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ABSTRACT. Let A be an artin algebra and let modA denote the category of finitely 

generated right A-modules. We denote by rad(modA) the ideal in modA generated 
by all non-invertible morphisms between indecomposable modules in modA. The 
infinite radical rad00 (modA) of modA is the intersection of all powers radi(modA), 

i 2: 1, of rad(modA). It is known that A is representation-finite if and only if 

(rad00 (modA))2 = 0. In this paper we study the representation-infinite alge­
bras A such that (rad00 (modA)}3 = 0. Examples of such algebras include all 
representation-infinite tilted algebras of Euclidean type. 

Let A be an artin algebra over a commutative artin ring R. We denote by modA 

the category of finitely generated right A-modules and by rad(modA) the Jacobson 
radical of modA, that is, the ideal in modA generated by all non-invertible morphisms 
between indecomposable modules in modA. The infinite radical rad00 (modA) of 

modA is the intersection of all powers rad'(modA), i 2". 1, of rad(modA). 
The study of rad00 (modA) has had some importance in describing the category 

modA. It is known, for instance, that an artin algebra A satisfies rad00 (modA) = 0 

if and only if it is representation-finite, that is, there exist at most finitely many non­

isomorphic indecomposable A-modules (see [24, 351). In [14] we have deepened this 

result by showing that (rad00 (modA))1 = 0 is equivalent to A being representation­

finite. Also, by studying the restriction of rad00 (modA) to suitable subcategories of 
modA, one can get nice informations on certain kind of components of the Auslander­
Reiten quiver of A. We refer to [35) for a detailed discussion on thes<' t<'chniques. 

We are particularly interested in describing the categories modi\ with rad00
( modA) 

nilpotent. This problem has been raised by 0. Kerner and the last named author in 
[24), where it was shown that, if A is a selfinjective finite dimensional algebra over 

an algebraically closed field and admits a simply connected Galois covering, then 
rad00 (modA) is nilpotent if and only if A is domestic, that is, there is a positive 

integer m such that the indecomposable A-modules occur, in each dimension-d, in a 
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finite numh,ir of cliscrf'te and at most m one-parameter families. It was also recently 
shown in [39] that, if A is a strongly simply connected finite dimensional algebra 
over an algebraically closed field, then rad00 (modA) is nilpotent if and only if A is 
domestic. It is expected that, in general, rad00 (modA) nilpotent would imply that A 
is domestic. 

Our approach in this paper is different. We shall study arbitrary representation­
infinite artin algebras A with (rad00 (modA))3 = 0. As observed above such an 
algebra A satisfies (rad""(modA))2 -=I' 0. We also observe that this class of artin 
algebras is rather large. Let us note that all representation-infinite tilted algebras of 
Euclidean type [31} (also, all representation-infinite left glued algebras whose right 
type is a union of Euclidean diagrams [2]), and all domestic coil enlargements of 
tame concealed algebras [8}, and hence, all domestic multicoil algebras having sincere 
non-dire~ting indecomposable modules (see [4, 6, 71), belong to this class. See section 
2 for more details on these examples. 

We now describe the contents of this paper. In section 2 we exhibit some classes of 
representation-infiniteartin algebras A with (rad00(modA))3 = 0. For such an algebra 
we show that the regular components of its Auslander-Reiten quiver r ,1 form a family 
of pairwise orthogonal gene~alized standard stable tubes. In section 3, it is shown that 
at most finitely many of the T ,1-orbits of r A are non-periodic. Section 4 is devoted 
to the study of minimal representation-infinite algebras A with (rad00(modA))3 = 0. 
Finally, in th<> last two sections we study algebras A satisfying (rad00(modA))3 = 0 
by looking at those factor algebras B of A which are tame concealed. In particular, 
we shall show how some components of fB are embedded in f A· Also, we show 
that there arc only finitely many ideals / of A such that the quotient A/ I is tame 
concealed. 

In a forthcoming paper [1.5], we shall continue the study of such kind of algebras. 

1. PRELIMINARIES 

1. 1. Let A b" an artin algt>bra over a commutative artin ring R, that is, A is 
,ui /l-al~el,rn which is fi11itcly grncratcd as an /l-mo<lulc. By an A-module it is 
meant a finit<·ly gf•ncratcd right A-module. We shall denote by modA the category 
of all (finitely generated) A-modules, and by indA the full subcategory of modA with 
one representative of each isomorphism class of indecomposable A-modules. Then 
rad(modA) denotes the Jacobson radical of modA, that is, the ideal in modA gen­
erated by all non-invertible morphisms between indecomposable modules in modA. 
The infinite radical rad00 (modA) of modA is defined to be the intersection of all 
powers rad'(modA). i ~ 1, of rad(modA). We denote by D the standard dual­
ity llomn(-, 7): mod A --+modA 0

P, where 7 is the injective envelope of R/radR in 
modR. We say that a property holds for almost all indecomposable modules if it 
holds for, up to isomorphism, all but finitely many of them. An algebra A is said 
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to be representation-finite ( or representation-infinite) if modA contains finitely many 
(respectively, infinitely many) non-isomorphic indecomposable modules. 

Unless otherwise stated all algebras are assumed to be basic and connected. 

1.2. We shall denote by r A the Auslander-Reiten quiver of A, and by TA = DTr and 
T,41 = TrD the Auslander-Reiten translations in r A· We shall now agree to identify 
the vertices of r" with the corresponding A-modules in indA. By a component of 
r ,1 we mean a connected component of r ,1. We observe that a morphism between 
indecomposable modules lying in different components of r A belongs to rad00 (modA). 
We shall use this fact all along this paper. 

Let C be a component of r ,1. Then, C is said to be regular if C contains neither 
a projective module nor an injective module, and semi-regular if C does not contain 
both a projective and an injective module. Following (13], a component C is called 
a 71'-component (respectively, an ,-component) if (i) almost all modules in C belong 
to T,1-orbits of projective (respectively, injective) modules; and (ii) there are at most 
finitely many modules in C which lie in oriented cycles (for details, we refer to [13, 
2]). Postprojective (respectively, preinjective) components, that is, components C 
without oriented cycles and such that each module in C belongs to the T,1-orbit of a 
projective module (respectively, an injective module) are examples of 71'-components 
(respectively, ,-components). Observe that we use the term postprojective instead of 
preprojective: we believe it is more suggestive. Examples of 71' -componcnts which are 
not postprojective components can be found in [13, 2]. A component C is said to be 

generalized standard if rad00 (X, Y) = 0 for all modules X and Y in C [38]. Observe 
that a 71'-component (respectively, ant-component) C is generalized standard because 
rad00 (-,X) = 0 (respectively, rad00 (X, -) = 0) for all XE C. Finally, C is said to 
be faithful if the intersection annC of the annihilators annX of all modules X in C is 
zero. We shall denote by C1 the left stable part of C obtained from C by deleting the 
T,1-orbits of projective modules, by C, the right stable part of C obtained from C by 
deleting the TA•orbits of injective modules, and by C. the stable part of C obtained 
from C by deleting the TA•orbits of both the projective and the injective modules. 
Also, a connected quiver is called non-trivial if it contains at least two vertices (and, 
hence, at least one arrow). 

1.3. We recall the following results which will be useful along this paper. The first 
is due to Zhang [41]. 

Theorem. Let r be a non-periodic non-trivial component of the stable part of r A. 

Then r is of the form zt::,., where l::!,,. is a valued quiver without oriented cycles. 

1.4. The following result is due to Happel-Preiser-Ringel (20], see also (25J. 

Theorem. Let r be an infinite connected component of the stable part of r A. ff 
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r contains a r A -periodic module, then r is a stable tube, that is, it is of the form 
ZAoo/(r;:) for some n ~ l. 

Finally, a translation quiver is said to be quasi-periodic if almost all of its T ,.-orbits 
a.re periodic (see [10]). For more details on Auslander-Reiten components we refer to 
[9, 31]. 

1.5. A path X0 --+ X1 --+ • · • --+ X, inf A is said to be sectional if TX; /; X;-2, 

for each 2 ~ i ~ t. The following result proven in [23] (compare with (12]) will be 
useful later on. 

