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CIRCLE LEAVES OF TWO DIMENSIONAL
FOLIATIONS

J. L. ARRAUT

To G. Reed, in memory

ABSTRACT. We define a concept of holonomy for a circle leaf of a
smooth d-dimensional foliation of an m-manifold M, 1 < d < m,
which coincides with the Poincaré map when d = 1. Then, we use
it to prove a theorem on the C(I:1) structural stability of a two
dimensional foliation, defined by a smooth integrable (m-2)-form,
in the neighborhood of a circle leaf. The C{"") topology measures
the C" proximity between two forms and also between their exterior
derivatives.

1. INTRODUCTION

We shall consider foliations in the sense of P. Molino [9]: a C'-
foliation F, r > 1, is a partition of an m-manifold M in connected
immersed C" submanifolds, called leaves, such that the module X7 (F)
of the C” vector fields of M tangent to the leaves is transitive, i.e., given
v € Tp(L), where L is any leaf, there exists X € X"(F) such that
Xp = v. There may be leaves of different dimensions, the dimension
d of the foliation is the greatest of these numbers, and ¢ = m — d
its codimension. If dim L < d, then L is called a singular leaf and
sing(F) = {p € L | L is singular} the singular set of F. A leaf of
dimension d is called a regular leaf and the subset reg(F) of points of
M which belong to regular leaves is open. A foliation with only regular
leaves is called a regular foliation. The main results in this paper refer
to foliations originated from integrable C*® forms.

Here we present a concept of holonomy for a circle leaf of a smooth
d-foliation F of an m-manifold M, 1 < d < m, which coincides with
the Poincaré map when d = 1. Then, we use it to prove a theorem on
the CUV) local structural stability of a 2-foliation, defined by a smooth
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integrable (m — 2)-form, in the neighborhood of one such leaf The
Cm) topology measures the C proximity between two forms and also
between their exterior derivatives. A circle leaf L € F is given by an
embedding v : S' — M with y(S?) = L. Fix a pair (L,p) with p €
L and a cross section to F at p € M, i.e., a smooth embedding

: D™ — ¥ C M, transversal to F, Wlth o(0) = p, where D"
denotes the open umt disk in R". If U is a disk neighborhood of
p in ¥, we denote by F NU the (d — 1)-foliation of U obtained
by intersecting leaves of F with & and by % the space of leaves
of this foliation with the quotient topology. The space = Y is in general
topologically complicated, but it contains the subspace 2, where U, =
U\sing(F NU), which in many cases admits a natura.l structure of a
(m — d)-dimensional smooth manifold which may not be Hausdorff. We
shall only consider situations in which UT is a smooth manifold.

Denote by Difff(M,F), r > 1, the set of C'-diffeomorphisms f :
U — M, with f(p) = p, which take leaves of F NU into leaves of F,
where U is an open disk of M containing p, and by Diff"(M,F) if
Uu=M»M.

Now, assume that G is a smooth foliation of D™ having {0} as the
unique 0- d1mens1onal leaf. Each f € Difff(D",G) induces a continuous
D" A Dy

map f : 4 — 7 which restricts to a C"-map from % into -,

also denoted by f.Two elements f : U — D" and g:V — D" of
Diffj (D", G) are said to be equivalent f ~ g if there exists a disk
neighborhood W of p in D™ and a continuous path f; ,0 <t < 1,
in Diff] (D",g) each [t defined on W, such that fo = f, f1 = = g,

and f, : ﬁ g does not depend on t. The equivalence class f 1S
called the class of f, and we shall denote by G"(G) the group of these

classes with the multiplication f 0g= f og.

The holonomy of a circle leaf L, defined at the end of section 2, is
a homomorphism H : 71(L,p) = Z — G*°(¢*F), and the subgroup
Hol(L,p) = H(m1(L,p)) of G*®(c*F) is called the holonomy group of
L at p. If we use another point ¢ € L, then Hol(L,q) is isomorphic
to Hol(L,p) . Now assume that F is a two dimensional foliation of a
m-manifold defined by a smooth integrable (m — 2)-form w and L a
circle leaf of 7. If p € L, then there exists a cross section ¢ : D™ ! —
Y. C M to F, with o(0) = p, such that ¢*F is parametrized by a
vector field X with a singularity at the origin and the generator of
Hol(L,p) is the class of an element f € Difff(D", X), i.e., a local
diffeomorphism of D™~! that takes orbits of X in its domain into
orbits of X in D™ !. Thus the holonomy is determined by the pair
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(f,X). In section 3 we define a concept of hyperbolicity for a pair
and prove theorems 3.5 and 3.6 that characterize the hyperbolicity of
a pair (f,X) in terms of the structurally stability of the leaf map f.
In section 4 we prove Theorem 4.5. on the C(") structural stability of
a circle leaf L which is the main result of this paper.

It is possible to define a concept of holonomy for a leaf of any smooth
foliation, which may be singular or not, and this concept coincides with
the usual one on regular leaves, but we shall do it elsewhere. There are
several papers that study a foliation, defined by an integrable form, in
the neighborhood of a singular leaf. The first result on the C! structural
stability of a foliation defined by a 1-form in the neighborhood of an
isolated singular point is due to Reeb [11]. He considered the case of
a central point. Medeiros in [8] extended it to the other posible cases.
Lins in [6] considers foliations of R® defined by C? 1-forms whose 1-jet
is null in the neighborhood of an isolated singular point. He proves
the C? local structural stability at the singular points that satisfy a
certain ¢ hyperbolicity condition ’. In the references we also include
other papers with related results.

2. THE HOLONOMY OF A CIRCLE LEAF

In this section we define a notion of holonomy for an S'-leaf of a
foliation. We start by proving some lemmas. Helpful references here
are [4] and [10]. Let

Cm"={zeR™||z;| <1} and C™"!'={ze€C™ z;=0,1<i< [}

Lemma 2.1. (foliation-boz) Let F be a codimension c smooth foli-
ation of M, L a leaf of dimension | and p € L. There exists a
codimension ¢ smooth foliation G, of C™ ' with {0} as a singu-
lar leaf, a neighborhood V' of p in M and a smooth diffeomorphism
x : V. — C™ which takes the leaves of FNV onto the leaves of the
foliation (—1,1)! x G, of C™.

Proof. Take a non-zero vector v; € T,(L) and let X; € X*°(F) be an
extension of v;. By the flow-box theorem, there exists a neighborhood
Vo of p and a smooth diffeomorphism hg : Vg — C™ with he(p) = 0
such that hg takes the orbits of X; onto the orbits of aiml. Call F;
the image foliation of F NV, under hg. Since -5—2—1 is tangent to
F1, it follows that F; is transversal to the foliation of C™ whose
leaves are {z; = a, —1 <a < 1}. Let G; = Fy N C™ !, then F;, =
(=1,1)x G, and cod(Gy) =c.If [ =1, make V = Vj, x = ho and the
proof is complete but, if { > 1, then take a non-zero vector vy € To(Lo),
where Ly is the leaf of G; by the point 0 € C™ 1 andlet X, € X*°(G))
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FIGURE 1

be an extension of vs. Again, by the flow-box theorem, there exists a
nbhd V; of 0 in C™! and a smooth diffeomorphism ¢; : Vi — C™ 1,
with ¢1(0) = 0, such that g; takes the orbits of X, in V; onto the
orbits of 6—22 in C™~!, Call Fj, the foliation of C™ ! which is the
image of G; NV} under g; and put F = (—1,1) X Fio. Notice that
F3 is the image of (—1,1) X G; under the diffeomorphism

hy=idx g :(-1,1) x V; = (-1,1) x C™1 = C™

Now, since 6%2 is tangent to Fs, it follows that Fj, is transversal

to the foliation of C™~! whose leaves are {z; =0,z =a, -1 <a <
1}. Let Gy = F1oNC™ 2, it is clear that Fjy = (—1,1) X G5 and thus
Fy=(-1,1)2xG, withcod(Gy) = c. If I = 2, make V = (hiohg)~1C™
and x = h; o hy and the lemma is proved. If | > 2, we continue the
process until we arrive to a foliation F; = (—1,1)! x G; of C™, where
Gi is a smooth cod. ¢ foliation of C™! whose leaf through 0 reduces
to a point. Figure 1 shows an example of a foliation box with m = 3,
l=1and c=1.1

Definition 2.1. A map x: U — C™, as in lemma 2.1, will be called
a chart of F at p € L or simply, a chart of F at L.

