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I Introduction 

In this work we present, via line/Lr system of differential equations, a natural and 

elementary proof for the Jordan canonical form. The idea of this work appeared during 

the preparation of a class on resolution of linear system of ordinary differential equations 

for a course that we taught in the second semester of 1994 in the lnstituto de Matcmaticac 

Est atfstica da Universidade de S5:o Paulo. \Ve were considering a linear system of ordinary 

differential equations x = Ax, where A is an n x n complex matrix, x a column· vector 

of coordinates xi, x2, ... , x,. and x = ~, t real. It is well known (see [.5l) that there is a 

variable change that transforms x = Ax in a system in a triangular inferior form. Now, if 

th
e system is in triangular inferior form, how do we put it in the Jordan canonical form?. 

This was the n t I . I . Tl d I d 

a ura question t 1at came to our mmd. 1us we starte to p ay aroun 

with some 1 • 
I d 

examp es. Miracle! Very soon we felt that we had in hands a natura an 

elementary f 
I • k 

Proo for the Jordan ca11011ical form. The proof is constructive and we t nn · 

that the idea f I 0 t IC proof is new. In the references appear other interesting proofs for the 

Jordan canonic I f a orm. 



We dedicate this work lo the responsiblcs for it : our students. 

2 Definition of Jordan partial chain 

Let A be an n x n complex matrix, triangular inferior and with a unique cingcnvalue 

,\. Let us consider the system x = Ax, A = (a;j) , Suppose that there exist p1 < p2 < 

• • • < p,, .s 2: I , such tlwt 

and fork= 2,3, ... ,s, since .s > I, 

aP,P,-1 = I , 
a.P,i = 0 for I ~ j < JJ1: and j f. P1<-1 , 

and 
,i;Pk-• = 0 for Jlk-1 < i ~ n c111d if. p;; . 

In these conditions, we say that the set of the s equations of the system x = Ax: 

xp, = i:J:1 "r,iJ."j +Axp, 
:i:P1 = xJJ, +..\xn 

:i:,,, = 
where q = p1 - I, is a Jo11ia11 patlial chain of si::e s stm·ti11g al ..\x"1. If we have also 

aPii = 0 for j = I, 2, .. . , <J , we say Lhill the Jordan partial cl1ili11 is a Jordcrn chaiu starting 

Example 2.1 Consider the system 

X1 = >..r1 
i-2 = 2:r1 +>.xi 
:i:3 = .T1 +x2 +>.x3 
I4 = >.1·~ 
:i:s = .T3 +>.x5 
XG = X,c +>...ri; 
x1 = .X5 

We have a Jordan p.irtial chain of size 3 starting at >.x3 a11d a Jordan chain of size 2 

starting at AX,4. 
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3 Proof of the Jordan canonical form for a particu­
lar case 

In this section we will prove the theorem on the Jordan canonical form for an n x n 

complex matrix A that admils a uniqur eingenvalue .\. For this we need three lemmas, 

whose proofs are immediate. 

Lemma 3.1 Consider the system x = Ax, where A= (a;;) is triangular inferior, with a 

unique eingrnvalue .\ and given by 

±i = .\x, 
.i:2 = 0,1X1 + .\,r2 
±3 = tl31X1 +a3•1I•z +.\x3 

Xql = Lj=I aq1;x; 
±q, = LJ=I aq,jX i 

Xq•-1 = LJ=I aq._,;x; 
xq. = LJ=I aq.;x; 

where r = q1 - l, >.is a complex numbc1·, q,.. = qm-1 + I form = 2, 3, • • •, k and <1iq 1 = 0 

for qk < i $ n. Then such a system can be transformed in a system whrrr the q, th and 

qkth equations are, respectively, 

and 

and the other equations rrmairi uncha11grd. T/11, clcmrnts b
911

, j = 1, 2, ... , r aad Yq 1 are 

given by 

and 
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Proof. It is enough to multiply the ptli equation, p = I, 2, ... , r by aq.p to add with the 

q1 th and to make 
r 

Yq, = L aq.jX 1 + Xq 1 
j=J 

The main idea of this work is contained in the next lemma. 

