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One-dimensional Dynamics is a rich and beautiful subject, and the most authori-
tative work entirely dedicated to it still is, unquestionably, the book written by de
Melo and van Strien [1993]. Thus the reader may ask: why bother writing another
book about this subject?

It is a fair question. The main reason is that much has happened since 1993:
more than half of the present book’s contents deals with recent developments in
the area. Moreover, rather than aiming at being comprehensive, our book delves
deeper into a specific topic in One-dimensional Dynamics, namely, the dynamics
of invertible circle maps. Let us say a few words explaining how this topic fits
into the general framework of the modern theory of Dynamical System:s.

One of the major general goals in the area of Dynamical Systems is to solve
the smooth classification problem: given two smooth dynamical systems which
are topologically equivalent, when are they smoothly equivalent? In somewhat
vague terms, this problem is tantamount to understanding the fine-scale geometric
properties of such systems.

In such general setting, and particularly in higher dimensions, the above classi-
fication problem seems rather daunting (perhaps even hopeless). Hence one should
first attempt to understand low-dimensional systems. At least at an intuitive level,
the problem should be much simpler for one-dimensional systems; after all, in di-
mension one the linear order structure and “lack of ambient space” should impose
severe restrictions on the possible geometries of such systems, thereby facilitating
their smooth classification. However, even here the problem turns out to be rather
subtle. A basic distinction that must be made in the one-dimensional context is
between invertible dynamics — to wit, homeomorphisms of the circle — and non-
invertible dynamics, such as the dynamics of unimodal or multimodal maps of the
interval (or the circle).



In this book — written for a series of lectures delivered by both authors at the
33rd Brazilian Mathematics Colloquium — we deal with invertible dynamical sys-
tems on the circle, concentrating on two major classes: global diffeomorphisms
and smooth homeomorphisms with critical points. In the case of smooth diffeo-
morphisms of the circle, deep results have been obtained from the mid to late sev-
enties onwards, starting with M. Herman’s thesis and culminating with the work
of J.-C. Yoccoz, with important contributions by Y. Katznelson and D. Ornstein,
among others. After describing those results, we will focus on the case of smooth
homeomorphisms with critical points, a topic to which both authors have dedicated
several years of research. In this context, the notions of renormalization, rigidity
and universality play a decisive role, and have been widely studied in the last thirty
years.

The material in this book is divided into four parts. In the first part we study
rigid rotations and then circle homeomorphisms, introducing the notion of rotation
number, a dynamical invariant introduced by Poincaré at the end of the nineteenth
century. We also describe some connections between dynamical properties of the
rotation number with the theory of continued fractions. In the second part we study
circle diffeomorphisms, presenting some classical results due to Denjoy and dis-
cussing some of the main ideas in the Arnold—Herman—Yoccoz theory. We present
the subject by developing it from its basic principles in a self-contained way. In
particular, together, these two initial parts can be used in a first graduate-level
course on one-dimensional dynamics. The book contains more than 100 exercises,
varying widely in their level of difficulty; these should help the students enhance
their understanding of the subject.

The third part of this book introduces smooth homeomorphisms of the circle
with a finite number of critical points, an important and active topic in the area
of one-dimensional dynamics. The fourth and last part of this book is devoted to
renormalization theory, focusing on the analysis of the fine geometric structure of
orbits of multicritical circle maps, as well as on certain complex-analytic aspects
of the subject. We will describe in these final chapters several important results by
K. Khanin, M. Martens, C. McMullen, W. de Melo, D. Sullivan, A. Teplinsky and
M. Yampolsky among others. We would like to remark that, since these ideas are
quite deep, the narrative in this final part is by necessity very sketchy.

Throughout the book, we provide, for the most part, complete proofs of several
fundamental results in circle dynamics, such as the Poincaré classification, Den-
joy’s classical results and constructions, Arnold’s conjugacy theorem for analytic
circle diffeomorphisms with Diophantine rotation number (we also describe his
counterexamples to linearizability), Yoccoz’s theorem on minimality of multicriti-



cal circle maps, the real bounds, quasisymmetric rigidity, the fact that exponential
convergence of renormalization implies smooth rigidity, Lipschitz continuity of
the renormalization operator (for maps with a single critical point) and the com-
plex bounds. We also survey, skipping many details, the proof of the exponential
convergence of renormalization for critical circle maps, both in the analytic and
the smooth case. The book closes with a list of open questions and two appendices:
the first describing some aspects of the ergodic theory of continued fractions, and
the second discussing ergodic properties of a certain skew product over the Gauss
map.

The present book is primarily aimed at graduate students and young researchers
working in Dynamical Systems, but we hope it will have something to offer to
other mathematicians interested in the subject. As prerequisites, it assumes that
the reader is familiar with the contents of a standard graduate course in Real Anal-
ysis (including Metric Spaces, Measure Theory and basic Functional Analysis) in
addition to some notions of Ergodic Theory and Dynamical Systems. In chapters
4,11, 13 and 14, basic knowledge of Complex Analysis is needed as well.

Due to limitations of time and space, many interesting topics of circle dynam-
ics have been left out of this book. These include interval exchange transforma-
tions, maps with break points, maps with flat spots, mode locking universality, dy-
namics of endomorphisms (including the notion of rotation set), thermodynamic
formalism, invariant distributions, random dynamical systems and groups acting
on the circle, among others.

In recent years, we have benefited from conversations with many friends and
colleagues, among them Marco Martens, Sebastian van Strien, Dennis Sullivan,
Charles Tresser, Bjorn Winckler, Misha Yampolsky and most notably Welington
de Melo. Several parts of this book have been inspired by these interactions.

We would like to thank the organizers of the 33rd Brazilian Mathematics Col-
loquium for the opportunity to present this course. Special thanks go to Paulo Ney
de Souza for his extremely professional editorial help. Readers are encouraged to
send comments and suggestions as well as corrections to our email addresses.

Edson de Faria (edson@ime.usp.br)
Pablo Guarino (pablo_guarino®@id.uff.br)
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Part1

Basic Theory



This opening chapter is devoted to the simplest dynamical systems on the circle
that are not entirely trivial: the rigid rotations. Under a rigid rotation, all orbits
look exactly the same. There are only two possible behaviours for such orbits.
Either they are all dense on the circle, or else they are all periodic with the same
period. This dichotomy can be read off from the angle by which points on the
circle are rotated. The ratio of this angle to a full turn is called the rotation number.
If the rotation number of a rigid rotation is rational, then all orbits are periodic.
If the rotation number is irrational, then all orbits are dense. Moreover, the way
the points of an orbit deploy themselves on the circle can be read off from the
continued fraction development of the rotation number. Due to this connection
with continued fractions, it is fair to say that the dynamical study of rotations was
started by the ancient Greeks.

1.1 Topology and combinatorics of rotations

The dynamical systems we wish to study have as their phase space the unit circle,
denoted S in this book, which can be defined in at least two ways. One way
is to regard it as the affine one-dimensional manifold R/Z, also called the one-
dimensional torus. Another way is to regard it as the boundary of the unit disk in
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the complex plane, namely dD = {z € C : |z] = 1}. These two representations
of the unit circle are equivalent, the equivalence being induced by the exponential
covering map exp : R — 9D given by exp(t) = e?7!. Both representations
make it clear that S ! is also a topological group, the group operation being addition
modulo 1 in the first representation and complex multiplication in the second. The
reader should keep in mind the equivalence between these two representations. In
most of what we do in this book, we use the additive representation, but will switch
to the multiplicative representation whenever convenient.

1.1.1 A dichotomy

Given a real number «, let us denote by Ry : S!' — S! the counterclock-
wise rotation of the unit circle by an angle equal to 27 «. This map is given by
Ry (x) = x+a (mod 1) in additive notation, or equivalently by Ry (z) = e?7%z
in multiplicative notation. We are interested here in the orbit structure of rotations,
both from the topological and metric viewpoints. When we speak of S ! as a metric
space, we always take the distance between two points x, y to be the one induced
from the real line by the exponential covering map, i.e., d(x, y) = min{|u — v| :
exp(u) = x, exp(v) = y}. The group of orientation-preserving isometries of S !
under this metric is precisely the group or rotations.

From the topological viewpoint, the dynamical behavior of rotations is very
simple. There is a dichotomy, according to whether « is rational or irrational.

(1) If « is rational, say & = p/q in irreducible form, then every x € S1isa
periodic point with period ¢. In other words, we have

Rix)=x+gqa=x+p=x (modl),
forallx € S1.

(2) If & is irrational, then every orbit 0% (x) = {R"(x) : n > 0} is dense
in §1. This follows from Lemma 1.1, stated and proved below (see also
Proposition 1.1).

The result alluded to above is a classical one, discovered by Dirichlet in 1842.
Its proof uses the well-known pigeonhole principle. ' We need some notation.
Given any real number x, we denote by | x| the greatest integer < x, and by {x}
the fractional part of x, i.e. {x} = x — |x].

1 Also known as the Box counting principle, it simply states that if N + 1 objects are placed in
N boxes, then at least one box will contain at least two objects.
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Lemma 1.1. If« is an irrational number, then

(i) For each positive integer Q there exist an integer p and a positive integer
q with g < Q such that

1
g — p| < 0 (1.1)
(ii) There exist infinitely many rational numbers p/q such that
1
a —g < (1.2)

Proof. Partition the interval [0, 1) into O sub-intervals of equal length, namely

J=17 .
Aj,Q = [7,6), ]=1,2,...,Q.

These are our boxes. Then consider the Q + 1 numbers

0, {a}, {2a}, ....{Qa} €]0,1).

These are all distinct, because « is irrational. By the pigeonhole principle, there
exist j € {1,2,...,Q}andny,ny € {0, 1,..., Q}distinct such that both {n 1} €
Aj o and {na} € Aj o hold. Writing m; = |nja and my = |naa |, we see
that

|(n1 —n2)a — (my —ma)| = [{n1af — {n2a}|
1

< |A; = —.

< | ],Q‘ 0

Hence, taking p = m; — my and ¢ = n; — np, we deduce (1.1). Equality in
(1.1) cannot happen, because « is irrational. This proves (i), and (ii) is a direct
consequence of (i). O

For our next lemma, we shall use the following simple property of fractional
parts: if x, y are real numbers with {x} + {y} < 1, then {x + y} = {x} + {¥}.

Lemma 1.2. If « is irrational, then the sequence oy, = {na}, n € N, is dense in
[0, 1].
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Proof. Givene > 0, let N be a positive integer such that 1/N < e. By Lemma 1.1,
there exists a positive integer n with 1 < n < N such that o, < 1/N. Since
oy > 0isirrational, there exists a (unique) k € N such that ko, < 1 < (k+ Day,.
Therefore the points jo, with j = 1,2,...,k are e-dense in [0, 1]. But by the
simple property given before the statement of this lemma, we have

jo, = j{l’lO[} = {jn(x} = Qjn ,j=1,2,...,k.

In other words, we have proved that the set {ay,, a2p, ..., 0k, } is e-dense in [0, 1].
Since ¢ is arbitrary, it follows that («;,) is dense in [0, 1]. O

As a corollary, we have the following result.

Proposition 1.1. If « is irrational, then for all x € S the positive orbit Ot (x) =
{R"(x) : n € N} of x under the rotation Ry is dense in S'.

Proof. Note that
Ry(x) = Ry(Rx(0)) = Rx(Ry(0)) .

Since Ry is an isometry of the unit circle, it follows that the sequence (R (x))n>0
is dense if and only if the sequence (R}, (0)),>0 is dense. But R, (0) = {na}, and
this last sequence is dense by Lemma 1.2.

O

This proposition justifies the dichotomy we stated at the beginning of this sec-
tion.

1.1.2 Sequence of closest returns

Let Ry : S — S be the rotation of angle 2« on the unit circle, where « is
irrational. We define a sequence of positive integers (¢5) recursively as follows.
Let go = 1, and for each n > 0, let

gn = min {i > gn_1: d(x, R'(x)) < d(x,Rq”*‘(x))} )

Here, x is any point on the circle. It does not matter which x we choose in this
definition, because R, is an isometry. The positive integer g, is called the n-th
closest return time of the orbit of (any) x. The meaning is clear: each iterate
RI"(x) is closest to x than any previous iterate R, (x), 1 <i < g.
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It so happens that consecutive closest returns to x occur in opposite sides of
x. Being “on opposite sides of x”” might seem somewhat ambiguous (we are on
a circle, after all!), but the ambiguity disappears if we remove RZ’(x) = Rg(x)
from S 1: itis then legitimate to speak of opposite sides of x in the arc § '\ { Ry (x)}.
The precise statement is as follows.

R{;I(x) Rg(ln (x)) R{;—H.In (x)
| |

X I (x) RE" (x)

REy  ReUn()  pheran
!

L) R

Figure 1.1: Two possibilities.

Lemma 1.3. Let J,,(x) C S be the interval of endpoints RE" " (x) and RL" (x)
that contains x, and let J) (x) C Jyu(x) be the interval of endpoints x and RE"™" (x).
Then RY"™ (x) € J) (x).

This lemma, in turn, is a consequence of the following result.

Lemma 1.4. Let In(x) C Ju(x) be the interval with endpoints x and RI™ (x).
Then the intervals R} (I, (x)), with j € {0,1,2,....qgns1 — 1}, are pairwise
disjoint.

Proof Let0 < i < j < gny1 — 1 be such that RL(1,(x)) N RL(I,(x)) # O.
Then k = j —i satisfies 1,,(x) N Rloj(ln(x)) # @, and obviously 0 < k < gpn41.
Recall that Ry is an isometry, so |R§ (In(x))] = [In(x)|. Since Ry is orientation-

preserving, we see that either x € R{; (In(x)) or R’oj (x) € I,(x) (see Figure 1.1).
In either case, we have

d(x, RE(x)) < |1, (x)| = d(x, RE" (x)) .
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But this can only happen if K > ¢, 1, which is certainly not the case. O

Remark 1.1. The intervals I, (x) defined above are called the closest return inter-
vals associated to the point x. We sometimes omit the point x and write /,, instead
of I,,(x).

1.2 Rotations and continued fractions

In this section we look at rotations from an arithmetic viewpoint. Given Ry :
S1 — S, we introduce the continued fraction development of o and show that
the denominators of the sequence of best rational approximations to « (obtained
by truncating the continued fraction expansion of ) are precisely the closest return
times for R, introduced in Section 1.1.

1.2.1 Basic theory of continued fractions

Let us consider the group G of 2 x 2 real matrices with determinant +1. This group
acts on the extended real line R = R U {oo} (the one-point compactification of R)
as the group .# (R) of real fractional linear (or Mébius) transformations. More

precisely, to each matrix
A = (Z Z) eG

we associate a Mobius transformation 74 given by

Matrix multiplication in G corresponds to composition of maps in . (R), in other
words, if A,B € G then Typ = T4 o Tg. Thus we have a homomorphism
G — #(R), and it is easy to check that such homomorphism is surjective and
that its kernel is {£1}. In particular, .#Z(R) = G/{£I}?

We consider certain special elements of G. Given x € R, let

x 1
Gx:(l 0).

2Through this identification, .2 (R) contains a copy of PSL(2, R) = SL(2,R)/{=£/} (the pro-
jective special linear group) as a subgroup of index 2.




8 1. Rotations

The associated Mobius transformation 7, is given by

1
TUx (C) = X+ E .
Now, given any sequence Xxg, X1, ..., Xp,... of real numbers, we associate to it

the sequence of matrices A, given by

xo 1\ [(x1 1 X, 1
An = 0xg0x; - 0x, = (1 0)(1 0)"'(ln 0)
The sequence of corresponding Mobius transformations 74, is therefore given by

TAn (é‘) = TG'XO © To'xl ©---0 TUXn (é‘)

1
= xo+ : (1.3)

X1+

X2 + 1

1
xn+z

The entries of the matrices A, can be determined by recurrence. Writing

An — (pn Pn—l)
dn  4n—1

and taking into account that A, 41 = An0x, ., we see that

Pn+1 = Xn+1Pn + DPn—1 (1.4)
dn+1 = Xn+1qn + qn-1 - (1.5)
We also have pg = x¢, p1 = xox1 + 1 and g9 = 1,q; = x;. It readily follows

from these facts that p, and g, are given by polynomials of degree n + 1 and n,
respectively, in the variables xg, x1, ..., Xx,. Moreover, since

n
detd, = Hdetaxj = (-t
Jj=0

we see that
Pndn—1—Pn—1qn = ()", ¥Yn>1. (1.6)
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Let us now specialize our discussion to the case when each x, is an integer,
say X, = ap € 7Z. We assume also that all a,’s are positive, with the possible
exception of ag. For later reference, let us repeat here the defining recurrence
relations for the p,’s and ¢,,’s in this case:

Pn+1 = An+1Pn + Pn—1 (1-7)
n+1 = An41qn + qn—1 . (1.8)

Since gop = landg; = a; > landa, > 1 foralln > 1, we deduce from (1.7)
that ¢, +1 = ¢n + gn—1. This tells us that the sequence (g, ) grows at least as fast
as the Fibonacci sequence: by an easy inductive argument, it follows from this last

inequality that
n
L1+
dn = \/g 3 .

Presently, what is more important for our purposes is that g, — oo monotonically
as n — oo. Dividing both sides of (1.6) by ¢»—1¢9n, we have

L N G Vil
4dn dn—1 dn—19n

(1.9)

This shows that the sequence of rational numbers p,/q, is a Cauchy sequence,
and therefore the limit
. Pn
o = lim — (1.10)
n—>0o0 qn
exists. This number must be irrational (why?). We stress that the rational num-
bers py /qn are already in irreducible form, for (1.6) implies that ged(py, gn) = 1.
These rational approximations to « are called the convergents of o, while the co-
efficients a, are called the partial quotients of «.

Next, we note that (1.9) implies, by a simple telescoping trick, the relation

n—1 i
—1)Jt1
Pn =a0+ZL. (1.11)
n —o 479j+1
j=0
Letting n — oo here yields « as the sum of an infinite convergent series, namely

~ .
—1Jt1

a = aO+ZL. (1.12)
j=0 1i4j+1
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These facts tell us that the convergents p, /¢, alternate around « (their limit). In

fact, again using that (g,) is an increasing sequence, we have
&<Q<...<p2n<...<a<...<p2n+1<...<ﬁ<&. (113)
qg0 42 q2n q2n+1 3 41

Furthermore, if we subtract (1.11) from (1.12), we get

0o .
—1Jt1
D 3=
qn i=n qjqj+1
and from this it follows that
1 1
< —2 s
dndn+1 qn

foralln > 0.
Summarizing, we have proved one half of the following result.

Theorem 1.1. Given a sequence of integers ag,ay, . ..,an, ... witha, > 1 forall
n = 1, there exists a unique irrational number o with the following properties.

(i) Writing, for eachn > 0
1
Pn = ag + i
n a +

ar + ——

as an irreducible fraction, we have

< forall n>0.

‘ Pn
a—_
4dn

dndn+1

(ii) The convergents py /qn alternate around «, and their limit is «.

Conversely, given an irrational number o, there exists a unique sequence of inte-
gers ap,ai,...,dn,... withay > 1 foralln > 1 such that

1
o = lim ag+ I . (1.14)

n—o0
ap +
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Proof. By now, only the converse statement at the end requires proof. Given the
number «, define g = |« and let g = «. Next, define

1
o = and a; = |o1] .
oo —Aaop

Note that «; is a well-defined, positive irrational number, and that a; is a posi-
tive integer. Now proceed inductively in this fashion: having defined the positive
irrational number o, and the positive integer a,,, let

1

Op —dp

Unt1 = and ap41 = [ap+1] .

This produces the desired sequence of integers. We leave to the reader the task of
proving that, indeed, (1.14) is satisfied. O

We close this section with the following remark. Let G : [0, 1] — [0, 1] be
defined by G(0) = 0 and

Gla) = {é} , foralla #£ 0.

This is the so-called Gauss map, which is extremely useful in the study of contin-
ued fractions. Also, leta; : [0,1] — Z™ be given by

ay(a) = LéJ

This is, of course, the first (non-zero) partial quotient of & € (0, 1]. Then, if a, («)
denotes the n-th partial quotient of oz, we have

an+1 = a1 oG"(a), foralln > 0. (1.15)

Thus, there is an intimate relationship between the continued-fraction development
of a real number in [0, 1] and the dynamics of the Gauss map. In particular, many
interesting statistical properties of the partial quotients can be derived from the
ergodic theory of the Gauss map. This will be fully explained in Appendix A.

Remark 1.2. We warn the reader that, for notational convenience, later in this book
we will write ag for the first partial quotient of a number « € (0, 1], instead of a;.
Thus, the indices in the sequence of partial quotients will all be shifted by 1.
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1.2.2 Best approximations

The convergents of an irrational number « are the best rational approximations to
o, in a sense that is made precise in the following result.

Theorem 1.2. If p,/qn denotes the n-th convergent of the irrational number «,
forn=0,1,..., then

(i) Foralln > 0, we have

1 DPn
— < |la—— . (1.16)
qn(qn + qn+1) dn dnqn+1
(ii) We have
|goa — pol > lq1t — p1| > -+ > [gnat — pp| > -+ .
(iii) If p, q are non-zero integers such that
lgoe — p| < lgn — pal . (1.17)

for somen = 0, then q > qn+1-

Proof. The right-most inequality in (1.16) was proved in Theorem 1.1. Since the
convergent p,+42/qn+2 lies between o and the convergent py, /¢y, we have

Dn+2  Pn
dn+2 4n

‘a— Pn (1.18)

dn

The recurrence relations defining p,, g, easily imply the identity
Pn+2qn — Pndnt2 = (—1)"an42 .
Using this identity in (1.18), and taking into account that a, +, > 1, we get

dn+2 An+2 1

= ,
dndn+2 qn(@n+2qn+1 + qn) qn(qn+1 + qn)

' Pn
a —_——
dn

and this establishes the left-most inequality in (1.16). Hence, (i) is established.
In order to prove (ii), we multiply the inequalities in (1.16) by g5, obtaining

1 1
——— < |gna — pn| < .
qn + qn+1 qn+1

(1.19)
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These inequalities are valid for all # > 0. Butifn > 1 then g,+1 = gn + qn—1,
and therefore

1
|gnat — pn| < ————— < |gn—10t — pn—1]| .
qn + qn—1

This proves (ii).
Finally, we prove (iii). Let us suppose that (1.17) holds, but 0 < ¢ < ¢n+1.

Note that since the matrix
Pn  DPn+1
dn 4n+1

has determinant equal to 1, there exists a unique pair of integers i, v such that

P = WUpn +Vppt1 and ¢ = pUqn + Vqnt1 - (1.20)

We claim that ¢ and v are both non-zero. For if ¢ = 0 then ¢ = vgp+1 and v
is necessarily non-zero, implying ¢ > ¢, +1, contrary to assumption. Likewise, if
v =0, then p = upy, g = gy with u # 0, and so

lga — p| = || - lgnet — pnl = |gnot — pul ,

again contrary to assumption. Thus, i # 0 # v. Next, we claim that ;£ and v have
opposite signs. Indeed, if they had the same sign, then from the second equality
in (1.20) we would have ¢ = |¢| > ¢gn+1, again contrary to assumption. Now,
we note that the numbers g, — p,, and g, +10¢ — p,+1 have opposite signs (see
(1.13)). Therefore the numbers

w(gna — pp) and v(gn+1% — pn+1)

have the same sign. Therefore we have

lga — p| = |u(gna — pn) + v(gn+12 — pp+1)|
= || lgna — pu| + V|- lgn+12 — pu+1l
> |ul-|gna — pn| = |gna — pnl .

This is again a contradiction. This proves that ¢ must be greater than or equal to
gn+1, and we are done. O
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We close this section with a word on notation. Given any real number x, it
is customary to denote by || x|| the distance from x to the nearest integer, that is,
lx|| = min{|x —m|: m € Z}. Itis easy to see, from the above discussion, that

lgnll = |gnoe — pn| forall n>0.
Hence, Theorem 1.2 (ii) tells us that

lgoll > llgrecll > -+ > lignaf > -

1.3 Weyl’s equidistribution theorem

The points of a single orbit of an irrational rotation are not just dense in S !, they are
also uniformly distributed in some sense. This fact, although intuitively obvious,
requires clarification and proof. This is our purpose in this section.

1.3.1 Equidistribution

Let us start with a definition.

Definition 1.1. 4 sequence of real numbers xo, X1, ..., Xn, . .. is said to be equidis-

tributed modulo one® if for every interval A < [0, 1] we have

1
Iim —#{0<n<N—-1: {x,} € A} = |A] (1.21)
N—oo N

where, as before, {x} = x — | x| denotes the fractional part of x.

Alternatively, (1.21) can be written as

1 N-—1 1
lim N;Om({xn}) - fo ya()dx | (1.22)

N—>o0

where y 4 is the characteristic function of the interval A.
In a classic paper published in 1914, H. Weyl proved the following criterion
for equidistribution.

Theorem 1.3 (Weyl’s Criterion). For a sequence of real numbers (xp)n>o0, the
following are equivalent.

30r, equivalently, uniformly distributed modulo one.
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(a) The sequence (xp) is equidistributed modulo one;

(b) For every continuous function ¢ : R — C, periodic of period one, we have

1 N-1 1
ﬁgﬁgmm=ﬁwmm;

(¢) For eachm € Z*, we have

lim — } :emexn —

N—oo N

Proof. To see that (a) implies (b), note first of all that it suffices to prove (b) for
real valued functions (periodic of period one). Given such a ¢, approximate it
uniformly on the unit interval by means of a sequence of step functions. Since
each step function is a linear combination of characteristic functions of intervals,
equality (1.22) holds for step functions as well. From the equality in (b) follows,
first for the step functions themselves, and then for ¢ by the uniform approximation.
Now, (b) clearly implies (c¢), for we can simply take ¢(x) = exp{2ximx}. To
prove that (c) implies (b), consider the algebra o7 of so-called Laurent polynomials

£
P(X)Z Z CmeZHimx

m=—k

where k, £ are non-negative integers and ¢, € C for all m. It is clear that o/
contains the constant functions, separates points of [0, 1] and is invariant under
complex conjugation. Therefore, by the Stone—Weierstrass theorem, .o is dense
in Cg([O, 1]). Thus, given ¢ as in (b) and € > 0, there exists P. € .7 such that
SUpPyefo,1] [(x) — Pe(x)| < €. This implies at once that

1 1
‘/ <p(x)dx—/ P.(x)dx| <€ (1.23)
0 0
and also, for all N > 1, that
| Nl
NZM)——ZPm) (1.24)
n=0
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If ¢¢ denotes the constant term of P, then applying (¢) we deduce that,as N — oo,

1 N-1 1
n=0 0

Combining this fact with (1.23) and (1.24), we get

1 N-1 1
Nli_r)noo ‘N’;(p(xn)—/o e(x)dx| < 2e.

But since € is arbitrary, (b) follows. Finally, to prove that (b) implies (a), let A C
(0, 1) be an interval, and let € > 0. Take two functions ¢ and v, both continuous
and periodic of period one, with ¢(x) < ya(x) < ¥(x) forall 0 < x < 1, such
that

1 1 €
/0 wx)dx—/o o) dx < 5

Note that the integral of y o over the unit interval is squeezed between these two.
Moreover, for all N > 1 we have

1 = 1 N1 | V-1
N ’; @(xn) < N ’; xa({xn}) < v ’;) V(xp) .

But, by (b), for all sufficiently large N we have

1 N-1 1 ¢
|N > wtn - [ ewx| <5,
n=0
as well as
1 N-—1 1 ¢
¥ 2 vt = [ v < S,
n=0
Combining these facts we deduce (a), and this completes the proof. O

Corollary 1.1. Every orbit of an irrational rotation Ry: x — x + 6 (mod 1) is
equidistributed modulo one.
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Proof. Since Rj(x) = {x + n6} for all n, we must prove that the sequence x, =
x +n0 is equidistributed modulo one. This we do using part (c) of Weyl’s criterion;
given m € Z*, we see that

—_

N— i N—-1
eZJnmx

1 . . n
- 2rim(x+nf) _ 2mwim6
N2 =5 X (e )
=0 n=0
e27timx 1— eZTrimN@

N 1 — e2mimb

S

Therefore
N-1 2wimNG6
lim L | ST p2mimGene)| _ oy |12
N—oo N =0 N—ooo N | 1 _eanmG ’

and we indeed deduce from (c) that the orbit is equidistributed modulo one as
asserted. O
1.3.2 A simple application

Following Arnold and Avez [1968], let us illustrate the usefulness of Weyl’s cri-
terion by solving a simple problem in Number Theory. Write down the list of all
powers of 2 in base 10, in ascending order:

1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, ...

Consider the sequence consisting of the left-most digits of the above numbers,
namely
1,2,4,8,1,3,6,1,2,5 1, 2, ... (1.25)

Then ask a couple of natural questions:
(i) Does the number 7 appear in the above list of first digits?*

(i1) If so, with what frequency?

“In the old days when Arnold and Avez discussed the problem, pocket calculators were not
available. Today anybody with one at hand and a bit of patience can check by brute force that
the answer to the first question is ’yes’. Indeed, the first occurrence of 7 as first digit happens in
246 = 70368744177664.
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Let us see how Weyl’s criterion — or rather, Corollary 1.1 — can aid us in pro-
viding answers to these questions. First, we need to express the first digit d,, of 2"
written in base 10 as a function of n. If we take the logarithm in base 10 of each
term in our sequence of powers of two, we get the sequence

Xp = nlog;o2.
The simple but crucial observation here is the following:
dpn =k e{l,...,9} < {xn} ={nlog,o2} € [logok,log,o(k +1)) .
But 6 = log, 2 is irrational (why?). Hence, by Corollary 1.1, the sequence (xy)

is equidistributed modulo one. In particular, we have

. 1 1
ngnooﬁ#{ogn <N:d,=k} = loglo(l—i-E) > 0.
In other words, all digits from 1 to 9 appear with positive (asymptotic) frequency
in the sequence (1.25). The (asymptotic) frequency for the specific case of 7 is

8
logp > = 0.05799...

This, of course, answers questions (i) and (ii) posed above: the digit 7 does appear
in (1.25), with an asymptotic frequency of about 5.8%.

1.4 Ergodicity of irrational rotations

Throughout this book, we denote by leb the normalized Lebesgue measure on the
unit circle. More precisely, if A C S! is an interval, then leb(A) is just the
Lebesgue measure of 771 (A4) N [0, 1) in the real line, where 7 : R — S is the
standard covering map. Since it lifts to a translation, any rotation preserves the
Lebesgue measure on S !. We finish Chapter 1 by proving ergodicity of irrational
rotations.

Lemma 1.5. The Lebesgue measure is ergodic under any irrational rotation.

Recall that if (X, i) is a measure space and ¢ : X — X is a measurable
map that preserves u, we say that u is ergodic under ¢ if, for every measurable
set A € X which is invariant under ¢ (meaning ¢~'(4) = A), we have either
w(A)y =0or u(X \ 4) =0.
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Note that Lemma 1.5 above is certainly not true for rational rotations (why?).
As it turns out, Lemma 1.5 follows from what we have done in Section 1.3.1. In-
deed, if the sequence {xj,},en in Theorem 1.3 is given by an orbit, i.e., x, =
X0 + na (mod 1) for some initial condition x¢ € R, then part (b) of Weyl’s crite-
rion is saying that the Birkhoff averages of any continuous function ¢ : R — C,
periodic of period one, along the given orbit {x,} converges to fol ¢(x)dx. This
establishes the ergodicity of the Lebesgue measure under R,. However, the proof
given below (which uses the notion of Lebesgue density point) is easier to adapt
to more general situations (see for instance Theorem 3.10 in Chapter 3).

Proof of Lemma 1.5. Leta € [0, 1]\ Q and let Ry, be the rotation of angle o in S 1.
Let us assume, by contradiction, that there exist two disjoint Ry-invariant Borel
sets A and B in the circle, both having positive Lebesgue measure. Let xo € S'!
be a density point of A. Recall that this means that

) leb ((xo —&,x0+¢&)N A)
lim
e—0 2¢e

=1.

Since A is Ry-invariant and Ry is an isometry, we have that
leb (R} (x0) — &, Riy(x0) + &) N A) = leb (R} (xo — &, x0 + &) N A)
= leb (R} ((xo — &, x0 + &) N A))
= leb ((xo — &, x0 + £) N A).
Therefore, R}, (x¢) is a density point of A for all n € N. In the same way, let

yo € S! be a density point of B. For any given § € (3/4,1), lete > 0 be
sufficiently small so that

leb ((xo —&,x0+¢e)N A) >2e8 and leb ((yo —&,y0+¢)N B) > 2¢6.

By Proposition 1.1, the positive orbit {RZ (xo)}n cn 1s dense in the circle. More-
over, as we just observed, all its points are density points of A. This allows us to
assume that xo € (yo — ¢, yo + ¢). Finally, since A and B are disjoint to each
other, we obtain
2e8 < leb ((yo — €. yo + €) N B)
< leb ((yo — &, yo + &) U (xo — &, x0 + &) — leb ((xo — &, x0 + &) N A)
< 3e—2¢6.

This implies that § < 3/4, a contradiction. O
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Remark 1.3. Yet another proof of Lemma 1.5 can be given by means of Fourier
series. Indeed, just as before let & € [0, 1]\ Q and let Ry be the rotation of angle
ain S'1. We claim that if ¢ : S — C belongs to the Hilbert space L>(S') of
square-integrable functions (with respect to Lebesgue, i.e., [ |¢|> d leb is finite)
and satisfies ¢ o Ry = ¢ at Lebesgue almost every point, then ¢ is constant
almost everywhere. Indeed, as it is well known, there exists a (unique) bi-infinite
sequence {ay }nez of complex numbers satisfying

(p(x) — Za” eZninx

nez

for Lebesgue almost every x € S! (the numbers a, are the Fourier coefficients
of ). In particular,

Ra(x) Za lenna 2n'lnx

nez

Now suppose that ¢ is Ry-invariant, in the sense that ¢ o R, = ¢ at Lebesgue
almost every point. By uniqueness of the Fourier coefficients, a,, e27'"* = a,, for
alln € Z. Since « is an irrational number, e27** £ | for all n # 0. This implies
that a, = 0 for all n # 0. In other words, ¢(x) = ao for Lebesgue almost every
x € S'!. Thus, we have proved that if ¢ € L2(S') satisfies ¢ o Ry = ¢ almost
everywhere, then it is constant almost everywhere. This implies the ergodicity of
the Lebesgue measure under R,,.

In Exercise 1.12 below we outline a proof of the fact that the Lebesgue mea-
sure is the unique invariant measure of an irrational rotation. Dynamical systems
preserving only one probability measure are called uniquely ergodic. As we will
see in Section 2.3, any circle homeomorphism without periodic points is uniquely
ergodic.

Exercises

Exercise 1.1.

(1) Let G be an additive sub-group of the real numbers. Show that G is either
discrete or dense in R (Hint: Discussona = inf{g € G : g > 0}).

(if) Let p € [0, 1], and note that the set G, = {np+m : n,m € Z}isa
sub-group of R. Show that G, is discrete if, and only if, p € Q.
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(iii) Let R, : S — S! be the rigid rotation of angle p € [0, 1], and note that
ﬁRa(n(x)) =n(x + Gp)

for any x € R, where 7 : R — 9D is the usual covering map 7 (¢) = €27,
With this and the previous items, describe the dynamics of any rotation, as
in Section 1.1.1.

Exercise 1.2. Let 0 < o, < 1 be real numbers, and suppose that there is a
continuous monotone map s : S — S!suchthatho Ry = R g © h. Show that
o = B.

Exercise 1.3. 1f g5, n > 0 are the denominators of the convergents of an irrational

number «, prove that this sequence always grows at least as fast as the Fibonacci
numbers. Deduce that

. 1+45
Cln/ﬁ 2

Exercise 1.4. Prove the identity (1.15).

n
) , foralln > 0.

Exercise 1.5. Given an irrational number «, let a,, n > 0, be the partial quotients
of its continued-fraction development, and let g, n > 0, be the denominators of
the corresponding convergents.

(i) Show that

dn
dn—1

= lan, an-1, ... ,a1] , foralln >1.

(i1) Show that, for all n > 2, we have

lgn—1ell = anllgnecll + llgn+1a| .

o = | Yt
n — .
lgne]

Exercise 1.6. Let the sequence (x,),>0 be equidistributed modulo one, and let
(an)n>o0 be a sequence that converges to zero in the Cesaro sense, i.e.

and deduce that

o1
lim —(ao +a1+:-+ap—1)=0.
n—oo n

Prove that the sequence (x, + o, )n>0 is also equidistributed modulo one.
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Exercise 1.7. Let 6 be a positive irrational number, and let (x,), >0 be the sequence
givenby xo = 0, x; = 6, and x, = (n + (logn)~1)0 for all n > 2. Show that

(xp,) is equidistributed modulo one.
1+5)"
2
is not equidistributed modulo one.
Exercise 1.9. Suppose f : Rt — R is a differentiable function such f’(x) — 0
as x — 00. Show that

1 N-1 1 N
Ly s _ L / 270 g o
N = N Jo

Exercise 1.8. Show that the sequence

Xn =

as N — oo.

Exercise 1.10. Let f be as in the previous exercise, and suppose in addition that
lim xf'(x) = A€ [~o0, +0o0].
X—>00

(1) If A is finite, show that the sequence x, = f(n) is not equidistributed
modulo one.

(ii) If A = 400 and f’ is monotone, show that x, = f(n) is equidistributed
modulo one.

Exercise 1.11. Using the criterion provided by the previous exercise, show that

(i) The sequence x, = n? is equidistributed modulo one provided 0 < o < 1.

(i) The sequence x,, = logn is not equidistributed modulo one.

Exercise 1.12. Leta € [0, 1]\ Q and let R, be the rotation of angle o in S !. Given
a continuous function ¢ : ' — R, consider the sequence {¢p : S ' 5 R}, en of
its Birkhoff averages, i.e., ¢, (x) = n~1 Z'};}) (p(R,{[ (x)) forallx € S1.
(i) Endowing the space C°(S!,R) with the uniform convergence topology,
show that the sequence {¢, } is pre-compact (Hint: Apply the Arzela—Ascoli
Theorem).
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(ii) Show that {g,} converges (uniformly) to the constant [ ¢ d leb (Hint: Com-
bine Lemma 1.5 with Birkhoff’s Ergodic Theorem, and then apply the pre-
vious item).

(iii) Deduce that R, is uniquely ergodic (Hint: Using again Birkhoff’s Ergodic
Theorem, show that if u is an Ry-invariant probability measure, then
[edu = [@d lebforany ¢ € CO(S!, R)).

Exercise 1.13. A vector ¢« = (aq,...,a,) € R” is said to be rationally inde-
pendent if whenever a linear combination ij’f k jo; with integer coefficients
ki,...,k, belongsto Z,thenk; = kp = --- = k,, = 0 (in other words, the n + 1
numbers o1, ..., ®y,, 1 are rationally independent).

Now let T = R"/Z" = S x S x-...x S be the n-dimensional torus. The
purpose of this exercise is to guide the reader to prove that the Lebesgue measure
on T7” is ergodic under the rotation Ry : T" — T" given by

Roy(x1,...,xn) = (1 +01,...,X5 + ) (mod1),

provided the vector « is rationally independent. With this purpose, we will proceed
as in Remark 1.3 to prove that if ¢ : T" — C belongs to L2(T") and satisfies
¢ o Ry = ¢ at Lebesgue almost every point of T”, then it is constant almost
everywhere.

(1) Just as in Remark 1.3, write

 —j=n
ean Yicikjx;

X1 X)) = D> gk,

(ki,....kn)ezn

for Lebesgue almost every (x1, ..., x,) € T", where the complex numbers
g, ...k, are the Fourier coefficients of ¢.

(i) Show that .
ko jon (1 — T EIZTRI%7) =

forall (ky,...,kn) € Z".
(iii) Show that ¢(x1,...,Xx,) = ao,...,0 for Lebesgue almost every (x1, ..., x,).
(iv) Conclude that the Lebesgue measure on T” is ergodic under R.

Exercise 1.14. Arguing as in Exercise 1.12, prove that Ry, : T" — T” is uniquely
ergodic, provided « is rationally independent.



We will study the orbit structure of orientation-preserving homeomorphisms of
the unit circle. As is customary, we will identify the boundary of the unit disk
0D = {z € C : |z| = 1} with the one-dimensional torus S! = R/Z.

Every orientation-preserving homeomorphism f : §! — S lifts to an in-
creasing homeomorphism F : R — R such that F(x + 1) = F(x) + 1 for all
x € R, i.e. such that

R—LR

ﬂl lﬂ
sl —— §1

S

is a commutative diagram, where 7 : ¢ > e2"!! is the exponential covering map.
The lift F is not unique, but any two choices differ by an integer; if we require
that, say, F(0) € [0, 1), then F is uniquely determined. Note that we can write
F(x) = x + ¢(x) for all x, where ¢ : R — R is a continuous periodic function
with period one.

The natural order structure of R (or S'!) makes it “easy” to understand and
classify f’s as above up to topological equivalence, as we shall see.
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2.1 Translation and rotation numbers

Rotation numbers were first introduced by Poincaré. We will give here three equiv-
alent definitions of rotation numbers and, via lifts, of translation numbers as well.

2.1.1 The classical definition

Following Herman [1979], let us denote by Difﬁ(S 1) the class of orientation-
preserving homeomorphisms of the circle, and by D(S!) the class of all lifts of
such homeomorphisms to the real line.
We define the translation number of F € D°(S1) to be the limit
F*(x)—
!(F) = lim =% @.1)
n—o00 n

Thus, t(F) measures the limiting average amount by which F translates points on
the real line. For this definition to make sense, we need of course the following
basic result.

Proposition 2.1. For every F € D°(SV), the limit in (2.1) exists and is indepen-
dent of x. Moreover, the convergence is uniform in x.

The proof will come in a moment. For now, note that if we are given two lifts
Fi and F, of the same f € Diffﬂ)r(Sl), then t(F1) — t(F>) is an integer. This
motivates Poincaré’s definition, namely the following.

Definition 2.1. 7he rotation number of f € Diffﬂ)r (S, denoted p(f), is the
residue class modulo one of T(F'), where F is any lift of f.

In other words, p( ) measures the limiting average amount by which f rotates
points on the circle.

Let us now prove Poincaré’s fundamental result concerning rotation (and trans-
lation) numbers, namely Proposition 2.1 above. Consider the periodic function
¢F (x) = F(x) — x. The basic fact to observe is that

sup ¢ (x) < inf @p(x) + 1, 2.2)
xeR x€R

and that this is true for every F € D%(S1). In particular, (2.2) holds if we replace
F by any iterate F". Therefore it is clear that in order to prove that the limit (2.1)
exists for all x, it suffices to prove that

1
lim — sup @pn(x) (2.3)
n—oon
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exists, and this will be the common limit for all x. There is no loss of generality
in assuming from the beginning that F'(0) > 0, so that «, = sup,cgr ¢Fn(x) =0
for all n > 0. Hence the existence of the limit in (2.3) is reduced to the following
simple but extremely useful lemma.

Lemma 2.1. Let (an)n>0 be a sequence of non-negative numbers. If (o) is sub-
additive, i.e. if Omin < m + oy for all m,n > 0, then the sequence oy, /n
converges to a limit.

Proof. Givenn > 0 fixed and m > n arbitrary, we can write m = kn + r, where
0 < r < n. Hence, by sub-additivity, oy, < koy + ap. This gives us
am an ar an ar

Im < TR AP
m\n—l—% m - n  om

and since «, ranges over a finite set of values, we get limsup,,_, o, (0tm/m) <
oap/n forall n > 0, or yet

. Um . . Oy
lim sup — <lim inf —,
m—oo0 M n—-oo n

and so the limit exists. O

This completes the proof of Proposition 2.1.

2.1.2 The order definition

An alternative way to define the rotation number of f € Diff{_)|r (S1) is to use the
relative order of points of orbits of f along the circle. As before, let F € D(S1)
be a lift of f. Consider the sets

Q+(F)={§EQ: Fi(x) < p+x, forall xeR}
Q_(F)={§€Q: Fi(x) > p+x, forall xeR}

These sets determine a Dedekind cut of the rational numbers; this is left as an
exercise to the reader. Hence we can define the translation number of F' as the
real number « determined by this Dedekind cut. To see that o agrees with the
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number given by the first definition, consider two sequences of rational numbers
Pn/qn € Q7 (F) and P,/ Qn, € QT (F), both converging to «; in particular,
P,
Py < 2

qn On
By induction, we have for all x € R
X+ Qupn < FUO1(x) < x+qnPn
Dividing these inequalities by g, O, yields
Fan On — P
pn _FTE)—x o o Pa
qn qnQn On
Letting n — oo and applying Proposition 2.1, we see that indeed o = 7(F).

2.1.3 The measure-theoretic definition

Yet another way to define the rotation number of f € Diffgr (S'1) is to consider,
for any given lift F € D°(S1) of f, the real function ¥ r : S — R whose lift
under 7 is F — Id, that is: F(x) = x + Y (e2™'*) for all x € R . We claim that
for any given f-invariant Borel probability measure y we have

o(f) = /S r du (mod1) 2.4)

Indeed, the point here is that the real function % given by

= 1l J
vE=ln Z veof
is well defined on the whole circle and it is constant, equal to (F) (note that
this implies at once the identity (2.4), since Js1VE du = [¢1 ¥F du by the
f -invariance of ). To see that l/f £ is well defined and constant, let x € S and
let xo € R be such that 7(x¢) = x. Then

n—1 n—1 n—1
Y vr(f/@) =Y vr(r(F (x0) = > (F —1d)(F/ (x0))
j=0 j=0 j=0

— Z (F7*!(x0) — F7(x0)) = F"(x0) — Xo.
=0
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By Proposition 2.1, we have ;ﬂ\;(x) = 1(F), as desired. The equivalent definition
of'the rotation number of a circle homeomorphism given by (2.4) will not be further
mentioned in this book, but it is important in its own right.

2.1.4 Properties of the rotation number

Let us now take stock of some useful properties of the rotation number. The first
one establishes the fact that the rotation number is a topological invariant: two
topologically conjugate (or even semi-conjugate) circle homeomorphisms have
the same rotation number. In other words, the equivalence classes of Dift(_),_ (ShH
under topological conjugacies are contained in the level sets of p.

Lemma 2.2. Let f, g € Difﬂ(Sl) andleth : S — S be a continuous, degree
one monotone map such thath o f = g oh. Then p(f) = p(g).

Proof. Let F,G € D°(S!)and H : R — R be lifts of f, g and & respectively,
sothat H o F = G o H in the real line. Given y € R let x € R be such that
H(x) = y. By induction, one easily obtain that G"(y) = H (F n (x)) for all
n € N. Then we write

G"(y) _ (H—-1d)(F"(x)) PG
n o n n

foralln € N .

Since H is a lift of &, the difference H — 1d is bounded in the whole real line, and
then Proposition 2.1 implies Lemma 2.2. O

The next result states that the rotation number behaves additively over any
family of commuting homeomorphisms.

Proposition2.2. If f.g : S' — S are homeomorphisms such that f og = go f,
then

p(fog) = p(f)+p(g) (modl).

Proof. Let F, G : R — R be lifts of f and g, respectively, with the property that
F oG = G o F (the existence of lifts with this property is left as an exercise). Let
us fix x € R. From the definition of translation number, we see that

(FoG) = nlgréo% [(F o G)"(x) — x]

. 1
= lim {—
n—>oo (n

[F"(G"x) — G"x] — % [G"x —x]¢ . (2.5)
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Note that we have used that (F o G)" = F™ o G", which is true because F and
G commute.

Now recall that the periodic function ¢, = F"—1 satisfies sup ¢, —inf¢p, < 1
for each n > 0. In particular, we have —1 < ¢,(G"(x)) — ¢n(x) < 1, and
therefore

1 1 1 1
—— < —[F"(G"x)=G"x] - = [F"x—x] < =,
n n n n
for all n > 1. Taking this information back to (2.5), we get 7(F o G) = ©(F) +
7(G). Reducing modulo 1, we deduce that p( fog) = p(f)+p(g) as desired. [

We remark that Proposition 2.2 implies the useful formula

p(f") =np(f) (modl),

for any circle homeomorphism f.
The third property we wish to establish tells us that the topological invariant
o(f) varies continuously with f,in a sense to be made precise below.
Let us introduce a topology on the set of lifts D(S'!). Given F,G € D°(S1),
let
d'(F,G) = sup |F(x)—G(x)|.

xeR

This defines a metric in D?(S1), as the reader can easily check (exercise). The
topology in DO(S1), thus, is the topology induced by this metric. We may also
consider the space & of continuous functions v : R — R which are periodic of
period 1, endowed with the metric given by the same expression as above. The
topology given by this metric has the following property: For each x € R, the
evaluation map X : & — R given by xX(¢¥) = ¥ (x) is continuous.

Likewise, we may consider in Diff’(S!) the metric given by

d"(f.g) = sup | f(x) =gl

xeS'!

The reader is invited to check that this is indeed a metric, and that the natural map
(D°(S1),d") — (Diff%(S1), d"), associating to each lift the corresponding circle
homeomorphism, is continuous.

Proposition 2.3. The translation number function t : D°(S') — R is continuous.
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Proof. For each fixed n > 0, the map 8, : D°(S!) — & given by

1 n
F ;[F — 1]

is continuous. Fix x € R. As the reader can check (see Exercise 2.4), we have

I[F”(x)—x]—r(F) < —. (2.6)

n

S| =

Since .
XoBu(F) = ;[F"(X)—X],

it follows that the sequence of continuous functions {X o 8, } converges uniformly
to 7. Therefore 7 is continuous.
O]

Corollary 2.1. The rotation number map p : Difﬁ)r (S — Sis continuous.

Proof. This follows at once from Proposition 2.3 and reduction modulo 1. 0

2.2 Topological dynamics of homeomorphisms

Let us briefly recall some simple notions from topological dynamics. If T : X —
X is a homeomorphism of a compact metric space, the w-limit set of apoint x € X
under T, denoted w7 (x), is the set of all accumulation points of the forward orbit
of x. In other words, y € wr(x) if and only if there is a sequence n; — oo
such that 7" (x) — y. Similarly, we define the «-/imit set of x under 7', denoted
ar(x), to be the set of all accumulation points of the backward orbit of x. Thus,
y € ar(x) if and only if there is a sequence n; — —oo such that 7" (x) —
y. Both ar(x) and wr(x) are closed, non-empty, and totally invariant (in the
sense that T (a7 (x)) = ar(x), and similarly for w7 (x)). A compact invariant
set A is said to be minimal under T if w7 (x) = A for any given x € A. The
non-wandering set of T, denoted §2(T), is the set of all x € X such that for
all neighborhoods U > x we have T"(U) N U # @ for arbitrarily large n € N.
Equivalently, x € £2(7T') ifand only if x € w7 (x). The non-wandering set is totally
invariant also. As the following sections show, and in marked contrast with other
one-dimensional dynamical systems, these sets have a very simple description in
the case of homeomorphisms of the circle.
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2.2.1 Rational rotation number

We now take up the task of showing that, for a circle homeomorphism, having
rational rotation number is equivalent to possessing periodic orbits.

Proposition 2.4. For any f € Diff(i (S1) we have that p(f) € Q if, and only
if, f admits at least one periodic orbit. In this case, if p(f) = p/q, all periodic
orbits of f have period q.

Proof. Let F € D°(S!) be a lift of f. If f has a periodic point (x) (say of
period ¢), then there exists p € Z such that F4(x) = x + p. This implies that
F"4(x) = x + np, and then
o FMx) . x4np _p
lim = lim =L
n—oo  nq n—o00  ng q

Therefore, p(f) = p/q (mod 1). On the other hand, by Proposition 2.2, we know
that p(f™) = m p(f) (mod1) for any m € N. In particular, if p(f) = p/q, we
have p(f?) = 0. This shows that it is enough to prove that if p(f) = 0, then f
has at least one fixed point. To see this, let F € D%(S') be the lift of f given
by ©(F) = 0. If F has no fixed points (and since F' — Id is periodic), there exists
8 such that !F(x) — x} > 6 for all x € R. Say that F(x) > x forall x € R
(the case F(x) < x can be treated in exactly the same way). Then F(0) > 4,

F2(0) > F(0) + 8 > 26, ..., F"(0) > nd, ... and so forth. But then § < £-(©),
which goes to zero. This contradiction shows that F' (and then f') has at least one
fixed point.

Finally, suppose that p(f) = p/q, and let us prove that all periodic orbits of
f have period g. Let F be the lift of f such that t(F) = p/q, and let w(x) be a
periodic point for f. Then there exist integers r, s such that F"(x) = x + 5. Now,
Fkr(x) s

’

k—oo kr r

p(f) =2 = 1im
q

and then s = mp and r = mq for some m. If F4(x) — p > x, then
F?4(x)=2p = FI(F(x) — p) —p > FI(x) = p > x.

Proceeding inductively in this fashion, we deduce that F/4(x) — jp > x for all
Jj = 1. In particular, this gives us x < F™4(x) —mp = F"(x) — s, which is
impossible. In the same way, assuming F'4(x) — p < x leads to a contradiction.
Therefore 7 (x) is periodic for f if, and only if, F9(x) = x + p. In particular, all
periodic orbits of f have period g. O
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Let us present another proof of the fact that if p(f) = p/q, then all periodic
orbits of f have period ¢. Let 7 (x) be a periodic point of period ¢. Then the set
S\ Oy (m(x)) is made up by ¢ pairwise disjoint intervals /1, ... , I, which are
permuted by f. Moreover, f/(I;) = I; if, and only if, j = ¢. In particular,
S|y, is an orientation-preserving self-homeomorphism of the interval /;, and
then its dynamics are quite simple: any point is asymptotic, both forwards and
backwards, to a fixed point. Now if 7 (y) is a periodic point for f different from
(x), then ﬁ’f(n(y)) N Iy # @. Say that w(y) € I;. Then fq(n(y)) = n(y),
that is, 7 (y) is periodic with period ¢. Note that this argument also implies the
following fact.

Lemma 2.3. Let f € Difﬁ(S Yy with rational rotation number. For any given
x €S, the set a 7 (x) is a periodic orbit of f, and the same for w 7 (x).

2.2.2 Irrational rotation number

Proposition 2.5. Let f : S' — S be a homeomorphism without periodic points.
Then 2(f') is a non-empty, compact perfect set, and in fact a y(x) = w(x) =
Q(f) forall x € S'. Moreover, if 2(f) is not the whole circle, then it is also
totally disconnected, i.e., a Cantor set.

Proof. Let x and y be any two points of S'. If y € #(x), then by total in-
variance we have w s (y) € wy(x). If y ¢ wz(x), then let J be the connected
component of S\ w #(x) that contains y. Then J is a wandering interval, i.e.
its images are pairwise disjoint, because f has no periodic points. In particular,
> wez | f™(J)] < 1 = length of S, which implies | f"(J)| — 0 as |n| — oo.
Therefore, if a denotes any of the endpoints of J, we have dist( f " (a), f"(y)) —
0 as |n| — oo. Thus, if f™(y) converges to some point z € S !, so does " (a).
Sincea € w r(x), this shows thatw £ (y) € w ¢ (x) in this case also. Interchanging
x and y we see that in fact w s (x) = wr(y), so the w-limit set of any point of
S under f is the same. Now we claim that £2( f) agrees with @ #(x), for any
x € S Indeed, if y € 2(f), then y € wr(y) = wr(x),s0 2(f) € wr(x).
Conversely, if a point y belongs to w r(x), then it belongs to its own w-limit set,
and therefore it belongs to £2( /). One shows similarly that o ¢ (x) = £2(f) for
all x. Also, an isolated point of §2( f) would necessarily have to be periodic, con-
trary to assumption, so §2( f') is indeed a perfect set. To prove the last assertion, if
Q(f) # S, then its boundary 92( f) is non-empty, closed and totally invariant.
Hence, if z € 052(f), we have 082(f) 2 wr(z) = 2(f),s0 2(f) = 02(f),
and this is only possible if £2( f) is totally disconnected. O
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A natural question at this point is: Which Cantor sets can be realized as £2( f)
for some circle homeomorphism f without periodic orbits? The answer is given
by the following result.

Theorem 2.1. Let K C S be a Cantor set, and let « be an irrational number.
Then there exists a homeomorphism f : S' — S such that p(f) = o and
Q) =K.

Proof. We give a sketch of the proof and leave the details as an exercise. Take any
pointxg € S!andletx, = R (x0),n € Z, be its orbit under the rotation Ry. Let
¢ denote the countable set consisting of all connected components of S ! \ K (the
gaps of the Cantor set K). Then, using a simple inductive procedure, one shows
that there exists a bijection o : {x, : n € Z} — ¢ which is order-preserving in the
sense that (in the counter-clockwise orientation of S 1) whenever x, lies between
Xm and x5, the gap o (x) lies between the gaps o (x,,) and o (x,). Accordingly,
write I, = 0(x,),sothat¥ = {I, : n € Z}. Next, define f : SI1\ K - S\ K
by letting f'|7, be an affine, orientation-preserving bijection onto /541, for all
n € 7. At the same time, let 7 : S'\ K — {x, : n € Z} be given by h(x) = x,
whenever x € I,,. Then & is order-preserving, and by construction we have ho f =
Ryohin S1\ K. Hence f is also order-preserving. Since its image is dense on the
circle, f extends to a continuous monotone map of the entire circle, which we still
denote by f. Then f must be injective. Otherwise f would be constant on some
interval J, but this is not possible because J must intersect some [;. This shows
that f is a homeomorphism. The map 4 also extends to a continuous monotone
map h : ! — S, and by continuity the equation 7 o f = Ry o h now holds
everywhere, i.e., h is a semi-conjugacy between f and the rotation R,. Hence,
by Lemma 2.2, we have p(f) = «. Finally, since by construction we also have
f(K) = K, it follows that 2(f) = K, as desired. O

Theorem 2.2. Let f : S — S be a homeomorphism of the circle with irrational
rotation number «. Then there exists a continuous, degree one monotone map
h:S'— S'suchthatho f = Ry oh.
Proof. Let F be alift of f to the real line. Define H : R — R by

H(x) =sup {ma+n: F™0)+n < x} .

Since {mo +n : m,n € Z} is dense in R, H is continuous and monotone. It
clearly satisfies H(x + 1) = H(x) 4 1 for all x, so it is the lift of a continuous,
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degree one monotone map /2 : S — S'!. Now, we have

HoF(x)=sup{ma+n: F"0)+n< F(x)}
= sup {ma +n: F™10) +n < x}
=o+ H(x).

Hence we have the commutative diagram

F
R—— R

Hl lH
R—— R
Ty

where Ty, is the translation by . Descending to the quotient space S! yields

f

st —— 5 g1

hl lh

st — g1
Ry

Therefore f is semi-conjugate to the rotation by «, as was to be proved. O

Proposition 2.6. Let f : S — S be a homeomorphism without periodic points.
If there is a sequence n; — oo such that { f™} is equicontinuous on the circle,
then f is topologically conjugate to a rotation.

Proof. Let J be a connected component of the complement of the non-wandering
set £2(f). Then the intervals f"(J), n € Z, are pairwise disjoint. In particular,
| f7"(J)] - 0asi — oo. Since {f"i} is equicontinuous, for each ¢ > 0
there exists 6 > 0 such that each interval of length < § is mapped by each f™
onto an interval of length < €. In particular, since f” maps f~"i(J) onto J
for all i, it follows that |J| < €. But € is arbitrary, so |J| = 0. This shows that
Q(f) = S, and therefore, by Theorem 2.2, f is topologically conjugate to an
irrational rotation. O
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2.3 Invariant measures and semi-conjugacies

From the measure-theoretic point of view, there is a dichotomy between home-
omorphisms of the circle with rational and irrational rotation numbers. This di-
chotomy is presented in Table 2.1. In this section we supply the missing proofs of
the statements that are implicit in that table.

P
P(f)=3€Q p(f) =« €R\Q (modl)
There is a periodic orbit There are no periodic orbits
of period ¢
Many invariant measures Unique invariant Borel
in general probability measure

W is ergodic

W ergodic, invariant A = supp(u) is compact, perfect,
probability measure invariant and f| 4 is minimal
=— supp(u) = periodic orbit

Table 2.1: Rational vs irrational rotation numbers.

It is useful at this point to introduce the following auxiliary notion. If & :
S! — S1isamonotone map, we say that J € S is a plateau for h if J is an
open interval, k| is constant and J is maximal with respect to these properties.
We have the following two easy lemmas.

Lemma24. Let [ € Diff{_)|r (S1) have no periodic points and let h be a continuous
monotone map of 8 ' such thatho f = Ry o h (where o is irrational). Then, if J
is a plateau of h, we have

(a) Theintervals f"(J), n € Z, are pairwise disjoint;

(b) u(J) = 0 for every f-invariant probability measure |i.
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Proof. Lethmap J toapoint p € S'. If m and n are integers such that £ (J) N
f™(J) # @ then, since f is a homeomorphism, we have J N f™7"(J) # . If
x = f™7(y) is a point in this last intersection, then on the one hand we have
h(x) = p (because x € J), and on the other hand o /™" (y) = RI'"(h(y)) =
R (p) (because y € J). Therefore R "(p) = p, and this can only happen
if m = n, for Ry is an irrational rotation. This proves (a). But now we know
that ), n(f"(J)) < 1, and since the measure is invariant, we also know that
w(f™(J)) = n(J) for all n. This forces u(J) = 0, and part (b) is proved. O

Lemma 2.5. If f and h are as in Lemma 2.4, and if w1 and > are invariant
probability measures for f, then hxpt1 = hy iy if and only if 1 = Wo.

Proof. Let P C S'! be the union of all closed intervals of the form J, where J is
a plateau of h. If A € S'! is any Borel set, we have

ACh Y (h(A) CAUP

By Lemma 2.4 (b) we have u; (P) = 0 fori = 1, 2. Therefore, writing A" = h(A),
we see that
hati(A) = pi(h=H(h(A))) = pi(A),

fori = 1,2 If hept1 = hspto, this forces ;1(A) = uz(A), so u1 = up. The
converse is obvious. O

With the help of this last lemma we can now prove the following important
result.

Theorem 2.3. Every homeomorphism of the circle without periodic points is uni-
quely ergodic.

Proof. Let f € Difﬁ)r (S'1) be without periodic points and let @« = p(f). Let
h:S!' — S be the semi-conjugacy of f to Ry given by Theorem 2.2. If v is
a probability measure on S such that f,v = v, then ;t = h4v is an invariant
measure for Ry. Moreover, if v is ergodic for f then u is ergodic for R,. Hence,
by Lemma 2.5, it suffices to show that R, is uniquely ergodic (which has been
proved by the reader in Exercise 1.12. However, we provide a proof here just for
the sake of completeness).

Now, we know that Ry leaves Lebesgue measure leb invariant, and that leb
is ergodic for Ry (recall Lemma 1.5). Suppose then that u is another invariant
measure for R, and that u is ergodic for R,. Let A C S I be any Borel set, and
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let x4 denote its characteristic function. Then by Birkhoff’s ergodic theorem we
have

1 1 : n—>00
;ZXAOR({[(X)—>/S1XACJN = u(4)
Jj=0

for 1-almost every x € S, whereas by Weyl’s equidistribution theorem we also
have

1n—l ) 1 .
- ZXA o R} (x) = —card{O <Jj<n:Rl(x) e A} e leb(A)
n n

Jj=0

for every x € S1. Therefore u(A) = leb(A) for all Borel sets A, and so leb
W

[l

A proof of Theorem 2.3 without using Birkhoftf’s ergodic theorem and Weyl’s
equidistribution theorem can be found in the recent survey de Faria and Guar-
ino [2021a, Proposition 2.7]. Here is a simple consequence of Theorem 2.3. Let
us agree to say that a circle homeomorphism f is non-singular with respect to
Lebesgue measure leb, or simply measurably non-singular, if the push-forward
measure fx leb is equivalent to [eb, in the sense that they have the same sets of
zero measure. In other words, f is non-singular if leb(f~!(B)) = 0 —
leb(B) = 0 whenever B is a Borel set. For example, every diffeomorphism of the
circle is non-singular.

Corollary 2.2. If f : 81 — S is a measurably non-singular homeomorphism of
the circle without periodic points, then its unique invariant probability measure is
either absolutely continuous or purely singular with respect to Lebesgue measure.

Proof. Let u be the unique Borel probability measure invariant under f. By the
Lebesgue—Radon—Nikodym theorem, we can write . = w1 + p2, where pq and
o are positive Borel measures with 1 < leb and uy L leb. Hence fipu =
Jsm1 + fepMa, and since fip = p, we have

w(B) = u(f~(B) = ni(f 71 (B) + n2(f 1 (B)) @27
for every Borel measurable set B. There are now two cases to consider:

(1) Ifleb(B) = 0,then 1 (B) = 0 (because 1 <K ledb). Since f is measurably
non-singular, we also have leb( f ~1(B)) = 0, and therefore i1 ( f ~1(B)) =
0 (again because j1; < leb). Thus, i1 (B) = w1 (f~1(B)) in this case.
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(i) If leb(B) > 0, then us(B) = 0 (because up L leb); in particular u(B) =
w1(B). Since we also have leb( f ~1(B)) = 0 (again because f is measur-
ably non-singular), it follows that t>(f~!(B)) = 0. From this and (2.7)
we deduce that y1(B) = 1 (f~1(B)) in this case as well.