Proposition. Let X0 --+ X 1 --+ • • • --+ X 1 be a sectional path between indecom­
posable modules, and let J,: X;_ 1 --+ X; be irreducible morphisms for i = 1, · · · , t. 
Then f, .. ·/1 E racf(X0 ,X1)\ racf+ 1(X0 ,X1). In particular, / 1 ···/i is a non-zero 
morphism. 

1.6. Let H be a hereditary algebra. It is known that, in this case, we can assume 
that R is a field so that H is a finite dimensional algebra over R. Further, there 
exists a bilinear form on the Grothendieck group Ko( H) of H given by 

which induces a quadratic form qH on Ko( H) ®z Q. It is well-known that H is 
representation-finite if and only if qH is positive definite. The algebra H is said to be 
of tame type if it is not representation-finite and qH is positive semidefinite. For the 
basic representation theory of hereditary algebras we refer the reader, for instance, to 
[18, 19, 31]. Let now H be a representation-infinite hereditary algebra and let n denote 
the rank of [(0(//). Let T be a multiplicity-free postprojective tilting H-module, that 
is: Ext},(T, T) = 0. rad00

(-, T) = 0 (which, in this case, is equivalent to T being 
postprojective), and Tis a direct sum of n pairwise non-isomorphic indecomposable 
H-modules. The algebra B = EndH(T) is called a concealed algebm. If H is tame 
hereditary then B is called tame concealed, and otherwise wild concealed. It is known 
that the representation theory of B and H are very close to each other. Let B be a 
concealed algebra (which does not exclude the possibility of being hereditary). Then, 
rB has a postprojective component 'P containing all projectives and a preinjective 
component I containing all injectives. If B is tame concealed, then the regular 
components form an infinite family of pairwise orthogonal generalized standard stable 
tubes T,,, p E n, and all but finitely many of them have rank 1. Moreover, since the 
family T,,, p E n, separates P from I, all tubes T,, are faithful, and every map from 
a module in P to a module in I belongs to (rad00 (modB))2• On the other hand, if 
Bis wild concealed then the regular components are of the form ZA00 (see [30)). By 
[33], compon<'nts of the form ZA"" are not generalized standard. 
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1.7. We shall need the following characterisation of concealed algebras proven in­

dependently in (2](3.4) and (36]{3.3). 

Proposition. The following are equivalent for a representation-infinite artin algebm 

A: 

(a) A is concealed; 
(b) pdX = 1 and idX = I for almost all modules X in indA; 

(c) ra,/"'(-, A)= 0 and ra,/"'(DA, -) = 0. 

2. SOME EXAMPLES 

2.1. In this section we shall give some examples of representation-infinite artin 

algebras A satisfying (rad00 (modA))3 = 0. Our first result describes the family of 

regular components of the Auslander-Reiten quiver of such algebras. 

Theorem: Let A be an art in algebm with (ra,/"'( modA) )3 = 0. let r;, i E /, denote 

the family of all regular components of r A. Then r;, i E /, are pairwise orthogonal 

genemlized standard stable tubes, and all but finitely many of them have rank 1. 

Proof. We first show that rad00 (X, Y) = 0 for all X, Y belonging to regular com­

ponents. Suppose this is not true and let f: X --+ Y be a non-zero morphism in 

rad00 (X, Y), where X and Y belong to regular components. Consider now the pro­

jective cover 7r: PA(X) --+ X of X and the injective envelope t: V ----+ /,._(Y) of 

Y. Observe that since X and Y belong to regular components we have that ,r and t 

are in rad00 (modA) (1.2). Therefore, tf1r is a non-zero morphism in (rad00 (modA))3, 

which contradicts our hypothesis. Hence ri, i E J, are pairwise orthogonal general­

ized standard components. 
Claim: Every regular component of r A contains oriented cycles. 

Suppose r is a regular component of r ,._ without oriented cycles. Then, by ( 1.3), r is 

of the form ZA, where A is a valued quiver without oriented cycles. Since r is gen­

eralized standard, we have that Hom,4(X, T,4Y) = 0 for all X and Yin A and hence, 

by [33](2.2), A is finite. Moreover, according to (38](3.3) it follows that B .= A/annf 

is a tilted algebra given by a regular tilting module and r is a connecting component 

of rB, Let M be the sum of all modules in A. Observe that, since rB contains a 

complete slice in a regular component, then each component of r B is semiregular. lt 

follows from tilting theory that rB contains either a stable tube or a (semiregula.r) 

component whose stable part contains a component of the form ZA00 126]. Suppose 

first that f 8 contains a stable tube T and let Z be in T. Then, Z is either cogener­

ated or generated by Af. Suppose we have the former (the other situation is dual). 

Consider the projective cover 1T: PB( Z) __. Z of Z, the embedding v: Z --+ Mr 

of Z into some power of Mand the injective envelope t: Atr --+ / .4 (Mr) of Mr. 

It follows that the composition w,r is a non-zero morphism in (rad""(modA))3 , a 

contradiction. Suppose now that r B has a semiregular component without injectives 
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f', whose stable part contains a component of the form ZA00 • It is known that there 
exists a sectional path X --+ · · · --+ Yin f' such that HomB(X, TBY) f 0 (33](2.2), 
and it can be chosen in such a way that there is no projective module which is a 
predecessor of X or Y in f'. Hence, rad00 (X, TB Y) contains a non-zero morphism 
f, because there are no oriented cycles containing X. Consider the projective cover 
1r: P8 (X)--+ X of X and the injective envelope i: TBY--+ IB(rsY) of rsY. Since 
the composite if 1r is non-zero and belongs to (rad00(modB))3

, which contradicts our 
hypothesis, the claim is proven. 
By ( I .4 ), a regular component with oriented cycles is a stable tube and so, for each 
i E J, f; is a stable tube. Let now rkf; denote the rank of the tube f;. According to 
[38](5.10), we have the following inequality 

I: ( rkr; - l) :S n - l 
•El 

where n is the rank of the Grothendieck group of A. Therefore, almost all of the 
stable tubes f;, i E /, have rank I. This finishes the proof of the Theorem 2.1. D 

2.2. The next result gives a criterion for a tilted algebra B to satisfy the condition 
(rad 00 (modB))3 = 0. 

Proposition. Let H be a connected representation-infinite hereditary artin algebm, 
T be a tilting II-module without preinjective direct summands or without postprojec­
tive direct summands, and B = EndH(T). Then (rad"'°( modB) )3 = 0 if and only if H 
is of Euclidean type. 

Proof It is known that if H is of Euclidean type then (rad00 (modB))3 = 0 (see [18, 
19, 311). Suppose now that H is of wild type. Then, by a result of Strauss [40)(7.5), 
there is a factor algebra C of l3 which is wild concealed. We know, by [30], that r c 
admits regular components of type ZA00 , and hence (rad00 (modC))3 f: 0 by Theorem 
(2.1). This implies that (rad00 (modB))3 f: 0. Therefore, if (rad00(modB))3 = 0, then 
l/ is of Euclidean type. D 

2.3. Let us now turn our attention to algebras which are left and right glueings of 
tilted algebras as defined in [2]. We shall first recall those definitions. Let B 1, • • • , B1 
be representation-infinite tilted algebras having complete slices Ei, • • · , E1 respec­
tively, in the postprojectiv€ components but having no injective modules in these 
componf'nts. write B = B1 x · · · x B1 and let C be a representation-finite algebra. 
An algehra A is said to be a left glueing of B1, • • • , 8 1 by C along the slices E., · · · , E,, 
or a le/I glued algebm if: 

(i) rach o[ fl 1 , • • • , l31 and C is a full convex subcategory of A and any object in 
A belongs to one of these subcategories; 

(ii) no projective A-module is a proper successor of the union E1 U · · · U Ei, con­
sidered as rrnbedded in indA; and 
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(iii) indB is cofinite in indA, that is, almost all indecomposable A-modules are 

also B-modules. 
Let A now be a left glued algebra. Then, f ,4 contains a (unique) i--component f 

consisting of all postprojective A-modules. Besides r, any other component of r A 

is the image of a full embedding of a component of fa,, for some 1 ~ i ~ t, and 

containing no projective module into f A· Suppose r contains injectives (which is 

equivalent to the algebra C of the definition being non-zero). For each i, let I; be 

the set of all injective A-modules / such that there exists an irreducible morphism 

I - K with /( in indB; and such that there is no injective in r which is a proper 

successor of those summands of //soc/ which belong to indB,. Let I be the union 

of the I;'s. Finally, let E be the subsection of r consisting of the modules M such 

that there exists a path in r of length at least one from some injective in I to M, 

and any such path is sectional. We shall call E the right extremal subsection of r. 
Dually, we can also define right glued algebms and left extremal subsection for such 

algebras. We refer to [2] for details. We shall need the following result proven in [2]. 

