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We show in this paper that the very simple one-dimensional nearest neighba' 

ferromag-1etic Ising model presents a shNP transition between two cfflerent regimes if 
one considers limit in which the volume <J'flNS to infinity and the temperavt vanishes 

simultaneously. The transition OCCll'S with respect to a pcr-ameter which defines the 

relationship between the volume and the temperatll"e. 

011' motivation for considering such a subject comes from two s01Zces. One is the 

fact that a similar phenomenon seems to ocCII' in the much more elaborate model known 
as Bootstrap Percolation on the S(J.ll!"e lattice 22 (see (Al) and (ASA)). Fa this model ~ 

one lets the ~near size of the system L vaw to infinity as the parameter p (the initial 

density) goes to zero, keeping a relation of the type 

L • exp(a/p), 

then the asymptotic behavior has been proven to be different in the cases a < a1 and 
a> a2 • where o < a 1 < or2 < °" are fixed constants. In fact. one expects a shell) 

ttnshold fa" a, separating the two regi!lles. One may argue that this sat of transition 

may have some physical significance yielcing an apparent aitical point at finite volume 
which varies slowly-with L. This in part may explain why ftw" other related models 

simulation have incicated the presence of non-trivial aitical points at infinite volume, 

contNY to rigorous results (see (Fro]. (Sch1].(Sch2] and references given therein). 

Another source of motivation is the research on metastability for Ising models with 
Glauber type of dynamics. in the limit as the temperature goes to zero. In [NS) this 

problem was investigated in the two dimensional case for fixed volume. Related · 

questions may be raised in the limit as the volume vows to infinity and the temperave 

vanish~s. Here we start investigating this limit for the simpler one-dimensional Ising 
model in ~ilibrium. We consider a chain of N spins a • (a 1, .•. PN), taking values -1 c, 

• 1 and interacting via the energy (free boundary con~ s) 

N-1 
HN(a) • -(112) I a1a1• 1• 

"'1 

The caresponcing Gibbs me&sll'e at inverse temperave p is given by 



where 

p.(o) •2"1 exp(- p HN(o) ), 

Z • I exp(-PHN(o)). 
(oe (-1,+1 J1) 
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As is well known, this p-obability cistribution caresponds to a Mnov Chain indexed by 

the sites 1, .•. ,N, with nnsition ?"obabilities !jven by 

where 

The fi'st spin, a1, takes the values +1 cr-1 with ~al J,J'obabilities 1/2. 

We s-e interested in the fimit when Jhoo and N is taken as 

· N .. N(P> • [exp{aj3)], 

(where(.) denotes the integer pert and a > 0) which goes also to infinity. This means we 

are considering the asymptotic behavia of la'ge systems at low temperaue. 
Let 

be the average spin. The symbol &1 wiD denote the meaStre concen1rated on the number 

a while ~ will denote conv.-gence in cistribution. 
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D 
a) If O < a < 1 then m ..... (1/2) &.1 + (1/2) g+1 . 

D 
b) If a > 1 then m -+ 6c,. 

Hence !here is a shi,.rp tkeshold at a • 1. In order to describe what happens at the 

aitical value a• 1 we need some definitions frst. Let ~ .... ,{ be It independent 

random mables unif<rmly dstributed between o and 1. Let Y ~ ,'. .. , { be thei' ad« 

statistics, i e, 

Y~ •min I~ :1•1, ... ,kJ 

and 

Yt • min I~: l, •1 .. .. . k.~ > '1°1 I. r •2 ..... k. 

Oefne the probability dslributions llt, k • 1,2, ... on R by 

Fer each k, 11tis dearty concennted on (-1,+1] and absolutely continuous with respect to 
the Lebesgue meaue. 

Proposition 2: 
lfa • 1 then 
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Notice that in this case the rtmiting distribution has a dsaete and an absolutely 

continuous part. 
Part (b) of Proposition 1 suggests one should study the fluctuations of m •ound 

zero. in the limit. These fluctuations tum out to be ncrmally distributed if m is froperly 

rescaled. N(O, 1) below denotes the standa"d Ncrmal distribution. 

