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ABSTRACT

We extend the theory of perturbations of KMS states to a class of unbounded perturbations using noncommutative L,-spaces. We also
prove certain stability of the domain of the modular operator associated with a ||-||,-continuous state. This allows us to define an analytic
multiple-time KMS condition and to obtain its analyticity together with some bounds to its norm.
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I. INTRODUCTION

The problem in obtaining a KMS state for a perturbed Hamiltonian is very important in several areas of physics. This problem was solved
by Araki in Ref. 1 when the perturbation is bounded, but, since it is often not the case for perturbations of physical interest, a similar result
including unbounded perturbations is desired.

The “expansionals” play a very important role in Araki’s perturbation theory. In fact, Araki named the operator in Definition IL5
expansional because it was so called by Fujiwara. Its importance relies on its relation with Dyson’s series.

One of the most interesting properties for us is that

. . t . .
ezt(A+B)e—ztB§ _ EXPz(f ;elSBAe_lSBdS)f, EeH, 1)
0

where A and B are bounded operators in the von Neumann algebra 9t ¢ B(#). This formula can be extended for unbounded operators A
and B. In fact, this formula holds for vectors £ € G(B), the set of geometric vectors with respect to B, which are defined as the vectors with the
property that there exists a positive constant M such that | B"&|| < Mg ||| if the operators A and B satisfy AG(B) c G(B) and there exists k € R

such that, for each t € R, 7:(A) = (e’w Ae™"B ) is a bounded operator with ||7:(A)|| < €!'l. It is important to notice the physical interpretation
that the operator in the left-hand side takes the vector back by the dynamics defined by B and evolves it by the dynamics defined by A + B. It
is also possible to obtain a complex version of this formula, as can be seen in Ref. 2, Secs. 1.15-1.17. It is important to stress that we are most
interested in the case the imaginary part of the exponent equals 1 since this is the case in which we obtain the vector that represents the KMS
state to the perturbed dynamics as can be checked in Ref. 1, Eq. (1.10).

After Araki’s original work, some improvements have been done. One of them, due to Sakai, which extends the theory for bounded
perturbations bounded from below. Sakai also developed an approach to the problem using derivations in C*-algebras. Finally, in Ref. 3, an
extension of the theory was presented where unbounded perturbations may be included as perturbations.

In this paper, we will present a different approach to Araki’s perturbation theory using noncommutative L,-spaces and which includes
unbounded perturbations. It is important to notice that noncommutative Ly-spaces have been successfully used in linear response and
constructive quantum field theory; see Refs. 4 and 5.

The main results are Theorems I11.16, I11.17, and Corollary III.19.

J. Math. Phys. 60, 081707 (2019); doi: 10.1063/1.5099066 60, 081707-1
Published under license by AIP Publishing


https://scitation.org/journal/jmp
https://doi.org/10.1063/1.5099066
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.5099066
https://crossmark.crossref.org/dialog/?doi=10.1063/1.5099066&domain=pdf&date_stamp=2019-August-28
https://doi.org/10.1063/1.5099066
https://orcid.org/0000-0003-2426-1320
mailto:ricardo.correa.silva@usp.br
https://doi.org/10.1063/1.5099066

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

Il. BACKGROUND

The aim of this section is to fix the notation and to present the basis needed to better understand our results. For the reader interested in
more details, we refer to Ref. 6.

In this entire work, we denote by 2 a C*-algebra and by 90t a von Neumann algebra. In addition, 7 denotes a Hilbert space and often we
will suppose 2,9 c B(H), i.e., the algebras will be thought as concrete ones.

A. Modular theory

This section is devoted to present the definitions and main properties of the modular operator and the modular conjugation. This topic
is a standard subject and can be found in classical books, e.g., Refs. 7, 8, and 9 or even in Ref. 10.

Let us now define two operators in 2, which will give rise to the operators that give name to this section. For the cyclic and separating
vector 2, define the antilinear operators,

So:{AQeH|AeM} - H , Fo: {AQeH|A eM} > H
AQ - A*Q A'Q - ATQ

Note that the domains of the operators are dense subspaces. It is a standard result that the operators Sy and Fy are closable operators. Moreover,
Sy = Foand F; = Sp. We will denote S = Sy and F = Fj.

An important point to stress now is that we omitted the dependence on Q to keep the notation clean, but we will mention it in the
following.

Moreover, even though S is not a bijection, it is injective and we will write S~ (which is equal to S) to denote its inverse over its range.
The same holds for Aq, which will be defined soon.

Definition I1.1. We denote by Jo and Agq the unique antilinear partial isometry and positive operator, respectively, in the polar

1
decomposition of S, i.e., S = JoAJ. Jo is called the modular conjugation, and Ag is called the modular operator.

Note that the existence and uniqueness of these operators are stated in the polar decomposition theorem.
Several properties hold for the modular operator, and we refer to Refs. 10, 7, and 11 for the reader interested in this subject.
One of the most important results in modular theory is the Tomita-Takesaki theorem, which is extremely significant to both physics
and mathematics. The proof and applications of this theorem can be found in Refs. 9 and 7, Theorem 2.5.14. One of the consequences of this
Q

o .
theorem is that, for each fixed t € R, Ar> ALAAG" defines an isometry of the algebra. Hence, {T?}teR is a one-parameter group of isometries.

Definition I1.2 (Modular automorphism group). Let 9T be a von Neumann algebra with cyclic and separating vector €, and let Ag be
—it

the associated modular operator. For each ¢ € R, define the isometry 7% : 01 — M by 71*(A) = ALAAG". We call the modular automorphism

group the one-parameter group {Ttﬂ}telR'

Notation I1.3. We will denote the modular automorphism group with respect to a cyclic and separating vector Q by {Ttg} In addition,

teR’
given a faithful normal semifinite weight ¢ on a von Neumann algebra, we will denote {Tf} " the modular automorphism group with respect
te

to the cyclic and separating vector obtained in the Gel'fand-Naimark-Segal (GNS)-construction.

The last comment we would like to add in this section is that in relativistic quantum field theory, due to the Reeh-Schlieder theorem, it is
possible to obtain a modular operator for the algebra of local observables using the vacuum state; see Ref. 12 for more details.

B. KMS states and dynamical systems

This section is devoted to establishing the basic concepts and notation about dynamical systems in the operator algebras context needed
in this article.

We denote by (901, a) the W*-dynamical system with « as a one-parameter group, R 5 t > a; € Aut(90).

A general definition of KMS states can be found in any textbook of operator algebras such as Refs. 13, 14, and 9. For a discussion in the
context of equilibrium states in the thermodynamic limit, we suggest Ref. 15. We will present this definition for completeness

Definition IL4. Let (901, 7) be a W*-dynamical system and 8 € R. A normal state w over 91 is said to be a (7, §)-KMS state, if, for any
A, B € 9, there exists a complex function F4  which is analytic in Dy = {z € C | 0 < sgn()Im(z) < |B|} and continuous on D satisfying

Fas(t) = w(ATi(B)) Vt€ R,

Fap(t+iB) = w(1:(B)A) Vt e R. @
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We finish this section mentioning a result of most importance. KMS states “survive the thermodynamical limit,” which means that under
topology that has physical significance in this mathematical description and under the adequate convergence and continuity hypothesis, the
limit of KMS states is again a KMS state.

C. Expansionals

An extensive study of expansionals can be found in Ref. 16.