Lemma. ( a) Let A be a representation-infinite left glueing of B 1, • • • , B 1 by the 

non-zero algebra C, and let E be its r-ight extremal subsection. If no projective is a 

proper successor of r,, the underlying graph of E is the disjoint union of the types of 

B1,··· ,B1. 
(b) Let A be a representation-infinite right glueing of B1 , · • • , B 1 by the non-zero 

algebm. C, and let E be its left e:dremal subsection . If no injective is a proper prede­

cessor off,, the underlying graph of r, is the disjoint union of the types of B 1, · • • , Bt. 

2.4. The following result gives a characterisation of glued algebras A which satisfy 

(rad00 (modA))3 = 0. 

Theorem. Let A be a representation-infinite finite-dimensional algebra over an al­

gebmically closed field. 

(a) If A is a left glueing of B 1 , · • • , B 1 by the non-zero algebm C, and if there is no 

projective module which is a proper successor of the right extremal subsection 

Ethen (rad"'(modA)) 3 = 0 if and only if E is a disjoint union of Euclidean 

graphs. 
(b) If A i3 a right glueing of B1 , · • • , B 1 by the non-zero algebm C, and if there is 

no injective module which is a proper predecessor of the left extremal subsection 

E then (ra<l'°( modA) )3 = 0 if and only if E is a disjoint union of Euclidean 

graphs. 

Proof. We shall prove only (a), since (b) will follow from a dual argument. 

(a) Sufficiency. Let r be the (unique) 71'-component of r A and denote by B the 

product B1 x • • • x B1• By (2.3), the underlined graph associated with E is the union 

of the types of B1• • • • , B1 and then for each i. B; is a tilted algebra of Euclidean 
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type having a complete slice in the postprojective component. Therefore, by (2.2), 
it follows that (rad00 (modB;))3 = 0 for each i. Observe now that indB is cofinite in 
indA and that all indecomposable A-modules which are not B-modules belong tor. 
Suppose now that (rad00 (modA))3 -::/ 0. Then, there are morphisms in rad00 (modA) 
between indf"composable A-modules 

x...!.....v2...z~w 

such that the composite hgf is a non-zero morphism in (rad00(modA))3. Since f E 
rad00 (modA), we infer that rad00

(-, Y) -::/ 0, and hence Y does not belong to r. 
Therefore, there is an i such that Y E indB;. Then, Y does not belong to the 
postprojcctive component of f 8 ,, and Zand iv also belong to indB;. But since Y 
is not postprojective, we get that one of the maps g or h is not in rad00 (modB;), a 
contradiction. 
Necessity. Let us assume now that (rad00 (modA))3 = 0. In particular, we have that 
(rad00 (modB;))3 = 0 for all i. Observe that, for each i. B; is a tilted algebra in the 
conditions of (2.2) and then the types of B1, • • • , B1 are all Euclideans. It follows 
that E is a disjoint union of Euclidean quivers, and this finishes the proof. D 

2.5. In the representation theory of tame simply connected algebras over an al­
gebraically closed fi<'ld an important role is played by coil enlargements of tame 
rnnccalcd algebras (see [35]), introduced and studied in !4, 5, 8). 

Let A be a finite dimensional algebra over an algebraically closed field k, and f be 
a component of r A· For an indecomposable module X in r, called the pivot, three 
types of admissible operntions are defined, yielding in each case a modified algebra 
A' of A, and a modified component f' off: 

(adl) If the support of Hom..t(X, - )Ir is of the form 

Wf' set A' to be the one-point rxtension (Ax D)[X EBY], where D is the full t x t lower 
triangular matrix algebra and l ' is the unique projective-injective indecomposable D­
module. In this case, r' is obtained by inserting in r a rectangle consisting of the 
modules Z;1 = (k.X, (P }~, (:)),for i ~ 0, I~ j ~ t, and x: = (k,X;, 1) for i ~ I, 
wlwre Y,, I $ j $ t. dcnol<• the indernmposable injective D-modules. If t = 0, we 
srt A' = A[.\'], and the rectangle reduces to the ray formed by modules of the form 
x:. 

(ad2) If the support of Hom.-1(X, -)Ir is of the form 
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with t ~ 1 (so that X is injective), we set A' = A[X). In this case, r' is obtained 

by inserting in r a rectangle consisting of the modules Z;, = (k 1 X; $ Y;, (:)),for 

i ~ 1, I $.j $. t, and XI= (k,X;,l} for i ~ 0. 
(ad3) If the support of Hom,t(X, - )Ir is of the form 

Y1 - Y, ... .. - Y1 

t 
X = X0 X1 - .. .. . - X1-1- Xi -

with t ~ 2 (so that X1-1 is injective), we set A' = A(X]. In this case, r' is obtained 

by inserting in f a rectangle consisting of the modules Z;i = ( k, X; $ }·j, ( ~ ) ), for 

i ~ 1, 1 $. j $. t, and Xf = (k,X;, 1) for i ~ 0. 
The dual coextension operations (adl *), (ad2*) and (ad3*) arP also called ndmis­

sible. 

Let C be a tame concealed algebra over k and T =(T .d-Xel'i(k) be the family of all 
stable tubes in re. Following [8J, an algebra Bis said to be a coil enlargement of C 

if there is a finite sequence of algebras C = 8 0 , B1 , • • • , Bm = B such that for each 
0 $. j < m, Bi+ 1 is obtained from B, by an admissible operation with the pivot in a 
stable tube of Tor in a component of r B,, obtained from a stable tube of T by means 
of the sequence of the admissible operations done so far. Then, for each A E P 1(k), 
all modules of 7i are contained in one component C,. of rs, called a coil. It follows 
that coil enlargements of C using only the operations of type (adl) (respectively of 
type (adl *)) are just tubular extensions (respectivdy, tubular coextensions) in the 
sense of [17, 31j. We then have the following fact proved in [81(3.,5). 

Proposition. Let B be a coil enlargement of a tame concealed algebm. Then, in the 

above notation the following hold: 

(a) There exists a unique maximal tubular extension B+ of C which is a convex 

subalgebm of B such that B is obtained from B+ by a sequence of admissible 
operations of types (adl *), (ad2*) or (ad3*). 

(b) There exists a unique maximal tubular coextension n- of C whirh is a convex 
subalgebm of B such that B is obtained from B- by a sequence of admissible 
operations of types (adl), (ad2) or (ad:J). 

2.6. The following result gives a characterisation of coil enlargements B of concealed 
algebras which satisfies (rad00 (modB))3 = 0. 

Theorem. Let B be a coil enlargement of a tame concealed algebm r. Then the 

following conditions are equivalent: 
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(a) (rad00 (modB)) 3 = O; 
(b) rad°°( modB) is nilpotent; 

(c} B is domestic; 
(d) B- and B+ are tilted algebms of Euclidean type. 

Proof We know from [24]( I. 7) that if B is wild or tubular in the sense of (24)(5.1) 

then rad00 (modB) is not nilpotent. Then, the theorem is a direct consequence o 

[8](4.l)or(4 .2). O 

3. COMPONENTS ARE QUASI-PERIODIC 

3.1. Let A be an artin algebra such that (rad00 (modA))3 = 0. The main purpose o 

this section is to prove that almost all TA-orbits in r A are periodic or, in other words 

that r,. is a quasi-periodic translation quiver. In order to do so we shall prove firs 

some general results. 

