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1 Introduction

In this work we present, via linear system of differential equations, a natural and
elementary proof for the Jordan canonical form. The idea of this work appeared during
the preparation of a class on resolution of linear system of ordinary differential equations
for a course that we taught in the second semester of 1994 in the Instituto de Matemitica ¢
Estatistica da Universidade de Sio Paulo. We were considering a linear system of ordinary
differential equations x = Ax, where A is an n x n complex matrix, X a column vector
of coordinates z,, 1, .., ,T, and x = L ¢ real. It is well known (sec {5]) that thercis a
vatiable change that transforms x = Ax in a system in a triangular inferior form. Now, if
the system is in triangular inferior form, how do we put it in the Jordan canonical forrn?‘
This was the natural question that came to our mind. Thus we started to play around
With some examples. Miracle! Very soon we felt that we had in hands a natural and
elementary proof for the Jordan canonical form. The proof is constructive and we think
that the jdea of the proof is new. In the references appear other interesting proofs for the

Jordan €anonical forp,,



We dedicate this work Lo the responsibles for it: our students.

2 Definition of Jordan partial chain

Let A be an n x n complex matrix, triangular inferior and with a unique eingenvalue

A. Let us consider the system x = Ax, A = (a;;). Suppose that there exist nm<p<

«v+ < pyy s 2 1, such that
g, =0forp, <i<n

and for k = 2,3,...,s, sinces > 1,

=1,

Gpipi—1 - .
up,; =0for 1 <j<ppandj#pe,,

and
ajp,, =0 for pioy <1 <nand # e

In these conditions, we say that the set of the s equations of the system x = Ax:

- g e
= Ylaifip T Az,
Ip = Ty, +Azpz

IP = Ip‘_. +AIP-

where g = p; — 1, is a Jordan partial chain of size s starting at Azy,. If we have also

ap,j = 0for j =1,2,...,q, wesay that the Jordan partial chain is a Jordan chain starting

at Az,,.

Example 2.1 Consider the system

il = AJJI

I 2ry 4z,

z3 I +r; Az

I4 Az,

-'f-'-'v I3 +Azg

Te T4 +Ar;s

T7 I3 +AI7

I

il

]

il

We have a Jordan partial chain of size 3 starting at Azy aud a Jordan chain of size 2

starting at Azy.



3 Proof of the Jordan canonical form for a particu-
lar case

In this section we will prove the theorem on the Jordan canonical form for an n x n

complex matrix A that admits a uniqur eingenvatue A. For this we need three lemmas,

whose proofs are immediate.

Lemma 3.1 Consider the system X = Ax, where A = (a;;) is triangular inferior, with a

unique eingenvalue X and given by

5:1 = )‘Il

Iq == a,, Ty + A.‘l‘;ﬁ

I = a3y +ayyry; +Az,

, _ - .

o = Die 9,57 Az, )

. - ] ! r

Tq, = j=1 8, iT; \F

; - r . +Ax,

Ty = Lij=1 %, i%; SR
z = ¥ iTy +zq, TAZq,
T, = j==1 G, 5T

; = ook anda, =0
where r = qy — 1, Ais a complez number, g = qu-1 +1 form =2,3,... k and a;,,

for g < i € n. Then such a system can be transformed in a system where the goth and
qxth equations are, respectively,
3}0, = 2_;':1 bq,i"‘:i +)‘yv.
and
iq‘ = yﬂl +AI"§
. . re
and the other cquations remain unchanged. The elements by 3 =12, 001 and yo, @

given by

;oo . r .. , H— " — = a
bq,",....aq‘_,+f;_:iz‘,-_Ha,_,a“H F=02 0,01, by gir
and

— r . .
Vo, = Xiay @ iTji+ Tq, o



Proof. It is enough to multiply the pth equation, p=1,2,...,r by a,,p to add with the

qith and to make
Yo, = Zaqkizj + zq, O

i=1

The main idea of this work is contained in the next lemma.

Lemma 3.2 Let A = (a;;) be an n x n complez matriz, in triangular inferior form that

admits a unique eingenvalue A. Suppose that the p,th equation of the system x = AX has

the form

k
T, = Z:apljl'j + /\.’Iipl
i=1

and the qith has the form
k
i’q‘ = Zaqu:rj + /\Iql

j=1

with k < min{py, 1} and agx = 1. Suppose also there is a Jordan partial chain of size v
slarting at Az, and other of size s sturting at Ary , withr <'s. Then the given system

can be transformed in a system wheve the prth equation is

k-1
y, = D by, 575+ A,
iz

where by j = @p,j = Gp,kC¢,5) ] = 1,2,...,k =1, the pith cquation, 1 = 2,3,...,r, is
uPl = uPt-l + )‘uP.
where Tp, = Qp kTq, = Up,) 1 = 1,2,...,r, and the other equations remain unchanged.

