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1 Introduction 

In a recent paper [1], we have performed a systematic analysis of the Calogero-Moser­
Sutherland models, or Calogero models, for short, which constitute an important class 
of completely integrable Hamiltonian systems. Our work follows the traditional Lie 
algebraic approach outlined long ago by Olshanetsky and Perelomov [2-4] which is 
based on the use of (semi-) simple Lie algebras and, more generally, of symmetric pairs, 
extending it so as to encompass the construction not only of a Lax representation for 
the equations of motion but also that of a dynamical R-matrix. The existence of these 
structures was found to depend on the possibility of solving a simple set of algebraic 
constraints for a certain function For K that assigns to each root a a generator Fa or 
Ka in the pertinent Cartan subalgebra ~ : 1 these state that for any two roots a and f) 

Isa a(Fp) - gp f)(Fa) = I'aJJ 

in the case of (semi-) simple Lie algebras g and 

gt!l a(Kp) - gp f)(K0 ) = I'!JJ 

(1) 

(2) 

in the case of symmetric pairs (9, 9), where the coefficients I' a,p and I'!,11 are defined in 

terms of the structure constants NaJJ of g and the coupling constants g0 of the model 
by 

(3) 

and by 

I'!,P = ¼ ( ga+fJ Na,p + gla+fJ NaaJJ + ga+BfJ Na,sp + gsa+IJP Nea,8/J) ( 4) 

respectively. 2 In the first case, it was found that a solution of these constraints exists 
only for the Lie algebras .sl(n, C) of the A-series, whereas in the second case, explicit 
solutions were found for the complex Grassmannians SU(p + q)/ S(U(p) x U(q)) of 
the A II I- series when IP - qi ~ 1. 

Following a somewhat different direction, several authors [5,6] have recently shown 
by explicit matrix computations that the Calogero models based on .!l( n, C), degenerate 
as well as elliptic, admit a gauge transformation taking the dynamical R-matrix into 
a numerical one: this is achieved by explicitly constructing a group-valued function on 
the configuration space which is used to conjugate the standard Lax pair and dynamical 
R-matrix of the model into a new Lax pair and a numerical R-matrix. 

1In this paper, we adopt a slightly modified notation: for reasons to become clear towards the end 
of the paper, we shall in the case of symmetric pairs denote the generators F0 of Ref. (1) by Ka. 

2In the case of symmetric pairs, it is also assumed that the root generators E0 in i, can be and 
have been chosen 80 that OE., = E,., for all cu ~. implying that N,c,,lfJ = N a,/3 for all a, /1 & ~­

As explained in the erratum to Ref. [1], this is not always possible but la a necessary condition for our 
proof of integrability, and it can always be arranged to hold £or all roots a if it can be made to bold 
for all real roots a, that is, all roots a in~ satisfying 9a = -a. 
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In the present paper, we systematize the method of Feher and Pusztai [6], adapting 

it to the fonnalism developed in our previous work [l]: this allows us to extend it from 

the degenerate to the elliptic models as well as from the case of Lie algebras to that 

of symmetric pairs. In all cases, we find that the existence of a gauge transformation 

with the desired property can be reduced to a set of purely algebraic constraints which 
are similar to but not identical with the integrability constraints (1) and (2) found in 

Ref. (l]. In the case of Lie algebras, it turns out that these various constraints all have 
one and the same solution, thus confirming the previous results of other authors (5,6] 
that the well-known dynamical R-matrices of the Calogero models based on s[( n, C) can 
be gauge transformed to numerical R-matrices. In the case of symmetric pairs, however, 
we find extra constraints on the root system, over and above those that guarantee 

integrability. In particular, for the A I II - series of complex complex Grassmannians 

SU(p+q)/S(U(p) x U(q)) where integrability has in Ref. (l] been shown to hold when 

IP - qi ~ 1, these constraints exclude the case IP - qi = 1 but allow for a solution in 

the case p = q. This means that the dynamical R-matrices for the Calogero models 
associated with the classical root systems can be gauge transformed to numerical R­
matrices for the Cn and Dn systems but not for the B 11 and BCn systems; remarkably, 

the latter are just the ones containing an explicit dependence on the coupling constants. 

The paper is organized as follows. In Sect. 2, we give a brief summary of the method 
of gauge transforming Lax pairs and dynamical R-matrices in integrable systems such as 
the Calogero models; moreover, we collect a number of identities to be used repeatedly 

later on. In Sect. 3, we present our calculations for the case of Lie algebras and in 
Sect. 4 those for symmetric pairs. Finally, in Sect. 5 we draw our conclusions and 

comment on perspectives for further work. 

2 Gauge Transformations 

Consider an integrable model with a finite-dimensional phase space which we assume 
to be the cotangent bundle T•Q of a configuration space Q. Integrability is encoded 
into the existence of a Lax representation for the equations of motion, 

t = [L,M], (5) 

together with that of an R-matrix whose role is to control the Poisson brackets between 

the components of the Lax matrix L, according to the formula [7] 

(6) 

Here, L and M are maps from T•Q into a given Lie algebra g whereas R will in 
general be a map from T*Q into the second tensor power U(g) ® U(g) of the universal 
enveloping algebra U(g) of g; as usual, L1 = L ® 1, L2 = 1 ® L etc .. The choice of 
g is far from obvious; it reflects the hidden symmetries that are present in the model. 
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Moreover, even if one fixes 9 and a connected Lie group G that bas 9 as its Lie algebra, 

L, M and Rare not uniquely determined. In particular, we are free to perform a gauge 
transformation by an arbitrary function g on T'Q with values in G, as follows: 

L' = gLg-1 , (7) 

R{2 = 91Y2(.Ri2 + Yi°1{D1,L2} + ½ [911921 {91,Y2LL2])g11921
• (8) 

The second transformation Jaw is dictated by the requirement that the fundamental 

Poisson bracket relation (6) should be preserved under this transformation, which is 

easy to check. Note that in general, L, Mand g may depend on a spectral parameter u, 
in which case R will depend on two spectral parameters u and v. 

In the case of the Calogero models of interest here, g is a simple complex Lie algebra, 

with Cartan subalgebra ~ and corresponding root system D. fixed once and for all, Q 
is a.n open subset in a real subspace of ~ in which we fix a basis { H1 , . '. • , Hr}, L is of 

the form 
r 

L(q,p;u) = L P;H; + L La(q,u) Ea,• (9) 
j=l aE.6. 

with functions La whose explicit form will be needed only later, and R is independent 

of the momentum variables. (For details, see Ref. (1].) Our aim in what follows will be 

to determine gin such a way that R' becomes constant (as a function on phase space). 

To this end, we shall assume that g is also independent of the momentum variables and 
introduce the "gauge potentials" 

{10) 

Reverting to ordinary tensor notation, we get 

r r 

(g-1(u) ® l){g(u) fL(v)} = - L g-1(u){p; ,g(u)} ® H; = - L A;(u) ® H;, 
j=l i=l 

so eqn (8) simplifies to 

r 

R'(u, v) = (g(u) ® g(v)) ( R(u, v) - L A,(u) ® H;) (g- 1(u) ® g- 1(v)) . 
j=l 

This implies 

(g-1 (u) ® g-1(v)) a,.R'(u, v) (g(u) ® g(v)) 
r 

= a,.( R(u,v) - L A,(u) ®H,) 
j=l 

r 

+ [ (g-1(u) ® g-1(v)) a,.(g(u) ® g(v)), R(u, v) - L A;(u) ® H;] , 
j=l 
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so the condition that the partial derivatives 01cR'(u, v) of R'(u, v) all vanish amounts 

to requiring 

r 

ak(R(u,v) - L A;(u)®H;) 
j=l 

r 

- [ R(u, v) - L A;(u) ® H;, Ak(u) ® 1 + 1 © A1c(v)] O . 
j=l 

Using the integrability condition 

{11) 

that follows from eqn (10), this can be rewritten in the form 

r 

81;R(u, v) - L 8;A1c(u) © H; 
j=I 

r 

- [R(u,v),A1c(u)©1 + l®A1;(v)] + LA;(u)®[H;,A1;(v)] = 0. 

(12) 

j=l 

In order to compute the content of eqns (11) and (12), we shall in what follows expand 

the gauge potential according to 

A;(u) = A'(u) + L A1(u) Eo , 
oE.0. 

which allows us, in particular, to decompose eqn (11) into its Cartan part 

81cA,(u) - a,A!(u) + L Ar(u)A,a(u) Ha = 0 
aE.0. 

and its root part 

81cAr(u) - 81Ar(u) + a(A!(u))Ar(u) - a(A~(u))A:(u) 

+ L Np,yA{(u)Al(u) = 0. 
/J,7 EL> 
ll+r-

(13) 

{14) 

(15) 

In what follows, we shall analyze under what conditions this system of equations admits 

solutions when we insert the explicit expressions for R given in Ref. [1] and evaluate the 

commutators in eqn (12) using the usual abbreviation n; = a(H;) and the relations 

[ H; ® H; , E0 ® 1] = O'.j Ea ® H; , 

[ H; ® H; , I ®Ea] = a; H; ® Ea , 
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(no summation over j), 

[ F-y ® E'T , H; ® 1 ] = 0 , 

[ F-y ® E-y , 1 ® H; ] = - 'Y; F-y ® E-y , 

[F7 ®E7 ,E1®l] = o(F7 )Ei®E7 , 

[ F-y ® E-y , 1 ® Ey ] = 0 , 

[ F7 ® E7 , 1 ® E_7 ] = F7 ® H7 , 

[ F7 ® E7 , 1 ® E6 ] = N7 ,6 F7 ® E7+6 if 'Y ± o =I- 0 , 

(valid for any set of generators F7 belonging to the Cartan subalgebra ~) and 

[ E7 ® E_,., , H; ® 1] = - 'Y; E7 ® E_7 , 

[ E-y ® E_'T , 1 ® H; j = 'Y; E'T ® E_'T , 

[ E-y ® E_'T , E-y ® 1 j = 0 , 

(17) 

(18) 

[E-, ® E_,,, E_,, ® 1] = H,, ® E_,,, (19} 

[ E7 ® E_7 , E6 ® 1] = N7 ,1 E7+6 ® E_,., if 'Y ± 5 =I- 0 , 

[E7 @E_7 , l®E7 ] = - E-, ®H-,, 

[ E-y ® E_'T , 1 ® E_,.,] = 0 , {20) 

[E-,®E--,, l®E1] = N--,,1E-,®E--,+1 if ry±5=1-0, 

The second step would be to determine g itself and, from there, find L' and R': this 
question will be addressed elsewhere in order not to overload our presentation here. 

Concluding this section, let us for later use collect the functional identities satisfied 
by the coefficient functions La that appear in eqn (9) above. For the degenerate models, 
L0 (q, u) = ig,,. w(a(q)) where w is an odd function of its argument, 

w(-t) = -w(t), (21} 

that satisfies the differential equation 

w2 
' 

(22} 

as well as the functional equation 

(~i? + ~gj)w(s+t) +w(s)w(t) = 0, (23) 
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already employed in Ref. [1]. For the elliptic models, L0 (q, u) = i ga <Ii(a(q), u) where 

<I> and the closely related Weierstrass zeta function satisfy the symmetry properties 

(24) 

and the functional equations 

<I>(s, u) <I>(-s, u) = ('(s) -('(u) , (25) 

<I>(s,u)<Ii'(-s,u) - <I>'(s,u)<Ii(-s,u) = -("(s), (26) 

<I>(s, u) <I>'(t, u) - cl>'(s, u) <I>(t, u) = - (('(s) - ('(t)) <I>(s + t, u) , (27) 

<I>(-s,v-u)<I>(s+t,v) + <I>(-t,u-v)<I>(s+t,u) = -<I>(s,u)<I>(t,v), {28) 

<I>(-s,u-v)<I>(s,u) +(((v-u)+((u))<I>(s,v) = <I>'(s,v), (29) 

already employed in Ref. [1], as well as the additional functional equations 

cI>'(s, u) = (((s + u) - ((s)) <l>(s, u) , (30) 

<I>(s,u)<I>(t,u) = (((s)+((t)+((u)-((s+t+u))<I>(s+t,u), (31) 

where <I>' denotes the derivative of cf, with respect to the first argument; all of these can 
be derived from the representation of cf, and ( in terms of the Weierstrass a function: 

Note that in the degenerate case, the spectral parameter drops out. In fact, all of the 
calculations to be presented in what follows can be carried out for the degenerate case 

in exactly the same manner as for the elliptic case, provided one performs the following 
substitutions: 

cfl(s, u), cfl(s, v) -+ w(s) 

<I>(s,u-v), <I>(s,v-u), ((s) -+ 
w'(s) 

- w(s) (32) 
((u), ((v), ((u - v), ((v - u) 

-+ 0 
({s + u), ((s + t + u) 

Therefore, we shall suppress the calculations for the degenerate models, except at the 

few points where substantial differences arise. 
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3 Calogero Models for Semisimple Lie Algebras 

According to Ref. [1], the standard Lax matrix Land the dynamical R-matrix for the 
Calogero models associated with the root system l:l. of a simple complex Lie algebra g 
read r 

L = L P;H; + L ig0 w(a(q)) Ea , (33) 
f=l a ELI. 