Proposition: let A be an arbitrary artin algebm and r be a connected stable tran~ 

lation subquiver of r A of the form Z/),,, where /),, is an infinite locally finite quive 

without oriented cycles. Let M be an indecomposable module in r. Then 

(a) there exists an infinite sequence of irreducible morphisms 

• '• --+ Mr+I ~ Mr --+ • • • --+ M2 ~ Mi __!___. Mo = Af 

where for each i, Mi E r, /; is an epimorphism and gfi · · · /i is a composit 

of morphisms in a sectional path through M1 , • • • M;_ 1 . 

(b) there exists an infinite sequence of irreducible morphisms 

I I' J' 
/vi = M~ ...!- M; -.!..+ M2 - · · · --+ M; ~ Mr+i --+ · · · 

where for each i, M: Er,/[ is a monomorphism and JI•• • f{g' is a composit 

of morphisms in a sectional path through M{, · · · , Mf_ 1 • 

Proof. We shall only prove (a), since the proof of (b) is dual. 
(a) Let r and M as above. Consider first the set 'P of all paths 

N,, - · · · ---+ N1 - No = M 

in rending at A/ and such that T.4
1 N,, is not a predecessor of M in r. 

Observe that if N1c --+ · · · --+ N1 --+ N0 = M is a path from P, then r has n 

paths from T_41 N; to N;, where OS i,j $ k. 
Indeed, if 

T.-t I N; = Vo --+ Vi --+ · · · --+ V,, = Ni 

is a path in r I then r admits a path 

r_41 N1, --+ r.41 .V,,_, --+ · · · --+ T_.i'1 .V, = Vii --+ · · · --+ ½, = Nj .......__. · · · --+ No, 
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which is a. contra.diction. 
Further, since f is of the form Zl::J., with 6. infinite, 'P admits paths of arbitrarily large 

length. Moreover, all paths from 'Pare sectional. Indeed, if N, --+ • • • --+ N0 = M 
is a path in 'P which is not sectional, then there is an i, 2 $ i $ l, such that 

r;1 M; = M;-2 and so a predecessor of M contradicating our hypothesis on 'P. Since 
f is locally finite, by Konig's Lemma, there exists an infinite sectional path 

· · · --+ Lr --+ Lr-l --+ · · · --+ Li --+ Lo = M 

such that, for each i 2: 1, the path 

L; --+ · · · --+ L1 --+ Lo = M 

belongs to P. Consider now 

M = {L;: i E N}U{X Er: 3 a path Lr-+···-+ X-+ · · ·-+ L, in r, for some r,s } 

Let now 
Lr= Uo--+ U1--+ · · ·--+ Ut = L. (*) 

be a path in r. Clearly, U; E M for all i. Observe also that ( *) is sectional. In fact, 

if it were not so, then r;1u, = U1+2 for some O ~I~ t - 2, and hence 

-IL -Irr -1u -•u u u L 
TA r = TA Vo --+ TA I --+ · · · --+ TA I --+ l+J ---+ · · · --+ t = • 

is a path from r,4 1 Lr to L., which contradicts the above claim. Therefore, it follows 

that each path between modules in M is sectional. 
We now define inductively a sequence of modules JH; and subsets M; of M. Let first 

Mo= M. Let M1 be a module in Mo of minimal length and 

M 1 = {XE M: there is a path from X to M1 }. 

Suppose now M; and .;\,1; are defined for all i < j. We take Mj to be a module in 

M;-i \ {M;-d of minimal length and 

M; ={XE M: there is a path from X to M;}. 

Observe that, if X and Y belong to .M; for some j, then any path from X to Y 
is sectional. Fix a j 2: I and consider a morphism h: M, ---+ M;-, which is a 

composite of irreducible morphisms given by a path in f. We will show that h is an 
epimorphism. Suppose this is not true. Then, there are an epimorphism 

0 = 1
{ 01, • · • , Or): M; ---+ Y, EB • • • EB Y,. 

and a (proper) monomorphism 

/3 = (/31, ···,Pr): Yi EB· .. fD l'~--+ M,-1 

such that Y; E indA and 
r 

h = L ,'1;o;. 
i=l 
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Since /3 is a proper monomorphism, then for all i = l, • · · , t, /(Y;) < l(M;-1), and 
hence }; ft. M;- 1• We shall show now that for each i either a; or {3; belongs to 
rad00 (modA). If this is not the case, then for some t, there exists a path 

with }~ ft. Mi-•• which is a contradiction. Therefore, for each i, the morphism 
/3;a; belongs to rad00 (.Mj, M;_i) an so h = "f:. {J;a; E rad00(M;, M;_i), The contra­
diction comes from the fact that h is a composite of irreducible morphisms from a 
sectional path and hence, by (1.5), it does not belong to rad00 (modA). Therefore, 
the morphisms/;: M;+t - M; can now be choosen, for each i, to be any compos­
ite of irreducible morphisms in a sectional path from M;+1 to M;. This finishes the 
proof. □ 

3.2. We arc now ready to prove the main result in this section. 

Theorem. let A be an artin algebra such that (rad"'(modA))3 = 0. Then almost all 
T_.1 -orbits in f A are periodic. 

Proof. Since all TA-orbits in a regular component are periodic (by (2.1)) and since 
almost all components are regular, it suffices to prove that any non-regular component 
is quasi-periodic, that is, almost all of its TA-orbits are periodic. • 
Let r be a non-regular component off A and suppose it is not quasi-periodic. Then, 
by duality, we can also assume that there exists a connected component f' of the 
right stable part of r with infinitely many non-periodic TA-orbits. It follows from [27] 
that I'' is a subquiver of ZD-', closed under successors, where D.1 is an infinite locally 
finite quivPr without oriented cycles. Then, f' has a (stable) subquiver of the form 
ZD-, wlwr<' D. is an infinite locally finilf' quiver without oriented cycles. Let M be a 
module in ZD- such that T,tM is not a predecessor of an injective module in r. By 
(3.1) there exists an infinite sequence of irreducible morphisms 

··· - Mr+i ~ Mr - ··· - M2 ~ M1 ~Mo= M (•) 

where for each i, ,\f; E r, f; is an epimorphism and g/1 • • • /; is a composite of 
morphisms in a sectional path through .M1 , • • • M;_ 1• Since the path ( *) is infinite and 
consists of pairwise non-isomorphic modules (by [111), it follows from [33](Lemma2) 
that for some i and j there is a non-zero morphism f: M; - TAM;, which is in 
fact in rad00 (modA) because f' has no oriented cycles and M is not a predecessor 
of an injective module in r. Observe that any morphism from a projective to a 
module M, is in rad""(modA) because it factors through all M,., k ~ l. In particular, 
consider the projective cover ,r: PA(M;) - M; of A/;. Consider also the injective 
envelope t: T,1Mj - IA(TAiHj) of TAM;, which is also in rad00 (modA) because 
T.4 M; is not a predecessor of an injective module in r. Now. the composite tf ,r is 



INFINITE RADICAL CUBE ZERO 13 

a non-zero morphism and belongs to (rad00 (modA))3 = 0, a contradiction with the 
hypothesis. □ 

Corollary. Let A be an artin algebm such that (racf"'(modA))3 = 0. Then, for each 
d;::: 1, almost all indecomposable A-modules of length d are TA-invariant. 

Proof. It follows from Theorem 3.2 that all components of r A are quasi-periodic. Fix 
now a positive integer d. It is known that a quasi-periodic component has at most 
finitely many indecomposable modules of length d [10](5.5) and [38](2.6). Since there 
are at most finitely many components of r A which are not stable tubes of rank greater 
than 1 we infer that almost all indecomposable modules of length d belong to stable 
tubes of rank 1 (that is, homogeneous tubes), hence the result. O • 

4. MINIMAL REPRESENTATION-INFINITE ALGEBRAS 

4.1. Our main aim in this section is to show that an artin algebra A is tame 
concealed if and only if (rad00 (modA))3 = 0 and r A contains a faithful regular com­
ponent. In order to do so we shall first establish some slightly more general results. 
The first one is an easy consequence of (1.7). 