Proposition 3: 
Ila> 1 then 

D 
m M 112)-( 112a:I -+ N(O, 1 ). 

Note that the exponent (1/2) - (112a) is close to O fa a close to 1 and approaches the 

dassical value 1/2 as a -+ oo. As stated in Proposition 2. at a • 1 the fluctuations are 

aready iresent without rescaling and they •e not namally distributed. 
The i:roof of pc!l"t (a) of Proposition 1 is tivial since in the case O < a < 1 the 

probabifity that all spins have the same sig-1 converges to one. Part (b) of Proposition 1 
and Proposition 3 follow from the fact that Ha> 1 the number of boundcries bet'Neen +1 
and -1 spins gaNS to infinity, so that mis the average over many blocks of spins with 

opposite signs. We will i:rove Proposition 3 in Section 3. Part (b) of Proposition 1 is then 
a ccroll.sy. If a • 1 the number of boundaries bet'Neen spins +1 and-1 converges to a 

Poisson dstribution, the positions of the boundaries being dslributed as the crder -

statistics desaibed above. This is the reason fa the behavia ciesaibed in Proposition 

2. The technical details are left to Section 2. 

Acknowledgement : 
,' 

We we indebted to EdJ•do J. Neves fer many suggestions and dscussions. 
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2.Proot ot PtoJ>osition 2 

Fa i • 1, ... , N -1 set 

111 = Oi0i+1-

The random vaiables 'l I are independent • with a common dslribution given by 

P(l} I• -1) • p • 1- P(r11 • +1). 

let K be the number of indices i fer which 'l 1 • - 1. Then K is the number os successes in 
N - 1 tials, each one with p-obability p of success. Th«efcre, since a • 1, 

(2.1) 

ftrk•O, 1, 2, .... 

F tJ' fixed P, concitioned on fK • lcl. the le indces i: I~ < I~ < ••. < t'rt fa which JJ 1 • -1 

have ther joint dstribution gven by the following construction: Taite J~ unifcx-mly tom 

the set of indices J 1, ... , N -1}. Then take J~ unifcx-mly from the remaining set of indces, 

excluding J~. Proceed in this fashion by taking ft unif crmly from the remaining indces 

1 .l·l 1 .k 
after excludng J11 ..... Jpc . Once we have J11 •.... J,:.C the random variables 

11 12 k th . der . . . it < II < ... < lit are er r, statistics, 1 e, 

I~•minf J,ic :1 •1, ... ,kl, 

I~ •min I~ :1•1, ... ,k,ft > I~ I f« r•2, ... , k. 
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It is also easy to see that fa- x e R and k • 1, 2, ... 

t J: I k 
• (1/2) P( \( (Ijil N), ...• (life' N) .s x) + (1/2) P( Qc{ (Ijil N), ... , (Ijil N)) .s x ), 

where 

and 
Sl(a t, ...• at)• -at+ (aZ -a'>- ... + (-1)1: (ak -at·ti + (-1)k+1(1- at). 

As 13--+oo the joint dstribution of ( (I~ N), .•• , (I~ N)) converges to that of ( Y~ , ... , { ) 

defined in the in1rO<i.lction. Since fJi: and gc in continuous functions from Rte to R, we 

have 

rim ,._. .. P( m .s x I K • It l • {1/2) P( fk(Y~ •... , {) .s x) + 

(1/2) P( gc(Y~ •... , {) s x ). (2.2) 

Nov,,, using (2.1), (2.2) and the Proposition 18, Section 11- 4, p. 232 of (Roy) we obtain 

00 

Nm ,._. .. P( m .s K) • lim ~- I P(m .s xjK-k)P(K-lt) 
bO 
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• e·l I (1/2) 11-1.~(x) + (1/2) 1[+1.~(x)} 

00 

as we wanted to show. 