Proof. Multiplying the gith equation by —a, ; adding with the p;th and making z,, —

8p,kTq, = Up, we have
k-1

Up, = mei*‘i + )‘“p,
Jj=1
where by j = @p,j = Gp kg s ] = 1,2,...,k=1.
If r = 1 the lemma is proved. Otherwise,
Ty

, = Up, Hdp g+ Ax,,z .



Remembering that s > r, multiplying the gth equation by —ay , adding with the psth

and making z, — a, kzo, = up we gel

Up, = up + Aup, .
If r = 2 the lemma is proved. Otherwise it is enough to repeat the process. ]
Example 3.1 Consider the system
.‘E?] = /\I]
.'ig = I +A12
1','3 = 21’1 +.‘L'2 +A.II3
Iy= I +2r3 +Az,
Ty = 211 +z2 +uay +Azs
Ie = s +Azg
I7= T4 +Ars .

The Jordan partial chain starting at Az, has size 2 and the one starting at Azs has

also size 2. So, applying lemma 3.2 we get

3.,'1 = /\l']

.'i'g = Ty +A132

Iy = 21, +x, +Azg

gy = =32, -2z, +Auy

Tsy= 2, +1; +13 +Ars

3.:6 = Is +A.L(;

Uy = Uy +Aug .

where 24 — 225 = uy and 77 — 226 = u-. Now applying lemma 3.1 we obtain

1= Ar

T = ) +Ary

U3 = 3Jr; 41, +Aug

{14 = —31:1 —21‘-) +/\ll4

T5 = Uus +Azs _
T = Ts 4Aug
Uur =

im N +Auz .

where 2z, + 73 + 23 = u,,

The next lemma is suggested by the following example.

(3]



Example 3.2 Consider the system

.’i‘] = A:L'l

i'2 = +/\2,')

.’i‘g = +/\1‘3

Ty = €22 +Azy

Tg= T4 +Azs

i‘g = :. I3 +/\.I(; .

We have a Jordan chain of size 1 starting at Azy, a Jordan chain of size 3 starting

at Az, and a Jordan chain of size 2 starting at Azs. The system can be rewritten in the

following form
.i‘g = )\1'2
i‘4 = Ig +)\.L4
Tg = 2y +Azs
23 = +Az;3
T3 +Arg

Zg
/\.’E]

.’f]=

which 1s the Jordan canonical form of the given system.
In the following, we indicate by Jyx a square matrix of order ny given by
Ja=M+E =

where [ is the identity matrix of order ng and E = (e;;) is a square matrix of order ng

givenbyey=1lilj=i~lande;=0ilj#i—-1 So

A0O 00
I A0 00
01 A 00

Jak =
000 -1 )

The matrix Jax 15 called o Jordan block of order ny,

Lemma 3.3 Let A = (ai;) be an n x n complex matriz, in triangular inferior form, with
a unique cingenvalue X and let v be the number of linearly independent eingenvectors

associated with A, that is, v = dim{v € C* | Av = A}. Supposc, if < n, there are



J1yJ2reresjnor, With jo # jp fora # B, ji € {l,2,..{.,n} and ji <v4k, k=12,...,n-r,

such that

Qir4-k)j = 1, k= 1,2,...,71 -r,

and

a;; =0 forj <iand (i,j) ¢ {(r + b a)lk=1,2,...,n = r}.
In these conditions, there ezists an n x n nonsingular matriz P such that PTAP = J,
where Jy = diag(Jy1,Jx20 o1 dag)) Sy e = 0oand ny 2 ny 2 000 2 My where ny,

k=1,2,...,r, is the order of the matriz Jyy.