This shows that fi 1 = 1. Therefore either ;1 = 0 or the normalized measure
v = p1/pu1(S1) is an invariant probability under f. In the first case, we have
W = W2, and so u L leb; in the second case, by unique ergodicity we must have
v=pu,andso u < p1 K leb. O

Exercises

Exercise 2.1. Let f : S — S be an orientation reversing homeomorphism.

(i) Show that f has exactly two fixed points.

(ii) Show that, for any given x € S, the w-limit set @ £(x) is either a fixed
point or a periodic orbit of period 2.

Exercise 2.2. Given f € Diff} (S'), the centralizer of f in DiffS (S1) is the
group (under composition) given by Zo(f) = {h € Diffg_ (SYY: ho f = foh).

(1) Show that if f is a rigid rotation, then Zo( f) is just the group of rotations
(and then Zo( 1) is topologically a circle).

(i) Show that if f is a minimal circle homeomorphism, then Zy( f') is also
homeomorphic to a circle.

Exercise 2.3. Let f € Diffﬁ)r (S1) with irrational rotation number p. Show that
any semi-conjugacy between f and R, is unique up to post-composition with
rotations.

Exercise 2.4. Prove the inequality (2.6).

Exercise 2.5. Fill in the details of the proof of Theorem 2.1.

Exercise 2.6. Let f : S — S be a circle homeomorphism with irrational rota-
tion number, and let i be the unique invariant probability measure for f. Let x €
S1, and let (m;) and (n;) be two sequences of integers such that m; —n; — +oo
as i — oo. Writing

1 i
Y i
mi; —nj .
j=n;+1

Hi =
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where 8, denotes the Dirac point mass (probability measure) at a € S'!, prove
that the sequence of measures p; converges to p in the weak*-topology. (See
Katznelson [1977, p. 5].)

Exercise 2.7. Let 1 < p < q be two integers and denote by A, the interval

[é , 1] with the endpoints % and 1 identified. Consider the piecewise affine map

Tpy: Ay — Ay given by

1 1
px , if —<x<—,
q p
Tpqe(x) = | (2.8)
Ex , If —<x<1.
q p

The map T’ 4 is built out of two linear maps of the real line: one expanding (mul-
tiplication by p > 1), the other contracting (multiplication by p/q < 1); see
Figure 2.1. Through the identification of the endpoints of Ag, the map 7} 4 is a
piecewise affine homeomorphism of the circle.

(i) Show that T, 4 is topologically conjugate to the rotation Ry : S I 581
with & = log, p.

(i1) Show that the conjugating map is differentiable except at one point.

(iii) Show that T 4 leaves invariant the absolutely continuous measure (v given

by
dx
pit) = [ |
4 xlogg

(iv) Show that if ged(p,g) = 1 then T) 4 is minimal, and therefore uniquely
ergodic.

(v) Let1 < p1, p2 < g be integers; show that T, 4 and T, ;, commute. [Hint:
use (i) and (iii)]

[References: de Faria and Tresser [2014] and Liousse [2004]]

Exercise 2.8. Construct a piecewise affine homeomorphism f : §! — S with
the following properties: (a) f has irrational rotation number; (b) f leaves invari-
ant the set of rational angles, i.e., f(Q/Z) = Q/Z. The first example of this type
was constructed by Boshernitzan [1993]. [See also de Faria and Tresser [2014]]
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rlq

0 g 1fp 1

Figure 2.1: A piecewise linear circle map built out of two linear maps, one ex-
panding with slope p, the other contracting with slope g.

Exercise 2.9. Consider F : R — R given by

1
F(x)=x + 100 sin?(7rx),

and note that F is the lift of a real-analytic diffeomorphism f : S — S'!. Show
that p(f) = 0 and that f is uniquely ergodic.

Exercise 2.10. Let f € Difﬁ(S 1) with irrational rotation number p. As we saw
in Section 2.3, f is uniquely ergodic and its unique invariant measure j is given
by u(A) = leb (h (A)) for any Borel set A C S'!, where & is any semi-conjugacy
between f and the rigid rotation R,, and leb denotes the normalized Lebesgue
measure in S ! (recall that, by Exercise 2.3, the semi-conjugacy / is unique up to
post-composition with rotations, so the measure p is well-defined). Conversely,
given the unique f-invariant measure /i, fix some x € S'! and consider : ! —
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h(y) = exp (2711' /ydu) ,

where, by convention, we measure the arc (x, y) starting from x in the counter-
clockwise sense. Show that / is the unique semi-conjugacy between f and R,
which identifies the point x with the point 1.

S defined by

Exercise 2.11. A self-homeomorphism f : X — X of a compact metric space
(X, d) is said to be expansive if there exists a constant § > 0 such that for every
pair of points x and y in X we have that

d(f"(x), f"(»)) <8 VnelZ = x=y.

Show that there are no expansive homeomorphisms on the circle.
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The topological theory of diffeomorphisms of the circle was started by A. Denjoy,
almost fifty years after H. Poincaré introduced the concept of rotation number. In
a seminal paper published in 1932, Denjoy [1932] proved that every sufficiently
smooth circle diffeomorphism without periodic points is topologically equivalent
to an irrational rotation. In that same work, he also showed that such result is
essentially optimal by constructing C'! diffeomorphisms of the circle without pe-
riodic points that leave invariant a Cantor set in S !, and which therefore cannot
be conjugate to a rotation.

In this chapter we shall prove Denjoy’s theorem and construct his examples,
the latter with some improvements due to later authors, such as Katznelson [1977]
and Herman [1979].

3.1 The naive distortion lemma

We will prove first a weaker version of Denjoy’s theorem, in which we assume that
the circle diffeomorphism is C 2. This we will do primarily for pedagogical reasons.
The weaker version provides us with a good opportunity to introduce a very simple,
yet extremely useful tool in one-dimensional dynamics: the nonlinearity of a map.
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Definition 3.1. The nonlinearity of a C? diffeomorphism f is

D?f
Df

Note that the nonlinearity of f vanishes identically if and only if f is linear
(or rather, affine). Thus, as the name suggests, the nonlinearity measures how far
a map is from being linear. The nonlinearity satisfies a chain rule: if f and g are
C? diffeomorphisms and f o g is well-defined, then

N f = DlogDf =

N(fog) = N[fg)Dg+ Ng. (3.1)

One can see from this chain rule that, under C?2 changes of coordinates, the non-
linearity transforms like a 1-form.

In many situations, the nonlinearity can be used to control the geometric dis-
tortion of a long composition of maps. Suppose we have a sequence of inter-
vals Ig, I1,..., I, ... on the real line or on the circle, and diffeomorphisms f; :
I,_1—I,,n=1,2,...Letus also assume that

(i) Each f; is a C? diffeomorphism;

(ii) There exists a constant B > 0 such that sup,.¢; |4 fi(x)| < B for all
n=12,...

Let us write F, = f, o fn—1 o --- o f1, for all n. Then we have the following
result, known as the naive distortion lemma.

Theorem 3.1. Under the hypotheses (i) and (ii) above, if x,y € Iy are any two
points then for all n > 1 we have

n—1 n—1
exp{—BZ|I,~| BZ|I,~|} . (3.2)
i=0 =0

Proof. The proof uses the chain rule for the nonlinearity together with the change
of variables formula. For all ¢ € Iy we have

<
F

F)(x
n (Y

) ¢ o

N Fa(t) = Y N fi(fici 00 i) D{fi—i0---0 fi} (1) ,

i=1
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by the chain rule. Integrating over the interval Jo with endpoints x and y contained
in Ip, and writing J; = f; o fi—1 o---o f1(Jo), we see that

HEW = Y [ A o) DR

Jo i=1
= Z/ N fi(t) dt
i=17Ji-1

using over each summand the change of variablest — F;_1(¢). Since |4 f; (t)| <
B and J;i—1 C I;_1, we get

n—1 n—1
[ wrwal <Y 1< 80 (3
Jo i=0 i=0

But the integral in the left-hand side of (3.3) is equal to £ log (F,, (x)/ F,,(y)), and
exponentiating the resulting inequality yields (3.2), as was to be proved.
O

A typical application of the distortion lemma occurs in cases where the f;’s
are restrictions of a single map f and the intervals /; in its domain are pairwise
disjoint (or quasidisjoint). In such cases, the estimate offered by the distortion
lemma is uniform in n, and can be combined with the mean-value theorem to
force contradictions, e.g. in ruling out the existence of wandering intervals for f.
This is precisely what happens in the proof of the C 2 version of Denjoy’s theorem,
presented below.

3.2 Denjoy’s theorem

The theorem of Denjoy is such an important result that, in this book, we prove it
in three different ways. Two of these are given in this section. The third proof will
be given in Chapter 6 (see Remark 6.2).

3.2.1 The C? version

As promised earlier, we will prove first a weak version of Denjoy’s theorem. In
this version we assume that the given diffeomorphism is C? smooth.
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Theorem 3.2 (Weak Denjoy). If f : 8! — S is a C? diffeomorphism whose
rotation number o is irrational, then f is topologically conjugate to the rotation
Ry.

Proof. Let (qn)n>0 be the sequence of closest return times of f* (denominators
of the convergents of o). We already know that there exists a semi-conjugacy
between f and Ry, that is to say a continuous monotone map % : S 1 5 §1such
that h o f = Ry o h. The pre-image h~!(p) of a point p € S! is either a point
or the closure of a plateau of /. If we can rule out plateaux, & will be one-to-one,
and therefore a homeomorphism — in other words, a conjugacy.

We argue by contradiction. Suppose A~ !(p) = J, where J is a plateau of
h. Then by Lemma 2.4 (a), J is a wandering interval for f, i.e. the intervals
Im = f™(J), m € Z, are pairwise disjoint. Fix a small neighborhood of p, and
take n so large that R™97(p) belongs to that neighborhood. Let I’ be the closed
interval with endpoints p and R™9"(p) contained in such neighborhood. Define
I = h=1(1’), and note that / is an interval because / is monotone. Note also that
I contains both Jo and J_;,,. From our study of the combinatorics of rotations,
we already know that the intervals Rf;l (1"),0 <i < gn — 1 are pairwise disjoint.
Therefore the intervals I; = f (1), 0 < i < gn — 1 are pairwise disjoint also. In
particular, we have Z?”;l |7;] < 1.

By the mean-value theorem, there exist x € Jo and y € J_g, such that

/g, | |Jol
Dfi"(x) = —™ and Df(y) = .
|Jol =g |
We are now in a position to apply the distortion lemma (Theorem 3.1) to the diffeo-
morphisms f; = f|7,_,, 1 <i < ¢n, and the points x and y. From that theorem
and (3.4), we deduce that

(3.4)

- I, - 1=g,]|
B < |Qn dn < B 35
B S ()

where B = sup |4 f| < oo. These inequalities are valid for every sufficiently
large n, and the lower and upper bounds are independent of n. But since we have
Y mez [Im| < 1, it follows that limy, o0 [ S| = limpy oo |J—m| = 0, which
contradicts (3.5). Therefore / has no plateaux, and the proof is complete. O

3.2.2 The bounded variation version

As it turns out, in Denjoy’s theorem it is not necessary to assume that the diffeo-
morphism f is C2. It suffices to assume that log Df is a function of bounded
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variation on the circle. A function ¢ : ! — R is said to be of bounded variation
if its total variation is finite, that is to say

n
Var(p) = sup Y _ |p(a;) — p(bi)| < oo,
i=1

where the supremum is taken over all finite collections of pairwise disjoint inter-
vals (a;,b;) € S, 1 < i < n. The space of all such functions is denoted by
BV(SH!.

The fundamental tool for the bounded variation version of Denjoy’s theorem
is the following.

Theorem 3.3 (Denjoy—Koksma Inequality). Let f : S — S be a homeomor-
phism with irrational rotation number o, and let . be the unique Borel probability
measure invariant under f. If the rational number p/q is such that

1
q_2 9

p

o — —

q

<

then for every function ¢ : S' — R of bounded variation we have

xeS!

g—1
sup Z(pOf’(X)—q/Slwd/«L < Var(p) .
=0

Proof. First we remark that the points §; = {jg} eSlforj=01,...,g—1
are precisely the g-roots of unity, and therefore they partition S into g arcs of
equal length 1/¢. Since for each j = 1,2,...,q we have

J
g2

<

’

_{ | -

ja_jﬁ' <
q

it follows that each such arc contains exactly one of the points Ré 0) = {ja},
J =1,...,q. We label these arcs y1, ..., y4 so that R, (0) € Vi
Now letx € ST andleth : ST — S! be the primitive of  given by

h(t) = /f—l( ) du(s) .

Ut is easy to see that BV(S'!) is a vector space. It is in fact a Banach space under the norm
lellBy = [(0)| + Var(p).
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This monotone map, which is normalized so that h(f~Y(x)) = 0, is a semi-
conjugacy between f and Ry. Let Aj = h7!(yj). Then the intervals A;,
j = 1,...,q form a partition of 1, and ff I(x) € A; for all j. Note also

that ;L(A i) = 1/q forall j.
With these facts at hand, we are ready to prove the Denjoy—Koksma inequality.
Let o € BV(S') be of bounded variation. Then we have

qg—1 qg—1
wa’(X)—q/ pdu| = Z<¢°fJ(X)—q/ wdu)
— S! — Ajti
J=0 j=0
qg—1
—g Z f (007 () — @) duto)
/+1
q—l
<q ) Var(g:Aji1) - p(Aj11)
j=0
qg—1
=) _Var(gidj41) < Var(p) .
j=0
This concludes the proof, because x € S! is arbitrary. O

Theorem 3.4 (Denjoy’s Theorem). Let f : S — S be a diffeomorphism whose
rotation number « is irrational. Iflog Df is a function of bounded variation, then
f is topologically conjugate to the rotation Ry.

Proof. We apply the Denjoy—Koksma inequality to the function ¢ = log Df . Let
(qn) be the sequence of closest returns of f. The chain rule tells us that

qn—1
log Df 9" (x) = Z log Df o f7(x).
j=0
Hence, by Theorem 3.3, we have

log Df 9" (x) — qn /:gl logDf du| < Var(log DY) . (3.6)

Since f9" maps S'! diffeomorphically onto itself, there is a point x* such that
Dfn(x*) = 1. Using this point in the above inequality, we see that

‘/ log Df dy| < YArogDf)
S1 dn

<
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Butasn — oo, the right-hand side of this last inequality goes to zero, and therefore

/ logDf du = 0
S1

Taking this back to the inequality (3.6), we deduce that |log Df 9" (x)| < V, where
V = Var(log Df). Exponentiating this inequality gives us

eV < IDfIn(x)| < €.

This implies that the sequence of iterates f9" is equicontinuous. By Proposi-
tion 2.6, f must therefore be topologically conjugate to the rotation R, . O

Remark 3.1. Yet another version of Denjoy’s theorem was proved by Hu and Sul-
livan [1997], for C! maps whose first derivative satisfies a Zygmund condition.
We say that a function ¢ : ! — R is Zygmund if for all x and / we have

¢(x +h) 4+ o(x —h) —2¢(x) = O(|h]) .

The (linear) space of all Zygmund functions is denoted by Z. Although the Zyg-
mund and bounded variation classes have non-empty intersection, neither class is
contained in the other. Hu and Sullivan showed that if £ € Diff'*#(S!), in other
words, if f isa C! diffeomorphism and log Df € Z, and Per(f) = @, then f
has no wandering intervals — and therefore it is conjugate to the corresponding ro-
tation. For more on the uses of the Zygmund class in one dimensional dynamics,
see de Melo and van Strien [1993, Ch. IV].

3.3 Denjoy’s examples

We have seen in Theorem 2.1 that any perfect, totally disconnected subset of S'! is
the exceptional minimal set of some homeomorphism of the circle, and we can even
take the rotation number of such homeomorphism to be an arbitrary irrational. The
situation is considerably more rigid for diffeomorphisms, although still sufficiently
flexible to allow for a plethora of examples. We expand on this point a bit.

To start with, Denjoy’s theorem rules out exceptional minimal sets for dif-
feomorphisms whose degree of smoothness is C1 7BV or higher. Thus, if we are
looking for diffeomorphisms with exceptional minimal sets, we have to content
ourselves with lower smoothness. Let us agree once and for all on the following
definition.
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Definition 3.2. 4 Denjoy example is a diffeomorphism of the circle having an
exceptional minimal set.

In this section, following Herman [1979] and Katznelson [1977], we will con-
struct for each given irrational rotation number, a Denjoy example with that rota-
tion number that is of class C 1€ for every 0 < € < 1. In fact, for fixed rotation
number there are even a countable infinity of topological conjugacy classes of such
Denjoy examples. The question of which Cantor sets on the circle are minimal sets
of C! Denjoy examples is a difficult one, and is still open. We will have more to
say about that later.

3.3.1 'The basic construction

The intuitive idea behind the construction of Denjoy examples is to cut the unit
circle along one or more orbits of an irrational rotation and introduce a small in-
terval, or gap, at each cut. This surgery procedure yields a new, larger circle. In
this enlarged circle, the complement of the union of all gaps is a Cantor set (made
up of points of the old circle plus the endpoints of the gaps). We define a self-map
— a homeomorphism — of the enlarged circle by letting it agree with the irrational
rotation on the Cantor set, and by defining it on gaps so that each gap is taken home-
omorphically onto another gap, following their exact order on the circle coming
from the irrational rotation. The Cantor set becomes the exceptional minimal set
of this homeomorphism.

Since we want a diffeomorphism, not merely a homeomorphism, the sizes of
the gaps have to be carefully chosen. Moreover, if we follow the above proce-
dure to the script, we find that it always produces exceptional minimal sets having
positive Lebesgue measure — roughly speaking, equal to the size of the old circle
divided by the size of the enlarged circle. We would like to construct examples
having zero Lebesgue measure also. Hence, the above procedure will have to be
slightly modified.

Let us move to the detailed construction. To start it, we fix an irrational number
a with 0 < o < 1. We want to produce a C ! diffeomorphism f : ST — S with
o(f) = a having an exceptional minimal set K € S!. We proceed by steps, as
follows.

Step 1: Construction of K. We will construct a perfect nowhere dense set
K C R such that K = 71(1/{\ ) € 8! is the desired minimal Cantor set. Let us
consider a bi-infinite sequence (A,), ez of positive real numbers such that

O L= A, < 1.

nez
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A
(D2) ntl .

|n\—>oo n

(D3) sup

nez

| =

An—i—l . 1' _

n

Foreachn € Z, let a, = {na} € S'!; this sequence is dense in S !, because o is
irrational. Define also the sequences

an=(1-Dan+ Y A,
1:0<a; <oy

(3.7)
bp=tn+in=01-0an+ > i

i:0<a;<ap
Now let I, = (an, b,) C R; note that I, C [0, 1], by (D1) above.

Lemma 3.1. The intervals I, n € Z, are pairwise disjoint, the set

Ko =1\ J In

nez

is perfect and nowhere dense, and its Lebesgue measure equals 1 — {.

Proof. Suppose m,n € Z are such that o, < ;. Then we have

an=(0-Oan+ Y i+ > A

i:0<a; <am o, <a;<dap

=bm + (1= —0m) + Y. A > bm. (3.8)

iioy <o <ap

This last inequality holds even if £ = 1, because (e;) is dense in [0, 1]. Thus, we
have a;, < by < an < by, and therefore 1,, N I, = @. This shows at once
that the intervals I, are pairwise disjoint and that the set K¢ has no isolated points.
Moreover, since Ky is closed, it is Lebesgue measurable, and

leb(Ko) = 1 —leb(| ] I) =1—¢

nez
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It remains to prove that Ko has empty interior. This is obvious if £ = 1, so we
assume that £ < 1. Note that (3.8) tells us that

§=distUn.Im) = (1= Oen —am) + Y. A

oy <a;<dp

and also that
v = leb(Ko N [bm,an]) = (1 = O)(an — am)

We claim that there exists a gap I; contained in [by,, a,] that intersects the middle
third of [by,,an]. This is clear if v < §/3, so we assume that v > §/3. Let
oy € (0, an) be such that

U + oy

U — >

1
< ﬁ(an —Qm) .

Then we have

ag —bm = (1 = O (o —om) + Z Ai

1oy, <oy <ok

4 )
> §(1 —O(an —am) 2 3

Similarly, a, — by > §/3. These inequalities show that the gap [ is contained in
the middle third of [by,, a,], proving the claim. From the claim it follows that the
union of all gaps is dense in [0, 1], and therefore K¢ has empty interior. O

We now define K as the union of all integral translates of Ko, in other words,

K= U(l’l+K0).

nez

This set enjoys the same topological properties as we stated for Ky: it is closed,
perfect, and nowhere dense.

Step 2: Construction of the lift of f. Let us now construct an increasing dif-
feomorphism F : R — R with F(K) = K, which will be the lift to the real line
of f, the Denjoy example we seek to construct. We write F' = Id + ¢, where ¢
is periodic of period one. We will construct the derivative ¢ = D¢ first, and then
integrate.
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We want to have f(J,) = Ju41 for all n, where J, = 7 ([,) C S!. Hence
F must map each gap [, onto (an integral translate of) of 7,41, and therefore

This is the same as requiring that

by
/ 1+ o] di = Ansr .
an

or yet
by
/ o) dt = Anp1— . (3.9)
an

There are many ways to define ¢ inside /,,, vanishing at the endpoints, so that the
above equality holds. One way is to write

1
o) = > cn (Anp — |2t —an — by))
for all t € I,. Here the constant ¢, is chosen so that (3.9) holds. A simple com-
putation yields
Cr = i An—i—l 1
T\ Aa '
In other words, define ¢ so that for each ¢t € [, we have

o(t) = 2(11“ —1) (1 —%|2t—an —bn|) . (3.10)

n n

Furthermore, let ¢(¢) = 0 for all t € Kp. So far we have ¢ defined on the unit
interval only. It is clearly continuous in the union of all gaps ;. Since by (3.10)
and (D2) we have

A
”_4'1_1‘_0’

lim sup |p(t)] = lim 2
—>00 An

In|—>o0¢ey, |n|
it follows that ¢ is continuous at all points of K¢ as well. Now extend ¢ outside
the unit interval by making it periodic of period one, so that ¢(z + k) = ¢(¢), for
all k € Z and all 0 < ¢ < 1. The extended function ¢ : R — R is continuous
everywhere, and it vanishes at all points of K.
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Now let F : R — R be given by

t
F(t)=a1+t+/ o(s)ds . (3.11)
0
We summarize the essential facts about F in our next lemma.

Lemma 3.2. The map F is an increasing C ! diffeomorphism of the real line, and
it has the following properties.

(a) Forallt e R, F(t +1) = F(t) + 1;
(b) Foreveryn € Z,

In+1, ifOln<1—Ol

F(I,) =
(In) 1+ Inyi, if an >1—o;

(c) We have F(I?) =K;
(d) The translation number of F is equal to «.

Proof. Note that F’(t) = 14¢(t), which is continuous, so F is C . Moreover, by
(3.10) and (D3), we have ¢(¢) > —2n > —1, and this implies F'(t) > 1—2n >0
for all ¢. Therefore F is an increasing diffeomorphism. Property (a) is immediate

from .
/ o) di =0,
0

which in turn follows from (3.9) and the fact that ¢ vanishes on Ky. To prove
property (b), it suffices to show that

, if <1-
F(ap) = an+1 I apn (04

1 +ap+1, if o, >1—0a.

From (3.9) and (3.11), we have

b;
F(apn) = a1 +an + Z / o(t)dt

0<u; <ay

=a;+an + Z (Ait1 —Ai) .

0<a; <oy
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Using the expressions of a; and a, given in (3.7), this last equality becomes

Fla) =(1=O@+a)+ Y A+ > A1 (3.12)

0<x; <a 0<u; <ay

Assume first that o, < 1 — . In this case, for all &; € [0, @] we have o; + o =
o +1. Using this fact in (3.12), we deduce that

F(ap) = (1 = Ooapt1 + Z Aj + Z Aigl = An+1 -

0<aj<a QSO 41 <Up+1

Now assume instead that o, > 1 — «. In this case oy4+1 = ap + @ — 1, and
therefore we can write

Z Ait1 = Z Ait1 + Z Ait+1

0<u; <ay 0<a;<l—a l1—a<ao; <ay
= E Aj+ E Aj. (3.13)
a<La ;<1 0<a; <ap41

Substituting (3.13) into (3.12), we get

Flan) == +ant)+L+ Y Aj=1l+an

0<a;j <ap+1

This proves property (b). Thus F leaves invariant the union of all gaps I, and its
translates, and since it is a homeomorphism, the complement K is kept invariant
also, which proves (c).

Finally, to prove (d), let H : R — R be defined as follows. For each ¢ € [0, 1],
put H(¢) = supy, cpo,:] %n»and extend H to the whole real line writing H (¢ +k) =
H(t) + k for all k € Z. This function is clearly non-decreasing. Hence its only
possible discontinuities are jump discontinuities. To rule out jumps, it suffices to
show that the image of H is dense in R. To do this, we first calculate H(¢) for
t € I, foreach n € Z. Suppose o,y < oy; then it follows easily that a,, < ap,
and therefore by, < a, as well. Therefore I, C [0,ay] C [0, ], and from this it
follows that H(¢) = ay (see Figure 3.1). But {&, : n € Z} is dense in [0, 1], so
H ([0, 1]) isdense in [0, 1]. Since H(t + k) = H(t) + k for all k € Z, we deduce
that H(R) is dense in R. Therefore H is indeed continuous.

It remains to check that the semi-conjugacy equation H o F(t) = Ty o H(¢)
holds for all # € R. Once again, we only need to check this for # € [0, 1]. Let
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t € I, and suppose first that o, < 1 — . Since H(¢) = oy, we have in this
case Ty 0o H(t) = oy + @ = a,4+1. We also have F(¢) € 1,41, and therefore
H o F(t) = ap+1. This shows that the semi-conjugacy equation holds in this case.
The case o, > 1 — « is proved in the same way, mutatis mutandis. Summarizing,
we have proved that forallt € U = |,y In Wwehave Ho F(t) = Too H(t). But
since U is dense in [0, 1] and H, F, Ty are continuous, it follows that H o F(¢) =
Ty o H(t) for all t € [0, 1], which proves what we wanted. In particular, the
translation number of F is «, as asserted in (d). O

We can now quotient everything down to the circle S . Thus, F is the lift of a
C! diffeomorphism f : §' — S, while H is the lift of a continuous monotone
map h : ST — S, and we deduce that 1 o f = Ry o h. Moreover, we have
£2(f) = K, a Cantor set — in other words, f is a Denjoy example.

Remark 3.2. A bi-infinite sequence A = (A,)nez of positive numbers satisfying
properties (D1)-(D3) stated above is called a Denjoy sequence. Given a Denjoy
sequence A and an irrational o € (0, 1), the Denjoy example constructed with this
data is denoted by fy 4. In what follows, we will denote by W0 C DiffgL (ShH
the class of all homeomorphisms of the circle without periodic points that possess
a wandering interval (in other words, f € W9 if and only if Per(f) = O and
Q(f) # 8. We will also write W! = W°n Diff}r (S1), and will denote by
D C W1 the class of all Denjoy examples constructed by the procedure described
above (in other words, f € D if and only if /' = f, 4 for some irrational o €
(0, 1) and some Denjoy sequence A).

3.3.2 Moduli of continuity

Now we go a bit further and show that our Denjoy examples can be made a/most
Lipschitz; more precisely, they can be made C 1€ for every 0 < € < 1, with no
restriction on the (irrational) rotation number.

Theorem 3.5. For each 0 < £ < 1, each B > 0 and each 0 < a < 1 irrational,
there exists a C diffeomorphism f : S' — 81 such that

(i) The rotation number of f is equal to a.

(ii) The non-wandering set 2(f) C S is a Cantor set with Lebesgue measure
equalto 1 — L.

(iii) The function x + log Df has modulus of continuity wg(t) =t (Iog %) H_B.
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F
e

Gn by An+1 buy1 R
H H

Figure 3.1: The semi-conjugacy H and its plateaux.

This last property implies that log Df is §-Holder continuous for each 0 < § < 1.

Proof. Given the construction performed above and Lemma 3.2, the proof boils
downtotaking f = fy 4 forasmartchoice of the Denjoy sequence A = (A,),ez.
We take

b

n= , V Z 3.14
(n+ Dllog(n + 2178 G

where 0 < b < 1is chosen so that ), ., A, = £. This choice of the sequence

(An) guarantees that
-1 =0 3.15
" 1 (3-15)

Let F : R — R be given by Lemma 3.2 for this choice of (1,) and the given
irrational . Then we already know that F is the lift of a C! diffeomorphism
f : ST — 8! which is topologically semi-conjugate to the rotation Ry, and we
also know that £2( f') is Cantor set with leb(£2(f)) = 1 — £. Thus, properties (i)
and (ii) are satisfied, and we only need to check property (iii).

Since DF = 1 + ¢ stays bounded away from 0 and oo, to verify the validity
of (ii1) it suffices to show that ¢ itself has modulus of continuity wg. And since ¢
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is Z-periodic, all we need to do is to check that

1+8
) (3.16)

for x, y € [0, 1]. Recall the notation introduced earlier: Ko = Kn [0, 1], where
K = 7~ 1(R2(f)) is the lift of the minimal set of f to the real line. There are
three cases to consider: (a) x,y € Ko; (b) x € Kg and y € I, for some n € Z;
and (c) x € I, and y € I, for some m,n € Z. Case (a) is trivial because, by
construction, ¢ |k, = 0. We prove the inequality (3.16) for case (b) and leave case
(c) to the reader.

Without loss of generality, we may assume that x < y,sothat x < a, < y
(where as before a,, is the left endpoint of 7,,). We may also assume that |x — y| <
tg, where 0 < rg < 1 is the point where the concave function wg|[o,1] assumes its
maximum. Since x € Ky, we have ¢(x) = 0 and therefore

000 — ()] < Clx — ¥ (log
|x — y]

lo(x) =) =l < Laly —anl . (3.17)
where L, is the Lipschitz constant of ¢|;,. But we know from (3.10) that
4 /\n-‘rl
L,=— —1| . 3.18
"= (3.18)

From (3.18), combined with (3.14) and (3.15), we deduce after some tedious com-
putations that

I |An+1

— —1| < Collog (In| +2)]'*7 (3.19)
An | An
where Cy > 0 is a constant. Moreover, since
. ’ 1l > 1y — anl
= y —d s
417 (nf + 1) flog (jn] + 2]+~ " '
we have
log (jn] +2) < Cy log( ) , (3.20)
|y — anl

where C; > 0 is a constant. Combining (3.20), (3.19) and (3.18) and putting the
resulting inequality for L, back into (3.17), we arrive at

. 148
19(x) — ()] < Caly — anl [1og( . )]
|y — anl

1 1+
S =) |
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where in the last inequality we have used the fact that wg(t) = ¢ (log %)Hﬂ is
increasing for 0 < ¢ < fg. This shows that (3.16) holds in case (b). The proof of

that inequality in case (c) is similar, and is left as an exercise. O

3.3.3 Further results

The class of general Denjoy examples, i.e, non-minimal C'! circle diffeomorphisms
without periodic points, has been thoroughly investigated. There are various ques-
tions one can ask about these maps, some of which are still unsolved. In this
section we address some of these questions, limiting ourselves to simply stating
results that are currently known. No proofs will be given; instead, we will refer
the reader to the original sources.

Classification

The topological classification of Denjoy examples is not particularly difficult, and
has been accomplished by Markeley [1970]. Before stating the result, we make
some simple observations.

Given f € WO leth : S' — S be a monotone map that semi-conjugates f
to the rotation by o = p(f),i.e, ho f = Ryoh. Then Ezj) = h(ST\ 2(f))is
a countable dense subset of the circle, and it is invariant under Ry. Thus, E ¢, is
the union of a collection of full orbits of the rotation R, and such collection can
be either finite or countably infinite. If ¢ : S — S is another semi-conjugacy
between f and Ry, it is easy to see that E r;, and E f 4 differ by a rotation of the
circle (exercise). In particular, the cardinalities of the sets of orbits of Ry contained
in E ¢y, and E f4 are the same. Hence this common cardinality is a topological
invariant of f. The theorem proved by Markeley can be stated as follows.

Theorem 3.6. Let f1, f» € WO with p(f1) = p(f2) = «, and let hy, hy :
S1 — S be monotone maps such that h; o f; = Ry ohi, i = 1,2. Then f is
topologically conjugate to f» if an only if there exists a circle rotation R such that
Efin = R(Ef )

Note in particular that if in the theorem above f1, f> € D, then E, 5, and
E ¢, n, both consist of a single orbit of Ry. Since any two orbits of R differ by a
rotation, it follows that f; and f; are topologically conjugate. But one can say a
bit more.

Theorem 3.7. If f1, f> € D have the same rotation number, then they are topo-
logically conjugate. Moreover, if both 2( f1) and $2( f2) have Lebesgue measure
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zero and h : 81 — S is a homeomorphism conjugating f1 and f>, then both h
and h=' are absolutely continuous.

For a discussion of this theorem (with an indication of proof), look up the
magnum opus of Herman [1979, p. 146].

By contrast, the classification of Denjoy examples up to C! conjugacy still
hasn’t been completely worked out. The problem can be reformulated as follows.

Problem 3.1. If f.g : S' — S are C! circle diffeomorphisms, find necessary
and sufficient conditions for f to be C conjugate to g.

Which Cantor sets are Denjoy?

As we saw in Chapter 2, any Cantor set on the circle is the non-wandering set of
some homeomorphism of S !, and the (irrational) rotation number can be arbitrarily
prescribed. Once we ask for more smoothness, however, things become much
more complicated. It is still unknown which Cantor sets appear as minimal sets of
Denjoy examples. The partial results that are known are mostly negative results,
stating that certain families of Cantor sets do not appear as £2(f) for any C!
diffeomorphism f. For instance, regular Cantor sets such as the standard middle-
thirds Cantor set are not C ! minimal. This was first proved by McDuff [1981]. In
order to state her result, we need the following definition.

Definition 3.3. Let K C S! be a Cantor set, and let 9(K) be the set of all
gaps of K — the elements of 9 (K) are the connected components of S' \ K. The
spectrum of K, denoted o (K), is the set of all lengths of gaps in 9(K) ordered as
a decreasing sequence. Thus, 0 (K) = {£,, : n > 1}, where (i) £, 41 < Ly for all
n = 1; (ii) for each n > 1, there exists I € G (K) (possibly non-unique) such that
y = 11|

Note that ) ,2 ; £, < 1.
Theorem 3.8. If f € W' and 0(2(f)) = {€, : n € N} is the spectrum of its

n

minimal set, then the sequence is bounded and has 1 as a limit point.

n+1
An immediate consequence of this result is the fact stated before that the stan-
dard middle-thirds Cantor set is not C! minimal. Indeed, in this case the ratios
£, /4,41 are constant and equal to 3.
Besides the original paper by McDuff, the reader interested in the full proof of
Theorem 3.8 should look up the nice exposition by Athanassopoulos [2015]. It is
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n

worth remarking that the fact that the sequence of ratios is bounded is easy

to prove. Givenn € N, let I € 4 (£2(f)) be such that £, i+|11 |. Then there exists
m > 1 such that £, < | f™(I)| and | f¥(I)| < €41 forall k > m. Thus, if we
set J = f™(I), we have

o _ ]

byt Lf(D]

But by the mean value theorem, this last ratio is bounded above by 1/b, where
b = min, g1 |Df(x)|. Hence the real issue in proving Theorem 3.8 is to show
that 1 is a limit point of the sequence of ratios.

Given the above theorem, a natural question posed by McDuff [1981] is the
following.

Problem 3.2. If f € W' and 6(2(f)) = {£n : n € N} is the spectrum of its
minimal set, is it always true that

bn =17?

lim
n—00 {11
Even after four decades since its formulation, this problem remains open.
McDuft’s Theorem 3.8 provides us with a necessary condition for a Cantor
subset of the circle to be C! minimal. This condition is used to rule out several
types of Cantor sets. But many other Cantor sets do satisfy the condition, so they

cannot be immediately ruled out. For generalizations of McDuff’s theorem and
further work, see Norton [2002], Portela [2007] and Portela [2009].

Hausdorftf dimension

It turns out that the Hausdorff dimension of the minimal set of a Denjoy example
with zero Lebesgue measure depends on the Diophantine nature of its rotation
number. An irrational real number « is said to be of Diophantine class Tt > 0 if
the inequality

1
q1+n

q

has infinitely many rational solutions p/q for 0 < n < t and only finitely many
forn > t.
The following theorem was proved by Kra and Schmeling [2002].

«-]
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Theorem 3.9. Let 0 < § < 1 and let o € (0,1) be an irrational number of
Diophantine class t > 0. If f : ' — Slisa CY8 diffeomorphism with
rotation number o and [ has an exceptional minimal set Q(f), then

dimp (/) >

The lower bound given in this theorem is sharp. Indeed, Kra and Schmeling
showed that the lower bound is achieved by a classical Denjoy example of the
form f = fo 4 € D, the bi-infinite Denjoy sequence A = (A,),ez being given
by

b
(In] + D3

where b is chosen so that ), .» A, = 1. In the same article, Kra and Schmeling
also provide a lower bound for the box dimension of Denjoy minimal Cantor sets,
extending previous work by Norton [1999].

n

3.4 Ergodic properties

We have seen already, in Chapter 2 (Theorem 2.3), that every circle homeomor-
phism without periodic orbits is uniquely ergodic. In this section, we examine a
couple of additional ergodic properties of circle diffeomorphisms.

3.4.1 Ergodicity with respect to Lebesgue measure

It is possible to talk about ergodicity of a map with respect to a measure in phase
space even when the map is not measure preserving. If (X, i) is a measure space
and ¢ : X — X is a (measurable) map, we say that ¢ is ergodic with respect
to p if, for every measurable set A € X which is invariant under ¢ (meaning
¢~ 1(A) = A), we have either (4) = 0 or (X \ A) = 0. Note that, for this to
make sense, it is not necessary to assume that u is a finite measure.

Our goal here is to prove that C 1BV circle diffeomorphisms without periodic
points are always ergodic with respect to Lebesgue measure. Let us state more
formally this result, and then prove it.

Theorem 3.10. If f : S! — S'isa C! diffeomorphism without periodic points
andlog Df € BV(SV), then f is ergodic with respect to Lebesgue measure.

The proof will use the following lemmas.
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Lemma 3.3. Given f as in Theorem 3.10, let M C T C S be two intervals, and
letn > 1. Suppose the intervals T, f(T), f2(T), ..., f™(T) have multiplicity of
intersection k > 1, i.e., every point in 81 belongs to at most k of these intervals.

Then we have - y
|fn( )| v M (3.21)
| f™(T)] |T|

where V- = Var(log Df).

Proof. By the mean value theorem, there exist xo € M and yg € T such that
Df™(xo) = |f*(M)|/|M| and Df"(yo) = [f"(T)|/|T]|. From this and the
chain rule, we get

f ()] _ M| 1:[1 Df (xi)
[f7 71 Ly DF G

where x; = fi(xo) and y; = f (o), for each 0 < i < n — 1. Now write

T D) ol
157G, =P )2 (g Df (xi) ~log Df G - (322)
i=0 ' i=0

Since the n intervals with endpoints x; and y; are k-quasidisjoint, we have (see
Exercise 3.7):

n—1
Y (log Df (xi) — log Df (y:)) < k Var(log Df ) .
i=0
Putting this back into (3.22), we deduce (3.21) as desired. O

Lemma 3.4. Let [ be as in Theorem 3.10. Then for each ¢ > 0 and each x €
S there exist an interval A C S containing x and a positive integer N such
that |A| < € and the intervals A, f(A), ..., fN(A) cover the circle and are 3-
quasidisjoint.

Proof. By Denjoy’s theorem, f is topologically conjugate to an irrational rotation
R.Leth:S' — S!beahomeomorphism such that ho f = Roh. Since h~! is
uniformly continuous, given € > 0 there exists § > 0 such that, for each interval
I c St with |[I| < 8§ we have |h~1(I)| < €. Givenx € S!,letz = h™1(x),
and consider for each n > 0 the interval J, C S! with endpoints R797(z) and
R4n+1(z) that contains z — where {g, }»>0 is the sequence of closest returns for R
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(or f). Since R%(z) — z ask — oo, we can choose n large enough that | J,, | < 8.
It is not difficult to see that the intervals J,,, R(Jp), ..., R¥"+171(J,) cover the
circle and are 3-quasidisjoint. The reader can either prove this as an exercise or
else look up the proof (of a slightly stronger fact) in Section 6.4. Hence we can
take A = h~1(J,)and N = gpy1 — 1. O

Proof of Theorem 3.10. The proof uses a Lebesgue density argument. Let A C
S! be a measurable set invariant under f, and suppose that leb(4) > 0. Write
B = 81\ 4, and note that B is also invariant under . Let x € A be a Lebesgue
density point for A. Given § > 0, let € > 0 be so small that forall 0 < n < %e we
have
leb(AN(x —n,x+1n))
2n ~

or, equivalently, leb(B N (x —n,x + 1)) <2nd. Let A C (x — %e, x4+ %e) be as
in Lemma 3.4, and write A = (x — 11, x + 12). Then we have

(1-9),

leb(BNA) = leb(BN(x—n1,x))+eb(BN(x,x+n2)) < 28(n1+n2) = 28|A|.

Now, using efficient covers of B N A by intervals contained in A and applying
Lemma 3.3, it follows that

leb(f(B N A)) <2C8| fi(A)|, i =0,1,....N,

where C = exp{3 Var(Df)}. But since B is f-invariant, we have f (BN A) =
B N f*'(A) for each i, and since the intervals f*(A) cover the circle, we deduce
that

N N
leb(B) < ) leb(B N f1(A)) <2C8 ) | f(A)] < 6CS.
i=0 i=0
But § is arbitrary, so leb(B) = 0. This concludes the proof. O

3.4.2 Zero Lyapunov exponents

When studying ergodic properties of a differentiable dynamical system, an impor-
tant concept is that of Lyapunov exponent (sometimes also called characteristic
exponent). Rather than defining this concept in broad generality, we focus our
attention to one-dimensional maps. For a one-dimensional map f', the Lyapunov
exponent at a point x is a number that essentially measures the exponential growth
rate of the sequence | Df " (x)|. More precisely, we have the following formal def-
inition.
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Definition 3.4. The Lyapunov exponent at x, denoted y y(x), is given by

1
X r(x) =n1ggoglog|Df”(X)|, (3.23)

provided the limit exists. If the forward orbit of x hits a critical point of [, we set
X7 (x) = —o0.

When the Lyapunov number y ¢ (x) is non-zero, this means that there is asymp-
totic hyperbolicity along the orbit of x: asymptotic contraction when y r(x) is
negative, and asymptotic expansion when y r(x) is positive. Examples of such
situations occur when f has an attracting or expanding periodic orbit, respectively
(see Exercise 3.6).

It is perhaps intuitively obvious that, in the absence of periodic points, a circle
diffeomorphism must have zero Lyapunov exponents everywhere, because there
should be no asymptotic contraction or expansion. This is indeed the case, as the
following theorem shows.

Theorem 3.11. If f is an orientation-preserving C circle diffeomorphism with
irrational rotation number, then y ¢ (x) = 0 forall x € § L

Proof. The functiony : ' — R defined by y = log Df is a continuous function
and therefore, by the unique ergodicity of f, the sequence of continuous functions:

n—1
Y wo s
j=0

converges uniformly to a constant, and this constant must be | s1log Df du. By

the chain rule Z’};B Vo fJ/ =log Df" and, therefore, the sequence of continuous

functions ,lllog Df™ converges to the constant £ = [ log Df du uniformly in
S1. If £ > 0, then there exists ng > 1 such that, for all n > ng, we have
Df™(x) > 1 for all x. But this is impossible, since 7 is a diffeomorphism of S !

onto itself. The same argument rules out £ < 0. Therefore we musthave{ =0 [

Exercises

Exercise 3.1. Suppose ¢ : ! — R is a function that has modulus of continuity
w(t) = t|logt|" for some n > 0. Show that ¢ is §-Ho6lder continuous for every
0<é<1.
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Exercise 3.2. Let f : S' — S! be a homeomorphism with irrational rotation
number «, and let ¢ : ! — R be a function of bounded variation. Suppose

g is a good rational approximation to ¢, that is,

a—g‘ < qlz. As we saw in

Section 3.2.2, the Denjoy— Koksma inequality states that, for every x € S, the
Birkhoff sum oy (x, f) = Zq opof J(x) stays at a bounded distance away
from ¢ |. s1 ¢ du, where  is the unique invariant probability measure under f.
What can be said about the Birkhoff sums o, (x, f) for arbitrary values of n? Not
much in general, but something can be said if we impose certain restrictions on
the rotation number «. Let us assume that the partial quotients a; of the continued
fraction development of « satisfy the condition a; < k118 for some fixed § > 0,
for every sufficiently large k. We note en passant that the set of all numbers o
satisfying this condition has full Lebesgue measure in [0, 1] (this follows easily
from Lemma A.2 in Appendix A).

(i) Givenn > 1, let k, be the unique non-negative integer such that gz, <n <

qk,+1 (where, as usual, (¢, )n>0 is the sequence of denominators of the best
rational approximations to «). Show that we can write

kn
n=> bhig
i=0

where 0 < b; < a;41 forall 0 <i < ky,and by, >

ii) Using (i) and the Denjoy—Koksma inequality, show that for all x € S! we
(i1) g (i) joy quality,

have
n—1 ) kn
S sie-n [ pdu <Var@) Y aisr
=0 S i=0

(iii) Deduce from (ii) that there exists a constant C > 0 such that

wp |3 po £10) - | vdu| < cVar(e) togm! .
xSl ] =0 Sl

[Reference: Guillotin-Plantard and Schott [2006, pp. 236-237]]
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Exercise 3.3. Prove thatif f : 1 — S is an orientation preserving C! diffeo-
morphism with irrational rotation number and x denotes its unique invariant Borel
probability measure, then

1/n
. ] B
i ([, ran) =1

Exercise 3.4. Let f : S' — S! be an orientation preserving C! diffeomor-
phism. Show that there exists a point xo € S such that the bi-infinite sequence
(Df"™(x0))nez remains bounded.

Exercise 3.5. Show that Lyapunov exponents are C! conjugacy invariants. That
is, let £, g : S' — S!be C! maps, and suppose there exists a C! diffeomorphism
hsuchthatho f = goh. Prove thatif x € S'! is such that X r (x) exists, then so
does Ag (n(x)), and these numbers are equal, i.e., y r(x) = yg(h(x)).

Exercise 3.6. Let £ € R be an arbitrary number. For each rational number r €
(0, 1), find a smooth diffeomorphism f : §' — S whose rotation number is
equal to 7 and a point xo € S ! such that y f(x0) = 4.

Exercise 3.7. Let ¢ € BV(S!) be a function of bounded variation. Given an
interval A C S'! with endpoints a and b, write v, (A) = |p(a) — @(b)|.

(i) IfA, Aq,..., Am C Stareintervals with A = | J7L | A; and the A;’s have
pairwise disjoint interiors, show that

vg(4) <) vg(4y) .

i=1
(i) Deduce from (i) that, if /1, I, ..., Iy C S 1isa collection of k-quasidisjoint
intervals (for some k > 1), then

N
Z ve(1;) < k Var(p) .

Jj=1

This fact was implicitly used in the proof of Lemma 3.3.



We have seen in Chapter 3 that every sufficiently smooth diffeomorphism of the
circle without periodic points is topologically conjugate to a rigid rotation. In other
words, the fopological orbit structure of such a diffeomorphism is indistinguish-
able from that of a rigid rotation. The relative order of points of a given orbit on
the circle is the same no matter which orbit we take; everything is determined by
a single invariant, the rotation number.

What can be said about the geometric orbit structure of such a diffeomorphism?
Is it the same, asymptotically at least, as that of the corresponding rotation? As
we shall see in this chapter, this is a subtle question, one whose answer depends
on the arithmetic nature of the rotation number.

We will not attempt at a formal definition of geometric orbit structure. Intu-
itively, the geometric structure of an orbit of a circle map can be defined as the set
of ratios of distances between the various points of that orbit. When we only care
about ratios of distances between points that are close to each other, at smaller and
smaller scales, we speak of the orbit’s asymptotic geometric structure.

When a C! diffeomorphism of the circle f is conjugate to a rotation, and
the conjugacy 4 is a C! diffeomorphism, then, because / is essentially affine at
small scales, the geometric structure of the orbits of f is asymptotically the same
as the geometric structure of the orbits of the rotation. Thus, we can rephrase the
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question posed above as follows: Ifa C! circle diffeomorphism f is topologically
conjugate to an irrational rotation, when is the conjugacy a C! diffeomorphism?

More generally, when f is a C" diffeomorphism one may consider its C”-
smooth structure at small scales. Here, we can have r finite greater than or equal
tol,r = oo, oreven r = w (i.e, f can be a real-analytic diffeomorphism).
Again, we refrain from giving a formal definition of smooth structure, but instead
formulate the general problem as follows: Find necessary and sufficient conditions
fora C" circle diffeomorphism f which is topologically conjugate to an irrational
rotation to be C*®-conjugate to that rotation, where s < r is as large as possible.
This problem has been thoroughly investigated by Arnold (in the analytic case),
Herman, Yoccoz, among others, and our aim here is to describe some of their
results.

4.1 Herman’s invariants

In this section we will present a fundamental criterion for smoothness of conjuga-
cies that was introduced by Herman [1979, Ch. IV] in his these d Etat. 1t is very
simply stated in terms of what we now call Herman s conjugacy invariants.

Definition 4.1. If f € Diff' (S1), where r is a positive integer, set 7 (f) =
supez IDf 1.

Here, given a C¥ function ¢ : §1 — R, where k > 1, we write lellck =
ZI; —0 | D7 ¢||, where || - || denotes the usual sup-norm.

In this chapter, we will only make explicit use of Herman’s first invariant
JA(f). We leave it as an exercise to the reader to prove that 771 (/) is indeed a
C! conjugacy invariant, in the sense that 7 (h o f o h™!) < oo if and only if
J4(f) < oo, whenever f,h € Diff! (§1) (Exercise 4.1). The proof that 7 (f)
is a C" conjugacy invariant when r > 1 is also not difficult, but depends on the
so-called Faa-di Bruno formula for the higher derivatives of a composition of C”
maps. We once again refer the reader to Herman [ibid., Ch. IV] for details.

With such an invariant at hand, Herman’s criterion reads as follows.

Theorem 4.1 (Herman’s Criterion). If f : ' — S!isa C” diffeomorphism and
J6(f) is finite, then f is C” conjugate to a rigid rotation, and conversely.

We will prove Herman’s criterion only for » = 1, deriving it as a consequence
of the following general result in topological dynamics due to Gottschalk and Hed-
lund [1955].
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Theorem 4.2 (Gottschalk—Hedlund). Let X be a compact metric space, f : X —
X be a homeomorphism all of whose orbits are dense, and ¢ : X — R be a
continuous function. Then the following assertions are equivalent.

(a) There exists ¥ : X — R continuous such that ¢ =y o f —
(b) There exists xo € X such that sup,~ 4 Z’};a @ o fI(xo0)| is finite.

Proof. That (a) implies (b) is clear, because if ¢ = ¥ o f — 1 then

n—1
Y o fix) = Yo () —v(x),

Jj=0

and so taking any x € X as xo will do.

To prove that (b) implies (a), consider the map H : X xR — X xR given by
H(x,t) = (f(x),t 4+ ¢(x)), an example of what is usually referred to as a skew
product. Then H is continuous and invertible; in fact,

H ' (y.s) = (f7'0). s —o(f 1))

so the inverse is also continuous. Hence H is a homeomorphism. Note that for all
n > 0 we have

n—1
H"(x.t) = (f"(x).0+ > o f/(x). (4.1)

Jj=0

Now (b) implies that the positive orbit ﬁl’; (x0,0) = {H"(x0,0) : n > 0} is
bounded. Therefore the w-limit set 2 of ﬁ;} (x0,0) is a compact subset of X x R,
and obviously H -invariant.

Claim: The set $2 is the graph of a continuous function ¥ : X — R.

To prove this claim, we must show that each vertical line {x} x R cuts §2 at
exactly one point. First note that this happens for the vertical line {xo} x R, its
intersection with £2 being the point (xg, 0). Indeed, if (x¢, ) € 2 then there is a
sequence n; — oo such that H" (xg,0) — (x9,1), and using (4.1) we see that this
implies that H™i (xg,t) — (xo,2t). By induction we deduce that (xo,nt) € 2
for all n, but since §2 is bounded this can only happen if # = 0. Now, if some
vertical line {x} x R cuts £2 at two points, say (x, 1) and (x, t2), then every other
vertical line must do so as well: for any y € X, since the orbit of x under f is
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dense in X, we find a sequence m; — oo such that H™i (x,t1) — (y,t) for some
t € R, and therefore H™i(x,t;) — (y,t + (t2 — t1)). But this contradicts the
fact that {xo} x R intersects §2 at (xg, 0) only. This proves that §2 is the graph of
a function ¥ : X — R, necessarily continuous because §2 is closed in X x R.

Finally, since now we know that every point in §2 is of the form (x, ¥ (x)) for
some x € X, we see that

Hx,y(x)) = (f(x). ¥(x) +9(x) = (f(x). ¥ o f(x) .

by the H-invariance of §2, and therefore ¥ (x) + ¢(x) = ¥ o f(x), thereby
establishing the desired cocycle identity. O

We are ready for the promised special case of Theorem 4.1.

Theorem 4.3 (Herman’s Criterion). 4 C! diffeomorphism f : S — S'is C!-
conjugate to a rotation if and only if 74 (f) < oo.

Proof. First suppose that 741 (f) < oo, i.e. sup, ||log Df"| < oco. Since by the

chain rule,
n—1

log Df" = Zlongofj,
j=0
condition (b) of the Gottschalk—Hedlund theorem holds for ¢ = log Df and x¢
any point in X = S!. We deduce from that theorem that log Df = ¥ — ¥ o f

for some continuous function ¥ : ! — R. Adding a suitable constant to v if
necessary, we may assume that

/Sl exply()idt = 1. (4.2)

Now we define 4 : S — S by

hx) = / exp{y (1)} dt .

Here and throughout, it is implicit that all calculations are performed modulo 1.
The normalization (4.2) makes /& a well-defined, degree one map. Itis a C! dif-
feomorphism because V¥ is continuous. Moreover, writing

f(x0)
o= f exp{y (1)} d .

0
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we see that
f(x)
ho f(x) = « +/ exp{y(¢)} dt .
(x0)
Applying the change of variables t = f(s), this becomes
X
ho f(r) = a+ [ explire 6IDS(5)ds 43)
X0

Using the cocycle relation v = v o f + log Df in (4.3), we get

ho f(x) = oz+/ exp{¥ o f(s) +log Df(s)}ds

0

= a+ /X exp{w(s)}ds

0

= o+ h(x)

Therefore h o f(x) = Ry o h(x). The converse is left as an easy exercise to the
reader. O

For an interesting use of Herman’s criterion in the context of one-parameter
families of circle diffeomorphisms, see Section 4.3.2.

4.2 Small denominators: Arnold’s theorem

In this section we present a fundamental theorem due to Arnold [1961] stating that
every analytic circle diffeomorphism with “good” rotation number o and which is
sufficiently close to the rotation Ry, is analytically conjugate to R, .

Arnold’s analytic conjugacy theorem can be regarded as a toy model for what
is known as KAM theory'. This theory was developed as an attempt (largely suc-
cessful) at making rigorous certain perturbation arguments used by physicists in
their studies of nearly integrable Hamiltonian systems arising in Celestial Mechan-
ics. The major difficulty in dealing with the perturbative series expansions of the
solutions of the differential equations coming from these problems is that the coef-
ficients of these series often involve rational expressions with small denominators,
rendering the task of proving convergence extremely difficult.

"The acronym stands for Kolmogorov, Arnold and Moser.
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It is fair to say that the taming of small denominators started with Siegel [1942].
His paper deals with the problem of linearization of analytic functions near an
irrationally indifferent fixed (or periodic) point, say with multiplier A = e27i®
for some irrational . Siegel wrote down the conjugacy equation (in which the
unknown is an analytic change of coordinates transforming the given map into
the linear map z +— Az), expanded everything in power series, and compared
coefficients. This resulted in complicated recursive relations for the coefficients
of the desired conjugacy; in these relations, factors of the form A” — 1, n # 0,
appeared in the denominators. In order to control such factors (so as to prove
convergence) Siegel had to assume that « is a Diophantine number. The required
estimates are quite difficult to carry out, and Siegel’s paper, despite being short,
is a real four-de-force. But in some sense it also shows that the method of direct
comparison of coefficients (followed by brute force estimates) for perturbative
series is not viable in the general KAM setting.

A different approach was proposed by Kolmogorov [1954] in his ICM address.
He laid down a strategy to deal with such problems that, roughly speaking, consists
of two steps:

(1) linearize the equations of motion and solve the linear problem, obtaining an
approximate solution to the original non-linear problem.

(2) Improve the approximate solution obtained in (1) by an iterative procedure
akin to Newton’s method.

It is in the first step that the small denominators mark their presence. The second
step is usually the more difficult one; here the hope is that the successive approxi-
mate solutions are such that the distance to the exact solution at the (n + 1)-st step
is of the order of the square of the corresponding distance at the n-th step. It is
this quadratic decay that is meant by the expression “akin to Newton’ method”.

This strategy was first carried out by Arnold [1961] for analytic systems, and
later by Moser [1966] for C¥-smooth systems. The first case analysed by Arnold
was the one we mentioned in the beginning of this section, namely the problem
of analytically conjugating an analytic circle diffeomorphism sufficiently close to
a “good” rotation to the rotation itself. Such diffeomorphisms arise as (global)
cross-sections for flows on the two-dimensional torus. This problem is the exact
analogue for maps of the circle of the linearization problem for local analytic dif-
feomorphisms studied by Siegel.

Before giving a precise statement of Arnold’s theorem, let us introduce some
notation and formulate a definition. For each r > 1, let A, denote the annular
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region A, = {z € C: r~! < |z| < r} in the complex plane. Let us also consider
the horizontal strips S¢ = {z € C : |Imz| < o}, for each given ¢ > 0. We
denote by exp : C — C/Z = C* the exponential covering map exp(z) = e27iZ,
Note that, in the notation just introduced, exp(Sy) = A 270 -

Definition 4.2. We say that an irrational number o is Diophantine of type (K, v),
where K > 0 and v > 2 are given constants, if

K
‘a—£'>—v,forall£€(@.
q q q

Remark 4.1. We note the obvious but useful fact that, if & is Diophantine of type
(K,v) and K’ < K, then « is Diophantine of type (K’, v). Thus, we can always
assume that K is as small as necessary.

We are ready for the statement of Arnold’s theorem.

Theorem 4.4 (Arnold). Letr > 1, K > 0 and v > 2 be given, and let o € (0, 1)
be a Diophantine number of type (K, v). There exists ¢ = e(r,v, K) > 0 with the
following property. Suppose f : S' — S is a diffeomorphism with p(f) = «
such that

(i) f has a univalent extension to the annulus A, (which we still denote by f);
(ii) supzeq, | f(2) — Ra(2)] <&

Then there exists a univalent map h : A 5 — C with h(SY) = S such that h
conjugates f to the rotation Ry, i.e., satisfies the conjugacy equation f oh =
h o Ry, in an annular region around S 1

In light of Kolmogorov’s strategy, the proof goes as follows.

(1) First linearize the conjugacy equation f o h = h o Ry and, expanding
everything in Laurent series, get an approximate solution i; : A,, — C
which is holomorphic univalent in a smaller annulus (1 < r; < r) and
preserves the unit circle. To prove convergence of the series for 41 in the
smaller annulus, it is necessary to use that « is Diophantine. Then define
f1 = hl_1 o f o hy. This new map is holomorphic univalent in a smaller
domain than the original f; we refer to this as a loss of analyticity. Note

that p(f1) = p(f).
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(2) Repeat step (1) with f; replacing f, getting i : A, — C holomorphic
univalent in a yet smaller annulus (1 < r, < ry) and preserving the unit
circle. Then define f, = h;l o f1 o hy, and so on, inductively. As a
result, we obtain two sequences of univalent maps, namely &, : A,, — C
and f, : A;, — C (where | < rpqy1 < r, < r for all n) such that
fnt1 = Yo f, 0 hy for all n (all maps preserving the unit circle). Again,
note that p( f,) = p(f), and in fact

fn = (h1ohzo---ohn)_lofo(hlohzo---ohn) , foralln .

Denoting by A, = || fu — Rallcoc 4,,) the C O_distance between f,, and Ry,
in the appropriate annular domain, the estimates will show that A,4+; =
O(ALT€) foralln > 1 and some € > 0. They will also show that r,, >
A/r > 1, and from this it will follow that 7 = limy 00 h1 0 hp 0 -++ 0 hy
exists as a holomorphic univalent map with domain A - and is the desired
analytic conjugacy.

What will make this inductive procedure work is that the faster-than-linear
decay in step (2) beats the loss of analyticity in step (1) at each stage.
Having presented the general idea, we now move to the rather painful details.

4.2.1 'The linearized equation

It will be much more convenient to deal with the lifts of f, Ry through the expo-
nential covering map. The lift of R,, is, of course, the translation Ty : z — z + «.
The lift of f is a holomorphic univalent map F : S — C defined on the strip
So = {z : |Im(z)| < o} with e?™° = r, satisfying F(z + 1) = F(z) + 1 for all
z € Sy, and such that the diagram

S, — v F(S;)cC

exXp \ J exp

A, —— f(4,) C C*
- fr)

commutes; the restriction F'|g is the lift of our circle map f|g1. Of course, F is
determined only up to addition by an integer, but we choose it so that 0 < F(0) <
1: this ensures that || F — Ty || co(s,,) is of the same size as || f — Rq || co4,)- Thus,
if f is a small perturbation of the rotation R, then F is a small perturbation of
the translation Ty,.
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Our ultimate goal is to find a holomorphic univalent map H : S;/, — C, with
H(z+1) = H(z) + 1 forall z € S5/, and H(R) = R, satisfying the conjugacy
equation

FoH(z)=HoTy, forallz € Sy, . 4.4)
In particular, it should be the case that H(S4/2) C S5

Letus write F(z) = z + o + ¢(z) and H(z) = z + ¥ (z), where ¢, { are
holomorphic and periodic of period one. Here ¢ is given, and ¢ is the unkown. If
a solution to (4.4) exists, then we must have

Y(zt+a)-y(@) =0z +¥(2).

This rather non-linear equation in the unknown v is, not surprisingly, too diffi-
cult to be solved directly. We try to do the next best thing, which is to find an
approximate solution by considering the linearized equation

Yz +a)=v(2) =9(2). (4.5)

However, a necessary condition for (4.5) to be solvable is that fol p(x)dx =0,
which is not reasonable to expect. Hence we replace (4.5) by

Yz +a)—¥(2) =) —90). (4.6)

where ¢(0) = /01 o(x)dx. If we solve (4.6), then H = Id + v will not be an
exact solution to (4.4), but rather an approximate solution (we will deal with the
problem of determining the correct domain strip on which H (or ¥) is defined in
due time).
Since we are dealing with periodic functions, it is natural to use Fourier series.
Let us write .
v(2) = ) pme™"? (47)

nez

where the Fourier coefficients ¢(n) are given by
1
on) = / @(x)e 2TInx g (4.8)
0

Note that, since ¢(x) is real when x is real, we have ¢(—n) = @(n) forall n € Z.
The series in (4.7) is absolutely convergent in the strip Ss: see Exercise 4.2. Let
us also consider the formal expansion of the unknown 1 in Fourier series, namely

Y =Y Pn)e?™ (4.9)

nez
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Putting (4.7) and (4.9) back in (4.6) and solving for the coefficients of v, we get
¥(0) = 0and

~ e
¥(n) = e2mina _ 1’
Here we see the small denominators making their presence felt. In order to esti-
mate the coefficients of ¥, we need the following two lemmas.

foralln € Z* . (4.10)

Lemma 4.1. If « is Diophantine of type (K, v) then

4K

2wina
)"’ N 1‘ Z a1

(4.11)

foralln € 7*.
Proof. See Exercise 4.3. O

Remark 4.2. Aboutnotation: from now on we shall write || || instead of ||| cos,,
for the C° norm of functions defined on S, .