3. Proof of Proposition 3 

Fa convenience we will embed the N spins in a semi-infinite Markov Chain 
CJi,02, .. , with 

and the same transition matrix mentioned in the introduction. We look to the blocks of 
spins +1 and the bloclcs of spins -1. As in the last section set TJ 1 • o1 o1• 1 and define 

I 1 •min Ii •1, 2, ... :TJ1 •·1 J 

Xi and Y1 win denote respectively the length of the 1-th bloclc of spins +1 and of spins 

-1. This means that on the event I 01 • + 1 } we set 

1 •2.3, ... 

1 •1,2,3, ... 
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and on the the event ( 01 • -1 I we interchange the definitions of X1 and Y1 above. Let 

also 

be the length of the 1-th par of bloclcs of spins +1 and -1. Fer fixed p the random 

variables X1. X2 •... and Y1, Y2, ... are all mutually independent and have the common 
Geometric distribution: 

k• 1, 2, .... 

We set 

lo• NIE(Z1) • (p{2)N - (1/2) exp((a-1)P), 

where E( • ) denotes expectation and A-B means that the ratio A/8 api:roaches 1 as 
• p....oo. Now we define 

Observe that E(No) • N. We will show that 

N( 112)+{ 112a) -+ N(O, 1) (3.1) 

and we wil finish the p-oof of Proposition 3 later by showing that 

N No 
IIOi - I0il 
.. , la1 

N( 112}+{ 112a) 
(3.2) 



10 

To ~ove (3.1) we write 

(3.3) 

and use a Cen1ral Limit Theorem fer tiangular IM'l'ays from (Gnel ( Theorem 1, Section 

49, p. 283). There is a miner technical detail we have to note: we are letting the 

continuous parameter ~·go to infinity, while the theorem we want to apply is stated fer a 

dsaete parameter. This is easy to overcome by obsernng that we can in fact consider 

that we are taking a generic sequence I ~i l of values of P such that Pi➔ oo as Hoo. With 

this in mind and using (3.3) we write 

and 

Theorem 1. p. 263 of (Gne] states that (3.1) follows once we show that 

i) The varia~les tin have finite vm-iances. 

ii) The Vll'iances of the sums ~are bounded by a constant C not dependent on p. 
iii) Var( ~p1l goes to zero as l}-- 00 , where Var( . ) denotes the variance. 

iv) lOE( ~I ~Oas j}--+oo. 
v) For every t > 0, 

10 J x2 dP( ~1-E(~I) :s: x ) ➔ O as !3➔ 00. 
IXl>t 

vi) For every t > 0, 

10 J x2 dP( ~1-E(~1) :s: x )➔ 1 
lxl<t 

asP➔ oo, 
• 
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(i), (ii) and {iii) above ar-e the conditions fa- the random Vclliables I qn. } to fa-m an 
·e1ementary system· in the terminology of [Gne) (see Section 47, p.278). (iii). (iv). (v) and 
(vi) are simpler than the ca-responding statements in (Gne) because in OIi' case we have 
translation invariance for each fixed P-

(i), (ii) and (iii) are dearly tue since 

V•( r-... ) • Var-(X1) + Var{Y1) 
111 

2(1-p) 2 
'.lfM- N t+ 11a p2N 1+ 1/a - ef(a-1) ' 

and 

(iv) is 1rivial since by symme1ry E( ~1) • 0. To prove (v) we \'tfite 

J x2 dP( ~p1-E(~1) s x ) s I (t{j+1))2 P(IX1-Y1VM112}f-(112a) > it). 
IXl>t ja1 

But 
P( IXt·Y ,Vf'.t112)+(112al> jt) .s 2 P( Xi> jtN(112)+(112aJ) 

• 2 (1-p~112+112~ ~ 2 exp( -jtN 1l2+112a p). 

