = C(t,f) is a positivP. constant, we have using 
Lemma ( 4.1 ) that 

m(N,d) 

b{_N,d) 

.lE(T{;J i 
= [ (2N + 1)2" ] 

= ( JE[T{;I )" (2N + l)f, 

are solutions of { a ), ( h ) and ( c ) above, concluding the pruof. We t.bWJ only have to 
show the next proposition. 

Proposition 4.4 If d ~ 1, >. > Ac( d), t > 0, and/ is &DY cylindrical function, then there 
a.re L = L(d,>.,t,/) > O, N = N(t,/) >Land C = C(,,f), such that 'PL(b(N,d)) $ 

fc~'.JI for all N ~ N. 
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Proof: First Wf" prove that there is a positivr ronstant C1 = C1(t, f) such that 

For k E IN, cousicler the random variablt's 

(li:+1)6 

x: = I~ j f(~z• (t))dt - JE.,(f) l-
u 

We have fork 2'. 1 and b(N,d) > oN, whert" n = o(d,..\) E 11,oo) is giwn liy Lt'lluua 
( 3.2 ) that 

211/11 
= b(N,d) 

(k+I )b(N.d) 

j n>(e'ui i:- Cit) iu ~(fl) tit 
ko(N,d) 

(lc+1)6(N,d) 

J ! IP(e• (t) ,j; ~q(t) 
{O,I }24 

H(N,d) 

Applying Lemma ( 3.2 ) it follows that thare art' c = ,·(d . ..\) E (O,oo) and C = 
C(d,.q e [l,oo) such that 

(Hll•(N.d) 

1EIX1:'(N,il)I :5 211/11 
b(N,d) 

j ClfNlt•xp{-d} dt 
H(N,d) 

< 211/IIClfNI {-J.· b(N I)} 
b(N, d)c t'Xp c '' 

2C' 11/11 If NI 
:5 b(N,d) 

for any k 2'. 1, where C' = ~-
Using the Markov inequality, we havf" that 

maxlP(CN) = 
l:~I I: 
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Th,• D~ .L t,•nns ,·an bt> controllc•d is an analo.e;om; way. For this, choose L = 
L(d, >... f, /) lar.e;r t'IIOUgh such t~at tlwre is ;: € [-N + L, N - LI" n z". with T' = 00. 

Fixe oue ;: with tht' smallest norm. 

Fork E IN. 1£'t 

It follows that 

• 
Yt,L = ~ j l1r,.._£1z«: . P=oo) dt • 

0 

6(N.d) 

/Ell,,._ I N.d).L' = 1 / IP(r rl- }"'' r· ) dt • l,(N.,l) N-L l'--- ~, , • = 00 

0 

b(N,d) 

= 1,(1\~.d) I JP( l) {.r ~ Iq. r: = oo}) dt. 
11 

rEI ,., _,_ 

The translation invariance property of tilt' eoutact proet>ss implies that 

6(N,d) 

.lE[Y:iN.d),LI = b(;.d) I JP( u {.r~Kr,To=oo})dt . 
o xEz+r N -L 

So Wt> havr, for some constant a E (0, oo) givt>n, that 

{ x ;. l(r . ri = oo n dt 

6(N,rl) 

1 
+ b(N,d) J IP( LJ { .r f. K~ , T° = oo}) dt . 

Using ( 3.3 ) then• are a E (0. oo ), c E (0, oo ). and CE (0, oo ), such that 

b(N.rl) I C l ' XJI { -i' t} <it 
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wherP C' = max{! , ~ }. 

It follows that 

maxIP(DN,l) = 
A:~l k 

C' 'U/U whereC2(t,f) = • 

Putting C = max{ C1 , C1 } the rt•sult follows . • 
5. Subcritical Case 

We prove now that the Theorem of ?llountforcl is foist• to ). < Ar( d). 

Tr"' Theorem 5.1 Let d ~ 1 ancl). < Ar(d). For aIJy se<i11e1Jc:e bN : N ~ l}. ~;: doe:; uot 
converge to an exponential random variable. 

Proof: Our method is essentially that employed for Tht-orem 6 of Schonmaim ( 3 J. 

We show that IP(T{; :5 tlnN") - 0 as .V ---, oo if t < 1. and that tlwn· t'xist 
K = K(>.) > 1 such that IP(T{; :5 tluN") - 1 as N ___, oo if t > K. 

The first part follows from the fart that T{"' ~ Sr,. = lll11:JCUj, when• llf is tlu· 
N ~El N 

instant of the first occurence of the Poisson process with ratt> one defined in .r E ll". So 

IP(T{; :5 tlnN") :5 JP(Sr,. :5 tlu.V") 

= [1 -t>xp{-tl11N"}]<1
N+ll• 

=[l- 1 (2.'V+l)'
1

j(1N+11• -o 
(2N + 1 )" .Y 1

" 

as N - oo if t < 1. 

To prove the second part we use re~mlt ( 1.13 ) in Bezuideuhout and Grimmett [ 12 J 
d 

1991 ). It defines the distance function 6((.x,t),(y,s}) = It - sl + I: l.r, - Y,I for 
•=I 

(.:r,t),(y,s) E z" x JR. For r > 0 the ball S(r) = { ir E 7.l" x IR : b(O. ir) :5 r l 

15 



nud its stufaee DS(r) = { 11' E .7l4 x IR: 6(0, 11') = r } is also defined. Considering those 
definitions it is then proved that for ,\ < ,\,(ti) there exists 1/J = 1/J(,\) > 0 such that 

.IP{ 0 ..... DS(r) } :S f'Xp {-r it,{,\)} for all r, 

where A -+ B means that there exist a E A aud b e B such that a and b are in the same 
l'onnccted component of a ( random ) graph lying entirely within JR.'+ 1• See Section 2.1 
of I 12 J for drtails which include the topoloJ!;Y m;t>d and the definition for an event hf' 
detem1ined by the confi,;uration inside a region of JR"+ 1 • 

Fort > K = max{ 1, (tJ,(.\)J- 1 } we have that 

as N - oo. 

JP{ Tf: > tdlnN } :S JP{ Tr,. > tdluN } 

:S JP{ Tr,. > KdluN } 

:S JP{ !r"(/{dlnN) # 0 } 

:s lfNI sup JP{ e(KdlnN) 1' e } 
.rer,. 

= lfNllP{ ! 0 (KdluN) -:fi 0 } 

:S lfNIJP{ 0-+ 8S(KdluN) } 

:S lfNI exp {-(KdluN)ip(,\)} 

lfNI 
= NI<'•("-> --+ 0 

• 
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