Plaques and cross sections. If x: V — C™ is a chart of F at
p € L, the smooth sub-manifolds of V' of the form x~!((—1,1)!x{z}),
with z € C™~!, define an [-dimensional smooth regular foliation of V'
that we denote by P. The leaves of P are called plaques and each
plaque is contained in a leaf of the foliation F N V. Notice that if F is
a regular foliation or if L is a regular leaf and V' is small enough, then
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P=FNV.Let 0: D™"— M be asmooth embedding, with ¢(0) €
L, which is transversal to F. The map o and also the submanifold
Y =0(D™") are called a cross section to F at o(0) € L. A natural
way to obtain cross sections is by restricting x~! to disks contained in
C™!. Since we are dealing with local sections we may always assume
that o itself is transversal to P. The saturated PL of ¥ by the
foliation P is an open subset of V' and there is a smooth projection
II : P — ¥ defined by II(qg) = P,NE , where P, is the plaque
through g¢. Since ¢ is transversal to F, it follows that FNY is a
cod. ¢ foliation of ¥, and it is clear that II sends leaves of F N PX
mto leaves of F N X. When I is contained in the intersection of the
domains of two charts (x;,V;), 7 = 0,1, both IIy and II; are defined
on PoX NP L, but, in general, they are different. If L is a regular
leaf, then IIy = II;.

A map 7 : [a,b] — M is called an arc of flow if there is a vector
field X € X°°(M) such that y(t) = X'(p), a <t < b, where p is a
non-singular point of X . Notice that we can also parametrize v[a, b]
by y(a+s) = X*(y(a)) with 0 < s <b—a.If v is an arc of fow,
then for every t € [a,b] we have v/(t) = X(y(t)) # 0, i.e., v is an
immersion and also X is an extension of /. A smooth parametrization
v: 8" — L of a circle leaf can be regarded as a smooth periodic map
v :R —L of period one.

Lemma 2.2. Let L be a circle leaf of a smooth d-foliation F. Then,
there exists Y € X°°(F) such that L is a periodic orbit of Y .

Proof. Let y: S' — L be a smooth parametrization. For each s € S!,
by lemma 2.1, there is a chart x,: U; — C™ of F at v(s) such that
LNUs; = v(I), for some open interval I, 5 s. We can assume that
the vector fields v and (x! l(~1,1)x{0})" define the same orientation
on y(L). Let V, = x7'(=%,2)™, W, = x;1(-1, 1™, J, = v~ 1(W,)
and let A\, : M — RT be a C®-function such that As(p) =1 ifpe W,
and N\, (p) =0if pe M -V,.

The family {J;}scs1 is an open covering of S!, thus there is a finite
subcovering {J; = J;}iy. We can assume w.lo.g. that the finite
covering is a closed chain i.e., no interval J; is contained in the union
of two other intervals of the collection. For each 0 < i < n put U; =
Ui, Vi=V,,, Wy =W, , x; = x5, A\ = ), and define X; =
i (Xz‘_l)*(a_il) . It is not difficult to verify that Y = Xy + ... + X,, has
L as a periodic orbit with the orientation induced by + g

Fix a circle leaf L € F and a parametrization v : R — L which is
an arc of flow for some X € X*°(F). Let ¢ : D™ ! — ¥ be a smooth
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cross section to F at p = y(0) and Px : 0(id) — ¥ the Poincaré
transformation of L With respect to X , where U is a disk nbhd of 0
in D™ ' Let yvx =0 loPxoo:U — D™ and G =0*F. Since
X is tangent to F, it is clear that Py takes leaves of F N (i) into
leaves of F N X or equivalently that v, takes leaves of G N into
leaves of G, ie., vx €Diff°(D™1,G). The maps Px and 7y are
called holonomy maps associated to . The equivalence class A% is
called the holonomy class associated to the generator [y] € my(L,p).

Define I : mi(L,p) — G*=(G) by H([y]") = (7x)" and Hol(L,p)
as the subgroup of G*°(G) generated by 7x . To see that 75 does not
depend on X, take another extension Y € X°(F) of +/ and define
Xe=(1-t)X +tY. It is clear that vy ~ 7y .

3. ORBIT PRESERVING DIFFEOMORPHISMS

Let X(z) = (a1(x),...,an(z)) be a smooth vector field defined on a
neighborhood of 0 € R" where a;(z) = X}_ja;;2;4+Qi(z),1<i<n,

with a;; = g;‘; (0) and limg_q ?Iz(ilv) = 0. If we write points of R" as

column vectors, then X (z) = Az + Q(z) , with 4 = [a;;]. The set of
eigenvalues {1, llg, ..., 4} of A are said to be non-resonant if

B # Zl' =115 * K
for all 1 < ¢ < I and for all non-negative integers my, ....,m; with

El —1m; 2 2. X is said to be non-resonant at 0 if the set of elgenvalues
of A are non-resonant.

Definition 3.1. We say that 0 is a singularity of type (s,u) or that
X is of type(s,u) at 0 if the eigenvalues of A are all real, satisfy

Oy LWy e <O KOG € Br < € B,

with s+u=mn for some 0 < s <n, and there is at least one eigenvalue
K such that —p is not an eigenvalue.

Assume now that X is linear and of type (s,u) at 0. Let FE;,
1<i<s,and Fj, 1< i< u, be the eigenspaces associated to a; and
B;, respectively. Put E=FE,®..®FE, and F=F, & ... ® F, , then
R"=FEgF. DeﬁneE—E'zHéB . D E, f010<z<s—1 and
FF=F,0.0F for0<i<u-—1.

The manifolds S?~! . Fix a basis of R" by choosing a vector e;

(u,v)
—_
in each FE; and a vector f; in each F; and define an inner product
on R™ by imposing that this basis be orthonormal. In this eigen-
basis a point of R" has coordinates (z,y) = (T1,...., Zs, Y1, orrr Yu) -
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FIGURE 2

The orbit o(ac, y) of X through (z,y) is parametrized by X*(z,y) =
(eMtzy, ..., e%t gy, ePrtyy, ..., ePuly,) , and we denote by Fyx the folia-
tion of R" given by the orblts of X. Put Dj = {(z,0) | |z|] < 6},
Syt =0Dg , D¢ = {(0,y) | |y| < 6}, S¥? BD};‘, and consider the
(n—1)- mamfold S"s’u obtained from SS 'x FUE x S*7! by identi-
fying a point (z,y) € S:™' x F, y # 0, with the point of intersection
of o(z,y) and E x Sy~ '. The dlﬁ'elentlable structure on S 1) is such
that S;~' and S%! are submanifolds and S"" )\ S5~ = (S?S"u)\Ss_)

is diffeomorphic to S;™! x F (E x S*™!). The p051t1ve number § will
be chosen according to convenience.

Lemma 3.1. Let X be a linear vector field of R™ of type(s u) at 0
and U a disk neighborhood of the origin. Then, the space —'\ of non-
singular orbits of X in U is diffeomorphic to S(s - and the following

properties are satisfied:
1) S?J kl) 18 diffeomorphic to S& 11) and S?o T} 18 diffeomorphic to the
sphere S™~1
2)If 0 < s < n, then any two points (x,0) , (0,y) of S?sul) are
inseparable i.e., any neighborhood of (z,0) intersects any neighborhood
of (0,y), in particular S?;J) s non-Hausdorff; however every point is

closed.

The manifolds K. When 0 < s < n, welet S*' Cc B (S*! C
F) denote any small sphere S5=' (S%~') contained in a given disk
neighborhood & of 0. This lack of precision is not serious because
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after making a choice, we keep it all the way through. Take £ > 0 so
small that the fence S°~! x D¥ be contained in &/ and define

1 8§51 x (D¥)y — E x S*1

by ¥(z,y) = o(z,y) N E x S*~!. Denote by K.= K.(X) the topolog-

ical subspace of ;_f; or of S?sjul) defined by the orbits of X through

the points of (S*~! X D¥) U S*~!. This space is in fact a compact
non-Hausdorff (n — 1)-manifold whose boundary 0K, is diffeomor-
phic to S%7! x S*~1. Notice that each orbit in K. intersects the set
(5°7' x D¥) U S*! in a unique point. Thus, one can transfer the
differentiable structure of K. to this set and in this form render con-
crete a manifold whose points are orbits. This differentiable mani-
fold will also be denoted by K.. The fences F¢ = §*~! x D¥ and
F* = ¢(5°! x (D¥),) US*! are compact Hausdorff submanifolds of
K. . Figure 2 illustrates the definition of K, C 8%2,1)