(34) 

for the degenerate model and 

r 

L(u) = LP;H; + Li&.<P(a(q),u)Ea, (35) 
i=l ae.11. 

r 

R(u, v) = - L (((u- v) + ((v)) H; ® H; 
i=l 

+ L <P(a(q),v) Fa® Ea (36) 
ae.11. 

- L <P(a(q), u - v) Ea® E_a, 
ae.11. 

for the elliptic model. As has been shown in Ref. [1], integrability requires the generators 
Fae IJ111. appearing in eqns (34) and (36) to satisfy the constraints (1). Moreover, writing 

{37) 

we also impose the condition 
a(F:) = 0, (38) 

which follows from eqn (1) by setting f) = -a when ga -::f:. 0 but turns out to be true 
in general, independent of this hypothesis. 

In order to compute the content of eqns (11) and (12), we further expand the Cartan 
part of the gauge potential according to 

r 

A'(u) = LAHu) Hk . (39) 
k=l 

Then inserting eqns (36), (13) and (39) into eqn (12), we obtain 
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0 = L Ok <I>'(o(q), v) Fo ® Eo - L Ok <I>'(a(q), u - v) E0 ® E_0 

aeA aeA · 

r r 

- L 81A!(q, u) ® H; - L L 81Ai(q, u) Ea© H; 
J=l j=l aEA 

r 

+LL ( ((u-v) + ((v)) A~(q,u) [H; ®H;, Ea ®1] 
j=l aEA 

r 

+LL ( ((u -v) + ((v)) Ai(q,v) [H3 ® H3 , 1 ® En] 
j=l neA 

r 

- L L<l>(,(q),v)A{(q,u)[F-r®E-y,H;®l] 
j=l -ye A 

r 

- LL <I>(,(q),v)A{(q,v) [F,., ® E,.,, l ® H;] 

7,6 EA 

-y,oeA 

r 

+ L L <I>(,(q), u - v) A{(q, u) [ E1 ® E_,.,, H; ® 1] 
i=l -yeA 

r 

+ L L <I>(-y(q),u - v) A{(q,v) [E-r ® E_-r, 1 ® H;] 

7,6EA 

7,6e A 
r r 

+ L L n;Ai(q, v) A}(q, u) ® Ea + L L /3;A'J(q, u)Af (q, v) Ea® Ep . 
j=l oEA j=l a~EA 

Using eqns (16)-(20) to carry out the commutators, together with the relation 

r 

L o;H; = H 0 , 

j=l 

(40) 

we can collect the terms to identify the components of eqn (12) along the various 

subspaces of g ® g : 

9 



those along fJ ® H3 (1 ~ j ~ r), 

8;Al(q, u) + La; cf>(a(q), v) A;0 (q, v) F0 = 0, (41) 
aE6 

those along fJ ® g0 (ae A), 

a,1:cl>'(a(q),v)F0 + (((u-v)+((v))AZ(q,v)H0 + cf>(a(q),v)a(A!(q,v))F0 

- L N7,6 cl>('y(q), v) At(q, v) F7 
{42) 

.,,,,e~ 
'Y+'- ,. 

- cf>(-a(q),u-v)AZ(q,u)H0 + L a;AZ(q,v)A1(q,u) = 0, 

those along {la® H; (ae A, 1 ~ j ~ r), 

8;A.(q, u) + a; cl>(a(q), u - v) Ak(q, v) - a; (((u - v) + ((v)) AZ(q, u) == 0, (43) 

those along g0 ® g0 (ae A), 
r 

a(F0 ) <l>(a(q), v) At'(q, u) - L a; A1'(q, u)At"(q, v) = 0 , (44) 
j=l 

those along g0 ® g_0 (ae A), 

01; cf>'(a(q), u - v) + a(F_0 ) cl>(-a(q), v) AZ(q, u) 

+ cl>(a(q), u - v) ( a(A!(q, u)) - a(A!(q, v))) (45) 
r 

+ E a; A7(q, u)Ai"0 (q, v) = O , 
j=l 

and finally those along 90 ® .9.B with a, f3 e A , a ± f3 # 0, 

a(Fp) cl>(/J(q), v) A:(q, u) 

- Na,,8 ( <I>(a(q),u-v)A:+.s(q,v) - cl>(-,B(q),u -v) A:+.B(q,u)) {46) 
r 

- L .B;A7(q, u)Af (q, v) = 0. 
j=l 

This is a complicated set of equations which we shall solve in a series of steps. 

We begin by considering the differential equation ( 43) for the root part of the gauge 
potential, which by using the functional equation (29) (with u and v interchanged) is 
seen to have the simple solution 

(47) 
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where the coefficients ak are constants that must be determined from the remaining 
equations. For what follows, we shall find it convenient to assemble these constants 
into a vector in ~IR by writing, for any o: e .6., 

r 

aa = L a'JH;, {48) 
j=l 

so that of course 
ak = (H,,,aa). (4£1) 

In analogy with eqn {37), we also introduce the abbreviation 

a; = ½ ( aa ± a_a) . (50) 

Now we are ready to state the first main result of this section. 

Proposition 1 The integrable Calogero model associated with the root system of a 
simple complex Lie algebra g admits a gauge transformation g from the standard Laz 
pair of Olshanetsky and Perelomov and the dynamical R-matrix of Ref. [1], as given by 
eqns (33-36), to a new Laz pair with a numerical R-matrix if and only if the set of 
generators Fae ~R appearing in eqns (34) and (96) satisfies the algebraic constraints 

o:(F.;) = 0 , 

F- - ~H 
a - v'2Jo:J a, 

o:(Fp) Fa - /3(Fa) Fp = Na,,8 Fa+,8 

for o:, /3 e .6. such that /3 =I- ±o: , 

as well as the additional algebraic constraints 

L Ha 0 Fa 0 F_a = 0 , 
aet.. 

L Np,'YFp®F"f = H,.®Fa - Fa®Ha, 
fl,,yEt>. 
fl+-r=o 

(51) 

(52) 

(53) 

(54) 

(55) 

to be imposed in the case of the elliptic model, where ~ = ½ (F,. ± F_a) as above, 
with Ea = ±1. In this case, the root part and the Cartan part of the gauge potential 
A,, = g-1 8kg associated with this gauge transformation g are given by 

(56) 

and 
(57) 

11 



for the degenerate model and by 

(58) 

and 
(59) 

for the elliptic model. 

Note. As we shall show after completing the proof of Proposition 1, eqn (53) forces all 
roots a in ti to have the same length (which by convention we fix to be v'2) and also 
allows for a choice of basis in which the signs fa are independent of a. so that eqn (52) 
can be simplified as follows: 

(60} 

Proof. With the vector notation introduce above, we can first of all reduce eqn (44) 
to a single algebraic constraint: 

Note that replacing a by -a and adding/subtracting the two equations, we get 

a(F~") = a(a!) , 

a(F;) = a(a;) . 

Using eqn (38), the first of these can be sharpened as follows: 

a(F:) = 0 = a(a!). 

(61} 

{62} 
{63) 

(64) 

Next, inserting eqn (47) together with the functional equation {25) into the differential 
equation ( 41) for the Cartan part of the gauge potential, we see that this equation can 
be solved by setting 

A:(q, u) = - L ((a(q)) a;a Fa - a:(u) , (65) 
aE6 

where the a!(u) are constants that must be determined from the remaining equations, 
provided we assume the coefficients a: to satisfy the relation 

L a;a;a Fa, = 0 
aE6 

Converted into a tensor equation, it reads 

for l~j,k~r. 

L Ha ® Fa ® a_a = 0 , 
aE6 

12 
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which leads back to eqn (66) by taking the scalar product with H; in the first and with 
Hk in the third tensor factor. Note that in the degenerate case, the same argument 
works, but eqn (66/67) is not needed. Similarly, inserting eqn (47) together with the 
functional equation (29) into eqn (45), we obtain 

Olk (- 4>(0!(q), u) 4>(o(q), -v) + (((u) - ((v)) Q?(a(q), u - v)) 
- a(F_

0
) a): Q?(a(q), u) Q?(a(q), -v) 

- ~(a(q), u - v) ( O!(a!(u)) - a(a!(v))) 

- a(a
0

) a:;" Q?(a(q), u) Q?(a(q), -v) = 0 . 

Obviously, the terms proportional to 4> ( a( q), u - v) cancel provided we set 

and the remaining terms cancel if we impose the relation 

ak + O!(F-a)ar + a(aa)a:;" 

Converted to a vector equation in ~R, it reads 

0. 

H0 + a(F_0 ) a,. + a(a,.) a_a = 0 , 

(68) 

(69) 

(70) 

which leads back to eqn (69) by taking the scalar product with Hk. Even simpler to 
handle is eqn (46), which by insertion of the functional equation (28) reduces to the 
relation 

a(Fp) a): - N,.,.B a:+.B - .B(a0,) af = 0 

for a, (3 e l1 such that (3 :f ±a . 
Converted to a vector equation in ~R, it reads 

a(Fp) a,. - Na,.B aa+.B - ,B(a,.) ap = 0 

for a, (3 e l1 such that (3 =I- ±a , 

which leads back to eqn (71) by taking the scalar product with Hk-

(71) 

(72) 

Before proceeding to the solution of the remaining equations, let us pause to draw 
a few consequences of the algebraic constraints (61)-(64) and (69/70) derived so far; 
this will help us considerably to simplify our further work. First of all, eqns (61)-(64) 
state that 

a(F-a) = - a(F0 ) = - a(aa) = a(a-a) , 

implying that eqn (70) can be reduced to 

a(aa) (aa - a_a) = Ha . 
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Applying a to this relation and using the previous equation again, we conclude that 

lal and - - ~H (73) a(aa) = fa ./2 aa - v'2lal a 

where fa= La is a sign factor (±1). Next, we simplify all these equations by showing 
that eqns (71/72) and (73) in £act force the vectors aa and Fa to be equal. To prove 
this, we begin by symmetrizing eqn (72) with respect to the exchange of a and /3, 
obtaining 

a(Fp - ap) aa + /3(Fa - aa) ap = 0 . 

Symmetrizing with respect to the exchange of fl and -fl and inserting eqn (73) gives 

a(F/ - at) aa + ~,Bl .B(Fa -aa) Hp = 0 . (74) 

Symmetrizing again with respect to the exchange of a and -a and inserting eqn (73) 
then leads to 

;a a(F/-a})Ha + :, (:J(~ -a!)Hp = 0. 
v2lal v2 fll 

But H,. and H8 are linearly independent since, as stated in eqn (72), the roots a and 
/3 are supposed to be non-proportional, so the coefficients must vanish separately, that 
is, for any two roots a, fJ e ~. we have 

/3(F; - a!) = 0 

whenever /J is not proportional to a and, according to eqn (64), also when /3 is pro­
portional to a. Since ~ generates fJa, this simply means that a! = ~. Inserting this 
conclusion back into eqn (74) and applying once more the same argument, we arrive 
at the result that aa =Fa. With this result, eqns (61)-(63) and (70) reduce to trivial 
identities whereas eqns {64), {73), (72), (67), {47} with {49) and (65} with (68} assume 
the form given in eqns (51), (52), (53}, {54}, (58) and {59), respectively. 

Let us summarize the results obtained so far. With the exception of eqn {42}, 
the system of equations ( 41 )-( 46) has been completely solved in terms of the explicit 
formulae {56)-(59) for the gauge potential with the explicit formula (52} for the odd 
part F; of the coefficient vectors Fa and the algebraic constraints (51), (53) and {54). 
Thus we are left with the task of verifying the implications of eqns {14}, (15) and (42). 