Lemma 4.2, Let & : S — C be holomorphic and periodic of period one, and let

1
Em = [ s a
0
be its n-th Fourier coefficient. Then

(E(n)( <e 2 Mlg . foralin e 7. (4.12)

Proof. See Exercise 4.4. O
With these two facts at hand, we now prove the following.
Lemma 4.3. For each 0 < § < o the series
p(n) ;
W(Z) = Z e2mwina _ | 627””2
nez*

converges absolutely and uniformly for |Im(z)| < o — 6§, and ¥ (R) € R. More-
over, there exists Co = Co(v, K) > 0 such that (i) |V ||g—s < Cod7"||l¢llo, and
(i) [/ lo—25 < Co8™ gl
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Proof. Letz € S;_5. Using Lemma 4.1 and applying Lemma 4.2 with § = ¢,
we have

O
vl < Z e le2mina _ 1| |27'””Z|
neZ*
”@”0 Z | |v 1 —2no\n| —2nn(Im(z))

nez*

\

But, as the reader can easily check, e =271 (Um(2))  o27171(0=8) whenever |Im(z)| <
o — 8. Therefore

Y@l < Wl 5yt gaminis.

nez*

This last series is convergent, as we see by the integral test:

Z |n|v 1 —2m|n|s < 2/ xv—le—27r8x dx

nezZ*
2 /'OO tv_le_t dt = ZF(V)

@y J, Qd)v
This shows that at once that the series for ¥/ (z) converges absolutely and that
¥ (2)] < Cob7V||¢llo, where Co = % Hence the convergence is also

uniform on Sy_g, and | ||g—s < Cod™"||¢|los as stated in (i).
To prove (ii), note that if z € S,_,g then the closed disk D of center z and
radius § is contained in S,_g. By Cauchy’s integral formula, we have

1 Y () dg

27i Jap (§—2)2

Hence [v/'(2)] <6~ 1sup;eaD | ()|, and therefore, using (i), we get |V || g—25 <

Y llo—s < Cos™ el
Finally, note from (4.10) that the the Fourier coefficients of i satisfy the rela-

tion @(—n) = @(n) for all n € Z. This shows that ¥ (z) = ¥ (z) for all z, and
therefore i preserves the real axis. This finishes the proof. O

V'(z) =

Remark 4.3. Note that, by taking K to be sufficiently small, we can (and will)
always assume that Co > 1 (¢f Remark 4.1).
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4.2.2 Non-linear estimates

Now that we have bounds on the solution i to the linear equation (4.6), we proceed
to the analysis of the holomorphic map H = Id + ¥, which we will show to be
univalent on a neighbourhood of the real axis. We will derive good estimates on
how close H and H ! are to the identity map.

Lemma 4.4. If0 < § < o/4 and ||¢|ls < Cy 18" %Y, then: (i) H is univalent in
So—28 (it) H(Sg—25) S So—s, (iii) H(Sg—28) 2 Sg—35-

Proof. We already know that H = Id + ¥ is holomorphic in the strip S;—s D
Ss—25, S0 we only need to show it is injective in the latter strip. Note that second
estimate in Lemma 4.3 and the hypothesis on ¢ imply that ||{'||;_2s < 1. Let
z1, 22 be two distinct points in S;_55. Then

|H(z1) — H(z2)| 2 | |21 — 22| — [¥(z1) — ¥ (22)] | -
But by the mean-value inequality,
¥ (z1) = ¥ (22)| < Y llo—26l21 — 22| < |21 —z2] .

Therefore H(z1) # H(z2), and so H is injective. This proves (i). Next, for each
z € Sy_»s, the first estimate in Lemma 4.3 and the hypothesis on ¢ imply that

ImH(z)| <|Imz|+ |Imy(z)| < (0 —28)+8=0—-9§,

so H(z) € Sy;_g. This proves (ii). Finally, the proof of (iii) is more of the same,
since

[Im H(z)| > } Imz| — [Imy(z)| } >(0—-25)—8=0-35.
O

This lemma implies, in particular, that H has an inverse H ! : H(Sy_55) —
So—_2s Which, of course, is also univalent. Let ¢ : H(S,;_55) — C be the holo-
morphic function given by

HY2)=z—v(@) +9().
Lemma 4.5. We have

19llg—as < C5872" "ol -
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Proof. From the identity z = H ™' o H(z), valid for all z € S;_,5, we get the
equation

Pz + (@) =yE+v(@)-v(). (4.13)

We would like to bound the right-hand side of (4.13) using the mean-value inequal-
ity, but to do that we need H(z) = z 4+ ¥/ (z) to be a point inside S;_,5. Hence
we assume that z € S;_34. , and we get

19z + v @) < [V lo—28¥(2)]
< (Co8™"llglls) (Co8™Higllo) = C3872" gz . (4.14)

But H(S;_35) 2 Ss_45 (mimic the proof of assertion (iii) in Lemma 4.4). This
means that for each w € S,_45 there exists (a unique) z € Sy_35 such that
w = z + ¥ (z) Using this fact in (4.14) we deduce that

[9o—as = sup [9(w)| < CZE> |2,

WESs—45

as required. O

Now that we have estimates on H and H ~! on strips around the real axis that
are narrower than the original strip domain of F', we would like to know how close
G = H~'o F o H is to the translation T,. Our hope is that G will be much closer
to Ty than F. This will indeed be the case, provided we shrink even further the
strip domains on which these maps are defined.

Lemma 4.6. Let 0 < § < min{l,0/6} and, as before, suppose that ||¢|ls <
Cy 18"+, Then the composition G = H™' o F o H is a well-defined univalent
map with domain Sy_gg. Moreover, if 1 1 Sy_es — C is the holomorphic function
given by n(z) = G(z) —z — «, then

Inllo—ss < 8Ca8~2""MlgllZ .

Proof. Writing down G(z) explicitly in terms of ¢, i and ¢, after some straight-
forward computations we deduce that n(z) = G(z) — z — « can be written as a
sum of three terms, namely

n(z) = A(z) + B(z) + C(2), (4.15)
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where

A(2) vz -y +a)+o(z+v(2)

B(2) Yz t+a) -y +at () +o+9(2)

Clz) = 9z+a+v(z)+ei+v()

Note that, since v is a solution of the linearized equation (4.6), the first term A(z)
can be re-written as

Az) = o(z + ¥ (2)) — 0(2) + 9(0) .
We are going to bound these three terms in reverse order.

(1) The term C(z) is easy to estimate from Lemma 4.5. Indeed, if z € S;_¢s,
thenz + o + ¥ (z) + ¢(z + ¥ (2)) € Sy_45, and therefore

IC(2)| < C587 > HollZ . (4.16)

(2) Inorder to bound the term B(z), we combine the mean-value inequality with
Lemma 4.3 and get

|B(2)| < ¥/ lg—25 [V (2) + @(z + ¥ (2))]
< (Co8™" Melo) U llo—s + lello)
<2C38 " Migl2 (4.17)

where in the last line we have used that Co5™ > 1.
(3) Finally, let us find an upper-bound for |A(z)|. We have, of course,
A < lo(z + ¥(2) —e@)] + [9(0)] .

The first absolute value on the right-hand side is estimated using the mean-
value inequality. We have

oz + ¥ (2) =@ < ¢ llo—25 - 1V llo—s5 -

But [|¢/|lg—2s < 87 !l¢|ls (this follows from Cauchy’s integral formula for
¢’ just as in the proof of Lemma 4.3). Also, ||V ]ls—s < Cod™"|l¢|ls (again
by Lemma 4.3). Therefore

lp(z + ¥ (2)) — p(2)] < Co8™ Hgl|Z . (4.18)
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It remains to bound |@(0)|. To do this, we use the fact that, since G has
translation number «, there exists some xg € R such that n(xg) = G(xo) —
xo—a = 0 (see Exercise 4.5). This means that A(xo)+ B(xo)+ C(xg) = 0,
that is

9(0) = —(p(xo + ¥ (x0)) — ¢(x0)) — B(xo) — C(xo) -
Using (4.16), (4.17) and (4.18), we get
(0)] < (3CF872" 71 + Cos ™) llelly < 4C58™> Mgl -
From this and (4.18) we deduce that

|A(z)| < 5C3872 Hgll2 . (4.19)

Putting together (4.16), (4.17) and (4.19), we finally get the inequality
()] < 8C557* " igllz -

Since this holds for every z € S,_gs, the lemma is proved. O

4.2.3 Proof of Arnold’s theorem

We are now in a position to describe the inductive procedure leading to the proof
of Arnold’s local conjugacy theorem. The key to the induction is Lemma 4.6.

We are given ¢ > 0 and want to consider univalent maps F : S; — C of the
form F(z) = z + o + ¢(z), where o € (0, 1) is a fixed Diophantine number of
type (K, v), which are very close to the translation 7, preserve the real axis and
have translation number equal to «.

We start by defining three sequences of positive numbers (8,)n>0, (0n)n>0
and (e,)n>0 as follows. First we set 09 = o and take §o = %min{l, o/6}. We

also let
§2v+1 1 4
_ . 0

The reason for such a strange choice will become apparent later. Then we define
recursively, for all n > 0,

1
. . 3/2
81’["{‘1 = 581’[ ’ Un+1 = Onp — 68}1 ) 8n+1 = En/ .
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Note that o, > %ao for all n. It is also easy to check that e, < Cy 15,‘;‘“ for all

n.

Given these preliminaries, we proceed through the following steps.

(1)

2)

Basis of induction. Suppose that Fy : Sg, — C is given by Fyo(z) =
z + o + @o(z) with @9 holomorphic, periodic of period one, and such that
lolloy, < €o. Let Yo : Sgy—s, — C be the holomorphic solution to the
equation

Yo(z +a) —Yo(z) = @o(z) — 9o(0) ,

whose existence and uniqueness are guaranteed by Lemma 4.3. By that
same lemma, we have [|/]|5,—s, < CoSq " |90laq» as well as [ || ¢y —25, <
Co8y" ¢olloy Let Ho = Id + 0. By Lemma 4.4, this map is univalent
in S5,—25,, and by Lemma 4.5 the function ¥o(z) = Ho_l(z) —z4+Y(2)
is holomorphic in S, _45, and satisfies ||Fo||5,—48, < COZ(SJZ"_I ||<p0||(2,0.

Induction step. Now suppose we have already defined a univalent map Fj, :
Ss, — C and a holomorphic map Hy : S;,—5, — C having the following
properties:

(i) The map F, preserves the real axis and Fy|R has translation number
Q.
(i1) If o = Fy, — Ty, then @, is periodic of period one and ||¢||s, < &n.
(iii) The map Hj is univalent on S; _»s,, and we have Hy, (S5, —25,) €
Son—S,, and Hy (Scrn—28n) 2 Scrn—38n-
@iv) If ¥, = H, — 1d, then ¢, is periodic of period one, and we have
1Vnlloy—8, < Coby” l@nlls, and [Vylle,—25, < Cody”lgnllo,-
Applying Lemmas 4.5 and 4.6 to H = H, and F = F,, we define Fj,+1 =
Hn_1 o Fy o Hy on the strip S5, 65, = So,,,- Then Fy11 is univalent,

preserves the real axis, and has translation number equal to «. Moreover,
writing ¢n+1 = Fp4+1 — Tq, it follows from Lemma 4.6 and (ii) that

lnttlonsr < 8CE8,2 lgnl2, < (8C38, 2 ey/?) edl? . (4.20)

n
Butg, = 8(()3/ 2) , and our choice of g¢ implies after some calculation that

2¢0—2v—1 %(%)n
8Cyd, &5 <1.
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Putting this back into (4.20) we deduce that ||@n+1llo,,, < 83/2 = &n+1.
This shows that F;, 1 satisfies the analogues of properties (i) and (ii) above.
Finally, let ¥, 41 be the solution to the equation

VUn+1(Z + ) = VYnt1(2) = p+1(2) — Pu+1(0) .

whose existence and uniqueness, once again, are guaranteed by Lemma 4.3
(with ¢ = @p41). That lemma also implies that the analogue of (iv) above
holds for ¥, +1, and from this and Lemma 4.4 it follows that H, 4+, = Id +
Y41 satisfies the analogue of (iii) as well. This completes the induction.

The conjugacy. Now that we have constructed the sequences (F),>0 and
(Hyn)n>o0 with the above properties, we know in particular that || F, — Ty ||o, <
en and ||Hy — Id||g,—5, < Cod, " en, for all n. We also know, applying
Lemma 4.5 with H = Hp, that [|[H, ' —1d| 5,45, < 2C$8,2" Len, for
all n. Moreover, the strip S,/ is contained in the domain of all of these
maps. It follows that, on this strip, we have F,, — T,, H, — Id and
H, 1 1d, and the convergence is uniform in each case. In addition, for
each z € S;,/2, we have

Fn(z) = (H()OH]O"'OHn_l)_IOFOO(HOOHlO"'OHn—l)(Z) (4.21)

We claim that the sequence of univalent maps ¥, = Hopo Hyo---0o Hy_1 :
S, — C when restricted to the strip Sy, /> converges uniformly to a holo-
morphic map H : S,,/2 — C which is necessarily univalent. To prove this
claim, we first estimate ||¥y+1 — ¥y | 5,/2 for all n. Using the mean-value
inequality, we have

|l1/l’l+1 - lI/”l”O'n—Sn = ||l1/n o Hn - ljl/n”()'n_Sn

1, llo, 1 Hn —1d]l,,—5, < Co8, " enl|¥yllo, -
(4.22)

||l1/n+1 - lI’n”cro/z <
<

|
|
Now, by then chain rule,

n—1

Uy =[] HjoHjt10m 0 Hy
j=0
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4)

Since H J’ =1+ W} for each j, it follows that

1910, < H (1419, 25, )

(1 +C05 v=lg ) lo_o[ (1 +C05;v_18j> .

S \

’—'O

.
I
o

But the latter product converges, because the series Z;o:() 8;])_18 j con-
verges. This shows that there exists a constant By > 0 such that |¥] ||, <
By for all n. Taking this back to (4.22), we see that || W, 1+1 — Wnllgy/2 <
B16,Ven, where By = BoCy. Therefore, for all m > n > 0, we have

”Lllm l[/n||00/2 BIZS

Since the series Z?ozo 8;”8 j is also convergent, we deduce that (¥y),>0
is a uniform Cauchy sequence in S, /». Therefore H = lim,— o0 ¥y exists
and is holomorphic (and univalent) in S, /2. Going back to (4.21) and let-
ting n — oo, we finally get the conjugacy equation T, = H ™! o Fyo H in
the strip S, /2, which is what we wanted.

Now that all the hard work has been done, to complete the proof of Theo-
rem 4.4, all one needs to do is to quotient everything down to C/Z using
the exponential covering map. This task is left to the reader as an exercise.

This concludes the proof of Arnold’s theorem.

4.3

Counterexamples to linearizability

In the same paper where he proved his analytic conjugacy theorem, Arnold [1961]
also gave examples of analytic circle diffeomorphisms without periodic points
which are not C'! conjugate — in fact, not even absolutely continuously conjugate —
to an irrational rotation. Of course, the rotation number of such a diffeomorphism
must be an irrational that can be well approximated by rationals.
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4.3.1 One-parameter families

The examples we seek will be found in suitable one-parameter families of analytic
diffeomorphisms. We will in fact show that they are, in a suitable topological
sense, abundant.

Let f : S' — S! be an analytic diffeomorphism, and consider the one-
parameter family f, = Ry o f, where @ € R/Z. We will refer to this family as
the standard family generated by f, or simply the standard family of . We know
that the rotation number varies continuously and monotonically with the parameter
a, i.e., the function @ ¢ : R/Z — R/Z given by O r(a) = p( fo) is continuous
and monotone non-decreasing”. We call this function the rotation number function
associated with f.

We say that a surjective, monotone function ¢ : R/Z — R/Z is a devil
staircase if ¥ is continuous, and there exists a countable dense set C C [0, 1] such
that (i) ¥ ~1(c) is a closed interval with non-empty interior, for each ¢ € C; and
(i) K = (R/Z) \ U,.ec int(¥ ~1(c)) is a Cantor set.

Lemma 4.7. Let f : S' — S be an analytic diffeomorphism, and let f, =
Ry o f beits standard family. Suppose we have f,] # 1d for all o € [0, 1] and all
n = 1. Then the rotation number function © ¢ is a devil staircase.

Proof. We already know that ® ¢ is continuous and monotone, and it is also sur-
jective. Let C = Q/Z. For each rational r € C, the pre-image A, = @}l(r)
is a non-empty closed interval. We claim that this interval has non-empty inte-
rior. To see this, write ¥ = p/q in irreducible form, and let @ € A,/,. Let
Fy : R — R be the lift of fy with 0 < F,(0) < 1. Consider the (periodic) func-
tion @y (x) = F9(x) —x — p. Its graph Gr(¢y) intersects the real axis, because
fo has a periodic orbit of period ¢g. Note that ¢, cannot vanish identically, for if
it did, we would have f,/ = Id, contrary to our hypothesis. Hence there are three
cases to consider:

(1) The graph Gr(gy) crosses the real axis. In this case, by continuity of the
map B +— g, we see that there exists § > 0 small such that , for each
B € (@ —4d,a + &), the graph Gr(pg) also crosses the real axis, so that
p(fg) = p/q. In other words, we have A/, D (¢ — 8, + §).

(2) The graph Gr(¢,,) touches the real axis, but ¢, (x) > 0 for all x. Here, since
®a(x0) > 0 for some xo, it follows from the continuity of 8 — ¢g that

2Here and throughout we think of R/Z as the interval [0, 1] with the endpoints identified, and
the induced order relation via this identification.
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there exist § > 0 small such that, for each B € (a — J, ], the graph Gr(¢pg)
intersects the real axis, so that p(fg) = p/q. Hence A,y O (¢ — d, ] in
this case.

(3) The graph Gr(gy) touches the real axis, but this time g (x) < 0 for all x.
This case is analogous to case (2). Proceeding as before, we deduce in this
case that there exists § > 0 small such that A/, D [, a + ).

Whichever case occurs, we see that A ,/, has non-empty interior, as claimed. Fi-
nally, if y € (R \ Q)/Z is an irrational point, then @;1 (y) reduces to a single
point. This follows from the fact that ®  is strictly increasing at each point « for
which p( fy) is irrational. This fact is left as an instructive exercise to the reader
(see Exercise 4.6). Putting all these facts together, we deduce that

Ky=®R/z)\ | J int(4,) (4.23)
reQ/7Z

is compact, totally disconnected and without isolated points, i.e., a Cantor set.
Therefore © ¢ is indeed a devil staircase. O

Remark 4.4. The fact that the intervals A/, have non-empty interior is known
as phase-locking or mode-locking phenomenon. Accordingly, these intervals are
called phase-locking or mode locking intervals.

The reader may wonder how easy it is to produce examples of (standard) one-
parameter families satisfying the hypothesis of Lemma 4.7. It turns out that if
f has a lift to the real line which is the restriction of a holomorphic map of the
entire complex plane, then the hypothesis in question is always satisfied — see
Exercise 4.7. This is what happens with one-parameter families extracted from
the so-called Arnold family, which depends on two parameters. The maps in the
Arnold family have as lifts the restrictions to the real line of the entire maps given
by

Fop(z) =z +a+ Bsin2rz.

Here, we have 0 < @ < land 0 < B < 1/2m. These entire maps project
down to holomorphic self-maps of the cylinder C/Z ~ C* — call them f, g
— whose restrictions to the unit circle are analytic diffeomorphisms. Note that
Ja.p = Ra © fo,p. Thus, by fixing B and varying o, we get a one-parameter
family satisfying the hypothesis of Lemma 4.7. In Table 4.1 the reader can see
the plots for two values of 8 smaller than 1/27. When B = 1/27 we still have a
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Of(a) Of(a)
1 1
/
3 // 3 j/
4 4 /
1 1
2 2
1 / 1 /
L/ L/
(07 / (07
0

EN[M
—
(e

EN[M
—

SN
NI—
NI
Nl

Table 4.1: Devil staircases in the Arnold family for § = 0.125 (left) and for
B = 0.158 (right). In each case, /' = fy g.

family of circle homeomorphisms, but these are not diffeomorphisms: x = 1/2 is
now a critical point. Such maps are called critical circle maps, and will be the main
object of study in parts III and IV of this book. For 8 > 1/2x the corresponding
maps in the Arnold family are no longer invertible; these maps will not be studied
in this book.

Remark 4.5. For each fixed value of § in the range 0 < 8 < 1/27, we may
consider the Cantor set Kg C [0, 1] obtained as the closure of the complement of
the union of all phase-locking intervals in the one-parameter family « — f,, g. As
shown by Herman [1979], Kg has positive Lebesgue measure when 8 < 1/27.
By contrast, when f = 1/2x the corresponding Cantor set has zero Lebesgue
measure; this was first proved by Swiatek [1988].

Remark 4.6. An interesting picture emerges if one looks at the Arnold family in
parameter space. For each rational p/gq € [0, 1], the set of all pairs of parameters
(o, B) inside the rectangle [0, 1] x [0, iﬂ] for which the map f, g has rotation
number p/q is a connected set known as an Arnold tongue. See Figure 4.1 for a
computer-generated picture of some of these tongues (for selected values of the
rotation number p/q).
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np

D=

=

W=
A=
W=
nIN
=
][}
Wi
EN[W)
(D1EN

—_

Figure 4.1: Arnold tongues in the family x — x +« + 8 sin 27 x) for0 < o < 1
and 0 < B < %

4.3.2 Residual sets of non-linealizable parameters

We now combine what we learned in Section 4.1 about Herman’s C'! conjugacy
invariant with a simple Baire category argument to show the existence of mini-
mal analytic circle diffeomorphisms which are not C! conjugate to a rotation (of
course, they are always topologically conjugate to a rotation, by Denjoy’s theo-
rem).

Recall that a subset £ of a complete metric space X is residual if it contains
a countable intersection of sets which are open and dense in X. Baire’s theorem
says that residual subsets of a complete metric space X are always dense in X. Itis
easy to see that the intersection of any finite collection of residual sets is residual.

Let f : S — S be an analytic circle diffeomorphism satisfying the hypoth-
esis of Lemma 4.7, let f, = Ry o f be the standard family it generates, and let
K ¢ be the Cantor set in (4.23).

Theorem 4.5. There exists a residual subset A C K f such that, for every a € A,
the analytic diffeomorphism fy is not C' conjugate to R 0(fr)-

Proof. Let Dy C Ky denote the set of all endpoints of phase-locking intervals
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in the complement of Ky in R/Z. Then D s is a countable dense subset of the
Cantor set K r. For each o € Dy the corresponding diffeomorphism f, has
rational rotation number, say p( fy) = p/q, but it cannot be C! conjugate to the
rotation R, /,. If it were, then a fortiori we would have £l = 1d, contrary to
hypothesis. Hence, by Theorem 4.3, we must have J#1(fy) = oo foralla € D .
Here, as in Section 4.1, 741 (f) = sup,> || Df"|| is Herman’s (first) invariant.
Now, for each positive integer k, let Vi = {a € Ky : J(fo) > k}. Then
Vi is open, and we clearly have D s C Vg, forall k > 1. In other words, each V
is an open and dense subset of K ¢. Since K ¢ is a compact subset of the complete
metric space R/Z, it is itself complete, and therefore, by Baire’s theorem, Voo, =
N k>1 Vk is residual in K y. But every o € Vo obviously satisfies FA (fo) = 00,
so by Theorem 4.3 the corresponding diffeomorphism f,, is not C !-linearizable.
Hence we can take A = V. O

4.3.3 Singular measures and conjugacies

We now wish to go beyond Theorem 4.5 and show that there are plenty of analytic
diffeomorphisms that are minimal but not absolutely continuously conjugate to a
rotation. The examples can be constructed so as to be as close to a rigid rotation as
desired. Rather than a Baire category argument, we will employ an approximation
argument.

To achieve our goal, the following criterion will be crucial. In what follows,
we denote by A = leb the Lebesgue measure on the circle.

Lemma4.8. Let f : S — S bea homeomorphism, and let . be an f -invariant
Borel probability measure. Suppose f has the following property: for eachn > 1,
there exist a Borel set A, C S and a positive integer k,, such that (i) f*»(S1\
An) € Ay, and (i) AM(Ay) < 27" Then w is not absolutely continuous with
respect to A.

Proof. Since w is invariant under f, we have
w(4n) = (SRS An) = p(ST\ An) = 1= u(4n),

so w(Ay) = % for all n. Consider the set

oo

Aco =limsup Ay = () | 4n .
k=1n>k
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Since p (Ui An) = 5 for every k, we have j1(Aoo) > % as well. But at the
same time, for all k > 1 we have

Maoo) <4 | | 4n Zzi

n=>k

and therefore A(As) = 0. This shows that p cannot be absolutely continuous
with respect to Lebesgue measure. O

Adapting the terminology of Cornfeld, Fomin, and Sinai [1982, p. 88], we
introduce the following definition.

Definition 4.3. Given a rational number p/q in irreducible form, we say that a
circle homeomorphism f is (p, q)-stable if f has a lift F to the real line such that
Fi(x) > x + p forall x € R and the equality F4(xo) = xo + p holds for some
X0-

Note that if f is (p, g)-stable then in particular f has a periodic orbit of period
¢, and in fact p( f) = p/q. The following lemma states that, in any standard one-
parameter family of diffeomorphisms, there are (p, g)-stable diffeomorphisms for
all rationals p/g € [0, 1].

Lemma 4.9. Let f : S' — S be a diffeomorphism, and suppose the standard
family fo = Ryo f it generates is such that its rotation number function © (o) =
p(fa) is a devil staircase. If Apiq = [apq. Bpjql is the phase locking interval
corresponding to the rational p/q, then fg is (p,q)-stable.

Proof. This is left as an exercise to the reader (Exercise 4.8). O

Our next lemma states in essence that, arbitrarily near any analytic (p, g)-
stable diffeomorphism we can find another analytic (p, g)-stable diffeomorphism
having exactly one periodic orbit of period q. We formulate the result in terms
of lifts. We assume these lifts are defined on the horizontal strip S; = {z :
[Im(z)| < 1}. Given two holomorphic maps F, G defined on this strip, we let
d(F,G) = sup,cg, |F(z) — G(z)| denote the C? distance between them.

Lemma 4.10. Let F : S1 — C be a univalent map with F(R) = R such that
F|R is the lift of a (p, q)-stable diffeomorphism f : 81 — S. For each § > 0
there exists a univalent map G : S1 — C with the following properties:
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(i) d(F,G) <é;

(i) GR) =R,
(iii) G|R is the lift of a (p, q)-stable diffeomorphism g,
(iv) g has a unique periodic orbit of period q.

Proof. Let xo € R be such that F4(x¢) = xo + p, and write x; = F/(xq) for
each j € Z. Also, let z; = e?™ixXj e S (so that Zj+q = zj forall j), and
note that {zg, z1,...,zg—1} is a periodic orbit for f. Let ¢ : C — C be the
holomorphic function given by

g—1
P(z) = l_[ sin? (7 (z —Xj)) .

j=0
This function is periodic of period one. Note that ¢(x) > 0 for all x € R, and
equality holds only for x € {xo,x1,...,x4—1} + Z. Now, consider the holomor-
phic map G(z) = F(z) 4+ €¢p(z). Taking € > 0 sufficiently small, G becomes
univalent in S, and d(F,G) = esup,cg, [¢(2)| < 8. Moreover, its restriction
to the real line is the lift of an analytic circle diffeomorphism g. Note also that
G/ (x9) = F/(xp) forall j € Z. In particular, we have G?(xg) = x¢ + p, and
our choice of ¢ implies that G4(x) > x + p forall x ¢ {xo,x1,...,x9-1} + Z.
This shows that g is (p, ¢)-stable, and also that {z¢, z1, ..., z4—1} is its only peri-
odic orbit (of period g). O

Lemma 4.11. Let f : S! — S! be a (p, q)-stable homeomorphism having a
unique periodic orbit of period q. Then for each ¢ > 0 there exist an open set Ag
containing that periodic orbit and a positive integer k. such that A(Ag) < € and
SRS\ o) € 4.

Proof. Let 0 = {zo,z1,...,zq—1} be the periodic orbit in question. Consider the

open set
(. £ £
1
Ag=1!=01 (Zj_ﬂ»z;+§) c st

whose Lebesgue measure is equal to %8. As we saw in Lemma 2.3, the omega-
limit set of every point on the circle is equal to the periodic orbit &. This means
that the orbit of every z € S\ A, enters A, after some time k(z) and never
leaves it. Since S! \ Ag is compact and f is continuous, it follows that k, =
Sup,es1\4, k(z) < 0o, and the lemma is proved. O
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The next result yields the crucial inductive procedure for the construction of
the examples we promised above. For convenience of notation, let us denote by
2 the class of all univalent maps F : S1 — C such that F(z) — z is periodic of
period one and F(R) = R, so that F|R is the lift of an analytic diffeomorphism
of the circle.

Proposition 4.1. Given po/qo € (0,1) and §¢ > 0, there exist a sequence of
univalent maps (Fy)n>0 with F, € 7 for alln > 0 and a sequence (8p)n>0
of positive numbers with 6,41 < 8,/2 for all n > 0, such that the following
properties hold.

(1) The restriction of F;, to the real line is the lift of an analytic diffeomorphism
fn: 81— S with rational rotation number p( f,) = pn/qn.

(2) We have fo = R4, and foralln > 1, the diffeomorphism f is (pn. qn)-
stable and has a unique periodic orbit (of period qy).

(3) We have d(Fy,, Frp+1) < %5,,.;_1.

(4) Foreachn > 1, there exist a positive integer ky, and an open set A, C S
with AM(An) = 27" such that, for all G € 2% with d(Fy,,G) < 8p+1, we
have g(S'\ A,) C Ay, where g © St — S is the diffeomorphism with
lift G|r.

(5) We have, for alln > 0,

1
2n? maxo<j<n 4>

Pnt+1 Pn
dn+1 dn

Proof. We start by taking Fo = T),/4,, s0 that Fy is the lift of fo = R /4,-
Now, suppose that §; > 0 and F; € % have already been constructed for all
j < n. In particular, Fy,|R is the lift of a (py, g, )-stable circle diffeomorphism
fn,and f, has a unique periodic orbit &, of period ¢;,.

First, we define 8,+41. Applying Lemma 4.11 to f = f,, we know that there
exists an open €, -neighborhood V;, of €, where €,, = 1/(g,2"1?), and a positive
integer k,, such that £,,(S'\ V,,) C Vj,. Let 5, > 0 be small enough that, if G €
24 is such that d(F,, G) < 1y, then d(F,{‘", G*n) < €,. Then every such G will
have the property that gk (S1\ V) C V¥, where g is the circle diffeomorphism
of which G is the lift and where V,* is the open 2¢,-neighborhood of &),. Thus,
if we let A, = V,*, then gkn (81 \ An) C A, for all G with d(F,,G) < ny,
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and moreover A(A4,) = 4gne, = 27". Having done this, we define §,41 =
min{7y, %Sn}

Next, we define F;, 1. To do this, we first look at the standard one-parameter
family f,,o = Rq© fn. We know from Lemma 4.7 that the rotation number func-
tion @y, :a > p(fu,q)isadevil staircase. Choose arational number py,+1/¢n+1
such that

P +1
p(fn) = L < p(fn,8n+1/4) s
Qn Qn—i-l

and choose it so close to p;, /g, that the inequality in (5) is satisfied. Then the phase-
locking interval A = @}nl (Pn+1/4qn+1) is contained in the interval

Pn+1/an+1
(0, %8n+1). Let oy, be the right endpoint of A, .\ /g, ;-
iS (Pn+1.qn+1)-stable, and its lift F, o, € % satisfies d(Fy, Fu,q,) < %8,,“.
However, there is no guarantee that f, o, has only one periodic cycle. To fix
this problem, we need to perturb f, o, slightly. Here we apply Lemma 4.10 with
F = Fy4,and § = %8,1“. We get a new univalent map Fy,4+1 € % whose
restriction to the real line is the lift of a circle diffeomorphism f,+; which is
(Pn+1,gn+1)-stable, and has a unique periodic orbit of period g, +1. We now
have

Then the map f; 4,

d(Fy, Fpy1) < d(Fn,Fna,,)‘f‘d(Fnan»Fn—H)< 8n+1
This completes the induction, and finishes the proof. O

We are finally ready for the main result of this section.

Theorem 4.6. Given a circle rotation Ry and ¢ > 0, there exists an analytic
diffeomorphism f : S' — S without periodic points such that d(f, Ry) < €
and whose unique invariant measure is not absolutely continuous with respect to
Lebesgue measure. In particular, no conjugacy between f and the corresponding
irrational rotation Ry can be absolutely continuous.

Proof. We can of course assume that ¢ is rational. Applying Proposition 4.1 to
Fo = Ry and 89 = &, we get a sequence of univalent maps F;, € % possessing
properties (1)-(5) in the statement of that proposition. In particular, from property
(3) and the way the sequence (§,)n>0 is constructed, we see that (Fy),>0 iS a
uniform Cauchy sequence in the strip S1. Let F € %4 be its limit, and let f :
S1 — S be the analytic diffeomorphism whose lift is F.

First we claim that 6 = p(f) is irrational. We know by continuity of the
rotation number that

0 = hm p(fn) = lim P

n—>00 qn
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Hence we can write

Pn_ :i(&_u)

qn i=n q4j 4j+1

and from the inequality in property (5) we get

4 1 1 1 2 1
n

—_ — < - < - < _— << —
‘ qn jzzn 2j2maxock<; qr> 247 ]Z:n it 12¢ g}

Thus, we have infinitely many rational solutions to the inequality |0 — (p/q)| <
g~2, and this means that @ is irrational®.
Next, note that from property (3) that

1 o0
d(F,Fn)éi Z 8j < 6ny1 -
j=n+1

In particular, d(F, Ry) < 81 < e. Then, by property (4), we see that (S \
Ap) C Ay, where A, C S is an open set with A(4,)) = 27". Since this holds
for all n > 1, we deduce from the criterion in Lemma 4.8 that the unique Borel
probability measure invariant under f is not absolutely continuous with respect to
Lebesgue measure. The last assertion in the statement follows immediately from
this. The proof is complete. O

4.4 Further local theory: the Brjuno condition

As before, an irrational number p in (0, 1) is said to be Diophantine of order § > 0
if there exists a constant C > 0 such that
C
p-Ll>
q q2+5

for any rational number p/q. As it is not difficult to prove (see Lemma A.4 in
Appendix A), for any given § > 0 the set of Diophantine numbers of order § has
full Lebesgue measure.

31t is easy to see that the inequality in (5) implies that g, 11 > 2n2%qy, so the sequence (¢) is
strictly increasing.
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In Section 4.2 we have proved a local linearization result, namely Theorem 4.4,
which says that any real-analytic circle diffeomorphism with Diophantine rotation
number p, which is a small perturbation of the rigid rotation R,, is analytically
linearizable (i.e., it is conjugate to R, by a real-analytic diffeomorphism). On the
other hand, we have constructed in Theorem 4.6 examples of real-analytic diffeo-
morphisms with irrational rotation number (as close to a rigid rotation as desired)
for which any conjugacy with the corresponding rotation is not even absolutely
continuous.

Still dealing with analytic diffeomorphisms close to a rotation, we proceed to
state two fundamental results due to J.-C. Yoccoz [2002]. For any given b > 1,
we say that /€ Diffy (S ) if £ is a real-analytic circle diffeomorphism, whose
holomorphic extension is defined in the annulus

Ap={zeC:b7! <|z| <b}.

Definition 4.4. An irrational number p € (0, 1) satisfies the Brjuno condition if

1
Z 0g24qn+1 < 0.

neN dn
where pn/qn are the convergents of p.

As it is not difficult to prove (see Exercise 4.12), any Diophantine number sat-
isfies the Brjuno condition. Therefore, the following result extends Theorem 4.4.

Theorem 4.7 (Yoccoz [ibid.]). For any Brjuno number p and any b > 1 there
exists € = €(p, b) > 0 with the following property. If f € Diffy (S 1Y has rotation
number p and satisfies H f - RPH co4,) < & then any topological conjugacy

between f and R, belongs to Diff};’/z(S b,

Yoccoz also proved that the Brjuno condition in Theorem 4.7 is sharp, as ex-
pressed by the following result.

Theorem 4.8 (Yoccoz [ibid.]). If p € (0, 1) is an irrational number which is not
Brjuno, the following holds. For any given b > 1 and ¢ > 0 there exists f €
Diffy (S Yy with rotation number p and satisfying Hf - R, HCO(Ab) < g, which is
not analytically linearizable.
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4.5 Global theory: Herman—Yoccoz results and beyond

The linearization results of the previous sections are /local, in the sense that they
hold for real-analytic dynamics whose holomorphic extensions are small pertur-
bations of a linear rotation. In this final section we survey, without proofs, some
of the most relevant global linearization results, starting with the seminal works
of Herman [1979] and Yoccoz [1984a].

Theorem 4.9 (Herman—Yoccoz). If f is a C” diffeomorphism of S 1, with r > 3,
whose rotation number is Diophantine of order § then, provided r > 2§ + 1, f is
C"~1=8=¢_conjugate to the corresponding rigid rotation, for every & > 0.

Note that no assumption on being close to a rotation is needed here. Herman
proved that such a global linearization result holds for Lebesgue almost every rota-
tion number, while Yoccoz proved that it holds in fact for any Diophantine number.
A proof of Theorem 4.9 can be found in de Melo and van Strien [1993, Section 1.3].
Letus mention that Herman’s proof was simplified by Khanin and Sinai [1987] and
Stark [1988], through the use of renormalization methods.

Theorem 4.9 was subsequently sharpened by Katznelson and Ornstein [1989],
who proved the following result.

Theorem 4.10 (Katznelson—Ornstein). If f € Diff" (S ') and its rotation number
o is Diophantine of order 8, then any topological conjugacy between f and the
rigid rotation of angle p is a C" 17372 diffeomorphism for any ¢ > 0, provided
r>3 42

In this statement r > 2 belongs to R, and the condition f € Diff" (S ') means
that f isa C "] diffeomorphism whose | r |-th derivative satisfies a Holder condi-
tion with exponent {r}.

More recently, Khanin and Teplinsky [2009] were able to prove that, in the
particular case 2 < r < 3, rigidity holds without the need of any €. More precisely,
they proved the following result.

Theorem 4.11 (Khanin-Teplinsky). If f € Diff>**(81) and its rotation number
0 is Diophantine of order 8, then any topological conjugacy between f and the
rigid rotation of angle p is a C I+a—§ diffeomorphism, provided 0 < § < o < 1.

The previous statements are given for the lowest possible smoothness and are
sharp, as the examples constructed in Katznelson and Ornstein [1989, Appendix
3] show. The case of highest possible smoothness has been completely solved by
Herman and Yoccoz.
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Theorem 4.12 (Herman—Yoccoz). Every C° circle diffeomorphism with irra-
tional rotation number p € (0, 1) is C*°-conjugate to a rotation if, and only if,
p is Diophantine.

Theorem 4.13 (Herman—Yoccoz). Any real analytic circle diffeomorphism with
Diophantine rotation number is real analytically conjugate to the corresponding
rigid rotation.

Finally, we remark that in Yoccoz [2002, Section 2.5], Yoccoz introduced a
set 77 C (0, 1) of irrational numbers, that contains all Diophantine numbers and
is contained in the Brjuno class, which is sufficient and, in some sense, necessary
to solve the global linearization problem in the real-analytic case. More precisely,
Yoccoz [ibid., Theorem 1.4] proved the following result.

Theorem 4.14 (Yoccoz). Any real-analytic diffeomorphism with irrational rota-
tion number in F€ is real analytically conjugate to the corresponding rigid rota-
tion. Moreover, given p & , there exists a real-analytic diffeomorphism with
rotation number p which is not analytically linearizable.

We refer the reader to the survey by Eliasson, Fayad, and Krikorian [2018] for
much more on Yoccoz’s seminal contributions to the theory of circle diffeomor-
phisms (see also Yoccoz [1984a, 1995a,b, 2002]).

Exercises

Exercise 4.1. If f : S — Standh: S — S are both C! diffeomorphisms,
prove that s4 (ho f o h™!) < oo if and only if J4 (f) < oc.

Exercise 4.2. Let ¢ : S¢ — C be holomorphic and periodic of period one.

(1) Show that there exists a unique holomorphic function ¢ : 4, — C, where
r = e2™ such that ¢(z) = ¢(exp(z)) for all z.

(i1)) Deduce from (i) and the Laurent series for ¢ that ¢ has a Fourier series
expansion

¢(2) = ) pme ™

nez

which is absolutely convergent in the strip Sy, and that its Fourier coeffi-
cients are precisely the Laurent coefficients of ¢.
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Exercise 4.3. Prove Lemma 4.1. [Hint: Note that for all n,m € Z we have
|e27ina=—m) _ 1| = 3|sin (w(noe — m)).]

Exercise 4.4. Prove Lemma 4.2. [Hint: Apply Cauchy’s theorem to the holomor-
phic function g, (z) = £(z)e™27'"Z in a suitable rectangle.]

Exercise 4.5. Let F : R — R be a homeomorphism given by F(x) = x + o« +
¢(x), and suppose that F has translation number «. Show that there exists xg € R
such that ¢(x¢) = 0.

Exercise 4.6. Let f : S' — S be a homeomorphism with irrational rotation
number. Show that for all @ > 0 small we have p(Ry o f) > p(f).

Exercise 4.7. Let F : C — C be an entire holomorphic map. Show that, if there
exists n > 1 such that F* = Id, then F is complex affine, i.e., it has the form
F(z)=az +b.

Exercise 4.8. Prove Lemma 4.9.

Exercise 4.9. Recall from Dirichlet’s Lemma 1.1 that for any irrational number
p € (0, 1) there exist infinitely many rational numbers p/g such that
1
‘p_ﬁ‘ <. (4.24)
q q
Conclude from (4.24) that there are no Diophantine numbers of order § < 0.

Exercise 4.10. Show that an irrational number p is Diophantine of order § if, and
only if, there exists a constant M > O such that g,+; < M q}, t foralln € N
(Hint: From (1.16) in Theorem 1.2 we have the estimates

1
) <I|gnp— pnl < .
dn+1 dn+1

In particular, |g, p — pn| q%""g < q;""g /qn+1. If p is Diophantine of order &, then

lgn p — pn|q,1l""s > C and we are done taking M = 1/C. On the other hand,
consider ¢ € Z with g, < g < gn+1. As also showed in Theorem 1.2 (see (1.17)),
lgo—p| > |gn p— pn| forall p € Z. Since § > 0, we have ¢' T4 > ¢1+9 and then
lgp—plg* ™t > |gn p— pul q;""g > q,1+8/2 gn+1- By assumption, this last ratio
is bounded from below by the positive constant 1/2M, and then p is Diophantine

of order §).

Exercise 4.11. Conclude from the previous exercise that an irrational number p is
Diophantine of order 0 if, and only if, p is of bounded type: sup{a,(p)} is finite
(Hint: From the identity ¢,+1 = a5 qn + gn—1 we know that a, = |_qn+1/an).
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Exercise 4.12. Show that any Diophantine number satisfies the Brjuno condition
given in Definition 4.4 (Hint: Use Exercise 4.10 and the fact that the sequence
{qn} grows at least exponentially fast as n goes to infinity).

Exercise 4.13. Fix some constant ¢ € (0, 1) and consider an irrational number
o = |aog,ai,...] such that

o
e Lapgq < e

forall n € N. Show that p is a Liouville number that satisfies the Brjuno condition
(in other words, the inclusion given by Exercise 4.12 is a proper inclusion).
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This chapter is to be regarded as an intermezzo. We want to move on to the study
of homeomorphisms of the circle having one or more critical points.

The distortion techniques we used in our study of diffeomorphisms (bounded
variation, boundedness of nonlinearity, the naive distortion lemma) are not imme-
diately applicable to the study of maps having critical points. For instance, the
nonlinearity of a map clearly explodes at a critical point.

A major breakthrough in one-dimensional dynamics achieved in the early eight-
ies was the discovery that one could oftentimes understand the topology and/or
the geometry of a one-dimensional map through a careful analysis of the way such
map distorts cross-ratios. Several tools were introduced to control the distortion
of cross-ratios. In the present chapter we will introduce some of these tools, which
will then be used extensively in the next chapters.

5.1 Cross-ratios

There are several types of cross-ratios used in one-dimensional dynamics. We
describe here two of the most ubiquitous.

Let us denote by N either the unit circle S or the real line R. Given two
intervals M C T C N with M compactly contained in the interior of 7, let
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us denote by L and R the two connected components of 7\ M. We define the

a-cross-ratio and the b cross-ratio of the pair (M, T), respectively, as follows:

_ M7
ILIIR|

_ ILIIR|
ILUM||M UR| "

a(M,T) b(M,T)
One easily checks that b(M, T)~! = 14-a(M, T). Both cross-ratios are preserved
by Moébius transformations; the latter is weakly contracted by maps with negative
Schwarzian derivative (see below), whereas the former is weakly expanded (see
Exercise 5.3)

Unlike, say, de Faria and de Melo [1999], where the a-cross-ratio was used
throughout, in the present text it will often be more convenient to use the b-cross-
ratio. The latter has the advantage that its logarithm is given by the Poincaré length
of M inside T'. More precisely,

logh(M,T) = —/ pr(x)dx , (5.1)
M
where pr(x) is the Poincaré density of T = [«, B], given by
B —a«
pr(x) = —————.
' (=) (B —x)

From now on, since the b-cross-ratio will be the cross-ratio most used in this
book, we will simplify the notation a bit and write [M, T'] instead of (M, T').

We end this section with the following useful observation. Suppose M =
(b,c)and T = (a,d) are such that M C T, and let ¢ be the Mobius transforma-
tion determined by ¢(a) = 0, ¢(c) = 1 and ¢(d) = oo. Then

M, T] = ¢() = (f::) (2:2) '

5.2 'The Schwarzian

The Schwarzian derivative is a somewhat misterious object discovered at the end
of the nineteenth century by H. A. Schwarz, in the context of complex-analytic
function theory. Its use in one-dimensional dynamics was initiated by D. Singer
[1978].
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5.2.1 Definition

In Chapter 3 (see Definition 3.1) we introduced the concept of nonlinearity of a
C? one-dimensional map f, namely .4 f = DlogDf = D?f/Df. When f
is C3, we define its Schwarzian derivative to be

Sf =DV f)— %(Wf)z .

A simple computation yields the alternative formula

_D3f 3 (D2f\°
s =555 )

Just as log Df and the nonlinearity, the Schwarzian derivative is a dynamical
co-cycle, i.e., it satisfies a chain rule: if f, g are C3 maps for which f o g makes
sense, then

S(fog)=Sg+SfoglDgl’. (5.2)

The chain rule (5.2) indicates that Sf behaves as a quadratic differential under
smooth changes of coordinates; indeed the expression g*(Sf) = Sf o g[D g]2
appearing in the right-hand side of (5.2) is the pull-back of Sf by g as a quadratic
differential.

Now, since the Schwarzian derivative is a differential operator, it is important
to identify its kernel.

Proposition 5.1. The kernel of the Schwarzian derivative is the group of Mobius
transformations. In addition, if ¢ is a Mébius transformation and f is a C> map,

then S(po f) = Sf.

Proof. The fact that the Schwarzian derivative vanishes at Mdbius transformations
is a straightforward computation. On the other hand, given an increasing C3 dif-
feomorphism ¢, consider the C2 map g = (D¢)~'/2. An easy computation
shows that S¢p = —2 D?g/g. Hence ¢ has zero Schwarzian derivative if and only
if Dg vanishes identically. If S¢ = 0, then g must be affine, say g(x) = ax + b.
But then D¢ (x) = (ax + b)™2, and integrating we get

1 1

o(0) = Caax+b

+ c,
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where c is a constant. This shows that ¢ is a fractional linear (i.e, M6bius) transfor-
mation, and the first assertion is proved. To prove the second assertion, it suffices
to apply the chain rule for the Schwarzian, namely

S(go f)=Sf+S¢o fIDP

If ¢ is Mobius, then S¢ = 0, and therefore S(¢p o f) = Sf as asserted. O

5.2.2 Koebe’s nonlinearity principle

As we will see shortly, when the Schwarzian derivative of a C one-dimensional
map ¢ has a definite sign, then ¢ has a monotonic behaviour with respect to its
action on cross-ratios, and one can control its distortion in certain places. The first
result in this direction is known as Koebe s nonlinearity principle. It states that if
the Schwarzian derivative of ¢ is non-negative, then the nonlinearity of ¢ on any
interval sitting in the domain of ¢ with definite space on both sides is bounded by
a constant that depends only on said space.

Let us be more precise. First, let us define what we mean by space. Given two
intervals M, T in the domain of ¢, with M compactly contained in the interior of
T,let L, R C T be the connected components of 7 \ M. The space of M inside
T is defined to be the number

_ mm{ LI IR| }

M|’ M|
Now we can state Koebe’s nonlinearity principle as follows:

Proposition 5.2 (Kobe’s nonlinearity Principle). If S¢(x) > Oforall x € T, then
[np(x)| < 2/t, where t is the space of M inside T.

Here, we will prove the following generalization of this principle, which first
appeared in de Faria and de Melo [1999, Lemma A.3].

Proposition 5.3. Given constants B > 0 and © > 0, there exists Ky g > 0
such that the following holds. If ¢ is a C3-diffeomorphism mapping an interval
I 2 [—t,1 + 1] into the reals, and if Sp(t) > —B for all t € I, then for all
t €0, 1] we have

“’5”(’) < Kep. 53)

¢'(1)
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Proof. Writing y = ¢”/¢’, so that S¢p = y’ — %yz, we have the differential
inequality
yl > lyz _ B
= 2 .
Let 0 < 79 < 1 be a point where |y(¢)| attains its maximum in [0, 1] and suppose
that yo = y(fo) is such that |yo| > +/2B = B. If z(¢) is the solution of the
differential equation
’ 1 2
z=-z"—-B
2
with initial condition z(fg) = yo, then by a well-known comparison theorem' we
must have y(¢) > z(¢) forallt > f9 and y(¢) < z(¢) for all t < 9. Now, if
yo > B then integration of the ODE yields the explicit formula

(yo + B) + (yo — B)eP—10)
(Yo + B) — (yo — B)eplt=t0) -

Since this solution explodes at time

1
l1=[0+—10g(y0+/3),

z(r) =P

B yo—B
so does y(t). Hence t; ¢ I,i.e. t1 —to > 7, which gives us
¢ (10) fT 41
Y =Yyo<B——Z——.
¢’ (10) ePr—1

If instead yo < —p, then we get

(B + y0) — (B — yo)eP 1)
(B + y0) + (B — yo)eP=to) °

and arguing as before for ¢t < ¢ gives us

z(t) =B

¢//([0) eﬂt +1
—— =Yo>—P :
¢’ (10) ePr—1
Therefore the lemma is proved if we take
Bt
eFt + 1
K‘E,B IB Bt _ 1

1Look up Gronwall’s inequality in any good book on differential equations.
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Proof of Proposition 5.2. 1f S¢ > 0, then of course S¢p > —B for every B > 0.
Applying Proposition 5.3, we get the bound in (5.3) for each B > 0. But now it
suffices to note that K; p — 2/t as B — 0. This finishes the proof. We have
recovered the classical Koebe principle. O

5.2.3 The minimum principle

Another important consequence of assuming that the Schwarzian of a given map
has a definite sign is the following result, known as the Minimum Principle (cf.
de Melo and van Strien [1993, Section 11.6, Lemma 6.1]).

Lemma 5.1 (Minimum Principle). Let ¢ : T — N be a C?3 diffeomorphism onto
its image, where T = [a,b] C N is a closed interval, and suppose ¢ has negative
Schwarzian at all points of T. Then

|[D¢(x)| > min{|D¢(a)|, |Dp(b)|} , forallx €T . (5.4)
In other words, x — |D¢(x)| does not have a local minimum inside T .
Proof. Note that, since D¢ never vanishes, the function ¢(x) = |D¢(x)] is in

fact smooth. Suppose this function has a point of local minimum x¢ lying in the
interior of 7. Then we must have D2¢(x0) = 0, and this tells us that

D3¢ (xo)
Df (xo)

Hence D¢ (xo) and D3¢ (xo) have opposite signs, and so there are two possibili-
ties:

0> S¢p(xo0) =

(i) If D¢(xg) > 0, then D3¢ (xo) < 0 and therefore xq is a point of local
maximum for x — D¢ (x); but since in this case we have ¢p(x) = D¢ (x)
for all x, it follows that x¢ is a point of local maximum for ¢.

(i) If Dp(xo) < 0, then D3¢p(xo) > 0 and therefore xq is a point of local
minimum for x — D¢ (x); but since in this case ¢(x) = —D¢(x) for all
x, it follows that xg is a point of local maximum for ¢.

Therefore ¢(x) = |D¢(x)| has no local minimum inside 7, and this in particular
implies (5.4). O
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5.3 Distortion and cross-ratio distortion

5.3.1 Koebe’s distortion principle

Let f : N — N be a smooth map, and suppose we have an interval T C N whose
iterates up to a certain time k stay away from the critical points of f. The Koebe
distortion principle states that the distortion of f k restricted to a slightly smaller
interval M C T is bounded independently of k, where the bound depends solely
on f, the amount of space that M has inside T, and the total sum of the lengths
of the images of T up to time k. This principle is one of the most important tools
in one-dimensional dynamics, and it will be used quite a few times in the chapters
to come. Here is the formal statement.

Lemma 5.2 (Koebe distortion principle). For each £,t > 0 and each map f :
N — N there exists a constant K = K€, t, ) > 1 with the following property.
IfT C N is an interval such that f*|7 is a diffeomorphism onto its image and if
it satisfies the summability condition

k—1 A
dSIfm<e.
j=0
then for each interval M C T for which f*(T) contains a t-scaled neighborhood
of f¥(M) one has
k
ILIACT
K |IDf*(y)l
forallx,y € M.
The proof of this lemma can be found in de Melo and van Strien [1993, p. 295].

5.3.2 Distortion and the Schwarzian

The concept of cross-ratio distortion we are about to introduce has become funda-
mental in one-dimensional dynamics.

Let f : N — N be a continuous map, and let U € N be an open set such
that /|y is a homeomorphism onto its image. If M C T C U are intervals, with
M compactly contained in T (written M & T), the cross-ratio distortion of the
map f on the pair of intervals (M, T') is defined to be the ratio

LF (). /(D))

CrD(f: M., T) = T



5.3. Distortion and cross-ratio distortion 109

If f|7 is the restriction of a projective (Mdbius) transformation, then one can
easily see that CrD(f; M, T) = 1.

Let us examine a few important properties of cross-ratio distortion. The first
is that it satisfies a chain rule.

Lemma 5.3 (Chain Rule). Let f : N — N and U C N be as before. Given two
intervals M € T C U, and given n € N, we have

n—1
CD(f" M. T) = [T D (f:/ (). £1(D)) -

i=0

Proof. The proof is by direct computation using a simple telescoping trick — the
details are left as an exercise. O

Also, when f |7 is a diffeomorphism onto its image and log D f | has bounded
variation in T, then an easy calculation using the mean value theorem shows that
CrD(f; M, T) < e?V, where V = Var(log Df | 7).

Now, if f|y is a diffeomorphism onto its image, we define ¢ : U x U — R
by
Jx) = f(»)

x—y

if x#y
Sr(x,y) =

Df(x) if x=y
If f is C3 then § s is C2, and the following facts are straightforward.

(1) ForalM Cc T C U,

028
logCrD(f; M, T) = // S dxdy . (5.5)
MxT 0x3y
(i) Forall x € U we have
fim 25 ) = Lsse)
yl—I}}caxay 0= g/

where Sf is the Schwarzian derivative of f.
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Remark 5.1. The mixed partial derivative appearing in (5.5) is, up to a multi-
plicative constant, what one calls the bi-Schwarzian of f. More precisely, the
bi-Schwarzian B ¢ is defined as

28f

dxdy

Byp(x,y) = 6 (x,y) .

Clearly, Br(x,y) — Sf(x) as y — x, hence the name. The bi-Schwarzian is
a cocycle, in the sense that it satifies a chain rule: If £, g are C3 maps for which

f o g makes sense, then B ro,(x,y) = g'(x)g’'(y)Br(g(x),g(y)) + Bg(x.,y).
This is entirely consistent with the chain rule for the Schwarzian, to wit,

S(fog)=Sfog-[Dg)*+ Sg.

Unlike the Schwarzian, which is used extensively, the bi-Schwarzian will not be
used in the present book.

In particular, the cross-ratio is preserved by maps with zero Schwarzian deriva-
tive. As it turns out, it is weakly contracted by maps with negative Schwarzian
derivative. This is the contents of our next lemma.

Lemma 5.4. If f is a C3 diffeomorphism with Sf < 0, then for any two inter-
vals M C T contained in the domain of f we have CtD(f; M, T) < 1, that is,

[f(M). f(T)] < [M.T]

Proof. The proof is the one given in de Melo and van Strien [1993, Section IV.1].
Let M =[b,c] € T = [a,d]. Letus call L and R the two connected components
of T\ M. Let ¢ be the (unique) Mobius transformation such that ¢ ( f(a)) = a,
¢(f(b)) = band ¢(f(d)) = d. Note that ¢ o f is a C3 diffeomorphism with
negative Schwarzian derivative, since S(¢ o f) = Sf < 0 by Proposition 5.1.

We claim that ¢ ( f(c)) > ¢. Indeed, if this is not true, then by the Mean Value
Theorem there exist zg € [a, b], z1 € [b,c] and z5 € [c, d] such that

P(f(@) —¢(f() _

D¢ f)(zo) = =T L
Do f)e = D IUO) g
Do ey = ST —0U@) |

d—c
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Ifz1 € (zo,22), the previous inequalities contradict the Minimum Principle
for diffeomorphisms with negative Schwarzian derivative. Therefore, ¢ ( f(c)) >
¢ as claimed. With this at hand we get:

[¢(/(M). ¢(S(D)] _ [MUL||$(f(c) —d|

CtD(¢po fi M, T) = = <1.
[M,T] [R||a—¢(f(0))|
Since ¢ is a Mobius transformation, CrD(¢ o f; M, T) = CtD(f; M, T) and
the lemma is proved. O

5.3.3 Behavior near critical points

The circle maps we are interested in from now onwards possess critical points —
more specifically, non-flat critical points. Here is what we mean by non-flat.

Definition 5.1. We say that a critical point ¢ of a C" one-dimensional map f is
non-flat of degree d > 1 if there exists a neighborhood W of the critical point such
that f(x) = f(c) + ¢(x) |¢(x)‘d_1 forall x € W, wherep - W — ¢(W)isa
C7 diffeomorphism such that ¢ (c¢) = 0. The number d is also called the criticality,
the type or the order of c.

Example 1. Every critical point of a real-analytic map is non-flat, and its criticality
must be a positive integer.

The following proposition clarifies the geometric behavior of a map near a non-
flat critical point. It shows, among other things, that the Schwarzian derivative is
always negative around such a critical point.

Proposition 5.4. Given a C3 map f with a non-flat critical point c of criticality
d > 1, there exists a neighborhood U C W of ¢ such that:

(i) f has negative Schwarzian derivative on U \ {c}. More precisely, there
exists K = K(f) > 0 such that for all x € U \ {c} we have:

K
Sfx) < —.
1) <~
%In the particular case z; = zg, we obtain z; = zg = b, and then D(¢ o f)(b) = 1 and
¢(f(c)) = c. This implies that D (¢ o f)(c) < 1 (otherwise, the Minimum Principle would imply
that D(¢ o f)(x) > 1 forall x € (b, ¢), which is impossible since ¢ o f fixes both b and ¢). Again,
this contradicts the Minimum Principle since ¢ € (b, z). The remaining case z; = z3 is analogous.
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(ii) There exist constants 0 < o < B such that for all x € U
alx —c|4™' < Df(x) < Blx — |47,
Moreover, o and B can be chosen so that B < (3/2)a.

(iii) Given a non-empty interval J C U and x € J we have

pfex) <3¢ EL

(iv) Given two non-empty intervals M C T C U we have:

CrD(f; M, T) < 9d?.

Proof. From Definition 5.1, there exists a neighborhood of the critical point ¢ such
that f(x) = g(q)(x)) + f(c), where g is the map given by
x4 ifx >0
glx) =
—(=x)? ifx <0,

and ¢ is a C3 diffeomorphism with ¢(c) = 0. A simple computation shows that
for all x # 0 we have
(@ -1
S =——F". 5.6
g(x) 732 (5.6)

We proceed to the proof of all four assertions in the statement of our proposition.

(i) The chain rule for the Schwarzian derivative gives Sf = Sg(¢)(D¢)>+S¢.
From (5.6), we get:

D¢(x))2 _ A

2Ly _
Sg(¢(0))(Dg(x))" = —-(d 1)(d+1)(¢(x) <TG

1
where A = E(a’2 — 1) min, |D¢(x)| > 0. In particular:

—A+ S¢(x)(p(x))
(¢(x))°

2

Sf(x) <
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On the other hand, since ¢ is a diffeomorphism, [S¢(x)| < M for some
M > 0. Then we can choose § > 0 such that for all x € (¢ — 8, ¢ + §) we

have |¢(x)| < ,/%, and this implies that Sf < 0in (¢ —&,¢ + 6) \ {c}.
Finally, since ¢ is bi-Lipschitz we have |¢(x)| < |x —c| and this proves (i).

(i) This follows at once from Taylor’s formula, since:

nmclzgé)=dwmoﬂ>u
|x —cld—1

X—C
(ii1) With (ii) at hand the proof of (iii) goes as follows. Let J = (a,b) € U. By
symmetry it is enough to consider the following two cases:
(a) We have ¢ < a < b. In this case, given any x € (a, b), we see that
Df)IJ] _ Bx — )47 —a)
|f(D] o [Pt —c)d-1dr
(ﬂd)w—wﬂ_%b c—a+c)

o (b—c)¥ —(a—c)d
(a—c) —b-c)a—-c)
( ) (b—c) —(a—c)?

<3d)2.

(b) We have a < ¢ < b. Without loss of generality, we may assume that
la —c| <|c—b|. Ifx € J, then
Df)lJ| _ Blx — c[47 b —a
= b
| f (DI [, Df(t)dt
28lb—c|?  2Bd
S —odrdr @

< 3d .

(iv) Finally, let us call L, R the two connected components of 7 \ M. By the
Mean Value Theorem there exist zg € L and z; € R such that

Df(zo) Df(z1) |[LUM||M U R|
| f(LUM)||f(MURBR)|

CtD(f; M, T) =
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Since zp € L UM and z; € R U M we deduce from (iii) that
CrD(f; M, T) < (3d)>.
O

Remark 5.2. Using property (ii) above, it is not difficult to see that, when f is
injective, there exists a constant y = y(f) > 0 such that, for any two points in
the domain of f with |x —¢| < |y — ¢|, we have

f() = f@ _ (|x —c|)d
XV .
f0) = f@l =" \y—c]

This remark will be used in the proof of Proposition 6.1.

5.4 'The Cross-ratio Inequality

One of the main reasons why cross-ratio distortion is a useful tool in one-dimensio-
nal dynamics is the Cross-ratio Inequality. Various essentially equivalent formu-
lations of this tool were given during the eighties. The reader will find extensive
material on this topic in de Melo and van Strien [1993, Chapter IV].

Our purpose in this section is to prove the following version of the Cross-
ratio Inequality which, apart from notational differences, is essentially the one in
Swiatek [1988]. First, let us introduce a useful terminology. As before, we denote
by N either the unit circle or the real line. Given a family of intervals . in N and
a positive integer m, we say that .% has multiplicity of intersection at most m if
each x € S'! belongs to at most m elements of .%.

Theorem 5.1 (Cross-ratio Inequality). If f : S! — S is a C3 strictly monotone
smooth map all of whose critical points are non-flat, there exists a constant C > 1,
depending only on f, such that the following holds. If M; € T; C S, where i
runs through some finite set of indices .%, are intervals on the circle such that the
family {T; : i € 7} has multiplicity of intersection at most m, then

[T e 1) <™. (57)
ies

This theorem was first obtained by Yoccoz in a slightly different form involv-
ing a certain degenerate cross-ratio, see Yoccoz [1984b, Section 4]. The specific
version stated above can be found in Swigtek [1988, Section 2]. We provide only
a sketch of the proof, and the reader is invited to fill in the details as an exercise.



5.5. A cancellation lemma 115

Proof of Theorem 5.1. Let %4 = | J W;, where the W;’s are as in Definition 5.1,
and let 7 be an open set with % U 7 = S'! whose closure does not contain any
critical point of f. We assume without loss of generality that the maximum length
of the T;’s is smaller than the Lebesgue number of the covering {%, 7'}. Write
the product on the left-hand side of (5.7) as P; - P,, where

P = [] CD(f:iM.T;) . P = [] GD(f:Mi.Th).
T, v T, CU

Then on the one hand we claim that P; < 2™V, where V = var(log Df|»).
Indeed:

log Py = Y logCrD(f: M;. Ti) (5.8)
T, v

= > log Df(w;) — log Df (xi) + log Df (i) — log Df (z;) < 2mV
T, v

where the points w;, x;, y; and z; belong to 7; and are given by the Mean Value
Theorem. On the other hand, the factors making up P, are of two types: those
such that f'|7. is a diffeomorphism onto its image, and those such that 7; con-
tains some critical point of f". By Proposition 5.4, all factors of the first type have
negative Schwarzian and therefore, by Lemma 5.4, satisfy CrD(f; M;, T;) < 1.
Factors of the second type are easily controlled by the non-flatness condition:
CrD(f: M;, T;) < 9d?, where d > 1 is the order of the critical point that belongs
to T; (again, see Proposition 5.4). Since there are at most m N such factors (where
N is the number of critical points of f'), the result follows. For more details, see
Swiatek [ibid., Section 2]. O

When used in combination with the chain rule (Lemma 5.3), Theorem 5.1 is a
great tool for estimating the cross-ratio distortion of large iterates of multicritical
circle maps (to be defined in the next chapter).