We consider pairs ( f, X ) where X is linear of type(s,u) at 0 and
J €Diffj(R", X), ie., f: U — R" is a C'-diffeomorphism, r > 1, of
U into R™ fixing the origin and taking orbits of X |;; into orbits of X .
Each f induces a leaf map f : e ][_3):; . Our objective in this section
is to find out under which conditions f is structurally stable. It is
proven in Proposition 1.1 of [3] that DX (0)oDf(0) = 1+ Df(0)oDX(0),
with A € {—1,1}. Let 4 be an eigenvalue of DX (0) such that —p is
not an eigenvalue and u’ an eigenvector associated to it, then

DX(0) e Df(0) (W) = 3 Df(0) o DX(0) (W) = 4 Df(0) ()

Le., & is an eigenvalue of DX (0), and therefore A\ = 1. This means
that Df(0) commutes with DX (0) and also that f preserves the
orientation of the orbits. Therefore Df(0)E; = E;, for 1 < i < s,

and Df(0) F; = F;, for 1 <1i < u, or in other words
f(z,y) = (@121 + Ry, ..., @55 + Ry, b1ys + S, .oy by + S,)

for some non-zero real numbers a4, ..., a,, b, ..., b, , with
. L . S _
Him(e.4)~(0.0) [y = 1M o.0)~ 0.0 oy = 0-

Notice that D f(0) is a diffeomorphism of R™ which takes orbits
of X onto orbits of X and in particular Df(0) € Difff(R", X). For
each 1 < i < s denote by z¥ the point of £ whose only non-zero
coordinate is its i-coordinate which is £1 , and for each 1 <i <u by
y; the point of F whose only non-zero coordinate is its i-coordinate
which is 1. It is clear that either o(z;") and o(z;) are fixed points

phliei o R i

of Df(0) or of Df?(0). The same statement is true for o(y;") and
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o(y;). In the next lemma and whenever convenient, we shall write
Toti y Qoti, Asti and R,y instead of y; , B; , b; and S;, respectively,
foreach 1 <i<u.
Put T, = {x € R" | z; = ¢;} and let 7: T,, — R™ ! be given by
L vy L1y Cy it Ly B ) = (B onmy Bt By ven ) » Decfinie
Y, {z €R"|z;-¢; >0} — R*!

by ¢, (z) = w(o(z) N T,,). Then
Ci 21

(3.1) o, (z) = ((x—)wl,...,(_');—ixi_l,(x_f)“;i xiﬂ’_“,(%)%’:xn)

1 Z; A 7

The map ¢, induces a chart c; : Vf: C J-q_x — R"1 given by
ci(o(z)) =, (z) , where V;* (V;7) is a neighborhood of o(z;) (o(z;))

if ¢; >0(c; <0), and ¢;(o(zF)) = 0. We call (c;, V) a canonical
chart of ][_.]\ at o(zf) (o(x}))

Lemma 3.2. Let (f,X) be a pair where X is a linear vector field of
R", n> 2, of type(s,u) at 0 and f € Difff(R",X) withr > 1. Let

f gf be its leaf map. Assume that for some 1 < i < n the

orbzts o( 1) and o(z]) are fized points of f. Then, in any canonical
chart (¢, VE) if 1<j<nand j#i

32) Do) A = Di(e(or)) i = ayfa™ 2
' : ij N ' B.Ij e 8a:j
If instead of fized points they are periodic of period two, then

(3.3) D?‘*(o(m;r))a% = 1)72(0(.vc;))i = a?/a;” aij

Proof. Assume that o(z;") and o(x]) are fixed points of f , OT equiv-
alently that a; > 0. We Wlll compute now D f (o(z;")) and Df(o(z7))-

The leaf map in a canonical chart is c;o foc; ™! (fl, s ficts Fivtrooon fn) s
and given by

C; 070 C'_l(-Tla ooy L 1,517i+1,~ Ty) = 1/)ci 0 f(Z1, ey Tic1, Ciy Tig, Ty
P P o _Sis1
2((—) a’fla-'w( :) al fi—l,(f—:) o fi+1,... ( 1) 0‘1 fn)
Now we compute all partial derivatives % , where j, k€ {1,...,1—
1,4+ 1,..,n}. Assume, for example, that k < 7, then

s
E.-L £i(0,...Tky. . Ciye..,0)
1

of
5 (0) =
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But af - (0) does not depend on ¢;. In fact, let.d; be a real number

with ¢; - d > 0 and (dl,V ) the corresponding chart. Compute the
Jacobian matrix of d; o f o d;! in two ways using each side of the
equality

d;ofod;? = (¢;od; )_ ociofoci_lo(ciodi_l)

and compare the results. Therefore, letting ¢; — 0 one obtains

.

af 7 —3'7..‘ j Ty
gt (0) = (§£(0)) 7% 52:(0) = a; “a 6,1

This proves 3.2. The other case is analogous

Remark 3.1. If (f,X) is a pair satisfying the hypothesis of Lemma
3.2, then (Df(0),X) is also a pair with that property. The map
Df(0) : K. — 8 ul) leaves invariant the submanifold S~ (Sv~1)
and for each 1 <i <s (1 <i<w) it is always true that o(z]) and
o(z7) (o(y") and o(y;)) are either fized or periodic points of period
two. Since the conclusions of the lemma depend only on the first jet of
X and f at 0, they are also valid for Df(O), ., if they are fized

points, then in any canonical chart (c;, V;¥)

a

2 Pi

DDJ(0)(o(s; ))(%)—aa/az o DDAO)(e())(; )—b/az o

Bj

DDf(0)(o(y:"))(55;) = aa/bz 35 DDI(O)(o))(m) = b /b7 o
There are also the corresponding formulas if the points are pertodic.

The next theorem, which is a particular case of theorem 2 in [3], will
be very useful in this section.

Theorem 3.3. (Camacho-Lins)- Let (f,X) be a pair where X is a
linear vector field of R™, n > 2, non-resonant at 0 and of type (n, 0)
r (0,n), and f € Diffj(R", X) with r > %Ilkl Then cyof ocy! :

R"! — R"! s g linear map.

Lemma 3.4. Let (f,X) be a pair where X is a linear vector field of
R™, n > 2, non-resonant at 0 and of type (s,u) , and f € Diffj( R, X)

%; }. Then

1) f |se-1=Df(0) |ss-+ and f|su-1=Df(0) |su-1,
2) Df(z,0) = DDf(0)(x,0) and Df(0,y) = DDf(0)(0,y).
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Proof. Tt follows from the commutativity of Df(0) with DX (0)
that Df(0)E; = E; and Df(0)F; = F;, in particular Df(0O)E = E
and Df(0)F = F. Since E (F) is the stable (unstable) manifold of
X at 0 and f preserves the orientation of the orbits, it follows from
the continuity of f at 0 that f(ENU)C E (f(FﬂU) C F). Thus,
the submanifolds S*~! and S$*~! of K. C S~ su) are left invariant

under both Df(0) and f. One knows that Df(0 JE' = E' and it
can be verified that the orbit o(p) of any p € E\E' enters the origin
with a tangent vector parallel to F; when t — co. Therefore f (E'n
U) has to be contained in E'. Denote by (fgz1,X E1) the restriction
of the pair (f,X) to E' and notice that Xz is non-resonant at
0, of type(s — 1,0), with eigenvalues {a, ....,a;}, and that fm €
Dif f1(D*-1, Fx._,), with r > )g— > g—] . Let fgr, Dfai(0) : §°2 —
S§°=2  with S°72 = $*"' N E', be the leaf maps of fg: and Dfp .
By the induction hypothesis fgi = D fm (0). This implies that either
fo(zF) = o(z%) or fo(zf) = o(z), for each 2<i < s.

Now, assume that a; > 0, then f transforms {z | z; > 0}NU into
{z |z >0}, o0r eqmvalently, f leaves invariant V* = {o(z) | ; > 0}
and also V™ = {o(z) | z; < 0}. If a; < 0, one would work with f2
instead of f. By Theorem 3.3 clofoc1 and c on( Jocy! are linear
and in particular fo (xl ) = o(z7), and by Lemma 3.2 they are given,
in the base {ey,...., €}, by the same matrix

3

. 32 [=3
diag(az/as?, ....,as/as) .