Beginn;ng Mth eqn (14), we use the fun,t;onal equaHon (25) '7 
okAf (q, u) - a,A!(q, u) + L A:(q, u)A,a(q, u)Ha 

aE6 

= L ('(a(q)) ( a1 (Hk, F_0 ) Fa - a11 (H1 , F_a) Fa) 
aE6 

+ L ~(a(q), u) ~(-a(q), u) (Ht, Fa) (H1, F_a) Ha 
aE6 
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= ½ L ('(a(q)) ( + o, (Hk, F_0 ) F0 - a, (Hk, Fa) F_0 

<>EA - o,. (H1 , F_ 0 ) F0 + adH1, F
0

) F_
0 

+ (H11, F0 ) (H,, F_0 ) H0 - (H11 , F_
0

) (H1, F
0

) H
0

) 

- ('(u) L (Hk, F0 ) (H,, F_ 0 ) H0 

a Ell. 

= L, ('(a(q)) ( - a1 (H,., F;;) F: + a1 (H,., F:) F;; 

aet. + Ok (H,, F;;) F; - o:11 (H1 , F;) F;; 

+ (Hk ,F;;) (H1 , F:) H0 - (Hk ,F:) (H1 ,F;;) H0 ) 

- ('(u) L, (Hk, Fo) (H,, F_a) H0 

aEA 

and can use eqns (52) and (54) to verify that the terms under the first sum cancel 
mutually in pairs whereas the second sum vanishes. Note that in the degenerate case, 
the same argument works, but eqn (54) is not needed. 

For the proof of eqn (15), the trick is to split the sum over roots fJ coming from 
the third and fourth term into contributions with fJ = a, which cancel mutually, 
contributions with f) = -a, which combine with the contributions coming from the first 
and second term (transformed using the functional equation (30)), and the remaining 
contributions with f:3 =I- ±a: these can be complemented by terms that also cancel 
mutually (marked by underlining) and then be combined with the contributions from 
the fifth term (transformed using the functional equation (31)): 

811Ar(q, u) - 81A~(q, u) + a(At(q, u)) A~(q, u) - a(A~(q, u)) A:(q, u) 

+ L, Np,yA{(q, u)Al(q, u) 
~.'IE /!I. 
~+, .... 

= cI>'(o(q), u) o:11 (H1 , F0 ) - cl>'(a(q), u) a 1 (H,., F0 ) 

+ cl>(a(q), u) ( L ((,B(q)) a(F_p)(H11 , Fp) (H1 , F0 ) - ({u) a,. (Hi, F0 )) 

,BE A 

- cl>(o(q), u) ( L ((f:J(q)) a(F_p) (H1 , Fp) (H,., F0 ) - ((u) o1 (H,., F0 )) 

,BEA 

+ L N
7

,6 cl>('Y(q), u) cI>(c5(q), u)(H,., F7 )(H1 , F6) 

7,IE/!I. 
-,+.1-
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= ( cl>'(o:(q), u) - cl>(a(q), u) ((u)) ( (H1e, Ha)(H1, Fa) - (H1, Ha)(H1e, Fa)) 

+ <11(0:(q), u) ((a(q)) 

x ( + a(F_a)(H", Fa)(H1, Fa) - a(Fa)(H1c, F_a)(H1, Fa) 

- a(F-a)(H1, Fa)(H1c, Fa) + a(Fa)(H1, F_a)(H1c, Fa)) 

+ cl>(o:(q), u) L ((,B(q)) (H1c, F.8) ( a(F_.8) (H1, Fa) + ,B(Fa) (H1, F_11)) 
jEA 
j,;,±Q 

- cl>(o:(q), u) L ((,B(q)) (H1, F.8) ( a(F_.8) (H,., Fa) + f3(Fa) (H1c, F_.8)) 
' (JEA 

fJ,;,±o 

+ cl>{a(q), u) L ( (('r(q)) + ((d(q))) N7 ,6 (H1c, F,.,) (H1, F6) 
7,IEA 
7+'-

- 4>(o:(q), u) ( ((o:(q) + u) - ((u)) L N7,6 (H1c, F-r)(H,, F,) 
7,IIIA 
7-+<J-

= ~(a(q), u) ( ((a(q) + u) - ((a(q)) - ((u)) 

x ( (H1c, Ha) (H1 , Ji';;) - (H,., F:) (H,, Ha) 

- 2a(F;) (H1c, F;) (H1 , F:) + 2o:(F;) (H1c, F:) (H1, F;)) 

+ cl>(o:(q),u) ( ((a(q) + u) - ((u)) 

x ( 2a(F;) (H1c, F;) (H1, Fc:) - 2o:(F;) (H1c, F';;) (H1, F;) 

- L N.B,7(H1c,F.B)(H1,F,,)) 
fJ,7EA 
j+Y-a 

+ cl>(o:(q), u) L ((,B(q)) (H,., Fp) 
(JEA ( ) 
'#Q x H,, a(F_p) Fa + {)(Fa) F_.8 + N.B,a-.8 Fa-.8 

- <I1(a(q), u) L ((f3(q)) (H1 , Fp) 
fJEA 

flot±a x ( H,., a(F_p) Fa + ,B(Fa) F_.8 - Na-PJJ Fa-.8) . 

The last two terms vanish due to eqn (53), while the first term vanishes due to eqn (52). 
The same reasoning shows that the second term will vanish provided we impose the 
condition (55). Note that in the degenerate case, the same argument works, but eqn (55) 
is not needed. 
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The proof of eqn (42) proceeds along similar lines, using the functional equa­
tions (29)-(31): 

ak <I>'(a(q), v) F0 + (((u - v) + ((v)) ANq, v) H0 + <I>(a(q), v) a(A:(q, v)) F0 

- L N7 ,6 <I>('Y(q),v)Af(q,v)F7 
-,,6E~ 
..,.+d-a r 

- <I>(-a(q),u-v)A:(q,u)Ha + La;A~(q,v)AJ(q,u) 
j=l 

= <I>'(o:(q), v) ak Fa + (((u - v) + ((v)) <I>(a(q), v) (H1r;, F0 ) Ha 

+ il>(a(q), v) L ((,B(q)) a(F_11) (H,., Fp) Fa - <I>(a(q), v) ((v) a,1; Fa 
/JE t,, 

- <I>(-a(q), u - v) <I>(a(q), u) (Hi,, Fa) Ha 

r 

- <I1(a(q), v) LL ((,B(q)) a; (H;, F_p) (H1r;, Fa) Fp 
j=l /JEl:i 

r 

- <I>(a(q), v) ((u) Lai (Hi,, Fa) H1 
i=I 

= (<I>'(a(q),v) - <I>(a(q),v)((v)) (H,.,Ha)Fa 

+ ( (((u - v) + ((v) - ((u)) <I>(o:(q), v) 

- <I>(-a(q), u - v) <I>(a(q), u)) (H1r;, Fa) Ha 

+ <I>(a(q), v) ((o:(q)) ( + a(F_a)(H,., Fa) Fa - a(Fa) (H1r;, F_a) Fa 

- a(F_a) (Hk, Fa) Fa + a(Fa) (H1e, Fa) F_a) 

+ <I>(a(q),v) L ((,B(q)) (H1r;,Fp) (a(F_p)Fa + .B(Fa)F-p) 
{JE~ 

fl"±"' 

- <I>(a(q),v) L ((,B(q)) (H1r;,a(F_p)F0 + /3(F0 )F_p)Fp 
{JE~ 
11 .. ±a 
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- cf>(a(q), v) L ( (('y(q)) + ((8(q)) )N7 ,6 (H,., F6} F7 
-,,dEA 
-,+4-

+ cf>(a(q), v)( ((a(q) + v) - ((v)) L N7,, (H1c, F6} F7 
-,,dEA 
,.+4 .... 

= cf>(a(q),v)(((a(q)+v) -((a(q))-((v}) ((H1c,H0.)Fa - (H1c,F0 )Ha) 

+ cf>(o:(q), v} ((a(q)) 2o:(F.;) ( (H1c, F;;) ~ - (Hk, ~) F.;) 

+ cf>(a(q),v) L ((,B(q)) 

/lEA ( ) ,,,4=.. x (H1;, Ftl) a(F_tl) Fa + f3(Fa) F_tl - Na-/J,/J Fa-ti 

- cf>(a(q},v) L ((,B(q)) 
/lEA ( ) 
,ir.!a x H1c, a(F_p) Fa + /3(F0 ) F_tl + Ntl,a-fJ Fa-ti Ftl 

+ <I>(a(q),v){ {(a(q) + v) - {(v)) E N 7 ,6(H1c ,F6) F7 

= cI>(a(q}, v) ( ((a(q) + v) - ((v)) 

,.,&EA 
"l'+l•a 

X ( (H,c, Ha) Fa - (H1c, Fa) Ha - L Np,7 (H1c, Fp) F7 ) , 
/1,-,EA 
/1+-,-o 

where in the last step, we have used eqns (53) and (52). Again, this expression will 
vanish provided we impose the condition (55). Note that in the degenerate case, the 
same argument works, but eqn (55) is not needed. D 

Having concluded the proof of Proposition 1, we pass to analyzing the implications 
of the algebraic constraints that we have derived. As it turns out, the conditions 
stated in Proposition 1 are sufficiently strong to allow for a complete classification of 
all possible solutions. As a by-product, we shall be able to reduce eqn (52) to the form 
given in eqn (60). 

A first step in this direction is taken by observing that the signs Ea that appear in 
eqn (52) may without loss of generality be assumed to be independent of a: 

for all o:e 6. (75) 

This freedom of choice follows from the possibility of performing a transformation that 
changes the signs of the root generators without modifying any of the relations between 
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generators and structure constants used in the preceding calculations: it is given by 

Ha --+ H~ = Ho: , 

N --+ N' _ E EaEfJ N a,{J o:,{J - ~ a,/J , 
'-a+/J 

Fa --+ ~ = EEaFo: . 

and, omitting the primes, brings eqn (52) into the form 

(76) 

Next, let us write down the system obtained from eqn (53) upon replacing a by -a 
and (3 by -(3: 

a(FtJ) Fa - /3(Fa) FfJ = No:,/J Fa+fJ , 

a(F_/J) Fo: + /3(Fa) F_fJ = Na,-fJ Fo:-fJ , 

- a(FtJ) F_a - f3(F-a) FfJ = N-o,fJ F-o:+fJ , 

-a(F-fJ) F_o: + f3(F-a) F_fJ = N-o:,-fJ F-o:-fJ. 

Adding these four equations gives 

a(F/) F; - /3(F:) Fi = ½ Na,/J F;+/J + ½ Na,-fJ F;_/J . 

Inserting eqn (52) and separating the coefficients of Ha and HfJ, we conclude that 

1 + 1 1 
1/31 2/3(Fa) = la - /31 Na,-/J - la+ /31 No:,fJ ' 

(77) 

(78) 

plus the same equation with o: and /3 interchanged. It is to be noted that this derivation 

is only valid when /3 -1- ±a, as stated in eqn (53): this supplementary condition is also 

needed in order to guarantee that Ha and H/J are linearly independent but can in fact 

be eliminated from eqn (78) since this formula is automatically satisfied when /3 = ±a. 
(Indeed, for (3 = ±a the rhs is understood to vanish since 2o: and O do not belong to 

the root system L1, whereas the lbs vanishes as a consequence of eqn (51).) 

The algebraic equation (78) is identical with a special case of eqn (42) of Ref. [1], 

obtained by replacing the coupling constants g,., by 1/l'YI- As has been shown in Sect. 2.2 

of Ref. [1], there is only one type of simple complex Lie algebra g for which there exists 

a solution, namely those of the A-series. In particular, g is simply laced, and all its 

roots have the same length, which according to our convention equals ../2, and eqn (76) 

simplifies to the form given in eqn (60). Explicitly, if g = s[(n, C) with ~R consisting 

of the real diagonal ( n x n )-matrices, we have ~ = { a..b / 1 ~ a -1- b ~ n} with 

a,.b(H) = H,.,. - Hbb for He ~R and take E0 _. = E00 where Eab is the matrix whose 
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entry in the ath row and bth column is 1 while all other entries are O; then the structure 
constants Na1,,cd = Na,,,,aa are given by 

(79) 

and writing Fj = F;!,, we have 

(80) 

and 
(81) 

implying that for E = +l, 
(82) 

while for E = -1, 
1 

F .. b = - E(J(J + - 1,. . {83) 
n 

It is then easy to check that F, as defined by eqns (80)-(83), satisfies all the conditions 
stated in Proposition 1. To see this, assume for simplicity that f = +1 (noting that 
the case E = -1 can be obtained from this one by replacing Fa by F_0 , which does 
not affect the validity of any of the equations (53)-(55)). Then assuming, for example, 
that a= a,,.,, and /3 = aCII, the lbs aa1,(Fcd)Fa1, - Oca(FtJ1>)FC11 and rhs N,.,,,caFaa.+a.d 
of eqn (53) are both equal to 

except when a= d and b = c (/3 = -a), where the rhs is understood to vanish while 
the lhs does not. Similarly, the formula 

allow us to verify eqns (54) and {55): the lbs of eqn. (54) becomes 

L (E1111 - Eb//) ® (Ebb - .!_ 1,.) ® (E"" - .!_ ln) 
t:1,tJ;tb:1,n n n 

" 1 1 
= - L Eaa ® (E"" - -1,.) ® (Eaa - -1,.) 

a=t n n 

" 1 1 + L Ebb ® (Ebb - - 1,.) ® (Ebb - - 1,.) , 
~ 1 n n 
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which vanishes as required, while that of eqn (55), for a= aab, becomes 

= Hab ® Fab - Fab ® Hab, 

as required. In this way, we have rederived the main result of Refs [5] and [6], which 

states that the dynamical R-matrix of the integrable Calogero model associated with 

the root system of the simple Lie algebra g = sl(n, C) of the A-series can be gauge 

transformed to a numerical R-matrix. 