Ncm note that N112+112ap- exp( ((a-1)12)P ), which <iverges as l}-+oo. Hence for lcr'ge p, 

r :• exp(-tN 112+ 112a p) < 1 

and then 

J x2 dP( ~t-E(~t) ;S x ) s 2 I(l(j+1 ))2 rl ;SC r, 
ixl>t 1-1 

where C is a finite constant which does not depend on p, fer lcl'ge p. From the above we 
see that 

J x2 dP( ~1-E(~t) s x ) 
IXl>t 

goes to zero asp -+oo faster than any exponential of p, while lo goes to infinity as the 
exponential e(a-1)P. This implies that (V) is satisfied. 
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(vi) tonows from (Y) and the fact that 

We t1lll now to the i:roof of (3.2). Frst, we note that by defming 

and 

one can i:rove as above that 

No - N · ;: D 
N(ll2)+{1l2a) • "P -+ N(0,1) as~oo. 

1+a 
But f\(1/2)+{1/2o) - exp(y P). so that for evrJ & > 0, 

1+a 
6mjHeoP( INo - NI> exp<(2 + lilP)) • o. (3.4) 

1+a 
Set R' = (exp((2 + 3)Pl1 and consider the sites 

Now 

• 
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N ~ 

· IIOi - I0il 
.. , 1a, 1+a 

P( Nl1l2)+{l/2aJ > t ) s P( INo- NI > exp((y + ~)P)) 

i~ ±~ 
P max 1 !-I I P(max 1 i-N I 

+ ((J.A....,N) N(l/2)+{1/2a) >C) + (J,,N.....B) N(1l2}+{1l2a) >C) (3,S) 

The last two terms tn obviously identical. We will control the latter one. Fist we 
introciJce blocks of spin +1 and-1 in the same fashion as we cid befae. but this time 
starting from the site N and going to the right. 

Let Ui be the length of the 1-th block of +1 spins and Vi be the length of the 1-th 
block of -1 spins. Set also 

and 

Then 

a-1 
It• [ e,cp((y + 28)13) ). 

I 
IOi 

max ~ 
P( (JaN.....B) I N(1l2}+{tl2a) I> t ) ~ P( K > k) + 

, 
I<Ui - V1) 

max i-1 max Uj 
P( (,-1.....1c) I N( 112}+{ 112a) I > rl2 > + P( (1a1.....1c.1 ) I N( 112)-t{ t12aJ I ► r/2 > 

max V1 
P( (1a1.....1c+1 ) I Nf 112)-t{ 112a1 I > rl2 > 

To conlrol the fi"st term on the RHS of (3.6) we observe that 

(3.6) 
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k 

! ((U1+V1) - E(U1+V1)I 
., D 

k.E(U1 + VI) ~ 60, (3.7) 

To prove (3.7) one can show the stronger statement 

(3.8) 

(3.8) can be proven by the same method used to p-ove (3.1). It implies (3.7) because 

a+1 -
k ( E(U1 + V 1 ) ) - exp((y + 2li)P), (3.9) 

and (a+1)/2 > (cr+3)/4. Now using (3.7) and (3.9) we have 

k 
limsupjH..P(K > k) s fimsuPp.- P( I (U1+V1) < fT) • O. (3.10) 

~1 

The second term on the RHS of (3.6) can be controled using Kclmogcrov's lnequafrty 

(see [Gne]. Section 34, p.213): 

(3.11) 

~ich vanishes as l}-oo, p-ovided we have chosen 
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(3.12) 

FlnaRy, the last two terms on the RHS of (3.6) 1n identical and 1n easily controled: 

a-1 
• le (1-p)lirl2JJ(1rJ~l112u~ s exp((-r4" 2~1) exp(-p{(rJ2)effa+1Y2Jfl]) (3.13) 

which vanishes as jHoo. 

Now it is easy to see that (3.2) foUows tom (3.4),(3.5), (3.6). (3.10). (3.11), (3.12) 
and (3.13). 

- - -
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