5.5 A cancellation lemma

In this final section of Chapter 5 we state and prove a technical result called the
cancellation lemma (see Lemma 5.7 below), which is due to Swiatek [1992]. We
will not provide specific applications of Lemma 5.7 in this book, rather we refer to
the original paper by Swiatek (but see some remarks after the proof of Lemma 5.7).
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Its proof'is a nice illustration of the power of some of the tools we have presented
in this chapter, such as the Schwarzian derivative and cross-ratio distortion.

Let 2 = Diffi ([O, 1]) be the group (under composition) of orientation-pre-
serving C3 diffeomorphisms of [0, 1] fixing the boundary, and let % = Diffi (R)
be the group (under composition) of orientation-preserving C3 diffeomorphisms
of the real line. There is a natural group isomorphism between 2" and %'. In-
deed, consider first the real-analytic diffeomorphism ¢ : R — (0, 1) given by
V(x) = 1/(1 4+ e™¥), whose inverse ¥ ! : (0,1) — R is given by v ~1(y) =
log (y/(1 — y)) , and then consider the isomorphism ¥ : 2~ — % given by
w(f)=y o foy.

v
R ) R

v| I

0,1 T) 0,1)

The isomorphism ¥ is natural from the hyperbolic geometry viewpoint: given
x < yin (0,1) write (0,1) = LU M U R, where M = (x, y) and L and R are
the connected components of (0, 1) \ M, and define a distance dj,,, between x
and y by

L] |R|

In other words,

x l-y
dpyp(x,y) = —log(1 — T)

It is easy to see that  is an isometry between the Euclidean distance in the real line
and the hyperbolic distance in (0, 1).> By Lemma 5.4, elements in 2" with non-
negative Schwarzian derivative weakly expand the cross-ratio [M, T'], and then
they weakly contract the hyperbolic distance. This gives us the following fact.

Lemma 5.5. Let f € 2 with Sf > 0. Then 0 < D(¥(f))(x) < 1 for all
x e R

3Actually, the diffeomorphism v extends to a biholomorphism between the R-symmetric strip
{z eC: —n/2<Im(z) < 71/2} and the R-symmetric open disc with diameter (0, 1). In particular,
the distance dj,,,, defined above coincides with the standard Poincaré distance on (0, 1).
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The isomorphism ¥ identifies the family {7} }1cg C % of translations of the
real line, Ty (x) = x + A for any x € R, with the family {M, },cg C Z of
Mobius transformations

X

M (o) = (l1—eM)x+e 2

for x € (0, 1).

Indeed, note that (M o ¥)(x) = ¥(x + A) forany x € Rand any A € R. In
particular, {My} R is abelian under composition, and M, o My, = M), 4,,
forall A1,A> € R, as well as M;l = M_, forall A € R.

Let us point out another nice property of ¥.

Lemma5.6. Forany f,g € 2 we have Hf_gHCO([O,l]) < HLU(f)—lI/(g) ”CO(R)'

Note that Lemma 5.6 follows at once from the fact that

1
Dy (x) = T tend e €(0,1/4] forallx e R.

The following cancellation lemma is due to Swigtek [1992], and is the main
result of Section 5.5.

Lemma 5.7. Let {A,} C R and let {¢,} C X be such that S¢, > 0 for all
n € N. Then we have

[M3, 0 dn o0 My 01 = o0t cogon <2 max |> 4
1

foralln € N.

Our proof of Lemma 5.7 follows the original paper by Swiatek [ibid., Section
3, pages 91-93].

Proof of Lemma 5.7. By Lemma 5.6, it is enough to prove that
J
[ My, 0 pno---0 My, 0$1) = Wign o0 1) coy <2 max [H A

1<j<n |*

For each 7 € [0, 1] consider 7/, € % defined by

My = Tia, 0¥ (@n) 0Ty p, 0 W(pn-1)o--0Tip, 0W(p2) 0Tz, o W(d1).
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In other words, for any x € R we have

() = ¥(P)(x) +1 a1 and 741 (0) = ¥ (Gnt) (1, (X)) + 1 Ansr

Note that
Ny = W(n 0 pn_10-+-0¢20 1)

and also that
My = WMy, 0dn oMy, oduro--oMy, 0y0My odr).
In particular, for all x € R and n € N we have
[(W(M, 0 pn o0 My, 0¢1) =W (gno-0¢1)) ()] = |(n, —np) (¥)]
S max;e[o,1] ’%(x)) .

To bound these derivatives, note that

a t
8”: (x) +Ant1,

an ant
S =1 and () = DY) (1)

from which it follows that

o T
’gn;rl (X) = Ant1 4+ DA [[ D¥@i+1) (0 (x))

j=1  i=j

forallx e R,t € [0,1]andn > 1. Now, foreachx € R, ¢ € [0,1] andn € N,
define 1, B2, ..., Bn+1 € (0, 1] by setting B,+1 = 1 and

n
Bi= 1_[ D¥(pit1) (ni(x)) . Y1<j<n.
i=j
With this notation we have

ant+1 n+1
n — . .
97 (x) = j§=1 AjBj-
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Therefore, we need to prove that ‘Z’}=l AjBj ‘ is bounded by 2M , where

J
M = max Zx\i 1<j<n

i=1
To do that, let us write
n—1 J
ZA Bj —ﬂnzx =2 | Bier=B) D
i=1 j=1 i=1

Since B, € (0, 1], we have B, Z?=1 Ail = Bn ‘22;1 /\i‘ < |Z?=1 /\i‘ <M
Moreover, since S¢, > O for all n € N, we know from Lemma 5.5 that the
sequence {B1, B2, ..., Bn, Bn+1} C (0, 1] is non-decreasing:

ﬁj(x’t’n) = Dlll((p]-i-l)(nt](x)) 13j+1(x’t’n) < ﬂj+l('x’t’n)'

Therefore,
n—1 J n—1 J
Do Birr =B D i [ <D |(Birr—Bi) Y A
j=1 i=1 j=1 i=1
n—1 J
Z IBJ-H Zkz
j=1 i=1
n—1
SM Y (Biv1—Bs) =M (Ba—p1) <M

O]

Remark 5.3. The monotonicity of {B,} is crucial in the proof. Indeed, consider
An = (=D)"//nand B, = 1 + A,. Then {B,} — 1 and )_ A, is finite, but
> An Bn is unbounded. This is the reason why the non-negative Schwarzian con-
dition is needed in Lemma 5.7.

Letd=C° ([0, 1], R) be the vector space of continuous functions from [0, 1]
to the real line, and recall that A is a Banach space when endowed with the sup
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norm. We can consider a homeomorphism from 2" onto A, called the nonlinearity
function, defined as

D2
Nf = f = Dlog Df .
We then define the weight w( f) of any given f € 2 by
Df(1)
= log
o(f) = / A f =gl

which is a homomorphism from 2~ onto (the additive group) R, that is,

1=n
o(fio fro-0 f) =Y w(fi)

i=1
for{ f1, f2,-.., fu} C Z . The weight of an element of 2~ carries its signed total
distortion. The main point of the cancellation lemma (Lemma 5.7) is that it pro-
vides a bound in terms of the sum of the weights of the Mobius transformations
involved (note that w(Mj) = —2 A for any A € R), thus allowing cancellations.
For instance, similar to what we did in the proof of the Cross-ratio Inequality
above, we may consider a long composition of backwards iterates of a certain
map f (under the same hypothesis of Theorem 5.1). Iterates around the critical
point (those related to the product P,) will have non-negative Schwarzian deriva-
tive, while iterates disjoint from the critical neighborhoods (related to the product
P1) might be close to Mobius transformations (identifying the same intervals, and
having the same weight). If the weights of these iterates almost cancel (even if the
sum of their absolute values is not small), the cancellation lemma says that we still
get an efficient approximation of the whole composition if we replace the Mobius
transformations involved just by affine maps (identifying the same intervals). This
is a rather technical but useful result, and we refer the reader to the original paper
by Swiatek [1992] for the implementation of these ideas.

Exercises

Exercise 5.1. Let f be a C3 map into the reals defined in a neighborhood of 0,
which we assume is a regular point for f.

(i) Prove that there exists a unique fractional linear transformation i such that

pvef() —x
x—0 x3
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exists and is finite.
(i) Show that the limit in (i) is in fact equal to %S £(0).

(iii) For each i > 0, write M = [h,2h] and T, = [0, 3h], and let A #(h) be

given by
a(f (M) f(Ty)

Arth) = a(My, Tp)

Show that
Agr(h)—h

3
Sf(0) =—= lim
7O 2 h—0 h?
(iv) Find a similar formula to the one in (iii) in terms of distortion of the h-cross-
ratio rather than that of the a-cross-ratio.

Exercise 5.2 (Constant negative Schwarzian). Given a positive constant ¢, con-
sider f, : R — R defined as

B tanh(\/oz_/Zx) B 1 e«/ﬁx -1
Jal) = tanh (\/a_/Z) B tanh(\/a_/2) ev2ax 41’

Show that fy is a real-analytic diffeomorphism onto its image, fixing —1, 0 and 1,
and such that S f, = —« on the whole real line.

Exercise 5.3. Prove that cross-ratios are preserved by fractional linear (i.e., Mobius)
transformations.

Exercise 5.4. Prove the chain rule for the bi-Schwarzian.

Exercise 5.5. Letn > 1 and let f be a polynomial of degree n 4+ 1 with real
coefficients. Suppose that all zeros of Df are real, so that Df (x) = ¢ [[/'_;(x —
oj), where ¢, aq,...,a, € R.

(i) Show that

, 2
1 3 !
Sf(x) =2 Z (x—ai)(x—aj)_i[; :| .

1<i<j<n

(i) Deduce from (i) that S < 0.
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Exercise 5.6. Consider the sequence { f,}n,>1 C £ of Mobius transformations
given by
X

fn(x) = (l—el/”)x—i—el/” .

(1) Note that { f,,} converges to the identity in 2.

(i) Show that the sequence {O?=Y fu} v, has no limitin 2.



In this chapter we go beyond the theory of circle diffeomorphisms and begin the
study of topological and geometric properties of smooth circle homeomorphisms
having critical points. These dynamical systems are called multicritical circle
maps (see Definition 6.1 below), and will be the main object of study in the re-
mainder of this book.

After introducing some classical examples, we will prove that multicritical cir-
cle maps with irrational rotation number are topologically conjugate to a rotation
(Theorem 6.2). This theorem is due to J.-C. Yoccoz [1984b], and is an extension
of Denjoy’s Theorem from Chapter 3. The proof of this result, to be given in Sec-
tion 6.2, relies on the distortion tools presented in Chapter 5.

In Section 6.3 we state and prove one of the most fundamental results in this
book: the real a-priori bounds (Theorem 6.3), first proved in the eighties by Her-
man [1988] and Swiatek [1988]. We would like to remark that the Cross-ratio
Inequality, namely Theorem 5.1, will play a major role in our proof of the real
bounds. Theorem 6.3 (see also Theorem 6.4) is a cornerstone in the geometrical
study of multicritical circle maps, and it will be invoked throughout the book.

We will close Chapter 6 with some of the first consequences of the real bounds,
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such as the C !-bounds and the negative Schwarzian property (see Section 6.4 and
Section 6.5).

6.1 Definition and examples of multicritical circle maps

Let us start by defining the maps which will be the main object of study in the
present chapter and beyond. The reader should make sure to recall the notion of
non-flat critical point introduced in Chapter 5 (Definition 5.1).

Definition 6.1. 4 multicritical circle map is an orientation preserving C3 circle
homeomorphism having N > 1 critical points, all of which are non-flat.

Being a homeomorphism, a multicritical circle map f has a well defined ro-
tation number p € (0,1). We will assume that p is irrational, in which case it
follows from Theorem 2.3 that there exists a unique f-invariant Borel probability
measure (L.

Definition 6.2. We define the signature of f to be the (2N + 2)-tuple
(p;N: do,d,...,dN-1; 0,81,...,0N-1),

where d; is the criticality of the critical point c; for 0 < i < N — 1, and §; =
Jlci, ci+1) (With the convention that cy = cg).

In this section we provide some interesting families of real-analytic critical
circle maps.

6.1.1 Blaschke products

Conforming with standard notation, we denote by C=cCu {oo} the Riemann
sphere. Consider the two-parameter family f; , : C — C of Blaschke products
in the Riemann sphere C given by:

zZ—a

fa,a)(z) — leriw 22 (_

) fora >3andw € [0, 1). 6.1)
1—az

As it happens with any Blaschke product, every map in this family commutes
with the geometric involution around the unit circle @(z) = 1/Z (note that @ is
the identity in the unit circle), and therefore it leaves invariant the unit circle (in
fact, every rational map leaving invariant the unit circle is a Blaschke product).
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Moreover, its restriction to S is a real-analytic homeomorphism (the fact that
Ja,o has topological degree one, when restricted to the unit circle, follows from
the Argument Principle since it has two zeros and one pole in the unit disk). When
a > 3, each f; 4, has four critical points in the Riemann sphere, which are all
different and non-degenerate (quadratic), given by 0, oo,

w, a’ +3 N V@ +3)a+1)(a—1)(a—-3) y
4a 4a

1 and (6.2

a*>+3  Ja+3)@+Dla-1)(a-3)

1 =
/Wa 4a da

€ (0,1). (6.3)

In particular, the restriction of f; 4, to the unit circle is a real-analytic diffeomor-
phism for any a > 3. When a — 3, both critical points w, > 1 and 1/w, € (0, 1)
collapse to the point w = 1, as we can see from (6.2) and (6.3). In other words:
when a — 3, the family f; ., converges to the boundary of the space of circle dif-
feomorphisms: for any w € [0, 1), the restriction of f3 4 to S! is a real-analytic
multicritical circle map with a single critical point at 1, which is of cubic type, and
with critical value e27i¢,

Now let p,q € C with [p| > 1, |g| > 1, letw € [0, 1) and consider g 4.0 :

C—-C given by

; Z—p zZ—q
pagw(z) =073 (1 _ﬁz) (1 _C_IZ). (6.4)

Just as before, every map in this family leaves invariant the unit circle. The fol-
lowing fact was proved by Zakeri [1999, Section 7].

Theorem 6.1. For any given p € (0,1)\Q and § € (0, 1) there exists a unique
8p.q.0 Of the form (6.4) such that g p 4.0\ s1 is a bi-critical circle map with signa-
ture (03;2;3,3; 5,1 —=296).

Remark 6.1. 1t would be interesting to extend Zakeri’s construction in order to ob-
tain representative families of Blaschke products that restrict to multicritical circle
maps with N > 3 critical points. Such construction should be useful to understand
rigidity and renormalization problems for multicritical circle maps with any given
number of critical points (to be discussed in the fourth and last part of this book).
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Figure 6.1: Topological behaviour of the Blaschke product f3 4 (6.1) around the
unit circle, for w approximately equal to 1/8. At the left of Figure 6.1 we see the
preimage under f3, of the annulus around the unit circle drawn at the right (in
both planes, the unit circle is dashed). The complement of the annulus AU B in the
complex plane has two connected components, C and D. The preimage of C is the
union C’ U C”, where the notation C” means that f3 , : C’ — C has topological
degree 1 (equivalently f3, : C” — C has topological degree 2). In the same
way, the preimage of D is the union D’ U D”, the preimage of B is B] U B, U B}
and the preimage of 4 is A”.

6.1.2 The Arnold family

Consider the two-parameter family F,, 5 : C — C of entire maps in the complex
plane given by:

b
Fap(z)=z+4+a— T sin2rz) fora €[0,1)andb > 0.
Vs

Since each F, ; commutes with unitary horizontal translation, it is the lift of
a holomorphic map of the punctured plane f,; : C \ {0} — C \ {0} under the
universal cover z > ¢27Z_ Since F, p preserves the real axis, f, 5 preserves the
unit circle. This classical two-parameter family of real-analytic circle maps was
introduced by Arnold [1961], and it is known as the Arnold family.

For b = 0, the family f, 5 : S' — S! is just the family of rigid rota-
tions z > €249z As it is easy to check, for b € (0, 1) the Arnold family is
still contained in the space of real-analytic circle diffeomorphisms. For b = 1,
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p(fa,l)

EN[M)
\\

D=

INTS
N

A=
D=
EN[M

Figure 6.2: The rotation number, as it varies in the one parameter family f, 1 :

XH—>x+a-— % sin 27 x, produces a devil staircase.

however, the Arnold family belongs to the boundary of the space of circle dif-
feomorphisms: each Fy, 1 projects to an orientation preserving real-analytic circle
homeomorphism f, 1, which has a critical point (of cubic type) at the point z = 1.
The rotation number of f, ; varies with the parameter @ in a continuous, monotone,
non-decreasing way, and as we saw in Chapter 4 the resulting graph is a devil stair-
case; see Figure 6.2. Each interval {a € [0,1) : p(fa,1) = 9} degenerates to a
point whenever 6 is irrational and moreover, the set {a €[0,1):p(fa,1) € R\Q}
has zero Lebesgue measure (Swigtek [1988]). For integers 0 < p < g, the set
{a €[0,1): p(fa,1) = p/ q} is a non-degenerate closed interval (a phase-locking
interval, in the language of Chapter 4). Its interior is made up of parameters whose
corresponding critical circle maps have two periodic orbits (both of period ¢), one
attracting and one repelling, which collapse to a single parabolic orbit when the
parameter reaches the boundary of this interval, see Epstein, Keen, and Tresser
[1995].

Finally, we remark that for b > 1 the maps f,p : S 1 — S are no longer
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invertible (they present two quadratic critical points). The dynamics of these maps
is much richer than the case of homeomorphisms: the rotation number becomes
a rotation interval, and typical dynamics here have positive topological entropy,
infinitely many periodic orbits (coexisting with dense orbits) and, under certain
conditions on the combinatorics, they preserve an absolutely continuous proba-
bility measure (see Boyland [1986], Chenciner, Gambaudo, and Tresser [1984],
Crovisier, Guarino, and Palmisano [2019], and Misiurewicz [ 1986] and references
therein).

The examples presented in both Sections 6.1.1 and 6.1.2 show how multi-
critical circle maps arise as bifurcations from circle diffeomorphisms to endo-
morphisms, and in particular, from zero to positive topological entropy (com-
pare with infinitely renormalizable unimodal maps, de Melo and van Strien [1993,
Chapter VI]). This is one of the main reasons why multicritical circle maps at-
tracted the attention of physicists and mathematicians interested in the boundary
of chaos, see Dixon, Gherghetta, and Kenny [1996], Feigenbaum, Kadanoff, and
Shenker [1982], Kadanoff and Shenker [1982], Lanford [1987, 1988], MacKay
[1983, 1993], Ostlund et al. [1983], Rand [1987, 1988, 1992], and Shenker [1982].

6.2 Topological classification

Being a homeomorphism, a multicritical circle map f has a well defined rotation
number. Just as before, we will focus on the case when f has no periodic orbits.
In the early eighties, Yoccoz [1984b] proved that f has no wandering intervals.
More precisely, we have the following fundamental result.

Theorem 6.2 (Yoccoz). Let f be a multicritical circle map with irrational rotation
number p. Then f is topologically conjugate to the rigid rotation Ry, i.e., there
exists a homeomorphism h : S — S such thatho f = R, o h.

It is not possible to remove the non-flatness condition on the critical points
(recall Definitions 5.1 and 6.1): indeed, Hall [1981] was able to construct C*°
homeomorphisms of the circle with no periodic points and no dense orbits (see
also Palmisano [2015]).

As we have already observed in Chapter 5, in the presence of critical points,
the standard distortion tools used for diffeomorphisms no longer apply, at least not
directly, since log Df is unbounded (see Figure 6.3). We will need instead the
tools introduced in Chapter 5, especially the Cross-ratio Inequality (Theorem 5.1).
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log Df

i,,Sl

Figure 6.3: The cocycle log Df is unbounded for a multicritical circle map f.

6.2.1 Dynamically symmetric intervals

The proof of Theorem 6.2 that we wish to present differs considerably from Yoc-
coz’s original proof'in Yoccoz [1984b] (which uses a certain degenerate cross-ratio
instead of the one we use here).

The key to our proof'is a comparability result for general dynamically symmet-
ric intervals, that is, any pair of intervals with an endpoint in common x € S, the
other endpoints being 197 (x) and f~97(x), for some n > 0. This comparability
result — Lemma 6.3 below — is also a crucial step in the proof of the real bounds
to be presented in Section 6.3.

In order to accomplish our goal, we need the following two lemmas. The first
lemma is proved by what is called the seven-point argument in Estevez and de
Faria [2018]. The reader may find the name a bit puzzling, since only five points
appear in the statement, but in fact seven points are used in the proof.

Lemma 6.1. There exists a constant C1 > 1 depending only on f satisfying the
following. For each n > 0 there exist z1,z2,23,z4 and zs points in S' with
Zj41 = f9(zj) such that

Zi—1 — Zj
C1—1 < |l 1 l|

< < Cyp, fori =2,3,4. (6.5)
|zi+1 — zi]
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Proof. Letz € S! be a point such that, for all x € S1,

| f9(z) = 2] < | f 9" (x) — x].

Then consider the seven points
20 = fT(2), 21 = [T(), 2 = fTR(2), 23 = fT(2),

z=z,25= fI(2), 26 = [29"(2).

Note that, by our choice of z,
|Z4—Z5|§|Zi—2i+1|, fora110<z§5 (66)

These seven points are cyclically ordered as given (either in clockwise or counter-
clockwise order in the circle), provided 7 is sufficiently large. Let J/ C S! be the
closed interval with endpoints zg and z¢ that contains z = z4. Foreach 0 < i < 3,
let T; = [z, zi4+3] C J and M; = [zj+1, zi+2] C T;. Then the homeomorphism
f49 maps T; onto T;4+1 and M; onto M; 41, for 0 < i < 2. Moreover, the collec-
tion of intervals {7; , f(T;), ..., f9"(T;)} has intersection multiplicity equal to
3.

(i) Let us first prove (6.5) for i = 4. Applying the Cross-ratio Inequality to
f47 and the pair (M>, T), we have

M3, T 73 — 24|25 — z6l|z2 — 2
CID(f9; My, Ty) = [M3. T3] _ |z3 — zallzs — zel|22 — 24|

(M. T2] — |z4 — z6llz2 — z3||lza — 25| ~
where B > 1 is a constant that depends only on f. But then, using (6.6),
we see that

|23 — z4] |z4 — z6| |z4 — 25|
LakSlb APy Lk L =4 = =51
|z4 — z5] |z5 — z6] |z5 — z6]

+ 1) < 2B.

Therefore, defining B; = 2B and again using (6.6), we get

73— 2
—1<M

: < B . (6.7)

~ ~
|24 — z5|

(i1) Let us now prove (6.5) for i = 3. Applying the Cross-ratio Inequality to
f97 and the pair (M1, T1), we have
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(iii)

My, T . . .
CID(f 9 My Ty) = (M2, T3] |22 — z3]|z4 — 2z5]|z1 — 23]

’

M1, Th]  |z3—zsl|z1 — 22|23 — z4|

or equivalently, using (6.6) and the upper bound in (6.7),

|z2 — z3] < |z3 — z5] < (MJrl)gB(BlJrl).
|z3 — z4] |z4 — 25| |z4 — 25|
On the other hand, using (6.6) once again,

z3 — Z z3 — Z
|23 — za4] < |23 — z4] < B,
|z2 —z3| " |z4 — z5]

Taking B, = B(B1 + 1) and putting the last two inequalities together, we
get

Zy —Z
-1 2=zl

3 <B,. (6.8)

~X ~X
|z3 — z4]

Finally, let us prove (6.5) fori = 2. As before, applying the Cross-ratio
Inequality to f'97 and the pair (Mo, Tp), we have

My, T z1 — 22|23 — z4llzo — 2
CrD(fqn;M(),T()) — [ 1 1] _ | 1 2|| 3 4|| 0 2|

’

[Mo,To] |72 —z3l|z0 — z1]]22 — 23|

From this, using (6.6) and (6.8), we get on the one hand

- - Zy—z
|z1 22|< |22 Z4|< (|2 3]

|22 — z3] |z3 — z4] |z3 — z4]

On the other hand, the inequalities (6.7) and (6.8) tell us that

|z4 — z5]

Zy—z Z3 — Z4
122 3|< 123 |<B2B1
|z1 — 22|

RS 2 X
|z1 — z2] |z1 — z2]

< BB . (6.10)

Defining B3 = max{B(Bz + 1), B, B1} = B1 B>, and using inequalities
(6.9) and (6.10), we obtain

! Szl g (6.11)

~ ~
|22 — z3]
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Summarizing, we have proved (6.5) with C; = max{B;, B>, B3} = B3 > 1,a
constant that indeed depends only on f. O

Lemma 6.2. There exists a constant Cy > 1 depending only on f satisfying
the following. Let z1,z2,23,z4 and z5 be the points given by Lemma 6.1. If
Wo, W1, W2, W3 and W4 are points on the circle such that wj1 = f9"(w;) and
such that wy lies in the interval with endpoints zy and z, that does not contain z3,
then

w1 — wa| |wi—1 — w;|

<Cy and Cy;'< <Gy, fori =2,3. (6.12)

|lwo — w1 |w; — w41

Proof. To prove the first inequality, we consider the interval 7" with endpoints wy
and w3 containing zy, wy, Z2, W2, 23, and the subinterval M = [wy,wy] C T.
Note that {T, f(T),..., f92(T)} has intersection multiplicity equal to 3. Hence,
applying the Cross-ratio Inequality to f9" and the pair (M, T'), we get

[f4 (M), f(T)] < B[M,T]
or equivalently

w1 — wal|ws — wy| |lwo — w1 ||wz — ws|

< . (6.13)
lwi — w3|lwz — w4l lwo — wallwy — w3
Since the points wo, z1, Wy, ..., Z4, W4, z5 are cyclically ordered as given, we
have the inequalities |21 — z2| < |wo — wa|, |w2 — w3| < |z2 — z4|, and
|wy — wq| < |z2 — z5|. Moreover, we have |z4 — z5| < |ws — wyl, by our
choice of z = z4 in Lemma 6.1. These facts, when put back into (6.13), yield

lwy — ws| |22 — z4]|z2 — z5]

< <B(C1 +CHUA+C1+C}). (6.14)
|wo — wi| |21 — z2[|z4 — z5]
where we have used the inequalities of Lemma 6.1.
To prove the upper bound in the last two inequalities in (6.12), we simply note
that |{w; — wj+1| > |z4 — z5| and that |w;j—1 — w;i| < |zi—1 — zi+1]|. Using the
inequalities (6.5), we deduce that

lwi—1 —wil _lzi-1—zi|  |zi —zi+1]

< <2C; (6.15)

lwi —wiy1] ~ [z4 —z5] |z4 — z5]
The lower bound for the same inequalities in (6.12) is proven in exactly the same
way (the value obtained is (2C 13)_1). Thus, (6.12) is established, provided we take
C, = max{2C}, B(C1 + C3)(1 + C1 + CP)}. O
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We are now in a position to show that dynamically symmetric intervals are
always comparable. In the lemma below, we make use of the following simple
remark. Given £ € S, let J,(§) C S be the interval with endpoints f =9 (£)
and £ () that contams €. Then Uq"+1 FTHJn(8) = S

Lemma 6.3. There exists a constant C3 > 1 depending only on f such that, for
alln > 0andall x € S, we have

Cillx — [0 (x)| < |f9"(x) — x| < Cslx — £~ (x)]. (6.16)

Proof- Note that it suffices to prove the second of the two inequalities in (6.16) for
all x (to get the first inequality from the second, just replace x by f~97(x)).

Thus, let x € S' and let 0 < i < gn41 such that £7(x) lies on the interval J
with endpoints z; and z3 that contains z5, where z1, z5, . . ., z5 are the points given
by Lemma 6.1. Such an i exists because of the simple remark preceding the present
lemma, applied to £ = z (so that J,(z2) = J). Theneither f?(x) € [z1,22] C J,
or f1(x) € (z2,z3] C J. We prove the lemma assuming the former case (the proof
in the latter case being similar).

Let us consider the points wg = fi~ 9 (x),w; = fi(x),wp = fite(x)
and w3 = f?124(x). Then we are in the situation of Lemma 6.2. Consider the
interval T with endpoints f~97(x) and f297(x) that contains x, and let M =
[x, f97(x)] C T. Note that

[x = ST SO () = S22 )] _ x = ST ()

M, T (617
M= o = ol = 2] S e —x ¢
From the inequalities (6.12) in Lemma 6.2, we also have

Py, ()] = 1o = willwa = ws] ! (6.18)

lwo — wallwy —w3| ~ (1+C2)?°
Since {T, f(T)...., f'(T)} has intersection multiplicity at most equal to 3, the
Cross-ratio Inequality tells us that [ f* (M), f*(T)] < B[M,T], where the con-

stant B is the same as in the previous lemmas. Combining this fact with (6.17)
and (6.18), we deduce that

|f7(x) = x| < B(1 + C2)*|x — [0 (x)|. (6.19)

This proves (6.16), provided we take C3 = B(1 + C»)2. O
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6.2.2 Proof of Yoccoz’s theorem

Yoccoz’s Theorem 6.2 is now a straightforward consequence of Lemma 6.3.

Proof of Theorem 6.2. Suppose, by contradiction, that there exists a wandering in-
terval J = (a,b), which we can assume to be maximal. For each n € N, let
Ay = (f79(a), f97(a)). Since J is a wandering interval, its iterates are pair-
wise disjoint, so f¥97(a) ¢ J, and from this it follows that A, must contain J for
all n € N. Hence the sequence {|A,|},cn is bounded away from zero. However,
since J is maximal, the point a is recurrent, and therefore there exists a subse-
quence n; — oo such that /9% (a) — a as i — oo. But then, by Lemma 6.3, we
have also ™9 (a) — a asi — oo, and this tells us that |A,,| — 0asi — oo.
This contradiction shows that no such wandering interval J exists, and the proof
is complete. O

Remark 6.2. The argument above gives a new proof of Denjoy’s Theorem 3.4,
since the Cross-ratio Inequality (Theorem 5.1) certainly holds whenever f is a
C! diffeomorphism and log Df has bounded variation (note that the Schwarzian
derivative is not needed in this case: estimate (5.8) holds on the whole circle).

6.3 Real a priori bounds

Now that we understand the topology of a multicritical circle map f, we move to
the more delicate task of understanding its geometry.

Our ultimate goal is to understand the geometry of f at fine scales, in other
words the asymptotic scaling structure of f. A general, informal principle in one-
dimensional dynamics is that, in order to understand the geometry of a map at
fine scales, it suffices to understand the asymptotic geometry of the orbits of the
critical points of the map. The first step towards this goal is to get some bounds on
finite pieces of the orbit of a given critical point ¢ € S, say up to a closest return
time: ¢, f(c),..., f971(c). The bounds we look for are bounds on the ratios of
distances between (some of) these points, with constants that are independent of
n. In fact, we will see that these constants are even asymptotically independent of
f itself.

The above description is admittedly rather vague, since we have not explained
what we mean by expressions such as “geometry at fine scales” or “asymptotic
scaling structure”, but precise statements (and proofs) will be given below.
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6.3.1 Dynamical partitions

Let f be a homeomorphism without periodic points, i.e., with irrational rotation
number p € (0, 1), and let {g, }»>0 be the corresponding sequence of return times
(the denominators of the best rational approximations to p; see Chapter 1).

Let us fix some base point x € S!. For each non-negative integer n, let
I, (x) be the closed interval with endpoints x and f 97 (x) that contains f97+2(x).
Consider the following collection of closed intervals:

Za(0) = {1 Un () 1 0<i < ot = UL fT U1 (0) : 0< j < g — 1
The following fact is fundamental.

Lemma 6.4. For each n > 0, the collection &, (x) is a partition of the circle
modulo endpoints.

Proof. Since the families &7, (x) are dynamically defined, we may assume by
Yoccoz’s Theorem 6.2 that f is the rigid rotation of the unit circle of angle p.
Let { pn/qn} be the sequence of best rational approximations to p. As we saw in
Chapter 1, eq. (1.6), for all n € N we have

dnPn+1 —qn+1Pn = (=D". (6.20)

The arithmetical properties of the continued fraction expansion of p described in
Chapter 1 imply that, for any point x € S, the iterates { f97(x)},eN are the
closest returns of the orbit of x under the rigid rotation f, in the following sense:

d(x, f7(x)) <d(x,fj(x)) forany j e{l,...,qn—1}

where d denote the standard distance in S'. In particular, all members of the
family
n(). fIn (). fO 47 (I (1))

are pairwise disjoint, and all members in the family

{1 (0), fUnp1(0), o, [ Ing1 (1))}

are pairwise disjoint too. Moreover, we claim that any two members in the union
of these families (which is precisely &,) are disjoint. Indeed, suppose, by contra-
diction, that there existi < ¢n+1 and j < ¢, such that fi(I,) N f/(I,11) # O.
Without loss of generality, we may assume thati < j =i + [, for some [/ < g,
and that the g,,-th iterate of every point z € S! is on the right-hand side of z,
and consequently the g, 1-th iterate is on the left-hand side of z. We have three
possible cases to consider:
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« If [1(In(x)) C f7(Int1(x)), then f7 (Ip11(x)) intersects f7 (Ln+1(x))
and this is impossible as explained above.

o If f/.'(InH(x)) = f1(I,(x)), then the point f7(x) = fit!(x) is closer
to f7(x) than f'T9(x), which is impossible since [ < g,,.

« Ifboth differences between f/ (I,,41(x)) and f*(I,(x)) are non-empty and
connected, then we have two sub-cases:

either f7(x) € fi(In(x)) or fIHan+1(x) e fi(l,(x)).

In the first case, f/(x) = fit!(x) is closer to fi(x) than fiTan(x),
and since [ < ¢, this is a contradiction. In the second case, the point
fitan(x) = fI(fI*T =7 (x))iscloserto f/(x)than f/+9n+1(x), which
again is impossible since g, +1 — j < gn+1-

Therefore, any two members of &2, (x) are disjoint, as claimed.

Finally, since we are assuming that f is the rigid rotation of angle p in the
(normalized) unit circle, the lengths of the intervals [, (x) and I, +1(x) are |gnp —
Pnl = dqnlp—Pn/qn| and gn+1|pn+1/qn+1 — p| respectively. Therefore, the total
length of the union of the members of &7, (x) is equal to

Pnt+1 Pn

dn+1 dn

By (6.20), this absolute value is equal to 1, that is, the union of the members of
P, is a compact set of full Lebesgue measure, and therefore it covers the whole
circle. O

qndn+1 ( )‘ = |qnPn+1 — Pnqn+1l-

We call &y (x) the n-th dynamical partition associated with x. The intervals
of the form f*(/,(x)) are called long, whereas those of the form f/ (I,,+1(x))
are called short. The initial partition &y (x) is given by

Po(x) = {[fi(x),fi+1(x)] i el0,... a0 — 1}} U{[£%(x). x]}.

where aq is the integer part of 1/p.

Example 1. Figure 6.4 shows the dynamical partition &1 (x) associated to a circle
homeomorphism with rotation number p(f) = ~2—1=1[2,2,2,...], for which
q1 = 2 and q» = 5. Explicitly, writing 11 = I1(x) and I, = I(x), we have

Pi(x) = {1, f(), A1), 2. f4HU)} UL, f(12)}
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f3y)

f2y)

fh)

P s

Figure 6.4: Dynamical partition &1 (x) of a circle homeomorphism with rotation
number p(f) = V2 —-1=1[2,2,2,...].

Remark 6.3. We end this section with the simple but very important observation
that the dynamical partitions &7, (x) of a given point x are nested. Indeed, it fol-
lows directly from the definition that every short atom of &7, (x) becomes a long
atom of &2, +1(x), whereas each long atom of &7, (x) is partitioned into a disjoint
union of short atoms of &, 1(x).

6.3.2 The real bounds

We are now in a position to state and prove the following absolutely fundamen-
tal result in the theory of critical circle maps, known in the literature as the real
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a priori bounds theorem, or simply the real bounds theorem. This theorem, in
slightly different formulation, was first proved in the eighties by Herman [1988]
and Swiatek [1988]. Our exposition here follows very closely the one in Estevez
and de Faria [2018, § 3]. See also Petersen [2000] for a different treatment.

Theorem 6.3 (Real A-priori Bounds). Let f be a multicritical circle map. There
exists a constant C > 1 depending only of f such that the following holds for
every critical point ¢ of f. For alln > 0 and for each pair of adjacent atoms
1,J € P,(c) we have

clJ << Cll. (6.21)

Intuitively, this theorem is saying that, in every dynamical partition &, (c),
any two consecutive atoms are comparable. The notion of comparability is admit-
tedly a bit vague at this point, but it will be made more precise after we prove the
theorem.

Note that for a rigid rotation (and any point x € S1) we have |I,,(x)| =
an+1 [ In+1(X)| + [In42(x)|. If ap41 is very large, then |1, (x)| is much larger
than |7, 41 (x)|. Thus, even for rigid rotations, real bounds do not hold in general.

The main tools to be used in the proof of Theorem 6.3 are the Cross-ratio In-
equality (Theorem 5.1) and Lemma 6.3. All constants appearing in the proof, in-
cluding constant C3 of Lemma 6.3, can be traced back to the constant appearing
in the Cross-ratio Inequality. We will denote these constants C4, Cs, . . . in succes-
sion, keeping track of how each constant being introduced depends on the previous
ones.

Comparability of closest returns and beyond

The major step in the proof of Theorem 6.3 states that the atoms of the partition
P, (c) that are closest to the critical point ¢, including the closest return inter-
vals I,(c) and I,+1(c), are pairwise comparable. This is the contents of Proposi-
tion 6.1 below. In order to simplify the notation a bit, from now until the end of
this section we write I, = I,(c) and 1,41 = I,+1(c), as well as I,i = fi(I,)
for all i and I,{_H = fI/(I,41) forall j.

Proposition 6.1. The six intervals in Figure 6.5 are pairwise comparable. More
precisely, there exists a constant C4 > 1 depending only on f such that, for all
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Figure 6.5: The six intervals of Proposition 6.1.

n > landforall 1,J € {Iy, gy, LI L7"T 10 LI 79 we have
1
;1<u<C4. (6.22)
/]
Proof. We break up the proof into several steps, as follows.

(i) Theintervals I,, and I,/ are comparable. Indeed, these two intervals are dy-
namically symmetric with respect to their common endpoint f97(c). Hence,
by Lemma 6.3 we have

Ci' | < 1L < Cally] (6.23)
1 e intervals I,”" and I, " are comparable. Indeed, these two in-
i) 7h Is I"*" and 1" ble. Indeed, th

tervals are dynamically symmetric with respect to their common endpoint
fn+1(c). Hence, again by Lemma 6.3 we have

C3_1 |Il;1n+l| < |Ir4l]n+1_¢1n| < C3|I,;]n+l | (624)
(iii) The intervals LI"*' ™" and I, are comparable. Consider the interval I, 7,

with endpoints ¢ and f 97 (c). Since such interval is dynamically symmet-
ric to the interval I, we have by the Lemma 6.3

Cy 19| < |1y| < G| L. (6.25)

From the right-hand side of (6.25), the inclusion 7,, 7 C [f»+179n g [in+1
and the left-hand side of (6.24), we deduce that

[In] < C3(C3 + DI, (6.26)
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Now, we have /"™ € I,.1UI,,and also | I,41| < C3|I "*"|, because

n+1
—dn+1 : :
I, 1" are dynamically symmetric. Moreover,

we have the inclusion /,,_ _g’{“ C I,,. Combining these facts with the right-
hand side of (6.24), we get

the intervals I+, and and

LT < C3(Ca A+ Dl -
From this and (6.26), we arrive at

Cy N (Ca+ D)7 L] < LT < C3(Cs + D)l (6.27)

The intervals I, and 1,41 are comparable. 1t is here that we use the power-

law at the critical point ¢ in an essential way. First note that In_f’{“ cr,

and that the intervals In__g’l"ﬂ and 7,4 are dynamically symmetric with
respect to their common endpoint c¢. Hence, using Lemma 6.3 we get

n+1] < C3|1n| . (6.28)

The real issue here, thus, is to prove an inequality in the opposite direc-
tion. Let us consider the interval T = [,47 U [, U I and its image
f(T) under f, which contains the critical value f(c); note that the fam-
ily {T, f(T),..., f4+1~1(T)} has intersection multiplicity equal to 3. We
look at the cross-ratio distortion of f97+1~! on the pair (1}, f(T)). By the
Cross-ratio Inequality, we have

dn+1 n41
"™ S (D] (6.29)

CD(fIm Y [ £(T)) = 7T (] <

But
’ L L
[L4m1, fane (T)] = —g L - (630)
|I:ll+-iill + |13 +1| |Ir?n+l| + |Ir?n+1+Qn|

Since the intervals 1 ,(,1”+1+q" and I,/"*! are dynamically symmetric with

respect to their common endpoint, we see from Lemma 6.3 that the sec-
ond fraction on the right-hand side of (6.30) is bounded from below by
Ccy 1/(1 4+ C3). The intervals / :ff{l and [+ are also dynamically sym-
metric with respect to their common endpoint, so again by Lemma 6.3 we

have 57| Lyq1| < [L'| < C3lIngr; in addition, I, C Inyq U I,
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v)

so that |I,fri' | < |[In+1| 4+ |1n]- Putting all these facts back into (6.30), we
deduce that
g ) > 6L (631)
n

where 0; = C3_2(1 + C3)7 11 + C5 + C32 + C33)_1. This bounds the
numerator of (6.29) from below, so we proceed to bound the denominator
from above. We have

1+gn
1"

Lyl
[y f(T)] = :
’ ngdl F 1L (1) 4+ 117

(6.32)
Since the intervals 7} and [ ,,1 tan are also dynamically symmetric with re-
spect to their common endpoint, applying Lemma 6.3 yet again yields

Cs |4

1
I e it

(6.33)

Here, using the power-law at the critical point (at last!) we see that

VA It )
Tl < Yo | n+ | ’
|1 [1n]

where yo = po(f) > 0 is a constant as in Remark 5.2, and 59 > 1 is the
criticality of the critical point c. Carrying this information back to (6.33)
gives us

(1L, F(T)] < 6, (|I|”I+|1|)SO : (6.34)

where 6 = y9C3/(1 + C3). Combining (6.31) and (6.34) we get the in-

equality
1
so—1
| Tn+1] 2(91 ) 0 — 6,
|In| BQZ

Summarizing, we have proved that

93|1n| |1n+1| C3|In| . (6-35)

The intervals I, and Inj_l are comparable. Note that 17" Y1 CIn,s0 |In+1|
|1,|. We must prove an inequality in the opposite dlrectlon For this pur-
pose, let us consider the interval 7% = I n T U Iy ny I, 241 We shall look
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at the cross-ratio distortion of the pair (17", T*) under the map f%»+174n,
Clearly, the family {7, f(T*),..., f9+1742(T*)} has intersection mul-
tiplicity equal to at most 3. By the Cross-ratio Inequality, we have

[]g'ﬂrl , fant17an (T*)]
(13", T*]

CrD( f9r+174n; [dn T*) = < B (636)

Now, the intervals 1, nt T "and I,,+1 are dynamically symmetric with respect
to their common endpoint f47+1(c). Also, the intervals f9n+1749n (] ,,2 any =
1371490 and 1971 are dynamically symmetric with respect to their com-
mon endpoint f97+1747(¢). Moreover, we have L cr,u I,,4+1. Com-
bining these facts with (6.35) and Lemma 6.3, we deduce after some com-
putations that

| Qn-i-ll |I¢1n+1+4n|
[I,;]n+l,fq”+l_q”(T*)] — - n+1 7 n
Ly T L T |
C3_293

- (1+C)(A+C3+C2)° (6.37)

We proceed to bound the denominator in (6.36) from above in similar fash-
ion. Since the intervals 7,/ and I ,f 9" are dynamically symmetric with re-
spect to their common endpoint f'9(c), applying Lemma 6.3 one final time
yields

I IZQn I C
(L, T*] = qn| al ani g I |2q < | qn al 3—1
L+ " g+ 119 " 1+ G5
C32 |an |
S —— - (6.38)
Putting (6.37) and (6.38) back into (6.36), we deduce at last that
Oalln| < |11 < |Lnl, (6.39)

where
(1+C5HC5 463

B(1+ C3)(1+C5+ C3)

4 =
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The above estimates — more precisely the inequalities (6.23), (6.24), (6.27), (6.35)
and (6.39) — provide bounds for 5 of the 15 comparability ratios involved in (6.22).
Each of the remaining 10 comparability ratios is obtained by suitable telescoping
products of at most 4 of these 5 ratios. Thus, define K to be the largest of all
constants greater than 1 appearing as bounds in the above estimates, namely K =
max{C3(C3 + 1), 05 1 0, 11 With this choice, all 15 inequalities involved in
(6.22) are established provided we take C4 = K*4. UJ

Proof of Theorem 6.3

Finally, to obtain Theorem 6.3, we use the Cross-ratio Inequality to propagate the
information in Proposition 6.1 to any pair of adjacent intervals in the dynamical
partition &7, (c). Fix an atom M € Z,(c), and let L, R € Z,(c) be its two
immediate neighbors; write 7 = L U M U R. It suffices to show that the cross-
ratio [M, T is bounded from below by a constant depending only on the constant
C4 of Proposition 6.1. There are two cases to consider, depending on whether
M is a short or a long atom of the dynamical partition &, (c). If M is a short

atom, say M = [ J na1 With j < gn, then L and R are both long atoms. In fact,
the combinatorics tells us .that one of them, say R, is the interval I,{ , whereas the
other, L, is the interval I;] T4n 174 Byt then the homeomorphism f97~/ maps
M onto M* = Igil and T onto T* = /"' U Igil U I;7*. By Proposition 6.1,
the cross-ratio [M *, T*] is bounded from below (by a constant depending only
on Cy). Since the intervals T, f(T),..., f9~/(T) = T* have multiplicity of
intersection at most 3, it follows from the Cross-ratio Inequality that

[M*.T]

CID(f4 =/ M, T) = T <

B .

Therefore [M, T] is also bounded from below (by a constant depending only on
C4). The same argument applies, mutatis mutandis, when M is a long atom. This
finishes the proof. O

6.3.3 On the notion of comparability

The proof of the real bounds was given in such a way as to allow us to keep track
of the constants involved in all the estimates — in other owrds, so that one could
actually write down the constant C in Theorem 6.3 explicitly, if necessary. For
most of what we do from now on, however, it will not be necessary to keep track
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of such constants. Instead, we will adopt the same notion and notation of com-
parability introduced in de Faria and de Melo [1999]. To wit, given two positive
real numbers « and 8, we will say that « is comparable to B modulo f (or simply
that o« and B are comparable) if there exists a constant K > 1 depending only
on the real bounds constant C = C(f) such that K~!'8 < « < Kp. This rela-
tion will be denoted @ < . As observed in de Faria and de Melo [ibid., p. 350],
comparability modulo f is reflexive and symmetric but not transitive: if we are
given a comparability chain o] < ap < -+ < a, we can only say that o =< o
if the length k of the chain is bounded by a constant that depends only on f. In
everything we do in this paper, the lengths of all comparability chains are in fact
universally bounded.

6.4 First consequences

The real bounds given in Theorem 6.3 have many important consequences. In this
section we present two of the most basic such consequences.

6.4.1 C' bounds

The first corollary to Theorem 6.3 is the fact that the first returns of a multicritical
circle map (to any one of its critical points) are uniformly bounded in the C!
topology. This is a consequence of the following lemma.

Lemma 6.5. Given a multicritical circle map f there exist two constants K =
K(f) > 1and ng = no(f) € N such that, for all n > ny, each ¢ € Crit(f),

each x € I,(c) and each j € {0,1,...,qn+1}, we have
) (I
Df/(x) < Km. (6.40)
|1 ()|

The detailed proof will be given below. Let us first show how this lemma
implies the C! bounds we mentioned above.

Corollary 6.1. The sequence { S+ (c)} is bounded in the C! metric.

This statement is perhaps a bit too informal. To be really precise, what we
mean to say is that, if A, : R — S§! = R/Z is the unique affine map with
An(0) = ¢ and A, ([0, 1]) = I,(c), then the sequence of normalized maps A, ! o
S+ 0 Aylo,1] is bounded in the C! topology.
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Proof of Corollary 6.1. By combinatorics, I,,+1(c) C f9"+1(I,(c)) C I,(c) U
I+1(c). Then:

|In+1(0)] < | fOn+1(In(c))| <14+ [In+1(c)]
[In(c)| [1n(c)| h [Tn(c)

By the real bounds (Theorem 6.3) we have |I,+1(c)| < |I,(c)|, and from this
it follows that } fant1(l, (c))‘ =< |I,(c)|. Therefore Corollary 6.1 follows from
Lemma 6.5. O

The remainder of this section is devoted to proving Lemma 6.5. For ease of
notation, in the proof we adopt the same convention we used in the proof of Theo-
rem 6.3: we drop the dependency on ¢ and write I,, = I,,(c), etc.

Proof of Lemma 6.5. For eachn € N consider L, = I,,4+1, R, = f9(I,) and
n=17=L,UlI,UR,. Wehave three preliminary facts:

Fact 6.1. The family {T,,, f(Ty). ..., f9+17Y(T,)} has intersection multiplicity
bounded by 3.

Fact 6.1 follows from the following general fact: givenz € S' andn € N let
I =z, R (z)], where R,, is the rigid rotation of angle 27rp in the unit circle.

Then the multiplicity of intersection of the family {I JRp(1), ..., Rg”“_l 04 )} is
3 foranyn € N.

Fact 6.2. There exists a constant T > 0 (depending only on the real bounds of f)
such that _ _ . .
|IL]| > <|I]| and |R}| > t|I}]]

foreach j €{0,...,qn+1} and for alln € N.

Proof of Fact 6.2. For j = 0, observe that the intervals L,, I, and R, are ad-
jacent and belong to the dynamical partition &7,, then by the real bounds they
are comparable by a constant that only depends on f'. Let us prove now that for

J = qn+1 the three intervals L,J,, I; J and RJ are comparable too.

On the one hand, the intervals [+ and I:,If[] are adjacent and belong to
P +1, hence they are comparable (again by the real bounds). Moreover 7,41 C
"+ < [,.,UI,. Bythereal bounds |/,| < |I,4+1|andthen |[,/"*!| =< |I:l1r;1|
that is:

|LG+1 | = |IQH+1 | (641)
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On the other hand, the intervals I,, and 1,7 are adjacent and belong to &2, hence
they are comparable. Moreover:

[ c it c o u g
From Figure 6.5 we know that |I,”1 || < |I,| and then |727 91 < |1,]. But
Iny1 C LI"™' © I, U I,,41 and then by the real bounds:
|RAE = (LT < (L | < L (6.42)

Therefore for j = gn1, the three intervals L}, I,] and R,’, are comparable. Now,
let1 < j < ¢gn+1 — 1. Consider the intervals |L] [, 1], |R}| and their images
by the map f an+1=J By the Cross-ratio Inequality (combined with Fact 6.1) we
have that there exists a constant Ko = Ko(f) > 1 such that

dn dn j i i j
|Ln" IRy HILa U I |17 U Ry |
i j dn dn dn dn =
|La | Ra || Ly U L U Ry

Using (6.41) and (6.42) in the last inequality, we get

1] | |1, |
14+ —— 1+ —1] <K,
L] IR}
and we are done. 0

Remark 6.4. We can always assume, whenever necessary, that ng = no(f) given
by Lemma 6.5 is such that for all n > ng and j € {0,...,gn+1} We have
Card( f7(T,) N Crit(f)) < 1, where Card denotes the cardinality of a finite
set, and Crit(f) is the set of critical points of f (this is because, by minimality,
} fI (T,,)‘ goes to zero as n goes to infinity).

Definition 6.3 (Critical times). We say that j € {1,...,qn+1} is a critical time if
£7(Ty) N Crit(f) # 0.
Remark 6.5. Note that Card({critical times}) < 3N

Fact 6.3. Let 1 < j1 < ja < gn+1 be two consecutive critical times. Then for all
x € fITI(I,) we have:

. ()|
DI = T

with universal constants (depending only on the real bounds).
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Proof of Fact 6.3. Note that f/2=/11=1 . fi+l(Ty — £72(T,) is a diffeomor-
phism. Fact 6.1 implies that Z{i}jl_l | FE(f/1H1(Ty))| < 3, and by Fact 6.2 the
interval f/2=/1=1( f711+1(T,)) contains a t—scaled neighborhood of the interval
fR==1(fit+1(1,)). By Koebe Distortion Principle (Lemma 5.2) there exists
a constant Ko = Ko(f) > 1 such that for all x, y € f/1T1(I,) we have that

J2—Jj1—1
L DI e
Ko = Df72miim1(y)

Lety e[ ,{ 1 be given by the Mean Value Theorem such that

|72 ()]

Dii(y) = Lol
| fI+1(1y)]
Then for all x € f/1+1(1,),

1)
Ko I /71 (Iy)]

|72 ()]
| [ I)]

Df2 "1 (x) < Ko

O]

We finish the proof of Lemma 6.5 by combining Fact 6.3 and item (iii) in
Proposition 5.4 with the help of the chain rule:

|7 (In)

DfY(x) < Bd)*V K3 ===

forany x € Iyand j € {1,...,qn+1},

where N = Card (Crit( f )) is the number of critical points of f, d is the maxi-
mum of its criticalities and Ko = Ko(f) is given by Fact 6.3. O

6.4.2 Sums of polar ratios

Here is a purely geometric property of dynamical partitions that also follows from
the real bounds. It is very useful in situations that require bounding the Schwarzian
derivative of first returns — for example in our own work de Faria and Guarino
[2016] on Lyapunov exponents of critical circle maps (see Chapter 8).

Let f be a multicritical circle map, and let ¢ be one of its critical points. Let
I € Z,(c) be an atom of the n-th dynamical partition of f associated to c. If /
does not contain ¢, i.e., if I # I,,(c), I,+1(c), we define the polar ratio of I with



148 6. Topology and Real Bounds

respect to ¢ to be the ratio |/ |/dist(c, 1), where dist(-, -) denotes the usual distance
in the circle.

The result we have in mind states that the sum of all polar ratios for atoms at
level n grows at most linearly with n. It holds under the general assumptions of
Theorem 6.3, for maps with an arbitrary number of critical points. For eachn > 1

let: |
Sn(c) = > D

1€2n (\Un (). In+1(c)}

where d(c, I') denotes the Euclidean distance between an interval / C S and the
critical point c.

Sn(c)

Lemma 6.6. For each critical point ¢ of f, the sequence { } is bounded.
n>1

Proof. As before, for simplicity of notation we write &%, I instead of % (c),
I (c) respectively, for each k& € N. Note that the transition from &2, to &,
can be described in the following way: the interval I,, = [c, f97(c)] is subdivided
by the points f79n+1%9n (¢) with 1 < j < an41 into a1 + 1 subintervals. This
sub-partition is spread by the iterates of f to yield sub-partitions of each long
atom f/(I,) = f7([c, f9(c)]) with 0 < j < gu+1. The other elements of the
partition &2, namely the intervals 7 (I,,+1) withO < j < ¢y, remain unchanged.
Now, on one hand, for any I € &, \ {I,, [n+1} we have:

|J| 1 |1
2 d(c,J)gd(c,I) 2 |J|_d(c,1)‘

IDJePy1a IDJePy1

On the other hand:

J 1 I\ 1
Z | | < Z |J|= | n\ n+2|‘
dc,J) = |In+2]

Int2
r@n+13]C1n\1n+2 =@n+19]CIn\In+2 | nt |

This gives us:

|In\1n+2|

0< Sn—H —8n <
|In+2|

foralln > 1.

But, by the real bounds, we have

|In\1n+2| < |In| §C2,
|In+2| In+2|
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foralln > 1, where C = C(f) is the constant in Theorem 6.3. Telescoping, we
deduce that S,, < So + C?n, as desired. O

Remark 6.6. More generally, we may consider sums of powers of polar ratios; see
Exercise 6.2. Such sums appear in several places in the study of renormalization
of one-dimensional maps, e.g., in de Faria and de Melo [1999]. Similar sums (with
weights) are used in the study of unimodal maps: see de Faria, de Melo, and Pinto
[2006], and also Clark, de Faria, and van Strien [2018].

6.5 A negative Schwarzian property

The study of the fine geometry of a smooth one-dimensional map is usually facil-
itated if the Schwarzian derivative of said map happens to be negative (see Chap-
ter 5). Such negative Schwarzian property is therefore certainly desirable.

A general (C3-smooth) multicritical circle map does not have, in general, neg-
ative Schwarzian, but in some sense this property emerges as we iterate the map.
This is expressed in more precise terms through the following result.

Proposition 6.2. Given a multicritical circle map [ there exists a constant ng =
no(f) € N such that, for all n > no and each ¢ € Crit( f) the following facts
hold.

(i) Forall j €{1,...,qn+1}and each x € I(c) regular point of 7, we have
Sf/(x) <O.

(ii) Forall j € {1,...,qn} and eachx € Iy1(c) regular point of 7, we have
Sf/(x) <O.

Remark 6.7. Later in this book (see Chapter 10) we will introduce the notion of
renormalization of a multicritical circle map (around one of its critical points).
Roughly speaking, given a map f and a point x in its domain, a renormalization
of f around x is simply a first return map to a neighborhood of x (linearly rescaled
to unit size, say). In this language, Proposition 6.2 is saying in particular that ev-
ery sufficiently deep renormalization of a multicritical circle map has the negative
Schwarzian property.

Remark 6.8. The fact that S f971(x) < 0is most likely true for any regular point
x of f49n+1 not necessarily contained in /,(c) (and the same with the second
assertion in Proposition 6.2). For bounded combinatorics, a proof of this fact can
be found in Section 8.2.3.
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Proof of Proposition 6.2. In the proof we adapt the exposition in de Faria and de
Melo [1999, pages 380-381]. We give the proof only for the case x € I,, regular
point of £/ for some j € {1,...,¢n+1} (the other case being entirely analogous).

From item (i) in Proposition 5.4, we know that for each critical point ¢; there
exist a neighborhood U; € S! of ¢; and a positive constant K; such that for all
x € U; \ {c;j} we have

K;

Letuscall ZZ = Uiév -1 U;,and let 7 C S be an open set that contains
none of the critical points of f and such that Z U ¥ = § 1.. Since f is C3,
M = sup,cy !Sf(y)} is finite. Let §, = maxo<j<q, |I]|. We know that
dn — 0asn — oo, because f is topologically conjugate to a rotation. We choose
ng = no(f) so large that §, is smaller than the Lebesgue number of the covering
{2 ,7V} of the circle for all n > ng. Using the chain rule for the Schwarzian
derivative, we have for all n > ng and all x € I,,(c) regular point of f/

j—1
S0 = Y sroten o] (6.44)
k=0

We can decompose this sum as Ef”)(x) + Eén)(x) where

00 = Y st o] (645)

k:Ifcw
and Z‘z(n) (x) is the sum over the remaining terms.

Now we proceed through the following steps:
(i) Since I, C %, the sum in the right-hand side of (6.45) includes the term

with k = 0, namely S f(x). Since all the other terms in (6.45) are negative
as well, and since |x — ¢| < ||, we deduce from (6.43) that

sMx) < —

TR (6.46)
n
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(i) Observe that,
2

=) < X Issrtenl[prfw)] (6:47)

Ikcy

By choosing ng large enough, we know from Equation (6.40) that there
exists K = K(f) > 1 such that

) k A
5P| < 3 IssFeIK

ey | 1n]?
K> k2
<M= ) 1] (6.48)
" rkcy
K? k k
<M I I
TR s DI
Ikcy
K2
<M —6,.
SO LR

Choosing ng so large that K2M8n < Kj forall n > ng, we deduce from (6.46)
and (6.48) that, indeed, S/ (x) < Oforall j € {1,...,gn+1}andforn > ny. O

6.6 Beau bounds

As we have already observed, the comparability constant C we obtained in Theo-
rem 6.3 depends on the map f. In this section we will show that, asymptotically,
we can replace C = C(f) by a universal constant. Uniform bounds of this type
are called beau by Sullivan [1992]. The precise result is the following.

Theorem 6.4 (Beau Bounds). Given N > 1in N and d > 1 there exists a uni-
versal constant C = C(N,d) > 1 with the following property. For any given
multicritical circle map f with irrational rotation number, and with at most N
critical points whose criticalities are bounded by d, there exists no = no(f) € N
such that for each critical point ¢ of f, for all n > ng, and for every pair 1, J of
adjacent atoms of Py (c) we have

cTHI<I<cl.
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The proof of this theorem is the same as the proof of Theorem 6.3, but we
must replace Theorem 5.1 with the following result (originally given in Estevez,
de Faria, and Guarino [2018, Theorem B]).

Theorem 6.5. Given N > 1in N and d > 1 there exists a constant B =
B(N,d) > 1 with the following property. Given a multicritical circle map f,
with at most N critical points whose criticalities are bounded by d, there exists
no = no(f) such that for alln > ng, A € P,(c) and k € N such that f'(A) is
contained in an element of %, (c) for all 1 <i < k, we have that

CrD(f*: 4.4 < B,
where A* denotes the union of A with its left and right neighbours in &y (c).

The following decomposition will be crucial in the proof of Theorem 6.5 given
below (recall that, for a given J € £, we denote by J* the union of J with
its left and right neighbours in &,;). For each critical point ¢; we consider its
neighborhood U; given by Proposition 5.4. Moreover, let n; € N be given by
Proposition 6.2.

Lemma 6.7. Given ¢ > 0 there exists ny € N, ny = na(e, f) > ny, with the
following property: given n > np, A € P, and k € N such that f7(A) is
contained in an element of Py, for all 1 < j < k, we can write

fRIA* =g odr_10---0d1,
where:

1. For at most 3N + 1 values of i € {1,...,k}, ¢; is a diffeomorphism with
distortion bounded by 1 + e.

2. For at most 3N values of i € {1,...,k}, ¢; is the restriction of f to some
interval contained in Uj.

3. For the remainder values of i, ¢; is either the identity or a diffeomorphism
with negative Schwarzian derivative.

The above statement and its proof below are borrowed from Estevez, de Faria,
and Guarino [ibid., pages 853-855], which in turn is an adaptation of the argument
given in de Faria and de Melo [1999, pages 352-353].
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Proof of Lemma 6.7. Let Cy = Co(f) = 1 be given by the Koebe distortion
principle (Lemma 5.2). Let C > 1 and u € (0, 1) given by Theorem 6.3. Let
8 € (0,1) be such that (1 + §)?exp(Co8) < 1 + &, and let n, € N be such that

4log(81%/2/C)
log p '

Note that 0 < (u'/4)"27"1 < §u3/2/C. Givenn > n, consider

SN 1]

no >ni+

the integer part of %(n + n1). Let A and k as in the statement, and consider
Jn € Ppm such that A C Jp,, and consider also J,, € %, with J,, € Jp,.
Taking n sufficiently large, we may assume that A* C J,,,.

Let s > 0 be the smallest natural number such that f*(J,,) contains a critical
point of f.

Claim 6.6.1. The distortion of f* on A* is bounded by 1 + ¢.

Proof of Claim 6.6.1. The proofuses the Koebe Distortion Principle (Lemma 5.2).
Replacing 1 by 1 + 1 if necessary, we may assume that /7 (J,,) € &y, forall
Jj €10,...,s — 1}. By the real bounds, the space t of A* inside J,;, is bounded
from below by

[(n—m)/2] (n—m)/2
T}i”””)l(l) >ﬁ(l) )
C|A*| ™ C \u C\u

Since m < ”+2"1

n+ny _ n—nj
2

,wehaven —m >n — = -, and then

1 _C C

< = pmm =ty < s <8 (6.49)
M M

Now we estimate the sum £ of the lengths of the iterates of J,; between 1 and
s — 1. Since "Jr% < m + 1, we have m —ny > “5* — 1, and then for all
J€10,...,s =1}

p.

| £ ()| < pltlm=m/2) g g2 )| <

1 3/2 . 5 .
< (uiyrn (;) IOl < E Gl
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Therefore:

E—Z|f’( )|<—<5 (6.50)

since Z f I} ;)| < 3 by combinatorics (and assuming C > 3). From
mequahtles (6 49), (6 50) and Koebe distortion principle (Lemma 5.2) we get that
the distortion on A* is bounded from above by

(148)%exp(Cod) < 1+e¢.
O

To prove Lemma 6.7 we decompose the orbit of A* under f according to the
following algorithm. Foreachi € {0, 1,...,k — 1} we have two cases to consider:

1. If £%(Jyu,) does not contain any critical point of f, we define the correspond-
ing ¢ to be £, where s > 1 is the smallest natural such that f+5(J,,)
contains a critical point of f. Arguing as in Claim 6.6.1 above, we see that
this case belongs to the first type of components in the statement.