4 Calogero Models for Symmetric Pairs 

According to Ref. [1 ], the standard Lax matrix L and the dynamical R-matrix for the 

Calogero models associated with the root system ~ of a symmetric pair (9, e) read 

.. 
L = L, P;H; + L, ig0 w(a(q)) Ea , (84) 

i=l ae3. 

(85) 

for the degenerate model and 
,. 

L(u) = L, p;H; + L iga'l>(a(q),u) Ea, (86) 

i=l ae3. ,. 
R(u,v) = -½ L(((u-v)+((u+v))H;®H; 

j=l 

-½ (((u - v) - ((u + v) + 2((v)) C1 

+ L <l>(o:(q), v) Ka® Ea (87) 

aE6 

-½ L(~(cr(q),u-v)Ea®E-a + ~(cr(q),-u-v)E11a®E-a), 

aeii 
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for the elliptic model, where A = Ao u ti. with 

Ao = { a e A / fJa = a } , 

ti. = { a e A / fJa -::/ a } . 

As has been shown in Ref. [1], integrability requires the generators Ka E ibo appearing 
in eqns (85) and (87) to satisfy the constraints (2). Moreover, writing 

{88) 

we also impose the condition 

for a e 3. such that fJa - a ;. A , (89) 

which follows from eqn (2) by setting /J = -o: when ga IO but turns out to be true 
in general, independent of this hypothesis. 

Before proceeding with the calculations, we pause to note that the R-matrices given 
by eqns (85) and (87) have certain symmetry properties with respect to the auto­
morphism (J that we want to be preserved under the gauge transformation to R'(u,v): 
in the degenerate cai,e, R takes values in t ® m whereas in the elliptic case, R(u, v) 
is even under the action of (J ® 1 and odd under the action of 1 ® (J when these are 
combined with a change of sign in the corresponding spectral parameter. This can be 
achieved by imposing a restriction on the action of (Jong or, equivalently, on the gauge 
potentials A;: in the degenerate case, g should take values in K and the A1 should take 
values in !, whereas in the elliptic case, we require that 

(J(g(-u)) = g(u) , 9(A;(-u)) = A;(u) , (90) 

or in terms of the components of the gauge potentials in the expansion (13), 

6(A1(-u)) = Aj(u) , AJa(-u) = Aj(u). (91) 

In order to compute the content of eqns (11) and (12), we further expand the Cartan 
part of the gauge potential according to 

r+• 
Aj(u) = LAj(u)H11. (92) 

k=l 

Then inserting eqns {87), (13) and (92) into eqn (12), we obtain 

0 = L a11 ct>'(a(q), v) Ka® Ea 
aEt. 

- ½ L 011 cl>'{a(q), u - v) Ea® E_a - ½Lai cl>'(cr(q), -u -v) Eea ® E_a 
aE6 aEt. 
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r r 

- L 8;A!(q,u) ® H; - LL 8;Af(q,u) EQ ®H; 
;=l j=l QE6 

r 

+½LL ( ((u-v) + ((u+v)) Af(q,u) [H; ®H;, EQ ~H] 
;=l QE6 

r 

+½LL (c(u-v) + ((u+v))Ai(q,v)[H;®H;, l®Eo] 
j=l ae6 

r+, 

+½I:( ((u-v) - ((u+v) + 2((v))A{(q,u) (CJ, H;®l] 
j=l 
r+a 

+ ½ L ( ((u-v) - ((u+v) + 2((v)) A{(q,v) [C1 , l®H;] 
j=l 

+ ½ L ( ((u-v) - ((u+ v) + 2((v)) Af(q,u) [C1 , Ea® 1] 

ae6 

+ ½ L ( ((u-v) - ((u+v) + 2((v))Ai(q,v) [C1 , l®E0 ] 

aE6 

r+• 

- L L cf>('Y(q), v) A{(q, u) [Ky® E.y, H; ® l] 
j=l -,el,. 

r+a 

- L L IP(-y(q), v) A{(q, v) [K-r@ E-,, 1@ H;] 

-,eA 
6 El>. 

- L <I/(-y(q), v) Af(q, v) [ K7 ® E.y, 1 ® E,d 
~e.& 
6E,:,. 

r+• 

+ ½ L L<I>('Y(q),u-v)A{(q,u)[E7 ®E--,,H;®l) 

j=l -,e.O. 

r+a 

+ ½ L }:<I>('Y(q),u-v}A{(q,v)[E7 ®E--r, l®H;] 

i=l -ye 21. 
r+• 

+ ½ L L <I/('Y(q), -u - v) A{(q, u) ( Eo7 ® K.7 , H; ® 1] 

j=l -ye.ii. 

r+a 

+ ½ L L<I>(-y(q),-u-v)A{(q,v) [E87 @E_7 , l®H;] 

j=l 7E6 
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+ ½ L 4>('y(q), u - v) Af (q, u) [ E,y ® E--r, E.s ® 1] 
-,EA 
IE<!. 

+ ½ L 4>('y(q),u- v)Af{q,v) [E-r ® E_7 , 1 ® E.s] 
-,EA 
IE<!. 

+ ½ L4>('y(q),-u-v)At(q,u) [Ee7 @E_7 , E,r®l] 
-,EA 
IE<!. 

+ ½ L~('y(q),-u-v)Af(q,v)(E9-r®K_,,, l®E,J] 
-,EA 
IE<!. 

r r 
+ L L a;A:(q, v) A1(q, u) ® Ea + L L f:J;Aj(q, u)Af (q, v) Ea® Ep . 

j=l ae.c. i=l a,{JE!:i 

Using the definition of C, , 

r+, 

C1 = L H;®H; + L Ea®E_,,_, 
o.EAo 

and eqns (16)-(20) to carry out the commutators, together with the relation 

r+• 
La;H; = Ha , 
i=l 

we arrive at 

r 

La;H; = (Ha)a , 
j=l 

0 = L a1, ~'(a(q), v) K,,_ ® Ea 
aEA 

r r 

r+• L o:;H; F (Ha)b , 
j=r+l 

- L 8_,Al(q, u) ® H; - L L 8;Ak(q, u) Ea® H; 
j=l i=l aEA 

r 

+ ½ L L a; ( ((u - v) + ({u + v)) A:(q, u) Ea® H1 
j=l o.EA 

r 

+½LL o:;(((u-v) + ((u+v))Ai(q,v)H;®Ea 
j=l ae..3. 

r+• 
- ½ L L a; ( ((u- v) - ((u+v) + 2((v)) A{(q,u) E,,_ ®E-a 

j=l aEAo 
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.. +, 
+ ½ L L a; ( ((u - v) - ((u+ v) + 2((v)) A{(q,v) Ea® E_a 

;=1 aE~ 
.. +, 

+½LL a;(((u - v) -((u+v) + 2((v))A:(q,u)Ea®H; 
j=r+l aeA 

r+• +½LL a;(((u-v)-((u+v) + 2((v))A:(q,v)H;®Ea 
j=f'+l aeA 

+ ½ L (c(u-v)-((u+v) + 2((v))A;;-'.,(q,u)H,,®E--r 
,yEAo 

+ ½ L (c(u-v) - ((u+v) + 2((v))AI(q,v)E,,@H_,, 
')'EAo 

+ ½ I: N,.,a ( ((u - v) - ((u + v) + 2((v)) Ak(q, u) E,-,+a ® E_,., 
a E ~,'TE 4o 

<>+"IE~ 

+ ½ I: N_,.,,
0 

( ((u - v) - ((u + v) + 2((v)) Ak(q, v) E,., ® E--r+a 
aE 0..,-,,E Ao 

a--yEA 

.. +. 
+ L L 'Y; 4>(,y(q), v) A{(q, v) K-, ® E,, 

- L o(K,.,) 4>(-y(q), v) A~(q, u) E6 ® E,., 
-,,EA 
6EA 

L N,-,,14>(,y(q),v)A:(q,v) K,-,®E,-,+6 
.,.ei. ,,e.o. 

-,+4EA 

.. +, 
- ½ L L 'Y; 4>(,y(q), u - v) A{(q, u) E,., ® E_,, 

j=l ,yE.0. 

.. +, 
+ ½ L L'Y;cl>('Y(q),u-v)A{(q,v) E,.,®E_,., 

j=l ,ye.O. 

.. +. 
- ½ L L (8,y); 4>{-y(q), -u - v) A{(q, u) fJE,., ® E_,., 

j=l ,ye.O. 

.. +, 
+ ½ L L 'Y; 4>('Y{q), -u - v) A{(q, v) fJE,., ® E_,., 

j=l ,YE 6 
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+ ½ L N,.,6<I>('y(q),u-v)Af(q,u)E,.+1®E--r 
7EA,6E.O. 

7-tfE.O. 

+ ½ L N_,.,6 <I>('y(q), u - v) Af(q, v) E,. ® E--rH 
7EA,u.o. 

7-fE.O. 

+ ½ L ~(,y(q), -u - v) Ai6,.(q, u) OH,.® E_,. 
')'E.0. 

+ ½ L N,-.,,& ~(,y(q), -u - v) Af(q, u) Etn+& ® E_,. 
.,e.&,,e.o. 
f7t4 E.O. 

+ ½ L f(,y(q), -u - v) Al(q, v) E,-.,@H_,. 
')'E6 

+ ½ L N_..,.,1 4>(,y(q}, -u - v) Af(q, v) E,.,. ® E-..,+I 
7EA,IE.O. 

7-#E.O. 

r r 

+ L La;Ak(q,v)Aj(q,u)®E,. + L L .B;Aj(q,u)Af(q,v)E,.®Ep. 
j=l oE4 pl o,/Jf4 

Relabelling summation indices and using cyclicity and antisymmetry of the structure 
constants, we can bring this expression into the following form: 

0 = L ak <I>'(o(q), v) K,. ® E,. 
oe.5. 

oE6 
r r 

oEt. 

- L 8;A:(q, u) ® H; - L L a,A:(q, u) E,. ® H; 
i=l i=l oe6 

r 

+½LL a; ( ((u-v) + ((u+v)) A:(q,u) E,.®H; 
j=l oE.0. 

r 

+½LL a; ( ((u-v) + ((u+v)) Ak(q,v) H;®E,. 
J=l oE.0. 
r+• 

- ½ L L a; ( ((u-v) - ((u+v) + 2((v))A(q,u) E,.@E_,. 
;=1 oE6o 
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• 

r+• 

+ ½ L L a; ( ((u-v) - ((u+v) + 2((v))A{(q,v) Ea®E-a 
j=l aE~ 
r+• 

+ ½ L L a;(((u-v) -((u+v) + 2((v))AZ(q,u)E0 @H; 
j=r+l ae.O. 

r+• 
+½LL a;(((u-v)-((u+v) + 2((v))A:(q,v)H;@Ea 

;=r+l ae.O. 

-½ L (((u-v)-((u+v) +2((v))Ak(q,u)H0 @Ea 
aE.0.o 

- ½ L ( ((u-v) - ((u+v) + 2((v)) Ak(q,v) Ea ®Ha 
a~ .O.o 

- ½ L N0 ,p ( ((u - v) - ((u + v) + 2((v)) A:+P(q, u) Ea® Ep 
.,.EA..8~ho 

o+8EA 

+ ½ L Na,.8 ( ((u - v) - ((u + v) + 2((v)) A:+P(q,v) Ea @Ep 
oE~,/JE.O. 

a+/JE.0. 

r+• 
+ L La;<I>(a(q),v)A{(q,v)Ka®Ea 

- L a(Kp) <I>(,B(q),v) Ak(q, u) Ea® Ep 

;a 
- E <I>(a(q), v) A;''(q, v) Ka® Ha 

ae6 

E N-y,.s<I>('Y(q),v)Ai(q,v) K-r ® E-r+.s 
-,Ef.,6E.O. 