Thus, f |y«= Df(0) |y= . Finally, since S*~! = V- U S§5-2 U Vt,
we conclude that f |ga-1= Df (0) |gs-1. This proves the first part
of 1). Notice that either fo(z;") = o(z¥) or fo(zF) = o(aF), for
each 1 <7 < 5. The second part is analogous. We can prove 4) by
elementary computations g

A triangulation of S"~! invariant under [ . Let (f, X) be a pair as
in lemma 3.4 with s = n. Choose a small sphere St cU c D" such
that S?~! renders concrete both u; :§nl— gt

by g(x) = o(z) N ST~ The leaf map, aftel conjugatlon by g, becomes
a diffeomorphism of S"~! that we keep denoting by f It follows from
Lemma 3.4 that f(zF) = 2F if a; > 0 and that fzf) =xF if a; < 0.
Let A,_; be the tuangulatlon of S"~! defined 1nduct1\/ely by:

Ao is the triangulation of S° = E"'NS"~! with vertices {z;,z}.
Assuming defined A;_; of S*! = E" N 5" ! with 1 < i, define
the triangulation A; of S* = E"=1nSn-1 by A, =susp(A;_; ) The
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vertices of A; are {z;_;,z,_,,..., 7} z7}. The k-simplexes, 1 k<4
are those of A;_; plus the ones deﬁned in the following way: for every
sequence n — 1 < j; < .... < Jx < n consider the (')2“1 (k 4+ 1)-

tuples obtained from (z_,, T, .-, T; ) by changing the superscripts
in all possible ways. Each of these tuples determines a k-simplex of
A;, for example [z} i1 Zjs -, T, | is the set

{CL' S (En—z &) Ejl D o B Ejk) nset | Tp1 2 0, 2y < U sunny By, % 0}

The triangulation A,_; has the property that its restriction to S*
coincides with A;, and it is a consequence of Lemma 3.4 that fA; =
Df(0)A; = A; for each 0 < i < n—1. Notice that star(z,;_;, A;) , the
Stal of the vertex z,_; 1n A;, is the hemisphere of S* which contains

T,_;, thus S* =star(z}_;, A;) U S 1Ustar(z;_;, A;).

Definition 3.2. Let (f,X) be a pair where X is a smooth vector
field of R", n > 2,0 is a singularity of type(s,u) with s+u = n,
and f € Diffs°(R", X). Let {oy, ..., o, B4, ..., B,} be the eigenvalues of
DX(0), {a1,...,as,b1,...,b,} the corresponding eigenvalues of Df(0).
If
ap . N
1) lax| /aj|® #1 forall 1 < j <k <s and |by|/|bj|% #1 for
each 1<j<k<u,
ﬁ.
2) 1bsl /lasl = < minigrgo, ipiflas] /o
and 1 <i<s, and
& Br
3) ]ai|/|bj|"a‘ < mlnlSkSu,k#J{Ibkl/lbjlﬁJ} fOT' each ZS 7 SS and
1<j<u,
then (f,X) is called a hyperbolic pair at 0.

Ef}, for each 1 < j < u

Let (f,X) be a hyperbolic pair at 0 with X of type (s,u). Fix a
compact disk D C R™ such that sing(X) N D = {0}. Consider pairs
(9,Y), where Y is a smooth vector field on a neighborhood of D and
g 1s an element of Diff§°(R",Y) whose domain of definition contains
a closed disk D_Z}C D. Use D to measure the Cl-proximity between
Y and X and ﬁ the C!'-proximity between g and f. There exists
>0 and ¢ > 0 such that d;(Y,;X) < ¢ and di(g, f) < ¢ implies
that Y has a unique singularity y € D with type (g, u) and the pair
(9,Y) is hyperbolic at y. Since each of the properties in the definition
of a hyperbolic pair are open, it follows that there exists § > 0 such
that: if d((g,Y), (f,X)) <6, then (g,Y) is also a hyperbolic pair at
0 of the same type as (f,X).
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Theorem 3.5. Let (f,X) be pair where X is a linear vector field
of R",n > 2, non-resonant at 0 and of type(n,0) or type(0,n). The
following statements are equivalent:

1) (f,X) is hyperbolic at 0.

2) ( ) = {o(zT),0(z7),.....,0(z}), 0(z;)} is the non-wandering
set of f, and for each 1 < i < n there exists a point p € Q(f) such

that either Df(p) or Df (p) is (i —1,n —i)-hyperbolic.
8) The leaf map f: S*~! — S"~1 is a Morse-Smale diffeomorphism.

Proof. Assume that X is of type (n, 0) and that f satisfies 3), then
every fixed and every penodlc point of f must be hyperbolic. Since, by
Lemma 3.4, every o(z}) is fixed or periodic, one obtains from Lemma
3.2 that condition 1) is satisfied.

The proof that 1) implies 2) is by induction on n. Assume that X
is of type (2, 0) and decompose JL—'(_Y =St as V" U{o(z]),o(z5) UV,
where Vi = {o(z) | z1 <0} and V{ = {o(z) | z; > 0}. Let (c1, V1)
be a canonical chart and assume a; > 0. It follows from theorem 3.3
that cjofocy! : R — R is a linear map and therefore o(z}) and o(z7)

are fixed points of f. From lemma 3.2 and the inequality |as| lay |Z§
ay

one obtains that c;of ocy'(zy) = ag/aj’ -y is either a contraction
or an expansion, which in turn implies that o(z{) and o(z]) are the
only non-wandering points of f in Vi~ U Vi*. We know that o(z})
and o(z;) are fixed points of f if a; > 0 and periodic if ay < 0.

Thus
Q(f) = {o(a]), o(a7), 0(x5 ), 0(z7)} .

o

Again, from lemma 3.2 Df(o(zf) = ai/as? and it is clear that
2 !

ay
am/ai < 0(> 0) & arfaz® > 0(< 0) ie., Df(o(zF) is (1,0)-
hyperbolic if and only if Df(o(z¥) is (0, 1)- hyperbohc and vice versa.
The cases a; <0 and as >0 and a; <0 and ay < 0 are analogous.

Ne*(t assume that X is of type(n,0) with n > 2 and decompose
}-Y = S"1 as V7 US™2UV;". We consider the case a; > 0 for
1 <7 < n in which every point in

{O(l'l )’O(l';)? """ ,O(;L‘I),U(.’L‘;)}

is a fixed point of f. One knows from lemma 3.4 that f(E'NU) C E*.
Denote by (fg1,Xg1) the restriction of the pair (f, X) to E', and
notice that Xz is linear, non-resonant at 0, of type (n — 1,0) with

cigenvalues {as,...,an}, and f € Diff(D™!, Xpm) with r > ‘ﬁn’ >

aq
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on

az
o

of course |ax|/]a;|® # 1 forall 2 < j < k < n. By the induction

hypothesis

- Notice also that the eigenvalues of D fz1(0). are {as,...,a,} and

Q(f 1) = {o(z5), 0(z3), ... 0(2}), 0(27) }

and one can suppose, permuting the subscripts if necessary, that Dfgi(z)
is (i —2,n —14)-hyperbolic for 2 <i < n. The decomposition S™! =
VU S"™? UVt is invariant under f. Let (cy, Vi) be a canonical
chart. By theorem 3.3 cjof o cy!: R*! — R"! is linear and from
condition /) one obtains that it is hyperbolic. Therefore o(z7) (o(z7))
is the only non-wandering point of f in Vi~ (V;*). This implies that
Qf) = {o(z]), (1), ..rr, 0(a7), 0o(25) }

In order to prove the second part of 2), we construct a n x n-matrix
B = [b;;] which contains the information on DJ at all points of Q(f).
Define

=7

bijzaj/ai“i if ’1,75] and bu=0

Since we assumed that each a; > 0, then bij > 0 if 7 # j . It follows
from the hypothesis that each b;; # 1 and also that b; < 1(> 1) if
and only if bj; > 1(< 1) . Recall that Df(o(xii))g% = b,-j%, which
says that % is tangent to the stable (unstable) manifold of f at
o(zF) if and only if bij <1 (>1). Call C the matrix obtained from
B by deleting the first line and the first column. The assumption that
D fpi(o(zF)) is (i —2,n—1i)-hyperbolic translates into: every element
of C' below the main diagonal is less than 1 and above is greater
than 1. A simple manipulation with inequalities gives the following

sequence of implications:

An_1 a2 2n-2
an—1/an"" <1= apn_g/a,"" < Un—2/a,"7" <1=> ...
ag 22 &2
= ag/ar" < agfa < ...<agfag® < 1=
o, — o
(3.4) ar/ar™ < ay/a,"t < ... <a/as?