Lemma. A representation-infinite artin algebra A is tame concealed if and only if 
racf"'(-, A) = 0, racf"'(DA, - ) = 0 and (racf"'( modA))3 = 0. 

Proof. Since the necessity is clear, we shall prove the sufficiency. Suppose that A is 
such that (i) rad00

(-, A) = 0, (ii) rad00 (DA, -) = 0 and (iii) (rad00 (modA))" = 0. 

Conditions (i) and (ii) imply that A is concealed by (1.7). If A is a wild con­
cealed algebra then it contains a component of the form ZA'X) ( 1.6 ), which contradicts 
(2.1). D 

4.2. We shall now prove a very useful criterion for deciding when an artin algebra 
A with (rad00 (modA))3 = 0 is tame concealed. We need the following lemma. 

Lemma: Let T be a faithful stable tube in r A· Then almost all indecomposable 
modules in T are faithful . 

Proof. Let M1 , • • • M, be indecomposable modules in T such that M = J.11 EB··· !!)M, 
is a faithful A-module. For each i, 1 ~ i ~ r, denote by O; the sectional path in T 
from infinity to M;. Let E be an arbitrary ray in T. For each i, 1 ~ i ~ r, take a 
module N; in :En fl;, and put N = N1 EB• •• EB N,. Clearly, for each i. 1 ~ i ~ r, there 
is a path of irreducible epimorphisms from N; to M;, and so we have an epimorphism 

f,/'v --+ M. Then annN C annM, and so annN=0 because annM=0. Let X be the 
module of maximal quasi-length among the modules N1 , • • • , N,. We then have a 
monomorphism N - xr, and so annX = annXr c annN = 0. This shows that X 
is a faithful A-module. Let now 

X = Xo --+ X 1 --+ Xz --+ · • · 
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be the subpath of E from X to infinity. Since there are monomorphisms X-+ X;, 
j ~ 1, we get that the modules X; are faithful, because X is faithful. Observe now 
that for almost all modules Y in T there is a path of irreducible epimorphisms 

Y = lo ----t Yi --+ · · · --+ Y, = X; 

for some j Therefore, almost all modules in T are faithful, which completes the 
proof. D 

4.3. Proposition: Let A be an artin algebm with {racf'O(modA))3 = 0. The fol­
lowing conditions are equivalent: 

( a) A is tame concealed; 
(b) There exist a faithful indecomposable A-module M such that there are an infinite 

sequence of proper monomorphisms 

M = Xo ~ Xi --+ ... --+ Xi-I ~ xi --+ ... 

and an infinite sequence of proper epimorphisms 

· · · --+ Y; ~ Y;_1 --+ · · · --+ Yi ~ Yo = M 
with all X; and \'; in indA. 

Proof. (a)===> (b) If A is a tame concealed algebra then, by (1.6), f A admits a faithful 
stable tube T. Then, by Lemma 4.2 there is a faithful module Min T. Choose no~ 
an infinite sequence of irreducible maps 

M = Xo ~ Xi --+ · · · --+ X;-1 ~ X; --+ · · · 

corresponding to the sf'ctional path in T from M to infinity and an infinite sequence 
of irr<'<lucibl<' maps 

... --+ }i ~ i,;_l --+ · · · --+ Y1 ~ Yo = M 

corresponding to the sectional path in T from infinity to M. Then, the- maps f; 
(respectively, g;) are proper monomorphisms (respectively, proper epimorphisms), 
and ( b) follows. 
( b) ===> (a) According to Lemma ( 4. l ) , it is enough to prove that rad"" ( - , A) = 0 and 
rad00 (DA, -) = 0. Let M be as in the statement. We first observe that any non-zero 
morphism f: P--+ M, where Pis a projective, is in rad00 (modA). Indeed, for each 
i ~ l there is an </,;: P --+ Y; such that f = g1 • • • g,<f,; and so / E radi(modA), 
which proves our claim. Similarly, any non-zero morphism g: M --+ I, where 1 
is injective, belongs to rad00 (modA). Suppose now that rad00

(-, A) :f. 0 and take 
0 :f. h E rad00(Z, A) for some Z E modA. Since M is a faithful A-module, there is• 
a monomorphism v: A --+ M', for some r 2:: l. Therefore, there exists a projection 
p: A/' --+ JI such that pvh :f. 0. Consider now the injective envelope t: M --+ 
/.4(,\f) of M. The composite l(pv)h is non-zero and. by the above remarks we infer 
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that it belongs Jo (rad00 (modA))3, a contradiction. Hence, rad00
(-, A) = 0 and by 

dual arguments we also have that rad00 (DA, - ) = 0. This finishes the proof. □ 

4.4. Let A be an artin algebra. The following lemma, though straightforward, will 
be very useful. 

Lemma. Let A be an artin algebra. Then 

(a) racF'(-, A) = 0 if and only if all indecomposable projective modules lie in a 
1r-component. 

(b) racF'(DA, -) = 0 if and only if all indecomposable injective modules lie in a 
,-component. 

Proof. We shall prove only (a), since the proof of (b) is dual. 
(a) Observe that if all indecomposable projective modules lie in a ,r-component then 
there are at most finitely many non-isomorphic indecomposable modules X such 
that HomA(X, A) -::/= 0 (1.2). Hence, it follows from Harada-Sai Lemma j22) that 
rad00 (-,A) = O. Conversely, if rad00 (-,A) = O, then rad00 (A,A) = 0 and clearly 
radn(A, A) = 0, for some natural number n. We claim that radn(X, A) = 0 for all 
indecomposable modules X. Indeed. suppose there is an X E indA and O -::/= f E 
radn(X,A) and consider the projective cover ,r: PA(X)--+ X of X. The compos­
ite f 1r is non-zero and clearly belongs to rad"(PA(X), A), a contradiction and this 
proves the claim. It follows now that there are at most finitely many indecomposable 
modules mapping to an indecomposable projective and, hence, by (13](1.2) (see also 
[21) all indecomposable projective modules lie in ,r-components. The result follows 
now from the fact that A is connected. O 

4.5. An artin algebra A is said to be minimal representation-infinit,,if A is represen­
tation-infinite but any factor algebra A/ I, where I is a non-zero ideal of A, is 
representation-finite. Observe first that if A is a minimal representation-infinite alge­
bra then each component r off_.. is faithful, that is, addf contains a faithful module. 

Lemma: Let A be a minimal representation-infinite algebra. Then 

(a) racF'(-, A) = 0 if and only if all indecomposable projective modules lie m 
generalized standard components. 

(h) racF'(DA, -) = 0 if and only if all indecomposable injeclit'e modules lie in 
• generalized standard components. 

Proof. We shall prove only (a) since the proof of (b) is dual. 
(a) Necessity. It follows from Lemma (4.4) that all indecomposable projedive mod­
ules lie in a ,r-component, which is clearly generalized standard. 
Sufficiency. Suppose that rad00

(-, A) -:/; 0. It is not difficult to sPe I hat there are 
indecomposable projective modules P and Q such that rad00

( P, Q) -/:- 0. Let now r 
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and f' be the components of r A containing P and Q, respectively. Since, by hypoth­
esis, r and f' are generalized standard, we conclude that they are distinct. Observe 
that r is a faithful component because A is minimal representation-infinite. Hence, 
there exists a module Z E addf and a monomorphism i: Q--+ Z. Let now O ! g E 
rad00

( P, Q). The composite tg is non-zero and belongs to rad00(P, Z), which is a 
contradicition to the fact that r is generalized standard and the result is proven. D 
4.6. We can now establish our main result of this section. 