-,+IE.O. 

r+• 
- ½ L La; <I>(a(q), u - v) Al(q, u) Ea@ E_a 

r+• 
+ ½ L }:a;<I>(a(q),u-v)A{(q,v)E0 ®E-a 

r+• 
- ½ L L (9a); <I>(a(q), -u - v) A{(q, u) OE0 ® E_a 

i=1 ae6 
r+• 

+ ½ L La;<I>(a(q),-u-v)A{(q,v)BEa®E-a 
i=l aE6 
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- ½ L Na,fJ q,(-/J(q), u - v) A:+11(q, u) Ea© EfJ 
aEA,8Eli 

a+8E A 

aE6 

+ ½ L Na,.Bq>(a(q),u-v)Atfl(q,v)E0 ©EfJ 
c,Eli,8EA 

a+/JEA 

- ½ L q,(-a(q),-u-v)A:(q,-u) 8H0 ©E0 

aE6 

- ½ L Na,.8 q>(-fJ(q), -u - v) A:+tl(q, -u) 8E0 © EfJ 
aEA , /IE.21. 

a+/IEA 

- ½ L q,(-a(q),-u-v)Ak(q,-v) E0 ©8H0 

oE6 

+ ½ L N0 ,11 q,(a(q), -u - v) A~fl(q, v) OE0 © EfJ 
aE.21.,IJEA 

a+8EA 
r r 

+ L La;At(q,v)AJ(q,u)©Ea +LL fJ;A1(q,u)A!(q,v)E0 ©EfJ. 
i=l ae.6 j=l a,!Je.6 

Noting that for a e 6 0, we have a; = 0 for 1 ~ j ~ r and {H0 ) 11 = 0, we can now 
identify the components of eqn {12) along the various subspaces of g ® g: 

• The components along ~ © H; lead to the following system of equations. • 
For 1 ~ j ~ r: 

O;At(q, u) + L a1 q>(a(q), v) A;0 (q, v) K 0 = 0 . (95) 
aeti. 

For r + 1 ~ j ~ r + s : 

L o:;q>(o:(q),v)A;0 (q,v)K0 = 0. (96) 
ae6 

28 



• The components along ~ ® g,. lead to the following system of equations. 

For ae ii: 

ak~'(a(q),v)K,. + ½(((u-v)+((u+v))ANq,v)(H,.)a 

+ ½ ( ((u - v) - ((u + v) + 2((v)) Ai(q, v) (H,.)& 

+ <I>(a(q), v) a(A:(q, v)) K 0 - L N'Y,6 <I>(,(q}, v) Af(q, v) K.1 
.,eA.dE.O. 

"Y+d=<> 

+ ½ <I>(a(q), v - u) A):(q, u) H°' + ½ <I>(a(q), v + u) A):(q, -u) OH,. 

r 

+ La;A,:(q,v)A}(q,u) = O. 
j=l 

For ae .!lo: 

½ ( ((u - v) - ((u + v) + 2((v)) ( A,:(q, v) - A,:(q, u)) H0 

- L N-r,61f?('y(q),v)Af(q,v)K,y = 0 . 
.,,,eA ,,.w_ 

• The components along g0 @ H; lead to the following system of equations. 

For o e ii , 1 ~ j ~ r : 

o;A,:(q,u) -½a;(C(u-v)+((u+v))A,:(q,u) 

+ ½ o; ( <I>(o(q), u - v) A,:(q, v) + lf?(o(q), u + v) A,:(q, -v)) = 0 . 

For ae D.0 , 1 ~j ~ r: 

For o e ii , r + 1 ~ j ~ r + s : 

( ({u - v) - ((u + v) + 2((v)) A,:(q, u) 

- ( <I>(a(q), u - v) A,:(q, v) - <I>(o(q), u + v) A,:(q, -v)) = 0. 

For a e D.0 , r + 1 ~ j ~ r + s : 
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• The components along g0 ® gp lead to the following system of equations. 

For ae 6 0 and /J = -a: 

a (A!(q,u) - Ai(q,v)) = 0. 

For a, f3 e 6 0 with a+ /3 -=I- 0, no new condition arises, due to eqn (102). 

For a e 6o , /J e ii : 

½ Na,p ( ((u - v) - ((u + v) + 2((v)) A:+P(q, v) 

- a(Kp) 4>(/J(q), v) Ai(q, u) 

+ ½ Na,P ( tl>(,8(q), 11 - u) A:+Jl (q, u) + ~(,8(q), v + u) A:+Jl(q, -u)) 
r 

+ Lf3;A1(q,u)A~(q,v) = 0. 
j=l 

For a e ii , /3 e Llo : 

N 0 ,p ( ({u - v) - ((u + v) + 2((v)) A:+.8(q, u) 

(103) 

(104) 

- N0 JJ (cI?(a(q),u-v)A:+P(q,v) - cJ?(a(q),u+v)A:+P(q,-v)) (105) 

= 0. 

For a, f3 e ii : 
if f3 = a -=I- -0a: 

a(K0 ) cl?(a(q), v) Ar(q, u) 

- ½N,0 ,0 cl?(a(q),u+v) (A:+9"'(q,-u) - At+i"'(q,v)) 

r 

- }:a;Aj(q,u)Ar(q,v) = 0. 
j=l 

if f3 = -Oa (independently of whether -Bo: -=I- a or -0a = a): 

½ o:11 ~(o:(q), u + v) - o:(K_,.) <I>(o:(q), v) A:(q, u) 

+ ½cJ?(a(q),u+v) (o:(A!(q,u)) - (0o:)(A!(q,v))) 

(106) 

- ½ Na,-9a ( 4>(-o:(q), u - v) At-'0 (q, u) - 4>(o:(q), u - v) A:-'"(q, v)) (107) 
,, 

+ Lo:;Af(q,u)A;'"'(q,v) = O. 
j=l 
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if /3 == ()a -/:- -a: 

a(K0 ) lf>(-a(q), v) AZ(q, u) 

+ ½Na,9a<I>(a(q),u-v) (Ar+ea(q,u) - A;+11a(q,v)) 
r 

+ I>k'; A.i(q, u)Af0 (q, v) = 0 . 
j=l 

if /3 = -a {independently of whether ()a-/:- -a or 0a = -a): 

½ak<I>'(a(q),u-v) + a(K_0 )<I>(-a(q),v)Ak(q,u) 

+ ½<I>(a(q),u-v) (a(A!(q,u)) - a(A:(q,v))) 

{108) 

- ½N11a,-a(<I>(-a(q),u+v)Af'"-'"(q,-u) - <I>(a(q),u+v)Af0 -'"(q,v)) (109) 

r 

+ :Ea;Af(q,u)A;0 (q,v) = O. 
j:l 

if /3 -:/- ±a and /3 -/:- ±()a : 

a(Kp) lf>(f3(q), v) Ak(q, u) 

- ½ N 0 ,p ( <11(,B(q), v - u) Ak+P(q, u) + ~(a(q), u - v) A~+P (q, v)) 

- ½N11
0

,p (c1>(,B(q),u+v)A!0 +fJ(q,-u) - cI>(a(q),u+v)A!a+fJ(q,v)) {llO) 

r 

- Lf3;AJ(q,u)A{(q,v) = O. 
j=l 

This is a complicated set of equations which we shall solve in a series of steps. 

We begin by considering the algebro-differentiaJ equations {99)-(102) for the root 

part of the gauge potential, which we claim to have the simple solution 

{ 
ib(o:(q) , u) M: for cte ii } 

Ak(q, u) = 
Mf for cte Ao 

where the coefficients Mf are constants that must be determined from the remaining 

equations, subject to the constraint 

M(Ja _ Ma 
k - - k for ae l, (112) 

imposed in order to guarantee the validity of eqn (91). (The corresponding constraint 

for o: e Ao is empty.) Indeed, the statement of eqn ( 111) for ct e Ao follows directly from 
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eqns (100) and (102). Similarly, the statement of eqn (111) for ae ii is an immediate 
consequence of eqn (99) in the degenerate case but is somewhat harder to prove in the 
elliptic case. To this end, we recast the functional equation (29) into the form 

and use the Ansatz 

Ak(q,u) = <I1(a(q),u)Mf(q,u) for ae ii 

to rewrite the differential equation (99) in the form 

~(a(q), u) iJ;M:(q, u) + a; ~'(a(q), u) M:(q, u) 

- ½ a; ( ((u - v) + ((u + v)) ~(a(q), u) Mf(q, u) 

+ ½ O:; ( ( ((u - v) + ((v)) ~(a(q), u) - ~'(a(q), u)) Mf(q, v) 

+ ½ a; ( ( ((u + v) - ((v)) ~(a(q), u) - <I1'(a(q), u)) Mf(q, -v) 

= 0, 

while the algebraic equation (101) takes the form 

( ((u - v) - ((u + v) + 2((v)) ~(a(q), u) Mf(q, u) 

- ( ( ((u - v) + ((v)) <I1(a(q), u) - <I1'(a(q), u)) M:(q, v) 

+ ((<(u+v) -((v))<I1(a(q),u) - ~'(a(q),u))M:(q,-v) 

= 0. 

Both of these equations can be simplified by using the functional equation (30) and 
subtracting ½ a; times the second from the first, with the result that 

while 

8;Mf(q,u) = a; ( ((u- v) + ((v) + ((a(q)) - ((a(q) + u)) 

x (Mf(q,u)-Mf(q,v)), 

( ((u - v) - ((u + v) + 2((v)) Mf(q, u) 

- ( ({u - v) + ((v) - ((a(q) + u) + ((a(q))) Mf(q, v) 

+ ( ((u + v) - ((v) - ((a(q) + u) + ((a(q))) Mf(q, -v) 

= 0. 
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Antisymmetrizing the last equation with respect to the exchange of u and -u give.a 

( ((u-v) - ((u+v) + 2((v))(M:(q,u) - M:(q,-u)) 

( ((u - v) + ((u + v) + ((a(q) - u) - ((a(q) + u)) (115) 

x (Mk(q,v) - Mk(q,-v)). 

In order to analyze the consequences of this relation, we shall use the identity 

((x + y) - ((x) -((y) 
1 p'(x) - p'(y) 

= 2 p(x) - p(y) ' 

which can also be written as 

((u-v) - ((u+v) + 2((v) = p'(v) 
p(u) - p{v) ' 

implying that 

((u-v) + ((u+v) + ((s-u) - ((s+u) 

p'(u) p'(u) p'(u) (p(s) - p(v)) 
= _...;._:......:...._ + _.;;......;.._;___ = --'-....:......a-=-..:......:...-:......:....-'-'--- • 

p(u) - p(v) p(s) - p(u) (p(s) - p(u)) (p(u) - p(v)) 

After rearranging coefficients, we conclude that eqn (115) can be reformulated as stating 
that the function 

is independent of u. Putting u = a(q), we see that it must actually vanish identically, 

which is only possible if 

Mk (q, u) - Mk (q, -u) = 0 . 

Inserting this result back into eqn (114), we get 

Mf(q, u) - Mt(q, v) = 0 . 

Now eqn (113) implies that Mk is in fact a constant. 

For what follows, we shall find it convenient to assemble the constants introduced 

in eqn (111) above into a vector in ao by writing, for any ae ~, 

r 

M0 = ~Milli, {116) 

j=l 

so that of course 
(117) 
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In analogy with eqn (88), we also introduce the abbreviation 

M; = ½(Ma±M_a) · (118) 

Note that, for a e .3., the generators Mae Clo are in a sense complementary to the 
generators Ka e ib0• (This observation will come to play an important role later on.) 
In particular, eqn (112) amounts to the condition 

for ae .3. (119) 

which is analogous to the condition 

for ae .3. (120) 

of Ref. [1]. 

Now we are ready to state the first main result of this section. Our terminology will 
follow that of Ref. [8], according to which roots a e Cl.. are called imaginary if 9a = a, 
real if ()a = -a and complex if 0a and a are linearly independent, whereas two roots 
a and fJ are called strongly orthogonal if both a+ f3 and a - f3 are not roots ( as is well 
known, this implies that a and fJ are orthogonal in the usual sense). 