2. If f%(J,,) contains a critical point ¢ of f* we may assume, by taking 72
large enough, that f*(A*) C I, (c) U I, +1(c). We have two sub-cases
to consider:

(i) If f1(A*) does not contain ¢ (and therefore no other critical point)
let s > 1 be the smallest natural such that f?5(A*) contains a crit-
ical point of f, and we define the corresponding ¢ to be f*. By
Proposition 6.2 (and the fact that composition of diffeomorphisms with
negative Schwarzian derivative is a diffeomorphism with negative
Schwarzian derivative too) this case belongs to the third type of com-
ponents in the statement.

(i) If the critical point belongs to f#(A*) we define the corresponding ¢
to be just a single iterate of f (and this sub-case belongs to the second
type of components in the statement).

Note finally that, by combinatorics, the first case happens at most 3N + 1 times,
while the second case occurs at most 3N times. O

With Lemma 6.7 at hand, we are ready to prove our main results.
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Proof of Theorem 6.5. Theorem 6.5 follows at once from the decomposition ob-
tained in Lemma 6.7, by combining Lemma 5.4 and item (iv) of Proposition 5.4.
The constant B depends only on the number and order of the critical points of f,
butnoton f itself. Itis in fact enough to consider B = (1+ 1/2)2(3N+ D(942)3N

O]

Proof of Theorem 6.4. As we have already explained, the proof of Theorem 6.4 is
the same as the proof of the real bounds (Theorem 6.3), the only difference being
that the Cross-ratio Inequality is replaced by Theorem 6.5. O

Exercises

Exercise 6.1. Let f : S! — S be a circle homeomorphism with irrational rota-
tion number p, and with unique invariant measure . Show that for any x € S'!
and any n € N we have

u(n) = T] G’ (p) =pG(p) G*(p) -+ G"(p). (6.51)
j=0

where [, is the interval with endpoints x and f %" (x) containing f97+2(x) (Hint:
see de Faria and Guarino [2021b, Lemma 2.3]).

Exercise 6.2. Let f be a multicritical circle map, let ¢ € Crit(f), and fix p > 1.
Foreachn > 1, let

() 171\
Sn(e) = 2 (d(an) |

1€ Z,(\{In (), In41(c)}

Show that the sequence {S,Y’ )(c)} . is bounded. [Hint: Imitate the proof of
Lemma 6.6.] B

Exercise 6.3. Let f bea C3 critical circle map with irrational rotation number and
a unique critical point ¢ € S'. Show that there exists a constant K > 1 such that
the following facts hold true for each n > ny:

(1) Forallx,y € f(I,+1(c)), we have

B
\D an=1(y)|
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(ii) Forall x,y € f(I,(c)), we have

1 ‘Dan-H_l(x)‘
— S a0 S K.
Ky~ [Dfane=1(y)]

Do these statements remain true if f/ has two or more critical points? Explain.

Exercise 6.4. Let f be as in Exercise 6.3. Prove that there exists C > 1 such that

1
el < DfInt(x) < C.

forall x € I,(c) \ In42(c) andalln € N.

Exercise 6.5. In Ergodic Theory, a famous lemma due to Kakutani and Rokhlin'
states that, if (X, %, 1) is anon-atomic probability measure spaceand 7" : X — X
is an ergodic measure-preserving invertible transformation, then for eachn € N
and each ¢ > 0 there exists B € % such that B, TB, ..., T" 1B are pairwise
disjointand #(B U TB U---U T" 1 B) > 1 — ¢. Using the dynamical partitions
P, (x) of Section 6.3.1 and Yoccoz’s Theorem 6.2, prove the Kakutani—Rokhlin
lemma in the special case when X is the unit circle, 4 is its Borel o-algebra, T
is a multicritical circle map f with Per( ) = @, and p is the unique f-invariant
Borel probability measure.

Later generalized by Halmos [1956, p. 71].



In addition to the real bounds, another important preliminary step towards estab-
lishing the smooth rigidity of multicritical circle maps (to be examined in Sec-
tion 10.1) is to answer the question: When are two topologically conjugate mul-
ticritical circle maps quasisymmetrically conjugate? This question pertains to the
general study of quasisymmetric rigidity of one-dimensional systems. Our purpose
in this chapter is twofold: (a) to derive useful geometric criteria that allow us to de-
cide whether a given homeomorphism is quasisymmetric, or perhaps even smooth;
and (b) to use one such criterion to prove a quasisymmetric rigidity theorem for
multicritical circle maps. In Chapter 9 we will go a bit further and examine the
geometric structure of individual orbits from the point of view of quasisymmetry.

7.1 Quasisymmetry and fine grids

The concept of quasisymmetry stems from the theory of quasiconformal map-
pings. Quasisymmetric homeomorphisms arise as boundary values of quasiconfor-
mal homeomorphisms of the unit disk or the upper half-plane (see Ahlfors [2006,
ch. 4]). Roughly speaking, an orientation-preserving self-homeomorphism of the
unit circle or the real line is quasisymmetric if it maps every triple of equally spaced
points onto a triple of almost equally spaced points. Here is the formal definition.
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Definition 7.1. An orientation-preserving homeomorphism of S' = R/Z, say
h:S' — S issaid to be quasisymmetric if there exists a constant K > 1 such
that

1 hix +1) —h(x) 1

— < < K, llxeS andallt >0. 7.1

X ) = h(x—1) for all x and a (7.1
If K is such that h satisfies (7.1) for this K, then we say that h is K -quasisymmetric.
The smallest K with this property is called the quasisymmetric distortion of h.

The kind of regularity possessed by a quasisymmetric homeomorphism is very
weak. Indeed, most quasisymmetric homeomorphisms are purely singular with re-
spect to Lebesgue measure. They are, however, always Holder continuous. More-
over, the composition of quasisymmetric homeomorphisms is quasisymmetric,
and the inverse of a quasisymmetric homeomorphism is also quasisymmetric.
These properties are not obvious from the definition given above, but they are
easily proved once it is established that quasisymmetric homeomorphisms are pre-
cisely the boundary values of self-homeomorphisms of the disk or the real line
(once again, see Ahlfors [2006, ch. 4]; see also Exercise 7.1).

There is a relationship between quasisymmetry and distortion of cross-ratios,
but a full discussion of it would constitute a lengthy digression. There are in fact
only a couple of places in the present book where a particular instance of this
relationship is required. What we need is a simple consequence of the following
result, which we state without proof (¢f. de Faria and de Melo [2008, p. 130]).
Here, we will be using the b-cross-ratio, i.e., [M,T] = b(M,T), but both the
proposition below and its corollary can be easily recast in terms of the a-cross-
ratio.

Proposition 7.1. If ¢ : S! — S is quasisymmetric, then there exists a non-
decreasing function o : [0,00) — [0,00) with a(t) — 0 ast — 0 such that
[p(M),p(T)] < o([M,T)) for every pair of intervals M, T C S with M com-
pactly contained in the interior of T .

A proof of this result may be found in Astala, Iwaniec, and Martin [2009].
In order to state the corollary in simple terms, it is best to introduce a definition.
We say that a homeomorphism ¢ : S' — S has weakly bounded cross-ratio
distortion if for every pair of constants 0 < a < B < I there exists By g > 0 such
that CrD(¢, M, T) < By, g for every pair of intervals M, T (with M compactly
contained in the interior of T') such that @ < [M, T] < B.
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Corollary 7.1. Every quasisymmetric homeomorphism of the circle has weakly
bounded cross-ratio distortion.

Proof. Follows easily from Proposition 7.1; the details are left as an exercise. [
This corollary will be used in its contrapositive, as a criterion for non-quasi-
symmetry (see Chapter 9).

7.1.1 A criterion for quasisymmetry

Let us now describe a criterion for quasisymmetry that is particularly useful in the
study of circle maps. In order to formulate it, we first need to introduce the concept
of afine grid. Here is the definition, reproduced almost verbatim from Estevez and
de Faria [2018, Def. 5.1].

Definition 7.2. A fine grid is a nested sequence {2y}, >0 of finite interval parti-
tions of the circle (modulo endpoints) having the following properties.

(a) Each 241 is a strict refinement of 2y,.

(b) There exists an integer a > 2 such that each atom A € 2y, is the disjoint
union of at most a atoms of Zp+1.

(c) There exists o > 1 such that 0| A| < |A'| < o|A| for each pair of
adjacent atoms A, A € 2y,

The numbers a, o are called fine grid constants.

Remark 7.1. Given a fine grid as above, it is not difficult to check that there exist
0 < Ao < A1 < 1 depending only on the fine grid constants a, o such that,
whenever A € 2, A* € £,,_1 and A C A*, we have

AolAT| < |A] < Aq]A7]. (7.2)

In fact, one can take g = (ac® 1) Land A; = (1 + 0~ 1)~!. The details are left
as an exercise for the reader. In particular, there exists a constant Co > 1 such that

Co A5 < |A| < CoAt (7.3)

for all n and each A € 2,,. When called upon, the constants Ao, A1 will also be
referred to as fine grid constants.
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The notion of fine grid was first introduced in de Faria and de Melo [1999, §4].
Its usefulness lies in the fact that one can sometimes tell how regular a homeo-
morphism is by looking at the effect it has on a suitable fine grid. This will be
illustrated by two results we proceed to present, namely Propositions 7.2 and 7.3,
the first of which is the criterion for quasisymmetry that we promised above.
First we need the following lemma.

Lemma 7.1. Given a fine grid {2, }n>0 with fine grid constants a, ¢ as above, let
I C 8! be an interval with non-empty interior, and let n = n(I) be the smallest
natural number such that I O A for some atom A € 2,. Then there exists an
interval U D I with the following properties:

(i) U is the union of at most 2a atoms of 2y,
(i) |U| < )Lal(l ~+ o) |1 |, where Ao is the constant in (7.2).

Proof. Suppose [ intersects 3 distinct consecutive atoms of 2,1, say A, Aj, A3,
with A, lying between A; and As. Then we necessarily have A, C [; but this
contradicts the definition of # = n (). Hence [ is contained in the union U of
at most two atoms of 2,_1. Since each atom of 2, _; is the union of at most
a atoms of 2, part (i) follows. To prove (ii), given that I D A € 2,, let A*
be the unique atom of 2, that contains A. By part (i), U contains A* and at
most one other atom A** € 2,,_; adjacent to A*. Therefore, using property (c)
in Definition 7.2 and (7.2), we have

|U| < |A*| + 1A < (1 + 0)|A*| < AZ A 4+ 0)| Al < AL + o)1 ] .

This establishes (ii) and finishes the proof. O

Proposition 7.2. Let {2, }n>0 be a fine grid in S whose fine grid constants are
a,o, and leth : 81 — S be an orientation-preserving homeomorphism such
that

|h(A)| 14|
|h(AM)] A7

for each pair of adjacent atoms A', A" € 2y, for alln > 0, where A is a positive
constant. Then there exists K = K(a,o,A) > 1 such that h is K-quasisymmetric.

<A, (7.4)

Proof. We will verify the quasisymmetry condition

1 < h(x +1t)—h(x) <
K = h(x)—h(x—1)
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forall x € S' = R/Z and all t > 0, with K > 1 a constant to be determined in
the course of the argument. Let I = [x —1, x + ¢] be the interval on the circle that
contains x, and write / = I~ U I, where I~ = [x —¢,x] and [x, x + ¢]. By
Lemma 7.1, there exist n = n(/) and an interval U D [ such that U is the union
of at most 2a atoms of 2, and |U| < o1|/|, where o1 = A51(1 + o). Let p be
the smallest positive integer such that kf o1 < %. Write U as the union of atoms
of 2,4 p, say
U=J1UJ,U---UJs,

where the J; € Z,,4,, 1 <i < s are assumed to be ordered counterclockwisely
on the circle. Note that we must have s < 2a”*!. By (7.2) and induction, we
have |J;| < )Lf |J*|, where J* C U is the unique atom of 2, that contains J;.
Hence we get

1
il <AL S AU < Aol < I
But this means that at least one of the J;’s, say Jj,, is contained in /. Thus, we
have on the one hand J;, C /™ and on the other hand ITC Jio+1UJig42U---UJs.
Moreover, by the hypothesis (7.4), forall 1 <i < s — 1 we have

|h(Ji+1)] <1 [Jit1] .

X \/\+O‘,
|h(J;)] FA

from which it follows by telescoping that

|h(Ji+v)]

<A +o0) forallv=1,2,...,5 —i.
|h(Ji)]

Therefore

hx +0) —h(x) _ [hI )| _ Y imig+1 1R
h(x)—h(x—1)  |h(I7)] |h(Ji)]
s—ig 2qP+1

<) (A+0)"< Y (A+o).
v=1 v=1

. . . . . +1
This proves that & is K-quasisymmetric with K = Z%a:pl (A + o), a constant

that indeed depends only on the constants a, o, A. O
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Now, let us agree to say that an orientation-preserving homeomorphism # :
S1' — S1is a fine grid isomorphism if it maps fine grids to fine grids. Then
the criterion for quasisymmetry given by Proposition 7.2 has the following conse-
quence.

Corollary 7.2. Leth : S' — S be an orientation-preserving homeomorphism.
Then the following are equivalent.

(i) h is quasisymmetric;
(ii) h maps some fine grid onto another fine grid;
(iii) h is a fine grid isomorphism.
Proof. The proof is left as an exercise to the reader. O

As we shall see in the sequence (Section 7.2 below), the characterization of
quasisymmetry provided by Corollary 7.2 is extremely helpful in the study of crit-
ical circle maps.

7.1.2 A criterion for smoothness

Our next goal is to present a criterion for C 7% smoothness involving fine grids.
This criterion will be extremely important later, in our study of renormalization
convergence and smooth rigidity (see Chapter 10).

Proposition 7.3. Leth : S' — S be a homeomorphism and let {2y }n>0 be a
fine grid. If there exist constants C > 0 and 0 < A < 1 such that
1] |h(D)]

< CA*, 7.5
71 | S (7-3)

for each pair of adjacent atoms 1,J € 2y, foralln > 0, then h is a C1T%-
diffeomorphism for some for some o > 0.

The proof uses the following calculus lemma concerning lateral derivatives. If
¢ is a real-valued function in an interval or oriented arc on the circle, we define
the right derivative of ¢ at x to be

+ e x+ 1) —¢(1)
D ¢(x)_}{% , ,

provided the limit exists. When Dt ¢ (x) exists for every x, we say that ¢ is right-
differentiable.
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Lemma 7.2. Let ¢y, : [0, 1] — R be a sequence of continuous, right differentiable
functions such that the sequence of right derivatives D ¢, converges uniformly
to an a-Holder continuous function ¢ : [0, 1] — R, and such that each D™ ¢y, is
Riemann-integrable. If ¢, converges uniformly to ¢, then ¢ is C1 7% and D¢ = ¢.

Proof. Exercise. O

Proof of Proposition 7.3. Let ¢, be the piecewise affine C°-approximations to
h determined by the vertices of 2,. Then ¢, is differentiable on the right, and
D¢, is a step function, so in particular it is Riemann integrable. First we show
that {DF ¢}, is a uniform Cauchy sequence, and then that the limit is Holder
continuous. Take an atom / of 2,,, and consider the decomposition

I = JJUJLU---UJ,,

with J; € 2,41 consecutive and pairwise disjoint and p < a. Then DT ¢, is
constant on I and D+¢n+1 is constant on each J, say

_ (D)
7]

D+¢n+1(t) = 5 = |¢n+1(=]k)|
|k |

Dt gu(t) =s (Vtel),

(Yt € Jy) .

From this, and the fact that |¢, ()| = Z£=l |pn+1(Jr)| , we get

p
s =) sl
k=1

and in particular s" = mins; < s < maxsg = s”. Also, s'/s” < s/sp < s5"/s
for all k. Since by assumption |1 — (sx41/sx)| < CA"T1, an easy telescoping

trick gives us
"

9

< (1+CA"THE <140t

~

s

A similar lower bound holds for s’ /s”. Therefore we have

l—CA" < 2 <140, (1.6)

Sk
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forall k = 1,2,... p. This shows that the sequence {D+¢n}n>0
bounded, and moreover that forall m >n > Oandallr € S, we have

is uniformly

m—1
; C
- -
|DVm(t) — DT ()] < CZAJ < mx“. (7.7)
j=n
Hence {D+¢"}n>0 is a uniform Cauchy sequence as claimed. Let ¢ = lim Dt ¢,

be its uniform limit, and let o« > 0 be such that AJ = A, where A is the fine grid
constant appearing in Remark 7.1. We prove ¢ is a-Holder as follows. It suffices
to consider points x, y € S! whose distance is smaller than inf7 e o, |/|. Take the
smallest n such that x and y belong to distinct elements of 2,,. Then eithern = 0
or x and y lie in a common element of 2,,_;. Either way we have by (7.6)

|DF gn(x) — DFpu(y)| < CA". (7.8)
Combining (7.7) and (7.8), we deduce that

lo(x) — ()| < |@(xX) =D @a(x)| + | DT u(x)—D T dn(y)|
+ [ DT u(y)—0(»)|

C C
< — ML CA' 4 — )" L CAe
T 1 0

< Clx—yl%,

and so ¢ is «-Holder as claimed. But then, since the sequence {¢,, },>0 converges
uniformly to 4, we deduce from Lemma 7.2 that Dh = ¢, whence / is indeed
C % This completes the proof. O

Remark 7.2. The reader who happens to be familiar with probability theory will
have no difficulty in translating the above result to the language of conditional ex-
pectations. Indeed, viewing each Dt ¢, € L! as a random variable, the sequence
{DF ¢n}n>o satisfies DY ¢p11 = E (D"'d)n | ,%n), where %, is the o-algebra!
generated by 2, and therefore constitutes a martingale. Thus, the existence of a
pointwise a.e limit ¢, merely as an integrable function, is a special case of J. Doob’s
martingale convergence theorem, see Billingsley [1986, p. 490].

n fact, B, is a finite algebra: each one of its elements is a finite union of atoms of 2.
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7.2  Quasisymmetric conjugacies

What we have done so far already allow us to give a short proof of the follow-
ing theorem, originally due to Herman [1988]. In this section, since we will con-
sider dynamical partitions associated to different maps, we shall use the notation
Pa(x, ), In(x, f), instead of &, (x), I,(x), etc. to emphasize the dependency

on f.

Theorem 7.1. A multicritical circle map without periodic points is quasisymmet-
rically conjugate to a rigid rotation if and only ifits rotation number is of bounded

type.

Proof. Let us first assume that f : ! — S is a multicritical circle map whose
rotation number p = [ag, a1, ds,...] is an irrational of bounded type, say a, < A4
for all n. Let ¢ € S be a critical point of f. We claim that the dynamical parti-
tions Py (c, ), n = 0 constitute a fine grid. Indeed, every atom of 5, (c, f)
is partitioned into at least 2 and at most (a2,4+1 + 1)(@a2n+2 + 1) < (4 + 1)?
atoms of P52, 42(c, f), and these are all comparable by Theorem 6.3. Hence con-
ditions (a), (b) and (c) of Definition 7.2 are met, and the claim is proved. Let
h: S' — S! be a topological conjugacy between f and the rigid rotation R,
(say ho f = R, o h), which exists by Yoccoz’s Theorem 6.2. Then one can easily
check that the dynamical partitions &5, (h(c), Rp), n > 0, also constitute a fine
grid (for R,). But then £ satisfies property (ii) of Corollary 7.2, and therefore it
must be quasisymmetric.

For the converse, suppose 4 : S! — S! is a homeomorphism satisfying
ho f = R, o h, and suppose the rotation number of f is not of bounded type.
Then there exists a subsequence (n;) with a,, 1 — oo asi — 0o. Again we take
¢ to be a critical point of f, and let x = h(c). By the real bounds, the scaling ratios
[1n; +1(c, f)|/|1n, (c, f)]| for f remain bounded, whereas for the rigid rotation we
have

(€ D _ Mg G R
- nj; )
|h(In; (¢, /) [ Tn; (x. Rp)]
and therefore & cannot be quasisymmetric. O

Remark 7.3. In the above proof, the only reason we did not use the full collection
of dynamical partitions as our fine grid is that 92,11 (c, f') is not a strict refinement
of P, (c, f) (the short atoms of F,(c, f) are not decomposed at all in the next
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step; they become long atoms of &, 1(c, f)). This is why we skipped every
other level.

Remark 7.4. An interesting application of Theorem 7.1 to holomorphic dynamics
goes as follows. In the complex quadratic family Py : z +— €279z + 22, one
knows that for each Diophantine 6 the fixed point at the origin is linearizable, so
it belongs to the Fatou set of Py. The component of the Fatou set containing 0 is
a Siegel disk; call it £29. In Douady [1987], Douady proved that if 6 is a number
of bounded type, then 0£2¢ is a quasicircle that contains the critical point of Py.
The rough idea is to start with a Blaschke product B from the family introduced
in Section 6.1.1 (see eq. (6.1)) whose restriction to S ! is a critical circle map f
with rotation number 6. Then, using Theorem 7.1, one applies quasiconformal
surgery to B, cutting out the unit disk and glueing it back in using as sewing map
the quasisymmetric conjugacy & between f and the rigid rotation with the same
rotation number. Redefining the map in the interior of the unit disk to be that same
rotation, and applying the measurable Riemann mapping theorem, the unit circle
is mapped onto a quasicircle, and the post-surgery map becomes Py, thereby prov-
ing Douady’s theorem. This result was later generalized by Petersen and Zakeri
[2004]. Their theorem allows the rotation number 8 to belong to a certain class
of unbounded type numbers, and the proof is accomplished through the use of
trans-quasiconformal surgery.

More important for our purposes is the following immediate consequence of
Theorem 7.1.

Corollary 7.3. Any two multicritical circle maps f and g with the same irrational
rotation number of bounded type are quasisymmetrically conjugate, and in fact ev-
ery topological conjugacy between f and g is a quasisymmetric homeomorphism.

Note that in Corollary 7.3 the number of critical points of f and the number
of critical points of g need not be the same! But the bounded type hypothesis on
the rotation number is essential. In full generality, the above statement is most
definitely false for unbounded combinatorics; see Chapter 9.

What can be said, then, for arbitrary irrational rotation numbers? If f and
g have the same number of critical points and there is a conjugacy between f
and g that maps each critical point of f to a critical point of g, the first part of
the statement of Corollary 7.3 continues to hold. This will be the main result in
Section 7.4.
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7.3 Almost parabolic maps

When studying the geometry of dynamical partitions of a multicritical circle map
whose rotation number is of unbounded type, one has to deal with the fact that,
at certain levels, some short atoms can be much smaller than long atoms. For
instance, let f be a unicritical circle map with critical point ¢, and consider the
first return map to a small neighborhood of ¢, say I,(c) U I,4+1(c). If the partial
quotient” a, 41 is very large, then the restriction of f97+! to I,,(c) is very nearly
a parabolic map at the center of a saddle-node bifurcation. The consecutive in-
tervals A; = fi9n+1T4n ([, 1(c)) C I,(c) with 0 < i < any1 — 1 work as
Sfundamental domains for the dynamics of f9"+!|r (.. By the real bounds, the
two outermost of these intervals, Ag and Ag, | -1, are comparable to I, (c), but
the ones in the middle, i.e., the A;’s with i close to a, +1/2, are much smaller. The
map f9"+1| (. is an example of what one calls an almost parabolic map.

Such maps can be described abstractly as follows (see de Faria and de Melo
[1999, p. 354] or Estevez and de Faria [2018, Def. 4.1]).

Definition 7.3. An almost parabolic map is a C3 diffeomorphism
¢: AqUAU---UA; > AyUA3U---U Apyq,

where Ay, A,, ..., Agyq are consecutive intervals on the circle (or on the line),
with the following properties.

(i) One has ¢(Ay) = Agqq foralll <k <4
(ii) The Schwarzian derivative of ¢ is everywhere negative.
The positive integer { is called the length of ¢, and the positive real number

|44 | A

| Ui:l Arl | U£=1

0 = min

A
is called the width of ¢.

Remark 7.5. Note the negative Schwarzian hypothesis (ii). As we saw in Sec-
tion 6.5, Proposition 6.2, for sufficiently large n we have Sf9"+1(x) < 0 for
every regular point x € I (c). Thus, in the unicritical case at least, the restriction
fan+i |A0UA1U---UAan+1 _, is an almost parabolic map with length { = a,4+1 — 1,
provided n is sufficiently large.

2See Remark 1.2.
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7.3.1 Yoccoz’s inequality

The basic geometric control of an almost parabolic map is provided by the follow-
ing fundamental inequality due to Yoccoz.

Lemma 7.3 (Yoccoz). Let ¢ : U£=1 Ap — Uiilz Ay be an almost parabolic
map with length £ and width o. There exists a constant Cy > 1 (depending on o
but not on £) such that, forallk = 1,2, ...,¢, we have

Cy 1] Co|!]|
[min{k, £ + 1 — k}] [min{k, ¢ + 1 —k}]2 "’

5 < Il < (7.9

where [ = Ui:l Ay is the domain of ¢.

Yoccoz never published a proof of this result, but he was kind enough to ex-
plain the idea to the authors of de Faria and de Melo [1999], and as a result the
first complete proof appeared as an appendix to that paper.

The main geometric idea behind the proof is to use the negative Schwarzian
property of f to squeeze the graph of f between the graphs of two M6bius trans-
formations. The required estimate for f will then follow from the corresponding
estimate for Mdbius transformations. Hence the first thing we do is to state and
prove the estimate for Mobius transformations.

Consider the fractional linear transformation 7'(x) = x/(1 + x), and given
e > 0,let Te(x) = T(x)—e. We are interested in certain quantitative aspects of the
orbit x, = T} (xg) for xo = 1. Observe that this sequence is strictly decreasing.

Lemma 7.4. Let N > 0 be such that xy+1 < 0 < xy. Then we have N < 1/ /¢
and moreover X, — Xp4+1 =< 1/n? forn =0,1,...,N.

Proof. Writing §,, = T"(x9) — T (x0), we have
5n—1

§p =6+ (7.10)
! A+Ha+l-s,
forallm =1,2,..., N + 1. We claim that
”?f < 8, < ne. (7.11)

The last inequality is clear. To prove the first, we note from (7.10) that

2
n
5, > Suet .
n 8+(n+1) n—1
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By induction, this gives us

&

5 > e nn+1)2n+1) o ne

= 6 ’

2 2 .o 2 =
(17 + 2% 4+ n?) TENE c

which proves the claim. Now, from the fact that xy4+; < 0 < x5 we have the
inequalities

SN < ! ) > !
N N+1’ N+1 = N +2 .
Then, using (7.11), we get
1 6

e < ———, 7.12
(N +1)(N +2) N(N +1) (7.12)
which proves the first assertion.
Next, note that since [xy+1.xn] € [T:(0), Ty 1(0)] = [—&.6/(1 — )], we
have
& < XN —XN+1 < 3¢ (7.13)

Hence, by (7.12), we get xy — xny 11 =< 1/N? and the second assertion is proved
when n = N. To prove it in general using this information, observe that

¥ ¥ _ Xn—1 — Xn _ Xn—1 — Xn
— Xnt1 = =
n A+ xa-)(+x0) (4L =8 )1+ 715 =80
implies
n
Xn — Xp4+1 2 N2 (Xn—1—Xn) .
By induction, this gives on one hand
< 2 ( ) > 1
Xn—X > ——(x0—x1) =2 ——————— .
P e +2) Y Y T i D +2)

and on the other hand, using (7.12) and (7.13),

N-n .
n+j+2 54
Xn—xnt1 < (v —xn+1) [ ] (—)
j=1

< —
n+j n+Dmn+2)

This proves the second assertion in all cases. O
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Now recall that¢p : AjUALU---UAy — Rsatisfies p(Aj) = Aj4 forall j.
Without loss of generality, we can assume that ¢ (x) < x for all x. Thus, if we call
Xo the right endpoint of Ay and write x; = @7 (xg), we have Aj = [xj,xj-1]
for all j. Since ¢ is a negative-Schwarzian diffeomorphism, there exists a unique
z in the domain of ¢ such that ¢ = |p(z) — z| < |¢p(x) — x| for all x. Since the
statement we want to prove is invariant under affine changes of coordinates, we
may assume also that z = 0 and x¢o = 1. In this setting, we want to prove that
|Aj| < 1/j2 forall j such that A; C [0, 1]. Note that ¢’ (0) = 1.

Next, let A be the Mobius transformation on the line such that A(xg) = ¢(xo)
and A(0) = ¢(0) and A’(0) = ¢’(0) = 1. This determines A4 uniquely, and in fact

X
I+ Ax
for some A > 0. Since S¢ < 0, we see that A(x) < ¢(x) for all x € [0, 1].

Likewise, let B be the Mobius transformation such that B(xy) = ¢ (x¢), B(0) =
¢(0) and B’(0) = ¢’(0) = 1. This determines B uniquely, and in fact

A(x) =

’

X

B(x) = -
(x) Tt

’

for some > 0. This time, since x; < 0 and S¢ < 0, we have ¢(x) < B(x)
for all x € [0, 1]. In particular, A > . It is easy to see that A/ < c¢o, where ¢4
depends only on the constant o in the statement.

Lemma 7.5. Let x € [0,1] and k > 0 be such that A(x) < B¥(x). Then k <
1+ A/p.

Proof. By induction we have

X
14+ (k—1ux ¢

Therefore A(x) < B¥(x) implies (k — 1)pux < Ax. O

B*(x) <

Now, letus write o, = A" (x¢) and B, = B"(x¢). By Lemma 7.5, the number
of B,’s inside each interval of the form [o, 41, o] is bounded independently of
n. Moreover, since o, < x, < P, for all n, the number of x;’s inside each
[@n+1,n] is also bounded independently of n. To prove that |A;| < 1/j2, we
proceed as follows. Let m > 0 be such that 8,11 < x; < B < x;—1. Then
Lemma 7.5 says that m < Cj, and we have also

|Bm+1 — Bm| < [B(xj—1) —xj-1] < [x; —x;-1].
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Since by Lemma 7.4 we have

1Bm+1 — Bm| =< 2 > w )
it follows that |Aj| = |x; — xj_1| = 1/Cj>.

To prove an inequality in the opposite direction, let p be the largest integer
such that ), > x;_1. Then, again by Lemma 7.5, we have j < Cp. Since
A(x) < ¢(x) < x for all x, we also have A; C [ap42,0p]. Using Lemma 7.4
once more, we deduce that

C
P

C

PAVIIES < -

~

This completes the proof of Yoccoz’s Lemma.

Remark 7.6. Let us define the order of a fundamental domain Ay as above to be
ord(A,) = min{k,{ + 1 — k}. Then the conclusion of Lemma 7.3 reads: for all
k=1,2,...,¢, wehave |Ag| < (ord(Ag))~2|I | with comparability constant de-
pending only on o. This can be expressed in simple words as follows: the relative
size of a fundamental domain in an almost parabolic map is inversely proportional
to the square of its order.

7.3.2 Balanced decompositions

The following lemma exhibits a special way of grouping together the fundamental
domains of an almost parabolic map.

Lemma 7.6. Let ¢ be an almost parabolic map with domain I = Uﬁ:l Ay, and

let d € N be largest such that 2411 < £/2. There exists a descending chain of
(closed) intervals (see Figure 7.1)

I=MyD>DM;D--DMi4

for which, letting L;, R; denote the (left and right) connected components of M; \
M; 1 forall 0 < i < d, the following properties hold.

(i) Each of the intervals L;, R; is the union of exactly 2! consecutive atoms
(fundamental domains) of 1.
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(ii) We have

d d
I=JLiuMgy U R (7.14)
i=0 i=0

(iii) For each 0 < i < d we have |L;| < |M;+1| =< |Ri|, with comparability
constants depending only on the width o of ¢.

Ly Ry

Ly Ry

Mgy

Figure 7.1: Balanced decomposition of the domain of an almost parabolic map.

Proof. We define, for each0 <i < d,

20411 L+1-2
Ll == U Av 5 Rl == U Ay .
v=21 v={+2-2i+1

Also, foreach 0 <i <d + 1, we let

£+1-21

M= J 4

y=2¢

Then we immediately have (i) and (ii). Hence all we have to do is prove (iii). Let
us fix 0 < i < d. In all that follows, the implicit comparability constants are
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either universal or depend on the constant Cy of Yoccoz’s Lemma 7.3. Applying
that lemma, we see that

2i+1—1 2i+1—1

1 .
Ll = X 1A= | X | HI=27]. (7.15)
p=21 y=21
Similarly, we have
|R;| <271 (7.16)

Moreover, we can write

2it+2_1q

1
Mita| = ) A =<2 — [111=2411]. (7.17)
y=2i+1 2itlgugk
where the number A satisfies
2it+2_1 1 1) |
> — <A< > = (7.18)
p=2i+1 p=2i+1

Both sums appearing in (7.18) are comparable to 27~ (use the integral test).
Hence (7.17) and (7.18) put together yield

|Mi 1] =< 27|1]. (7.19)

Combining (7.15), (7.16) and (7.19), we see that (iii) holds as well, and the proof
is complete. O

Remark 7.7. Given an interval I partitioned into atoms A,, 1 < v < £, as above,
a decomposition of the form (7.14) satisfying properties (i), (ii), (iii) of Lemma 7.6
is called a balanced decomposition of I (relative to its given partition into atoms).
Thus, Lemma 7.6 can be re-stated as saying that the domain of an almost parabolic
map always admits a balanced decomposition. In such balanced decomposition,
the intervals M;, 0 < i < d + 1, are said to be central, whereas the intervals
L;, R;, 0 < i < d, are said to be lateral. The positive integer d is the depth of
the decomposition.
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Remark 7.8. The following fact, more general than what was used in the proof of
Lemma 7.6, holds for the fundamental domains A, (1 < v < £) of any almost
parabolic map ¢: Forall 1 < k </ <m < £, one has

A1l + (A2 + -+ [Am| _ k(m =1)
| A1l + [Apgal +--+ 141~ ml—k)’

with comparability constant depending only on the width o of ¢ > Again, this
follows from Yoccoz’s Lemma 7.3. This fact will be useful in the proof of Propo-
sition 7.6.

Remark 7.9. Let I, I* be two closed intervals with /* contained in the interior of
I. Let I'* be partitioned into a finite number £ of atoms, consecutively labelled
Ay, 1 < v < £ as before, and suppose such atoms satisfy the inequalities (7.9)
(for some choice of the constant Cy) — so that we have a balanced decomposition
of I* (as in Lemma 7.6). Then, adding both lateral components of 7 \ I* to
the collection of A,’s and re-labelling these £ + 2 atoms from first to last, one
sees that the inequalities (7.9) hold for the new collection also (with a different
comparability constant, in general) Thus, we get a balanced decomposition of / as
well. This remark will be used in the proof of Corollary 7.4.

Remark 7.10. Note that the comparability bounds given in Lemma 7.6 (iii) depend
only on the width o of ¢, via the constant C, in Lemma 7.3. If ¢ is small, then
Cy is potentially very bad. However, in the present text we only apply Lemma 7.6
to the cases when ¢ = f97+! for some n and the domain of ¢ is a bridge at level
n. In these cases, o is uniformly bounded from below by a constant that depends
only on the real bounds.

7.4 Quasisymmetric rigidity

In this section we will prove the first major theorem of this chapter, establishing
that (minimal, C?) multicritical circle maps are quasisymmetrically rigid. More
precisely, we will prove the following theorem, which first appeared in Estevez
and de Faria [2018].

Theorem 7.2. Let f.g : S — S be two C3 multicritical circle maps with the
same irrational rotation number and the same number of (non-flat) critical points,

3In fact, the comparability constant can be taken to be equal to (a universal constant times) Cg,
where Cy is the constant in Lemma 7.3.
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and leth : ' — S be a homeomorphism conjugating f to g, i.e., such that
ho f = goh. If h maps each critical point of f to a corresponding critical point
of g, then h is quasisymmetric.

In the special case of maps with a single critical point, this theorem was first
proved by Yoccoz (unpublished, but see de Faria and de Melo [1999, Corollary
4.6]). Here, the presence of at least one critical point is absolutely crucial: the
statement is false for diffeomorphisms. Indeed, there exist diffeomorphisms of the
circle, even analytic ones, that are topologically conjugate to an irrational rotation
and yet no conjugacy between them is quasisymmetric; see de Melo and van Strien
[1993, p. 75].

The basic idea behind the proof of Theorem 7.2 is to build for each multicriti-
cal circle map f an associated fine grid in a canonical way, and then apply Corol-
lary 7.2. By canonical here we mean that the partitions making up this fine grid
must be defined in a dynamically invariant way, i.e., in purely combinatorial terms.
An obvious first attempt is to use the dynamical partitions &2, (c, f), where ¢ is a
critical point of £, all of whose vertices lie in the forward orbit of c. But even if
we skip levels (to circumvent the fact that &2, (c, f) is not a strict refinement
of Z,(c, f)) and look at a subsequence of this sequence of partitions, we are in
trouble because, whenever a partial quotient a, 4 is very large, there are atoms of
Pn+1(c, f) which are much smaller than the atoms of &7, (c, f) in which they
are contained. We need to group some of these small atoms together, but to do
that we first need to understand their geometry.

7.4.1 More on the geometry of dynamical partitions

Let us present some further geometric consequences of the real bounds that will
be crucial in the proof of Theorem 7.2. The results below refer to the dynamical
partitions &y, (cx) (0 < k < N — 1, n € N) of a multicritical circle map f for
which the real bounds of Theorem 6.3 are satisfied. Recall that the atoms of each
partition 2y (cy) are of two types: the long atoms, i.e. those of the form 7} (cy),
0 <i < @gn+1, and the short atoms, i.e. those of the form Inj_H(ck), 0<j <qn.
In what follows, we use the notion (and notation) of comparability introduced in
Section 6.3.3.

Intersecting atoms are comparable

The first result states that any two intersecting atoms belonging to dynamical par-
titions of two distinct critical points at the same level n are comparable.
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Lemma 7.7. Let ¢, ¢’ be any two critical points of our map f. If A € Py(c) and
A" € Py, (') are two atoms such that A N A" # @, then |A| < |A|, i.e. they are
comparable.

Proof. Let C = C(f) > 1 be the constant given by the real bounds (Theo-
rem 6.3). There are three cases to consider, according to the types of atoms we
have: long/long, long/short, and short/short. More precisely, we have the follow-
ing three cases.

(i) We have A = Ii(c) and A" = 1/ (c'), where 0 < i,j < gn+1. Here
We may assume that f7/(c¢’) € A = [fi(c), fiten (c)] Then fit49n(c) €
= [f7(c’), f/197(c")], and we have the situation shown in Figure 7.2(a).
Using the monotonicity of f97, we see that A" C A U f9(A). Apply-
ing Lemma 6.3 to x = fiT%(c), we see that A = [f 9 (x), x] and
fI(A) = [x, f9(x)] satisty | f97(A)| < C|A|, and from this it follows
that |[A’| < (1 + C)|A|. Conversely, we also have A C f~97(A") U A'.
Again applying Lemma 6.3, this time to x = f7(c’), we deduce just as
before that | f 97 (A’)| < C|A’|, and therefore |[A| < (1 4+ C)|A’|. Hence

A and A’ are comparable in this case.

(ii) We have A = I!(c) and A" = IJ_H(C’) where 0 < i < ¢p+1 and 0 <
J < qn. Here, we look at the interval Ini‘f” (¢) C A. This interval shares
an endpoint with A (namely f?*9(c)) and it is also an atom of &, 1 1(c).
In particular, |/ ;i’f” (c)| < |A], by the real bounds. There are now two sub-

cases. If A'N Iéi‘f” (c) # O, then, since A’ also belongs to 2, 11(c’), case

(i) above tells us that |A’| < |I,’li‘f” (¢)|, and therefore A’ is comparable to
A in this sub-case. On the other hand, if A’ N I,ll:[(f” (c) = 9, then we must

have f/(c’) € A (see Figure 7.2(b)). In this sub-case, we consider the
interval I,/ (¢") € P,(c"), which also has £/ (c’) as an endpoint. Then we
have AN (¢') # @, and again by case (i) we have |A| < |1} (¢)|. Butby
the real bounds we have |IJ () < |I +1(c’)| = |A’|, so A’ is comparable
to A also in this sub-case.

(i) We have A = I,’l+1(c) and A" = n+1(c ), where 0 < i, j < gy. This case
is entirely analogous to case (i).



7.4. Quasisymmetric rigidity 177

(a)

A=g) T @)

S ) T A=)

(b)
~  A=1I (c)
: ﬂ?@‘*
¢ : !
TA=ILD T ) B

Figure 7.2: The cases long/long and long/short of Lemma 7.7.

Remark 7.11. The above lemma still holds if one of the critical points, say ¢/, is
replaced by an arbitrary regular point xo € S, see de Faria and Guarino [2021c,
Lemma A.4] for the details.

Critical atoms are large

Let us now consider the first return map to the interval I, (co) U I,+1(co), or
equivalently the pair of maps 9|1, .\ (co)» S *1,(co)- Besides co (which is
critical for both maps in the pair), this return map has at most N — 1 other critical
points: some in 7, (cg), and some in /5,1 (co). Our next auxiliary result states that
the intervals of the dyamical partition at the next level (%, +1(co)) which contain
these critical points of the return map at level n must be comparable with their
parent atom ([, (co) or I,+1(co)).

Lemma7.8. Let0 < k < an41 besuch that the interval 9 t*an+1(1, 1 (co)) C
1, (co) contains a critical point of f9n+1. Then

f4n+k4n+l (In+1 (CO)) = |In (co)l . (720)
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Proof. If k = 0 there is nothing to prove, since we already know from the real
bounds that | 9" (I,+1(co))| =< |1 (co)|. Hence we assume that 1 < k < a,41—
1. Let us write A = f9n+Kan+1(1, 1 1(co)) in this proof. Let 0 < j < ¢ni1 be
such that f/(A) 3 ¢y, where ¢; # co is another critical point of f. Note that
I (co) = f/(In(co)) D f7(A). We claim that | £/ (A)| =< | f/ (I.(co))|. This
is a consequence of the following two facts.

(i) We have |I,{ (co)| =< [In+1(c1)|. Indeed, these two intervals have non-
empty intersection (they both contain ¢1), and since 1] (co) € P, (co) and
In+1(c1) € Py(c1), their comparability follows from Lemma 7.7.

(ii) We have |I,11(c1)| =< | f7 (A)|. To see why, first note that

J+an +kan+1 < gn+ (k + Dgn+1 < gn + aGn+19n+1 = qn+2
from which it follows that
i i +qn+kqgn
FI) = LT (o) € Puya(co) -

Since I +1(c1) € Ppti(cr),and f7(A)NIp1(c1) D {c1} # O, we may
again apply Lemma 7.7 to deduce that /,,+1(c1) and f/ (A) are comparable.

We now proceed as follows. Consider the (closure of the) gap between A and
I,fil inside /5, (cp), namely the interval J = Ui:ll Ifflﬂq”“ (co). Note that if
k = 1then J = ©; in this case A and Igj_l are two adjacent atoms of %), +1(co),
hence they are comparable by the real bounds (Theorem 6.3) and there is nothing
to prove. Therefore we assume that k > 2, so that J # . We already know
from the above claim that | 7/ (A)| =< |1} (co)|, and the real bounds also tell us

that |In] (co)| = |I,{:_rlq" (co)|. Moreover, we have I,f:lanrq”H(co) c fl(J)c

1] (co). Since |I,{:_Iq" Tt (o) = |I,{j:1q” (co)|, because these two intervals

are consecutive atoms of %, 11(co), it follows that | £/ (J)| < |I,{Lq” (co)|. In

other words, the consecutive intervals £/ (A), f/(J)and I ,{ :{1 "(co) are pairwise
comparable. In particular, the b-cross-ratio determined by these three intervals is
bounded from above and from below, i.e. there exists a constant K > 1 depending
only on the constant C of the real bounds such that

K™V < [/ A< K. (7.21)
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Here we have written T = A U J U Ifl]il(co). Note that T, f(T), ..., f/(T)
are pairwise disjoint. Therefore, by the Cross-ratio Inequality applied to the home-
omorphism f7 (and m = 1), we have CrD(f/;J,T) < C, or equivalently
[f/(J), f/(T)] < C[J,T]. Using the lower estimate in (7.21), we see that
[J,T] > C~1K™!, thatis,

|AL 1 (co)l
AU J[IJ U L% (o)l

n

> (CK)™ L. (7.22)

But, since J D [ ,fj’:q”“ (co), and since Iff;q”“ (co) and I, | (co) are adjacent

atoms of &2, +1(co), we have by the real bounds

n+ n - n
[AUT| > |T] = 11T o)l = €I (o)l
Moreover, |I,;]j_1 (co)| = C -1 |1,,(co)|, again by the real bounds. Putting these
facts back into (7.22), we deduce that

Al > CT2KHJ U L% (co)l > C2 K™ Iu(co) -

This shows that A and [, (co) are comparable. Hence (7.20) is established, and
the proof of Lemma 7.8 is complete. O

Remark 7.12. Similarly to what we observed in Remark 7.11, the statement of
Lemma 7.8 is still true if we replace the critical point co by an arbitrary regular
point on the circle (see Exercise 7.8).

7.4.2 Building a suitable fine grid

Recall that our aim is to build, for each multicritical circle map f', a fine grid
G(f) = {Zn(f)}n=>0 which is adapted to f in the sense that all of its vertices
are dynamically labelled (in a canonical way that depends soleley on the combina-
torics of p( f)). The vertices are taken from the forward orbit of one of the critical
points of f, say c¢g € Crit( f). For each n > 0, the atoms of 2, ( ) will be built
as unions of atoms belonging to the dynamical partitions &, ( f) withm > n. The
construction is subtle, and involves first building certain auxiliary partitions, using
what we already know about the geometry of dynamical partitions and Yoccoz’s
inequality, and then applying a recursive scheme.
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Auxiliary partitions

The first step is to construct a suitable refinement of the dynamical partition &, (co)
(for each n > 1). This auxiliary partition, which we denote by Z; (co), is finer
than %7, (co) but coarser than &2, 11(co). Such auxiliary partition will be needed
in the construction of the fine grid presented in Proposition 7.6.

From now on we write, for 0 < k < a1, A = fITKkn+1(1, 1 (co)).
Note that each Ay is an atom of the dynamical partition &7, 41 (co), and that

anp+1—1

U Ak = In(co) \ In+2(co) -

k=0

We consider the times 0 < k1 < kp < --- < k; < au+1 having the property that
Ak, contains a critical point of f97+1. These are called the critical times at level
n. For convenience of notation, we also define kg = 0. Note that f97+! has at
most N critical points in [, (co), where N is the total number of critical points of
f. Since each such critical point belongs to at most two of the Ay ’s, we see that
r < 2N. Thus, although the non-negative integer r may depend on 7 (the level
of renormalization), it nevertheless ranges over only finitely many values. The
critical times k; also depend on n. The intervals Ay, for 0 < i < r will be called
critical spots.

Foreachi =0,1,...,r—1,letG; C I(co)\In+2(co) be the gap between the
two consecutive critical spots Ay, and Ay, inside I, (co), namely the interval

kit1—1

G; = U Ag .

k=k;+1

We also define, fori = r,
anp4+1—1

G-= |J 4.

k=kr+1

We call G; the i-th bridge of I,,(co). See Figure 7.3. We remark that it may well
be the case that G; = @ for some (or all!) values of i.

Lemma 7.9. Each non-empty bridge G; is comparable to I,(co).



7.4. Quasisymmetric rigidity 181

T

co ! !
o A Ak gy Ag

Ing2(co) |

— In(co) =
Figure 7.3: Primary bridges and critical spots.

Proof. 1f G; # @, then G; contains at the very least the atom A, 4, adjacent to
Ag;,and so we have |G| > |Ag, 41| < | A, |, by the real bounds. By Lemma 7.8,
we have |Ag,| < |In(co)|. Since we also have G; C In(co), it follows that
|Gi| < [1n(co)l. O

Thus, we have the following decomposition of 7, (co) \ I,+2(co) as union of
at most 27 + 2 < 4N + 2 intervals:

In(co) \ In+2(co) = |J A, U {J Gi - (7.23)

i=0 i=0

In view of Lemmas 7.8 and 7.9, as well as the real bounds, each interval in the
above decomposition is comparable to /5, (cg). In particular, they are all pairwise
comparable.

Remark 7.13. Note that the image of each critical spot A, under f9+! is also
comparable to I, (co): this is simply because f9+!(Ay,) = Ak, 41 is adjacent
to Ay, in Z,41(co). Likewise, the image of each bridge G; under f97+! is also
comparable to I, (co), because either i < r and f97+1(Gj;) contains the critical
spot Ag, . ,,ori = r,in which case f9"+!(G;) contains In42(co)-

Let us now map the decomposition (7.23) forward by f to get corresponding
decompositions of all long atoms 1] (co) € Pplco), forj =1,2,...,qn+1 — L.
We get in this fashion a new partition &7, (co) of the circle (modulo endpoints).
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More precisely, let

Prico) = {f1 (M) 1 0<i<ri0<j<quu—1f  (129)
ULF7(G)0<i<rs0< ) < gnrr— 1)
U{fj(1n+2)10<j <Qn+1—1}

U{fe(ln-‘rl) : 0<€<qn—1}-

This partition refines #,(co), although not strictly because each short atom of
P (co) is left untouched by the above procedure.

Remark 7.14. Generalizing the nomenclature introduced earlier, all atoms of
Py (co) of the form f J (Ag;) are called critical spots, and all those of the form
f7(G;) are called bridges. We sometimes refer to bridges and critical spots con-
tained in I, (c) (i.e., those with j = 0) as primary, and to the remaining ones as
secondary.

Proposition 7.4. Any two consecutive atoms of &, (co) are comparable.

Proof. By the real bounds (Theorem 6.3), the partition &2, (co) has the stated com-
parability property. Hence it suffices to check that all bridges and critical spots
of &% (co) inside each long atom I;] (co) € Py(co) are comparable to 1] (co).
We already know this for j = 0 (see Lemma 7.9 and the paragraph following
its proof). For the other values of j, map I;] (co) forward by f?»+1=J onto
I,(,]"Jrl (co) C I(co) U Iy4+1(co) and apply the Cross-ratio Inequality, combined
with Remark 7.13.

O

Balanced decompositions of bridges

We distinguish two types of atoms belonging to the partition 2, (co):

(a) Regular atoms: These consist of all short atoms of £, (cp), all of which
belong to Z2*(co), all intervals of the form f7 (I,42) (With 0 < j <
qn+1 — 1), all critical spots 7 (Ag,) (With0 <i <r,0< j < gnt1 — 1),
together with all those bridges G; j = f J(G;) that have less than 1, 000
atoms of &, +1(cp) in it (i.e., those with k; +1 — k; < 1,000).
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(b) Saddle-node atoms: These are the remaining bridges; to wit, those G; ;
whose decomposition as a union of atoms of 2, 4+1(co) has at least 1, 000
such atoms in it (i.e., those with k;+1 — k; > 1, 000).

Proceeding by analogy with a procedure first described in de Faria and de Melo
[1999, §4.3], we will show, with the help of Yoccoz’s Lemma 7.3, how to get a
balanced decomposition of a saddle-node bridge.

The following lemma is the key to showing that, on every primary saddle-node
bridge, say G; C I, (co) given by

kit1—1

G, = U Ay s

k=k;+1
the return map f97+! acts as an almost parabolic map.

Lemma 7.10. There exists a positive integer ng = no(f) such that the following
holds for all n > ng. For each non-empty primary bridge G; C I,(co), the
restriction f9"+1|g, has negative Schwarzian derivative everywhere, i.e., for all
x € G; we have Sf9n+1(x) <.

Proof. This is an immediate consequence of Proposition 6.2 (see Section 6.5). [

From Lemma 7.10, we deduce the following result concerning the bridges G;,
0 <i < r, contained in the closest return interval 7, (co) (see Figure 7.4).

Proposition 7.5. For all n > ngy, where ng is as in Lemma 7.10, and each i =
0,1,2,...,r for which the bridge G; C I(co) is non-empty, the restriction

f‘]n—i—llGi . Gi N fqn-l-l(Gl.)

is an almost parabolic map with length {; = ki+1 — ki — 1 and width o; > o,
where 0 = o(C) > 0 depends only on the constant C in the real bounds.

Proof. By construction, the map ¢ = f97+!|g, has no critical points, hence it

is a diffeomorphism onto its image. Since G; = UIIE’: kl,‘_-i-ll Ay and ¢(Ag) =
fIt1(Ag) = Ag4q forall k, it follows that the length of ¢ is as stated. Moreover,
by Lemma 7.10, we have S¢ = Sf9"+! < 0 throughout. Finally, since the
intervals Ay, 1 and Ay, 1 are both comparable to G; (by the real bounds and

Lemma 7.9), the last statement concerning the width of ¢ follows as well. O
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a

i1 L T
L
flln-H fqn-H

Figure 7.4: Two consecutive critical spots and the bridge joining them: the dy-
namical picture.

Combining Proposition 7.5 with Lemma 7.6 and the Koebe distortion principle,
we deduce that every saddle-node bridge admits a balanced decomposition. More
precisely, we have the following result.

Corollary 7.4. Foralln € N, each non-empty bridge G; j = f 1(Gy) e Zx(co)
admits a balanced decomposition (with uniform comparability constants depend-
ing only on the real bounds for f).

Proof. We may of course assume that n > ng, where ng is as in Lemma 7.10.
For primary bridges, namely G; o = G; C I,(co) (i.e., those with j = 0), the
assertion follows from Proposition 7.5 and Lemma 7.6. For secondary bridges,



7.4. Quasisymmetric rigidity 185

namely G; ; = f7(Gi), 1 < j < gny1 — 1, use the fact that £/ : int(G;) —
int(G;,;) is a diffeomorphism and apply Koebe’s distortion principle (the image
under f/ of the balanced decomposition of G; yields a balanced decomposition
of G;,;, as desired). O

The recursive scheme

Now we define an auxiliary collection of intervals &2, *(co), for each n > 1. The
intervals belonging to &2, *(co) are all atoms of &7, (co) which are not saddle-
node, together with the atoms of the balanced partitions of all saddle-node atoms
of 27 (co). We warn the reader that, unlike 22, (co), the collection &2, *(co) is
not a partition of § ! (modulo endpoints), since it contains, for instance, all central
intervals of any given sadlle node atom of 22 (co), and these are in fact nested.
The partition 2, (f) that we want is constructed using elements from 22, *(co)
and 27 (co) for various values of m < n. The construction follows a recursive
scheme that we proceed to describe.

Proposition 7.6. There exists a fine grid {2, (f)} in S with the following prop-
erties.

(a) Every atom of 2n(f) is the union of at most a = 4N + 3 atoms* of
e@n-i-l(f)-

(b) Every atom A € 2,(f) is a union of atoms of P, (co) for some m < n,
and there are three possibilities:

(b1) A is a single atom of Z,,(co);
(ba) A is a central interval of 2,*(co);

(b3) Ais the union of at least two atoms of &, | | (co) contained in a single
atom of Z;*(co).

Proof. The proof is by induction on n. The first partition 21 ( f) consists of all
atoms of & (co) which are not saddle-node atoms together with the intervals L,
M and Ry of each saddle-node interval I € &} (co) (I = Lo U My U Ry). Itis
clear that each atom of 2; (/') falls within one of the categories (b1)-(b3) above.

Assuming 2, (f) defined, define 2,1 1(f) as follows. Take an atom / €
2,(f) and consider the four cases below.

4As we saw in Section 7.4.2, each long interval I,‘; (co) € Pn(cp) is decomposed as the union
of 2r + 3 < 4N + 3 atoms of &, (o).
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(1) If I is a single atom of &7, (co) then one of two things can happen:

(i) I is a saddle-node atom: In this case write ] = Lo U M1 U Ry as
above and take L¢, Ro and M as atoms of 2, 1. Note that the lateral
intervals Lo and Rq are atoms of type (b1), while the central interval
M, is of type (b2).

(i1) I is not a saddle-node atom: Here, there are two sub-cases to consider.
The first possibility is that [ is a single (regular) atom of %, (cp), in
which case we break it into the union of at most a atoms of &, . ; (co)
and take them as atoms of 2,1 1( f), all of which are of type (b1). The
second possibility is that [ is a (short) bridge, in which case we break
it up into its < 1, 000 constituent atoms of %2y, +1(co) and take them
as atoms of 2,41 (f), again all of type (by).

(2) If I is a central interval of &7, (co) which is not the final interval, consider
the next central interval of (cg) inside 7, say M, and the two corresponding
lateral intervals L and R such that / = L U M U R, and declare L, R and
M members of 2,11(f). Note that L and R are of type (b3), while M is

of type (b2).

(3) If I is aunion of p > 2 consecutive atoms J1, ..., Jp of Py 11(co) inside
a single atom of 2, (co) (this happens when / is contained in a lateral
interval of the balanced decomposition of a long bridge), divide it up into
two approximately equal parts. More precisely, write p = 2q + r, where
r =0or 1, and consider / = L U R where

p
L=\J1.r= | J;.

Jj=1 Jj=q+1

We obtain in this fashion two new atoms of 2, 41(f) (namely L and R)
which are either single atoms of %, +1(co), and therefore of type (b1), or
once again intervals of type (b3).

This completes the induction. That {2, ( f)},>1 constitutes a fine grid follows
easily from the real bounds, Lemma 7.6, Remark 7.8 and Corollary 7.4. Indeed, it
suffices to verify that condition (c) of Definition 7.2 is satisfied (for some constant
p > 1 depending only on the real bounds). Given two ajacent atoms A, A’ € 2,,,
there are two cases to consider.
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(a) There exist m,m’ < n such that A is a single atom of &,,(co) and A’ is a
single atom of 22,/ (co). In this case, either m = m’, or m and m’ differ by
1 (this is easily proved by induction on n from the construction of 2, given
above). But then we have |A| < |A’| by the real bounds (Theorem 6.3).

(b) Forsome m < n, at least one of the two atoms, say A, is the union of p > 2
atoms of Zy,11(co) inside a single atom of &2y (o), which is necessarily
a bridge. This implies that both A and A’ are contained in the same bridge
G € Z; (co). Looking at the balanced decomposition of G (given by Corol-
lary 7.4), we see that there are two possibilities. The first possibility is that
both A and A’ are contained in the same lateral interval (L;, R;) or the same
central interval (M;) of said balanced decomposition. In this case, A and
A’ are both unions of the same number of fundamental domains of G, and
we have |A| < |A’| by Lemma 7.6 and Remark 7.8. The second possibility
is that A and A’ are contained in adjacent intervals of the balanced decom-
position of G. In this case, one of the two atoms, A or A’, is the union of
at most twice as many fundamental domains of G as the other, and we have
|A| < |A’], again by Lemma 7.6 and Remark 7.8.

This establishes the desired comparability of adjacent atoms of 2, ( f) in all cases,
with uniform constants depending only on the real bounds, and the proof is com-
plete. O

7.4.3 'The punchline

The proof of Theorem 7.2 is now within reach.

Proof of Theorem 7.2. By hypothesis, the conjugacy / sets a bijective correspon-
dence between the critical points of f and the critical points of g. Let ¢ be a critical
point of f, and let /1(c) be the corresponding critical point of g. Then /2 maps each
partition &2, (¢, f) onto the corresponding partition &2, (h(c), g), sending critical
spots to critical spots and bridges to bridges. Therefore if ¥y = {2, (c, f)} and
Ye = {Zu(h(c), g)} are the fine grids for f and g, respectively, given by Proposi-
tion 7.6, it follows that 2 maps ¢ bijectively onto %, . But then, by Corollary 7.2,
h is quasisymmetric. This finishes the proof. O
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Exercises

Exercise 7.1. Let ¢y : S — S be a quasisymmetric homeomorphism. Given
an interval T C S, let m7 > 1 be the infimum over all C > 1 such that
CYvw()| < |v(J)| < Cly(I)| for all pairs of adjacent intervals I,J C T
of equal length.

() If I ¢ T c S! are intervals sharing an endpoint and satisfying § =
[11/1T] < 1/2, show that

gpr@ < WL 0y
¥ ()

where
pr6) = (14 = ) omi+m) . yr(0) = (1= 1 ) logs4mz).

and where k > 2 is the unique integer such that 2% < § < 2=*=1_[Hint,
Foreachn > 1, let T,, C T be the subinterval sharing an endpoint with
both 7 and T and having length 27"|T|. First estimate | (T+1|/|¥ (Ty)|
and then use a telescoping decomposition. |

(i1) Deduce from (i) that every quasisymmetric homeomorphism is bi-Holder
continuous.

[Reference: de Faria [1996].]

Exercise 7.2. Prove Corollary 7.1.

Exercise 7.3. Prove the assertions made in Remark 7.1.
Exercise 7.4. Prove Corollary 7.2.

Exercise 7.5. Prove Lemma 7.2.

Exercise 7.6. Let f be a multicritical circle map with irrational rotation number
6 = p(f) of bounded type, and let 2 : S! — S be a quasisymmetric homeo-
morphism conjugating f to the rotation Ry (such an /& exists by Herman’s The-
orem 7.1). Show that & is purely singular with repect to Lebesgue measure, i.e.,
Dh(x) = 0 for Lebesgue almost every x € S,
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Exercise 7.7. Given a quasisymmetric homeomorphism ¢ : S — S'!, consider
its scalewise logarithmic quasisymmetric distortion € : Rt — R* defined by

€p(t) = sup 10g¢(x 0 -¢) .
xeR,|rj<r (X)) —d(x — 1)

Note that €4(¢) is a non-decreasing function of . The purpose of this exercise is
to guide the reader to a proof the following theorem due to L. Carleson [1967].
! ep (1)) . : : :
Theorem. If / — dt < oo, then ¢ is absolutely continuous, and in fact its
0

derivative D¢ belongs to L2(S'1).
Let (¢, )n>0 be the sequence of dyadic C° approximations® to ¢, and for each

n > 0let
sup n((k + 1)27") — ¢ (k277)
1<k<an—1 Pn(k277) — @ ((k — 1)277)

Foreachn > 0, let ¢, = D¢,. Note that, since ¢, is piecewise affine, ¢, is a
step function, and we have

K, =

X
5 = 30+ [ on(d (7.25)
0

(i) Show thatlog K, < €4(27""), and deduce from this that

o0

Z(Kn —1)? <00

n=0
(i1) Show that for each m > n > 0 we have

lom = all®> = llemll* = llgnll? - (7.26)

(iii) Using (i) and (ii), show that (¢, ),>0 is a Cauchy sequence in L2(S!); hence
it is also a Cauchy sequence in L!(S!) (why?).

(iv) Combining (iii) with (7.25) and the fact that (¢, ) converges uniformly to ¢,
deduce that ¢ is absolutely continuous, and that D¢ = ¢ (Lebesgue a.e.),
where ¢ = limg, € L*(S1).

3 As usual in this book, we think of the circle R/Z as [0, 1] with the endpoints 0 and 1 identified.
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[Reference: See the expository note de Faria [n.d.]]

Remark. In the language of probability theory, what we have in Exercise 7.7 is an
instance of an L2 martingale convergence theorem.

Exercise 7.8. Let f : S — S be a multicritical circle map with irrational rota-
tion number, andletx € 1. If0 < i < @,y issuchthat A = fInFidn+1([, (x))
is a critical spot at level n, show that |A| =< |I,(x)|. Do this by working through
the following steps:

(i) Let £ € A be a critical point of f97+1, say & = f~/(c) for some ¢ €
Crit(f) and some 0 < j < ¢pn+1. Show that the interval L C I,,(x) with
endpoints £ and f97+1(§) is comparable to A.

(i) Show that the interval M with endpoints £ and f 97 (£) that does not contain
X is comparable to 1, (x).

(iii) Let R be the interval with endpoints 97 (£) and f 297 (&) that does not con-
tain x, and let 7 = L UM U R. Show that the cross-ratio [ f/ (M), f/(T)]
is bounded from below.

(iv) Using (iii) and the Cross-ratio Inequality, show that |L| =< |M|, and deduce
from this that |A] < |I,,(x)], as desired.



In this chapter we examine multicritical circle maps from the point of view of mea-
surable dynamics. We have seen in Theorem 2.3 that every homeomorphism of the
circle without periodic points is uniquely ergodic. In particular, every multicriti-
cal circle map f with irrational rotation number is uniquely ergodic. If i denotes
the unique Borel probability measure invariant under f', then we also know from
Corollary 2.2 that u is either absolutely continuous or purely singular with respect
to Lebesgue measure. Can we resolve this dichotomy?

The answer is yes. As we will see in Section 8.2, Khanin [1991] proved that
the measure u is always purely singular with respect to Lebesgue measure. After
establishing this fact, we will prove in Section 8.3 that the Lyapunov exponent of
Jf under p is equal to zero (compare with Theorem 3.11 in Section 3.4.2). We will
close this chapter with the statements of some results on the Hausdorff dimension
of the invariant measure u (see Section 8.4).