Theorem: Let A be an artin algebm. Then the following are equivalent: 
(i) -A is tame concealed; 

(ii) (rad"°( modA))3 = 0 and there exists a faithful regular component; 
Moreover, if A is not wild concealed, then (i) and (ii) are equivalent to: 

(iii) A is minimal representation-infinite and rad"°(-, A)= O; 
(iv) A is minimal representation-infinite and every indecomposable projective mod­

ule lies in a genemlized standard component; 
(v) A is minimal representation-infinite and ratf>'>(DA, -) = O; 

(vi) A is minimal representation-infinite and every indecomposable injective mod-
ule lies in a generalized .standard component; 

Proof. The equivalences between (iii) and (iv) and between (v) and (vi) are given 
by Lemma (4.5). On the other hand, (i) implies (ii), (iii) and (v) trivially. We shall 
first prove that (ii) implies (i). Then, it will be enough to show that, if A is not wild 
concealed, (iii) impli<'s (i) hffausc the implication (v) ~ (i) will follow from a dual 
argument. 
(ii) ::::} (i) \Ve first show that rad00

(-, A) = 0 and rad00 (DA, -) = 0. Indeed, by 
hypothesis there exists a faithful module Z, whose indecomposable summands lie in 
a regular component C. If rad•)()(-, A) j O then there exist a non-zero morphism f E 
rad00

( P, Q) for some indecomposable projective modules P and Q. Since Z is faithful, 
there exists a monomorphism v: Q --+ zr which belongs to rad00 (modA) because Q 
does not belong to C. Consider now the injective envelope t: zr --+ IA(Z') of z•, 
which is also in rad00 (modA) . The contradiction comes from the fact that vi,r is a 
non-zero morphism in (rad00 (modA))3 and so rad00

(-, A) = 0. Dually, we can show 
that rad00 (DA, -) = 0. It follows from (4.1) that A is a tame concealed algebra. 
( iii) ~ ( i) By Lemma ( 4.4 ), all the indecomposable projective modules lie in a ,r­
component r. On the other hand, since A is minimal representation-infinite there 
are no injective modules belonging to r. Indeed, if I = D(eA) is an injective in r, 
we will have that HomA(X, /) = 0 for almost all indecomposable modules and then 
A/ AeA is representation-infinite. By [131(6. 7), r is then a postprojective component 
containing all the projectives but no injectives. Hence. it contains a complete slice 
and then A is a tilted algebra (see, for instance, [2](2.8)). According to [40)(7.7), r A has also a preinjective component I. We claim that I contains all the injective 
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modules. In fact, if there exists an indecomposable injective/ which is not in I, then 
we will have that Hom,1(X, /) = 0, for all X E I, contradicting the minimality of A. 

Therefore, I is a. preinjective component containing all injectives but no projectives 

and hence it also contains a complete slice. Therefore, A is a concealed algebra. 

because it contains complete slices in two different components (see [32, 33)). Since 

A is minimal representation-infinite but not wild concealed we conclude tha.t A is 

tame concealed and the result is proven. D 

4.7. Corollary: Let A be a connected finite dimensional algebm over an alge­

braically closed field. Then A is tame concealed if and only if A is minimal representa­

tion-infinite and {rad'°( modA) )3 = 0. 

Proof. The necessity is well-known. Assume now that A is minimal representation­

infinite a.nd (rad00(modA))3 = 0. The second assumption implies (see [24](1.7)) that 

A is tame, and then, by [16](CorollaryF), r A admits a stable tube T. Clearly, T is 

faithful because A is minimal representation-infinite. Therefore, by ( 4.6 ), A is tame 

concealed. D 

Examples: ( 1) Let A be the radical square zero algebra over a field k given by the 

following quiver 

0 

Then (rad00 (modA))3 = 0 and A/AeA is representation-finite for every non-zero 
idempotent e E A. llowcvrr, A is not minimal representation-infinite lwcause if / is 

generated by the arrow o, then A/ I is still representation-infinite. 

(2)Let k be a. field and let A = k(x, y]/(x, y )2. lt is known that A is minimal 

representation-infinite, (rad00 (modA))◄ =/- 0 and (rad00 (modA))5 = 0. 

5. EMBEDDINGS OF TAME CONCEALED ALGEBRAS 

5.1. Let A be an artin algebra with (rad00(modA))3 = 0. We know from Theorem 

4.6 that, for any regular component C in r. the factor algebra A/annC is tame 
concealed. In this section we are mainly interested in studying A by looking at those 

factor algebras of A which are tame concealed. Also, in the next section we shall 

prove that for such an algebra A there are only finitely many ideals / such that A/ I 

is tame concealed. 
Let B be a tame concealed factor algebra of A. We shall show first how some 

components off B are embedded in f_4 • We start by proving some lemmata. 
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5.2. Lemma: Let A be an artin algebra with (ra<f>"(modA))3 = 0. Assume that B 
is a tame concealed factor algebra of A and f: M --+ N is a map in indB which 
does not belong to raJ>o( modB) . Then f doe'S not belong to ra<f>"( modA). 

Proof. Observe first that Mand N belong to the same component, say C, off B, Let 
1r: P8 (M) --+ M be the projective cover of Mand t: M --+ IB(M) be the injective 
envelope in modB. Then tf rr f- 0, because / f- 0. Moreover, t E (rad00 (modB))2 if 
C is postprojective, 1r E (rad00(modB))2 if C is preinjective, and ,, 1r E rad00 (modB) 
if C is a stable tube of r B· Since (rad00(modA))3 = O, we conclude then that/ does 
not belong to rad00 (modA). D 

Corollary: Let A be an artin algebra with (ra<f>"( modA))3 = 0 and B be a tame 
concealed factor algebra of A. Then, for every component C in rB, all modules from 
C are contained in one component of r A. In particular, if an indecomposable B­
module M lies on an oriented cycle in r B, then it also lies on an oriented cycle in 
l',1. 

5.3. Lemma: Let A be an artin algebra with (ra<f>"( modA))3 = 0 and B be a tame 
concealed factor algebra of A. Assume that T is a stable tube of r .A which contains a 
B-module. Then T consists entirely of B-modules. 

Proof. We first observe that T contains infinitely many B-modules. In fact, since 
T contains a B-module Y then, by the Corollary (5.2), it also contains the entire 
component C of rB which contains Y, which is infinite. Let now X be an arbitrary 
module in T . Since Tis a stable tube, there are a path X = Xo--+ X1 - • · • -

X. = Y of irreducible monomorphisms and a path Z =Yi--+ Yi-i --+···--+Yo= 
Y of irrcdndhlc cpimorphisms with Z an indecomposable B-module. Then Y and 
hence also X ilre 13-modulcs. This proves our claim. D 

5.4. Lemma: Let A be an artin algebra with (ra<f>"( modA) )3 = 0 and let r be a 
left stable translation subquiver of r A containing no oriented cycles and closed under 
predecessors in r .A. Assume that B is a tame concealed factor algebra of A, and M 
is an indecomposable B-module lying in r. Then M is a preinjective B-module. 

Proof. Observe that M does not belong to stable tubes of f 8 . Indeed, if M lies in a 
stable tube, then it would lie on an oriented cycle in rB, and consequently, by (5.2), 
M lies also on an oriented cycle in r A• But this is impossible because M is in r. 
Suppose now that M is a postprojective B-module. Let 1r: P..t(M) --+ M be the 
projective cover of M in modA and t: M --+ J8 (i\J) be the injective envelope of M 
in modB. Since M is a postprojective B-module, t belongs to (rad00 (modB))2, and 
hence, also to (rad00 (modA))2• Moreover. 1r belongs to rad00(modA), because r has 
no projective modules and it is closed under predecessors in r A· Therefore, t1r is non­
zero and belongs to ( rad00 

( mod A) )3 • a contradiction. Hence, M is preinjective. D 
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5.5. Dually, we have the following. 

Lemma: Let A be an artin algebra with {rad"°( modA ))3 = O and let r be a right 

stable translation subquiver of r A containing no oriented cycles and closed under 

successors in r A. Assume that B is a tame concealed factor algebra of A, and iW rs 

an indecomposable B-module lying in r. Then M is a postprojective B-module. 