Definition I1.5. Let 0 be avon Neumann algebraand t — A(t) € 9t be a strongly continuous function such that sup [|A(t)|| =ra(T) < oo
0<t<T

forall T € R,. For each t € R,, define
t ) t faot
Exp,(f;A(s)ds)=Zf dtl...f A1) .. A(h),
0 = Jo 0
t oo t tat
Expl(/ ;A(s)ds):Zf an . [ dnAn) . A),
0 = Jo 0

where the term for n = 0 is the identity.

Note that these operators are well defined since ||A(t;)|| < ra(t) for every 1 <i < n and fot dty ... fot”" dt, = an,
absolutely (and uniformly over compact sets).

It is important to mention that these operators are basically the Dyson series. In fact, if given (#1,...,t:) € R”, we set a permutation o:
{1,...,n} = {1, ..., n} such that ts(n) < to(n—1) < . . . to(1), and we define the operators T, T : 901 — 901 by

T(A(tl) .. A(tn)) = A(ta(l)) .. .A(tg(n)),
T(A(t) ... A(tn)) = Aty@)) - - - Alto(y)s

Thus, the series converge

then,

Exp,(/of;A(S)ds) :gj(;tdtl-ufotdtnw’

Expz(fot;A(s)ds) _,i/otdtl"'/otdt"w~

The following proposition states some interesting properties of expansionals, for example, the cocycle property. Equation (1) also can be
obtained from this proposition. For the proof and more details, see Ref. 16, Propositions 2, 3, 4, and 5 or 6.

Proposition I1.6. Let 9 be a von Neumann algebra and t — A(t) € 9 be a strong-continuous function such that sup ||A(t)|| = ra(T) < oo
0<t<T

for all T € R,. Then, the following properties hold:

(i) %Expr( [ t;A(s)ds) :Exp,( A t;A(s)ds)A(t);
%Expl( A t;A(s)ds) :A(t)Expl( A t;A(s)ds);

(ii) Exp,( fo t; —A(s)ds)Exp,( fo t;A(s)ds) -1

(i) Exp,( fo ';A(s)ds)ﬂxpl( fo t;—A(s)ds) _ 1

(iv) Exp,( fo ’;A(s)ds)Exp,( fo [’;A(s+t)ds) =Exp,( fo ml;A(s)ds);
Exp,( fo t’;A(s+t)ds)Exp;( fo t;A(s)ds) =Exp1( fo M;A(s)ds).

In the finite-dimensional case, every state ¢ has an associated density matrix py for which p(A) = Tr(pgA) for every matrix A. In this
situation, the modular automorphism group became Tf (A4) = pf;Ap;” , which is a (7, 1)-KMS state. Due to the Gibbs equilibrium state
expression, we call the Hamiltonian of ¢ the operator Hy = —log (py). In this situation, the relative Hamiltonian of two states ¢ and v is

defined by H(¢, ) = Hy — Hy. In this context, it is well known that the two vectors representing ® and ¥ representing, respectively, the states
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¢ and v are related by
oo 1 H a1
o=>CD" [ [ .. AyH($,w)Ay " T"H($y) - Ay 2H(, y)V. 3
SO [T [ S H s T ) - 8 H ) G)

Since the existence of the Hamiltonian depends on the existence of the trace (more specifically, it is connected with the Radon-Nikodym
derivative of the states), it is more convenient to define the relative Hamiltonian of two states ¢ and y in a general von Neumann algebra as
the operator H(¢, ) such that equation (3) holds.

In addition, it is known (see Ref. 1, Proposition 4.3) that the modular automorphism groups {T?}[E]R and {1} g of two states ¢ and v,
respectively, when the relative Hamiltonian H exists, can be related as follows:

t
u‘f‘l/ = Exp,(/ ;—iT;"(H)ds),
0
t
ﬁ(f“' = Expl(/o- ;iT;"(H)ds),

(utw)* = a;"‘”,

ul iV = o uf¥ = 1,

WA =AY, Ae

D. Noncommutative Lp-Spaces

Noncommutative Ly-spaces are analogous to the Banach spaces of the p-integrable functions with respect to a measure. The study of
these spaces goes back to the works of Segal'” and Dixmier,'"* which depend on the existence of a normal faithful semifinite trace. It was just
25 years later that Haagerup in Ref. 19 proposed a generalization of the Segal-Dixmier L,-spaces which included the type III von Neumann
algebras. As a consequence of the study of spatial derivatives presented in Ref. 20, Araki and Masuda proposed a definition of noncommutative
L,-space based just on the Hilbert space of a concrete von Neumann algebra which is equivalent to Haagerup’s construction.

It is interesting to note that noncommutative L,-spaces are appearing more frequently as the best framework to describe some physical
situations. See, for example, Refs. 21, 5, 22, 23, and 4.

Our interest in these spaces for a class of perturbations can be justified on two well known facts for classical L,-spaces that still hold in
the noncommutative case: they admit unbounded functions (operators) and have a useful Holder duality property.

In this section, we will present the useful theory of noncommutative measures with respect to a normal faithful semifinite trace on a von
Neumann algebra, which is the basis for the Segal-Dixmier noncommutative L,-spaces (and, by the way, for noncommutative geometry). We
use Ref. 24 very often in here.

Henceforth, we will denote by 7 a trace, meaning a normal faithful semifinite trace. It is important to note that supposing the existence
of such a trace restricts our options of algebras to the semifinite ones (not type III). Furthermore, from now on, 9, will denote the set of all
projections on the von Neumann algebra 2Jt, which is a complete lattice, provided the order p < g if, and only if, pg = p.

Given a von Neumann algebra 9t c B(H), we say that a closed dense defined linear operator A : D(A) — H is affiliated to 91 if, for
every unitary operator U € ', UAU™ = A. We denote that an operator is affiliated to 99t by A%9)t and the set of all affiliated operators by ;.

Definition I11.7. Let 9t ¢ B(H) be a von Neumann algebra, 7 be a normal faithful semifinite trace, and ¢, § > 0. Define

D(e,9) = {A e M,

3p € Mpsuch that
pH c D(A), |Ap| < eand 7(1 - p) < 8]’

Proposition 11.8. Let 9 c B(H) be a von Neumann algebra and v be a normal faithful semifinite trace. A subspace V c H is T-dense if,

and only if, there exists an increasing sequence of projections (pn )nen € My such that p, — 1 and t(1 - p,) - 0 and | JpaH c V.
neN

Corollary IL.9. Let V1, V> c H be t-dense subspaces. Then, V N V3 is T-dense.

Definition 11.10. Let 9 c B(#) be a von Neumann algebra and 7 be a normal faithful semifinite trace. A closed (densely defined)
operator A € 91, is said 7-measurable if D(A) is 7-dense. We denote by 91, the set of all 7-measurable operators.

Notice that by the previous proposition, if A is a T-measurable operator and B extends A, we must have A = B. This, in turn, implies that
a T-measurable symmetric operator is self-adjoint.
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Definition II.11. Let 9 c B(H) be a von Neumann algebra and 7 be a normal faithful semifinite trace. An operator Ay is said
7-premeasurable if, V8 > 0, there exists p € 9, such that p?H c D(A), ||Ap|| < oo, and 7(1 - p) < 6.

An equivalent way to define a 7-premeasurable operator relies on D(e, §): A is T-premeasurable if, and only if, V& > 0, and there exists
&> 0 such that A € D(g, §).
Another interesting thing to notice is that a 7-premeasurable operator is densely defined since D(A) must be 7-dense.