Proof. If r = n the lemma is immediate. So, let us suppose 1 < r < n. It is immediate
that we have a Jordan chain starting at Azy, i = 1,2,...,m and if r <m < n, there is
i €{1,2,...,r} such that the mth equation belongs to the Jordan chain starting at Az,.
Now, let i, € {1,2,...,7} and let n; be the size of the Jordan chain starting at Az;,.
It is clear that we can choose i, k = 1,2,...,7, such that n; 2 ny > -+ > n,. Now,
interchanging conveniently the positions of the equations (and changing the names of the

variables) our system can be rewritten in the following forn:

vi= Jun

)"2 J,\,'z}’2

]

V= Jrryr
where y;, k = 1,2,...,r, is a colunm vector of coordinates yq, Ura,. -« Yim,- 10 close,
let y be the column vectax' of coordinales Yy1, Y12y -+ s Yrmys Y2uds -+ Y2wigr -« o1 Yrmp 1L 18
clear that the matrix P such that x = Py is nonsingular. From x = Ax, it follows that
Py = APy and therefore y = P='APy. So Jy = P~'AP. a
In the following we enunciate and prove the theorem on the Jordan canonical form for

a matrix A with a unique eingenvalue A,



Theorem 3.1 (Jordan canonical form) Let A be an n x n complez matriz with a unique

eingenvalue A. Then there ezists an n x n nousingular matriz M such that
M7'AM = J,

where Jy = diag(Ja1, a2, ... 0h,), ¥ = dim{v € C"|Av = Av}, Tioyne = n and
ny 2Ny 20,

Proof. Without lost of generality we can suppose that A is in triangular inferior form.
If r = n the theorem is immediate. So we can suppose 1 < r < n, From lemma 3.3, it
is sufficient to prove there exists an n x n nonsingular matrix Q such that Q7'AQ = B
where B = (b;;) is triangular inferior and given by: there are Trdase e sdunrs with ju 7 is

fora# B, €{1,2,....,n}and jy <r+k, k= 1L,2,...,n —r, such that

branyiy =1, k=12, .n—»

and
bij = 0 for j < i and (i, ) EA(r+ b, ju) |k = L2, ,n~r}.

Let

p=max{j | there is {,i > j, witl, a;; # 0},
(such a p exists because r < n). Without lost of generality we can suppose a,, = 1. The
Jordan partial chain starting at Ax,(, k= 1,2, 7~ p, has size 1. From lemmas 3.1

and 3.2, the system x = Ax can be transformed in a system y = Sy, § = (s,;), where

Snp = l )
Spy=0forj#pandj<n

and
5"1'=0f0rp5j<l.<7l.

It is clear that the n x n matrix Af, such that X =Myis nonsingular. By induction,
suppose now there is an n x n nonsingular matrix M; such that M;'AM, = D, D =
(di;), where D is given by: there are j;, Jar cen Jn-gr With ¢ > 1, j2 & j5 for a # B,
i =min{ji,J3y 1 Jaeg) JL € {1.2....,71} and jR < q+kfor k = 1,2,...,n — ¢ such

that



digsryj =1 fork=1,2,...,n—q, _
dom 0 forizq41,7<iand (i,)) € {(g+kiplk=1,20on—a)
and
dij=0for j; <j<i<qg+l
Observe that for ¢ = n — 1 such a matrix M, there exists: My = . Consider the

system 1 = Du. If ¢ = » the theorem is proved. So, let us suppose g > 1. Let

h =max{j < j° | there is i,j <i<gq, with d;; #0} .

(Such an h exists because ¢ > r.) Thereis ¢ € {h+ili = 1,2,...,4 — h} such that

dg,x # 0 and the size of the Jordan partial chain starting at Aug, is > to the size of the
Jordan partial chain starting at Auusi, 1 = 1,2,...,q = kb, with dugagn 7 0. Without lost
of generality we can suppose d, » = 1. Now, interchanging the positious of the gth and
g1th equations and applying lemmas 3.1 and 3.2 our system u = Du, where x = Myu, is
transformed in 2 = Hz, H = (h;;), where H is given by: there are 3,,72,...,;,‘_,,,, with

m=q-12r, ja #3{3 for a 7& B, .71 = h, .71 = ‘llill{711721""7"—'"}’jk € {]’2""’"}

and 7, <m+k for k=1,2,...,n —m such that
Rimpryy, =1 for k=1,2,...,n —m,
hij=0fori>m+1=gq,j<iand(ij)¢&{{m+ koK =1,2,...,n—m}
and
hiy=0for h<j<i<y.

It is clear that u = M;z where the n x n matrix My is nonsingular, If m > r, it s

enough to repeat the process. =

4 Jordan canonical form: the genéfral case

In order to prove the general case we need three lemmas, whose proofs are immediate

and will be omitted.