5.6. Let A be an artin algebra with (rad00 (modA))3 = 0 and B be a tame concealed 

factor algebra of A. We can now describe the components of r A containing the 

postprojective and preinjective B-modules. 

Proposition: Let A be an artin algebm with {racl"°(modA))3 = 0 and B be a tame 

concealed factor algebra of A. Then 

(i) there is a left stable connected full translation subquiver C of r A containing no 

oriented cycles and closed under predecessors in r A such that all but finitely 

many indecomposable preinjective B-modules lie in C. 

(ii) there is a right stable connected full translation subquiver V of f .4 containing 

no oriented cycles and closed under successors in r A such that all but finitely 

many indecomposable postprojective B-modules lie in V. 

Proof We shall prove only (i), since the proof of (ii) is dual. We know from Lemma 

(5.2) that all indecomposable preinjective B-modules belong to one component, say 

r, of r A• From Theorem (3.2), f admits at most finitely many non-periodic T.,t­

orbits. Further, by Lemma (5.5), we know also that, if Vis a right stable translation 

subquiver of r A containing no oriented cycles and closed under successors in r A, then 

1) does not contain preinjective B-modules. Observe that there is at most one left 

stable full translation connected subquiver C of r without oriented cycles aud closed 

under predecessors in r containing infinitely many indecomposable prPinjective B ­

modules. Indeed, suppose that there are two such subquivers, say C and C', in r. 
Then, there are indecomposable preinjective B-modules X in C and X' in C' such 

that there is a. path from X to X' in r B• But then, by Lemma {5.2), there is a path 

from X to X' in r A, a contradiction because C' is closed under predecessors in r A · 

Suppose now that, for every left stable connected full translation subquiver C of f .4 

without oriented cycles and closed under predecessors, C does not contain infinitely 

many indecomposable preinjective B-modules. Then. by the above remarks, we infer 

that either the left stable part r, or the right stable part f, of r admits an infinite 

connected component, say n, with oriented cycles and containing infinitely many 

indecomposable preinjective B-modules. Without loss of generality we- may assume 

that n is a component of r,. By (1.4) and [27] we know that n is either a stable tube 

or there is an infinite sectional path 
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inf! with t > s such that {Xi,··· ,X,} is a complete set of representatives of TA­

orbits in n. ln both cases, since f! has infinitely many preinjective B-modules, there 
are two sectional paths 

M = U0 --+ U1 --+ · · · --+ UP = N and 

N=Vo-·tl'i --+··•--+Vq=M 
in f! such that M is an indecomposable preinjective B-module and, for any 1 $ j $ q, 
there is an infinite sectional path 

• • • - zi - Zf - zt = i; 
in f! with Zf -:/: V;-t · Choose now irreducible morphisms f;: U;_ 1 - U;, 1 $ 
i $ p, and gj: V;- 1 -+ V,, 1 $ j $ q. We know from (1.7) that f 11 · · · f1 E 
rad11 (.M, N)\ radP+ 1( M, N). Moreover, by [251(1.6), the maps 9i, 1 $ j $ q, are of 
infinite left degree. Therefore gq • • • gif P • • • f 1 E radP+q(M, M)\ radP+q+ 1(M, M). In 
particular, we get that rad(M, M) -1- 0. On the other hand, EndA(M) = EndB(M) is 
a division ring, because M is an indecomposable preinjective B-module. Hence, we 
get a contradiction. This finishes our proof of (i). O 

5. 7. Let A be an artin algebra with ( rad00 
( mod A) )3 = 0 and B be a tame concealed 

factor algebra of A. We know from Corollary (5.2) that every component of rB is 
embedded into a component of r A· Moreover, by (2.1), every regular component 
of r A is a stable tube. Tlie next result shows that, in fact, these two components 
coincide in almost all instances. 

Proposition: Let A be an artin algebra with (rad""'(modA)) 3 = 0 and B be a tame 
concealed factor algebm of A. Then, all but finitely many stable tubes of r B are full 
romponrnfs of fA. 

Proof. By our previous remarks and (5.3), it is enough to show that every non-regular 
component of f A contains at most finitely many stable tubes of rB. Suppose that 
there is a component C in r A containing infinitely many stable tubes, say 'Ji, Ti, Tj, 
•••,of f 8 . Obs<'rvf' that C has no sf'ctio1al path 

X = Zo --+ Z, -+···----+Zr= Y 
•· 

with X E T., Y E 'rj, and i -:/: j. Indeed, if this is the case, and f;: Z;_ 1 -+ Z;, 
l $ i $ r, are irreducible morphismsJ then, by ( 1. 7), fr··· Ji is non-zero, and 
hence llomR(X, Y) ::::: llomA(X, },.) -1- o: However, this contradicts the fact that 
different tubes in l'B are orthogonal. Hence, if r is a stable tube in the stable part 
C, of C, then r admits modules from at most finitely many tubes T;. We know, by 
(3.2). that all but infinitely many T_.1-orbits in C are periodic. Further, by ( 1.4 ), if 
f' is an infinite rnmponent of C, containing a periodic module, then f' is a stable 
tube. Thereforf', we conclude that there is a non-periodic TA-orbit O in C containing 
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modules from infinitely many tubes T;. We may assume that there is a module X in 
0 such that {T~X,t 2: O} contains modules from infinitely many tubes T;, and that 
the connected component, say 'D, of C, containing X is non-trivial. Observe that 'D 
contains oriented cycles. Indeed, if this is not the case, then, there is a connected 
full translation quiver £ of 'D which is closed under predecessors in r A and contains 
an indecomposable module from a stable tube of fB, a contradiction with Corollary 
(5.2). Therefore, 'D has oriented cycles. Since 'D is infinite and not a stable tube, by 
(27], there is an infinite sectional path 

... ---+ T]1X1 ---+ T~X.---+ ... ---+ T1X2---+ T1Xi ---+ x. ---+ ... ---+ X2---+ x. 
in 'D with t > s and { X 1 , · · • , X,} is a complete set of representatives of TA-orbits in 
C. But then there is a sectional path 

r11 X ---+ · · · ---+ T:l X 

in 'D with T!1 X and r~2 X lying in different tubes of r 8, a contradiction with the fact 
proven above. This finishes ou_r proof. □ 

6. NUMBER OF IDEALS 

6.1. Let A be an artin algebra. In order to study the complexity of A it is interest­
ing to look at the number of ideals / such that A/ I is tame concealed. The following 
example shows that they are not necessarily finite. 

Example. Let A be the wild hereditary algebra given by the following quiver 

·- · 
It is not difficult to see that there are infinitely many ideals (a) generated by differ­
ent linear combinations of arrows such that the quotients A/(a) arc the Kronecker 
algebras, thus concealed. 

The main purpose of this section is to show that for an artin algebra A satisfying 
(rad00 (modA))3 = O the number of ideals l such that A/ l is tame concealed is finite. 

6.2. We shall first prove the following general lemma. 

Lemma: Let A be an arlin algebm and I and J be two ideals in A such that I C J. 
Assume that A/ I and A/ J are tame concealed algebms. Thrn l = ./. 

Proof. Observe that A/ J is the quotient of A/ I by J / l. Since .-\/ / is minimal 
representation-infinite and A/ J is representation-infinite. we get that J / l = 0, and 

so I= J. □ 
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6.3. Our next immediate concern are the algebras with two simple modules. We 
first observe that every concealed algebra B with two simples is hereditary. Indeed, 
observe that one of the simple B-modules is projective and the other is injective. In 
order to prove our next result we shall also need the following proposition (see [29]) 

Proposition. Let A be a tame concealed algebm with two simple modules S 1 and S2 • 

Then 

A= (: F~G) 
where F =EndA(S2 ) and G =End,4.(S1} are division algebms, and FMa is an F-G­
bimodule such that 

6.4. Lemma: Let A be an artin algebm with two simple modules and {rad°°( modA) )3 : 

0. Assume that I and J are ideals of A contained in radA and such that A/ I and 
A/ J are tame concealed algebras. Then I = J. 