Notice that the terms which appear in 3.4 are precisely those of B!,
the first column of B. Now we shall show that, after a permutation
of subscripts, for each 1 <i < n the linear transformation Df(o(zF))
is (i —1,n —i)-hyperbolic. This amounts to say that every element of
B below the diagonal is less than 1. There are two cases:

If for every 2 < j <n the term b;; > 1, then use the permutation
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= i .
<

If not, there is a minimum 2 j n such that bj; < 1 and it
follows from 3.4 that also by <1 if j k < n. In this case, use the
permutation

] 2 ... Uo=1) jJo .. . n
(jo—].) 1 . .. (j0_2) j() « w o« I

To prove that 2) implies 3) one has to show that for any two points
p,q € Q(f) the unstable manifold W*(p) (stable manifold W*(p)) is
transversal to the stable manifold W*(q) (unstable manifold W¥(q)).
We assume, after a permutation of subscripts, that for each 1 <i<n
the linear map D?( (zF)) is (i — 1,n — 4)- hyperbohc This means
that dimW*(o(2F)) =n — i and that dmW*(o(zF)) =i — 1. With
the identification of both U; and D\, with S"~1, we have in fact that
W (zf) =star(zf, A;) and that W(zF) is equal to W '”(a:f,_f_l) , the
unstable manifold of 2 with respect to ?_1 . The transversality is now
clear. The other cases are similar. Notice that we assumed n > 2. For
n=1,if (f,X) is a pair such that X is a vector field of R that has

an lsolated singularity at 0, and f is any local diffeomorphism of R
fixing 0, then f:S° — SO is C? structurally stable §

In order to prove an analogous result when X is a linear vector
field of type(s,u) with 0 < s < n, we shall make use of the compact
non-Hausdorff manifolds K.= K,(X ) defined at the beginning of this
section. Denote by £7(K.) the space of C"-embeddings of K. into
S(ow that leave invariant S*~! and S*~!. We consider in £"(K.)
the C'-topology defined through a finite collection of charts, see [12]
section 2.

Definition 3.3. An clement f € £7(K.) such that f(K.) Cint(Ke.)
is said to be C'-structurally stable if there ezists a neighborhood N of f
in the C'-topology such that for each § € N there is a homeomorphism

h:K. — K. that satisfies g=ho foh™!

Theorem 3.6. Let (f,X) be a pair where X is a linear vector field
of R",n > 2, non-resonant at 0 and of type(s,u), 0 < s < n, and
[ € Diff*(R™, X) . If (f, X) is hyperbolic, then for = small enough the
leaf map f, restricted to K., is C! structurally stable.
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Proof. Given f € Difff(D", X) we first choose § > 0 so small that
D3 be contained in the domain U of fAEG: VDD —R"isa
C'-map, r > 1, put

1G], = sup,enp {IG(@)Il, | DG(=)[I}

Therefore, if g € Difff(D™, X) is defined in a neighborhood of DE.,
then |jg — f ”1 measures the C'-proximity between g and f. Next, put
S§*1=0D; C E , S*1 = 0D¥ C F, and choose ¢ < § so small that
S~ x Dv C D—" and that every solutlon of X with initial condition
(z,y) € 551 (D“). intersects E x S*~! before leaving D5 . Then,
g induces an embedding 7 : K, — S(s ) which leaves 1nvarla.nt Sl
and S*~!  and the map g — g is continuous at f-

Notice that the vector field X5 (Xf) is linear, non-resonant at 0 ,
of type(s,0) (type(0,u)), with eigenvalues {a,...,a;} ({84, ..., 8,})
and fg €Diffg°(D*, X |g) (fr €Diffl§°(D%, X |r)), ie., the pair
(f8,XE) ((fr,XF)) satisfies the hypothesis of Lemma 3.4. Further-
more, since the pair (f,X) is hyperbolic, so is the pair (fz, Xg)
((fp,Xp)) . Thus, by Theorem 3.5, fz = Df(0)z : S — S§+1
(f = Df(0)F : S*~1 — §v-1 ) is a Morse-Smale diffeomorphism and
in particular it is C! structurally stable.

It follows from part 2) (part 3)) of Definition 3.2 that f and D f(0)
are l-normally attracting at S°~! (S§*~!). The reader may consult
section 14 of [12] for the definition of r-normally attracting, stable
manifolds and its persistence properties.

_ Since f is l-normally attracting, there exists ¢ > 0 such that
f(K.) Cint(K. ), and C°-fibrations

7% : Fg— 871 7 FY — Su!

where the stable manifolds VI = (7 f)—l( ) and VI = (7%)7(y) are
C'—submanifolds diffeomorphic to D* and D¢, respectively. These
two fibrations are f-invariant, i.e., Vi c V}; and f VJ C foy . There

are the corresponding statements for D f(0) . If we denote the invariant
stable submanifolds for Df(0) by V, and Vy , then, using elementary
computatlons we obtain that V, = {z} x D¢ and that V, = (B,) U
S*=1 | where

By = {(z,e? o=y, . efulloTy ) | |z| = 6,7 > 0,|Xoy| = ¢}

The submanifolds V, and V), intersect transversely along the curve
Y(a,y) Parametrized by:
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Viay)(T) = (z, P10y, ePullo=T)y ) 0 < 7, if viewed in F?

Y (T) = (ear(m=to)g, ... es(T=t)g 4} 0< T, if viewed in F

Notice that 7, is transversal to {z} x S;~! for each 0 <t < ¢
and thus, its closure contains the point (z,0). By a similar argument,
it also contains (0,y). The one dimensional foliation I" defined by the

curves {4, (Z,y) € S*7' x §*7'} is Df(0)-invariant. Taking ¢
smaller we may assume that V/ (V/) is as C! close to V, (V) as
necessary and can write VJ = w(BJ ) U S* ! where BJ 1S an open
submanifold of K¢ which is C! close to B, . Therefore V! and VJ

intersect transversely along a curve 7{ .5) whose closure contains the

points (z,0) and (0,y). We denote this curve by 7, s , where (z,y)”
stands for the unique point of the curve which belongs to 9(F¢) =
B g1

Fix e. If g € £€"(K.) is close enough to f for the C! topology,
then g is also l-normally attracting. Thus g(K.) C K. and gg.-:

(Gsu-1) is topologically equivalent to fge-1 (fgu-1), i.e., there exists
a homeomorphism h, : ! — §*=1 (b, : S*71 — S¥~1) such that
g=hsofoh;' (g = hyofohZ!). Furthermore, by the persistence
theorem, the stable manifolds V¢ and VJ for g are C! close to the
corresponding manifolds for f , and thus they intersect transversely
along a curve 7(,,), whose closure contains (z,0) and (0,y). Now,
we are going to construct a topological equivalence h : K. — K.
between f and § whose restriction to $°~! (S*=1) is hy (hy). Since
f and g are l-normally attracting on S*1 then THFZ Cint(f'F?)
(G*'F? Cint(g'F?), for each i > 0. Put A/ = F/(F)\ 7 "'F*, then
F\S*~1 =uR, Al and Al N Af =0 if i # j. There are also sets AY
satisfying the corresponding properties.

First, define h : 9FS U F(OF%) — OF: UG(F?) by ho [ (z,y)! =
G (hsz, hyy)? , i = 0,1. Next, extend it to a homeomorphism A : Ag —
A9 sending Viawyr N VL onto Yz nyye N Vi, . Finally, extend it to
h: F; — F{ by the following rule, if p € F\S*! then there exists
a unique i > 0 such that p € A/ . Define h(p) = gio ho f ' (p). The
map h has the required properties g

4. LOCAL STRUCTURAL STABILITY

Let A?(M), 0 < g < m, denote the set of smooth ¢g-forms on M . If
w € AY(M) and z € reg(w) = M\sing(w), then kerw, = {v € T, M |
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iwwy = 0} is a codimension ¢ linear subspace of T, M . A g-form w is
said to be integrable if the distribution defined by kerw is involutive,
or equivalently, if for every € M\sing(w) there exists a neighborhood
U of z and q 1-forms wy,....,w, on U such that:

Dwlpg=wiA... Aw,

2) wi Ao AwgAdw; =0 foreach j=1,...,q

Denote by 37(M) (resp. 3%(0)) the set of smooth integrable g-forms
defined on M (resp. in a neighborhood of 0 € R™). By a theorem of
Frobenius, an element w € J9(M) defines a cod. q regular foliation of
M\sing(w) . Notice that a 0-form, i.e., a smooth function f: M — R,
is always integrable, and the leaves of the regular foliation defined by
[ are the connected components of M \ f~1(0).

Lemma 4.1. Let w € JI(M) ,0< qg<m—1. Then

1) dw € 377(M).

2) If wy # 0 and dw, # 0, then the leaf of dw through x is
contained in the leaf of w through x .

3) If wy =0 and dw, # 0, then the leaf of dw through z is
contained in sing(w) .