Lemma 4.1 Let A, B and M be n x n complex 1ndtrices, with M nonsingular, such that
M=YAM = B. Let e}, e3,v, and v, be column vectors of C" such that Me, = vy and
Me; = v,. Suppose there is a compler number o such that (B — Al)e; = ae;. Then, we
have also (A — Al)vy = av,.

Lemma 4.2 Let Jy be an n X n matrir given by J, = diag(Jy1,Jxz,..o0day). Let €,

i=1,2,...,n be the ith canonical column vector of C*, that is, e; is the column vector of

coordinates €;;, § = 1,2,...,n, with ¢; =0 fori# j and eij=1fori=j. Then

k
(Ja— A)e; = e;y, fori 4 {anlk = 1,2,...,1'}
=1

and

9=1

L.
(Jx—21e;=0 forie {anlkz ],2,...,1'}

where ng is the order of the matriz Jag

Lemma 4.3 Let A be an n x n compler matriz with eingenvalues Ay, Ay, .\ Ay, Ao # A8
for a # B. Let my, k = 1,2,....s, denole the algebraic multiplicity of Ay and for
k= 1,2,...,8 let v be the dimension of {v € t"Av = Av}. Then, for each k,

k= 12,...,s there is an n x n nonsingular matriz My such that M7'AM, = Hx

)
ll : = ll'l"l n
' ( J’\k )

where m =n —my, p=n—m,, qg=my, I, isanxm complez matriz, O,y a p X 4

matriz where all the clements are equal to zero and Jay = diag(Ja, ;s Iagare o Iaeure)

Now, let us consider the matrix /, of the above lemma 4.3. Let fi; denote the
canonical column vector e,_,,, 1, k = L,2,...,sand i = 1,2,...,m;. From lemmas 4.2

and 4.3, it follows immediately that

I
(He = MDD = 1f, iy, for i ¢ {an_qlh = 1,2,-...7'k}

g=1

10



and

I
(Hy = M) =0 fort € {an,ﬂh = 1.£.--w7k}

g=1

i > make
where ny 4 is the order of the matrix Jy, ¢ Now, let us
I\kak'.‘ = Vk,i. )
i 's that
k=1,2 sand i=1,2,...,m. From lemma4.1it follows tha
— y Yy

h - 1'k] (1)
Avii = Mevii + Vi for i 2 tkglh =120 j

q=1

and

: 9. Th | - @)
Avypi = v fori € {Z“k.qlh =1,2,..007%

= L=1,2 s and 1 =
M S Vi = gy ey
By induction, one prove easily that the n column vectors Vi,

1,2,...,my, are linearly independent.

. the variable change given by
Now let us consider the system x = Ax and let us make the varia

s My
X = zyk,ivk,i .
k=11=1
We have -
s my AV .
Y " . = Ykt kg
= Ve and  Ax = Z ZJ .

. . . Sty at
From the relations (1) and (2) above, it follows immediately tha
yk=J,\Lyk1 k=1,2,...,8

. Soy = Jy where
where y, is the column vector of coordinates ypi, Yigy -+ Yk
Jinates 1,2,.--,yl,uu
i ; . - coordinates yi,1 Y1,
J = diag(Jy,,Jx,,...,Jy,) and y is the column vector of

ceoy Ysda Ya2s ooy Y1m,. Observe that the variable change

s my ..
X = }: Z Yki Vii ‘
k=19=1
can be rewritten in the following form
x =My

11






: Exdmple _

Consider the following 9x9 real matrix:

(100000000\
010000000
0001100000
0600110000

A=lo0 0o 001 0000
o oo000000
000000010
000000000
{000000002

:)iv,lh a slight rearrangement of the blocks (to mect the decreasing-size conven-
‘ on established above), we have the Jordan normal form | |

N

o O

c o0 o o oo o -
oococoou—-——
c oo oo Q- = 2
oooooEloco

oBlo oo oo oo
Hoooocc

ooOOBOOOO
o olo ol o o o <
o ol —|le o e @@

The
T blocks correspond to the respective cigenvalues 1.0, and 2. The character-
¢ polynomial of 4 is cvidently |

plt) = (1P (t=2)
but 4 also satisfies

q(t) = (-1’ £ (t-2)

Itis an casy excrei
SY excrcise to show that g(/) is in fact the polynomial of smallest de-

gree having leadipe i "
polyn()””a;’ofjﬁ”‘b cocfficient 1 such that g(4)=0. It is {hus called the minimal
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