Proposition I1.12. Let M c B(H) be a von Neumann algebra, T be a normal faithful semifinite trace, An9N be a closed densely defined
operator, and {E(Lw)}/\ek be the spectral resolution of |A|. The following are equivalent:

(i) A is T-measurable;

(ii) |A]is T-measurable;
(iii) V&> 0 3Je> 0 suchthat A e D(g 0);
(iv) V& >0 3Je> 0 such that T(E(s,(x,)) <&

li E(loo)) =05
) lim 7(Eqe) )
(vi) 3o > 0 such that T(E(Ao’oo)) < 00.
Proposition I1.13. 9; provided with the usual scalar operations and involution, and the following vector operations, is a *-algebra:

(i) A+B=A+B;
(i) AxB=AB.

Proposition II1.14. O is a complete Hausdorff topological *-algebra with respect to the topology generated by the system of neighborhoods
of zero,

{9 N D(&,8) }n0,550-
Furthermore, M is dense in M in this topology. We will denote the balanced absorbing neighborhood of zero by N(¢,8) = DM n D(¢, §).

It is interesting to note that analyticity pervades almost every subject in von Neumann algebras. As a consequence of linearity and
normality of the trace, we can use functional calculus and spectral theory to take advantage of the well known rigid behavior of analytic
functions to prove the aforesaid inequalities. The details of the proofs can be found in Ref. 11, and we also refer to Ref. 25.

Lemma I1.15. Let 90t be a von Neumann algebra, T be a normal faithful semifinite trace on MM, A € M, and B € M. Then,
[7(AB)| < 7(|AB|) < |A=(|B]).

Theorem I1.16 (Holder inequality). Let 90t be a von Neumann algebra and T be a normal faithful semifinite trace in 9. Let also A; € N,

T(
The reader should keep in mind that Holder’s inequality is a very interesting result to us since it says something regarding the trace of a

product and this is the case in Dyson’s series. Nevertheless, it is used in the proof of the Minkowski inequality which is imperative to define a
normed vector space.

k k
i=1,...,kande,-> lsuchthatZL =1, and then,

i=1 i=1 Fi

k
[TAi
i=1

k 1
)s [Tl 7.

i=1

Theorem I1.17 (Minkowski’s inequality). Let 9t be a von Neumann algebra, T be a normal faithful semifinite trace in I, and p, q > 1
such that fl; + é = 1. Then,

(i) forevery A e, T(|A|p)ll’ = sup{|r(AB)| | Be M, 7(|B]") < 1};
(i) forevery A,Be M, ||A + B, < [|Allp + ||B]l,-

Together, Theorems I1.16 and II.17 provide us with another generalization of Holder’s inequality. This inequality is obvious in the
commutative case but not in the noncommutative case.

Corollary I1.18 (Holder inequality). Let 20t be a von Neumann algebra and 1 be a normal faithful semifinite trace in 9, and let also
A,BeMand p, q> 1 such that ;17 + é = % Then,

7(|AB[')" < t(|AFP)r7(|B|7) 1.
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Definition I1.19. Let 9 c B(H) be a von Neumann algebra and 7 be a normal, faithful, and semifinite trace on 9i. We define the
noncommutative L,-space as

Ly(M, 1) = {A e M, | 7(|A]) < o0},

provided with the norm |A|, = (|AP)?.
We also set Loo (M, 7) = M with |Ale = ||A]].

Now, it is easy to see that, for p, g > 1 Holder conjugated, the Holder and Minkowski inequalities can be extended to the whole space
Ly (90, 7) through an argument of density and normality of the trace. With this definition, Lemma IL.15, and Corollary II.18, and Theorem
I1.17 can be expressed as

|AB|, < [Al,[Bl,
|A+B, < |A],+B],
and this last inequality is a triangular inequality for ||-||,. It is important to notice that faithfulness guarantees ||A|, = 0 = A = 0; however,
semifiniteness is used only at the very end of Theorem II.17 and it is completely irrelevant when talking about noncommutative L,-spaces

since the trace is never infinity on these operators.
It is possible to prove that (see Ref. 24, p 23), for a concrete von Neumann algebra,

I,

MNL,(M, 1) 7 =L, (M, 7). 4)

In addition, by using a GNS construction, one can see that an equivalent definition for the noncommutative L,-space related to an abstract

1
von Neumann algebra is the completion of {A € 901 | 7(JAJf) < oo} with respect to the norm |A| »= (|AP)?.

Theorem I1.20. Let p, q > 1 such that 1% + é 1. Then, the function below is an isometric isomorphism,

m

(Ly(M, 1) > Ly(M, 7)°
A > 1a: Ly(O,T)->C
B+ 7(AB).

This last result is the famous identification L, (9%, 7)* = Ly (90, T), where p, g > 1 are Holder conjugated.
We do not intend to do a long presentation about the Radon-Nikodym theorem, to which the next proposition is somewhat related, but
we need to write the next result since it is important to understand what is done here.

Proposition 11.21. Let M be a von Neumann algebra and ¢ be a faithful normal semifinite weight on O and Hy9N;. If (H;)
increasing net such that sup H; = H, then

iel

w1 €7 is an

1 1
én(A) = sup ¢(H; AH? ) Aen, (5)
iel
defines a normal semifinite weight ¢rr on I, which is independent of the choice of the net (H;)ier with sup H; = H. In addition, ¢y is faithful if,
iel
and only if, H is nonsingular.
Moreover, if (H;)ier is an increasing net of positive operators affiliated with 9y such that sup;eH; = H, then

¢u = sup ¢m,.

iel

Note that if 9t ¢ B(H), the conditions on the net in the previous theorem is equivalent to H; — H in the Strong Operator Topology
(SOT) because of Vigier’s theorem. Hence, the next equation holds,

du(A) = I}’iLnH(p(HizAHf) = lim §(HiA), Aeom. (6)

lll. PERTURBATION OF p-CONTINUOUS KMS STATES

The idea of extending Araki’s perturbation theory using noncommutative L,-spaces was proposed by Jikel and consists in a new approach
to the problem. Now, we start presenting the main results of this work. All that follows is entirely new.
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It is quite clear that one of the key properties used in Refs. 1 and 2 to prove the convergence of Dyson’s series, or in 16 to prove
the convergence of the expansional, is that ||A;...A|| < ||A1]]...||Ax]|, which is one of the axioms of Banach algebras. Unfortunately, this
property does not hold in noncommutative L,-spaces. In fact, in Banach algebras, these are not even algebras under the induced multiplication.
In particular, we have ||Q"|| < ||Q]", but no similar property holds in noncommutative L-spaces.

Proposition IIL.1. Let M be a von Neumann algebra, T be a normal faithful semifinite trace on M, and A € L (9N, 7). There exists M > 0
such that T(|A|") < M" for all n € N, if, and only if, A € M.

Proof. (=) Let us prove the contrapositive. Suppose A is unbounded, and let |A| = f )LdEllA‘ be the spectral decomposition of |A|.
0
For every K > M, E(k, o) is non-null, so 7(E(k,0)) > 0. Then,

w(ar) = [T ae(aE!) 2 [T ae(dE) 2 K (B ).