Proof. Since the integrability of a form is a local property, one can
assume that w € J9(0) and that dwg # 0. Write dw in coordinates

dw = 21§i1<....<i(q+1)5m Qi5...ig+1 i(q+1)

and assume that a;...a(441)(0) # 0. Define the 1-forms

—_—

gj :ia/aqu O...Oia/azj O...Oia/azl dw 1 S]_<_q+1
It is laborious but not difficult to verify that
G N Ny = (_1)q+1ag....(q+1) dw
Put wy = al_‘f’“(qﬂ)fl yWa =&y 5 eee , Wigh1) = §(q+1) » then
dw=wiA..A W(g+1)

It follows from d?w =0 that wy A ... Aw(gy1y Adw; = 0 for every
1 <j<(g+1). Therefore dw is integrable and 1) is proved.

To prove 2) and 3), we first prove that: if dw, # 0 and i,dw, =0,
with v € Ty M , then i,w, = 0. In fact, one can assume that w, # 0
and thus locally w = wi A ... Awg with wi A ... Awg Adw; =0 for
every 1 <7 <gq.Now, wj Adw =0 and thus

0 =iy(w; Adw) = iw; Adwg — wj ANy dw = i,w; A dwy
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But, since dw, # 0, it follows that w;(v) =0, 1 < j < q, which
implies that i,w, = 0 and proves 2). Finally, let X be a smooth vector
field tangent to the leaves of dw, i.e., ixdw =0 at every = € reg(dw).
Then, ixw = 0 at these points too, and therefore Ly w = 0, which in
turn implies 3) 1

Decompose sing(w) as the union of an open subset sing; (w) = { |
dw, # 0} and a closed subset singy(w) = {z | dw, = 0}. Part 3) of
lemma 4.1 says that sing;(w) is saturated by the leaves of dw .

Definition 4.1. If w € 39(M), we let F,, denote the partition of M
by the leaves of the regular foliation defined by w , plus the leaves of the
regular foliation defined by dw which are contained in sing, (w), plus
the points in sing(w) .

It can be readily proved that:

Proposition 4.2. If w is an element of 39(M) ,0< g < m—1, then
F. 18 a smooth codq foliation of M .

A form w € J39(M) may define more than one foliation. If we write
M = reg(w)U sing; (w)U singp(w)

then the leaves of F,, in reg(w) are (m — g)-dimensional, those in
sing;(w) are (m — ¢ — 1)-dimensional and those in singy(w) are 0-
dimensional. Sometimes it is possible to decompose singy(w) as a
union of submanifolds, other than points, in such a way that the new
decomposition F/, is still a foliation. For example: consider the 1-form
§ = ydz + zdy on R? and the projection 7 : R? x S! — R? . The
form w = 7*¢ is closed and sing(w) = singy(w) = {0} x S*. We obtain
two different foliations of R? x S* out of w. The foliation F, whose
leaves are L x S*, for every leaf L of ¢, and the foliation F, defined
above. In F, each point of {0} x S! is a leaf while in F/, the whole
set {0} x S! is a leaf. Next, we recall some familiar definitions:

Let w; € 39(M;), i = 0,1, and F; = F,, be the corresponding
cod. g foliation of the m-manifold M;. The pair (Mo, Fp) is said to be
topologically equivalent to (My,Fy) if there exists a homeomorphism
g : Mo — M, which takes leaves of Fy onto leaves of F;. This implies
that necessarily g(sing(Fo)) = sing(F;) .

Definition 4.2. Let w € 39(M) and L a compact leaf of F,,. Fix
a finite covering {V;}f_, of L by open sets of M such that each V;
be contained in the domain of a chart (x;,U;) at L. For n € 39(M)
denote by n* = (ni,.....n%) , s = (Z) , the coordinates of 1 in the chart

(x;,U;) and define
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Inll, = max; supyey, oy {In* @), ldn* @), ..., |d™n* () ||}
Ml rry = max{{inll,, ldnll, }

The positive numbers d.(n,w) = ||n — w|, and d.»(n,w) = |n - wl,,
are called the C" distance between n and w and the C("") distance be-
tween 1 and w, respectively. It is possible for n to be Cr=1m=1_close
to w without been C"-close.

A compact leaf L of F, is said to be C™") locally structurally
stable if for any neighborhood W of L, there exists § > 0 such that
if n€3(M) satisfies |9 —wl|,,) <& ,then

1) F, has a compact leaf L, C W , and

2) There exist neighborhoods U of L and V of L,, and a topolog-
ical equivalence g : V' — U between the pairs (V, F,NV) , (U, F,NU)
such that ¢g(L,) = L.

From now on we shall assume that w € 3™ 2(M). Then F, is
a 2-foliation and all singular one dimensional leaves are contained in
sing; (w) . We shall now translate Lemma 2.1 into the language of forms
giving what was called the Fundamental Lemma in [8].

Lemma (2.1). Let L be a 1-dimensional leaf of F, and p € L.
There exists a smooth w* € J™=2(C™~1)

w* = Z;nzz (=1)a;(z9, ..., Tm) dZa A ... A d/\:v] A ... \Ndz,y,

with £(0) = 0, a neighborhood U of p in M and a smooth diffeomor-
phism x: U — C™, with x(z) =0, such that w |y= x*w*. Further-
more, X takes leaves of Fq,NU onto segments {(t,zq,....,Tm) | =1 <
t<1}. :

Proof. Since dw, # 0, it follows that dw # 0 in a neighborhood W of
p. Choose any vector field X tangent to ker(dw) with X, # 0 and
apply Lemma 2.1 to F = F,,, and X §

The map x : U — C™ is called a chart of F,, at p € L along
Faw- One can obtain cross sections to Fy, at p by restricting the
map 0:C™ ! =X CM,o=x"!|gm1, to disks D;"_1,0<p<1.
The smooth vector field

(4.1) k(w*) = Z aj(zz, ..., Zm) 0/0z;

Jj=2
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generates ker(w*) and the orbits of 0,.k(w*) on ¥ are the leaves of
FoNX. For n € 3™ 2(M) we let n* denote the form on C™ such
that 7 |y=x*n*, and by k(n*) the vector field on C™ defined by

ik(nx) dCL‘g Ao A d.’L‘m = ];1 7]x

where j;, : {(21,0,0)} x C™! —C™ is the natural injection. For
m = 3 one obtains the following expressions:

w* = —a3(xy, 3) ATy + an(T9, T3) dxs

k(w*) = ag(xe, 23) dzy + az(zy, 73) dzs

n* = bi(z) dzy — b3(x) dzg + by(z) ds
k(n*) = ba(z) 0/0x2 + bs(z) 8/03

When there is no danger of misunderstanding, we shall also denote
by k(n*) the restriction of k(n*) to C™ . Let w € 3™%(M) and L
a l-dimensional leaf of F,. The leaf L is called normally hyperbolic
if there is a point p € L and a chart (x,U) of F, at p € L along
Faw such that x(p) = 0 is a hyperbolic singularity of k(w*). This
definition does not depend on the chart. The independence on the
point p € L follows from the fact that Lyw = 0 if X is tangent to

Foass -

From now on we suppose that L is a circle leaf of F,, and thus also of
Fiw - Fix a Riemannian metric (,) on M and a normal tubular neigh-
borhood 7 : Ty(L) — L such that each fiber ;' (z) be transversal to
Faw- Denote by (,)  the Riemannian metric induced on ny'(z). If
U,u € my (), the fiber distance d; (1, u) is by definition their distance
as points of 75 '(z). For any sufficiently small v > 0 the subset

T(L) = {v € To(L) | dg(u, mo(u)) <~}

is called a ~y-tubular neighborhood of L. Let L be another circle
embedded in Tp(L) which intersects each fiber 75'(z) in a unique

point Z. Define the C%-distance between L and L by
do(L, L) = supzer{ d;(%, )}

Choices. In order to facilitate the proof of the main results, we are
going to make some choices and construct some vector fields. First, we
choose the finite covering {V;}%_; of L, mentioned in definition 4.2, so
that V, C U; C To(L), where x; : U; —=C™ is a chart along F,, at
some point y; € L. Thus, each x; takes leaves of F;,N U, onto orbits
of 8—21 lom and in particular LN U; onto (—1,1) x {0}. Therefore,
w |z, = xF(w*) with
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WS =3 (= 1) @i (22, ey Tm) ATy A .. AdTy A .. A diim

We may assume, and shall do it from now on, that X, ! takes the
fibers of the first projection P : C™ — (—1,1) into the fibers of 7.
We choose v so small that T, (L) C UL,V;, and write simply T(L)
when it is not important to specify the size of the tubular neighborhood
and 7 instead of mo |7(z). Let n € 3™ %(M) with d;(n,w) so small
that Fy, be transversal to the fibers 7=!(z). We are going to define
two vector fields X4, and V; tangent to ker(n) on T(L) .