□ 

Lemma 3.2 Let A = ( aij) be an 11 x II complex matrix, in triangula1· inferior form that 

admits a unique eingcnvalur ,\. Suppose that the p1 th equation of the system x = Ax has 

the form 

and the q1th has the form 

k 

Xp 1 = Lap1jXj + ,\xP, 
j:J 

k 

:i: 91 = Laq1
jXj + ,\xq, 

i=I 

with k < min {p1, qi} and aq, k = l. Suppose also there is a Jordan partial chain of size 1· 

starting at .\xP, and other of sizes :;tarting at A.r 91 , with r :S s. TIH 11 the given system 

can be transformed in a system whc:l'f the P1 th 1quation is 

k-1 

up, = L bP,JXj + ,\up, 

j=I 

where Xp; - aP, kXq, = up,, i = I, 2, • •., 1·, and the other equations 1"C11lai11 u11cha119cd. 

Proof. Multiplyi11g the </1th equation by -aP, k adding with the p1 th and making xP, 

a kXq = Up we have 
P1 I I 

k-1 

itp, = L bp,jXj + AUpl 

J=I 

where bp1; == aP,i - aP, kaq,j, j = I, 2 •... , /.: - I. 

If r == I the lemma is proved. Otherwise, 
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I' 

Remembering that s 2 r·, multiplying the q2th equation by -ap,k, a<l<ling with the ]>2th 

If r = 2 the lemma is proved. Otherwise it is enough lo repeal the process. D 

Example 3.1 Consider the system 

±1 = AX1 
±2 = XJ +.-\x2 
±3 = 2x1 +x2 +>.x3 
±◄ = X1 +2x3 +.-\x ◄ 
±s = 2x1 +x2 +.r3 +.-\xs 
±6 = Xs +>.i·o 
X7 = :r4 +>.i·1 , 

The Jordan partial chain starting at .,\x4 has size 2 and the one starting at >.xs has 

also size 2. So, applying lcnuna 3.2 we get 

±1 = AX1 
X2 = X1 +.-\x2 
±3 = 2x1 +x2 +>.x3 
u◄ = -3x1 -2J:2 +>.114 
Xs = 2x1 +x2 ti·3 +.-\xs 
±6 = Xs +>.xG 
u1 = U4 +>.u1 . 

where X4 - 2xs = U4 and x1 - 2x6 = 11 7. Now applying lemma 3.1 we obtain 

±1 = ..\x1 
±2 = X1 
u3 = 3x1 
u◄ = -3x1 
Xs = 
±6 = 
u1 = 

+>.x2 
+x2 t.-\u3 

-2x2 +.-\114 
U3 +.-\xs 

Xs t,\i-6 
u., 

The next lemma is suggested by tht• following example. 
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Example 3.2 Consider the system 

X1= >.x1 
:i:2 = +>.xi 
X3 = +>.x3 
:i:◄ = X2 +>.x◄ 
X5 = .- X4 +>.x5 
±o = ' X3 +>.xo . 

We have a Jonlan chai1; of sizt> starting at >.x1, a Jordan chain of size 3 starting 

at >.x2 and a Jordan chain of size 2 starling al >.x3. The system can be rewritten in the 

following form 
±2 = AX2 

X4 = X2 +>.x~ 
:i:5 = 
:i:3 = 
XG = 
Xt = 

which 1s the Jonla11 ca11011ical form of the givt>n system. 

111 the following, we indicate by J.,,k a square matrix of order 111; given by 

J.\,:. = >.! + E • 

where J is the identity matrix of urdl'r Ilk and E = (e;;) is a square matrix of order nk 

given by c;; = I if j = i - I and t:;; = 0 if j ::/ i - I. So 

.,\ 0 0 0 0 
.,\ 0 0 0 

J.\,k = 0 .,\ Q 0 

0 0 0 .. · I .,\ 

The matrix J>.,k ,s calletl ,. Jo1da11 bloc/, of 01Yirr 111;. 

Lemma 3.3 lei A = (a;j) br a11 11 x 11 comJJlti· 11wtrix, i11 tria11gular i11fcrior form, with 

a unique ci11gwvaluc .,\ a11d let 1· be the 11u111brr of li11cady i11drprndrnt ei11gc11vcctors 

associated with .,\, that is, ,. = dilll{v E t'' I Av = >.}. Suppose, ,fr < 11, there an-
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i1iii, ... ,in-r, with j
0 

f- i11 for o f- /3, jk E {I, 2, ... , n} and jk < r+k, I.:= I, 2, ... , n-r, 

such that 

a(r+k)h =I' k= 1,2, ... ,n-1·, 

and 

a;;= 0 for j < i a11d (i,j) r/. {(1· + k,jk)lk = 1,2, ... ,71 -r}. 