Proof. Suppose that I 1 J and put B = A/ I, C = A/ J. Replacing, if necessary, 
A by A/ In J we may assume, by Lemma {6.2), that In J = 0. Let S 1 and S2 be 
two non-isomorphic simple A-modules. Since/ and J are contained in radA, we get 
that S1 and S2 are both B-modules and C-modules. We may assume that S1 is a 
simple projective B-module and S2 is a simple injective B-module. We claim then 
that S1 is also projective in modC and S2 is also injective in modC. Indeed, suppose 
that S2 is projective in modC. Consider the projective cover f: PB(S2 ) --+ S2 of 
S2 in modB and the injective envelope g: S2 --+ Ic(S2 ) of S2 in modC. Then f E 
(rad00 (modB)) 2 and g E (rad00 (modC))2. Hence gf is a non-zero morphism in modA 
which belongs to (rad00 (modA))", a contradiction. This proves our claim. 
By (6.3) we know that B and Care of the form 

B- ( F FMc;) 
- 0 G 

where F =End.-t(S2) and G =EndA(S1 ) are division algebras, and pM0, FM;'; are 
F-G-bimodu)ps such that 

dim,.·(,.•M;;) x dimr;(f'Mh) = •1 and <limp(p,\,/~) x dimr;(pM~) = 4. 

Hence, since I n J = 0, we deduce that A is of the form 

A= ( ~ F~G) 
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where FMa is an F-G-bimodule such that 
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Moreover, we have then the inequality dimF(FMo)x dima(FMo) 2'. 5, and so A is a 
wild hereditary algebra. In particular, r A admits a component of type ZA00 • But then, 
by Theorem (2.1), we have a contradiction with our assumption (rad00(modA))3 = 
0. □ 

6.5. We shall now prove the main result of this section. 

Theorem: Let A be an artin algebm with (rad°"( modA))3 = 0. Then there exist at 
most finitely many ideals I in A such that A/ I is tame concealed. 

Proof. Suppose there exists an infinite sequence of pairwise different ideals 11, 12 , 13 , • • • 

in A such that the algebras Bi = A/ lj, j 2'. 1, are tame concealed. Without loss of 
generality we may assume that Ii C radA for any j 2'. 1. We infer from Lemma (6.2) 
that I; is not a subset of J, and J, is not a subset of Jj, for any j cf. /. Moreover, by 
Lemma (6.4), the rank n of K0(A) is at least 3. This implies that, for any i 2: l, r8 , 

admits a stable tube of rank at least two j31]. Further, we know from (5.2) that if T 
is a stable tube of fB; then either T is a full component of r A or all modules of T 
belong to one non-regular component of r A· 

Let (f).heo be the family of all regular components of r A· Then, by (2.1 ), r)., ,\ E n, 
are pairwise orthogonal generalized standard stable tubes. Denote by rkr.\ the rank 
of the tuber).. Then, by (38)(5.10), we have the following inequality 

L (rkr~ - I):-:; n - I 
).Efl 

Hence, since r A admits only finitely many non-regular components. there exists a 
non-regular component C in r A such that for infinitely many i 2:: l there exists a 
stable tube of rank 2:: 2 in fB, whose modules all are contained in C. We know from 
(5.4) and (5.5) that if f' is a left (respectively, right) stable translation subquiver of r A 

containing no oriented cycles and closed under predecessors (respectively, successors) 
in r A, then f' has no module belonging to a stable tube of rB,, i 2::: l. Further, 
all but finitely many TA-orbits in C are periodic (3.2). Then, there is a connected 
component V of either C, or C, containing oriented cycles. and there is an infinite 
sequence I :-:; i 1 < i2 < i3 < · · · such that. for each s ~ l, the Auslander-R«>iten 
quiver of B;, admits a stable tube Ts of rank greater or equal to 2 whose modules all 
belong to V. By duality, we may assume that V is a component of C,. Then either 
Vis a stable tube, if it contains a periodic module ( 1 .4 ), or there exists, by [26)(2.3), 
an infinite sectional path 
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in V with t > s, where at least one of the modules X; is not stable, and where 
{Xi,··· ,X.} is a complete set of representatives of T,4-orbits in V. In both cases, 
there is an infinite sectional path 

in V such that every Z; has exactly two direct predecessors (respectively, successors) 
in C, and there are two integers pf- q such that ( *) contains infinitely many modules 
from T,, and infinitely many modules from Tq. We know that all but finitely many 
modules in T,, (respectively, 7;,) are faithful B;P-modules (respectively, B;,-modules). 
Hence, there is a subpath 

M = Zo--+ Z1 --+ Z1--+ · · ·--+ Z,,.--+ Zm+l--+ · · ·--+ Z1 = N 

of ( *) such that M and N are faithful Rip-modules from T,, and Zm is a faithful Bi,­
modules from 7;,. Choose irreducible morphisms J1 : Z;-t --+ Z;, 1 ~ j ~ I, in modA, 
and put g = J,···fi. Then, by (1.5), we get that g E rad1{M,N)\ rad1+1(M,N). 
Hence, if some Z1 is a B;P•module, then it belongs to T,,. Therefore, we may assume 
that the modules Z1, • • • , z,_ 1 do not belong to 7;,. We claim that g is an irreducible 
morphism in modB;P. Suppose this is not the case. Then, since T,, is generalized 
standard in the Auslander-Reiten quiver of B;~, 9 is a sum of composites of irreducible 

morphisms between modules from T,,. But then g E rad1+1(M, N) because the above 
path in V from M to N is a shortest one, a contradiction. This proves that g is 
irreducible in modB, and hence is either a monomorphism or an epimorphism. 
Observe that g factors through the faithful B;,-module Zm, and consequently /;, is 
contained in /;P, because ann1\/ = /;P = ann N and annZm = /;,. Therefore, we get 
a contradiction as required, and this finishes our proof. □ 

6.6. \VC' have the following consequences of Theorem (6.5 ). 

Corollary: let A be an ariin algebm with (rad°"(modA)) 3 = 0. Then there is a 
finite number of tame concealed factor algebms B1 , ···Br of A such that, if T is a 
stable tube of r A, then T is a component of some r B,, 1 $ i $ r. 

Proof. \Ve know that if T is a stable tube of r A, then B = A/annT is a tame 
concealed algebra, and clearly Tis a component of f 8 . □ 

6. 7. Corollary: let A be a finite dimensional algebm over an algebmically closed 
field such that (rad°"( modA))3 = 0. Then A is domestic. 

Proof. Since' (rad00 (modA))3 = 0, by [2-tl(l.i), we infer that A is tame. Then, by 
[161( Corollary F), for any dimension d. all but a finite number of isomorphism classes 
of indt>composable A-modules of dimension d lie in stable tubes of rank 1. From the 
above Corollary we know that the stable tubes of f A belong to a finite number of 
tubular farnilirs giv<'n by tame concealed algebras. Therefore, A is domestic. O 
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6.8. The following example shows that an algebra A with (rad00 (modA))3 = 0 may 
contain an arbitrary large number of tame concealed factor algebras. 

Example. Let A be the bound quiver algebra kQ / I over an algebraically closed field 
k given by the quiver Q of the form 

• • . . 
1 "<: ~i "<: /\-• ~i 

!fa, .\ !IP, .\ . • '1//3m 
'•\;;. ! f1 ! f2 / 0'1 0'2 . • . 

and the ideal I in kQ generated by the elements <1;,;, /3;a;, 1 ~ i S m, and t;p;, 
1 ~ i Sm - l. Then, it is easy to see that (rad00 (modA))3 = 0 and r A consists of 
postprojective components, preinjective components, tubes, and components of the 
form 

:/ 
:~ / 
. . 
:/ ~ / . . 

. . 

. . . 
/ ~ /: . . 

/ ~: . 
/: 
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where we identify along the vertical dotted lines. 

Clearly, the path algebras H; = ktl.;, 1 :5 i < m, given by the subquivers 

are factor algebras of A. Moreover, each of the above glued tubes contains one stable 
tube of rank l of rH, and one stable tube of rank l of fH;+u for some 1 :5 i :5 m -1. 
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