Proposition 2 The integrable Calogero model a3sociated with the root aystem of a 
aymmetric pair (g, 9) admits a gauge transformation g from the standard Lax pair of 
Olshanetsky and Perelomov and the dynamical R-matrix of Ref. {1} to a new Lax pair 
with a numerical R-matrix if and only if a) the automorphism (} acts on the root 
system Ll in such a way that 

• Ll contains no imaginary roots, i.e., Ll0 = 0 and .3. = Ll, 

• for any complex root a in Ll, 0a and a are strongly orthogonal, i.e., 0a ±a¢ Cl.., 

and b} the set of generators Ka e ibo appearing in eqn3 (85) and {87) can be com­
plemented by a set of generators Ma E ao which, taken together, satisfy the algebraic 
constraints 

a(K,t) = 0 , a(M,t) = 0 , 

K- = fa (H ) M:: = fa (H ) 
a \/'210!1 ab, ~ v'21al aa, 

a(Kp) Ka - f3(Ka) Kp = ½ { Na,fJ Ka+.8 + NBa,fJ Koa+fJ) 

(121} 

(122) 

a(Kp) Ma - /3(Ma) Mp = ½ ( Na.fJ M,.+p - N,a.JJ M,a+.8) (123) 

for a, fJ e Ll such that fJ =I- ±a, f3 =I- ±(}a , 

34 



as well as the additional algebraic constraints 

L (Ha)a ®Ka® M_a = 0 , L (H01)& ®Ma® M_a ;;;; 0 , (124) 
aEA aEA 

L Np,-y Mp® K'Y ;;;; (H01 ) 11 ® K 01 - M01 ® (Ha)b , 
/J,7Et>. 
/J+-,,ca 

L Np,-y Mp® M'Y = (Halt,® M01 - Ma® (H01 )G , 
/J,7Et>. 
/J+-t=a 

(125) 

to be imposed in the case of the elliptic model, where K± = l (K ± K ) and 
± 1 . _a 201 -OI 

Mo = 2 (Ma± M_01 ) as above, with fa = ±1. In thi3 case, the root part and the 

Cartan part of the potential Ak ;;;; y-1 8,,_g associated with this gauge transformation g 
are gfoen by 

(126) 

and 
~ "'"' w'(a(q)) 

A,,_(q) = ~ w(a(q)) {H1,,, M_a) K 01 (127) 

for the degenerate model and by 

(128) 

and 
(129) 

aeA 

for the elliptic model. 

Note. As we shall show after completing the proof of Proposition 2, eqn (123) forces 
all roots a in ti.. to have the same length (which by convention we fix to be v2) and 
also allows for a choice of basis in which the signs t 01 are independent of a. so that 
eqn (122) can be simplified as follows: 

(130) 

Proof. With the vector notation introduced above, we can first of all use eqn (102), 

with a replaced by a+ 0a, to conclude that the middle terms in eqns (106) and (108) 
vanish identically and thus reduce both of them to a single algebraic constraint: 

for aetl. such that 0a-=/ -a. 

Note that replacing a by -a and adding/subtracting the two equations, we get 

a(K1) = a(M,t) 

a(K.;) = a(M.;) 

for a e ii such that 0a -=/ -a , 

for a e ii such that 0a =I- -a . 
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Using eqn (89), the first of these can be sharpened as follows: 

a(K!) = 0 = a(M,t) for ae 25. such that Oa - a j 6. . (134) 

(Indeed, if 8a = -a so that eqn (131) no longer applies, eqn (134) remains correct 
because in this case M;!" = 0, according to eqns (118) and (119).) Next, inserting 
eqn (111) together with the functional equation (25) into the differential equation (95) 
for the Cartan part of the gauge potential, we see that this equation can be solved by 
setting 

(135) 
aEL'l 

where the M! ( u) are constants that must be determined from the remaining equations, 
provided we assume the coefficients Mf to satisfy the relation 

for l~j,k~r. 
aeli. 

Converted into a tensor equation, it reads 

L(Ha).®Ka®M-a = 0, 
aeli. 

(136) 

(137) 

which leads back to eqn (136} by taking the scalar product with H1 in the first and with 
H1; in the third tensor factor. Note that in the degenerate case, the same argument 
works, but eqn {136/137) is not needed. Moreover, eqn (96} is satisfied as a consequence 
of the identity 

L ai f(a(q)) M;" K 0 = 0 for r + 1 ~ j ~ r + s , 
aeA 

which is valid for any even function / (such as ('): this is easily shown by replacing a 
by 8a in the sum and noting that (Oo:); = o:; for r + 1 ~ j ~ r + s, (Oa)(q) = -a(q), 
M;'a = -M;a and K,a = Ka, so that 

for r + 1 ~ j ~ r + s . 
aeA 

Similarly, inserting eqn (111) together with the functional equation (29) into eqns (107) 
and (109), we obtain 

½ a1; (- ol>(a(q), u) cfl(a(q), v) + (((u) + ((v)) ol>(a(q), u + v)) 

- a(K_,.) Mf ol>(a(q), u) of>(a(q), v) 

- ½ tl?(a(q), u + v) ( a(M!(u)) - (8a)(M!(v))) 

+ ½ Na,-Ba M:-'" (- 4>(-a(q), u - v) 4>(2a(q), u) - 4>(-a(q), v - u) of>(2a(q), v)) 

- o:(M,.) M;" cfl(a(q), u) of>(a(q), v) = 0 
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and 

½ a,. (- <Ii(a(q), u) <Ii(a(q), -v) + (((u) - ((v)) <li(a(q), u - v)) 

- a(K_a) MC <Ii(a(q), u) <Ii(a(q), -v) 

- ½ <Ii(a(q), u - v) ( a(a!(u)) - a(a:(v))) 

- ½ N8a,-a M:a-a (- <Ii(-a(q), u + v) <li(2a(q), u) - <Ii(-a(q), -u-v) <li(2a(q), -v)) 

- a(Ma) M;" <Ii(a(q), u) <Ii(a(q), -v) = 0 

respectively. In both cases, the terms proportional to <Ii(a(q), u ± v) cancel provided 
we set 

(138) 

which also guarantees that eqn (103) is valid, and due to the functional equation (28), 
the remaining terms then cancel if we impose the relation 

½ a,. + a(K_,.) Mf + a(M,.) M;" + ½ N9a,-a Mfa-a = 0 

Converted to a vector equation in Clo, it reads 

½ (H,.)a + a(K_,.) M,. + a(Ma) M_a + ½ Nea,-a Msa-a = 0 

for a E ti. . (139) 

for ae ti. , (140) 

which leads back to eqn {139) by taking the scalar product with H,.. Even simpler 
to handle is eqn (110), which by insertion of eqn (111) together with the functional 
equation (28) reduces to the relation 

a(Kp) M: - ½ ( Na,P Mt+fJ - N9,.,p M!a+fJ) - /3(Ma) Mf = 0 

for a, /3 e ti. such that /3 -1- ±a , /3 -1- ±8a . 
(141) 

Converted to a vector equation in Clo, it reads 

a(Kp) M,. - ½ (Na,fJ Ma+fJ - NeaJJ Msa+fJ) - /3(M,.) Mp = 0 
(142) 

for a, /3 e ti. such that /3 -1- ±a , /3 -1- ±Ba , 

which leads back to eqn (141) by taking the scalar product with H,.. Finally, inserting 
eqn (111) together with the functional equation (29) (more precisely, the difference of 
two copies of eqn (29): one with v ➔ u, u ➔ v and one with v ➔ u, u ➔ -v) into 
eqn (105) and dividing by <Ii(a(q), u), we obtain 

N Ma+fJ_o 
a,P le - for ae ti., /3 E Ao , (143) 

which in tum reduces eqn (104) to 

a(Kp) Mf = /3(Mo,) Mf for a E ~ 0, /3 E ti. . (144) 
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In the degenerate case, the same conclusion is reached along a slightly different path, 
since in this case eqn (105) is void while eqn (104) takes the form 

o:(Kp) w(,B(q)) Mf + Na,fl M:+fl w'(,B(q)) - ,B(Ma) w(,B(q)) = 0 , 

which again leads to eqns (143) and (144) since w and w' are functionally independent. 

Before proceeding to the solution of the remaining equations, let us pause to draw a 
few consequences of the algebraic constraints (131 )-(134), (139 /140) and (143) derived 
so far; this will help us considerably to simplify our further work. For this purpose, we 
must distinguish between real and complex roots a in Ll: 

• For real roots a e /j. (Bo: = -a), egos (119) and (120), together with the fact 
that Kae ibo and hence OKa = Ka, imply that M_a = -Ma, K_a = Ka and 
a(Ka) = a(BKa) = Ba(Ka) = -o:(Ka), so o:(K±a) = 0. Thus in this case, the 
last term and the second term in eqn (140) drop out, so we get 

o:(Ma) Ma = ½ (Ha)a · 

Applying a to this relation and using that in this case, (Ha) .. = Ha, we conclude 
that 

i.e., 

and (145) 

where fa= f_a = €80 = e_80 is a sign factor (±1). 

• For complex roots o:e /j. (Bo:#- ±a:), eqn (131} implies that a(K-a) == a(M_0 ), 

so we may rewrite eqn (140) in the form 

½(H0 }a + 2a(M,t}M,t - 2a(M;;)M;; + ½N8a,-aM8a-a = 0. 

But under the substitution a ➔ -a, the first three terms in this equation are 
odd while the last is even, which forces them to vanish separately. Now we must 
distinguish two cases: 

- If Bo: - a is not a root, the last term drops out and, according to eqn (134), 
so does the second. Thus we get 

Applying a: to this relation, we conclude that 
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which can be further simplified because ()o,, + a is never a root [9, Ex. F.2, 
p. 530] so that in this case, 0a and o are (strongly) orthogonal, leading to 

and (146) 

where la= Ca = loa = Cea is a sign factor (±1). 

- If 0a - a is a root, we arrive at a contradiction, since in this case 0a - a 
is a real root, so that according to the previous item, Mea-a cannot vanish. 
Therefore, this possibility must be excluded. 

Moreover, we see that Ma can never vanish, so the only way to guarantee the validity 
of eqn (143) is to assume that the sum of a root o,, in A and a root fl in 6.0 is never a 
root. Since we may freely change the sign of fl, this forces all roots in A to be (strongly) 
orthogonal to all roots in 6.0 , which is only possible if one of these two sets is empty, 
since g is supposed to be simple and hence A. must be irreducible. This proves the two 
restrictions on the action of e on 6. stated in the proposition, namely 

(147) 

and, for any root a in 6., 

and either ()a = -a or ()a .1. a . (148} 

Moroever, eqns (145) and (146) can be unified into a single formula 

(149) 

where la= Ca= lea= Cea is a sign factor (±1). 

Let us summarize the results obtained so far. With the exception of eqn (97), the 
system of equations (95)-(110) has been completely solved in terms of the algebraic 
conditions (147), (148), the explicit formulae (126)-(129) for the gauge potential with 
the explicit formula (149) for the odd part M;;_ of the coefficient vectors Ma and the 
algebraic constraints (121), (133), (136/137) and (141/142). Thus we are left with the 
task of verifying the implications of eqns (14), (15) and (97). 
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Beginning with eqn (14), we use the functional equation (25) and eqns (147)-(149) 
to compute 

81:Af (q, u) - 8,Ai(q, u) + L A:(q, u)A1°{q, u) Ha 
aEA 

= L('{a(q))(a,(H1:,M-a)Ka - a1:(H,,M_a)Ka) 
aEA 

+ L 4'(a(q), u) q,(-a(q), u) (H,., Ma) (Hr, M_a) H0 

aEA 

= ½ L ('{a(q)) ( + n1 (H1c, M_ 0 ) Ka - a, (H1c, Ma) K_a 

aE 
6 

- n/c (H1, M_a) Ka + 01c (H,, Ma) K_a 

+ (H1c' Ma) (H, 'M_a) Ha - (H,. 'M_,._) (H, 'Ma) Ha) 

- ('{ u) L (H1;, Ma)(H,, M_a) Ha 
aEA 

= L ('(a(q)) ( - a1 (H1;, M;) K-: + a1 (H1c, M;) K; 

aeti. + at(H1 ,M;)K; - a1c(H1 ,M;)K; 

+ (H1c 'M;) (H,' M;) Ha - (H1c 'M;) (H,, M;) Ha) 

- ('{u) L (H,., Ma) (H1 , M_0 ) (H,._)b 
aEA 

= J; ('(a(q))( - viial a,o:,.K; + viiad a1:a,K;) 

+ L ('(a(q)) ( + a1 (H1c, Mt) K;; - a1: (H1 , M;) K; 
aEA 

+ ;al I a,. (H1 , M;) (H,._)b - %' a1 (H,., M;) (H,._).) 
v2 a v2lal 

- ('(u) L (H,., M,._) (H,, M_a) (Ha)b . 