In these conditio11s, thel'C rxists a11 11 x 71 no11si11gular matrix P such that p-i AP= J).. 

where J).. = diag(J,1,1 ,J)..,2 , ... ,J)..,r), Lk=I Ilk= 11 and 71 1 2: 71 2 2: ... 2: n,, where nk, 

k = 1, 2, ... , r, is the order of the ma/7-ix J;,,k• 

Proof. If 1· = n the lemma is immediate. So, let us suppose I S r < 11. It is immediate 

that we have a Jordan chain starting al .\x;, i = I, 2, ... , r, and if 1· < m S 71, there is 

i E {I, 2, ... , r} such that the mlh equation belongs lo the Jordan chain starting at Ax;. 

Now, let i1: E {I, 2, ... , r} and let Ilk lie the sizt> of the Jordan chain starting al .\x;k. 

It is clear that we can choose ik, k = 1,2, ... ,r, such that 11 1 2: 11 1 2'. ··· 2: 71,. Now, 

interchanging conveniently the positions of tht> t>quations (a11d changing the names of the 

variables) our system can be rewrillt>11 in the following form: 

Y1 = J,1,1Y1 

Y2 = 

Yr= 

where Yk, k = 1,2, ... ,r, is a column vector of coordinall's Yk.1,Yk.1,···•Yk,uk· To close, 

let Y be the column vector of coordinates Y1,1, y1 ,2,, •• , y 1 ,,11 , y2_1, ••• , y1,,. 2 , ••• , y,,,.,. It is 

clear that the matrix P such that x = Py is nonsingular. From x = Ax, it follows that 

Py= A Py and therefore y = p-1 A Py. So J,1 = p- 1 AP. D 

In the following we enunciate and prove lht> theorem on thc> Jordan canonical form for 

a matrix A with a unique eingenvaliu· ,\, 
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Theorem 3.1 (Jordan ca11011ical form) let A bl a11 11 x 71 complex matrix with a u11ique 

eingc11va/ue >.. Thrn there exists an 11 x n 11011si11911/ar matrix l\l such that 

Proof. Without lost of generality we can suppose that A is in triangular inferior form. 

If r = n the theorem is immediate. So we can suppose I $ 1· < 11. From lemma 3.3, it 

is sufficient to prove there exists au 11 x 71 nonsingular matrix Q such that Q-1 AQ = B 
where B = (b;j) is triangular inferior and giveu by: there are }1,h, ... ,j,._,, with j 0 -:/ ifJ 
for o -:/ /3, jk E { 1, 2, ... , 71} and Ji. < 1· + I,:, k = l, 2, ... , 11 - r, such that 

b(r+kJi. = l , k = I, 2, ... , n - 1· 

and 

b;i = 0 for j < i and (i,j) (/_ {(1·+ k,j1,:)lk = 1,2, ... ,n - 1·}. 

Let 

p = max{j I tlwre is i, i > j, with a;j =/= O} . 

(such a p exists because r < 11). Without lost of generality we can suppose a,.P = I. The 

Jordan partial chain starting at >.xp+k, k = I, 2, ... , n - p, has size J. From lemmas 3.1 

and 3.2, the system x = Ax can be transformed in a system y = Sy, S = (s;j), where 
s,.P = I , 
s,.j = 0 for j =/= 71 and j < 11 

and 
Sjj = Q for ]I $ j < i < 71. 

It is clear that the 71 X 71 matrix l\/1 :rnch that x = M1y is 11onsi11gular. By induction, 

suppose now there is au n x n no11si11gular matrix M1 such that j\/
2
- 1 Al\/1 = D, D = 

(d;;), where D is given by: there are J;, j 2, ... , i,:_9
, with q ~ 1-, j; f:. j'p for o -:/ /3, 

jj = min{jj,ji,· · · ,j~_9 } , iZ E {I,::!, ... ,n} and jz < q + k fork= I, 2, ... ,11 - q such 

that 
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d(q+k)i; = 1 fork= 1,2, ... ,n - q, 
d;; = 0 for i 2: q+ 1, j < i and (i,j) t/. {(q+ k,jZ)lk = 1,2, ... ,11 - q} 

and 

d;; = 0 for j; S j < i < q + l. 
Observe that for q = 11 - 1 such a matrix !\Ii there exists: Mi = 1\/1, Consider the 

system ti= Du. If q = 1· the theorem is proved. So, let us suppose q > I'. Let 

h = max{j < j" I there is i,j < i Sq, with d;j -/- O} . 