Now, we already know that there exists N € N large enough such that, for all n > N, M" < K”T(E[K,oo) )
(«<=) The case A = 0 is trivial. Suppose A # 0 is bounded. Then,

7(|A]") = 7(lA]"']4])
< Al =(lah

()
]

S il
[m]

The next definition captures our intentions of having a convergent Dyson’s series. In this definition, one subtle difference is that the
exponent cannot be passed out the trace, what is the C*-condition for p = co. On the physical point of view, we do not want the high order
terms in perturbation to affect our system too much, at least its integral.

Definition II1.2. Let 9t be a von Neumann algebra, 7 be a normal faithful semifinite trace on 1, 1 < p < 0o, and 0 < A < co. An operator
A € Ly(9M, 1) is said to be (7, p, A)-exponentiable if

A IAI I

i < 00. (7)

Furthermore, an operator A € L, (901, 7) is said to be (7, p, oo)-exponentiable if

] A”HIA\ I,
S ———L < oo, VA eR,. (8)
n=1

We denote

€0 = {AeLy(M,1)|Ais (7,p,A) — exponentiable }.

Some properties can be seen directly from the definition. The first is that, if A < A’, then €, c €, . Another very useful property that
we will use to simplify our presentation is that

€ =A¢, ={lAecL,(M)|A e}

So, the only special case is €}, o, for which we have €; ., = (] €;,. Hence, it is enough to study €, and &/ ...
AeR,

Notation II1.3. In order to simplify the notation, we will denote €,; = &; and call a (z, p, 1)-exponentiable operator just a (7, p)-
exponentiable operator.
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Remark II1.4. Note that Eq. (7) can be written in many forms for 1 < p < oo,
Il s 1AL, s Ay
n! = on 2 n '

n=1

We prefer Eq. (7) because it also includes the case p = oo, for which
S AL
n=1 n! N n=1 n!

Hence, we have €;, = M
In order to simplify calculations in our examples and constructions, we prove the following lemma.

|~

Lemma IIL5. Let M be a von Neumann algebra and v be a normal faithful semifinite trace on M. Then, A € &, if

(|A[") < oo.

M3

!

3
l
S

N, = {n eN ’ T(\A|‘D”) > 1},

Proof. Define
N_={neN|r(|Af") <1}.

It is clear that
S AL, Ny
nZ::l n! :,;ETOA‘ )P
1 1 1
= > APy + 3 = (A 9)
neN_ " neN, n
n<N n<N
21 el |
<3 3 r(lar)

The next step is to prove that the set we just defined is big, in some sense, in L, (9, 7).

Proposition I11.6. €, and €, are |-||-dense in L,(9M, 7).
Proof. Ttis enough to prove that &; is ||-||-dense in L, (9, 7). Let A € L,(91, 7) be a positive operator, and let its spectral decomposition

be A = f * \dE,. Define A, = f " \dE,. Then, for all n ¢ N,
0 0
w((4h)") = [ ¥e(am)
0

1 m
_ f A" 2(dEy) + f A" 2(dE))
0 1
1 m
< f Nr(dEy) + m!*™ / Mr(dEy)
0 1
<D f " NPr(dEy)
0

= mp("_l)r(|Am|P).

n—»oo

Hence, (Am),,ey is @ sequence of (7, p, 00)-exponentiable operators and
— 0.

T(|A-Aul") = fm N1(dEy)

For the general case, just remember that the polarization identity implies that every operator is a linear combination of four positive

60, 081707-8

operators.
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Note that Proposition IIL6 shows that M 1 Ly(9M,7) © €} and |A"], < max{1, ™! |A],} for A > 0. It is not difficult to see that
the conclusion could also be obtained by Lemma II.15 and Eq. (4), which is in fact proved using an argument similar to what we have used

above.
This comment raises doubts about the possible “triviality” of &, or &, ... I mean, although we have already proved that these sets are big
enough to be dense, the set we used to prove density consists of bounded operators. The next example will answer this question

Example II1.7. Consider a function f : R\{0} — R given by
m if (m+1)‘ <|xl< &, meN,

fx) = { 0 if|x] > 1.
This is a positive unbounded integrable function with compact support in R and, for each A > 0,

f O (x))"dx = z(eelz(e_l).

Of course, we do not need the exact result and the reader can check that it is obvious that this sum would be less than €
For a measurable set K € R\{0} such that 0 is an accumulation point of K, the restriction of f to K is an example of an unbounded

(/¢ dx, 1, 00)-exponentiable operator of L; (Leo (K), [ -dx).
It is obvious that any integrable function dominated by the previous one is also ( f, -dx, 1, % )-exponentiable.

One could wonder if & is a vector space or not. The following example shows the answer is negative. Another consequence of these

: I g T T T . . .. . . T T
examples is that, for A <A, €, o, ¢ €, ¢ €. This is very important and nontrivial since it means that {QEP }pe§+ or even {pr,/\ }p€ﬁ+,)1€ﬁ+ are,

in general, nontrivial gradations of M = €7, = €L, forevery A € R,.

Example IT1.8. Consider a function f : R\{0} — R given by
mif (2¢) "' < |x| < (2¢)™, meN,

f) = {0 if [x] > 2e.

This is a positive unbounded integrable function with compact support inRand

> - X

Hence, again we have that for any measurable set K € R\{O}, the restriction of f to K is an example of a ( Jx -dx) -exponentiable operator

for L, (Loo (K), fK -dx), but it does not hold for 2f. In fact,

N co
> o L fG = S5 S S o) 2e)

is a divergent series.

Although we have presented examples just for p = 1, it is enough to take the pth root of f to obtain examples for any p > 1

Example IT1.9. In order to construct an example in a noncommutative von Neumann algebra, it is sufficient that there exists a monotonic
[l
decreasing sequence of projections (P, )sen € 9, such that P, —> 0, which is true if there exists any 7-measurable unbounded operator.
In fact, fix 1 < p. If there exists such a sequence, we can suppose without loss of generality, by taking a subsequence if necessary, that
Define the positive unbounded 7-measurable operator

A =31 (Py—Pun).

n=1

1
T(Pn < W

It follows from the definition that

3 (AP = X0 S (B~ B
1
=Y =1
Lz
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Thus, A € &,

It is not difficult to see, with the help of the spectral decomposition, that if an operator is in L,(90,7) N Ly(9,7) with 1 < p < g < oo,
then it isin L, (901, 7) for every p < r < q. More than that, it follows by analyticity and the three-line theorem, a special case of the Riesz-Thorin

theorem, that

(- (1-%) .
|Al, < I\AII o ||A|| U g <o
lAl, <] h

if g = oco.
An analogous property holds for (7, p)-exponentiable operators.

Proposition II1.10. Let 1< p < q < oo, and then €, n &, c & foreveryp <r<q.

Proof. Let A e €, n &, in particular, |A[" € L,(9, 7) N Ly(9M, 7) for all n € N.
Using Eq. (10), we get that, forall p <r<gq,

A"l < max{[A]"] . [14I"[,} < IIAI"], + [1A"],,

i |||A| I, i A", + 1A,
n=1 =1 n!
= A, = 1A,
-2 n! > n!

5
]
—_
B
I

A
8

Although &, in general, are not vector spaces, they still have a very convenient geometric structure for perturbations.

Proposition IIL11. (i) QE; is a balanced and convex set;

(ii) forevery A € €; and B € I with ||B|| < I, BA € €;
(i) if 1<p, g r< oo aresuch that }17 + é =1 and A,Be My,

< r(A7) T(IBI”q) s 7(|AB™)
> pi o o S e
n=1 . n=1 n=1 :

(iv) &, is a subspace of Ly(IN).
Proof. (i) It is obvious that, for A € €, and |A| < 1, we have

= AL, = WAL, = AL,

S 35

| !
n=1 : n=1 n: n=1 M

LetA,Be¢ QE;, and let 0 < A < 1. Then, thanks to convexity of x — x" for each n € N,

5 @ —A)Bunp 5

n=

(Ml + (1 -1)18l,,)’

,_.