8.1 The integrability of log Df

As before let f be a C3 critical circle map with finitely many non-flat critical
points and with irrational rotation number p( f), and let i be its unique invariant
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Borel probability measure. By Yoccoz’s Theorem 6.2, there exists a circle home-
omorphism 4 : S — S which is a topological conjugacy between f and the
rigid rotation by angle p(f), namely R, ). More precisely, the following dia-
gram commutes:

St —L s\

hl lh

(S, leb) —— (S, led)
Rpr)
where leb denotes the normalized Lebesgue measure in the unit circle (the Haar
measure for the multiplicative group of complex numbers of modulus 1). There-
fore 4 is just the push-forward of Lebesgue measure under 2!, that is, u(4) =
(hy ! leb) (A) = leb (h(A)) for any Borel set A in the unit circle (recall from Ex-
ercise 2.3 that the conjugacy 4 is unique up to post-composition with rotations, so
the measure u is well-defined).

In this section we prove that log Df belongs to L(;). Let us denote by
€1.¢C2,...,cy thecritical points of /. Letg : S — Rbegivenby ¢ = |log Df|.
Foreachl < j < Nandeachn > 1,let J,(cj) = In(cj)U In41(cj). We define
E, = ij=1 Jn(c;) and consider g, : S — R given by:

Yn = XSW\E, "¢

that is, ¢, = 0 on each J,(c;) and ¢, = ¢ on the complement of their union. We
will use the following four facts:

FI1. From the real bounds (Theorem 6.3) there exists 0 < A < 1 such that
|11 (cj)] > AK forallk > landeach 1 < j < N.

F2. As explained above, the measure u is the pullback of the Lebesgue measure
under any topological conjugacy between f and the corresponding rigid
rotation. In particular, for each 1 < j < N and for all &k > 1, we have
w(Ik(cj)) = |qxf — px| and by Theorem 1.2(i):

1
—— < u(k(cj)) < —— forallk > landeach1 < j < N.
dk + dk+1 dk+1

F3. By combinatorics, we have u(Ix(c;j)\ Ix4+2(cj)) = ary1u(Ix+1(cj)), for
allk > 0andforeach 1 < j < N.
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¢ = |log Df|

Sl

@ *—O

F T\ 41 4‘ ¢ Flk\lk-i-zq

~ T —
— Jir —

Figure 8.1: Bounding the integral of ¢ = |log Df| near a critical point c.

F4. Since each c¢; is a non-flat critical point, there exist Co > 0 and a neighbour-
hood V; of ¢; such that for all x € V; we have:

@(x) < Colog (8.1)

lx —cj|
We may assume, of course, that the V;’s are pairwise disjoint.

With all these facts at hand we are ready to prove the desired integrability
result. This result was first obtained by Przytycki [1993, Theorem B], but the proof
presented here is taken from de Faria and Guarino [2016].

Proposition 8.1. The function log Df is u-integrable, i.e., log Df € L'(u).

Proof of Proposition 8.1. Note that the sequence {¢,} converges monotonically
to ¢ = |[log Df|. Let ng be the smallest positive integer such that J,,(c;) C V;
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forall 1 < j < N. We only look at values of n greater than ng. Then, since ¢y, is
identically zero on E, and agrees with ¢ everywhere else, we can write

Pndp = /‘ pdp + /‘ pdu (8.2)
/;1 " S\ Ey, Zu;n: T (¢ )\ Ik +2(c )

The first integral on the right-hand side is a fixed number independent of n. Hence
it suffices to bound the last double sum. Using (8.1) and the fact that in Jx(c;) \
I +2(cj) the closest point to ¢ is f9k+2(c;), we see that (see Figure 8.1)

n—1

/ pdp <
k=no I (c )\ g 42(c;)
n—1
< Co w(x(cj) \ Ig42(cj)) log —— (8.3)
,Z; ’ 77 Migalep)]
=no
Applying facts F1, F2 and F3 to this last sum, we see that
n—1
g (ci) \ Tg+2(cj))log m—F—— <
an: / 2 [T +2(cj)l
=hno
n—1
<Cr Y (k+ars1lqe410 — prsl (84)
k=ng
However we know from Theorem 1.2 that
Ghs16 = pesal < — ! : (8.5)
dk+1Y — Pk+11 & = < .
" * dk+2 Ak+19k+1 T 9k Ak+19k+1
Putting (8.5) into (8.4) we get
n—1
1 (k + 2)
> uU(e) \ Tesa(cj)) log ——— < C Z (8.6)

Pl Tk42(cj)| k=, i1

Since the gz ’s grow exponentially fast (at least as fast as the Fibonacci numbers),
we have

d k+2) _
>

k—o qk+1
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Hence the left-hand side of (8.6) is uniformly bounded. Taking this information
back to (8.3) and then to (8.2), we deduce that there exists a constant C, > 0 such
that

/ ondu < Cp foralln > 1.
Sl

But then, by the Monotone Convergence Theorem, ¢ is u-integrable, as desired.
O

Remark 8.1. The proof of Proposition 8.1 yields, mutatis mutandis, a slightly
stronger result, namely that log Df € L?(u) for every finite p > 1.

8.2 No invariant o-finite measures

As mentioned before, the unique Borel probability measure which is invariant un-
der a minimal multicritical circle map is purely singular with respect to Lebesgue
measure. This result was first proved by Khanin [1991, Theorem 4] in the late
eighties, with the help of a certain thermodynamic formalism (see also Graczyk
and Swiatek [1993, Proposition 1]). We will follow a very different approach
from the one used by Khanin. We will in fact prove a stronger result, namely the
following theorem.

Theorem 8.1. Let f : S' — S be a C3 multicritical circle map with irrational
rotation number. Then f does not admit a o-finite invariant measure which is
absolutely continuous with respect to Lebesgue measure.

This theorem was recently proved by the authors, see de Faria and Guarino
[2021c]. Our entire exposition here is extracted almost ipsis verbis from that paper.

The fact that a circle map f is uniquely ergodic does not eliminate the pos-
sibility that f leaves invariant an infinite, o-finite measure which is absolutely
continuous with respect to Lebesgue measure. For instance, if f happens to be a
Denjoy counterexample, it is easy to construct a plethora of such measures (see
Exercise 8.1). In fact, examples of minimal C °° diffeomorphisms of the circle pos-
sessing infinite, o -finite invariant measures have been shown to exist by Katznel-
son [1977] (see Exercise 8.2 for a non-smooth example).

Theorem 8.1 is saying that the above phenomenon cannot occur in the realm
of multicritical circle maps. For its proof, one can argue by contradiction. If f is
a minimal multicritical circle map and pw is an infinite, o-finite invariant measure,
let us denote by ¥ = du/d A the Radon—Nikodym derivative of i with respect to
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Lebesgue measure A. Then v is a Borel function such that 0 < ¥ < oo Lebesgue-
a.e., and the following cocycle identity is satisfied:

V(x) =y o f(x)- Df(x) forLebesgueae. x € S . 8.7)

The rough idea will be to show that, due to the presence of (non-flat) critical points,
/ has the following property. Near every point x on the circle, and at every scale,
one can find two intervals of very different lengths, say / and J, and an iterate
of f mapping one of them onto the other diffeomorphically, say J = f*(I),
with bounded distortion. However, if E denotes a positive Lebesgue measure set
of points on the circle where i is approximately constant, we can take x to be
a Lebesgue density point of £, and choose / and J so close to x that they are
both almost filled-in by points of E. The cocycle identity (8.7) and a bounded
distortion argument then imply that Df* is approximately equal to 1 inside /.
But this implies that / and J have approximately the same length, a contradiction.

Let us turn this rough idea into a formal criterion.

8.2.1 The Katznelson criterion

The proof of Theorem 8.1, given originally in de Faria and Guarino [2021c] and
reproduced in Section 8.2.2 below, is based on a criterion for non-existence of o-
finite measures which is a generalization of a criterion given by Katznelson [1977,
Th. 1.1].

Recall from Chapter 7 that a nested sequence of partitions {Zn}n>0 1s a se-
quence of finite interval partitions of S! (modulo endpoints) with the property
that each atom of .2, is a union of atoms of 2,41, for all n > 0, and such that

mesh(Z2,) — 0asn — oo'.

Definition 8.1. 4 C! circle homeomorphism f has the Katznelson property if
there exist a nested sequence of partitions {2, }n>0 and constants 1 < by < b;
and 0 < 6 < 1 such that the following holds. For each A € 2y, the collection
dA ={J € 2,41 : J C A} can be decomposed as a disjoint union o/ =
szflA U MZA U Q%A with the following properties:

(i) Foreach Jy € ;zflA and each J, € dzA we have |J1| = bo|J2],

! As customary, the mesh of a partition is the maximum length of its atoms.



8.2. No invariant o-finite measures 197

(ii) Foreach J1 € ;zflA and each J, € MZA there exists k € N such that f¥| I
is a diffeomorphism mapping J1 onto Jo, and we have Df¥(x) > bl_1 for
all x € J1.

(iii) We have A(£2) > 0|A|, where

e= | 7.

JedPuap

(iv) The sub-collections dlA and szzA have the same number of elements.

Remark 8.2. The sub-collection .!Z{?,A, about which nothing is said in the above
definition, plays no role in the arguments to come. Only gflA and %A matter.

Theorem 8.2. Let f : S' — S be a C! minimal homeomorphism, and suppose
that f has the Katznelson property. Then f does not admit a o-finite invariant
measure which is absolutely continuous with respect to Lebesgue measure.

We refer to this theorem as the Katznelson criterion.

Proof of Theorem 8.2. Assume by contradiction that there exists a o-finite mea-
sure p which is invariant under f and is absolutely continuous with respect to
Lebesgue measure. Let v = du/dA be the corresponding Radon—Nikodym
derivative. This is a Borel measurable function that is positive and finite Lebesgue
a.e., and it satisfies the cocycle identity (8.7). By an easy induction, that cocycle
identity can be written more generally as

Y(x)=vo fk(x) . ka(x) for Lebesgue a.e. x € S!, forallk € Z . (8.8)

Fix a small number 0 < § < 1; we will need it small enough that (14 8)~1hg > 1.
For each real number ¢ consider the Borel set E. = {x € S! : ¢ < ¥(x) <
¢(1 + 6)}. Then we have A(E.) > 0 for some choice of ¢. We choose such ¢ and
from now on write £ = E,.

By the Lebesgue density theorem, A-a.e. x € E is such that the density of £
at x is 1. Hence for each € > 0 we can find a suitable level » € N and an atom
A € 2, such that

AMENA)

>1—c. (8.9)
14|
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We will show that the assumption at the start of this proof contradicts our standing
hypothesis on f if we take € sufficiently small. How small ¢ has to be will be
determined in the course of the argument to follow.

Let «74 and y%iA, i = 1,2, 3 be as defined before, and fori = 1,2 let £2; =
Uy e J. Then (iii) in our standing hypothesis tells us that 2 = £2; U £2,

satisfies 1(£2) > 0| A|. Hence from (8.9) we have
AE N £2)

>1—ep! )
D >1—ef!, (8.10)

provided e is so small that ! < 1. Note that our standing hypothesis also tells
us that boA(£25) < A(£21) < b1A(£22). These inequalities imply that

A(2) < (1 +byHA(£21) and A(2) < (1 + b)A(22) . (8.11)
Using (8.10) and the first inequality in (8.11), we get

A(21) SMEN21) + A2\ E)
SMENR) +e07A(0)
SAMEN L))+ 07110 4+ bgHA(£21) .
Hence we have
AE N $21)
A(821)
and this lower bound will be positive (in fact close to one) provided € is sufficiently
small. Similarly, using (8.10) and the second inequality in (8.11), we deduce that
AE N $2,)
A(522)

>1-e07 11+ by, (8.12)

>1—e0 Y1 +by). (8.13)

Thus, writing n = €6~ max{1 + bgl , 1+ b1} =€671(1 + by), we have

AME N £2)

>1—n, fori=1,2. 8.14
2(2) n (8.14)

Note that n — 0 when € — 0. Now, since both £2; and §2, are disjoint unions
of atoms in 2,11, it follows from (8.14) that there exist atoms J; € szlA and
Jo € %A such that

AJiNE) > (1—n)|Ji|, fori=1,2. (8.15)
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Letk € N be such that f k maps J; diffeomorphically onto J5, and let us estimate
the Lebesgue measure of % (J, \ E). By (ii) in our standing hypothesis and the
chain rule we have Df ~K(y) < by forall y € J,. Since by (8.15) we have
A(J2\ E) < n|J2|, we get

AR\ E)) = /J DS bl (8.16)

Letting J' ={x e 1IN E : f¥*(x) € E}, it follows from (8.15) and (8.16) that
AUF) = A1 NE)=A(f T (2 \ E) = [ =n)bo —nb1] | T2 . (8.17)

But now observe that the equality ¥ = (¢ o f%¥)Df¥ holds Lebesgue almost
everywhere: this is simply the cocycle identity (8.8). Since for every x € J;* we
have both x € F and f k(x) € E, it follows from this equality and the definition
of E that for Lebesgue a.e. x € J;* we have Df¥*(x) > (14 8)~!. Therefore

72| > A(FE(I)) = /J DR (48T . B18)

Combining (8.17) and (8.18) and cancelling out | J,| from both sides of the result-
ing inequality, we deduce at last that

(148" —n)bo —nb1] < 1. (8.19)

But since (1 + §)" by > 1, the inequality (8.19) is clearly violated if 7 is suf-
ficiently small, which is certainly the case if we choose ¢ sufficiently small. We
have reached the desired contradiction, and the proof is complete. O

8.2.2 Proof of Theorem 8.1

The proof of Theorem 8.1 entails two separate arguments, presented in separate
sections below as first step and second step, respectively. Which argument applies
for a given map f depends on the nature of its rotation number — more precisely,
on the behavior of the partial quotients of the continued fraction development of
p(f).

The first argument deals with all irrational rotation numbers except those num-
bers (of bounded type) whose partial quotients are bounded by a certain constant
B that depends only on the real bounds (Theorem 6.3). The second argument
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takes care of the bounded type case. They are presented as two separate theorems,
namely Theorem 8.3 and Theorem 8.4, respectively.

The arguments presented in both proofs have different flavors, exploiting dif-
ferent aspects of the geometry of multicritical circle maps. In particular, while the
proof of Theorem 8.3 uses the real bounds and Yoccoz’s inequality (Lemma 7.3),
the proof of Theorem 8.4 uses only the real bounds.

First step

The precise result we shall prove here is the following weaker version of Theo-
rem 8.1.

Theorem 8.3. Given N > 1in N and d > 1 there exists a universal constant B =
B(N,d) € N such that the following holds. If f is a multicritical circle map with
at most N critical points whose criticalities are bounded by d, and if the rotation
number of f is irrational and its partial quotients an, satisfy limsupa, > B, then
f does not admit an invariant o-finite measure which is absolutely continuous
with respect to Lebesgue measure.

In the proof of Theorem 8.3, we will make extensive use of the following fact,
which is an immediate consequence of Lemma 7.8.

Lemma 8.1. Let ¢y be a critical point of f, and let 0 < k < an+1 be such that
the interval fantkan+ (I,H_l(co)) C I, (co) contains a critical point of f9n+1,
Then

‘fi(fq"+kq”+l(In+1(Co)))‘ = ‘fi(ln(co))‘ foralli € {0,1,...,qn+1}

Proof. We only sketch the proof. For i = 0 the statement is just Lemma 7.8.
Moreover, by Theorem 6.3, the image of each critical spot under f97+! is also
comparable to I, (co); this is simply because

Jare (ORI (L (o)) = fOHEEDD (4 (co))

isadjacentto f9nKan+1 (1,1 1(co))in P, 41(co). So the statement of our lemma
also holds for i = gn41. Now, foreachi € {1,...,gn4+1 — 1} consider the iterate
f9n+17" "and apply the Cross-ratio Inequality (Theorem 5.1). O
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In keeping with the terminology introduced in Section 7.4.2, an interval such
as fantkanti (1 n+1 (C())) appearing in the statement above, containing some crit-
ical point of f9n+1_is called a critical spot. Thus, Lemma 8.1 is saying that every
critical spot is large, i.e., is comparable to the atom of 2, (c¢) in which it is con-
tained, and the same happens to all its images up to time i = ¢, +1.

Proof of Theorem 8.3. By Theorem 8.2, it suffices to show that an f as in the state-
ment satisfies the standing hypothesis previously formulated, provided lim sup a,
is sufficiently large. This will be proved with the help of the real bounds (Theo-
rem 6.3), Yoccoz’s inequality (Lemma 7.3) and Lemma 8.1 above.

Let ¢ be a critical point of f and consider the associated dynamical partitions
P(co) forn = no(f), where no(f) is as in Theorem 6.3. We are also assum-
ing that such n is large enough that the iterates f97 and f97+! have negative
Schwarzian derivative at all points in 7,1 (co) (I»(co) respectively) where their
derivatives do not vanish (this is possible by Proposition 6.2). We will only con-
sider in the prooflong atoms of &, (c¢), the proof for the short ones being the same.
Moreover, we will decompose first the collection {J € Puti1(co): J C Iy (co)},
and then we will spread this decomposition iterating by f. Solet A = I(co),
and consider the following consecutive atoms of %, 41(co) inside A: Ay =
S (Iny1)and Aj; = flan+1(Ag) for j = 1,2,...,an+1 — 1; note that Aj =
SIF1(Aj_q) forall 1 < j < aup41 — 1. Some of these intervals may be critical
spots (which are always comparable in size with |A|, by Lemma 8.1). We look at
the bridges between such critical spots, and pick the longest one. More precisely,
let 0 < j1 < j2 < apg1 — 1 with j, — j; maximal with the property that ¢ =
fan+i |Aj1 U-UA, is a diffeomorphism onto its image. Let T, = A;, U---UA},,
R, = Aj]aLn = Aj2 and M, =T, \ (L, URy,) = Aj1+1 U---UAjz_l. Note
that @ |ps,, is an almost parabolic map (Definition 7.3) with length £ = j, — j1 —1,
and note that £ > a,4+1/(N + 1), where N is the number of critical points of f.
Letuswrite J1 = Aj 41, J2 = Aji42, ..., Jg = Aj 14 = Aj,—1. From the
real bounds (Theorem 6.3), we have |J1| < |A| x |J¢|, with beau comparability
constants. Therefore, by Yoccoz’s inequality (Lemma 7.3), there exists a constant
Co > 1, depending only on £, such that, forall 1 < j < £,

- G < le|< . Co
min{j . 07 1Al S mintj (-1

(8.20)

Now we claim that there exists a constant t > 0 (depending only on f') such that

|fILn)| > | f1(Mn)| and | f1(Ra)| > T | (Mn)|
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foralli € {0, ..., gn+1}. Indeed, again by combining Theorem 6.3 with Lemma 8.1
we obtain the claim for bothi = 0 and i = g,+1. By the Cross-ratio Inequality
(note that the intervals Ty, f(Ty), ..., f9+171(T},) are pairwise disjoint), we de-
duce the claim forany i € {1,...,¢gn+1 — 1}. With this at hand, and since f*|T,

is a diffeomorphism for any i € {0,...,¢gn+1}, we can apply Koebe distortion
principle (Lemma 5.2) in order to obtain a constant K = K(f) > 1 such that
f"|m, has distortion bounded by K for eachi € {0,...,¢gn+1}. Let us now de-
fine B =2(N + 1) {\/ 2KC0-| + 1. We are assuming from now on that n is one

of infinitely many natural numbers such that a,4; > B. Let m be the smallest
natural number such that K Cozm_2 < %; in other words, let m = («/2[( CO—‘.
Since an+1 = B, we have

¢ an+1 B
= > > V2KCo |l =m .
27 2N+1) C 2N+ { "W "

Thus, setting J' = Jy and J” = ¢™ " 1(J') = Jy, it follows from (8.20) that

1 17" Cc? 1 1
< < — < 7= < 3.
Cgm? |J/] m?2 2K 2

(8.21)

We are now ready to define the desired decomposition of <74, the collection of
all atoms of &, 11(co) that are contained in A = I,(cg). Let szflA = {J'}, let
A ={J"} and let P = 74\ (P UAP). We claim that this decomposition
satisfies all conditions (i)-(iv) in the standing hypothesis. From (8.21), we have
|J'| > 2|J"|, so (i) is satisfied with by = 2. By the mean value theorem, there
exists & € J’ such that

|J//| 1
|J/| 2 C2 2
Om

D¢™ 1 (E) =

’

where we have again used (8.21). By Koebe distortion principle, there exists
C; > 1 (depending only on f') such that

D¢ (x) /
——= < , forall .
D 1(E) Cy orallx € J

Combining these facts we deduce that D¢p™1(x) > (C02C1m2)_1, and so (ii)
is certainly satisfied if we take k = ¢gu4+1(m — 1) and by = KC02C1m2 =

Ci' <



8.2. No invariant o-finite measures 203

2
KC02C1 {\/2KC0—‘ . Note that by > 2 = by. For 2 = J' U J”, we now

have, using (8.20), the simple bound A(2) = |J/|+|J"| > |J'| = C4'|A| . This
shows that (iii) is satisfied if we choose 6 = C 1 < 1. Finally, condition (iv) is
trivially satisfied because both dlA and %A have a single element.

Now we spread the previous decomposition along the whole family of long
intervals of &2, (co). More precisely, for eachi € {1,...,¢g,+1 — 1} we define a
decomposition of 274, the collection of all atoms of 2, 11 (co) that are contained
in A = fi(In(co)), as follows: let 72 = {fi(J)}, let ZF = {fI(J")}
and let .!Z{?,A = o4\ (%A U %ZA). Again, we claim that this decomposition
satisfies all conditions (i)-(iv) in the standing hypothesis. Indeed, for each i €
{I,....qn+1— 1} letx] € J' and x]' € J" be given by the mean value theorem:

£ _ DI 107
77N T DD 10T

By bounded distortion and (8.21) we obtain

}fi(J//)‘ _ Dfi(xl{/) |J//| _ |J//| _ KC02
|fin] D) 1] ST T m?

<

| =

So (i) is again satisfied with by = 2. Now if we conjugate gi_)m_lA ' — J" with
the iterate f*, we obtain a diffeomorphism f* o™ Lo f7H: fE(J) > fE(J")
which satisfies the following for all x € f*(J'):
D(fT o™ o f7)(x) = D" (fT (1)) DF (@™ o f 7)) DT ()
1y i DS o f T (x)
:D¢m l(f l(x)) ( i — )
Dfi(f(x))

Since /' (x) belongs to J, ¢™~1( f 7' (x)) belongs to J” and then

D(f o¢™ o fT)(x) > %D¢’”‘1(f"'(X)) > %(cozclmz)‘l :

Therefore, just as before, (ii) is again satisfied with k = ¢g,+1(m — 1) and b; =
2
KC3Cim? = KCZCy {«/2KC0—| . By Lemma 8.1, the i-th iterate of a critical

spot, contained in I, (co), is comparable to £ (In (co)) foralli € {0,1,...,qn+1}
and then, by Theorem 6.3, the interval f7(J’) is comparable to f* (I n (co)) as well,
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which implies (iii). Again, condition (iv) is trivially satisfied. Summarizing, we
have shown that, for infinitely many values of n, the partitions Z,(co) satisfy
conditions (i) through (iv) of the standing hypothesis. Therefore, by Theorem 8.2,
f does not admit a o-finite invariant measure equivalent to Lebesgue measure.
This finishes the proof. O

Second step

We now move to the bounded type case. Here our goal will be to prove the follow-
ing result.

Theorem 8.4. If f is a multicritical circle map with an irrational rotation number
of bounded type, then f does not admit an invariant o-finite measure which is
absolutely continuous with respect to Lebesgue measure.

In the proof of Theorem 8.4 we will make use of the following two auxiliary
results.

Proposition 8.2. Given a multicritical circle map f with an irrational rotation
number of bounded type, there exist constants Co > 1 and 0 < Ay < A1 < 1 with
the following property. For each x € 8, each n,k > 0 and every pair of atoms
I € Zy(x)and J € Py (x)withJ C I, we have

J
Coak < (A Cork .

7]
Proof. Exercise. O

Proposition 8.3. Given a multicritical circle map [ with an irrational rotation
number of bounded type, there exists ng = no(f) € N such that for alln > ny
we have

Sfin+1(x) <0 forall x € S regular point of fIn+1,
Likewise, we have
Sfin(x) <0 forallx € S regular point of f9".

We postpone the proof of Proposition 8.3 until the end of this section (see
subSection 8.2.3).
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Remark 8.3. We emphasize that the statement of Proposition 8.2 is false for un-
bounded combinatorics. On the other hand, Proposition 8.3 is most likely true for
any irrational rotation number.

Our proof of Theorem 8.4 will be based on the following lemma. Recall that
we are fixing our attention on a critical point ¢ of f. Below, we use the following
notation: for all i > 0, let c_; = f~*(c); we write accordingly I,(c—;) =
f7 (In(c)) foralln > Oandalli > 0.

Lemma 8.2. There exist constants K > 1 and 0 < 6 < 1 such that the following
holds for all n sufficiently large and each 0 < i < g,. There exist subintervals
Al C Inyi(c—i) and A}, C In(c—;) such that

(i) A, NAL =0

(i) 1A],] > 2|A,|;

>

(i) 1AL, > OlTn(c—s)
(iv) A7, = fi(A;,), and flar Al — Al is a diffeomorphism

whose distortion is bounded by K.

Proof. We assume from the start that n is so large that f9"|;, . (_;) has negative
Schwarzian derivative for all 0 < i < ¢g,. This is possible by Proposition 8.3.
Note that each c—_; for 0 < i < qn41 is a critical point of f9". In what follows,
we keepn and 0 < i < g, fixed.

Note that for all k > 0 even we have I, 4+1(c—i) € I+1(c—i). By Proposi-
tion 8.2, there exist constants 0 < A9 < A1 < 1 and Cy > 1 such that

_ I (c—i)
clxkgmgcxk. 8.22
0 M0 S L] ot (5.22)

Moreover, if we denote by d = d(i,n) > 1 the power-law at the critical point c_;
of 97, then we have’

Lf 9" (T k41 (c=i)] - (M)d (8.23)

|1 (c—i)| [1n(c—;)]

20ne can easily check that dpin < d(i,n) < dni};X, where dpnin, and dpax are the smallest and

largest power-law exponents of the critical points of f, and N is the number of such critical points.
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e In(e-) —
o ; o ‘ o
: C—i ‘ :
k(i) = L

/
Ai,n

Figure 8.2: The iterate f9” maps A} diffeomorphically onto A7 with bounded
distortion.

Let us write I = I, 4x+1(c—;) and J = f97(]); these are obviously disjoint
intervals (see Figure 8.2), and they are both atoms of &7, (c—;). Combining
(8.22) with (8.23), we deduce that there exists a constant C; > 1 (independent of
n and k) such that

Crag@OIn < ) < o (8.24)

Note that f97|; : I — J has at most N critical points®, and has negative
Schwarzian at all regular points. Note that, by choosing k sufficiently large, we
can make |J | definitely smaller than |/ |. The meaning of “definitely smaller”, and
thus how large k has to be, will be clear in a moment.

For p > 0, let us denote the number of atoms of &2, x 1 ,(c—;) inside I (or J)
by a = a(n,k, p). Then we have 22 < a < (4 4 1)? (where A = supa, < 0o
is the least upper bound on the convergents of the rotation number of f). Choose
p = p(N) smallest with the property that 27 > 3N + 2. Since f97|; has at most
N critical points, and since a > 3N + 2, it follows from the pigeonhole principle
that there exist 3 consecutive atoms of &, | x4 ,(c—;) inside I, say L, M, R, such
that the open interval 7' = int(L U M U R) contains no critical point of /4", Hence
fn|\p : T — f97(T) is a diffeomorphism with negative Schwarzian derivative.
Applying Koebe’s nonlinearity principle, we see that

2
|Dlog Df"(x)] < — forallx e M . (8.25)
T

3Again, N is the total number of critical points of f.
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where 7 is the space of M inside 7', namely
o { IL] IR }
T = min
(M| M|
From the real bounds, we know that t > (5, for some constant C; > 0. Using

this fact in (8.25) and integrating the resulting inequality, we deduce that

€_Z/C2 < qun(x) eZ/Cz ,
Dfan(y)
Now, applying once again Proposition 8.2 (note that we are using the bounded type

hypothesis!), it follows that there exists a constant C3 > 1 depending on A such
that

forallx,y e M . (8.26)

|M|

Cy'Ab < T < G307, (8.27)
as well as an (M
C;'Ab < W < CAY, (8.28)

Putting together (8.24), (8.27) and (8.28), we deduce that
M| > Ot e 2aba @I pan ) (8.29)
Likewise, putting together (8.22), (8.24) and (8.29), we get
£ (M) > (CoC1C3) A TP Ly (ei)] . (8.30)
Now let us choose k > 1 smallest with the property that
crleyabakdom e 5 o (8.31)

where dp = min; , d(i,n) > 1 Such k exists (and is independent of ) because
)Ll < 1.

To finish the proof, we define A} = M and A}, = f9(M). These, we
claim, are the intervals satisfying propertles (1)-(iv) in the statement. Indeed, prop-
erty (i) is clear. Property (iv) follows directly from (8.26) if we take K = ez/ =3
Property (ii) follows from inequalities (8.29) and (8.31). Finally, property (iii)
follows from (8.30), provided we take 6 = (C0C1C3)_1/\§d+p. The proof is
complete. O
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Proof of Theorem 8.4. The proof will based on the generalized Katznelson crite-
rion given by Theorem 8.2. Our argument combines Lemma 8.2 with the Cross
Ratio Inequality.

It is enough to show that f posseses the Katznelson property with respect to (a
subsequence of) the sequence of dynamical partitions &2, (c) for some choice of
critical point c. For this purpose, as we have seen in the proof of that theorem, and
also taking into account the result of Exercise 8.4, it suffices to prove the following
statement.

Claim. For every sufficiently large n, every atom I € £,(c) contains two disjoint
subintervals A', A" such that: (a) |A’| > 214", (b) |A"| < |I| < |A"]; (c) there
exists ¢ > 1 such that A" = f91(A") and 9| p 1 A" — A" is a diffeomorphism
with bounded distortion.*

The comparability constants and bounds implicit in this statement depend only
on the real bounds for f and the bound on the combinatorics. To simplify the
notation a bit, let us write J; = I (c) U Ir4(c) for all k > 0. In order to prove
the claim, we proceed through the following steps.

(i) We may assume that [ is a long atom of 22, (c), say I = f9n+17 (I, (c)),
where 1 < i < gp4+1 — 1. If I happens to be a short atom, all we have to
do is recall that every short atom of &2, (c) is a long atom of &, 1(c).

(ii) The interval T = f97+1(I,(c)) contains the interval J,44 in its interior,
with definite space on both sides (see Figure 8.3). To see why this is true, first
note that, by the real bounds, the interval J, 14 is comparable to | I, (¢)|, i.e.,
|Jn+a| < |In(c)]. Consider the following two atoms of &2, 1(c), which
also lie inside 7T':

L* = f9+1(I,15) C In41(c) and R* = fIntan+1([, 1 1(c)) C I.(c).

Both these intervals share an endpoint with 7 (one on the left, the other on
the right). By simple combinatorics, we see that J,,+4 C T is disjoint from
both L* and R*. But by the real bounds, we have |L*| < |I,+1(c)| and
|R*| < |I,(c)|. If we denote by L and R the two connected components
of T'\ J,+4, then one of them contains L* and the other contains R*. For
definiteness, we assume that L O L* and R* 2 R. Hence we have |L| =<
[In+1(c)| < |T|and [R*| < |In(c)| < |T.

4The claim’s proof will show that ¢ = ¢, or ¢ = g +1, depending on whether I is a long or
short atom of Py (c), respectively.
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Figure 8.3: Finding two intervals, long and short, inside an atom I € 7, (c).

(iii) Inparticular, (ii) tells us that the cross-ratio [J; 44, f 9"+ (1, (c))] is bounded
away from 0 and oo.

(iv) Now look at the interval
ST Unta) C LTSI In(e)) = [+ 7 Un(e) =1
Observe that £ (Jy44) = Inia(c—;i) U I,4s(c_;) (in the notation in-
troduced prior to Lemma 8.2). Hence we can apply Lemma 8.2 (with n
replaced by n + 4) and deduce that there exist intervals
A=A}, 14 Clpys(c—) and A" = A7, C Inpalc—)

satisfying properties (i)-(iv) of that lemma. In particular, we have

A < | f 7 (Jnta)| = 147 (8.32)
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(v) The intervals A’ and A” already satisfy properties (a) and (c) in the claim.
Therefore, all we have to do is to verify that (b) holds as well. For this,
it suffices to show that the intervals % (J,14) and I = f4+1(1,(c_;))
have comparable lengths. Let L; = f /(L) and R; = f*(R) be the
two connected components of 7 \ £~ (J,44). Since L; D f~'(L*) and
R; O 7 (R*), and since

FTHL*) = fO9 7 (Iygn) and fTH(R*) = fOT9n 17 (1,4 (c))

are both atoms of &7,11(c) contained in the same atom I € £, (c), we

deduce from the real bounds that |L;| =< |/| < |R;|. By the cross-ratio in-
equality, the cross-ratio distortion CrD( f%; £~ (J14), I) is bounded above.
Combining this fact with (iii), we deduce that the cross-ratio [ f ~ (J,+4), 1]

is bounded below. Since the two lateral intervals L;, R; C I and the to-
tal interval / have comparable lengths, it follows that the middle interval

f 7 (Jns4) C I also has length comparable to |I]. Together with (8.32),
this shows at last that |A'| < |I] < |A”].

This completes the proof of our claim. And as we had already observed, the
claim implies that f satisfies the hypotheses of Theorem 8.2. Therefore it satisfies
the conclusion as well: f does not admit a o -finite absolutely continuous invariant
measure. This finishes the proof of Theorem 8.4. O

The punchline

Our main theorem, namely Theorem 8.1, is now an immediate consequence of
steps 1 and 2, or more precisely, of Theorems 8.3 and 8.4.

8.2.3 Negative Schwarzian redux

As promised, we offer a proof of Proposition 8.3, which we rephrase as follows.

Proposition 8.4 (The negative Schwarzian property). For any given multicritical
circle map f with bounded combinatorics there exists no = no(f) € N such that
forall xg € S and all n > ng we have

SfInt1(x) <0 forall x € I,(xq) regular point of fI"+1.
Likewise, we have

Sf9(x) <0 forall x € I41(x0) regular point of 9.
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Both the statement above and the proof below are extracted from our paper de
Faria and Guarino [2021c]. It should be clear to the reader that Proposition 8.3 is
indeed an immediate consequence of Proposition 8.4. As for the latter, we already
know its statement to be true in the case when xg is a critical point of f —in which
case it holds in fact for any irrational rotation number: this is precisely what we
did in Section 6.5, Proposition 6.2. Hence all we need is to extend the proof to
the case when xg is a regular point of a multicritical circle map with bounded
combinatorics. This requires, by way of preparation, a couple of auxiliary results.

Bounded geometry

We say that a minimal circle homeomorphism f has bounded geometry at x € S
if there exists K > 1 such that for all » € N and for every pair I, J of adjacent
atoms of &7, (x) we have

KNI < |JI<KIT.

Obviously, every irrational rotation has bounded geometry, and so does every
homeomorphism smoothly or even quasisymmetricaly conjugate to an irrational
rotation.

For multicritical circle maps, it turns out that if the rotation number of f is of
bounded type, then f has bounded geometry at every point. Here is the precise
statement.

Theorem 8.5. For any given multicritical circle map f with bounded combina-
torics, there exists a constant C > 1 depending only on f, such that for any given
point x € S, for alln € N, and for every pair 1, J of adjacent atoms of P, (x)
we have:

chi<<ciyl.

Proof. By Herman’s Theorem 7.1, f is quasisymmetricaly conjugate to an irra-
tional rotation. O

It is also possible to prove this result without using Herman’s theorem (see
Exercise 8.7). Theorem 8.5 is most definitely false for maps with rotation number
of unbounded type. We will have a lot more to say about bounded geometry in
Chapter 9.

If the rotation number p( /) = [ao, a1, ...] satisfies sup,en{an} < B, we say
that f has combinatorics bounded by B. With this terminology, we can state the
following simple consequence of the beau bounds (Theorem 6.4).



212 8. Ergodic Aspects

Lemma8.3. Given B > 1, N > 1inNandd > 1 thereexistsC = C(B,N,d) >
1 with the following property: for any given multicritical circle map f with combi-
natorics bounded by B, and with at most N critical points whose criticalities are
bounded by d, there exists ng = no(f) € N such that for each critical point ¢ of
f, foralln > ng and for every pair of intervals I € P,(c) and J € Pp4+1(c)
satisfying J C I, we have that |I1| < C |J|.

Proof. Exercise. O

The next auxiliary result we need is the analogue of Fact 6.2 in Section 6.4.
For each n > 0, we consider the intervals L, (x9) = I+1(x0) and Ry, (xg) =
F 9 (In(x0)). As usual, we write Lj(xo) = f7(Ln(x0)), etc., for the images of
these intervals under the iterates of f.

Lemma 8.4. There exists a constant T > 0 (depending only on f) such that
L5 (xo)| > ©l1] (x0)| and |R}(x0)| > 7|1 (x0)|
foreach j €{0,...,qn+1}and alln € N.

Proof. The proof of Fact 6.2 given in Section 6.4 applies here, mutatis mutandis.
The only difference occurs at the moment when we need to claim that | 1,7 (xq)| <
|1,,(x0)|. If x¢ is a critical point of f, this fact is immediate from the real bounds,
and holds under no restriction on the rotation number. But if x¢ is a regular point,
then we need to use Theorem 8.5 instead, and this is the reason for the bounded
type hypothesis. O

This, in turn, can be used to prove the following analogue of Lemma 6.5.

Proposition 8.5 (The C! bounds). For any given multicritical circle map f with
bounded combinatorics there exists a constant K = K(f) > 1 such that the
following holds. For any given xo € St andn € N let I,, = I,(xo) and I+1 =
I, +1(x0). Then we have

k
1
(i) Df¥(x) < K%forallx e€lpandallk € {0,1,... . qns1);
n
k
1
(iii) ka(x) < K%forallx € Ipt1andallk € {0,1,...,q,};
n

) 1" ler, ) S Kand || f7 o,y < K.
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Proof. Again, the proof of Lemma 6.5 given in Section 6.4 can be repeated here,
mutatis mutandis. The only difference, of course, is that Fact 6.2 is replaced by
Lemma 8.4, which only holds in the bounded type case. O

Proving that the Schwarzian is negative

We are finally ready for the proof of Proposition 8.4.

Proof of Proposition 8.4. Let us fix xo € S! and n € N. We give the proof
only for the case x € I,,(xo) regular point of f9#+! (the other case being entirely

analogous). Let j € {0, ..., ¢gn+1 — 1} be the minimum positive integer such that
fj(ln(xo)) N Jn(ci) #9
for some i € {0,...,N — 1}. Without loss of generality, we may assume that

i = 0. By Lemma 7.7 (and Remark 7.11), the intervals f7 (I, (xo)) and J,(co)
have comparable lengths, In other words, there exists Cy > 1, depending only on
f, such that

}fj(x)—co‘ C0|fJ(I (xo))‘ for all x € I,(xo).

Moreover, by Koebe distortion principle there exists C1 > 1 (also depending only
on f) such that f/|; (x,) has distortion bounded by C1, that is:

1 _Df /(x)
Df T (y)
Recall that, by the non-flatness condition, for each critical point ¢; there exist a

neighbourhood U; € § L of¢j and a positive constant K; such that for all x €
U; \ {ci} we have

< Cp forall x,y € In(xop).

K.

Sfx) <— o _C)2<0. (8.33)
LetZ = IN=_01 U;,andlet? C S'! be an open set whose closure contains no crit-
ical point of f and such that % U7 = S'!. Since f is of class C3, we know that
M = sup,cy ‘Sf(y)| is finite. Let §, = max, cg1 MaXock<g, 4, ‘fk(ln (xo))|.
Since f is minimal, §, — 0 asn — oo. We choose ng = no(f) so large
that §,, is smaller than the Lebesgue number of the covering {7, ¥} of the circle
for all n > ng. Moreover, we also require that §, < Ko/M K> C¢ C3 for all
n = ng, where K = K(f) > 1is given by Proposition 8.5. Using the chain rule
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for the Schwarzian derivative, we have forall £ € {j + 1,...,¢n+1} and for all
x € I,(xo) regular point of ¢ the following identity:

{—1
srte) = Y sAoten [prtw)]

k=0

We decompose this expression as 21(")()6) + Ez(n)(x), where

50w = Y s [prtw] . @3

k:fk(In(xo))C%

and Eén)(x) is the sum over the remaining terms, and we treat both cases sepa-
rately.

(i) Since f7(I,(x0)) N Jn(co) # @, we have f7 (I, (xo)) C % and then the
sum in the right-hand side of (8.34) includes the term with k = j, namely
Sf(fj (x)) [ij (x)]z. Since all the other terms in (8.34) are negative as
well, and since ‘fj(x) — co‘ < Gy |fJ (I (x0))|, we deduce from (8.33)
that:

Ko

M) < -
: C2|f7 (In(xo))|”

(D7)

Lety € I,,(xo) be such that }ff (I (xo))‘ = Df7(y)|I.(xo)|. By bounded
distortion, we obtain:

. 2
) _ Ko 1 Df7(x) _ Ko :
S < & R 50| e

(8.35)

(i) Observe that

w0l < Y sl [prre]

k:fk(In(xoNCV
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By Proposition 8.5, there exists K > 1 such that

k 2
Wl Y sty k2 R u(n’(")f:)"'?'

ki f*In(xo)) ¥

2
Mx S AU

ST ok
| n(x0)| k:fk(ln(XO))C/y/

MK?
R o Ao 3 [ tao)
mee e e fR (L (x0)) ¥
MK?

< ——— 6y
[ 1n(x0)]2 "
(8.36)

By our choice of ng, we know that §, < Ko/M K? C02 C12 for alln > ng, and

then we deduce from (8.35) and (8.36) that, indeed, Sf¢(x) < 0 forall £ € {j +
1,....qns1}and all x € I, (xo) regular point of f*. O

8.3 Lyapunov exponents

Recall from Theorem 3.11 (Section 3.4.2), that every diffeomorphism of the circle
without periodic points has zero Lyapunov exponents everywhere. We will see
in this section that an analogous result holds for multicritical circle maps (Theo-
rem 8.6). The proof of this result is considerably more difficult than the one of
Theorem 3.11, since in this case log Df is not a continuous function: it is defined
only in the complement of the critical set of f, and it is unbounded (recall Fig-
ure 6.3).

8.3.1 The Collet—Eckmann condition

The result we wish to present is taken from de Faria and Guarino [2016]. For its
proper formulation, it is best to introduce the notion of Collet—FEckmann condition.
We do this in the restricted context of homeomorphisms of the circle, but of course
a much more general definition is possible.

Definition 8.2. We say that a multicritical circle map f satisfies the Collet—Eck-
mann condition at a critical point ¢ € Crit(f') if there exist C > 0 and A > 1
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such that Df"(f(c)) = CA" for alln € N, or equivalently
1
liminf—log Df"(f(c)) > logA > 0. (8.37)
n—oo n

Theorem 8.6 (Zero Lyapunov Exponent). Let f : S — 81 be a C3 critical
circle map with irrational rotation number, and let | be its unique invariant Borel
probability measure. Then log Df belongs to L' (i) and it has zero p-mean, in
other words

/ logDf du =0.
S1

Moreover, no critical point of f satisfies the Collet—Eckmann condition.

Remark 8.4. In the presence of flat critical points, as in the examples by Hall
[1981], it is expected that log Df will not be integrable.

8.3.2 The key step

Our proof of Theorem 8.6 relies on Proposition 8.6 below. As before, let {g, }neN
be the sequence of return times given by the irrational rotation number of f. Let
us denote by ¢1, ¢2, ..., cn the critical points of f (N > 1)and letd; > 1 denote
the criticality of each ¢;. Conjugating f by a suitable C 3-diffeomorphism (which
does not affect its Lyapunov exponent — see Exercise 3.5 of Chapter 3) we may
assume that each ¢; has an open neighbourhood V(c;) where f is a power-law of
the form:

F(x) = flci) + (x —ci)|x —¢;|%71 forall x € V(c;). (8.38)

We also assume, of course, that V(c;) N V(c;) = O wheneveri # j.

Recall from the real bounds (Theorem 6.3) that, for each ¢ € {c1,¢2,...,¢N},
the dynamical partitions {33,, (c)}n cn have the comparability property: any two
consecutive atoms of &2, (c) have comparable lengths. We will also need the fol-
lowing three further consequences of the real bounds.

Lemma 8.5. There exists By = Bo(f) > 1suchthatforeachc € {c1,¢2,...,cN},
for each n € N and for each atom A € £, (c) we have

4]

1 qn
< |7 @)] < Bolal.
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Lemma 8.6. There exists By = Bi1(f) > 1 with the following property. Let
A € Py (c) and denote by A* the union of A with its two immediate neighbours
in Py(c). If0 < j < k < qn are such that the intervals f7(A*), f/11(A%), ...,
F*=1(A*) do not contain any critical point of f, then the map f*=7 : fi(A) —
F*(A) has distortion bounded by By, that is

i
Bil < % < By forallx,y € f7(A). (8.39)

Proof. The real bounds imply that f7(A) has space inside f7/(A*). Moreover,

the map fK=7 : f/(A*) — fk(A*) is a diffeomorphism, and hence (8.39)
follows from the standard Koebe distortion principle (Lemma 5.2). U

Lemma 8.7. There exists By = Bo(f) > 1 with the following property: if c # ¢’
are critical points of f and A € Py(c), A" € P,(c’) for somen € N are such
that AN A" # @, then By 1|A'| < |A| < By|4A|.

Proof. This follows from the combinatorial fact that A is contained in the union
of two adjacent atoms of Z2,(c’), one of which is A’, and likewise for A’. O

For each k > 0 and each critical point ¢ we will use the notation Ji(c¢) =
I (c) U Igiq(c) = [qu+1 (c), fix (c)] > ¢. The key step in the proof of Theo-
rem 8.6 is the following fact.

Proposition 8.6. There exists C = C(f) > 0 with the following properties:

1. Foreach x € SY and all n > 0 we have log Df 9" (x) < C.

2. Foralln > 0, ifx € S'is such that f'(x) ¢ jziv Jon(cj) for all
0<i < gn, thenlogDfi(x) > —Chn.

In what follows we denote by Co, C1, Ca, C3, ... positive constants (greater
than 1, in fact) depending only on f. Moreover, for any two positive numbers a
and b we use the notation a =< b to mean that C ~'a < b < Ca for some constant
C > 1 depending only on f.

Proof. Let us fix once and for all a critical point ¢ € Crit(f). We assume that
n > 0 is large enough so that each atom of 7, (c) contains at most one critical
pointof f. Letx € S!andlet A € #,(c) besuchthat x € A. Let A* D Abeas
in Lemma 8.6. Just by taking n larger still, we may assume that, for 0 < k < ¢,
each f¥(A*) contains at most one critical point of f. We say that 0 < k < gy,
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is a critical time for x if f*(A*) contains a critical point of f. Let us write
0 < ki <ky <+ < ky, < gyn for the sequence of all critical times for x.
Note thatm < 3N since the family { f¥(A*)}, <k <q, has intersection multiplicity
equal to 3. Using these critical times and the chain rule we can write:

m—1
Dfn(x) = Dffteo)| T Dok =154 @) Df (f% () | (8.40)

j=1
x Dfin=km=1( fkmT ) D (fFm(x)).

We proceed to estimate each term in the product (8.40) above. From Lemma 8.6
(with j = 0 and k = k1) we have:

o

Dffi(x) < A

(8.41)

Again from Lemma 8.6 (with k; 4+ 1 and k j 41 replacing j and k respectively) we
have forall j € {1,...,m —1}:

_ @)

S )

(8.42)

For each j € {1,...,m} let B; € Crit(f) be the (unique) critical point of f in
fki(A*), and let d j be its criticality. Since we are assuming that 7 is sufficiently
large, we may suppose that /%7 (A*) C V(B;) forall j € {1,...,m}. Then, from
the power-law expression (8.38) we have:

‘dj -1

Df (% () = |f* (x) - B,

and recall that d; — 1 > 1 forall j € {1,...,m}. Still using the power-law
expression we see that:

: (8.43)

‘fkf"'l(A)} = }fk/ (A)}dj forall j € {1,...,m}. (8.44)
Using Lemma 8.6 yet again, we also see that:

|f4n(4)]

PITTET O = ez

(8.45)
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Let us now prove assertions (1) and (2) in the statement of the proposition.
Note that (8.43) yields:

Df (% (x)) < Co| f¥ (A)| ¥ forall j e (1,...,m}, (8.46)

where Co = Co(f) > 0. Combining all these facts, namely (8.41)-(8.46), we
deduce the following (upper) telescoping estimate:

’ \f"‘(A){ LR )y
Df"(x) < (i Hlfk“(A)\‘f (4)]
o | £lem ( Ay 41 ‘fq"(A)}
‘f ( )| |fkm+1(A)|
_ @ 1|fkf+1(A>| | fan ()] If""(A)\
A )] | )] Al 2
(8.47)

where in the last line we have used (8.44) and finally Lemma 8.5. This proves
item (1). In order to prove item (2) note first that all estimates provided above are
two-sided, except (8.46). In order to get a lower bound for the left side of (8.46)
we use the hypothesis in (2). Since 1%/ (x) ¢ Jan (Bj) we have:

| £ () = Bj| = Ca|Lan(By)- (8.48)

From the real bounds we know that there exists A € (0, 1) depending only on
f such that C4_1A”|In(,3j)’ < |12,,(,3j)| < C4)L”‘In(/3j)}. Moreover, we claim
that ‘In B j)| is comparable to { ki (A)|. Indeed, this follows from Lemma 8.7
because 1,(B;) € Pu(B;) intersects an atom of Fy(c) in f¥*i(A*), and this
atom has length comparable to ‘ ki (A)‘ (such atom is either f*/(A) itself, or
one of its neighbours). Using these facts in (8.48) we deduce that:

dj—l

Df (f* (x)) = Cs A=Y | fki ()| (8.49)

Using this lower estimate in place of the upper estimate (8.46) and proceeding
as in (8.47) we arrive at the estimate

Df9"(x) > Ce alditdattdm—m) , (8.50)
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where again C¢ = Cg(f) > 1. Notethat 0 < dy +do + -+ dpy —m <
3(di +d + --- + dn), and since « = 3(dy + dy + -+ + dp) is a positive
constant depending only on f we get:

Df " (x) = Ce A™

and then:

1
log Df9" (x) > —na log —

1 +10gC6 = —C7n.

With Proposition 8.6 at hand we are ready to prove Theorem 8.6.

Proof of Theorem 8.6. The fact that no critical point of f satisfies the Collet—Eck-
mann condition follows at once from item (1) of Proposition 8.6. By Proposi-
tion 8.1 we know that log Df € L!(u), and then we know from Birkhoff’s ergodic

theorem that
. { log Df"(x)
lm {———~

n—>+o0o n

} 2/ log Df du,
S1

for p-almost every x € S'!. Foreachn > 0 let

J=Nqn—1
An =8\ J U /7 (n(cy)
j=1 i=0
j=N
={xeS':VO<i<gn—1:f (x)eS"\ | Janlc)) .
j=1
and consider
+00 +o00
A=limsup A, = () | 4n.
neN k=1n=k
We claim that A has full g-measure. Indeed, since:
1 1

w(J2n(c))) = n(l2n(cj)) + n(l2ns1(cy)) < + ,
q2n+1 q2n+2

we deduce that g, M(Jzn (c j)) — 0 (exponentially fast in n, in fact) and since
w(Ap) > 1—Nqn,u(J2,, (Cj)) we see that i(A,) — 1 asn — +oo. This implies
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the claim that u(A) = 1. Now for each x € A we have from Proposition 8.6 that
there exists a sequence nj — 400 such that:

—Cny, < log Df 97k (x) < C
Any Anyi qny

’

and letting k — 400 we get that:

1 D qny
lim 108 D)

k—+o00 dny

Therefore:
. log Df™(x)
lm {————~% =0

n—+o0o n

for p-almost every x € A, and then we are done since A has full y-measure. [

8.4 Hausdorff dimension

We close this chapter with an elegant recent result due to Trujillo [2020]. Only
the statement will be given, however — discussing the proof would constitute a
digression into the realm of geometric measure theory.

As we have seen in Section 8.2, the unique invariant probability measure i
under a multicritical circle map f is purely singular with respect to Lebesgue
measure. The Hausdorff dimension of u, denoted dimg (u), is by definition the
smallest of the Hausdorff dimensions of all measurable sets having full ;-measure.
More precisely,

dimpg (1) = inf{dimg (E) : E C S is measurable and u(E) = 1} .

A natural question to ask is: how does the Hausdorff dimension of u vary with
f? Obviously, a priori it should only depend on the bi-Lipschitz conjugacy class
of f. In his recent paper, Trujillo [ibid.] establishes lower and upper bounds for
dimg (u) that depend only on the Diophantine nature of the rotation number of
f. In order to state his result, let us first recall from Chapter 4 that an irrational
number « is said to be Diophantine of order § > 0 if there exists a positive constant
C = C(a) > 0 such that

C
q2+8 ’

forall p,geZ, q #0.
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We denote by Zs the set of all Diophantine numbers of order §. Recall from Exer-
cise 4.11 that % is precisely the set of numbers of bounded type. As we will see
in Appendix A, the set 2y has zero Lebesgue measure (see Lemma A.1), whereas
for each 6 > 0 the set I has full Lebesgue measure (see Lemma A.4).

Theorem 8.7. If f is a C3 multicritical circle map with irrational rotation number
o = p(f) and w is its unique invariant probability measure, then the following
holds.

(i) If p € Ds for some § = 0, then there exists v > 0 such that

1
di > )
imy (1) > +v
(ii) If p & Ds for some § > 0, then
dimg (n) < !
im < —.
HUW S 51

Note that the above theorem does not provide an upper bound for dimg (@)
in the case when the rotation number p( /) is of bounded type (i.e., lies in %).
Nevertheless, it had already been known since the work of Graczyk and Swiatek
[1993] that in the bounded type case the Hausdorff dimension of w lies strictly
between 0 and 1.

Exercises

Exercise 8.1. Let f : S' — S be a C! non-minimal circle homeomorphism
with irrational rotation number (e.g., a Denjoy counterexample). Show that there
exist uncountably many o-finite f -invariant measures which are non-atomic and
have pairwise disjoint supports.

Exercise 8.2. Work through the following steps to construct a minimal homeomor-
phism of S'!, with arbitrary irrational rotation number, having an infinite, o -finite
invariant measure which is absolutely continuous with respect to Lebesgue mea-
sure. Fix an irrational o € (0, 1), and consider the rotation R,,.

(i) Show that there exists a closed, perfect and totally disconnected set Eg C
S whose rotated copies E,, = R%(Eo), n € Z are pairwise disjoint.
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(ii) Let vg be a non-atomic Borel probability measure on S ! supported by E,
and let v, = (R])xvo, n € Z, be its rotated copies under Ry. Setv =

2 nez Vn and
1
n=3 E 271y,

nez

Show that u is a probability measure on S whose support is the whole
circle, and that v is an infinite, o-finite measure which is invariant under the
rotation R.

(iii)) Show that the measures p and v are equivalent, i.e., they are mutually abso-
lutely continuous.

(iv) Let h : S' — S be the primitive of p given by h(x) = [y du(r) =
1[0, x], and verify that 4 is a homeomorphism. Show that i, = leb.

(v) Check that the measure V = /v is infinite but o-finite, and prove that it is
absolutely continuous with respect to Lebesgue measure.

(vi) Finally, letting f, = h o Ry o h™!, show that f, leaves ¥ invariant, i.e.,

(fo)«V = V.
This example is due to Katznelson [1977, p. 11].

Exercise 8.3. Show that the homeomorphism f, : ' — S constructed in the
previous exercise is not ergodic with respect to Lebesgue measure. Deduce that
fo cannot be C2, or even C 1 TBY,

Exercise 8.4. Let f : S — S be a minimal C! homeomorphism satisfying the
following hypothesis. There exist constants o, K > 1 and § > 0 such that for any
given interval I on the circle, we can find (a) two disjoint intervals J/, J” C I
with [J/| > «|J”| and |J”| > B|I|; and (b) an iterate of f mapping J’ diffeo-
morphically onto J” with distortion bounded by K. Show that f satisfies the
conclusion of Theorem 8.2.

Exercise 8.5. Fill in the missing details of the proof of Lemma 8.1.
Exercise 8.6. Prove Proposition 8.2.

Exercise 8.7. Give a proof of Theorem 8.5 that is independent of Herman’s Theo-
rem 7.1.



In this chapter we study the geometric structure of individual orbits of a multicri-
tical circle map with irrational rotation number.

From the dynamical standpoint, a minimal circle homeomorphism f : §1 —
S 1 is topologically very homogeneous: all orbits look topologically the same. But
are such orbits geometrically the same? In order to turn this somewhat vague
question into a mathematically meaningful one, we need to properly define the
underlying concept of geometric equivalence. We also need to assume that f has
some reasonable degree of smoothness.

Let us agree to say that the orbits 'y (x) and O f(y) of two points x,y €
S1 are geometrically equivalent if there exists a self-conjugacy h : S! — §'!
(ho f = f oh)which is a quasisymmetric homeomorphism carrying &' (x) to
O (). So let us ask that question again: are two given orbits &'y (x) and ¢ (y)
geometrically equivalent?

The answer is easily seen to be “yes” if f is smoothly conjugate to a rotation.
For instance, when f is a smooth diffeomorphism with Diophantine rotation num-
ber, the rigidity results discussed in Section 4.5 imply that f is smoothly conjugate
to arotation — and all orbits under a rigid rotation are not just merely geometrically
equivalent, they are isometric. By contrast, our purpose in the present chapter is
to explain that the answer to the above question is “almost always no” when f is a
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critical circle map. Precise statements will be given in due time. The entire expo-
sition here is extracted from our own recent work, de Faria and Guarino [2021b].

9.1 Geometric equivalence of orbits

Ideally, we would like to classify orbits of a (reasonably smooth) minimal homeo-
morphism of the circle up to quasisymmetric equivalence.

As we have seen in Chapter 7, quasisymmetry can be regarded as a very weak
form of geometric regularity. Indeed, it is so weak that one might guess, for in-
stance, that every conjugacy between two critical circle maps is quasisymmetric.
This guess is reinforced by Theorem 7.1, which, we recall, states that every multi-
critical circle map whose rotation number is an irrational of bounded type is qua-
sisymmetrically conjugate to the corresponding rotation.

However, the above guess is unfortunately wrong. Our purpose in the present
chapter is to explain that a conjugacy between two critical circle maps is almost
never quasisymmetric. We will first identify a mechanism which forces the break-
down of quasisymmetry for a topological conjugacy (see Lemma 9.4 in Section 9.6),
and then we will show that this mechanism is abundant, both from the topological
and measure-theoretical viewpoints (see Theorem 9.6 in Section 9.2). The precise
statements will be given below — see Theorems 9.1 to 9.3.

9.1.1 Orbit-flexibility

Some of these results can be stated in the light of the complementary concepts of
orbit-rigidity and orbit-flexibility, which we presently describe.

Definition 9.1. We say that a minimal circle homeomorphism f is quasisymmet-
rically orbit-rigid if for any pair of points x,y on the circle there exists a qua-
sisymmetric homeomorphism hy y which conjugates f to itself and maps x to y.
If f is not quasisymmetrically orbit-rigid, we say that f is quasisymmetrically
orbit-flexible.

Example 1. Every rotation is quasisymmetrically orbit-rigid, and the equivalence
between orbits is in fact given by an isometry.

Example 2. Every sufficiently smooth circle diffeomorphism with Diophantine ro-
tation number is quasisymmetrically orbit-rigid. This follows from the Herman—
Yoccoz theorems of Section 4.5.
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For multicritical circle maps, we have the following simple consequence of
Theorem 7.1.

Proposition 9.1. Every multicritical circle map f with rotation number o = p(f)
of bounded type is quasisymmetrically orbit-rigid.

Proof. Leth : S' — S! be a quasisymmetric conjugacy between f and the
rotation Ry, whose existence is guaranteed by Theorem 7.1. Given x, y € S!, let
R be the circle rotation with R(x) = A~ !(y). Then ¢ = ho R is a quasisymmetric
homeomorphism, and since any two rotations commute, we have

o lofop=(hoR)ylofo(hoR)=R 'oRyoR=R,.

Therefore ¢ conjugates f to Ry, and since ¢(x) = y, it maps the orbit of x onto
the orbit of y. 0

By contrast, we will show in Theorem 9.1 that (uni)critical circle maps whose
rotation numbers belong to a certain full-measure set are quasisymmetrically orbit-
flexible (see also Proposition 9.2). In particular, the centralizers of such maps in the
group of all homeomorphisms of the circle contain non-quasisymmetric elements
(see Section 9.1.4 below).

9.1.2 Statement for unicritical maps

In the unicritical case we have the following coexistence phenomenon.

Theorem 9.1. There exists a full Lebesgue measure set R4 C [0, 1] of irrational
numbers with the following property: let f and g be two C3 circle homeomor-
phisms with a single (non-flat) critical point (say, ¢y and cg respectively) and
with p(f) = p(g) € R4. For any given x € S let hy € Difﬂ(Sl) be the
topological conjugacy between f and g determined by hy(x) = cg. Let </ be
the set of points x € 81 such that the homeomorphism h,, is quasisymmetric, and
let B = S\ of be its complement in the unit circle (that is, B is the set of
points x € S such that the homeomorphism hy is not quasisymmetric). Then </
is dense in S, while B contains a residual set (in the sense of Baire) and it has
Sull ju p-measure, where |1 ¢ denotes the unique f -invariant probability measure.

Remark 9.1. A somewhat related coexistence phenomenon occurs in the context
of Lorenz maps, and also in the context of circle maps with flat intervals (see
Martens, Palmisano, and Winckler [2018] and references therein).
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Remark 9.2. The proof of Theorem 9.1, to be given in Section 9.6, still works if
one of the two maps has more than one critical point.

Let us pose two questions that arise from Theorem 9.1.

Question 9.1. Denote by BT C (0, 1) the set of irrational numbers of bounded
type. Corollary 7.3 implies that R 4 is disjoint from BT (since, in this case, all
conjugacies are quasisymmetric). Is it true that R 4 = [0, 1]\ (Q UBT)? Is it true,
at least, that R 4 contains a residual subset of [0, 1]?

Question 9.2. Note that both sets .7 and # defined in Theorem 9.1 are f-invariant.
Indeed, this follows from the identity 7y = h r(x) o f and the fact that f itself
(hence f" forall n € Z) is a quasisymmetric homeomorphism. By Theorem 7.2,
the critical point of f belongs to <7 (and then its whole orbit), since /. , is always
a quasisymmetric homeomorphism. It could be the case that &/ = { fMeyr):in e
Z}. Is it true, at least, that &/ is a countable set?

In Section 9.1.4 below we describe more precisely the notion of orbit-flexibility,
and state some straightforward consequences of Theorem 9.1. In Section 9.1.5 we
state some further consequences of Theorem 9.1, this time involving geometric
bounds for dynamical partitions (see Theorem 9.5).

9.1.3 Statements for multicritical maps

As usual, we denote by a, = an(p), n € N, the infinite sequence of partial quo-
tients of the continued fraction development of a given irrational number p. Let
us consider the set Eo, consisting of all numbers p € (0, 1) for which the corre-
sponding a,’s are even and lim, oo a, = o0. It is not difficult to see that E
is a meager set whose Lebesgue measure is equal to zero (see Exercise 9.3). De-
spite being both topologically and measure-theoretically negligible, this set does
contain some interesting Diophantine, Liouville and transcendental numbers, see
Section 9.5. Our second goal in this chapter is to prove the following result.

Theorem 9.2. There exists a set 4 C [0, 1], which contains a residual set (in the
Baire sense) and has full Lebesgue measure, for which the following holds. Let f
and g be two C 3 multicritical circle maps with the same irrational rotation number
0 and such that the map f has exactly one critical point ¢, whereas the map g
has exactly two critical points c1 and c3. Denote by o and 1 — « the Lg-measures
of the two connected components of S' \ {c1, c2}, where yg denotes the unique
invariant probability measure of g. If (p, ) belongs to 9, then the topological
conjugacy between f and g that takes cg to c1 is not quasisymmetric. Moreover,
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the set of rotation numbers Rg = {p : (p,a) € ¥ for some a} contains the set
E defined above.

The proofs of both Theorem 9.1 and Theorem 9.2 will be given in Section 9.6.