(Such an h exists because q > 1·.) There is q1 E {h + iii = 1, 2, ... , <J - h} such that 

d
91 

h f- 0 and the size of tlw Jordan partial chain starting at ,\u9I is 2: to the size of the 

Jordan partial chain starting at -Xu1i+i, i = 1, :!, ... , q - h, with du,+•J" =f 0. Without lost 

of generality we mu suppose d9111 = I. Now, interchanging tlw positious of tht' 11th and 

q1 th equations and applying lemmas :3.1 and :3.2 our system ti = Du, where x = Miu, is 

transformed in z = Hz, H = (h;;), where II is given by: there are }i,li, ... ,J,._,,., with 

m = q-1 2: r, Jc, f Jµ for a f /3, ; 1 = h, ; 1 = min{J1,J2, ... ,J,._,,.}, lk E {1,2, .. • ,11} 

and Ji.: < m + k for k = l, 2, ... , n - 111 such that 

h;; = 0 for i 2: m + I = q, j < i and (i,j) t/. { (111 + k.Jdlk = 1, 2, ... , 11 - 111} 

and 

h;; = 0 for h S j < i < q. 

It is clear that u = M3z where the II x 11 matrix 1\13 b nonsingul,tr. If m > 1·, it is· 

enough to repeat the process. D 

4 Jordan canonical form: the gen~al case 

In order to prove the gcneral case we need three lemmas, whose proofs are immediate 

and will be omitted, 
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Lemma 4.1 Le! .A, B and M be 11 x 11 comp/er m~trices, with M 11011singular, such that 
M- 1 AM = B. Let e1, e2, v 1 and v 2 be colu11111 vectors of (1;" such that Mei = V1 aud 
/11 e2 = v 2. Suppose the1't: is a com71kr numb,.,. o such that ( B - >.l)e1 = oe2. Then, we 
have also (A - >.I)v1 = ov2_. 

Lemma 4.2 Let J., be a11 ~ x 11 matrix givrn by JA = diag(J.,,1, JA,2 , ••• , JA,,). Let e;, 
i = I, 2, ... , 11 be the ith ca11onieal colu11111 vector of Q:", that is, e; is the column vector of 
coordinates e;j, j = I, 2, ... , 11, with t;j = 0 for i ,f j and e;; = I for i = j. Thc11 

a11d 

where 71 9 is the order of the matrix J.\,q • 

Lemma 4.3 Let A be a11 71 X 71 complt 1' matrix with ci11grnvalues ).. 1, )..1, ... , >.., >.a c/ A[J 
for o ,/ /3. Let 111k, k = I, 2, ... , s, drno/ t t/11 algebraic multiplicity of >.k and for 
k = 1,2, ... ,s let i·k be the dimrnsion of {v E (l:"jAv = >.kv}. Then, for each k, 
k = I, 2, ... , s, then i.~ an 11 x 11 1w11si11g1dar matrix Ah such that M-,; 1 A Ah = lh 
with 

lh = ( Jl,. 111 

whe1·c 111 = 71 - 111k, ,, = 11 - Jilk, 'J = 111k, JI,.,,, is a Tl X 111 COl11]1frX 111afrix, o,,q a p X q 
matrix where all the rlcmrnts arr equal lo zcm and JA• = diag(JA.,

1
,J.,,.2 , ••• ,JA.,,.). 

Now, let us consider the matrix lh of tlw above lemma 4.3. Let fk,i denote the 
canonical column V<."Ctor e.,_,,..+i, k = I, 2, ... , s and i = I, 2, ... , mk. From lemmas 4·2 

and 4.3, it follows immedialC'ly that 

(/h - >.kl)rk.i = fk,i+I for ii {i llk,qlh = I, 2, ...• l'k} 
y=I 
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and 

(lh - )..k/)fk,i = 0 fur i E {t llk,qlh = I, 2, • • •, 1·k} 
y=I 

where 11k ,q is the or<ler of the matrix J.,,,v· Now, let us makL· 

k = I, 2, ... , s and i = 1, 2, . . . , mk . Frum lemma 4.1 it follows that 

(I) 

and 
(2) 

y=I 

Av1:,; = )..kvk,i fur i E {tllk,vlh = 1,2, .. . ,rk} · 
By induction, one prove t\asily that the 11 column vectors vk,i, k = I, 2, · · ·, -~ and 

i = 

1, 2, ... , mk, are linearly indL\pe1Hlenl. 