The vector field X, . Fix a smooth periodic parametrization 7 :
R —L of period one of L and denote by Xy, the vector field which is
the lifting of the vector field v to the subbundle ker(dn) of the tangent
bundle to T'(L), i.e., Xan(u) € ker(dn) and dm,(Xa,(u)) = v (7(u)).
Notice that X§, om = mo X , whenever both sides are defined, in
particular X leaves invariant each fiber 77(z).

Take p € L and a chart (x,U) of F, at p along Fy,. Let & =
7~} (p) NT(L), then X}, the Poincaré map of Xy, at L, is a local
diffeomorphism of X. It follows from 2) and 3) of Lemma 4.1 that

Xi, €DIfE°(E, F,NX) and therefore X}, is a generator of Hol(L,p).

Definition 4.3. A circle leaf L is said to have a hyperbolic holonomy
if there is a chart (x,U) at some point p € L along X, such that
(x0Xg,0x71, k(w®)) is a hyperbolic pair at 0, in the sense of Definition
3.2. It is said that L has a non-resonant holonomy if k(w*) is non-
resonant at 0.

Notice that these concepts neither depend on the chart nor on the
point p € L, and also that if L has a hyperbolic holonomy, then it is
normally hyperbolic.

The vector field V;,. Choose a smooth volume element 9, on 7~!(z)
that varies smoothly with z and which coincides with x! (dze Adzz A
... NdZy) on a neighborhood of y;, for each 1 < i < k. Let j, :
7~ !(z) — T(L) be the inclusion map and define V;, by

iVn'&m =Jz7
It follows from this definition that V; is tangent to the leaves of
Fy and also to the fibers of 7, and that V,(u) = 0 if and only if
N, = 0. Notice that (x;).V; = ¢;k(n*) , where ¢, : x;(U;) — R is
a non-vanishing smooth function such that ¢, =1 in a neighborhood

of y;, and also that L is normally hyperbolic if and only if z is an
hyperbolic singularity of V,, |z-1(;) for each z € L.
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Proposition 4.3. Let w € 3™ %(M) and L a normally hyperbolic
circle leaf of F,,. Then L is C'-locally stable, i.e., given € > 0 there
exists 6 > 0 such that for any n € 3™ 2(M) satisfying ||n —wl||, < 6
the foliation F; has a circle leaf L, with do(L,, L) < e.

Proof. Choose a y-tubular neighborhood 7 : T(L) — L and a covering
{Vi}E_, of L, asabove. Since L is normally hyperbolic, we can assume
that sing(w) NT(L) = L. If n € 3™ 2(M) is C! close enough to w,

then each m~!(z) is transversal to F, and we have available the

vector fields Xg, and V; on an open neighborhood of T'(L). We shall
use the covering {V/}%,, with ¥/ = V;NT(L), to measure the C'-
distance between X, and X;, and between V, and V,,. Notice that
dr—](dede) < Ar—l ' dr(naw) and that d’f‘(V;th:J) < Br ' d,-(T],(.U)
for some positive constants A,_; and B,. Now, since L is normally
hyperbolic, given € > 0, there exists §; such that d;(n,w) < §; implies
that for each z € L there is a unique singularity z, € 7~ !(z) of
Vy with dy(zy,z) < €. We know that V,(z,) = 0 if and only if
Na, = 0, therefore, it follows from part 3) of Lemma 4.1. that the set
Ly ={zy |z € L} is a periodic orbit of Xy, , i.e., a circle leaf of F,
satisfying do(L,, L) < €. To finish the proof choose § = écl [

In the proof of the above proposition we saw that if d;(n,w) < 6,
then L, is a periodic orbit of period one of X4, and that z, € L, is
the unique singular point of V,, in 7~!(z).

Lemma 4.4. Let w € 3™ 2(M) and L a circle leaf of F,, with non-
resonant hyperbolic holonomy. Given ¢ > 0 there exists § > 0 such
that: for every n € 3™"2(M), with di(n,w) < &, there is a vector field
Y, tangent to F, and transversal to the fibers of ® such that

1) The circle leaf L, € F, with do(L,, L) < <, given by the propo-
sition above, is a periodic orbit of period one of Y, ,

2) Yior=mo Y whenever both sides are defined,

3) Fiz p € L. There is a compact disk neighborhood K C w~(p) of
P € Ly suchthat V' : K — K is a contraction with fiz point p, and

4) Y and X, give the same germ in Hol(L,,D).

Proof. Since L has hyperbolic holonomy, the pair (x;0Xg,0x7 ", k(w*1))
is hyperbolic at 0, where (x1,U;) is one of the charts mentioned in
the paragraph choices above. k(w*') does not depend on the first co-
ordinate and as a vector field on C™! is of type (s,u) for some
0 < s £ m — 1. Furthermore, since the holonomy of L is non-
resonant, by a theorem of Stenberg on linearization, see [5], there ex-
ists g € Diff§°(C™~!) such that g.k(w*) is a linear vector field. Put
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p = y1. Then, there is a chart x: U — C™ of L at p along Fy,,
with U C U;, such that

k(wx) = Z::l G{iﬂ?iaimi - Z?:l ﬂzyﬁa%l

where the coordinates (z,y) of C™~! C R™! are chosen as they were
at the beginning of section 3. Fix a closed disk D € C™ ! and use the
compact subset [—2, 2] XD to measure the C"-distance between k(1*)
and k(w*). There exists £ > 0 such that if d;(k(n*),k(w*)) < £, then
k(1) |5z, has a unique singularity and of the same type than k(w*),

where D(z;) = {(21,0,0)} x D . Furtheremore, there is a diffeomor-
phism G = G(n), isotopic to the identity, of an open neighborhood
of [-2,2] x Dand preserving the first coordinate of each point such
that (z1,0,0) is the unique singularity of G.k(n*) in D(z;) and the
local stable and unstable manifolds of G.k(7*) |5, at the singular-
ity (z1,0,0) are contained in the corresponding stable and unstable
manifolds of k(w*) |5, - Let p: C™ — R be the quadratic function
—(qzt+ .+ ozl + By + .+ By2)and A : M — R be a C®
non-negative real function such that A=1 on (G o x)_l([-%, 11x D)
and A =0 outside of (Gox)™'([-2,2] x D). For each j € Z* define
Y; = Xan+ 7+ MG ox) (uG.k(n%)) . The vector field Y, = Y; for any
J sufficiently large has the desired properties i

Theorem 4.5. Let L be a circle leaf of F,,, where w € I™2(M).
If L C sing(w) has a non-resonant hyperbolic holonomy, then L is
CY Jocally structurally stable.

Proof. Fix a Riemannian metric (,) on M and a normal tubular
neighborhood g : To(L) — L such that each fiber 75'(g) be transver-
sal to Fy,, and also that sing(w) N To(L) = L. Choose a covering
{Vi}k, of L and a v-tubular neighborhood 7 : T(L) — L, as indi-
cated above. If n € 3™"*(M) and dy(n,w) is small enough, then Fyy,,
on the open set UY_,V;, is transversal to the fibers of my. Thus, one
has available the vector fields X4, and V, on an open neighborhood
of T(L). One shall use the covering {V;}*_,, where V/ = V;NT(L),
to measure the C"-distance between X4, and Xy, . Then, it becomes
clear that d.(Xuy, Xaw) < A, - d.(dn,dw), for some positive constant
A, .

Now, given an open neighborhood W of L take 7 > 0 so small that
T,(L) Cc T(L)NW . By Proposition 4.3, there exists §; > 0 such that
di(n,w) < 6, implies that F, has a circle leaf L, with do(L,, L) <.
Therefore L, C T,(L) C W . By reducing the size of §;, if necessary,
one also obtains that sing(n) N T, (L) = L, .
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Let p = y; and p, = L, N7 '(p). Since L has a non-resonant
hyperbolic holonomy, as we saw in the lemma above, there is a chart

(x,U) of L at p along Fu, with U C U; such that
k(w*) =300 O‘ixia%i + 2 i /Bzyzgayj

where the first coordinate of the chart does not appear in the expres-
sion above. At this point it is convenient to recall that X, leaves
invariant each fiber of 7 : T(L) — L and also that x~! takes the
fibers of the first projection P : C™ — (—1,1) into the fibers of .
Fix a disk D C C™! such that ¥ = x~!(D) C 7~!(p). Notice that
Xj, €DIff(E,V,) or equivalently x o X], ox~! eDiffi{°(D,k(w*)).
The closed disk D will be used to measure the C-distance between
k(n*) and k(w*). It is then clear that d.(k(n*),k(w*)) < B,-d.(n,w),
for some positive constant B, .
There exists 63 > 0 and a neighborhood N C ¥ of p such that
d1(Xay, Xaw) < 89 implies an(N) C ¥. Fix a disk D' € D with
_1(Dm 1) C N and use D! to measure the Cl—proxumty between
the Poincaré dJﬁ'eomorphJsms X t}n and X . In fact define
di (X}

dn» X}) =di(xo X © xLxoX] ox7!)