The following auxiliary result, a complete proof of which can be found in de Faria
and Guarino [2021b], will be discussed in Section 9.7.
The C°° Realization Lemma. For any given (p, ) € ([O, 17\ Q) x (0, 1) there
exists a C°° bi-critical circle map with rotation number p, a unique invariant Borel
probability measure | and with exactly two critical points ¢y and ¢, such that the
two connected components of S\ {c1, c2} have ji-measures equal to o and 1 —«
respectively.

Remark 9.3. 1t is possible to prove a similar Analytic Realization Lemma using
the results of Zakeri [1999, Section 7].

Together with Theorem 9.2, the C *° Realization Lemma implies the following
result.

Theorem 9.3. There existsaset Rc C [0, 1] of irrational numbers, which contains
a residual set (in the Baire sense), has full Lebesgue measure and contains E o,
for which the following holds. For each p € Rc, there exist two C *° multicritical
circle maps f.g : 81 — S with the following properties:

1. Both maps have the same rotation number p;

2. The map f has exactly one critical point co, whereas the map g has exactly
two critical points ¢y and cp;

3. The topological conjugacy between [ and g that takes cq to ¢y is not qua-
sisymmetric.

9.1.4 Centralizers

Following Yoccoz [1984a, 1995a], we denote by Zo(f) = {h € Difﬁ)r(Sl) :
ho f = f oh} the centralizer of f in Difﬁ(S 1). We also denote by QS(S'!)

the subgroup of Difﬁ)r (S'1) consisting of those homeomorphisms of the circle that
are quasisymmetric. In this language, Theorem 9.1 has the following immediate
consequence.

Theorem 9.4. If f : S' — S is a unicritical circle map with p(f) € R 4, then
f is quasisymmetrically orbit-flexible. In particular, Zo(f) \ QS(S!) # @.



9.1. Geometric equivalence of orbits 229

See also Avila, Cheraghi, and Eliad [2020, Section 4] for recent results on the
centralizers of some analytic circle maps. In fact, much more can be obtained from
Theorem 9.1. First, we need a definition. Let f : S — S be a minimal circle
homeomorphism.

Definition 9.2. Ifx,y € S, wesay that x is f-equivalent to y, and write x ~FY,
if there exists a quasisymmetric homeomorphism h € Zo(f) such that h(x) = y.

It is clear that ~ ¢ is an equivalence relation, so we can consider the set of
equivalence classes Xy = § 1/~ 7. Below, in the proof of Proposition 9.2, we
will use the following observation.

Lemma 9.1. A/l equivalence classes are homeomorphic to each other.

Proof. Let us mark some point c € S!. For any given x € S! consider Fy :
S! — S1 defined as follows: given y € S! let hy,y € Zo(f) be determined by
hyx,y(x) = y, and then let Fy(y) be defined by hy,y (Fx(y)) = c. It not difficult
to prove that Fy is a circle homeomorphism which identifies the class of x with
the class of c. In particular, given x,y € S!, the homeomorphism F n Lo Fy
identifies the class of x with the class of y. O

Note that if f is either a diffeomorphism or a (C3) multicritical circle map,
then points in the same f-orbit are f-equivalent. More generally, for such f’s,
if x ~ 7 y then for each x’ € O r(x) and each y’ € O (y) we have x" ~ ¢ y'.
This happens because, in the cases considered, f itself (hence f” foralln € Z)is
a quasisymmetric homeomorphism. Note that, being f -invariant, all equivalence
classes are dense in the unit circle.

In the language introduced before, if X s reduces to a single point, then f* is
quasisymetrically orbit-rigid, whereas if X ¢ has more than one point, then f is
quasisymetrically orbit-flexible. Now we can state the following simple conse-
quence of Theorem 9.1.

Proposition 9.2. If f : S' — S is a unicritical circle map whose rotation
number belongs to the set R 4 of Theorem 9.1, then all its equivalence classes are
meagre (in the sense of Baire). In particular X y is uncountable.

Proof. By definition, the set <7 given by Theorem 9.1 (applied to the particular
case g = f)is the equivalence class of ¢ 7, the critical point of f. Being disjoint
from the residual set %, the set &/ is meagre. By Lemma 9.1, all classes are
meagre, and therefore, by Baire’s theorem, their number is uncountable. O
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As already explained, if f : ! — S is an irrational rotation or a smooth dif-
feomorphism whose rotation number is Diophantine, then X ¢ is a single point. By
Proposition 9.1, the same happens with any multicritical circle map with rotation
number of bounded type.

9.1.5 Unbounded geometry

Let f be a C3 multicritical circle map with irrational rotation number. We say
that f has bounded geometry at x € S if there exists K > 1 such that for all
n € N and for every pair /, J of adjacent atoms of &7, (x) we have

K I < [JI< KT,

where {9”,, (x)}n cn 18 the standard sequence of dynamical partitions of the circle
associated to x € S (see Section 6.3.1). With this at hand, consider the set

o = (f)={xeS!: f hasbounded geometry at x} .

The relation between bounded geometry and quasisymmetric homeomorphisms is
given by the following result.

Proposition 9.3. Let [ be a multicritical circle map with irrational rotation num-
ber; and let x € </ (f). As before, for any given 'y € S let hy,, € Zo(f) be
determined by hy y(x) = y. Then

yeA(f) & hyyeQS(ST.

Proof. For the “if” implication suppose, by contradiction, that y ¢ .o/ This means
that there exists a sequence {ny }reny C N such that for each k € N we can find a
pair I, Ji of adjacent atoms of &, (y) satistying limy |I|/|Jx| = +o00. How-
ever, both intervals h;’ly (Ir) and h;,ly (Ji) are adjacent and belong to &7, (x), and
since x € <7, the ratios }h;’ly (1) } / ’h;’ly(.l k)‘ are bounded. But this implies that
the quasisymmetric homeomorphism /., does not have weakly bounded cross-
ratio distortion, which is impossible by Corollary 7.1. For the “only if” implication
we refer the reader to Exercise 9.2. O

An immediate consequence of Proposition 9.3 is that the set &7 is f -invariant,
since f itself (hence f” forall n € Z) is a quasisymmetric homeomorphism. As
it follows from the real bounds (Theorem 6.3), all critical points of f belong to 7.
Being f-invariant and non-empty, the set .7 is dense in the unit circle. However,
the following consequence of Theorem 9.1 shows that .27 can be rather small.
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Theorem 9.5. Let R4 C (0, 1) be the full Lebesgue measure set given by Theo-
rem 9.1, and let f be a C3 critical circle map with a single (non-flat) critical point
and rotation number p € R 4. Then the set &7 ( ) is meagre (in the sense of Baire)
and it has zero u y-measure.

To prove Theorem 9.5, note first that Proposition 9.3 is saying that the set
</ ( f) is an equivalence class for the ~ ¢ relation and then, by Proposition 9.2, we
already know that it is meagre. Moreover, since the critical point of f belongs to
&/ (by Theorem 6.3), we deduce that .o/ ( f) is precisely the equivalence class of
the critical point. With this observation at hand, Theorem 9.5 follows at once from
Theorem 9.1, just by considering the particular case g = f.

By contrast, recall that if f has bounded combinatorics, then the set o7 ( f) is
the whole circle (as already discussed at the end of Section 9.1.4) : f has bounded
geometry at any point in the unit circle.

9.2 Renormalization trails and ancestors

Let £ : S' — S! be an orientation preserving circle homeomorphism with irra-
tional rotation number p = [ag,d1,d2,...]. Let us fix some point x in the unit
circle, and for each n > 0 let us consider the interval I,, = I,,(x) having x and
f497(x) as its endpoints'. Suppose we are given another point on the circle, say
y. Looking at the past of y, i.e., at its negative orbit ﬁ} (y), we see that for each
n > 0 there exists in 6‘7 (y) amost recent visitor to I, U I, 1; this point is called
the n-th generation ancestor of y (with respect to x and f).

Let us be a bit more formal. Consider the rectangle R = [0, 1] x [—1,1]
in R?, and let M = ([O, 17\ Q) x [=1,1] € R. For any given y in S'!, we
will define/construct in what follows a sequence of pairs (p,, o) € M, called
renormalization trail (see Definition 9.4 below) of y with respect to x and f. Let
us define simultaneously the initial cases n = 0 and n = 1. First, let pg = p =
l[ag,a1,a2,...] € [0,11\ Q and p; = G(p) = [a1,a2,...] € [0,1] \ Q, where
G : [0, 1] — [0, 1] is the Gauss map (recall Chapter 1, see also Appendix A). To
define ¢ and o1 consider both intervals

Io=(x. f(x)] and Iy = (f9(x),x]

IThe interval I, U I,+1, whose interior contains x, is sometimes called the n-th renormalization
domain of f around x. The meaning of the word “renormalization” will be explained in Chapter 10.
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If y belongs to the short interval /; we define

p((x,y)
a0=ﬂ((x»J7)) G[O’I_QOPO] and a1 =_g e[_19o]
(1)
Otherwise, there exist yg in the long interval Ig and i € {0,1,...,a¢9 — 1} such
that f*(y¢) = y, in which case we define
. w((x, yo)
@ =1—[u((x.y0) +ipo] =1—p((x.y)) and o = %

Note that g € [1 — ag po, 1], whereas @ € [0, 1]. It should be noted also that, in
the definition of ¢, we are measuring arcs in the counterclockwise sense: in the
first case, we measure /L((x, y)) considering the arc determined by x and y which
is contained in /1, while in the second case we measure 4((x, yo)) considering
the arc determined by x and yo which is contained in /y. In this way we obtain
the first two terms of the sequence of pairs (pn, ) € M = ([0, 1] \Q) x [—1,1].
After the first n terms are defined, let p, 41 € [0, 1] \ Q be given by

pni1 =G" () = G"([ap.a1....]) = [ant1.ant2. ... ].

If y belongs to the long interval fi(I,) for somei € {0,1,...,qns1 — 1},
let y, € Iy be such that f*(y,) = y. Otherwise, y belongs to the short interval
S7 (In+1) for some j € {0,1,...,g, — 1}, and then let y, € I+ be given by
f7(yn) = y. In the first case, see Figure 9.1, we define

/’L(('x’ )’n))
o =——" €]0,1],
n+1 M(In) [ ]
while in the second case we define
an+1 - _ M((Ynax)) c [_1’0]
w(lnt1)

We can now formally define the notion of ancestor.

Definition 9.3. The points y,, n > 0, defined above are called the renormalization
ancestors (or simply the ancestors) of 'y with respect to x and f .

We are in fact more interested in the sequence of pairs (p,, @) € M = ([0 1\
Q) x [—1, 1]. Accordingly, we formulate the following definition.
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f‘In
fant+1(x) x/—yn\ [ (x)
Ee %3 i fqn+1

n+1

Figure 9.1: Calculating renormalization trails.

Definition 9.4. The sequence {(,on, ozn)}n>0 C M is called the renormalization
trail, or simply the trail, of the point y with respect to x and f .

In Section 9.4, we will prove the following result.

Theorem 9.6. There exists a full Lebesgue measure set R C [0, 1] of irrational
numbers with the following property: given a minimal circle homeomorphism f
with p(f) € R and given any point x € S there exists a set Bx C S which
is residual (in the Baire sense) and has full y ¢-measure such that for all y € Py
the renormalization trail {(pn, an)} of y (with respect to x and f) is dense in the
rectangle [0, 1] x [—1, 1].

Being dense in [0, 1], the orbit under the Gauss map of any element of R
accumulates at the origin. In particular, R is disjoint from the set BT C [0, 1] of
bounded type numbers. Note also that %, is disjoint from ﬁ}' (x) = {x, f(x),

f2(x),... }, since for n > 0 the second coordinate of the renormalization trail of
f™(x) with respect to x and f eventually becomes constant equal to 0.

9.3 'The skew product

In this section we construct a skew product (see Section 9.3.2 below) that will be
crucial in order to prove Theorem 9.6 (its proof will be given in Section 9.4) and
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also to prove Theorem 9.2 (see Section 9.6).

9.3.1 'The fiber maps

For any given p € [0, 1] \ Q consider the piecewise affine dynamical system 7}, :
[-1,1] = [—1, 1] given by:

—u forae[—l,O]
o
To@) = — 2G0o) fora € [O,pG(p)]
{1;0{} fora € (pG(,o),l],

where G is, as before, the Gauss map. Each T, is a Markov map, its graph is
depicted in Figure 9.2.

9.3.2 The skew product

As before (see Section 9.2) we consider the rectangle R = [0, 1] x [—1, 1] in R?,
andlet M = ([0, 1]\ Q) x [-1, 1] C R. Consider the skew product T : M — M
given by:

T(p,a) = (G(p), Tp(®)),

where G is the Gauss map, and where the fiber maps 7, were introduced in the
previous section (Section 9.3.1). The main dynamical property of the skew product
T that we will need here is the following.

Proposition 9.4. There exists a set 9y C [0, 1] x [—1, 1], which is residual (in the
Baire sense) and has full Lebesgue measure, such that any initial condition in 4
has a positive orbit under T which is dense in [0,1] x [—1, 1].

The set 4 given by Proposition 9.4 will be crucial in the proof of Theorem 9.6
(which will be given in Section 9.4 below), and also in the proof of Theorem 9.2
(see Section 9.6). In Section 9.7 we will also need the following fact.

Lemma 9.2 (Topologically Exactness). Let U be a subset of the rectangle R with
non-empty interior. Then there exists n € N such that T"(U " M) = M.

We postpone the proofs of Proposition 9.4 and Lemma 9.2 until Appendix B.
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1=paj

Figure 9.2: The fiber map T}, ; here, p; = (G(p) + j)p foreach 0 < j < ao,
where a9 = L/—I)J.

9.4 Proof of Theorem 9.6

Just as before, let £ : S — S be an orientation preserving circle homeo-
morphism with irrational rotation number p. With Proposition 9.4 at hand, The-
orem 9.6 will be a straightforward consequence of the following fact:

Lemma 9.3. Given x and y in S we have:
(on,an) = T"(po,a9) foralln € N,

where {(pn.,an)} is the renormalization trail of y with respect to x and f, as
defined in Section 9.2, and T : M — M is the skew product constructed in
Section 9.3.2.
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Throughout the proof of Lemma 9.3 we will make repeated use of the formula
w(ly,) = jzg G/ (p) (recall Exercise 6.1).

Proof. By our definition of renormalization trails, p, = G"(p) for alln € N,
which coincides with the first coordinate 7" (pg, ®tg), as we can see directly from
the definition of our skew product 7. So we only need to deal with the second
coordinate of the trails.

Let us treat first the cases » = O and n = 1. If on one hand y belongs to the
short interval I; = (f“o (%), x], we have aq € [0, 00 G(po)] and then

) ()

Tpo (o) = T, (V“((x’y))) =

poG(po) — p(l)
On the other hand, if y ¢ I; then there exist y¢ in the long interval /o = (x, f (x)]
andi € {0,1,...,a9 — 1} such that f?(y9) = y, in which case we have ag €

[po G(po), 1] and then

: p((x. y0)) + 1 po
Ti(@0) = Ty (1= (. y0)) =1 o) = {522
_ {u((x, ¥0)) } _ m(x,30)) _ (X, 30) _
Po o wn(lo)
In any case, a1 = Tp,(co) and then (p1, 1) = T (po, ), as desired.
In order to prove the desired result for the remaining values of n, we have three
cases to consider.

(1) If y, € I,4+2, we have

() Iese)
OSonit ="\ S ulln

= pn+1G(on+1)

and then
On+1
Pn+1 G(pn+1)
_ i pln) ()
/’L(In+2) /L(In+2) 2

T,On+1 (an-i-l) = -

(i) If y, € In \ I,+2, we have

w(ln+2)

<apt1 <1,
() 0
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which implies o, 41 € (pn+1 G(on+1), 1], and then

l_an—l—l}

Tpn-i-l (Oln+1) = %
Pn+1

Consider the fundamental domains A; , C I, for f97+! given by
Ajn = fj dn+1+4n (Int1) = (f(j+1)qn+1+qn (x), fj dn+1+4dn (x)]
forj €{0,1,...,an,+1—1},andletf, € {0,1,...,a,4+1—1} be defined by
1 —
ﬂj. Indeed, since ,u(Aj,n) =
Pn+1
w(lp41) forall j € {0,1,...,a,4+1 — 1}, it follows that

b p(Int1) < (1 —ant1) p(In) < Up + 1) u(In+1).

Yn € Ay, n. We claim that £, =

Equivalently,
I
o < (U —apyy) 2D 1y
p(In+1)
Finally, from
() 126G (p) 1 1

M(In+1) B 7:(1) Gj(p) B Gn+1(p) - Pn+1 '

1 —ony1

we deduce that £, < < £, + 1, which implies the claim. With

. Pn+1
this at hand we deduce that

I —opt1
T,On+1(0‘n+l) = {—n}
Pn+1

1 —
L
Prn+1
_ w(ln) — ont1 n(In)
w(ln+1)

_ w(ln) — [M((X, yn)) + Ln H(In—i-l)] _
= = 0n+2 .
w(ln+1)

— 4,

(iii) Whenever y, belongs to the short interval 1,41, we have o +1 € [—1,0)
and then Ty, (@n+1) = —@n+1 = An+2, Since y,4+1 = yu belongs now
to the long interval I, 4.
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This finishes the proof of Lemma 9.3. O

Proof of Theorem 9.6. Let %y C R be given by Proposition 9.4. By Fubini’s theo-
rem, there exists a full Lebesgue measure set R C [0, 1] such that for each p € R,
the set R, = {a € [-1,1] : (p,&) € %} has full Lebesgue measure in [—1, 1].
In particular, R, is also residual® in [—1, 1] for all p € R. Given a minimal cir-
cle homeomorphism f with p(f) € R and given any point x € S!, the map
that sends « € (0,1) to the point y € S\ {x} which satisfies u £ ([x, y]) = «
(and note that such point is unique if we fix, say, the counterclockwise orienta-
tion) is a homeomorphism that, by definition, identifies the Lebesgue measure in
(0, 1) with the probability measure u 5 in S 1\ {x}. By combining Proposition 9.4
with Lemma 9.3, we deduce that it is enough to take %y as the image (under the
homeomorphism described above) of R, N (0, 1). O

9.5 Even-type rotation numbers

Let us now present a result concerning trails for maps whose rotation number be-
longs to the special class appearing in the statements of Theorem 9.2 and Theo-
rem 9.3. We denote by E the set of those irrationals 0 < 6 < 1 all of whose partial
quotients ay (0) are even (in particular a,(6) > 2 for all n). We also consider the
subset Eoo = {0 € E : lim, o0 an(0) = 00}.

Remark 9.4. We note en-passant that Eo, contains some Diophantine numbers:

for example, the number 6 = [a1,daz,...,ay,...] with a, = 2" is Diophantine,
and it clearly belongs to Eo. The set Eoo also contains many Liouville numbers:
for instance, any 6 = [ay,az,...,an,...| with a, even and a,, > e foralln €

N belongs to E. Finally, note that the transcendental number A = (e—1)/(e+1)
also belongs to £ ; indeed, its continued fraction expansion has a, = 4n — 2 for
alln > 1,ie, A =[2,6,10,14,...] —this is a special case of an old identity due
to Euler and Lambert®.

Proposition 9.5. Let f : S' — S be a minimal circle homeomorphism with
o(f) = p. Given x,y € S distinct, let {(pn,0tn)}n>0 be the renormalization

2Indeed, let {4,} be a sequence of open and dense sets in R such that N4, = %. For each
p € R and each n we have that ({p} x [—1, l]) N Ay is open and has full Lebesgue measure in
{p} x [—1, 1], and in particular it is also dense in {p} x [—1, 1].

3Which states that tanh (x 1) = [x, 3x, 5x, 7x, .. ] forall x € N; see Lang [1995, p. 71]
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trail of y with respect to x and f. If p € E and ag = % then for alln > 1 we

have p, < % and
Pn

5 if n is odd,

1

3 + pn  ifnis even.
In particular, if p € Koo, then there exists a subsequence n; — oo such that
anl. —> 5

Proof. First note that, if ag, a1, as, ... are the partial quotients of the continued
fraction expansion of pg, then by hypothesis a;, > 2 for all n, and this already
implies that p, < i < % for all n > 1. This takes care of the first assertion in
the statement. In order to prove the second assertion, we will use Lemma 9.3 and
induction on 7.

(1) Base of induction. We have ap = %, and since ag > poG(po) = pop1,
Lemma 9.3 tells us that

]

But p,, L= go+ p1, Where ag > 2 is even. Therefore

1 P1
o = ;5(00+Pl)} =5

This verifies (9.1) for n = 1. Let us now look at ap. We have a7 > p1G(p1) =
p1p2. Hence, using Lemma 9.3 and the fact that ,01_1 = ay + p2, we see that

0y = Tpl(‘xl) = ;1_a1§

P1
(1
_§P1 2}

1
= 611+P2—§}
_ 1
_gpz_i}
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This verifies (9.1) for n = 2. Summarizing, we have established the base of the
induction.

(2) Induction step. Suppose (9.1) holds for n. In order to show that this assertion
holds for n + 1, there are two cases to consider, according to whether » is odd or
even.

(1) If n is odd, then we are assuming that o, = %pn. In particular, we have
On > pupn+1 = PnG(on), so Lemma 9.3 tells us that

l—« 1 1
e o = 55 23
n n

Using here that p;l = an + Pn+1, we get

1 1
Upt+1 = {an + pn+1 — 5% = 5 + pPn+1 -

This establishes the induction step when # is odd.

(ii) If n is even, then we are assuming that o, = % + pn, by the induction

hypothesis. Hence we have o, > % > pnpn+1 = PnG(pn), and therefore
from Lemma 9.3 we deduce that

Op+1 :Tpn(an) = {1_0!”}
1
S B
{2Pn }
= ! 9.2
= bl O

Again, using that p,; VL —a, + Pn+1, We see that

1 1 Pn+1
Op+1 = Ean+l+§pn+l = 5

where in the last equality we have at last used the fact that a, is an even
integer! This establishes the induction step when #n is even, and completes
the proof of the second assertion.
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Finally, the last assertion in the statement is easily proved: if p € Eqo, then p,, — 0
as n — oo. Hence by (9.1) we see that ap; — % as i — oo. This concludes the
proof. O

Remark 9.5. The above proof still works if only the odd partial quotients a,j 41
are required to be even (but still requiring a, # 1 for all n). The resulting class
of numbers with this property is a bit larger than E, but still has zero Lebesgue
measure.

9.6 Proofs of Theorems 9.1 and 9.2

In this section we prove our first two main results, namely Theorem 9.1 and Theo-
rem 9.2. We first recall the setup for both theorems, and fix some notation.

Let f.g : S' — S! be two C3 (multi)critical circle maps with the same
irrational rotation number p = [ag.a1,....an,...]. Leth : S — Slbea
topological conjugacy between f and g mapping orbits of f to orbits of g (i.e.,,
such that h o f = goh). Letx,z € S! be such that h(x) = z. Suppose also
that w € S, w # z, is a critical point for g. Assume one of the following two
scenarios (which correspond to the situations in Theorem 9.1 and Theorem 9.2,
respectively).

Scenario A. Both f and g are uni-critical circle maps, with critical points
at x and w, respectively.

Scenario B. The map f is uni-critical with critical point at x, whereas the
map g is bi-critical with critical points at z and w.

In either scenario, let y = h~1(w) and let y,, n > 0, be the renormalization
ancestors of y (with respect to x and f). Likewise, let w, = h(y,),n > 0, denote
the renormalization ancestors of w = h(y) (with respect to z and g). Finally, let
(pn,an), n = 0, be the renormalization trail of y (with respect to x and f) —which
is also the renormalization trail of w (with respect to z and g).

Both Theorem 9.1 and Theorem 9.2 will be straightforward consequences of
the following result.

Lemma 9.4. In either of the two scenarios above, suppose that there exists a sub-
sequence nj — oo such that pp;+1 — 0 asi — oo, and ‘Oln,-+1 — %‘ < %for all
i. Then the conjugacy h is not quasisymmetric.
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Ay,
q - Lni - Rn[ T
f nj+1 (X) Vn; ani (x)
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5 %4 S Jh.F S SR
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h(Lp,) —==h@y) =—=~h(R,) —
Figure 9.3: The distortion of cross-ratios is large.

The proof of this lemma, in turn, depends on the fact that, inside every interval
of'the form I, (x), critical spots are large. We have seen this already (in Chapter 7),
but for convenience we repeat the statement here.

Lemma 9.5. Let 0 < k < ay1 be such that the interval
A =[O (L 11(x)) C Ln(x)
contains a critical point of f9"+1. Then |Ag »| < [In(x)|.

Proof. The proof'is outlined in Section 7.4.3, Exercise 7.8; the reader is invited to
fill in the details. O

Proof of Lemma 9.4. The idea is to show that / has unbounded distortion of cross-
ratios: once this is proved, then Corollary 7.1 implies that the homeomorphism
h is not quasisymmetric. Passing to a subsequence if necessary, we may assume
that either (a) y,;, € I, forall i; or (b) yn; € In;+1 forall i. We give the proof
assuming that case (a) holds. The proof in case (b) is the same, mutatis mutandis.

By restricting our attention to sufficiently large i, we may assume that p,,; 41 <
%, which implies that a,; +1 > 8. Then we must have y,, € I, \ I, +2. Indeed,



9.6. Proofs of Theorems 9.1 and 9.2 243

if yn, € In;42, then ap, 11 < wln;+2)/ n(In;) < é, which contradicts the
hypothesis. Since the intervals

AV = fanititniti([y 1y), 0<j <anmt1—1, (9.3)

constitute a partition of 1, \ I, 42 (modulo endpoints), it follows that there exists
0 < kn; < an;+1 — 1suchthat y,, € A, = Akn),

Claim. We have ky; < an; +1 X an;+1 — kn; .

In order to prove this claim, we first recall that

p(lyn S (0]

where as before u is the unique Borel probability measure invariant under f.
Moreover, we have

l—ap 41 = , (9.4)

fn; —1 kn;—1
U AW ¢ ;. f27 (x)] € A, U U A 9.5)

Since (AY)) = w(Iy,+1) forall j, from (9.4) and (9.5) we get

w(ln;+1) pw(ln;+1)
oy ) <y + 1) D (9.6)
" w(In;) " " u(In;)
Taking into account that
1 = wn;+1)
n; -

and that, by hypothesis, % <l—ap+1 < %, we deduce from (9.6) that

1 3
—1 < kp, < .
4pn; +1 4pn;+1

But o, 'y | = @n;+1 + Pn;+2,and 0 < py; 42 < 1,50

11 kn, 3 ( 1 )
- — < < -1+ ,
4 ap;+1 An;+1 4 An;+1
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and since pp; 41 < % implies a,, +1 > 8, we deduce that

1 kn, 27
<

< —_— .
8 An;+1 32

This proves the claim.

Now, provided n; is sufficiently large, the map 97+ restricted to the interval
In; \ In; 12 is an almost parabolic map (see Definition 7.3 in Section 7.3). Here we
need n; large enough so that, restricted to the interval in question, the map f 97 +!
is a diffeomorphism with negative Schwarzian derivative, and this is possible by
Proposition 8.3. By Yoccoz’s inequality (Lemma 7.3) and the above claim, we
have

e 1 1

;] min{k,%l. c(@nj+1 —kn;)?} a,zliﬂ '

Letting L,; and Ry, denote the left and right components of 1,,; \ A,;, we know
from the real bounds (Theorem 6.3) that |Ly; | < |In;| < |Ry;|. Therefore we see
that

Ay 1
[Anialn[] = | nl|| nl| = (97)

| Ln; || R | a a%i-ﬁ-l '
The next step is to estimate the cross-ratio determined by the pair of intervals
h(Ap;) and h(I,;). Here, we first note that w,, = h(ys;) € h(Ay;) is a criti-
cal point for the map g97i*+!; in the terminology of Estevez and de Faria [2018],
h(Ay;) is therefore a critical spot of gmi+! |h(1n,-)' As we saw in Lemma 9.5,
every critical spot of a renormalization return map is comparable to the interval
domain of said return map. Hence we have |h(Ay;)| < |h(Iy;)|. Moreover, by
the real bounds for g, we have |h(Ly,)| < |h(Iy;)| < |h(Ry;)|. These facts show

that |h(An)|[B(In,)]
h n; ,]’l n; == o - = ’
B An)BUn )] = G ST R

Combining (9.7) with (9.8), we finally get an estimate on the cross-ratio distortion
of the pair of intervals A,, C I,; under A, to wit

[h(Anl)7h(In,)] o 2

CrD(h,Anl y In,) = W = ani+1 .
n;istn;

(9.8)

But since py; +1 — 0, we have a,; 11 — oo. This shows that the cross-ratio distor-
tion of 7 blows up, and so / cannot be quasisymmetric (again, recall Corollary 7.1).
The proof of Lemma 9.4 is complete. O
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Proof of Theorem 9.1. Consider the sets R and %, , given by Theorem 9.6 (ap-
plied to f and x = cy), and define R4 = R. Then Lemma 9.4 (applied in the
Scenario A case) implies that ., C %, which proves Theorem 9.1. Remem-
ber also that, as explained in Section 9.1.2, the fact that the complement of % is
dense follows from the fact that it is non-empty and invariant under the minimal
homeomorphism f. O

Proof of Theorem 9.2. By Lemma 9.4 (applied in the Scenario B case), it is enough

to consider |

where ¥ is given by Proposition 9.4, and E, is given by Proposition 9.5. O

9.7 'The C realization lemma

9.7.1 Admissible pairs

We start Section 9.7 with a definition. Remember that R denotes the rectangle
[0,1] x [-1,1]inR%,and M = ([0,1]\ Q) x [-1,1] C R.

Definition 9.5. 4 pair (p, @) € M is said to be admissible if there exists a C *° mul-
ticritical circle map g with irrational rotation number p, a unique invariant mea-
sure |u and with exactly two critical points c1 and ¢y such that the two connected
components of S\ {c1,c2} have p-measures equal to o and 1 — o respectively.

The set of admissible pairs is denoted by A. Let us examine some of its prop-
erties.

Lemma 9.6. Any pair (p,a) € (0,1)? such that p ¢ Q and p — 2a = 0 belongs
to A.

Proof. Let fp be a C*° critical circle map with a single critical point c¢( fp) and
such that p(fo) = « (note that fy can be chosen to be real-analytic, say from
the Arnold’s family). Let us denote by p the unique invariant Borel probability
measure of fy. Define g = f02 = fo o fo, and note that g is a real-analytic
bi-critical circle map, with irrational rotation number p(g) = 2p(fo) = 20 = p
and with two critical points ¢1(g) = ¢(fo) and ¢c2(g) = fo_l (c ( fo)). Moreover,
the unique invariant Borel probability measure of g is i, and the two connected
components of S\ {c1, ¢z} have -measures equal to « and 1 — « respectively,
since ¢; = fo(c2). O



246 9. Orbit Flexibility

Lemma 9.7. The set A of admissible pairs is forward invariant under T, where
T : M — M is the skew product constructed in Section 9.3.

Proof. Let(p,a) € A and let f be a C* bi-critical circle map, with critical points
¢1 and c3, such that (p, ) is the initial term of the renormalization trail of ¢, with
respect to ¢; and f. For some fixedn € N, we want to prove that 7" 71 (p, &) € A.
By Lemma 9.3, 7" (p, a) coincides with the (n 4 1)-th term (o1, ®n+1) of
the renormalization trail of ¢, (with respect to c; and f). Recall, from Section 9.2,
that p,41 = G"11(p) and that if ¢, belongs to the long interval f* (In (cl)) for

somei € {0,1,...,qgn+1 — 1}, we have that
o _ /L((Clayn))
1= ——— >
T )

where y, € In(c1) is given by fi(yn) = c. Otherwise, c» belongs to the short
interval f/ (I,,H(cl)) for some j € {0,1,...,¢q, — 1}, and then

p((yn 1))

On+1 = —
” u(ln+1)

’

where y, € I,41(c1) is given by £/ (y,) = c. Let us assume that we are in the
first case (the proof for the second one being the same), and note that the iterate
f 9" restricts to a C°° homeomorphism (with a critical point at c;) between the
intervals

Ing1(c) U f70 (Ingr(cr)) = [ (cr), f 9 (c1)] and

AO,n U f_q”+1(A0,n) — [fqn+1+qn (Cl)’f_¢1n+l+4n (Cl)],

where Ao = 4 (Ing1(c1)) = (fI+1T9n(cq), f9(c1)], as defined in the
course of the proof of Lemma 9.3. Identifying points in this way we obtain from
the interval

Lnp1(c1) U Iy(er) U f941(Ag ) = [f9H (cr), [T 97 ()],

a compact boundaryless one-dimensional topological manifold N. Denote by
7w Iyy1(c1) U In(cp) U fm9n+1 (Ao,n) — N the quotient map, and let ¢ :
N — S be any homeomorphism which is a C* diffeomorphism between N \
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{m(c1)} and S1 \ {p(m(c1))}. Note that ¢ o w maps the interior of 1, (c1) C -
diffeomorphically onto S' \ {¢(m(c1))}. Letg : S' — S! be given by the
identity

gopom=¢omo fI*! in I,(cy),

and note that g is a well-defined C*° circle homeomorphism, with irrational ro-
tation number equal to p,+1 = G"T1(p). Moreover, g has exactly two critical
points in S'!, given by ¢; = ¢ o w(c1) and ¢é» = ¢ o m(y,). Finally, note that the
unique invariant Borel probability measure u, of g in S is given by:

j=n
g (¢ 0 w(A)) = pu(A)/u(In(c1)) = u(A)/ [ 67 (o).

j=0

for any Borel set A C I,(c1). In particular, the two connected components of
S1\ {¢1,¢2} have ug - measures equal to oy 41 and 1 — a4 respectively. This
finishes the proof of Lemma 9.7. O

We remark that the glueing procedure described in the proof of Lemma 9.7 was
introduced by Lanford in the eighties, see Lanford [1987, 1988] for much more.

Lemma 9.8. The set A of admissible pairs has non-empty interior in M.

We will not prove this result here. For a proof, see the original paper de Faria
and Guarino [2021b, Prop. 7.5]. We are now in a position to give a quick proof of
the C*° Realization Lemma, which we restate as follows.

Theorem 9.7 (The C*° Realization Lemma). Every pair in M is admissible, in
other words, A = M.

Proof. Since the set A of admissible pairs is obviously non-empty (see for instance
Lemma 9.6 above), Theorem 9.7 follows by combining Lemma 9.2 and Lemma 9.7
with Lemma 9.8. O

Finally, when combined with Theorem 9.2, the C°° Realization Lemma im-
plies Theorem 9.3. This is left as an exercise to the reader.

Exercises

Exercise 9.1. Show thatif f : §1 — S is quasisymetrically conjugate to a rigid
rotation Ry, then every conjugacy between f and R, is quasisymmetric.



248 9. Orbit Flexibility

Exercise 9.2. Let f : S I §1 be a multicritical circle map, and let x € S L pe
such that f has bounded geometry at x.

(i) Show that there exists a fine grid 9 = {2, (x)},( with the property that,
for every n > 0, each atom A € 2, (x, f) is a union of atoms of &, (x)
for some m < n + 1. [Hint: imitate the recursive construction used in the
proof of Proposition 7.6].

(ii) Let y € S be another point such that f has bounded geometry at y, and
let hy,y € Zo(f) be the self-conjugacy such that /1 y(x) = y. Using (i),
prove that Ay ) is quasisymmetric.

Exercise 9.3. Prove that the set [E o, defined in Section 9.1.3 is uncountable. Prove
also that Eo, is a set of first category of Baire (i.e., it is meager) and that its
Lebesgue measure is equal to zero. [Hint: see Appendix A.]

Exercise 9.4. Let f be a smooth bi-critical circle map with irrational rotation num-
ber p s, unique invariant measure u s and critical points ¢1 and ¢. Say that the
two connected components of 1\ {cy,c2} have #-measures equal to « y and
1 — ay respectively. As we know from Corollary 2.1, the rotation number p ¢
is continuous under C° perturbations. Show that o # is continuous under smooth
perturbations. More precisely, prove the following statement, borrowed from de
Faria and Guarino [2021b, Lemma 7.6]: given & > 0 there exists § = §(e, f) > 0
such that if g is a smooth bi-critical circle map with irrational rotation number pg
satisfying dc1(f,g) < 6, then |py — pg| < e and |ay — ag| < & [Hint: recall
Theorem 3.3, the Denjoy—Koksma inequality].

Exercise 9.5. Deduce Theorem 9.3 from Theorem 9.2 and the C*° Realization
Lemma.
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In recent years, the main new tool introduced in dynamics to understand the fine-
scale structure of a low-dimensional system is renormalization. The notion of
renormalization stems from statistical mechanics and field theory, and was intro-
duced in the context of one-dimensional dynamics — more precisely, in the study of
bifurcations of one-parameter families of unimodal maps —more than four decades
ago, through the numerical observations and conjectures formulated by Coullet
and Tresser [1978] and independently by Feigenbaum [1978].

In a nutshell, to renormalize a (smooth) dynamical system around some point
of interest (usually a critical point) means to consider a small, dynamically defined
neighborhood of that point in phase space, and to take the first return map to that
neighborhood, linearly rescaling it to unit size. If this can be done for a sequence
of smaller and smaller neighborhoods of the special point, then we say that the
system is infinitely renormalizable at that point. Now, if two systems are topo-
logically equivalent, and are infinitely renormalizable, it makes sense to compare
their successive renormalizations around corresponding special points. If these
corresponding successive renormalizations get closer and closer together (say in
the C? sense), this points to both systems having the same asymptotic geometric
structure near their special points —and we expect this to happen at all points in the
forward orbits of the special points. In other words, the general ansatz is that the
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convergence of successive renormalizations implies a form of geometric rigidity.
This is the rosy picture, but the reality is rather thorny, as we shall see.

Our goal in the present chapter is to explain the interplay between rigidity and
renormalization convergence in the specific context of (multi)critical circle maps.
We shall see that, when correctly interpreted, the above ansatz is true most of the
time (Section 10.3), but not always (Section 10.5).

10.1 Smooth rigidity

The notion of smooth rigidity first appeared in hyperbolic geometry in the sixties,
through the seminal work of Mostow, who showed that the fundamental group (the
topology) of a complete, finite-volume hyperbolic manifold of dimension greater
than two completely determines its geometry. In dynamical systems, smooth rigid-
ity means that a finite number of dynamical invariants determines the fine scale
structure of orbits. More precisely, maps that are topologically conjugate and share
these invariants are in fact smoothly conjugate. Numerical observations by Feigen-
baum, Kadanoff, and Shenker [1982], Ostlund et al. [1983], and Shenker [1982]
suggested in the early eighties that this was the case for C? critical circle maps
with a single critical point and with irrational rotation number of bounded type.
This was posed as a conjecture in several works by Feigenbaum, Kadanoff, and
Shenker [1982], Lanford [1987, 1988], Ostlund et al. [1983], Rand [1987, 1988,
1992], and Shenker [1982] among others. We proceed to state the most recent
results in this area, namely Theorems 10.1 and 10.2 below.

Theorem 10.1. Let f and g be two C* circle homeomorphisms with the same
irrational rotation number and with a unique critical point of the same odd type.
Let h be the unique topological conjugacy between f and g that maps the critical
point of f to the critical point of g. Then:

1. hisa C' diffeomorphism.
2. his CY*% at the critical point of f for a universal o > 0.

3. There exists a full Lebesgue measure set of rotation numbers (containing
those of bounded type) for which the conjugacy h is a global C'1% diffeo-
morphism.

By Theorem 6.2, the rotation number is the unique invariant of the C° conju-
gacy classes of critical circle maps with no periodic orbits. Theorem 10.1 is saying
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that, inside each topological class, the order of the critical point is the unique in-
variant of the C! conjugacy classes! This is what we call rigidity.

A delicate problem is to precisely determine “how smooth” the conjugacy &
is. By comparing with the material presented in Chapter 4 we see that, on the one
hand, the presence of the critical point gives us more rigidity than in the case of
diffeomorphisms: a smooth conjugacy is obtained for all irrational rotation num-
bers, with no need of a Diophantine condition. On the other hand, in Section 10.5
we will construct examples where the conjugacy / is not globally C 1+ It might
be possible, but probably quite difficult, to obtain a sharp arithmetical condition
on the rotation number that would allow us to decide whether the conjugacy is
“better than C1”.

Theorem 10.2. Any two C3 critical circle maps with a single critical point, with
the same irrational rotation number of bounded type and with the same odd crit-
icality are conjugate to each other by a C'%% circle diffeomorphism, for some
universal o > 0.

We remark that the statement of Theorem 10.2 is the precise statement of the
rigidity conjecture mentioned above. Together, Theorems 10.1 and 10.2 can be
regarded as the state of the art concerning rigidity of critical circle maps with a
single critical point. Theorem 10.1 was proved in Guarino, Martens, and de Melo
[2018] while Theorem 10.2 was proved in Guarino and de Melo [2017]. Both
papers build on earlier work by de Faria [1999], de Faria and de Melo [1999, 2000],
Herman [1979], Khanin and Teplinsky [2007], Khmelev and Yampolsky [2006],
Swiatek [1988], and Yampolsky [1999, 2001, 2002, 2003]. The last part of this
book (Part IV) is entirely devoted to explaining the proof of these two fundamental
results, and deep tools from Renormalization Theory and Holomorphic Dynamics
will be introduced along the way.

What about dynamics with more critical points? Let f be a C3 multicritical
circle map with irrational rotation number p € (0, 1), unique invariant Borel prob-
ability measure u and N > 1 critical points c;, for 0 <i < N — 1. As before, all
critical points are assumed to be non-flat: in C3 local coordinates around c;, the
map [ can be written as 7 > 7 |t|% ! for some d; > 1 (Definition 5.1). More-
over, just as in Chapter 6 (recall Definition 6.2), we define the signature of f to
be the (2N + 2)-tuple

(p:N;do.dy,....,dN—1;80,01.....8N=1),

where d; is the criticality of the critical point ¢;, and §; = w[c;, ci+1) (with the
convention that cy = ¢o).
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Now consider two multicritical circle maps, say f and g, with the same irra-
tional rotation number. By Theorem 6.2, they are topologically conjugate to each
other. By elementary reasons, if f and g have the same signature there exists a
circle homeomorphism /4, which is a topological conjugacy between f and g, iden-
tifying each critical point of f with a corresponding critical point of g having the
same criticality. As explained in Chapter 7, such conjugacy # is a quasisymmetric
homeomorphism (Theorem 7.2).

Question 10.1. Is this conjugacy a smooth diffeomorphism?

Of course, only such an /# conjugating f and g has the chance of being smooth
(in fact, as explained in Chapter 9, for Lebesgue almost every rotation number most
conjugacies between f and g fail to be even quasisymmetric). The following re-
sult follows by combining the recent papers Estevez and Guarino [2022], Estevez,
Smania, and Yampolsky [2020], and Yampolsky [2019].

Theorem 10.3. Let f and g be real-analytic bi-critical circle maps with the same
irrational rotation number, both critical points of cubic type and with the same sig-
nature. If their common rotation number is of bounded type, then the topological
conjugacy h is a C'T% diffeomorphism.

To the best of our knowledge, Theorem 10.3 is the first rigidity statement avail-
able for maps with more than one critical point. In other words, Question 10.1
remains wide open.

As we stated in the introduction to this chapter, the main tool to study rigidity
problems in low dimensional dynamics is renormalization theory. Renormaliza-
tion of a dynamical system with a marked point (usually a critical point) means a
(suitably rescaled) first return map to a neighbourhood of such point. Thus, renor-
malization can be thought as a supra dynamical system, acting on an infinite dimen-
sional phase space made up by the original dynamics (see Section 10.2 for precise
definitions in the context of multicritical circle maps). In the context of one dimen-
sional dynamics, the renormalization program was initiated by Dennis Sullivan in
the eighties (Sullivan [1986, 1992]), and then carried out by mathematicians such
as Yoccoz, Douady, Hubbard, Shishikura, McMullen, Lyubich, Martens, the first
named author, de Melo, Yampolsky, van Strien and Avila among others.

A fundamental principle in this theory states that exponential convergence
of renormalization orbits implies rigidity: topological conjugacies are actually
smooth (when restricted to the attractors of the original systems). We refer the
reader to de Melo and van Strien [1993, Section VI.9] for the seminal case of
unimodal maps with bounded combinatorics (more precisely, see Theorem 9.4).
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Let us be more precise: by Yoccoz’s Theorem 6.2, two multicritical circle maps
f and g with the same irrational rotation number are topologically conjugate to the
corresponding rigid rotation, and in particular to each other. To obtain a smooth
conjugacy between f and g, we need to assume the existence of a topological
conjugacy 4 that identifies their critical sets, while preserving corresponding crit-
icalities. In other words, f and g need to have the same signature (recall Defini-
tion 6.2). It turns out that for Lebesgue almost every rotation number, such conju-
gacy h is a C 7% diffeomorphism, provided the successive renormalizations of f
and g (around critical points identified under /) converge together exponentially
fast in the C! topology (see the recent paper by Estevez and Guarino [2022]). For
unicritical circle maps, it is sufficient to have exponential convergence of renor-
malizations in the C? topology, and this is the main theorem that we will prove in
this chapter (see Theorem 10.4 in Section 10.3 below). Our proof will follow very
closely the original source, de Faria and de Melo [1999].

Thus, the main step to obtain rigidity, as in Section 10.1 above, is to estab-
lish geometric contraction of the successive renormalizations of multicritical cir-
cle maps with the same signature. The dynamics of renormalization, however, is
usually difficult to understand. To begin with, its phase space is neither bounded
nor locally compact. Therefore, no recurrence is given a priori. This makes some
basic dynamical questions, such as existence of attractors and periodic orbits, quite
difficult to solve.! In particular, proving exponential contraction is a challenging
problem. In the case of a single critical point and real-analytic dynamics, exponen-
tial contraction was obtained in de Faria and de Melo [2000] for rotation numbers
of bounded type, and extended in Khmelev and Yampolsky [2006] to cover all
irrational rotation numbers (Theorem 13.1). Both papers lean heavily on complex
dynamics techniques (to be discussed in Chapter 14), and therefore an additional
hypothesis is required: the criticality at both critical points has to be an odd integer.
These results have been recently extended in at least two directions: in Gorbovickis
and Yampolsky [2020] exponential contraction is obtained allowing non-integer
criticalities which are close enough to an odd integer, while in Guarino, Martens,
and de Melo [2018] and Guarino and de Melo [2017] exponential contraction is
established for critical circle maps with a finite degree of smoothness, (but still
with odd integer criticalities, see Theorems 13.2 and 13.3). Finally, in the case of
two critical points, it is proved in Yampolsky [2019] both the existence of periodic
orbits and the hyperbolicity (under renormalization) of those periodic orbits, for

I As a first step, the real bounds (Theorem 6.3) can be used to establish C” bounds for return maps,
as in Section 6.4 (see also de Faria and de Melo [1999, Appendix A]). A standard Arzela—Ascoli
argument gives then pre-compactness of renormalization orbits.
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real-analytic bi-critical circle maps (with both critical points of cubic type). These
results have been recently extended to bounded combinatorics in Estevez, Smania,
and Yampolsky [2020]. See Chapter 13 for more details.

10.2 Renormalization of commuting pairs

As mentioned before, to renormalize a dynamical system means to consider a first
return map around some interesting point, and then to rescale this return map. In
the context of circle maps, the first return map to a small neighborhood of a point
is alwyass discontinuous. Hence it was already clear from the start Feigenbaum,
Kadanoff, and Shenker [1982] and Ostlund et al. [1983] that the natural thing to do
is to construct a renormalization operator (see Definition 10.3) acting not on the
space of critical circle maps but on a suitable space of critical commuting pairs,
whose precise definition is the following.

Definition 10.1. 4 C" critical commuting pair { = (1, §) consists of two C”
orientation preserving homeomorphisms n : Iy — n(Iy) and § : I — §(Ig)
where:

1. Iy =10,£(0)] and Iz = [1(0), 0] are compact intervals in the real line;

2. (n0£)0) = (§0n)(0) #0;
3. Dn(x) > 0 forall x € Iy\{0} and D&(x) > 0 for all x € I¢\{0};

4. The origin is a non-flat critical point for both n and &, with the same criti-
cality.

5. The left-derivatives of the composition 1 o £ at the origin coincide with the
corresponding right-derivatives of § on: foreach j € {1,2,...,r} we have
D (50 £)(0) = D, (& 0 n)(0).

For a commuting pair as above, both n and £ extend to C” homeomorphisms,

defined on interval neighbourhoods of their respective domains, which commute
around the origin. In other words, the commuting condition (2) in Definition 10.1
actually holds on an open interval. Let us be more precise.
Lemma 10.1. There exist open intervals V_ 2 Ig and V4 2 I and C" homeo-
morphic extensions £ : V_ — §(V_) CRand 7 : V4 — n(V4) C R of € and
n respectively, satisfying (ﬁo é‘)(x) = @‘\ ) ﬁ) (x) for all x in the open interval C
around the origin given by C = {x eV_onNVy:nkx)e V- andg(x) € V+}.
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Proof of Lemma 10.1. Since the origin is a non-flat critical point of odd criticality,
there exists an open interval C around it on which we can extend both 7 and & to
C” homeomorphisms 77 : C — A and Eg_\ : C — B, where A is an open interval
around 7(0) and B is an open interval around £(0) (we may suppose that A, B
and C are pairwise disjoint). Moreover, since the criticality of both 77 and Eat the
origin is the same odd integer, the composition Eo 7 1:A4— BisactuallyaC”
diffeomorphism.

Let V- = A U I¢ U C, which is an open interval where /¢ is compactly
contained, and in the same way let V, = C U I, U B.

Since the composition o€ is already defined at the left part of C, the extension
of n defined above (given by the non-flatness of the critical point) allows us to
extend £ to the left part of A in the following way: for any y € A there exists a
unique x € C such that 7(x) = Y (since A =7(C)and 77 : C — A is invertible)

and then we define & : A — R as &(y) = n(E(x)) = (no&om 1) (y)ify < n(0)

and £(y) = £() if y > n(0).
By Condition (5) in Definition 10.1, the left-derivatives of the composition

no&on ! atthe point 7(0) coincide with the corresponding right-derivatives of &
atn(0), that s, gis ofclass C" at the point (0) (and therefore on the whole domain
V_). Note also thatghas no critical points on V_\{0} since go 771:4— Bisa
C" diffeomorphism and 7 has no critical points in B N I, by Condition (3).

In the same way, since the composition & o 7 is already defined at the right
part of C and since £ is also defined on C, we extend 7 to the right part of B by
imposing the commuting condition 7 o E = §o 7 on C as before. O]

The following construction was introduced by Lanford (see Lanford [1987,
1988]), and is known as glueing procedure. As explained above, the map n~! o &
is a diffeomorphism from a small neighbourhood of 1(0) onto a neighbourhood of
£(0). Identifying 1(0) and £(0) in this way we obtain from the interval [r] 0), & (O)]
a smooth, compact one-dimensional manifold M without boundary. The discon-
tinuous piecewise smooth map

£(t) fort €[n(0),0)

n() fort e [0,5(0)]

projects to a smooth homeomorphism on the quotient manifold M. Choosing any
diffeomorphism ¥ : M — S', we obtain a multicritical circle map in S! sim-
ply by conjugating with . Although there is no canonical choice for the diffeo-

Je(@) =
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morphism v, any two different choices give rise to smoothly-conjugate multicrit-
ical circle maps in S!. Therefore any critical commuting pair represents a whole
smooth conjugacy class of multicritical circle maps. In particular, this procedure
allows us to define the rotation number of a commuting pair.

On the other hand, any critical circle map f with irrational rotation number
p gives rise to a sequence of critical commuting pairs in a natural way: let F be
the lift of f to the real line (for the canonical covering ¢ > e27i") satisfying
DF(0) =0and0 < F(0) < 1. Foreachn > 1 let T, be the closed interval in the
real line, adjacent to the origin, that projects under t > e?%* to I,,. Let T : R —
R be the translation x — x 4+ 1, and define 7 : 7; — Rand§: Tn+1 — R as:

n=T Pr+lo FiIn+l and £ =T PnoFin,

where {pn /¢, } is the sequence of convergents associated to p, as defined in Chap-
ter 1. It is not difficult to check that (7| 7, £ |f,, +1) is a critical commuting pair,

usually denoted by (f9+1(y,, f9"[1, ). _ _

For a commuting pair { = (7, £) we denote by ¢ the pair (ﬁ]z, & |7§)= where
tilde means rescaling by the linear factor 1/|I¢|. In other words, [/¢| = 1 and the
length of I equals the ratio between those of I;; and I¢.

Given two critical commuting pairs {1 = (11,&1) and {» = (2, &2) let Aq
and A, be the Mobius transformations such that fori = 1, 2:

Ai(ni(0)) =—1, A;(0)=0 and 4;(5(0)) =1.

Definition 10.2. For any 0 < r < oo define the C" metric on the space of C”
critical commuting pairs in the following way:

§1(0)  £(0)
n1(0)  n2(0)

where || - || is the C" -norm for maps in [—1, 1] with one discontinuity at the origin,
and §; is the piecewise map defined by n; and &;:

’

dr(§1,§2)=max{ Arolio AT —Azolr0 A3,

G Ie, Uy, — Ig; U Iy, such that é‘i|1§i =& and gil]ni =1

When we are dealing with real analytic critical commuting pairs, we consider
the C“-topology defined in the usual way: we say that (nn, én) — (n, £ ) if there
exist two open sets Uy D I and Ug D Ig in the complex plane and ng € N
such that n and n, for n > no extend continuously to U_,,, are holomorphic in U
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n(0) £(0)

no&(0)=£&on(0)

1
1
1
1
1
1
1
1
1
¢

Figure 10.1: A critical commuting pair and its underlying interval exchange.

and we have H M — UHCO(UT,) — 0, and such that £ and &, for n > ng extend
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continuously to Fg, are holomorphic in Ug and we have ”En —£ H CoTr) 0. We

say that a set € of real analytic critical commuting pairs is closed if every time we
have {¢,} C € and {{,} — ¢, we have { € ¥. This defines a Hausdorff topology,
stronger than the C”-topology for any 0 < r < oo (in particular any C ®-compact
set of real analytic critical commuting pairs is certainly C”-compact also, for any
0<r <o)

Note that d; is not a metric but rather a pseudo-metric, since it assigns distance
zero to any pair of commuting pairs that are conjugate by a homothety: if « is a
positive real number, Hy (1) = ot and {; = Haogona_l, thend, ({1,¢2) = 0. In
order to have a metric, we simply need to restrict to normalized critical commuting
pairs, as defined above.

Let ¢ = (n,£) be a critical commuting pair according to Definition 10.1, and
recall that (1 o £)(0) = (£ o )(0) # 0. Let us suppose that (& o 1)(0) € I, (see
Figure 10.1) and define the height x({) of £ asa € N if

n**H(E0) <0< n?(5(0),

and y(¢{) = oo if no such a exists. Thus, the height of the commuting pair
(f9+'1,. f9|1,,,) induced by a critical circle map f is exactly a,+1, where

p(f) = lao.ai....]. Now, for¢ = (n, §) with (§01)(0) € I, and x({) = a < oo,
the pair

(nlo.naecopy - 1 © €l
is again a commuting pair, and if ¢ is induced by a critical circle map, i.e.,

¢ = (fqn+1|1n i f4n|1n+1)’
then we have
(nlio.naceont» 1 0 €lre) = (S npn s ST+ M1000) -
This motivates the following definition.

Definition 10.3. Let { = (1, §) be a critical commuting pair with (é o 17) 0) € I.
We say that ¢ is renormalizable if y({) = a < oo. In this case, we define the
pre-renormalization of  as the critical commuting pair

pZ(&) = (nljo,naceoy1 - 1° © €l ).

and we define the renormalization of  as the normalization of pZ (), that is,

Z() = p/:%?@) = (Tﬂ[o,,,a(g(o))], 77/"_\°/§|f§)
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A critical commuting pair is a special case of a generalized interval exchange
map of two intervals, and the renormalization operator defined above is just the
restriction of the Zorich accelerated version of the Rauzy—Veech renormalization
for interval exchange maps (see for instance Yoccoz [2006]). However, we keep
in this book the classical terminology for critical commuting pairs.

If (%7 (£)) < oo for j €{0,1,...,n— 1} we say that ¢ is n-times renormal-
izable, and if y(%#’()) < oo forall j € N we say that ¢ is infinitely renormal-
izable. The space of all infinitely renormalizable commuting pairs is the natural
phase-space for renormalization. For such a pair, the irrational number whose
continued fraction expansion equals

[x(9). x(Z2©)..... x(#"(©). x(Z" 1 (©)).....] (10.1)

is, by definition, the rotation number of the critical commuting pair ¢ (note that
if ¢ is induced by a critical circle map with irrational rotation number, then it is
infinitely renormalizable and both definitions of rotation number coincide).

To understand the action of renormalization on the rotation number of a com-
muting pair, recall that the Gauss map G : [0, 1] — [0, 1] is given by

G(p) = {%% for p # 0, and G(0) = 0.

If p = [ag.a1.az... ] belongsto (1/(k +1),1/k), then 1/p = ag +[a1.az, .. ]

and then a9 = BJ = k and G(p) = [a1,az,...]. This shows that the Gauss

map acts as a left shift on the continued fraction expansion of p, and therefore the
action of the renormalization operator on the rotation number is given by

p(Z(0)) = G(p()) = o([ao.ar.az....]) = [a1.az...]. (10.2)

In particular, the way the renormalization operator % acts on (infinitely renormal-
izable) critical commuting pairs is by sending topological classes to topological
classes.

10.3 A fundamental principle

Recall that, by Yoccoz’s Theorem 6.2, two C3 multicritical circle maps, say f
and g, with the same irrational rotation number are topologically conjugate to
each other. If f and g have the same signature (recall Definition 6.2) there exists
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a homeomorphism /2 : §' — §'!, which is a topological conjugacy between f
and g, identifying each critical point of f with a critical point of g having the
same criticality. By Theorem 7.2, & is a quasisymmetric homeomorphism. Such
an h, mapping critical points to critical points and preserving criticalities, is the
only hope of a smooth conjugacy between f and g (as explained in Chapter 9, it
turns out that for almost every rotation number most conjugacies between f and
g fail to be quasisymmetric).

10.3.1 Main theorem

The following result, originally proved by de Faria and de Melo [1999, First Main
Theorem], is the main result of this chapter.

Theorem 10.4. There exists a set A of rotation numbers, having full Lebesgue mea-
sure and containing all numbers of bounded type, for which the following holds.
Let f and g be topologically conjugate C3 critical circle maps, and let h be the
conjugacy between [ and g that maps the critical point of f to the critical point
of g. If their common rotation number belongs to A, and if their renormalizations
converge together exponentially fast in the C°-topology, then h is C ™% for some
a>0.

This theorem has been recently extended by Estevez and Guarino [2022] to
cover the multicritical case. Here, one needs to assume, of course, that both maps
have the same signature, and the hypothesis of exponential convergence in the
C°-topology has to be replaced by exponential convergence in the C !-topology.
Indeed, contraction of the first derivatives is needed in order to control the relative
position of the various critical points for the return maps. As mentioned in the
introduction of this chapter, proving exponential contraction of renormalization is
a challenging problem, to be discussed in Chapter 13.

The set A C (0, 1) of rotation numbers considered in the statement of Theo-
rem 10.4 was introduced in de Faria and de Melo [1999, Section 4.4]. Its precise
definition is the following.

Definition 10.4. Let A C (0, 1) be the set of irrational numbers p = [ag,aq, .. .]
satisfying:
n—1

1
1. limsup — Z loga; < oo,
j=0

n—oo N %
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1
2. lim — loga, =0,

n—oo n

k+n

3.}1 Z loga; <a)(g)

j=k+1

forall 0 < n < k, where w is a monotone function (that depends on p) such that
w(t) > 0forallt > 0, and such thatt w(t) — O0ast — 0.

The set A has full Lebesgue measure in (0, 1), and a proof of this fact will be
given in Appendix A (see Corollary A.1 and Lemma A.3). Obviously, all bounded
type numbers satisfy the three conditions above (recall that p is of bounded type
if sup,en{an} is finite). The number whose partial quotients are given by a, = k
ifn = 2K with k > 1 and a, = 1 otherwise is an explicit element of A that is not
of bounded type. This number satisfies (3) with w(t) = 1/+/2.

Still in the unicritical case, if one asks for the conjugacy to be only C!, rather
than C 1%, we have the following result obtained by Khanin and Teplinsky [2007,
Theorem 2].

Theorem 10.5. Let f and g be C3 unicritical circle maps with the same irrational
rotation number. If the renormalizations of [ and g converge together exponen-
tially fast in the C? topology, then f and g are conjugate to each other by a C'!
diffeomorphism.

This theorem will not be proved here; we refer the reader to their original
paper. Let us mention that it would be important, for the rigidity problem for
multicritical circle maps discussed in Section 10.1 (recall Question 10.1), to adapt
their approach to the multicritical case. In other words, to prove that exponential
convergence of renormalization orbits implies C! rigidity for multicritical circle
maps with arbitrary irrational rotation numbers. To the best of our knowledge, this
has not yet been established.

The proof of Theorem 10.4 to be given here is the same proof given in de
Faria and de Melo [1999]. In addition to the real bounds from Chapter 6 (Theo-
rems 6.3 and 6.4), several tools from Chapter 7, such as the notion of fine grids
(Definition 7.2), the criterion for smoothness given by Proposition 7.3, and Yoc-
coz’s lemma on almost parabolic maps (Definition 7.3 and Lemma 7.3), will be
used in the proof.
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Remark 10.1. As pointed out in de Faria and de Melo [ibid., Proposition 2.2], the
real bounds imply that exponential convergence of renormalizations is preserved
under conjugacy by a smooth diffeomorphism. In other words, if two C” maps are
C7 conjugate, then the C"~! distance between their successive renormalizations
goes to zero exponentially fast. This is true even in the general multicritical case:
see Exercise 10.1.

10.3.2 Comparing orbits of two almost parabolic maps

The following consequence of Yoccoz’s inequality will be need in the proof of
Theorem 10.4.

Proposition 10.1. Let ¢ and  be two almost parabolic maps with the same length
£ defined on the same interval. Then for all x € J1(¢p) N J1(¥) and for all 0 <
k < £/2, we have

9% () = v* ()| < CK [l =¥l co. (10.3)
Proof. First note, using the mean-value theorem, that
k—1
95 @ — v @l = |3 (e oW ) — ¢k T )
j=0

’

k—1
< XDt o @) = v ()
j=0
where §; lies between ¢ (W7 (x)) and ¥/ T1(x). Hence we have

k—1
950 =y @I < lo—vlo Y [P (04

j=0
Let us estimate each summand in the right-hand side of (10.4). Let m = m(j) be
such that&; € A1, (¢), and assume also that j 4+ m < a/2. This last condition
is always satisfied if the central fundamental domain of ¥ lies to the left of the
central fundamental domain of ¢ (if this is not the case, then reverse the roles of
¢ and v in (10.4) and throughout). Using Yoccoz’s Lemma 7.3, we see that

. 2 . 2

(j +m) < ( J+ m) '

k—j—1cg | =
|D¢ J (S])' - (a—k—m+l)2 X j+1

(10.5)
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Hence, it suffices to estimate m as a function of j. For this purpose, let n = n(j)
be such that ¥/ t1(x) € [¢/ 7" 1(x), 7/ T"(x)]. We claim that m < n + 1. There
are two possibilities. The first is that ¢ (7 (x)) > ¥/ 11(x): in this case we see
easily that

£ €W/, o ()] S [/ T (%), ¢ ()]
and som < n + 1. The second is that oW/ (x)) < Y/ T1(x). In this case we
have §; < ¥/ T1(x) < ¢/ T"(x) € Ajynt+1(e), so once again m < n + 1. This
proves our claim.

So now we must bound 7 as a function of j. Again, there are two cases to
consider.

(a) We have [y/ T1(x), ¥/ T2(x)] € [¢/ T 1(x), ¢/ T"(x)] (as depicted in
Figure 10.2(a)). In this case, Yoccoz’s Lemma gives us
1 < C
RSO
which impliesn < Cj.
(b) We have ¥/ t2(x) > ¢/ 7" (x). In this case, ¢/ " (x) is the first point in
the ¢-orbit of x that lands inside the interval A = [y/ LX), v/ T2 (x)] (see
Figure 10.2(b)). Let p be such that ¢/ t"+(x) € Afori =0,1,...,p—1

but ¢/ T"+P(x) ¢ A. Then we have A C [¢p/ T"~1(x), ¢/ T"TP(x)], and
this time Yoccoz’s Lemma gives us

1 1 1 1 C
— <C| = + — +e = < -

Jj? ((J +n)?  (j+n+1)? ¥ +n+p)2) J+n
Therefore n < Cj 2 in this case.