Now let us consider the system x = Ax and let us makL~ the variable change given Ly 

We have 

' nlJr 

x = LLYk,ivk.i. 
k=l i=I 

I lllk I fHl 

x = LL 1/k,ivk,, and Ax= L LYk.,Av1:,, 
k=li=l k=li=I 

From the relations (I) and (2) abo1'L', it follows immediately that 

where Yk is the column vector of couruinates Yk,I, Yk,l, , , ., Yk,111,' Su y = Jy where 

J = diag(J~.,J~,, .. . ,J~.) and y is thL· column vn·tor of cuunlinatL'S Y1,1, Y1.2, · · ., Yl.1111 

· · ·• Y,.1, Y,.1, · • ,, Y1,111,• Observe that tl1t· varial1IL· change 

J '111,, 

X = LLYk,iVk,i 

can be rewritten in the following form 

X = /1/y 
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where Af is the II x n nonsingular matrix whose rolumn Vf"Clors are V1,1, v,,2, .. . , Vt,m,, 

v 2,1, v 2,2, ... , V2,m,, ••• , v, ,1, v,,2, ... , v,,m,· So J = 111- 1 AAf. Thus we have proved the 

following theorem. 

Theorem 4.1 (Jordan can~nical form: general case) Let A be an II x n complex matrix 

with ci11gc11valucs A1,A2, .. , '.;A,, Ac, ,f. AJJ for n ,f. {,. Let mk a11d1·k, k = 1,2, . . . ,s, 

be where mk is the algebmic 11111/liplicit y of ,\k and rk = dim { V E a:11 \Av = Ak V} · 

Thw there is a11 11 X 11 11onsi11911/ar matrix /11 such that M- 1 AM = J where J = 
<liag(J,1,, J >,,, .. , , J .,,) and, for k = I,~ •. . . , s, J.,, is a squarl· matrix of onlcr !Ilk given 

by J>,• = <liag( J ,1.,1, h •. 2, ... , J >,,,r, ). ll'c have also, for k = I, 2, ... , s, L;~1 llk,q = m1,,: 

and llk,I ~ llk,2 2'. · · · ~ 11k,r• whc1-c Ilk,., is thr onlfl' of the Jonla11 bloc/, J>,.,q, 
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. Exampie 

Consider the following 9x9 real matrix: 

I 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 I I 0 0 0 0 0 

0 0 0 I I 0 0 0 0 

A= 0 0 0 0 l 0 0 0 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 2 

~ith a slight rearrangement of the blocks (to meet the decreasing-size convcn-

hon established above), we have the Jordan normal form ·. · 

I l 
0 l 

.o 0 

0 0 

0 0 

0 0 

0 0 

0 0 

' 
0 0 

0 

l 

l 

0 

0 

0 

0 

0 

0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0]00000 

00]0000 

0 0 fo7l O 0 

o o LI o o 
o o o o[illo 
o o o o o m 

!l~e blocks correspond to the respective cig· envalues I, 0, and 2. The charnctcr-

1st1c pol · · 
ynom,at of A is evidently 

but A also satisfies 

q(t) = (l-1)3t~(t-2) 

It is an easy ex • 
• 1 

r 1
allcst de• 

I . · ercise to show th·11 n(I) is in fact the polynon11a O sn' 

grec 1avmg le ct· ' ·, ' d I 1ini111al 

I . a •ng coefficient l such that q(A)=O It is thus callc tic" 
po ynom1n/ of ..t. ' · 



Errata 

The matrix appearing in Theorem 10-17 on page 207 should have the follow­
ing,- more general fonn: 

0 

0 

I ,. 
I 
I 
I 
I 
I 
I 

o: ____________ J . 

0 

. .. . 

0 

r-----------· 
1 0 I 
I 
I 
I , 0 

, I 
I 
I 
I 
I 
I 0 

Not all of these square subblocks are necessarily of the same size. !(See overleaf 
for an example.) Note that this includes the possibility of the zero matrix, when 
all blocks are of size Ix 1. Similarly, on page 208, the matrices Ai appearing in 
the block decomposition of A should also have the more general fonn: 

0 

r-------------
1 ..t I 
I J 

0 : /4 
I J 
I 
I 
I 
I 
I 

Note that this includes the possibility of a diagonal matrix, again when all 
blocks are of size Ix I. The subblocks appearing in A

1 
arc called the basic Jor­

dan blocks belonging to the eigenvalue ,l .. If these basic blocks occur in order · 
of decreasing size. we then speak of the J~rdnn normal form of A, ,vhich is thus 
well defined up to the ordering of the A

1 
themselves. 

Exercise 26 on page 212 must be reinterpreted accordingly: one should de­
scribe all possible Jordan normal forms that can arise from an endomorphism 
with the characteristic polynomial given. 
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