3

I

kR
3‘._..

((MAly, + (=18l

=
Il
—_

IN
M3
3=

1AL, + Z HBII

:‘H

IN
il

(10)
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(ii) It follows trivially from (i) in Theorem II.17.
(iii) It follows from Corollary II.18 that
7(|AB m N 1 o\ L na L
> WP o5 Learm)ie(sm)’

!
n=1 n=1 1

X (r(|A|"P>) (r<|B|"9>)%
-1 n!

) (Z r(lA") )(Z r<|rj"q>)é

!
n=1 n. n=1

M

(iv) Note that A € (’3;,00 if, and only if, 1A € Qf; for every A € R. If « = § = 0, the result is obvious; otherwise, it follows from item (i) that, if

a feCandA,Be €,
) ol (a )\, 1B (B
aA + 3B = (|“|+‘ﬁ|)(‘a|+|ﬁ|(m‘4)+ |“|+|ﬁ|(m3))

€ (o + |ﬁ|)€;7 C €)oo

The following lemma justifies the choice of the name “exponentiable” for such operators.

Lemma IIL.12. For each A € €, and By self-adjoint, define A(t) = B"AB™". Then, for 0 <t <,
t t
1 —Exp,(f ;A(s)ds) and 1 —Expl(f ;A(s)ds) € L,(IM, 7).
0 0
Proof. Since A € M, = A(t) € M, Proposition I1.14 implies that each term in the definition of these operators is in 9%, except for the

identity.
In addition, using Theorem II.16 for p; =n,i=1, .. ., n, we have, for every N > M, that

Mt bt
> f dtl...f dtyA(ty) ... A(ty)
n=N 70 0

P

1

gé{“fotdn...fow Aty A(ty) ... A(h)

t [ P\
f dtl...f dtyA(ts) ... A(h) )
0 0
M

Zf dt .. fotn_ldt,,T(|A(tn)...A(t1)|")ll’

ftdtl...ft"’l dtr(|AP")
0

Ly,

IN

63))

IA
Z

Mz

i
=z

ME

I
Z

n

which shows simultaneously that each term is in L, (90, 7) and the partial sum is a ||-||,-Cauchy sequence. The thesis follows by completeness.
m]

To clarify the next definition, remember that 9t 1 L, (90, 7) [or even M N Ly (9N, 7)] is ||-|| ,-dense in L, (901, 7).

Definition III.13. Let 9t be a von Neumann algebra and 7 be a faithful normal semifinite trace on 91. We say that a state ¢ on 91 is
[|-|l,-continuous if it is continuous on (9)? NnL,(M,7),| - Hp).

Of course, such a weight can be continuously extended to (Lp(im, ), p) in a unique way.
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Hitherto, we have defined a set, namely, &, that we assert is the right set to take our perturbation, but the reader should be warned after
so many comments about the duality relations between L,-spaces that we will demand some extra “dual” property on the original state. This
motivates our next definition.

Proposition II1.14. Let I be a von Neumann algebra and v be a faithful normal semifinite trace on 9 and 1 < p, q < oo such that %+é =1
A state ¢ on M is ||-|| p-continuous if, and only if, there exists H € Lq(9N, 1), HyOM 4, such that

#(A) = TH(A) VA e,

in the sense of Proposition I1.21.

Proof. As mentioned in Definition III.14, we can continuously extend ¢ to L,(91,7). By the dual relation between L,(9,7) and
Ly(9M, 7) stated in Theorem I1.20, there exists H € Ly(9M, ) such that ¢(A) = 7(HA) for all A € L,(9, 7). Such H must be affiliated with
M.

In particular, $(A) = 7(HA) for all A € D N L, (9, 7), but M N L, (M1, 7) is WOT-dense in M since the trace is semifinite.

The cases p = 1, co are analogous, and the other part of the equivalence is trivial.

[m]

The next two theorems can be seen as the key to guarantee Dyson’s series that is convergent. It is time to stress how important Araki’s
multiple-time KMS condition is for the theory. Here, it is used with the same purposes of the original Araki’s article, Ref. 1. Mentioning an
interesting connection, this property is also used in Araki’s noncommutative L,-spaces, what makes us believe there is a natural way to extend
this result.

Notation IIL15. (i) Let Q c R" be a convex domain (i.e., an open convex set). We define the tube over Q by
T(Q) = {z eC" ‘ Im(z) € Q}.

The following convex domain will play a relevant role to our purposes:

Sy = {(tl,...,t,,) eR"

n
ti <0, ISiSn,andfa<Zt,-<0}.
i=1

(if) 914 will denote the set of analytic elements for the (one-parameter) modular automorphism group.

Theorem II1.16. Let M be a von Neumann algebra, ¢ be a faithful state in O, and n € N. Let also (7—[¢, D, 7'r¢) be the GNS representation
throughout ¢, T be a normal faithful semifinite trace on B(Hy), and Qi,JsQils € Lamg(B(Hy),7) such that |JQify ||2mq = [Qill g for all 1 <,

izj_

m < n, and suppose ¢ = Ty is ||-|| p-continuous. Then, if ® € D(Q1) and Ay Qi1 ... A2 Qi € D(Q;) for every -1 <Im(z)) < 0 and for every
2<j<mn,

. _ _ 1
Qg™ Quor - g Qu® € D) for - 5 < Im(z) <0 and
An(zl’ e ’Z")CD = AgnQnAZnilQn—l e Ag‘qu)

is analytic on T(S’}) and bounded on its closure by

,on
|A" (21, oz @] < [Hp Tl
j=1

Proof. Let us proceed by induction on n.
For n =1, let Q1 = U|Qi| be the polar decomposition of Q; and |Qi| = / ldELQ‘l be the spectral decomposition of |Q,|. Since ® ¢
0

k
D(Q1), 1@ =U klim Q1,xD, where Q. = / )LdELQl‘. Define the following functionals on 90T 4 @:
— 00 0

fi(AD) = (UQui®, Ag"AD),,
F(40) = lim f(AD) = (Qi®, A"AD) .
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Of course, for fixed AD, fk(z) = ]W is entire analytic and
[F(0)] = Jim |fi(6)
= lim |{A4"A®, UQux0),|
< [as" A0 lim |UQ,@]

< 40| lim ¢(QuxU”UQ)* (12)

1

. 1 . 13
< |A®] lim 7(H2 QiU UQuH? )
1 1
L
< JAD[[H]p [l

1
< |AQ[[H]; | VteR.

]_’t+1it
(e 37)

||2q’

Moreover,

= kliTo|fk(t+ %it)
- lim (AiAgf’A@, UQl,kq>>¢

< [as"Ad] lim |JoQu U" @]

- 40| lim |Q,,U" 0]

< [A®| Jim $(UQ14Qi,U")* (13)
< |A®]| lim (H:UQ} U™ H: )

< Jao| | Q5P

<A HH||§ H|Q1\2H3

< |ao]|H]; Qi VteR,

HZq’

which proves that the functional concerned is bounded for —% < Im(z) < 0 due to the maximum modulus principle. This bound also proves
that if f, — f uniformly for -1 <Im(z) <0, then f is analytic for -1 <Im(z) < 0 and bounded for -3 < Im(z) <0.