. Obviously, the whole expression will vanish provided we assume that 

K; = vijarj (H,._). ' 

which is complementary to the condition (149) derived previously and that 

L(H,._).®Ma@M_,._ = 0, 
aeA 
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which is complementary to the condition (137) derived previously. Note that in the 
degenerate case, the same argument works, but eqn (151) is not needed. Note also that 
eqn (133) can now be eliminated because it follows from eqns (148), (149} and (150). 

For the proof of eqn (15), the trick is to split the sum over roots f3 coming from 
the third and fourth term into various pieces: the contribution with /3 = a and, if 
Oa =f. -a, also the contribution with /3 = Oa, which cancel mutually, the contribution 
with /3 = -a and, if Do: =f. -a, also the contribution with /3 = -0a, which combine 
with the contributions coming from the first and second term (transformed using the 
functional equation (30)), and finally the remaining contributions with f3 =f. ±a and 
/3 =f. ±0a: these can be complemented by terms that also cancel mutually (marked by 
underlining) and then be combined with the contributions from the fifth term (trans­
formed using the functional equation (31)}: 

akAt(q, u) - a,At(q, u) + a(A~(q, u)) Af(q, u) - a(Af (q, u)) A:(q, u) 

+ L Nli.rAf(q,u)Al(q,u) 
fJ,r el>. 
fJ+-r-

= ib'(a(q), u) ak (H1, Ma) - ib'(a(q), u) a1 (Hk, Ma) 

+ cf1(a(q), u) ( L ((f3(q)) a(K_p) (Hk, Mp) (H1, Ma) - ((u) ak (Hi, Ma)) 
/J<t,.f;. 

- <b(a(q), u) ( L ((f3(q)) a(K_p) (H1, Mp) (Hk, M"') - ((u) a1 (Hk, M01)) 
/jet. 

+ L N
7

,6 41(,y(q), u) ib(6(q), u) (Hk, M7} (H1 , M6} 

-,,6El>. 
-,+6-

= ( cf1'(a(q), u) - ib(a(q), u) ((u)) ( (Hk, H,.)(H,, Ma) - (H1, H01)(Hk, M01)) 

+ ib(a(q), u) ((a(q)) 

X ( + a(K_01) (Hk, Ma) (H1, Ma} 

- a(Ka) (Hk, M_a) (H,, M01 ) 

- (1 - 0901,-01) a(K-ea) (Hk, Mea) (Hi, M01) 

+ (1 - Osa,-01) a(Kso,) (Hk, M-ea) (H1, Ma) 

- a(K_01 ) (H1, M,.) (Hk, M01) j 
+ a(Ka) (H,, M_0 ) (Hk, Ma) 

+ (1 - 0901,-a) a(K-ea) (H1, Msa) H1r., ) 

- (1 - ae01,-01) a(Ks01) (H1, M-sa) (Hk, Ma)) 
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+ ~(a(q), u) L ((.B(q)) (HJc, Mp) ( a(K_p) (H1, Ma) + fJ(Ma) (H1, M_e)) 
fJE6 

fJ"±o,fJ",Ha 

- ~(o(q), u) L ((.B(q)) (H1, Mp) ( a(K_p) (Hit., Ma) + fJ(M0 ) (H1t,, M_p)) 
fJE6 

fJ"±a,fJ"±fa 

+ ~(o(q), u) L ( ({,(q)) + ((6(q))) N7 ,& (Ht, M7 ) (H,, M6) 
-r,&El> 
-,+.1-

- ~(a(q), u) ( ((a(q) + u) - ((u)) L N7 ,6 (Ht, M7 ) (H1, M&) 
-,,6E6 .,+.I_ 

= c)(o(q), u) ( ((o(q) + u) - ((o(q)) - ((u)) 

x ( (H",H0 )(H,,M;t) - (H1c,M:)(H,,H0 ) 

- 2 (2 - 611a,-a) o(K0 ) (H", M;) (H,, Mt) 

+ 2 (2 - c511a,-a) o(K0 ) (H", Mt) (H,, M;)) 

+ 4>(o:(q),") ( ((o:(q) + t,) - ((t,)) 

x ( + 2 (2 - 011a,-a) a(Ka) (Ht, M;) (H,, M;) 

- 2 (2 - 511a,-a) a(Ka) (H", M;) (H,, M;) 

- L Np,,(H1,,Mp)(H,,M..,)) 
/J,-,El> 
fJ+-t-

+ ~(a(q), u) L ((.B(q)) (H,,,, Mp) 
fJ E 6 

fJ"±a,fJ"±la X ( H, 'o:(K_p) Ma + .B(Ma) M_p + N{J,a-{J Ma-/J) 

- ~(a(q), u) L ((/3(q)) (H1, Mp) 
fJE6 

fJ,r6±o,fJ,r6±fo X ( H,,,' o:(K_p) Ma + /3(Ma) M_p - Na-fJ,fJ Ma-p) 

- (1 - 0110,-a) ~(a(q}, u) ((a(q)} ( + N,a,a-la (Ht, M,a) (H,, Ma-la) 

- N-11a,a+1a (H,., M_,a) (H,, Ma+1a) 

+ Na-9a,9a (H,, M,a) (H1t,, Ma-la) 

- Noi+Ba,-9a (H,, M_11a) (H,,,, Ma+11a)) · 

The last term vanishes due to the condition (148), whereas the previous two terms 
vanish due to eqn (142). The first term also vanishes because, as already observed 
before, M: = 0 for real roots a while, according to eqns (133), (134) and (146), 

4a(K,.) M; = 4o:(K;) M; = 4a(M;) M; = (Ha). 
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for complex roots a. Finally, the same reasoning shows that the second term will vanish 
provided we assume that 

which is easily reduced to the second equation in eqn {125) by noting that 

½{Ma® M_a - M_a ® Ma) = M; ® M;t - M;t ® M; = M; ® Ma - Ma® M; 

and using eqn {122). Note that in the degenerate case, the same argument works, but 
eqn {152) is not needed. 

The proof of eqn (97) proceeds along similar lines, using the functional equa­
tions {29)-(31): 

ll!k <I>'(a(q), v) Ka 

+ ½(((u-v)+((u+v))Ai(q,v)(Ha) 11 

+ ½ ( ((u - v) - ((u + v) + 2((v)) A~(q, v) (Ha)b 

+ <I>(a(q),v)a(A:(q,v))Ka - L N7,6 <I>('y(q),v)A1(q,v)K7 

r 

+ L>l!;Ai(q,v)AJ(q,u) 
;=l 

= <I>'(a(q), v) ak Ka 

~.&e.:. 
~+4-

+ ½<I>(a(q),v) ( ((u-v) +((u+v)) (H1:,Ma)(Ha),. 

+ ½ <I>(a(q), v) ( ((u -v) - ((u + v) + 2((v)) (Hk, Ma) (Ha)& 

+ <I>(a(q), v) ( L ((,B(q)) a(K_13 ) (Hk, M13 ) Ka - ((v) ak Ka) 
/j E /l 

- L N7,6 4>('y(q),v)<I>(8(q),v)(H.1:,M6)K7 
~,;e.:. 
-,+&=a 

+ ½ <I>(a(q), v - u) <I>(a(q), u) (Hk, Ma) ( (Ha)a + (Ha)b) 

- ½ <I>(a(q), v + u) <I>(a(q), -u) (H,., Ma) ( (Ha) 11 - (Ha)&) 
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r 

- 4>(a(q), v} L L ((,B(q)) a; (H;, M_p) (Hk, Ma) Kp 
j=l /JE6 

r 

- 4>(a(q),v)((u) La1(H1c,Ma)H1 
J=l 

= (4>'(a(q),v)- 4>(a(q),v)((v))(H1:,Ha)Ka 

+ ½ ( (((u - v) + ((u + v) - 2((u)) cI>(a(q), v) 

+ 4>(a(q), v - u) cI>(a(q}, u} 

- 4>(a(q}, v + u} 4>(a(q}, -u}) (Hk, Ma} (Ha}m 

+ ½ ( (((u - v) - ((u + v) + 2({v)) 4>(a(q), v) 

+ 4>(a(q), v - u) 4>(a(q), u) 

+ 4>(a(q), v + u) cI>(a(q), -u)) (H1c, Ma) {Ha)b 

+ <I>(a(q}, v) ((a(q)) ( + a(K-a) (Hi;, Ma) Ka - a(Ka) (H1c, M-a) Ka 

- (1 - 011a,-a) a(K-11a) (Hi;, M11a) Ka 

+ cI>(a(q),v) 

- 4>(a(q), V} 

+ (1 - 011a,-a) a(K11a) (Hi; , M-11a) Ka 

- a(M-a} (H1c, Ma) Ka+ a(Ma) (H1;, Ma) K_a 

+ (1 - 011a,-a) a(M-11a) (Hi; , Ma) K11a 

- (1 - 011a,-a) a(M11a) (H1;, Ma) K_,0 ) 

L ((,B(q)) (Hi;, Mp) ( a(K_p) Ka + ,B(Ka) K_,e) 

fJEA 
IJ .. ± .. ,IJ .. ,1:1 .. 

- 4>(a(q}, v) L ( (('y(q)) + ((o(q)) )Nr,dH1c 'Mi) K.y 
-,,6EA 
,+6-

+ cI>(a(q),v)( ((a(q) +v) - ((v)) L N,.,,i(H1;,Mi)K,., 
-,,&EA 
-,+6 .... 
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= ll>(a(q), v) ( ((a(q) + v) - ((a(q)) - ((v)) 

X ( (Hk, Ha) K0 - (Hk, Ma) (H0 h 
- (2 - doa,-a) (a(K-a) - a(M-a)) (Hk, Ma} Ka 

+ (2 - 6oa,-a) a(Ka) (H1r., M_a) Ka 

- (2 - doa,-a) a(Ma) (Hk, Ma) K_a) 

+ ll>(a(q), v) ( ((a(q) + v) - ((v)) 

X ( + (2 - doa,-a) (a(K-a) - a(M-a)) (H1,, Ma) Ka 

- (2 - doa,-a) a(Ka) (Hk, M_a) Ka 

+ (2 - 6sa,-a) a(Ma) (H1,, Ma) K_ 0 

- L NfJ,"l(Hk,MfJ)K,,) 
fj ,-,EA 
fl+-r-a 

+ ll>(a(q), v) L ((,B(q)) 
fjEA 

fl#a ,flyt,±lo X (Hk , M{J) ( a(K_{J) Ka+ f3(K0 ) K_{J - Na-{J,{J Ka-{J) 

- 4>(a(q),v) L ((/3(q)) 
/JEA 

/l,;,±a,/J,;,±la X ( Hk, a(M_p) Ma+ (3(Ka) M_/J + N{J,a-{J Ma-{J) K/J 

+ (1 - <loa,-a) ll>(a(q), v) ((a(q)) ( + Na-8a,Ba (H1,;, Msa) Ka-Ba 

- Na+8a,-/Ja (Hk, M_ea} Ka+Ba 

+ Naa,a-8a (H,., Ma-Ba) Koa 

- N-oa,a+fJa (H1r., Ma+oa) K_ea) · 

The last term vanishes due to the condition {148), whereas the previous two terms 

vanish due to eqn (142} and provided we impose the relation 

a(K{J) Ka - ½ ( Na.,/J Ka+fJ + N,a,{J Koa+fJ) - /J(K0 ) K{J = 0 

for a, f) E /1 such that f3 =I ±a , fl :/= ±Oa , 
(153) 

which is complementary to it. The first term also vanishes because, according to 

eqns (149) and (150), 

45 



(H", Ha) Ka - (H", Ma) (Ha)b 

= (H" 'Ha) Kt - (H" 'Mt) (Hah 

= fa ./2 lal ( (H11, M;) Kt - (H11, Mt) K;) 

= .Ji lal ( (H,, , Ma) K_a - (H11, M_a) Ka) , 

wherea.sforrea.lroots ae A (9a = -a), we ha.ve K-a = Ka, M_a = -Ma, a(K±a) = 0 
a.nd hence by eqn (145) 

- (2 - o,a,-a) (a(K_a) - a(M_0 )) (H11 , M0 ) Ka 
+ (2 - J,a,-a) a(Ka) (H11 , M_o,} Ka 
- {2 - 69a,-a) a(Ma) (H11 , Ma) K_a 

= a(M_a) (H11, Ma) Ka - a(Ma) (H", Ma) K_a 

= - ~\a\ ((H1c,Ma)K_a - (H1c,M_0 )Ka), 

while for complex roots ae A (9a i- ±a), we have a(K±a) = a(M:a) and hence by 
eqn (146) 

- (2 - 6,a,-o,) (a(K_a) - a{M_a)} (H1, , Ma) Ka 
+ (2 - J11a,-a} a(Ka} (H11 , M_a) Ka 
- (2 - 6,a,-a} a(M .. ) (Hk, Ma) K_a 

= 2a(Ma) (H11, M_a) Ka - 2a(Ma)(H, ,Ma)K_a 

= - Jzlal ((H,,Ma)K_a - (H1c,M-a)Ka). 