It is well known that the function X4, — X, t%n 1s continuous at X, .
We divide the rest of the proof in two cases: s=m —1 or s =0 and
D<s<m=-1.

First suppose that s =m — 1. In order to simplify the notation put
fn=%x0X; ox™! and recall that f, € Diff; <, y(D,k(n*)) and that f,
is a generator of Hol(L,,p,). Since the pair (f,,k(w*)) is hyperbolic
at 0 there exist £&; > 0 and ¢; > 0 such that d;(k(n*),k(w*)) < &
and dy(fy, f,) < ¢; implies that (f,,k(n*)) is a hyperbolic pair at

x(p,) with k(n*) also of type (s,u). Put 63 = éL and let 6, > 0 be
such that dq(Xay, X4w) < 64 implies that dl(f,,,fw) & Ly s

Recapitulaiting, if n € 3™ (M) and dg1)(n,w) < 61, 1<i<4,
then F, has a circle leaf L, C T, (L) C W , sing(n) NTy(L) = Ly, the
pair (fy,k(n*)) is hyperbolic at x(p,) with k(n*) also of type(m —
1,0), and f, (D_mT) C D. To facilitate the utilization of the results of
section 3 put n=m —1 and U = D'~ 1,

Fix an £ < p so that D® C U . Notice that k(w*) is transversal to
the sphere SI~!. Thus, there exists , > 0 such that d;(k(n*), k(w*)) <
£, implies that k(n*) is also transversal to SI~'. Put 65 = % . Let

U, = U\{0} and denote by LV(: the space of orbits of the restriction
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of V, to U,. It is clear that S?~! renders concrete both orbit spaces
% and %- . Therefore f, : Y — D induces a C* diffeomorphism
fn 2 SP71 — SP=1 Tt is not difficult to verify that the map f, — f, is
continuous at f,, . Now, since the pair (f,,k(w*)) is hyperbolic at 0,
it follows from Theorem 3.5 that £, : ST~ — S"~! is a Morse-Smale
diffeomorphism. Thus, there exists § > 0 such that dy(f,,f,) < @
implies that f_,, and f, are topologically conjugated. It follows from
the continuity of the map f, — f_,, at f,that there exists ¢, > 0 such
that if di(f,, f.) < (s, then di(f,,f,) < @, and from the continuity
of the map n — f, at w in the C"D-topology that there is §s such

that d(l,l)(naw) < 66 implies dl(fmfw) < C2 .

Summarizing, if dg,1)(n,w) < 6, 1 < i < 6, then there exists a
homeomorphism hg : SP~! — SP~! such that ﬁ = hgo f,ohgt.
If one looks at the cross section ¥, then X—iw and _)gln are smooth
diffeomorphisms of Co = x~1(S"71) topologically conjugated by h =
xlohyox,ie, Xg = ho X} oh™'. The next step is to extend h
to x~1(Dn-1) taking orbits of V,, to orbits of V,. At this moment
we substitute X, ;,7 by Y,,l because, according to Lemma 4.4, they are
equivalent, but Ynl has the advantage of being a contraction. For
each integer i > 0 let C] = Y}(Co) and A] the closed region with
boundary dA} = C]UC], . Notice that CJ = C§ = Co and that A7 is
foliated by the orbits of V; . Now, we extend h to a homeomorphism of
x~1(Dn-1) taking orbits of V,, to orbits of V;,. Choose an extension
of h: Cy — Cy to a homeomorphism h : Ay — Aj taking orbits
of V, to orbits of V,and notice that if ¢ € x~*(D2~T) and ¢ # 0,
then there exists a unique integer k such that Y*(¢q) € A§\Co. Define
h(g) = Y %(q) o ho Y}(q) and h(p) = py. It is clear that h satisfies
Ynl oh = hoY]. Finally, extend h to a neighborhood of L by defining
h(Yt(q)) = Y}(h(q)) - For s =0 the proof is completely analogous.

Next, suppose that 0 < s < m—1. Given A\; > 0 there exists £; > 0
such that for each n € 3™~ 2(M) with dq(k(n*),k(w*)) < &, thereisa
diffeomorphism g = g(1) between neighborhoods of D such that the
unique singularity of g.k(n*) in D is (z,y) = (0,0), that the local
stable and unstable manifolds of g.k(n*) at (0,0) are contained in
those of k(w*), i.e., W*ND C E = {(z,y) |y =0} and W*ND C
F = {(z,y) | ¢ = 0}, and that di(g:k(n*),k(w*)) < A:. Notice
that (g o x)o Xj, o(xog)™! take orbits of g.k(n*) in U = Dyt
into orbits of g.k(n*) in D. In order to simplify the notation put
fo=(gox)oXj o(gox)"" and f, =x0 X, ox'. Since the pair
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(fuw, k(w*)) is hyperbolic at (0,0) there exists A, > 0 and ¢; > 0 such
that dy(g.k(n*),k(w*)) < A2 and di(fy, fu) < ¢; implies that the pair
(f,9+k(n*)) is hyperbolic at (0,0) with g.k(7*) of the same type than
k(w*). Put 63 = % and choose 64 > 0 so small that d 1)(n,w) < 64
implies that dy(g,k(7%), k(w*)) < A and dy(f,, fu) < C .

Recapitulating, if dg,1)(n,w) < 6;, 1< i < 4, then F, has a circle
leaf L, C Ty(L) C W sing() N Ty(L) = Ly, the pair (fy, g.k()
is hyperbolic at (0,0) with g.k(n*) also of type (s, u) .

Let 571 = {(2,0) | |o| = £} and §*1 = ((0,3) ||yl = §} and cor-
sider the manifold with boundary K. = K.(k(w*)) defined in section
3. Notice that each orbit in K, intersects the set (S*~! x D¥) U S*~1
in a unique point. Thus, one can transfer the differentiable struc-
ture of K. to this set and in this way render concrete a manifold
whose points are orbits. This differentiable manifold will be denoted
by K. The vector field k(w*) is transversal to the fence F., there-
fore there exists £, > 0 such that di(g.k(n*),k(w*)) < &, implies
that g¢.k(n*) is also transversal to F.. Let &5 be a positive num-
ber such that if dy(n,w) < 85 then d;i(g.k(n*),k(w*)) < &,. Thus,
if dy(n,w) < 65, then the space K7 of orbits of g,k(n*) in U, which
cut (S°~! x D¥) U S*! is a manifold that can also be identified with
K . Since the pair (f.,k(w*)) is hyperbolic at (0,0) and k(w*) has
type (s,u), with s > 0, by Theorem 3.6 the map f,, restricted to K*
is structurally stable. Furthermore, since the map f, — 7; is con-
tinuous at f,, there exists g > 0 such that d; (dn,dw) < b¢ implies
that f,,(K*) Cint K} and also that f,, and f, are topologically con-
Jugated.

Summarizing, if d(;,1)(n,w) < 6;, 1 < i < 6, then there exists a
homeomorphism Ao : K — K* such that f, = hgo f, o hy'. The
map hg leaves invariant the subspaces S*~! | S*~! and the fence F?¢.
Consider in C(‘)" = x~1K* (€] = (gox)'K?) the differentiable structure
that turns x~! ((g ox)™") a diffeomorphism, then the maps

XE:CB’—»CS’ and X_;,]:cg—»cg

are conjugated by the homeomorphism A = x 1 og ! ohyox. De-
note by [K?] the subset of &/ which contains the positive orbits of
g+k(n*) with initial conditions in S*~', the negative orbits with ini-
tial conditions in S*~!, the origin (0,0) and for each initial condition
(z,y) € S*~1x (D¥), the positive arc of orbit which ends on E x S*~1.
This subset is a compact disk neighborhood of (0,0) with the property

that g[I:(Z: 1; y = K? . The next step is to extend h to a homeomorphism
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h:x 1KY — x 1 og 1 [K7]. At this moment we substitute X by
Y, because, according to Lemma 4.4, they are equivalent, but Y1 has
the advantage of being a contraction. The rest of the proof umtates
the first case §

I think that the non-resonant condition can be erased from the hy-
pothesis of the Theorem 4.5. A geometric consequence of this theorem
is that in the neighborhood of a structurally stable circle leaf there
are at least (m — 1) and at most 2(m — 1) leaves containing L in its
closure and whose intersection with the neighborhood are topologically
cylinders.
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