Using first the Hahn-Banach theorem to obtain an extension (also denoted by f;) to the whole Hilbert space in such a way that || £
< |H|z Qi |,4» we know by the Riesz representation theorem that there exists a Q(z) € H; such that £;(-) = (€(z),-),. Since M 4P is dense,
Q(z) is unique.

So far, we have that Q, @ ¢ D((Ag)iz)*) = D(Aiﬁ) andf(z) = (Ad), A$Q1®>¢ is analytic on {z eC | —% <Im(z) < 0} and continuous on
its closure, for every A € M 4.

Since DLTIA(D”'H - mo'l - Hg, the vector-valued function A(z)® = AGQi® is weak analytic, hence strong analytic on

{zeC|-1<Im(z) <0} and
1 1
lAz)0] < |H]; [Qil,, Ve {z eC | ~5 <Im(2) < o}.

Suppose now the hypothesis hold for n € N. We will use the same ideas: let Q41 = U|Qu+1| be the polar decomposition of Q.1 and
|Qu+1] = f )LdELQ””‘ be the spectral decomposition of |Qu+1|. Since @ € D(Qus1), Q@ =U klim Qu+1,kD,
0 — 00

f(Zl,-..,ZnH) (A(D) _ (QYL‘FIAZHQVI o AZIZ)I qu)) A;iiwlA(D)gb.
Since f_k(zl, e Zn1) = k(zl"“’z"“) (A®) is an analytic function, it attains its maximum at an extremal point of S"fl (see Ref. 1 Corollary

2
2.2). Denoting zj = xj + ityj, xj, y; € R, for all 1 <j < n + 1, and repeating the calculations in Eqs. (12) and (13), first for the extremal points
with Im(zj) = 0forall 1 <j<n+1, we get
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(i) ifIm(z)=0,1<i<n,
|_]_(k(zl> < Zptl )| = ’(QYHIAM Qn PN Agl Ql(D, Aiix"”A(D)

HQ"‘*‘ITxn(QW) x,,+ +x1(Ql)q)H ”A txmAq)H

<

1
g

Qn+lTxn(QVl) .- x,,+ +;c1(Q1)I{2

n+1
, 1y,

(ii) ifIm(z) =0, 1 <i<n,i#k andIm(z) = -1, where x; = Re(zi),

) 140l

|ﬁc(zl)~ . ~’Zn+1)|

= ’(QMA?Q“... o Q- 1A®QkA”" Q1<D,A;f"”“A<D> ‘
¢

e
<[aof|H]; H

1 ht+l

= [A®|[H]; [T1Qil -
i=1

Len@],,, TTtnt@i],

The previous result depends a lot on the possibility of “extending” the trace, which is originally defined only in the algebra, to the
algebra generated by 2T U 90t". One may try to define

7(Jo|AlJoB) = 7(|A])7(|B|),

but it immediately fails, in general, since the application of this formula with either A = T or B = 1, due to 7(1) = oo.

In order to relax the condition on the possibility of having a trace in all the GNS-represented algebra, we have to demand more regularity
on the perturbation. The next theorem shows almost the same result as the previous one, with a little more restricted perturbation.

Theorem II1.17. Let M c B(H) be a von Neumann algebra, T be a normal faithful semifinite trace on M, ¢(-) = (D, -O) be a state on M,
andneN. Letalson e N, p, ¢ > 1 with 11) + é =1, Qi € Lymg(IM, 7) for all 1 < i, m < n, and suppose ¢ = 1y is ||-||p-continuous.

Then, if ® € D(Qy) and A;Z;"Qj_l .. AZ‘ QD ¢ D(Qj)forevery—% <Im(z) < Oandforevery2<j<n, Qy,AiIZJ"Q,,_l .. Aif)‘ QD ¢ D(Aiﬁ)
for -3 <Im(z) <0and

A(z1,. . 20)® = QAL Q... A QO

is analytic on T(S’}) and bounded on its closure by

n 1 ! n
A" (z1, . .. za)@|| < |HI2 [max (E Qj||4,q)(g1 IIQ,-4(n_,)q) :

=1if I=0

Proof. Let us proceed by induction on n.

For n = 1, let Q1 = U|Qi] be the polar decomposition of Qi and |Qi| = foo AdEllQII be the spectral decomposition of |Q;|. Since @ ¢
0

k
D(Q1), Q1®=U klim Qux D, where Q4 = / )LdELQ“. Define the following functionals on 20t 4 ®:
— 00 0

fi(AD) = (UQui®, Ag"AD),,
F(40) = lim f(A®) = (Qi®, A" AD) .
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Of course, for fixed A®D, fi(z) = 17 (A®) is entire analytic and, in the two lines of extremal points, we have
0] - lim [ o)

1
< |AQ|[H[; |Qil,, VEeR,

I,

|f(t+ %it)| = klin;‘ﬁ(u %it)

= lim <Ag)Ag,”A<1>, UQl,ch>

(14)

¢

<A®[H]; lQl,, VteR,

HZq
which proves that the functional concerned is bounded for —3 < Im(z) < 0 due to the maximum modulus principle. This bound also proves
that if f, — f uniformly for -1 <Im(z) <0, then f is analytic for -1 <Im(z) < 0 and bounded for -3 < Im(z) <0.

Using first the Hahn-Banach theorem to obtain an extension, also denoted by f, to the whole Hilbert space in such a way that || f;| <

||HH; |Qu],,» we know by Riesz’s representation theorem that there exists a Q(z) € Hy such that £2(-) = (Q(z), ). Since M4 P is dense, Q(2)
is unique.
So far, we have that Q@ ¢ D(( _’Z) ) = D(AZ) andf(z) = (ACD Al Q1®> is analytic on {z eC | -3 <Im(z) < 0} and continuous on
its closure, for every A € M 4.
Slnce mAq)H I _ %H'H
{z eC | -5 <Im(z) < O} and

= Hg, the vector-valued function A(z)® = AFQi® is weakly analytic, hence strongly analytic on

1 1
1A@O] < [ |Qily, Vee{zeC|-] <Im(z) <o},

ki
Suppose that now the hypothesis holds for n € N. We will use the same ideas: we can define the sequence Qf" =U; / )LdELQ‘ |, where Q;
0

= U;|Qi| is the polar decomposition of Q; for every i <i < n + 1. Define
FEE) (AD) = (QunAg Qu - Ag Q0,057 AD)

For now, we will omithe superscript index on the operators to not overload the notation.

Since f(z1,. .., 2n) = e, S (A®) is an analytic function, it attains its maximum at an extremal point of S (see Ref. 1 Corollary 2.2).

n+l

Denoting z; = x; + ity; and usmg now the Tomita-Takesaki theorem in the similar calculation we made in Eq. (14), we get

(i) for the extremal points with Im(z;) = O forall 1 <j<n + I, we get
|f (s s xnen)| <

JADI QT (@) -y (@), Qur () - T (@)

(15)
1 n+l 1
3 n+
< JADIHI: TTIQ gy ¥ (rve o) € R
=1
(i) now for Im(z) = 0 foralli #/and Im(z;) = —%, where [ £ n + 1,
_ 1.
‘f(xl,...,xl— EI,...,X;«;+1) < |AD|x
Txm(QrHl) x,,+1+ +xl+1(Ql+l)]¢’Txml+ +x1(Q1) Xn+1+ +x,(Ql )(DH (16)
n+l 1
n+
< 0| |H]; H 10 T 19| V) B
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(iii) finally, for Im(z;) = 0 forall i # n + 1 and Im(2zu11) = -3,

- 1
‘f(xl,...,xz,.-.,xn,xm - 5

. . 1
’(QMA”‘” Qu... AR Q D, A Ag,Afl)u

<Txn+1(Qn+1) TXMJr +X1(Q1)(D JoA (D> ‘

1 h+l

2 1
< JAOLHIE TTIQ Lyguenyy ¥ (- oo %) € R,
j=1

17)

where the last line follows by the same calculation done in Eq. (15).