Finally, the same reasoning shows that the second term will vanish provided we assume 
that 

L Np,,, Mp ® K,., = E;,_ \a\ ( M .. ® K _a - M_a ® Ka) (154) 
/1.-,EII. y2 
/!+-,-

which is complementary to the condition (152) derived previously and is easily reduced 
to the first equation in eqn (125) by noting that 

½(Mo,®K-o, - M_o,®Ka) = M;@K"t - M;:@K; = M;®Ka - Ma®K; 

and using eqn (122). Note that in the degenerate case, the same argument works, but 
eqn (154) is not needed. 0 
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Having concluded the proof of Proposition 2, we pass to analyzing the implications 

of the algebraic constraints that we have derived. The first thing that suggests itself is 

to combine the generators Ka and Ma into generators 

Fa= KCJl+MCJI (155) 

which, according to eqns (119) and (120), define a 0-covariant map from ~ to [)2 : 

OFa = F80 • (156} 

Then eqn (121) becomes equivalent to eqn (51) and eqn (122) becomes equivalent to 

eqn (52). The relation between eqn (123) and eqn (53), however, is more intricate. 

To approach this question, note that eqn (53) decomposes naturally into a component 

along ib0, 

o:(Fp) KOi - f3(FCJI) Kp = NCJl,,8 Ka+.B 

for o:,f3 e D. such that f3 f. ±o:, f:3 -1 ±Ba, 

and a component along llo, 

o:(Fp) Ma - f3(Fa) Mp = Na,,8 Ma+fJ 

for o:, f3 e D. such that f3 f. ±o: , f:3 "I- ±Oo: . 

(157) 

(158) 

Now observe that eqn (119) can be used to show that the second equation in eqn (123) 
is equivalent to eqn (158). Indeed, antisymmetrizing eqn (123) with respect to the 
exchange of o: and f:3 eliminates one of the two terms containing structure constants 

and leads to eqn (158), and conversely, substituting a by Oo: in eqn (158) and subtracting 

the result, we· are led back to the second equation in eqn (123). On the other hand, 

using eqn (120) and applying the same argument, the first equation in eqn (123) turns 

out to be a consequence of eqn (157) but is apparently weaker. Similarly, eqn (124) is 

part of eqn (54), from which it can be obtained by projecting from Qlll onto llo in the 

third tensor factor, that is, by applying the operator 1 © 1 © ½(1 - 8), and eqn (125} 

is part of eqn (55), from which it can be obtained by projecting from Qlll onto Clo in the 

first tensor factor, that is, by applying the operator ½(1 - 0) ® 1. 

Although the conditions stated in Proposition 2 thus seem to be weaker than those 

stated in Proposition 1, it turns out that they are still sufficiently strong to allow for 

a complete cJassification of all possible solutions. As a by-product, we shall be able to 

reduce eqn (122) to the form given in eqn (130). The arguments employed to achieve 

this are essentially the same as the ones in the previous section. First, we argue that, as 

before, the signs Ea that appear in eqn (122) may without loss of generality be assumed 

to be independent of a. Next, writing down the system obtained from eqn (158) upon 

replacing a by -a and fJ by -/3, adding the resulting four equations, inserting eqn (122) 

and separating the coefficients of (Ha)a and (Hp)a, we arrive at the same formula as in 

the previous section, eqn (78). Once again, it is to be noted that this derivation is only 

valid when /3 :/- ±o:, /3 f:. ±Oa, as stated in eqn (158): this supplementary condition is 
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also needed to guarantee that (Ha) .. and (Hp). are linearly independent but can in fact 
be eliminated from eqn (78) since this formula is automatically satisfied when /3 = ±a 
or f3 = ±Oa. (Indeed, for /3 = ±a or fJ = ±ea the rhs is understood to vanish since 
2a, 0 and a± Oa do not belong to the root system t:,., whereas the lhs vanishes as a 
consequence of eqn (121).) 

The statement that for f3 =I ±a and /3 =I ±Oa, the generators (Ha) 11 and 
(Hp) 11 are linearly independent, used in the derivation of eqn (78) given here, 
can be proved indirectly, as follows. Suppose that for some pair of roots 
a, fJ e 6. satisfying fJ =I ±a and /3 =I ±Oa, these generators were linearly 
dependent. Since ~o is empty so that (Ha) 11 and (Hp)a are both non-zero, 
this amounts to assuming that there exists a non-zero real number >. such 
that (Hp).. = >. (Ha) 11 , or equivalently, 

f3 - 8(3 = >. (a - 0a) . (159) 

Obviously, if both roots are real, eqn (159) reduces to fJ = >.a, with >. = ±1, 
a contra.diction. Similarly, if one of the two roots is complex while the other 
is real, we also get a contradiction since if, for example, a is complex and /3 is 
real, eqn (159) becomes fJ = ½>.(a - Oa) which is excluded since a and 0a 
being strongly orthogonal implies that the only linear combinations of a 
and 8a which are roots are ±a and ±8a. To handle the case where both 
roots are complex and hence a and Oa as well as /3 and 0(3 are strongly 
orthogonal, we begin by noting that /3 cannot be orthogonal to both a 
and Oa since otherwise, 0(3 would be so as well and hence /3 - 0(3 would be 
orthogonal to a - 8a, which contradicts eqn (159). Exchanging a with 0a 
and f3 with 0/3 if necessary, we may assume without loss of generality that 
a is not orthogonal to /3 and that the factor A in eqn (159) is positive. 
With these conventions, taking the scalar product of eqn (159) with a and 
with /3 gives 

implying 

((3,a)-(8(3,a) = >.(a,a), 
(/3, /3) = .l.(/3, a) - >.(/3, 8a) , 

(f:3,/3) = .l.2{a,a). 

{160) 

In the root system of an arbitrary simple complex Lie algebra, this forces 
.l.2 to be 1, 2, 3, ½ or ½- But eqn (159) excludes the possibility of ).2 

being different from 1 since the root system of any simple complex Lie 
algebra is contained in an appropriate lattice formed by the integer linear 
combinations of vectors ½~ where the l!i are an orthonormal basis of r, so 
an equation of the form (159) with an irrational value of >. can only hold if 
both sides vanish, which is impossible since~ is empty. Thus we conclude 
that >. = 1, so a, /3, 8a and 8/3 all have the same length and eqn (159) 
becomes 

/3 - 9/3 = a - Oa . 
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This allows us to determine the a-string through /3. First, f3 - a cannot be 

a root since if it were, it would belong to ~o which is empty. Second, f3 + a 
must therefore be a root, since a and f3 are not orthogonal. Third, f3 + 2a 

cannot be a root since if it were, we would have 2 (/3, a)/(a, a) ~ -2, 
implying I.B + of :::;; 0, which is absurd. Hence a and f3 generate a 

root system of type A2 for which they act as simple roots; in particular, 

2 (/3, a)/(a, o:) = -1. Inserting this conclusion back into eqn (160), we see 

that 2 (0/3, a)/(o:, a) = -3, which is only possible if the a-string through 

0/3 consists of four roots, namely 0/3, 0/3 + a, 0/3 + 2o: and 0/3 + 3o: (recall 

that any root string has length at most 4). But this requires the angle be­

tween 0(3 and a to be -150° and forces 0/3 and o: to have different length, 

contrary to a conclusion reached before. 

In this way, we arrive once again at the conclusion that the simple complex Lie algebra g 

must belong to the A-series. Moreover, the automorphism 8 that defines the symmetric 

pair (g, 8) is further restricted by various additional constraints. The first such condition 

is that the root generators E,.. in g can be chosen so that BE,.. = Ee~ for all a e ~. which 

according to the erratum of Ref. [1] is not only sufficient but also necessary to guarantee 

that the proof of integrability given in Ref. [1] really works: this excludes the symmetric 

pairs of the A I - series SL( n, R) / SO( n) for which all roots are real and 8 E,.. = - E,,,.. 

for all o: e ~- The second condition is that there should be no imaginary roots: this 

excludes the symmetric pairs of the A I I -series SL( n, E) / Sp ( n) as well as the sym­

metric pairs of the A/II-series of complex Gra.ssmannians SU{.p,q)/S(U(p) x U(q)) 

with IP - qi ~ 1. The third and final condition is that for all complex roots o:, 80: 

should be strongly orthogonal to o:: this excludes the symmetric pairs of the A I I I -

series of complex Grassmannians SU(p, q)/S(U(p) x U(q)) with p # q. On the 

other hand, it is clear that the symmetric pairs associated with the Grassmannians 

SU(n,n)/S(U(n) x U(n)) do provide a non-trivial solution: explicitly, we have in the 

notation employed at the end of the previous section (with n replaced by 2n) and in 

Sect. 3.2 of Ref. [1] 

1 1 
Kdi, = - 4 (E .... + Ew, + E11(a) 8(a) + E11(b) 1/(b)) + 2n l2n , 

1 
M~ = - 4 (Euc. + Ew, - E11( .. )ll(a) - Es(b)B(b)), 

(162) 

and f 

4 (Eaa - Ebb+ Es(a)ll(a) - E11(b)ll(b)), 

f = 4 (Eaa - Ebb - E11(11)1/(G) + El/(b)ll(b)), 

(163) 
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implying that 

(164} 

when E = +1, while 

1 1 
Kab = - 2 (E,ic, + Ee(a)B(a)) + 2n l2n , Ma.b (165) 

when E = -1. 

5 Conclusions and Outlook 

Our analysis of the question whether the known dynamical R-matrices for integrable 
Calogero models can be gauge transformed to numerical R-matrices has revealed that 
this is possible in some cases but not in all - a conclusion that could definitely not 
be reached by looking at the standard model associated with the root system of the 
A-series alone. In fact, it had been known from previous work that a) the Calogero 
models associated with the root systems of simple complex Lie algebras g are integrable, 
in the sense of admitting a Lax representation with a dynamical R-matrix, if and only 
if g = st( n, C} [1] and b) that this dynamical R-matrix can be gauge transformed to 
a numerical one (5,6]. The results reported in this paper show that for the Calogero 
models associated with the root systems of symmetric pairs (g, 6), the situation is more 
intricate. First of all, there is still no complete answer to the question which of these 
models are integrable, in the sense of admitting a Lax representation with a dynamical 
R-matrix: the only case that has been analyzed completely is that of the A I I I - series of 
complex Grassmannians SU(p,q)/S(U(p) x U(q)), where integrability has been shown 
to occur if and only if IP- qi is either O or 1. We strongly suspect that this is in fact the 
only class of symmetric spaces where integrability prevails, but a rigorous proof of this 
conjecture is still missing. What is shown in this paper is that dynamical R-matrices 
of integrable Calogero models associated with non-Grassmannian symmetric pairs -
should they exist - cannot be gauge transformed to numerical R-matrices and, more 
importantly, that the dynamical R-matrices of the Grassmannian Calogero models can 
be gauge transformed to numerical R-matrices if p = q but not if IP - qi = 1. The first 
case includes the Cn and Dn models, whereas the second case includes the Bn and BC" 
models. 

In summary, our results show that the question which originally motivated our 
work on integrability of the Calogero models, namely the search for an understand­
ing of the mathematical nature and role of dynamical R-matrices, is still far from a 
definite answer, since the attempt to reduce them to numerical R-matrices via gauge 
transformations is only partially successful. 
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Accepting the fact that the role of dynamical R-matrices for our understanding 
of integrable systems can apparently not be reduced to that of numerical R-matrices 
in disguise, there are many questions that gain new impetus. Continuing to use the 
Calogero models as a guideline, we believe that there are several directions in which 
future work will be capable of providing new insights into the problem. One of them 
is the question of what should be the algebro-differential constraints to be satisfied by 
a truly dynamical R-matrix, or in other words, what is the real mathematical status 
and interpretation of the dynamical Yang-Baxter equation. A remarkable fact is that, 
as will be shown in a separate publication [10], there is a natural candidate which is 
gauge invariant. Another promising direction for research is a further clarification of the 
relation between Calogero models and the geodesic flow on symmetric spaces subjected 
to Marsden-Weinstein phase space reduction: this relation should also shed new light 
on the role of the recently introduced spin Calogero models [11]. 
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