The last step is to remember that we omitted the superscripts and note that

n+1

lim . hm f(z1 Z”“)(A(D) (

kni1—>00

WARQ, L AP QR D, A;ji"*'Aq))¢

= (Qnﬂﬁg" Q... AQZ; Q0, AE)&NA(D)(#,

0 f (21, s 2Zni1) = (QnHAZ” Q... A2Q O, A;ii"*‘AQD) s is the limit of a sequence of analytic functions uniformly bounded, thus analytic on
STI and bounded on its closure, as desired.

As we saw in Eq. (17), the term A% does not interfere with the conclusion for —% < Im(zu+1) < 0 and, by the very same argument used
above to obtain a continuous linear extension of f (z1, . . ., Zus1), it follows that QuAL Q-1 ... AZ QD € D(Aif)) for -3 <Im(z) <0.

Remark 111.18. In contrast to what we did in Eq. (15), for Im(z;) = 0 for all 1 <i < n + 1, it holds that

|fk(zl,...,zn+1)| = klir{;|ﬂ(z1,. .. ,z,,+1)(t)|
= lim ‘(Qm,kAf;;" Q.. AEQID, AL AD) ¢‘
< 46" A®| lim [UQyu1485" Qn .. A5' Qi

< [ A0 lim [UQu1xrt, (1) --. Tﬁl+..<+xn(Q1)®H

<A@ lim ¢(UQue1srh,(Qn) .78 (@)’
(18)
< Ao lim r(H2 7,0, (QD) - 74 (QD)QuikU”

UQn+1ka,,(Qn) . x1+ +xn(Q1)H2)

1

< ||A<DHHH\|Z hm( (|Q,,+1k|2”q) [1=(2i 2"q)w)
j=1
1 n+l

<|A®|H]; [TIQl, vEeR.
j=1

Corollary II1.19. Let MM c B(H) be a von Neumann algebra, T be a normal faithful semifinite trace on M, and ¢(-) = (D, -®) be a state
on M. Let also p% + é =LAeRy,andQ ¢ Clgr> and suppose ¢ = 1y is |-||p-continuous. Then, if AFQ...AF QD € D(Q) for every
-1 <Im(zj) < 0and foreveryjeN,

@(Q)—Zf dty ... dt,A5QAS Q.. ALQD

is absolutely and uniformly convergent.
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Proof. By Theorem III.17, Ail’f QA{‘;”‘1 Q... Af;‘ QA® is well defined and

|AZQaE-1qQ. .. A QAd|

Note that, for Q,

1
= |ae[|H]; max

= 7AdELQ‘, we have that
0

1 1 n
< [A®||H]; max (H Q“,q)(r[ ||oj||4<nl>q)
== j=1 i=l+1

=1if I=0

1
= |A®|[H]; max QI QUG-

—
1if [=0

= [Ao] HHHp QU QU551

——
=1if [=0

[ ]

T(|Q|4lq)ﬁ T(|Q|4(n—/>q)ﬁ
—_—
=1if I=0

<I<| 4]

—_—~— ——

fn(2) = T(ng)ﬁT(Q‘jrf”*z)q)ﬁ

scitation.org/journal/jmp

is an analytic function in the region {z € C |1 < Re(z) < n— 1} since this region is a strip that does not intercept the negative real line. Hence,
its modulus in the region mentioned is assumed when Re(z) = 1 or Re(z) = n— 1 by the maximum modulus principle. In these cases, we have

o (14 i0)] = [fon (= 1+ i0)] = | Q| Qunl 51

As usual, taking the limit m — oo, we obtain, forallz € {w € C|1 < Re(w) <n -1},

Finally, the series

is ||-||-convergent. In fact, considering first the case Q € &, with 0 < < oo, there exists N € N such that, for all k, 1> N, A >

Q
< < and w < 1; thus,
2 N

T(Q4Zq) t T(Q“(”*Z)Q)

th1
f dt,A5 QA Q... ALQAD
0

< 1QlL 1 Q-1

acd t ty bt
Y;}fodtl.../o At AQAL Q... ALQAD

1 e
SZ/tdtl.../t Lt |A5Q057 Q. . AYQAD|
n=k 0 0

s max{ [ Qy, 1QUigr 1y QU |
n=k

n!
' (1QUg I QUG 1y + Q)
SZ
o’ n!
oy 1QL, 1@l | 1R,
A (n-1)! n!

<E€.

(19)

! An 1||Q||4(n 1)q
= (n-1)!
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For the case A = oo, just remember that €, ., = [ &;.
AeR,

g

Proposition I11.20. Let (Qu)nen © €}y, be a sequence such that Qn —> Q € €13, [Qul 4, < ||QH4mq, and |Q = Qu| 4,y < M forallm e N.

In addition, suppose that, for each fixed n € N, ® € D(Q,) and Ag’ 'Qj1 - .. A2 Q® € D(Q)) for every -1 <Im(z) < Oandforevery2<j<n,
where Q; can be either Q, or Q. Then,

Expl,,(/o‘r;Qn(s)ds)d)rifExpl,,(fot; Q(s)ds)CD, F<A

Proof. First,note that Qand Qu, n € N, are densely defined closed operators. Furthermore, they have a common core due to the increasing

hypothesis and the properties of 7-dense subsets.
Define

AMz1,. e 0z0) = AEPQL AT QAT (Q - Qu)AZ" Qu ... A QD
Using a telescopic sum argument, we have, for m > 1,

|A5Q... 05 Q0 - A0, 4510,0]

m
ZA;”(ZI,. 3 Zn)

HA (zl,...,zn)H

IA

WM§ ||M§

m—I—
> 115 max {19114 1Q - Qln @i}

[,
<m[H]; max {1QLL,IQ1Ih,1Q Quliun,

1Q = Qull g1 }

—mHH”p rlnaX {||Q4qu4(m Dq ||Q||4(m71)q

Applying Eq. (19) to the inequality above, we get
|AG" Q... AGIQD — A Qu ... AG Qud||

”Q Qﬂ ||4(m I)q}

<mHHH (ol [o] Yyl X
2 1Qly, 4( D4 o211 1Qll4(m-1)q

Hence,

Expl,r(fot;Q(s)ds)d)—Expllr(/ot; Qn(s)ds)CDH

< [H][; HQ—QnH4q+

* Z m|H]; [Qlag 1 QUr-1g axl{
m:Z —

”Q - er H4(m—l)q }
(20)

H QHAl(m—l)q
= [H]; 1Q - Qully+

L o tmfl HQ_ Qn ||4(m7l)q
+IH3 1Qg t 3 77 Qi 1yg T2 {|mqmw'

Finally, let € > 0 be given. Since Q € QEZ[M, there exists mg € N such that, for all m < my,
oo tm—l

Z ( l)lHQHAI(m 1)q iM
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By hypothesis, there also exists 79 € N such that

Q- Quln, o § 1 -
———————— <€ 3M|H|2 7\\(2\\’"71 ] ,  Vn>ng.
max{1Ql 1] AT

It follows from Eq. (20) that

<e, Vn2ny.

’Expl),(/ot; Q(s)ds)@—Exp;,,(/Ot; Qn(s)ds)CD
i

One of the consequences of Proposition II1.20 is that the sequence of Araki’s perturbations obtained by the upper cut in the spectral
decomposition of the modulus of a €}, -perturbation converges to the perturbation described in Corollary IIL.19.

Moreover, Proposition III.20 gives us an interpretation for the parameter A in (’5;)1.

It is important to mention the notorious similarity between our approach and Sakai’s geometric vectors [which were mentioned right
after Eq. (1)]. In the direction of Eq. (1), we can obtain the following result:

Corollary I11.21. Let 9 c B(H) be a von Neumann algebra, T be a normal faithful semifinite trace on 9, and ¢(-) = (®@,-D) be a state on
M. Let also 11, + é =LAeR;,and Q=Q" ¢ €lg» and suppose ¢ is ||-|| p-continuous. In addition, suppose that AF'Q...AZQD e D(Q) for

every —3 <Im(zj) < 0 and for every j € N. Then, for every z € C with 0 < Re(z) < 3, ® ¢ D(eZ(H+Q)) and
FHerQ gy — Z(E) fs dtr ... dt,A5QAL Q... ALQOD,
n=0 1

where Hop = log Ag.

Proof. Note that for z = itt, t € R, one identifies the right-hand side with Expl( fot; T?(Q)ds). Thus, for purely imaginary z, we have the
equality.
Now, since we know by Theorem II1.19 that the left-hand side is analytic in the region 0 < Re(z) < 1, 16, Proposition 4.12 guarantees
the thesis.
[m]
We can use all previous results to conclude with a general theorem. Note that, for the KMS condition, the interesting case is the case

) = 1 as one can see in the definition of the expansional, in Ref. 16.

Theorem I11.22. Let M c B(H) be a von Neumann algebra, T be a normal faithful semifinite trace on 9, (M, a) be a W™ -dynamical
system, Ho be the Hamiltonian of o, and ¢(-) = (®,-®) be a (1, f)-KMS state on M. Let also 117 + é =1, AeR,and Q= Q" ¢ (’Equa,
and suppose ¢ is |-||p-continuous. In addition, suppose that AZ”'Q. . A2Q®D € D(Q) for every -1 <Im(z) < 0 and for every j € N. Then,
De D(efg(H“’*Q)) and $2(A) = (‘I’Q,A‘I’Q) is as (1, B)-KMS state for the perturbed dynamics defined by a2(A) = ¢ He*Q Ae7*(Hot Q) yypere

B

\I’Q _ e*j(”uﬁQ)Qw

T Bweeg
fle™2 Qo

We would add at this point that, in contrast to Araki’s treatment in Ref. 1, we do not believe our results prove any kind of stability of
KMS states. This belief is based on the necessity to add a “dual” continuity property on the state, i.e., we need an additional ||-||,-continuity
hypothesis with index p Holder-conjugated with the one used to control the perturbation. Hence, all the stability we proved seems to be a
consequence of that continuity. An important exception is the stability of the domain of the modular operator, which allows us to extend the
multiple-time KMS condition to unbounded operators, proved in Theorems III.16 and II1.17.

Regarding the other paper in the literature of perturbation of KMS states,” also extend the theory to unbounded perturbations.
Their approach does not use Araki’s techniques; in particular, it does not use expansionals. One advantage of using expansionals, as
mentioned in Ref. 3, is that expansionals give explicitly a way to obtain the perturbed state and its vector representative. The intrinsic
differences between 3 and this work make it very difficult to compare the methodologies, but some similarities can be spotted, for exam-
ple, the condition Ay Q... AZQ® € D(Q) and Q ¢ €}, in Corollary IIL19 seems to play the same kind of role as Assumptions 3.1
and 3.2, and 5.1 in Ref. 3, respectively. On the other hand, the noncommutative LP-space approach required a hypothesis that has no
counterpart in Ref. 3, namely, the ||p||-continuity of the state. In fact, we have already mentioned that our results reduce to Araki’s the-
orem in the case g = co and makes a gradation of the result for 1 < g < oo. This is not the case in Ref. 3, which does not add any
hypothesis on the state. Been a little speculative, it seems also possible to generalize the results presented here using the methodology of
Ref. 3.
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Although all the applications of noncommutative Ly-spaces to physics known by the author are restricted to semifinite von Neumann
algebras, see, for example, Refs. 21, 5, 22, and 4, we finish saying that the author is aware of the limitations imposed by the existence of a
faithful normal semifinite trace on the algebra.

Several results have been proved about the type of the algebras in relativistic AQFT in the past decades, showing that, under some physical
reasonably assumptions, the algebra of observables of a diamond has to be of type I, see Ref. 26, Secs. V.6 and Ref. 27, Proposition 3.2.

Fortunately, for general von Neumann algebras, either in the Haagerup or in the Araki-Masuda construction, there is a natural trace
related with the noncommutative L,-space. This suggests that our ideas can be generalized. In fact, roughly speaking, Haagerup’s generaliza-
tion of noncommutative L,-spaces for general von Neumann algebras uses several identifications between a von Neumann algebra (and other
objects related to it) and the crossed product M x.» R, where ¥ = {77 },cr is the modular automorphism group obtained throughout the
faithful normal and semifinite weight ¢. Among these identifications, we highlight (i) the one due to Ref. 24, II, Lemma 1, which says that the
mapping ¢ — ¢, where ¢ = ¢ o T and ¢ is a natural extension of ¢ to N, (the extended positive part of 91t) as described in Ref. 28, Proposition
1.10, is a bijection from the set of all normal semifinite weights on 9t onto the set of all normal semifinite weights ¥ on 91 ¢ R satisfying
yo0; =y VteR,and (ii) the one due to Ref. 19, Theorem 1.2, which says that

{Hy € (M xrv R), | $is normal and semifinite} = {Hy € (M xr R), | 6:Hy = e 'Hy},

where Hy#(901 »7¢ R) is the Radon-Nikodym derivative for the normal semifinite weight ¢ on 9t with respect to the trace 7, i.e., Hy is the
operator affiliated with 9t >+ R such that ¢ = 7H,. That means that we can consider the state ¢ as a state in 90U ¢ R.

It is important to note that 90 xs R has a natural trace 7, Lemma 5.2, which is used in the definition of the noncommutative Ly-space,
namely,

Ly(M) = {H e (M R),
Loo (M) = {H e (Mxp R), |6H=H, Vt e R}.

OH=¢ rH, Vie ]R},

The trace 7 is not used to define the norm on these spaces, instead a positive linear function, tr(-), is defined on L; (90t). This linear
function satisfies a tracelike property tr(AB) = tr(BA), where A € L,(90t) and B € L;(91) and 117 + % =1

In addition, it is also easy to see that there is a natural inclusion of the operators affiliated with 9t in the operators affiliated with 9t x-» R
because of the spectral decomposition.

Again, we stress that, if in one hand the development presented here is not appropriated to deal with perturbations of KMS states in
relativist algebraic quantum field theory, it is a natural framework to deal with statistical mechanics, linear response, and information theory.
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