In either case we see that m < Cj2. Carrying this information back to (10.5), we
deduce that .
DI Ep| < €7 (10.6)

Substituting (10.6) into (10.4), we arrive at (10.3), and the proof is complete. [

Remark 10.2. It is worth pointing out that Proposition 10.1, which as we saw is
based on the geometric inequalities given by Yoccoz’s Lemma 7.3, will be sig-
nificantly improved in Chapter 12 (see for instance Lemma 12.11 and Proposi-
tion 12.3). Such sharper estimates, although not needed in the present chapter,
will be crucial in Chapter 13.
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wj-i—l(x/_\-ﬂ—z(x)
¢j+n—1 (x)\—/d)j+n (x)

(a)

(b)

/e Ny 9w

I (x) @) IR (x)
— A —
Figure 10.2: Bounding n in terms of ;.

10.3.3 Proof of Theorem 10.4

Recall that we are dealing here with unicritical circle maps. There is no loss of
generality in assuming that the critical point ¢ is the same for both maps. Let
{2, (f)}n>o0 be the fine grid for f constructed in Proposition 7.6. The idea of the
proof'is to show that the conjugacy / and this fine grid satisfy, at each level n, the
coherence condition
LI (107
|1 [R(D)]
for each pair of adjacent atoms 1, J € 2,(f) and some constants C > 0 and
0 < B < 1, and then invoke Proposition 7.3.
First we introduce some notation, to be used throughout the proof. We write
Xn = xn(f) = f9(c). Accordingly, we write I,,( f) instead of I,,(c, f), so that
the endpoints of I,,( f) are x,( f) and x,+1(f). We denote by J, ( f) the interval
Li(HUl,+1(f)and by f, : Ju(f) = Ju(f) the first return map to this interval.
Finally, we write f,, = %" f for the n-th renormalization of f around ¢ (this is
just the return map f;, linearly rescaled so that 7, ( f') becomes the unit interval).
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Now, the first thing to observe is that, if the renormalizations f; and g, con-
verge together exponentially fast, then |x,(f) — ¢|/|xn(g) — c| converges to a
limit exponentially fast also. More precisely, we have the following lemma.

Lemma 10.2. If|| f — gnllo < Cu* for some 0 < < 1 and all n > 0, then the
ratio |x, () — c|/|xn(g) — c| converges to a limit exponentially fast. Moreover,
forallm,k > 1 we have

[ Im (DI _ [ Im(@I| _ Cumin{m,k}llm(f)l
(Nl k@I [ (O]

Proof. The hypothesis tells us that

Lisa ()] a1 (2) \
‘ (O e | S

foralln > 1. Writing ap = |x,(f) — ¢|/|xn(g) — ¢| = [In(f)I/|In(g)], and
taking into account that Cz_l [ 1, (2)| < [ In+1(2)] < Ca|1,(g)| by the real bounds
(for some C, > 1), we see that the above inequality is equivalent to

(10.8)

Un+1
(0973

—1‘ < Gy

This is the same as o, +1 = (1 + €,)a, where |€,| < C3u”. Therefore o, =
o1 ]_['J’;ll (I+4e€;), and this shows that lim &, exists. Finally, note thatifm > k > 1
then

m—1 m—1
% ‘ l_[ (1 +¢€;) 4 E €j 51
j=k j=k
and similarly for |1 — ag /o], and these facts clearly imply (10.8). O

Remark 10.3. Having established this lemma, we may assume, after conjugating
one of the maps (say g) by a suitable smooth diffeomorphism, that the limit of the
ratios |1, (f)|/|1,(g)] is in fact equal to one. This will be our standing hypothesis
from now on (used at the end of the proof of Lemma 10.5 below).

Definition 10.5. Let f, : J(f) = Jm([f) be the m-th first return map of f
and let k # 0 be an integer such that |k| < [am+1/2] (where [x] denotes the



10.3. A fundamental principle 267

smallest integer > x). The restricted domain of’ fm, denoted D, i, is defined as
follows.

”m%]_k

It U |:f,,£ (xm),xmi| , whenk >0

[fm(xm+2) fm ( m)] when k < —1

In informal terms, the restricted domain D, i is the set of points in J, which
can be iterated k times by f;, without ever going across the central fundamental

domain of fy, in Jpu (f) \ Jm+1(f).

Lemma 10.3. For all x € Dy, j we have |Df,,’§(x)| < K, where K > 1 depends
only on the real bounds.

Proof. Follows easily from the real bounds and Yoccoz’s Lemma 7.3. The details
are left to the reader as an exercise. O

Lemma 10.4. Let v be a vertex of mathcal Py ,( f) such thatv € Ji(f). Then
there existk <m < k + pand 1 < N < p such that v can be represented in the
form

V= ¢rogpo-0dN(Xm),

where ¢j = fm forsomek mj <k + pandlkj| < am;+1/2], and where
the point ¢j 11 0 --- o ¢n(Xm) belongs to the restricted domain of ¢ ; for each j.

Proof. For simplicity of notation, we write J; = J;(f) in this proof. Let k <
my < k + p be largest with the property that v € Jy, \ Jm,+1,and let 0 < i <
am, +1 besuchthat f}, (v) € Jm,+1. Ifi < [am, /2] thenletky = —i; otherwise

letk; = am,+1—1i. Wegetp; = f,ff} and a new vertex v] = f,;lk‘(v) € Jmi+1-
If vy € Jgyp then vy = fiy,(Xky p) necessarily, and we can stop. On the other
hand, if vy ¢ Ji4 p, then once again there exists my intherange my < ma < k+p
such that vi € Jiu, \ Jm,+1, and we can proceed inductively. At the end of
this process we get sequences my < mp < --- < my < k+ p(soN < p)
and v1,v2,...,vN Withv; € Jy; \ Jm,+1, and for each j an integer k; with

|kj| < [am;+1/2] suchthatv;y; = f,,:j 7(v;). The last vertex vy is necessarily

. k; .
xm for some m < k + p. Hence it suffices to take ¢p; = f; to get the desired
representation. O
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From now on, we assume that the corresponding sucessive renormalizations
of f and g approach each other exponentially, in other words || f;, — gnllo < Cu”
forsome 0 < u < 1 and all n > 0, just as stated in the hypothesis of Lemma 10.2.

Lemma 10.5. There exists a constant 0 < [« < 1 for which the following holds.
Let v € Ji(f) be a vertex of Py ,(f) and let w = h(v) € Ji(g) be the
corresponding vertex of Py 1 ,(g). If p(f) satisfies condition (2), then we have

v —w| < ClI(NIKPuL (10.9)
where K > 1 is the constant of Lemma 4.8.

Proof. By Lemma 10.4 above, there exist points X, = X, (f), Ym = Xm(g) and
anumber N < p such that

lv—w| = |[propao---0dn(xm) —Y10VY20--0YN(Ym)| .

where ¢; = f,,’fj and y; = g,’;jj,withk <mj <k+pand|kj| < [am;+1/2].
For eachi > 1, let A; y be the affine map x +— ¢ + [I;(f)|x, and define A;
in the same way. For eachi > k, let 4; = A;lf oAjyand Ajg = A,:jg o
Ajg. In order to estimate [v — w|, we shall estimate [v* — w*|, where v* =
A,:lf (v) and w* = Al:jg (w). To do this, for each i > k consider the map f;* :

A Ti() = AL (Ji(f)) given by

f5 = Al o fioAry = Ajgofio Ay,

and let g7 be similarly defined.
First we claim that for all x € A;lf(Ji (fHn A,:lg (Ji (g)) we have

K 14i ()]
[T (OI

To see why, note that by inequality (10.8) of Lemma 10.2 we have, for all z in the
domain of both renormalizations f; and g;,

1L Hi(g)l k14 ()]
(O] [1x(2)] 1Tk (O]

Similarly, for all x € A,:lf(J,- (fHn A;}g(]i (g)) we have, again by (10.8),

(O [Tk (2)] 3'uk|1k(f)|
1O (g 11: ()]

|f*(x) —gf (x)] < Cip (10.10)

4,7 (2) — Aig(2)| = ‘ ‘|z| < Copt

x| < CaplF .

A7) = ATy )| = < C



10.3. A fundamental principle 269

Here we have used that |x| < |J; (O)|/ |1 (/)| < Cs|1; ()] 1k (f)]| (recall from
the real bounds that |J; (f)| =< |I;(f)]). Also, by hypothesis we have || f; —
gillo < Cg ,uk . Combining these three estimates with a standard telescoping trick,
we get (10.10), and the claim is proved.

Now let ¢;‘ = Am, fod; OA;zi-,f and Y7 = Am; goV; oA,;_lj,g. Applying
(10.10) with i = m; and using Proposition 10.1, we have

m,(f)l
k()]
By the real bounds, there exists 0 < Ay < 1 such that |1, (f)|/[1x(f)| <
Cs)lrlnj_k. Taking A = max{u, A1}, we deduce from (10.11) that

S0 - vl < oy Pkl (10.1)

—W}‘(X)‘ < Coap A (10.12)

We can at last start our estimate of [v* — w*|. First, note that x,, = A, 7(1) and
Ym = Am,g(1). Writing x5, = A,:lf (xm) and y; = A,;lg (ym), we see after a
simple computation that |x;, — y,,| < C19A™. Combining this fact with (10.12)
and using Lemma 10.3, we get

|68 (xm) = ¥y )| < 18 (o) = ¥y (o) [+ ¥y () = ¥y ()

Cga AN 4+ CroKA™ .

my+1

From this, and since

oN—1 (DN () — VN (U (Y] <
<IN 1(ON m) =V N1 (O DI+ VN1 (DN ) =V N1 (U V)]

we deduce that

|pN—1(EN () = ¥y (W )] <

< Cg( I_HAmN T4 Ka3 l/me) + Cl()Kz/\m .

my+

Proceeding inductively in this fashion, we get in the end

v* —w*| < cgsz Yag, (1AM 4 CroKV AT
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Using that N < p and taking C;; = max{Co, C1¢}, we arrive at

N
* —w*| < Cuk? (A" + ) a2 | (10.13)
j=1

We have of course A™ < AK. Moreover, since k < m j <mjy forall j, wehave

N

o0
3 m; 39n
E aij)L I < E a, A" .

j=1 n=k

But since (a,,) satisfies condition (2), we know that lim (ag)l/ " = 1. In particular,

if & > 0 is such that (1 + s)ﬁ = 1, there exists C1p = Cia2(g) > 0 such that
a3 < Cy12(1 + &)" for all n. Therefore

* e n 1> k
gagxn < clz}g(ﬁ) - lfﬁ(\/}) .

k
Taking this back to (10.13) yields [v* —w*| < C13K?] (ﬁ) . Therefore, noting
that under the assumption given in the remark after Lemma 10.2 we have

—wl = Ak 0" = Akg @] < (D] (0" = w*| + Crap®)

and taking ps = VA, we get (10.9) as desired. O

Lemma 10.6. There exists a constant M > 0 depending only on the real bounds
such that if A* € Py (f) and A € Py, (f) is contained in A*, then

MP

1Al = |A™].

(Gk+161k+2"'Clker)2

Proof. 'This again follows from Yoccoz’s Lemma 7.3 and a simple inductive argu-
ment. Ul

Let us now consider the fine grid {2, ( f)}n>0 constructed before. It will be
convenient to use the following terminology.
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Definition 10.6. The level of an atom A € 2,(f), denoted L(A), is the largest
m < n such that A is contained in an atom of Pp,(f).

Lemma 10.7. If 2,(f) contains an atom of level m, then

m
n < oy log(l+ajr) (10.14)
j=1

for some absolute constant co > 0. In particular, if the partial quotients of p(f)
satisfy (1), then m > cin for some constant 0 < ¢y < 1 that depends only on

p(f)

Proof. Let A € 2,(f)beanatomoflevelm. Let Ay D2 Ay D--- 2 A, = Abe
such that Ay € 25 (f), andnote that 1 = £(A1) < £(A3) < --- < l(A4,) = m.
Given 1 < < m,leti and s (maximal) be such that

U(Ait1) = UAit2) = -+ = L(Aiys) = 1.

Then there exists / € Z;(f) suchthateach A; withi41 < j < i+sisaunionof
atoms of &1 (f) inside /. From the very construction of the partitions 2 (f)
(Proposition 4.5), we see that the number of atoms of %74 ;(f) inside A; is at
least twice the number of such atoms inside A4, foreachi +1 < j <i+s—1.
Moreover, A; 4+ contains at least two such atoms (otherwise its level would be
[ 4 1). Since the total number of atoms of &4 1(f) that lie inside / is at most
1+ajyq,itfollows that 2° < 1+a;41, whence s < log, (1 + a;41). This proves
(10.14) with ¢og = 1/ log?2.

Now, if p( f) satisfies (1), then there exists B > 0 depending on p(f) such
that Z;Ll loga ;1 < Bm. Therefore

m
n < c0210g(1+aj+1) < co(B+1log2)ym,
j=1

which proves the last assertion, with ¢; = ¢y L(B +log2)~ 1. O
Lemma 10.8. If p(f) satisfies (2) and (3) then there exists 0 < f < 1 with

the following property. If L and R are adjacent atoms of 2, (f) and we have
L(L) = m and £L(R) > m, then

Ll I
&R S P (1012
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Proof. Writem = k 4+ p with p = [ok]| where 0 > 0 is a small constant (its size
will be determined in the course of the argument). We may assume that L. U R is
contained in a single atom A of &2 (f). There are two cases to consider.

(a)

(b)

If LUR C Ji(f), then the required coherence estimate (10.15) follows
from Lemma 10.5 and Lemma 10.6. To see this, let v1, v2,v3 € Py ,(f)
be the endpoints of L and R, v; being their common endpoint. Let wy, wo, w3
be the corresponding endpoints of (L) and A (R). Then by Lemma 10.5 we
have |v; —w;| < Co|Ji(f)|0%, where & = K° iy < 1ifo is small enough.
On the other hand, condition (3) tells us that

Ap410k42°Ak+p < expipo(p/k)} < exp{pw(o)}.
Combining this fact with Lemma 10.6, we get
MP

lvi —v2| > 5 k()] =
(ak+1ak+2 ’ "ak+p)

Lkl

e2po(o

The same lower bound holds for |v, —v3|. From these facts, we deduce after
some simple computations that

|L]  |h(L)] [vi —v2|  [wi —wo|
IRl |h(R)] lv2 —v3| w2 — w3
9k82pa)(0) 96200)(0) k
m
< CIT < C2 T < C3/31 )
1/(1+0)
where B; = (Qez"“’(")/M") . Since § < 1 and ow(o) — 0 as

o — 0, we see that 1 < 1 if o is small enough.

If L U R is not contained in Ji ( f), there exists j < g such that £/ isa
diffeomorphism on an interval containing A and its two neighbors in &2 ( f)
and such that f7/ (4) € Jr(f). By the Koebe pr1n01ple and the real bounds,
the distortion of £/ on LU R is bounded by exp(Cy4 o 2y (where 0 < o < 1
is the beau constant of Theorem 3.1). Therefore we have

IL| £/ @)

< Cspf < Ceull', (10.16)
IRl 1f7(R)] 0 !
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where 1 = Mg/(HU). Working similarly with A(L), h(R) € 2,(g), we
get also
h(L J(h(L
()] 187 (h(L))| < G (10.17)
|h(R)| g/ (h(R))|

Putting (10.16) and (10.17) together and using (a) we get inequality (10.15)
with the constant 8 = max{u1, B1}.

Hence in both cases (10.15) is established, and we are done. O

The proof of Theorem 10.4 is now almost complete. If L and R are adjacent
atoms of 2, (f) as above, then combining Lemma 10.7 with Lemma 10.8 we
deduce that the coherence condition (10.7) is satisfied with A = B¢1. Therefore
by Proposition 7.3 the conjugacy 4 is indeed C ! ** for some o > 0.

10.4 The C"-Approximation Lemma

Our purpose in this section is to present a technical lemma extracted from de Faria
and de Melo [1999, App. A]. This lemma will be used in the proof of Proposi-
tion 10.2, but it can be applied to many other one-dimensional situations, so it is
of some independent interest.

We will use the following notation. Let m > 1 be a fixed integer and let
1,J < R be fixed closed intervals. We denote by C" (1) the Banach space of
C™-mappings f : I — R with the norm || f ||, = max{||D* f|o: 0 <i < m},
where ||¢|lo = sup,es | (x)]. Ifthe need arises to emphasize the domain of f, we
sometimes write || f||7,, instead of || f'||». We consider also the closed, convex
subset C" (1, J) € C™(I) consisting of those f’s such that (1) C J.

The reader will undoubtedly be familiar with Leibnitz’s formula for the k-th
derivative of a product of two functions, to wit

k

Dk(uv) = E (k,)DjuDk_jv,
. J
Jj=0

from which it is clear that

luvlim < 27 [[ullmllvllm (10.18)
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whenever u, v € C™(I). Perhaps less familiar to the reader is the fact that some-
thing similar holds for the composition of two C™ mappings. Namely, we have
Faa-di-Bruno’s formula (cf. Herman [1979, p. 42]), which reads

k

D¥(fog) = ) B;x(D'g.D?.....DIg)D* It fog,
j=1

where each B ;. is a homogeneous polynomial of degree k — j + 1 on j variables
whose coefficients are non-negative numbers depending only on k and j. It readily
follows from this formula that if ¢ € C" (I, J) and ¢ € C™(J) then

lpovlm < Am)pllm Y _ IVIE . (10.19)

k=1

where A(m) = maxj<x<m maxicjck Bjr(1,1,...,1).

Another well-known fact we will need below is the following. Suppose m > 1
and consider the composition operator (f,g) — fogasamap ® : C"(J) x
C™1(1,J) — C™ (1) . Then ® is C! and its Fréchet derivative is given by

DO(f.g)(u,v) = uog+uvDfog. (10.20)

Note that C™(J) x C™Y(I,J) € C™(J) x C™1(I); we consider this last
product endowed with the norm

‘(fv g)‘I’J’m = max{”f”J,ma ”g”I,m—l} .

Lemma 10.9. Foreach M > 0, there exists c(M) > O with the following property.

If fi.g1 € C™(J) and f>,g2 € C™ Y, J) and if |(f1, f2)|1.7m < M and
1(g1.82)|1,0,m < M, then

[fiof2—g108lm—1 < c(M)|(f1—g1.[2—8I)l1sm -

Proof. By the mean value theorem,

[fiofa=g1oglm-1 < Sup IDO@, )| 1(f1 — &1, f2— &2)|1,0.m -
¢’w

where the supremum is taken over all (¢, ) in the line segment joining ( f1, f2)
to (g1, g2) inside C™(J) x C™~1(1, J), and where

IDO@. ¥)| = sup {I DO, ¥) (@, v)lm—1 : | V)| 1,0.m < 1}
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is the operator-norm of D®(¢, ¥). Using (10.20), and then (10.18) and (10.19),
we have

IDO(, V), V)lm=1 < 0 Y lme1 + [[v Dp 0 ¥llme1 <
m—1
< A(m = 1) (lullm=1 + 2" ollm-1 1DPllm—1) > IV Ik,

k=1

From this, and taking into account that ||u|;—1 < |[ullm < |(u,v)|1,7,m as well
as |[v|lm—1 < |(u,v)|1,7,m, we deduce that

IDO@.¥)| < Am—1) (1+2" " |D¢llm—1 Z [

k=1

Finally, since | D@lm—1 < [|¢llm and [($. ¥)|1,7,m < M, we get

m—1
sup IDOG. W) < Am—1) (1+2"7'M) Y M* = c(M).
(¢, v k=1

O]

Let us denote by B™([; M) the ball of radius M centered at the origin in
c™(1).

Lemma 10.10 (The C™-Approximation Lemma). For each M > 0, there exist
constants ey > 0 and Cpr > 0 such that the following holds for all ¢ < epq. Let
A1, Az, ..., Ant1 be closed intervals on the line or on the circle, and for each
1 <i<nletfi,gi € C"(A;, Ai+1) be such that

(@) Foralll < j <k <n,wehave fyo fy_yo0---0 f; € B"(A;: M),

(b) We have Z?:l I fi — gillm <e.

Then for all k < n we have gy o gx_10---0g1 € B™ 1 (A;2M), and moreover

k
Ifio ficio--o fi—grogk10o--0gilm1 < Cu Y I1f7—&jllm-
j=1
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Proof. Using the notation of Lemma 10.9, let us write
Cy = max{l, cCM), cCM)c(3M)}

and ey = M/Cyps. We proceed by induction on k. When k = 1, we have
Il f1 — g1llm < e and there is nothing to prove. Suppose the assertion is valid for
all j < k, and write (omitting the composition symbols)

I fic fe—1 -+ f1 — 8k&k—1+-" &1llm—1 <

k
< Wi fiv18i8—1--81— fi-- fi+1figj—1-+-&1llm-1 . (10.21)
j=1

Since [(fj, gj—10"-0g1)|A,,4,,m <2M andalso|(g;, gj—19--081)|A,,4;.m <
2M , it follows from Lemma 10.9 that

I figj-1-"-81—gjgj—1"g1llm—1 < cCM)|Ifj —gjllm
for j = 1,...,k. In particular, by the induction hypothesis, we have for all 1 <
J<k-—1
I figji—1--&illm=1 < llgj&j—1-&1llm—1 +emcCM) <3M .
Taking this back to (10.21) and applying once again Lemma 10.9, we get

I fie fie—1 -+ J1 — 8k &k—1-" &1llm—1
k—1

< c@M)|| fi — gkllm + c@M)cBM) D> |1 fi = &jlm
j=1

k
< Cu Y Nfi—gjlm -
j=1

and this shows also that ||grgr—1---g1llm=1 < M + epCpr < 2M, thereby
completing the induction. O

10.5 Counterexamples to C'™ rigidity

As explained in Section 10.1, two C* critical circle maps with the same irrational
rotation number and with a single critical point of the same odd integer criticality
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are conjugate to each other by a C'! diffeomorphism. Moreover, this conjugacy is
in fact a C !¢ diffeomorphism for Lebesgue almost every rotation number (The-
orem 10.1). These results immediately raise the question of whether such conju-
gacy is always C 1 7% The following result, obtained by Avila [2013], says that the
above conjecture is not true, even if we restrict ourselves to the analytic category.

Theorem 10.6. There exist real-analytic critical circle maps f and g with the same
irrational rotation number and with a single critical point (of the same criticality)
such that if h is the topological conjugacy between f and g identifying critical
points, then h is not C'*% for any a.

The first examples of this kind were obtained by de Faria and de Melo [1999,
Second Main Theorem] in the C *° category. Our goal in this section is to present a
detailed construction of such C *° examples (see Theorem 10.7 below). To achieve
this goal, we will consider critical circle maps whose rotation number p(f) =
l[ag,ai,...,ay,...] satisfies

1
limsup —loga, = oo
" (10.22)

an, = 2 for all n,

The class of all rotation numbers satisfying (10.22) will be denoted by B. It can
be shown that the Hausdorff dimension of B is less than or equal to 1/2, see Good
[1941].

Theorem 10.7. For every p € B there exist C° critical circle maps f, g with
o(f) = p(g) = p such that f and g are not C' 18 conjugate for any p > 0.

The proof will make use of a C°° surgery procedure that we explain below.
These counterexamples have one additional feature: their successive renormaliza-
tions do converge together at an exponential rate. This follows from general results,
such as Theorem 13.3 below, but it will also be clear from the construction.

10.5.1 Saddle-node surgery

Given f asaboveandafixedn > 1,letJ, = J,(f) = [f9+1(c), f9"(c)] € S!
be the n-th renormalization interval of f. When n is very large, the first return
map f, : Jn — Jy is an almost parabolic map of length a;, 1.
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Let Ag") be the fundamental domain of this almost parabolic map which is
adjacent to x, = f9(c), and let A(n) = n]_l(Agn)), for all j < ap4+1. Let

Zn € A(n) be the point such that fa"+1(zn) = Xp+3 = f9+3(c), that is,
fq"+3 4n+14n+1(c), Note that since a,+1 > 2, X, +3 is not an endpoint of

f pans ] (A(n)) and so by the real bounds it splits £, " (Ag”)) into two intervals
of comparable lengths. Hence the same holds for z,,. Namely, z, splits A&") into
two intervals L,, R, with |L,| < |Ry|. In particular we have rlAgn)| < Lyl £

(1- r)|A§n)| (and similarly for R,) for some constant ¢ depending on the real
bounds. We use this fact in the proof of Proposition 10.2 below.

Consider now another critical circle map f with the same rotation number as
f the interval J, = J, ( f ), the first return map fn J,, — J,, the point Z, =
f In+374n+14n+1(¢) and the corresponding intervals Ln, R,. Also, let N, =
[an+1/2].

Definition 10.7. The number

" )l " (L)
1Y R AT (R

is called the n-th order discrepancy between f and f~

Proposition 10.2. Given a C® critical circle map f with p(f) € B, consider a
function o (n) — oo such that

lim sup logay4+1 = oo.

1
no(n)

Then for all n > 1, there exists a critical circle map f = F(n; f) with the same
rotation number and critical point as f and having the following properties.

(a) We have fj (¢) = fI(c) for 0 < j < qny1, in particular, Jn(f) =J, =
In(f).

(b) We have f = @ o f, where @ is a C® diffeomorphism such that
o= —Tdg llcx < BelJa" 7!

for all k, where By, > 0 is constant depending only on k.
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(c) The n-th order discrepancy between f and f is = C|Jn 2™,

(d) We have Jy, 41 (]?) = Jn+1(f2and f,;_H = fu+1, in particular, m-th order
discrepancy between f and f is equal to zero for all m > n.

Proof. We modify f inside f ! (Agn)) using a C *° bump function so as to move
z, by a distance > C |A§n)|1+"(”) inside Ag"). This we do as follows.

Let ¢ : [0,1] — [0, 1] be a C°° perturbation of the identity such that |p(x) —
x| > |A(")|‘7(") forall T < x < 1—1 (and 7 as above), and such that | DKp(x)| <
Bk|A§")|°(”) forall0 < x < landall k > 2. Define ¢, : Agn) Ag")
by ¢n = Apogpo At Where Ay is the affine orientation-preserving map that
carries [0, 1] onto Agn). Note that ¢y, (z,) — zn| > |A§”)|1+"(”). Moreover, since
D¥¢, = |A§")|1_ka(p, we have

||¢5njEl - IdA‘{” lcx < Bk|A§”)|U(n)—k+1

for all k. Define v, : A‘(ln)+1 Af,’fl)Jrl as the conjugate of ¢, ! by the diffeomor-
phism £,/ '~ ! A(n) — A‘(,n)H, namely
Y = fOH T oo (fE L (10.23)

Using the C™ Approximation Lemma 10.10, we see from (10.23) that

Vi =1dgen ek < Clig =Tdgm llex < Bilaf? o=+t

Define @ : ' — S to be equal to ¢, on Ag"), to ¥, on Ag;) and to the identity
everywhere else. The critical circle map we look for is ]7 = @ o f. Note that
[@*! —1dg1 ||cx < B,r€|A§")|"(”)_k‘H for all k; since |Ag")| < |Jn| by the
real bounds, this proves (b). It is also clear from the construction that property (a)
holds too. It follows in particular that the first n 4 1 partial quotients of the rotation

number of f agree with those of f. More remarkable is that, because what ¢;,
does is undone by v, we have

fO | Iys1 = fO|In4q

fqn+1 I, = fin+1|1,
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In other words, f; = fu, the n-th renormalizations agree. Therefore all subse-
quent renormalizations agree as well. This shows that p( f ) = p(f) and also
proves (d).

It remains to prove (c), so we estimate the n-th order discrepancy between f
and f from below. Since |z, — Z,| > |A§")|1+"(”), a simple calculation yields

Lnl  1Lal

> ClAPIT® > g, 2™ (10.24)

|R”| |Rn|

provided n is sufficiently large. Since, by the real bounds, the map f,, N-1

A(”) — A(") has bounded distortion, and since f, = f,, inequality (10. 24)
gives us

n—1 sNn—1,.7
‘m Ll _ " T o

S TRl 1S (R
and this proves (c). O

10.5.2 The counterexamples

We now iterate the procedure given by Proposition 10.2 to prove Theorem 10.7.

Proof of Theorem 10.7. We start with a C*° map f with p(f) € B as before and
select ny < np < --- such that

lim
i—o0o Nj0 n,')

logay, +1 = o0, (10.25)

where o (n) is as in Proposition 10.2. Now we generate a sequence go, €1,. .., Zi» - - -
recursively, starting with go = f, and taking, foralli > 0, gi+1 = F(ni+1, &),
where F(-,-) is as given in Proposition 10.2. Each g; is a C*° critical circle map
with p(gi) = p(f), and gj+1 = Pj 41 0 g, where @; 11 is a C* diffeomorphism
with

10, —Idgt lox < Bygmi@md=k+1) (10.26)
for all k, where 0 < 8 < 1 is a constant depending only on the real bounds. From

(10.26) it follows that @ = lim @; o - -- o @ exists as a C*° diffeomorphism, and
therefore so does g = limg; = @ o f as a critical circle map.
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Using properties (c¢) and (d) of Proposition 10.2 for each g;, we deduce that
the n;-th order discrepancy between f and g satisfies

L L)l 1gne (L))
N;— N;— =4
1 T Rl lem ™ (Ray)

> C|Jy, 200 (10.27)

where N; = [ay, +1/2], etc.

Now, leth : S — S be the conjugacy between f and g mapping the critical
point ¢ to itself. Suppose h were C 114 for some B > 0. Then the left-hand side
of (10.27) would be < C| £~ (A%)|, where A") = L,, U R,,. But by
Yoccoz’s Lemma 7.3, we have

_ 4 1 1
Y THAT = | = L (10.28)
i ni+1

Combining the above with (10.27) and (10.28), we would get the inequality

arzfﬂuni Fre=F < c.
But by the real bounds |J,,| > Cu” for all n, where 0 < u < 1. Therefore, taking
logarithms, we would have

log .
08dni+1 log — , (10.29)

1
lim su < =
Pnic) S B Cu

but this clearly contradicts (10.25). O

Remark 10.4. A closer look at the construction performed above, especially at
expressions (10.26) and (10.29), reveals that if

1 1
limsup —loga, > —log—
n Po ~w

then one can construct a pair of C¥ critical circle maps (whose renormalizations
converge exponentially fast) that are not C'+# conjugate for any g > Bo.
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Exercises

Exercise 10.1. Let f be a C" multicritical circle map with critical points labeled
€1,¢2,...,cN, and let ¢ a C” circle diffeomorphism. Prove that there exist con-
stants C = C(f,¢) > 0and 0 < u = u(f) < 1 such that, for all n € N and
each 1 <i < N, we have

dr—1 (LS R} (po fop™h)) <Cu",
where #}' denotes the n-th renormalization around the i-th critical point (i.e.,
around ¢; for f and around ¢ (c;) for the conjugated map).
Exercise 10.2. Give a detailed proof of Lemma 10.6

Exercise 10.3. Show that the number p whose partial quotients are a, = 22" is
Diophantine (see Definition A.3 in Appendix A) and belongs to the set B defined
by (10.22).



This chapter should be regarded as a second intermezzo (after Chapter 5). Here
we briefly review some standard facts about the theory of quasiconformal map-
pings in the complex plane and the Riemann sphere. In such a short exposition
we can hardly do justice to this beautiful and powerful theory. We refer the reader
to the books Ahlfors [2006] and Lehto and Virtanen [1973], which are classical
references for the subject. Modern treatments, highlighting connections with Dy-
namical Systems and Teichmiiller theory, can be found in the books Carleson and
Gamelin [1993], Farb and Margalit [2012], de Faria and de Melo [2008], Gardiner
[1987], Gardiner and Lakic [2000], Hubbard [2006], McMullen [1994, 1996], and
de Melo and van Strien [1993]. Here we limit ourselves to stating some fundamen-
tal facts about quasiconformal mappings, and to establishing an approximation re-
sult, namely Theorem 11.4 (borrowed from Guarino and de Melo [2017]), that will
be a useful tool in the discussions of Chapter 13. Some of the ideas mentioned in
this chapter will reappear in Chapter 14, which is fully focused on holomorphic
methods.

The use of quasiconformal theory in holomorphic dynamics was initiated by
Sullivan [1985]. He applied one of the cornerstones of the theory — the measur-
able Riemann mapping theorem with parameters or Ahlfors—Bers theorem (see
Section 11.1) — to solve a long-standing conjecture by Fatou, stating that every
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component of the complement of the Julia set of a rational map of the Riemann
sphere is eventually periodic.

What makes quasiconformal maps so useful in the study of holomorphic dy-
namical systems is the fact that, unlike analytic maps, they are very flexible. In
many arguments in dynamics, say in the study of structural stability, it is some-
times necessary to be able to deform a given system into another nearby, within
the same topological class, preserving its smoothness. Deformations using con-
jugation by C! diffeomorphisms (or better) are usually inadequate, because they
preserve the eigenvalues at all periodic points. In the case of holomorphic dynam-
ics, there is an abundance of periodic points in the non-wandering set of the map
(which is essentially its Julia set), and the situation is simply too rigid to allow
this type of deformation. By contrast, using conjugation by quasiconformal home-
omorphisms, one can deform a holomorphic system into another system which
is still holomorphic, but has different multipliers at corresponding periodic points.
Moreover, the Ahlfors—Bers theorem yields a continuous path of holomorphic sys-
tems of the same topological type joining the original system to the deformed one.

In this book, we are interested in the theory of quasiconformal maps only to
the extent that it can be applied to the study of critical circle maps. In what follows,
we make no attempt at a systematic exposition of this beautiful theory, but simply
take stock of the relevant facts that will be needed later.

11.1 Quasiconformal homeomorphisms

The notion of quasiconformal homeomorphism was born of the necessity to solve
a geometric extremal problem that can be formulated as follows: Given two rectan-
gles in the plane, what is the most nearly conformal homeomorphism mapping one
rectangle to the other, sending vertices to vertices? The answer turns out to be the
obvious affine map that carries vertices to vertices as specified, but a proof of this
fact depends on an inequality established by Grotzsch in 1928. Such affine map
will be conformal if and only if the ratios between the “vertical” and “horizontal”
sides are the same for both rectangles.

11.1.1 The geometric definition

The above extremal problem can be similarly formulated replacing rectangles with
round annuli having concentric boundaries. The answer by Grotzsch reveals in
particular that a conformal homeomorphism exists between both annuli if and only



11.1. Quasiconformal homeomorphisms 285

if the ratios of inner to outer radius are the same for both annuli, i.e., if and only if
the have the same modulus, as we proceed to define.

Given 0 < r < R < oo, the conformal modulus, or simply modulus, of the
round annulus 4, g = {z € C : r < |z| < R} is defined to be mod(4, r) =
log (R/r). Now, given any topological annulus in the plane, i.e., any doubly con-
nected region £2 C C not equal to a punctured disk or plane, it can be shown (as
a special case of the famous uniformization theorem, see Exercise 11.7) that there
exists a conformal equivalence between §2 and some round annulus A, g; hence
we define mod(£2) = mod(A4,,Rr).

Thus, the above discussion motivates the following geometric definition of
quasiconformality.

Definition 11.1. An orientation-preserving homeomorphism ¢ : U — V be-
tween two regions U,V in the complex plane (or Riemann sphere) is said to be
K-quasiconformal, where K > 1 is a given constant, if for every topological an-
nulus 2 C U we have K~ mod(£2) < mod(¢(£2)) < K mod(£2).

This definition makes it obvious that a composition of a K;-quasiconformal
homeomophism with a K»-quasiconformal homeomophism is K; K»-quasicon-
formal, and that the inverse of a K-quasiconformal homeomorphism is also K-
quasiconformal. However, it is not of much practical value when we want to ex-
amine quasiconformal maps at the infinitesimal level. For instance, it is far from
obvious from this definition that a 1-quasiconformal homeomorphism is in fact
conformal (this is known as Weyl’s lemma).

11.1.2 The analytic definition

Let us first recall the two basic differential operators of complex calculus:

O LA S
0z 2\ax oy 0z 2\ox "oy )

Instead of g—’; and g—’; we will use the more compact notation df and 0 f respec-
tively. To be more precise, if £2 is a domainin C and f : 2 C C — C is
differentiable at w € £2 (in the real sense), then

(Df(w))(z) =3f(w)z+df(w)z foranyz € C.

Recall also that a continuous function 7 : R — R is absolutely continuous if it
is differentiable at Lebesgue almost every point, its derivative is integrable and
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h(b) — h(a) = ff Dh(t)dt, for any a and b in R. A continuous function f :
2 C C — C is absolutely continuous on lines in 2 if its real and imaginary parts
are absolutely continuous on Lebesgue almost every horizontal line, and Lebesgue
almost every vertical line.

Definition 11.2. Let 2 C C be a domain and let K > 1. An orientation-
preserving homeomorphism f : §2 — f(82) is K-quasiconformal if it is abso-
lutely continuous on lines and

K -1

] < (553

) |8f(z)| forae. z € £2.

It can be shown that Definition 11.1 and Definition 11.2 are equivalent (see
Ahlfors [2006, Chapter. 1I]).

11.1.3 Measurable Riemann mapping theorem

Given a K-quasiconformal homeomorphism f : 2 — f(£2) we define its Bel-
trami coefficient as the measurable function u 5 : 2 — D given by

_/)
)

Note that 11  belongs to L°°(§2) and satisfies [|i rllooc < (K —1)/(K + 1) < 1.
Conversely, any measurable function from §2 to C with L°° norm less than one
is the Beltrami coefficient of a quasiconformal homeomorphism. More precisely,
we have the following result, which is known as Morrey s theorem or measurable
Riemann mapping theorem.

forae. z € £2.

wr(z)

Theorem 11.1. Given any measurable function o : §2 — D such that |;(z)| <
(K —1)/(K + 1) < 1 almost everywhere in S2 for some K > 1, there exists a
K-g.c. homeomorphism f* . 2 — fH(82) which is a solution of the Beltrami
equation:

AfH(z) = daf () u(z) forae. z € £2. (11.1)

This solution is unique up to post-composition with biholomorphisms. In particu-
lar, if §2 is the entire Riemann sphere, there is a unique solution (called the nor-
malized solution) that fixes 0, 1 and oo.
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See Ahlfors [ibid., Chapter V, Section B] or Lehto and Virtanen [1973, Chap-
ter V] for the proof. Note that Theorem 11.1 not only assures the existence of a
solution of the Beltrami equation, but also the fact that such solution is a homeo-
morphism.
Remark 11.1. Theorem 11.1 yields a solution to the classical problem of finding
local isothermal coordinates on a given Riemannian surface. This problem goes
back to Gauss, and in modern language his solution amounts to solving the Bel-
trami equation in the case when the Beltrami coefficient is a function that can be
written as a convergent power series in z and Z. In Exercise 11.8, the reader is
invited to find a solution to (11.1) when u is a polynomial in z and Z.

Later in this chapter (in the proof of Theorem 11.4) we will need the following
fact, whose proof can be found in Ahlfors [2006, Chapter V, Section C].

Proposition 11.1. If i, — 0 in the unit ball ofLoo(@), then the normalized qua-
siconformal homeomorphisms f*n converge to the identity uniformly on compact
sets of C. In general, if Ly, — | almost everywhere in C and lunlloo <k < 1for
all n € N, then the normalized quasiconformal homeomorphisms f*" converge
to f* uniformly on compact sets of C.

The Beltrami equation induces therefore a one-to-one correspondence between
the space of quasiconformal homeomorphisms of C that fix 0, 1 and oo, and the
space of measurable complex-valued functions p on C for which ltlloo < 1. The
following result expresses the analytic dependence of the solution of the Beltrami
equation with respect to i, and it is known as the Ahlfors—Bers theorem.

Theorem 11.2. Let % be an open subset of some complex Banach space and con-
sider a map % x C — D, denoted by (A, z) — u;(2), satisfying the following
properties.

1. For every A the function C — D given by z — . (2) is measurable, and
lealloo < k for some fixed k < 1.

2. For Lebesgue almost every z € C, the function % — D given by A +—
U (2) is holomorphic.

For each A € % let f** be the unique quasiconformal homeomorphism of the
Riemann sphere that fixes 0, 1 and oo, and whose Beltrami coefficient is ), (f**
is given by Theorem 11.1). Then A — fH*(z) is holomorphic for all z € C.

Again, we refer the reader to Ahlfors [ibid., Chapter V, Section C] for a proof
of Theorem 11.2.
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11.2 A simple dynamical application

The measurable Riemann mapping theorem and its version with parameters, the
Ahlfors—Bers theorem, have countless striking applications to many different ar-
eas, such as holomorphic dynamics, Kleinian groups, Riemann surface theory, Te-
ichmiiler theory. See the books we mentioned in the introduction to this chapter
and references therein.

Here, we would like to discuss a simple application which is more specifically
related to critical circle maps. It concerns our old friend, the Arnold family fy :
C* — C*, with corresponding lifts Fy : C — C given by

|
Fo(z)=z+a——sin2nz.
2w

The maps f, : C* — C* are holomorphic branched covering of the cylinder
C* = C/Z, branched at z = 1, and the restrictions fy|g1 are critical circle
maps with a unique cubic critical point at z = 1. We will show here that the
elements of this family whose restrictions to S ! have irrational rotation number are
quasiconformally rigid. This fact will be relevant in our discussion of holomorphic
commuting pairs in Chapter 14.

But first, some terminology and general facts. If f : C* — C* is holomor-
phic, we denote by S ¢ the set of singular values of f,i.e. points in C* all neigh-

borhoods U of which are such that £ ~1(U) i> U fails to be a covering map. We

also write X y = C* \ Sy for the set of regular values, so that ! (Xr) i> Xy
is always a covering map. For example, since 1 € dD is the unique critical point
of fo, it is easy to see that Sz, = { fo(1)}; in this case flx £,) has an infinite
discrete complement in C*. We let J# be the Julia set of f (the closure of the
set of repelling periodic points). A theorem due to Keen [1988] asserts that, if S ¢
is finite, then f has no wandering domains, i.e., no connected component of the
complement of J s is wandering. This is certainly the case with the maps in the
Arnold family.
We will need the following lemma.

Lemma 11.1. The family { f, } is topologically complete, i.e. every symmetric, nor-
malized holomorphic self-map of C* which is topologically conjugate to a member
of the family is a member also.

Proof. Let f : C* — C* be holomorphic and suppose / : C — C is an orien-
tation preserving homeomorphism fixing 0 and oo and satisfying h o foy = f o h.
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Let A € Aut (@) be given by A(z) = Az, where A = h o fo(1)/fu(1). This A is
homotopic to / relative to S 7, U{0, 0o}, so the covering homotopy theorem yields
a holomorphic lift A: £l X ) = f (X £), which is then homotopic to 4 rel-
ative to £, 1(S £,) U 10, 00}. Some easy topology and the removable singularity
theorem show that A is Mdbius and fixes 0 and co. In particular, if f is symmetric
about dD and is normalized so that its critical point lies at 1 € 0D, then A is the
identity and [A| = 1, say A = €27¢ Therefore f = Ao fyo AL = fy 9. O

Theorem 11.3. If p( fy) is irrational then fo admits no non-trivial, symmetric,
invariant Beltrami differentials entirely supported in its Julia set.

Proof. Now suppose p is an fy-invariant Beltrami differential in C with support
in Jz, ; assume also that u is symmetric about dID. For all sufficiently small real
t,let h; : C — C be the unique solution to dh; = (tj1) dh, fixing {0, 1, oo}
pointwise, and let f; = h; o fy o h;'. Since i1 is symmetric and fy-invariant,
each f; is symmetric and holomorphic, and has a single critical point at 1 € dID.
Using Lemma 11.1, we have f; = f,, for some o;. But then p(fo,) = p(fo) 18
irrational, so a; = « for all ¢ (because the function & — p( fy) is a devil staircase;
see Lemma 4.7). Therefore, #; commutes with f, for all ¢; in particular /#; must
permute the elements of ¥, = f, (1), which is discrete in C*, for each n > 0.
Since 1o = Idg and for each z € C the path t — h;(z) is continuous by the
Ahlfors—Bers theorem, we deduce that 4, fixes Y, pointwise for all n > 0, for all
t. But by Montel’s theorem,

I, €U Yn.

n=0

so h; agrees with the identity over Jz, for all . Since h; is conformal off Jf,, it
follows that h; = Id@ forall¢,and so u = 0 a.e.

11.3 Holomorphic approximation lemma

As already mentioned, our goal in this chapter is the following consequence of
Theorem 11.2, borrowed from Guarino and de Melo [2017, Proposition 5.5] (or
Guarino [2012, Prop. 3.3.2]).

Theorem 11.4. For any bounded domain U in the complex plane there exists a
number C(U) > 0, with C(U) < C(W) if U C W, such that the following holds.
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Let {Gn U - Gp(U )}n en be a sequence of quasiconformal homeomorphisms
satisfying:

* The domains G, (U) are uniformly bounded: there exists R > 0 such that
G,(U) C B(0,R) for alln € N.

* Un — 0in L, where luy, is the Beltrami coefficient of G, in U.

Then for any given domain V compactly contained in U there exist ng € N and a
sequence {Hn V- Hn(V)} of bi-holomorphisms such that

nz=no

R
H,—G <CO) |
|Hn — Gnllcory < C( )(d(av,aU

)) ”ﬂn“oo Sforalln > ny,

where d (BV, U ) denotes the Euclidean distance between the boundaries of U
and V.

Proof. For each n € N we first extend u;, to the complement of U in the trivial
way:

Un(2) 3Gp(z) = 3G, (z) forae. z € U, and pn(z) = 0 forall z € C \U.

Of course if u, = 0 we justtake H, = G|y, so we may assume that || 5 [|oo > O.
Fix some small ¢ € (0,1 — ||itn]loo) and denote by 2, the open disk B(0, (1 —
&)/ nll oo) centred at the origin with radius (1 —¢€) /|| it ||co in the complex plane
(note that D C 4,). Consider the one-parameter family of Beltrami coefficients
{itn (t)}te%n defined by

Un(t) =1 fin,

and note that forall r € %, we have H,un () Hoo < 1—¢ < 1. Denote by f#»® the
solution of the Beltrami equation with coefficient w, (¢), given by Theorem 11.1,
normalized to fix 0, 1 and co. Note that f#7(©) js the identity for all » € N and
that, by uniqueness, there exists a biholomorphism H, : f#"M(U) — G,(U)
such that

Gn = Hyo f*MWiny.

In order to estimate the uniform distance between G, and H;,, we need to first
estimate the distance between f*#(1) and the identity. To be more precise, we will

prove now that the ratio ” (1) Id’ / |ttn |lco 1s bounded by a constant

cow)
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only depending on U (thus, independent of ). Indeed, by Theorem 11.2, we know
that for any z € C the curve { fHa® ()t €0, 1]} is smooth. Following Ahlfors
[2006, Chapter V, Section C], we use the notation

fun(s+t)(z) — fHn (s)(z)
; .

fn (z,5) = lim
t—0

The limit exists for every z € C and every s € [0, 1], and the convergence is
uniform on compact sets of C. Then we have

H D) _ Id‘

= sup {’fun(l)(z) —z“ < Zggg %/(;1 ‘fn(z,s)‘ds}.

CoU)  zeu

Moreover, fn has the following integral representation, borrowed from Ahlfors
[ibid., Chapter V, Section C, Theorem 5]:

fn (z,5) = — % //U Un(w) S(flvbn(S)(w)’ fun(S)(Z)) (3f//«n(s)(w))2 dxdy.

for every z € C and every s € [0, 1], where w = x + iy and:

1 z z—1 z(z—1)
S(w,z) = — = .
(W, 2) w—z w—1+ w ww —1)(w—1z2)
From the well-known formula
2 2
det (Df 1O (w)) = [or O )| =[5 (w)| (11.2)
we obtain
2 1
J M (s) w — det (D M (8) w)),
pr ] = g 7w

and then we deduce that ‘ fn (z, s)‘ is bounded by

|s1?|ptn (w)[?

l M n(s) 7 (s) O)
< o eBie ], e ) (4P g0 @)

_ 1 | nlloo // |S(w,f“”(s)(z))‘dxdy.
FunG)(U)

w1 — sl a3

1 n
;//U — | n (w)| det(Dan(S)(w)) ‘S(fun(s)(w),fun(s)(z))‘dxdy
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Therefore, the length of the curve { fHa® (2) 1 €0, 1]} is bounded by

1
7Jo | 1— |S|2”,un||2 an(Y)(U)

< l ”/1'11“00 / // fu,n(s)(z) }d.Xdy ds .
T ”Mn”oo Mn(v)(U)

Considering

1 1
—— Hn(s)
Mn(U) m ZSEB {/o [//funm(u) St @) dxdy} ds},

we get

wn(1) —Id‘ < | 4n 1l oo
|1 cow) S T=unls

Recall that, by hypothesis, @, — 0 in L°°(U). With this at hand, we deduce
from Proposition 11.1 that, for any s € [0, 1], the sequence { fHn (S)} converges

M, (U).

uniformly to the identity in U. Therefore, the sequence {M W (U )} converges to

— ngg {// ‘S(w z)|dxdy% < — Zszg {// }S(w z)!dxdy}

We claim that this supremum is finite. Indeed, for fixed z € C we have that
S(w, z) is in L!(C), since it has simple poles at 0, 1 and z, and is 0(|w|_3) near
oco. Finiteness follows then from the compactness of U. With this at hand, we
obtain n; € N such that for all # > n; we have

Hfunu) _ Id‘

<MU
coqy < MW) lanlos

with

MU) = — sup %// }S(w Z)‘dxdy}
T zeU
where we have used the fact that x — x/(1 — x?) is tangent to the identity at the
origin.
Finally, we restrict both H, and G, = H, o f 1n() to V. and estimate
its uniform distance. With this purpose, let 5 > 0 be the Euclidean distance
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between the boundaries dV and dU (which are disjoint compact sets), that is,
8= d(BV,BU) = min{|Z —w|:zedV,w e 8U} Again by Proposition 11.1,
there exists 7o > n in N such that for all n > ng we have V c f#(U) and

moreover
fun(l)(U) D B(z,6/2) forallz e V.

If we consider the restriction of H, to V' we have

“Hn - Gn”CO(V) < H Hi; HCO(V) Hfl/«n(l) o Id‘ CcoU)

< |Hal cory MWU) ltnloo -

Finally, by Cauchy’s standard estimates, we deduce forall z € V

2| H, "
H) ()| = _/ Hn(w)2 dw‘ < 1 Hn llcorun @y
271 JoB(z,8/2) (W —2) 8
2||G R
= M < — foralln > ny.
8 8
In other words:
2R
H/ < ——— foralln > ny,
” n”CO(V) d(aV,aU) 0
and then we obtain for all n > n that
H, -G R
” n n”CO(V) < — sup %/ }S(w Z)‘dXdy}
Il ten |l oo d(aV 8U) zeU

Therefore, it is enough to consider

cCU) = —sup {/ ‘S(w Z)|dxdy§

T zeU

O

Theorem 11.4 will be crucial in Chapter 13, in order to shadow renormaliza-
tion orbits of C3 critical circle maps with suitable C® critical commuting pairs
(see Theorem 13.4). We remark that Theorem 11.4 is applicable to many other
situations — see for example the recent paper Clark and Trejo [2020, Section 5.5].
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Exercises

Exercise 11.1. We start with an elementary but important fact. Consider an ellipse
in the complex plane centred at the origin, whose major axis makes an angle
with the real axis. Let L be the length of this major axis, and let £ be the length of
the minor one. If

ZH> W1z +waz

is an R-linear transformation that maps the given ellipse onto a round circle, con-
sider
w2

w1

Show that the eccentricity of the ellipse (i.e., the ratio L /£) equals

L+ [
L—|pl”
and that the angle 6 coincides with arg(u)/2 (Hint: Take w; = e 19(L71 +
j 1—L/L
¢71)/2 and wy = (L™ — £71)/2, so that p = €27 YL/ Lﬁﬁ ).

Let U, V, W be domains in the complex plane. In the following exercises, the
reader may assume that f : V +— Wand g : U — V are K-quasiconformal C!
diffeomorphisms.

Exercise 11.2. Conclude from Exercise 11.1 that, for every z € U, the differential
of g at z maps each ellipse centred at the origin with eccentricity

1+ ‘Mg(z)‘ <
1_}Mg(z)| N

and whose major axis makes an angle arg (/,L g (Z)) /2 with the real axis onto a round
circle!.

Exercise 11.3. Prove the identity (11.2).

IRecall that a K-quasiconformal homeomorphism has a derivative almost everywhere with re-
spect to the Lebesgue measure. By Exercise 11.2, such derivative maps an ellipse of eccentricity
at most K onto a circle. Hence a quasiconformal map defines a (measurable) field of ellipses with
bounded eccentricity, which is mapped into a field of circles by the derivatives. By Theorem 11.1,
the converse is also true: any measurable field of ellipses with bounded eccentricity comes from a
quasiconformal homeomorphism in this way.
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Exercise 11.4. Prove that

1g(2) + 1y (g(2)) 0g(2)/9g(2)
1+ ur(g(2)9g(2)/9g(2)

_ k(@) + s (g(2) 02(2)/98(2)
1+ pg(2) yr(g(2)) 9g(2)/0g(2)

/f'fog(z) =

foreveryz e U.

Exercise 11.5. Prove that if f is holomorphic, then it rog = jtg. On the other
hand, if g is holomorphic, prove that

g\’
(o

wrogl=lnrogl

Exercise 11.6. Using Exercise 11.4, prove that the inverse of a K-quasiconformal
diffeomorphism is K-quasiconformal, and that the composition of a K;-quasicon-
formal diffeomorphism with a K»-quasiconformal diffeomorphismis K; K»-quasi-
conformal.

In particular,

Exercise 11.77. An annular Riemann surface is a Riemann surface S whose fun-
damental group 7r1(S) is isomorphic to Z. Using the Uniformization Theorem,
show that any annular Riemann surface is conformally equivalent either to C \ {0},
D\ {0} orto an annulus A, g = {z eC:r<|z]< R}. In the last case, show that
the ratio R/r is unique (Hint: Let S be an annular Riemann surface which is not
biholomorphic to the punctured plane. By the Uniformization Theorem, S is con-
formally equivalent to a quotient of the upper half-plane H by a group of Mobius
transformations, that must be generated by a single transformation ¢ : H — H
(since 71 (S) = Z). Now discuss on the number of fixed points of v in H, noting
that ¢ has no fixed points in H, and at most two in H).

Exercise 11.8. The purpose of this exercise is to find local solutions to the Beltrami
equation 0 f = udf in the special case when y is a polynomial in z and zZ with
complex coefficients, say

N
uiz) = Y a7’ . (11.3)

i,j=0
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The idea is to first seek a formal solution written in power-series as follows:

f@) = Y cmaz"7". (11.4)

m,n=0
where the coefficients ¢, , € C are to be determined.

(1) Plugging (11.3) and (11.4) into the Beltrami equation and comparing coeffi-
cients, show that for all £, k > 0 we have

N
€+ Deggpr = Y (k+ 1= i)aijcppr—io—; -
i,j=0

Here and below, we adopt the convention that ¢;, , = 0 whenever m or n
is negative.

(ii) If A = max |a;;|, show using (i) that for all m > O and n > 1 we have

N

A .
lem.nl < — D mA+1=i)|emy1-in-1-j| -
i,j=0

(iii) Now suppose the coefficients ¢, o are given, and we know that there exists
A > 0 such that |cp,0] < A™ for all m > 0. Using (ii) and induction in n,
prove that for all m,n > 0 we have

|Cm,n| < (m + n)szAn)Lm+n )
n

(iv) Deduce from (iii) that the series in (11.4) has a positive radius of conver-
gence, and therefore the resulting f* solves the Beltrami equation for  in a
neighborhood of the origin.



Lipschitz
Estimates for
Renormalization

Our goal in this chapter is to prove a modulus of continuity for the renormaliza-
tion operator defined in Chapter 10. Our main result is Theorem 12.2, which estab-
lishes a Lipschitz estimate for renormalization, when restricted to suitable bounded
pieces of topological conjugacy classes of C3 critical commuting pairs with irra-
tional rotation number and negative Schwarzian derivative. This is a rather techni-
cal and difficult chapter, and the reader may skip it on a first reading (just saving
the statement of Theorem 12.2 for later use). Our exposition in the whole chap-
ter follows closely the original paper by Guarino, Martens, and de Melo [2018,
Sections 5-10].

12.1 Lipschitz estimates for controlled commuting pairs

In order to state the main result of the present chapter, we need a couple of defini-
tions. The bounded pieces mentioned in the introduction are defined as follows.

Definition 12.1. Let K > 1 and let ¢ = (1, £) be a normalized C? critical com-
muting pair which is renormalizable with some period a € N. We say that ¢ is
K-controlled if the following seven conditions are satisfied:
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* 1/K <£(0) <K,

* £(0)—n(60) > 1/K;

« °7HE0) — 1°(£(0)) = 1/K;

« 1°(£(0)) > 1/K;

« 1*TH(E(0) < —1/K;

* Ellesqe1,0p < K and |nllc3qoz0))) < K-
* Dn(x) = 1/K forall x € [11°(£(0)),£(0)].

Of course if ¢ is Ky-controlled and K1 > K, then { is also K-controlled.

Definition 12.2. For K > 1 let # = ¢ (K) be the space of normalized C3 crit-
ical commuting pairs which are K-controlled. For K > 1 and a € N let J#,(K)
be the space of normalized C3 critical commuting pairs which are renormalizable
with period a and K-controlled.

From the real bounds (Theorem 6.4) we know that after a finite number of
renormalizations, every C* critical circle map with arbitrary irrational rotation
number gives rise to a controlled commuting pair. More precisely, we have the
following.

Theorem 12.1. There exists a universal constant Ko > 1 with the following prop-
erty: for any given C* critical circle map f with irrational rotation number there
exists ng = no(f) € N such that the critical commuting pair Z"(f) is Ko-
controlled for any n = ny.

The C# smoothness is needed in order to have that the critical commuting pair
Z"(f) is C3 bounded for n big enough. As mentioned before, our main result in
this chapter is the following.

Theorem 12.2 (Lipschitz estimate). For any given K > 1, there exist two con-
stants g9 = €o(K) € (0,1) and L = L(K) > 1 with the following property.
Let Lo and £y be two infinitely renormalizable normalized C3 critical commuting
pairs which are K-controlled, let both (o and {1 have negative Schwarzian, and

let p(So) = p(¢1) € [0, 11\Q and d2(8o,$1) < €o. Then we have
da(%(50), Z(61)) < L d2(8o, 81),

where dy denotes the C? distance in the space of C? critical commuting pairs.
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Let us make a few comments before entering the proof of Theorem 12.2.

Remark 12.1. One might guess that the condition Ll/,o((o)J = Ll/,o((l)J should
be enough in order to compare the commuting pairs % (o) and Z({1). Unfortu-
nately, this is not the case since there is no bound for the expansion of the renormal-
ization operator along different topological classes (even sharing the same period
of renormalization, see Proposition 12.1 for precise estimates). This is to be ex-
pected if we remember that renormalization acts as the Gauss map on the rotation
number (as in (10.2)), and that the Gauss map has unbounded derivative on (0, 1).

Remark 12.2. All estimates performed in this chapter rely heavily on Yoccoz’s
Lemma 7.3, and that is why we require the negative Schwarzian condition in The-
orem 12.2. But recall that, given a C3 multicritical circle map f with a critical
point ¢;, we know from Proposition 6.2 that the critical commuting pair %} (f')
has negative Schwarzian for sufficiently large n. Therefore, this assumption in
Theorem 12.2 is harmless in the applications.

Remark 12.3. Itis not difficult to prove Theorem 12.2 if one considers an irrational
rotation number of bounded type (say, bounded by M) allowing the Lipschitz
constant L to depend on M (see Exercise 12.2). The main point in Theorem 12.2
is that the constant L does not depend on the number of compositions defining the
renormalization operator.

The remainder of this chapter is devoted to the proof of Theorem 12.2.

12.2 Standard families

Fix Ko > 1 and let .# be the space of normalized C3 critical commuting pairs
which are Ky-controlled (Definition 12.1). We will consider in this section a
C3 critical commuting pair { = (5, £) with negative Schwarzian that belongs
to # which is renormalizable with period @ € N. For such a pair we will con-
struct/define the corresponding standard family.

12.2.1 Glueing procedure and translations

Using the same notation as in the proof of Lemma 10.1, we have the following
fact.

Lemma 12.1. There exists so = so(#) > 0 such that for any ¢ = (n,§) € A
both components of A\ {77(0)} and both components of B\ {§ (O)} have Euclidean
length greater than or equal to so.
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Proof. There exist positive constants § and p (depending only on Kp) such that
both components of C \ {0} have Euclidean length greater than or equal to §,
infc{D¢} > pandinfc{Dy} > p. Then it is enough to take 0 < 5o < (§p)2¢ 1,
where the integer 2d + 1 is the criticality of 7 and & at the origin (See Condition
(4) in Definition 10.1). O

Still in the notation of the proof of Lemma 10.1 let M = V_ U V4 / ~ where
x ~yifx € A,y € B and E(x) = 7(y). Note that n(0) ~ £(0) by the com-
muting condition (2) in Definition 10.1. Let p : V_ U V4 — M be the canonical
projection for the identification ~, and note that M is a compact boundaryless one-
dimensional C 3 manifold since the map 7~ og : A — Bisa C? diffeomorphism.

Lemma 12.2. There exists a C?3 diffeomorphism  : M — S such that defining
P:V_UVy = SYas P = ¥ o p we have that for all x,y € A N Ig, for all
x,y € BNIyandforallx,y € (I Uly)\(AU B),

lx — y]
K

<d(P(x). P(y)) < K|x —y|

for some universal constant K = K(') > 1, where d denotes the Euclidean
distance in the unit circle.

Fromnow onlet P : V_ U V4 — S be the C3 map defined in Lemma 12.2.
Given 1 € R we define the translation by t on I¢ U I to be the C 3map T :
I¢ U Iy x R — I¢ U I given by

(PoTy)(x) = e*™"P(x),

thatis, T'(x,1) = Ty(x) = P~1(e?!! P(x)), whenever is clear which preimage
under P we choose for points in P(A). In particular Ty is the identity on I¢ U .
Note also that

oT B 1 T _ DP(x)
E(x,t) = —— and (x,t) = BP0 (T,(x)) ,

DP (T (x)) dx

and from Lemma 12.2 we get that % < %—f(x,t) < Kforallx € I U .
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12.2.2 Standard families of commuting pairs

By Condition (5) in Definition 10.1, the discontinuous piecewise smooth map f; :
Ie¢ U Iy — I¢ U I given by

E(x) forx €I
n(x) forx el

fe(x) =

projects under p to a C3 homeomorphism of the quotient manifold M, and then
it projects under P to a C? critical circle map fein S 1

By Lemmas 12.1 and 12.2 above, the Euclidean length of both components
of P(A)\{/¢(P(0))} in S is bounded from below by some positive constant /g,
universal in #. Fort € W = (=lg,lp) let f; : S' — S be the C3 critical
circle map given by f;(z) = 27! f¢(2), and note that fo = f. Since the critical
value of f; (which is e27!! fe (P(O))) belongs to P(A) we can lift each f; upto a

C3 critical commuting pair &; = (1, &) with

£(x) = (Tro&o)(x) = T'(5o(x).2) and 1, (x) = (Trono)(x) = T (no(x).1).
Note that

0 1 ome , 1
o= DP(&(x)) and 500 = DP (n:(x))

Lemma 12.3. There exists K = K(2') > 1 such that |t|/ K < d2(8o.¢r) < K|t]
forallt e W,

Now let W, C W be the set of all # € W such that {; is renormalizable with

”} j— {t c ”/ . | j— j— a}

Lemma 12.4. There exists ap = ao(%) € N such that if a > ag we have that
Wq C W. If we denote the boundary points of W by —wZ and w$, that is,
W, = [—w4, wi], we have that:

nit)lg (s—wﬁ (0)) =0 and ani (Ewi (O)) =0.
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Proof. By Lemma 12.2 there exists a universal upper bound K > 0 for the first
derivative of P in V_ U V4. By Yoccoz’s Lemma 7.3, it is enough to take ag 2>

(K/|W|)1/2 in order to have |W| 2 K/a%. The assertion about the boundary of
W, follows by combinatorics. O

Corollary 12.1. Let a9 = ao(%) € N be given by Lemma 12.4. Let ¢ be a
normalized C3 critical commuting pair that belongs to J# which is renormalizable
with period a > ag. Given x € [O, n? (5(0))] there exists t,y < 0in Wy(8) such

that nf, (&,(0)) = x.

Finally, let V = [—v_, v4] C W, defined by
N2l (6o (0)) = —1/Kg and 1§, (5, (0) = 1/K§.

Lemma 12.5. Foranyt € V andanyk € {1,...,a — 1} the C3 diffeomorphism
n?_k 2 [ (t) = 14(¢) has universally bounded distortion.

Here I;(t) = [x,- (t),x,-_l(t)] foralli € {1,...,a}.
Proof. Combine Koebe distortion principle (Lemma 5.2) with the K-control. [

Lemma 12.6. Let ag = ao(-#") € N be given by Lemma 12.4. Let Ly = (1o, £0)
and &1 = (n1,&1) be two normalized C? critical commuting pairs that belong
to & which are renormalizable with the same period a > ag. Then there exists
to € V(o) C Wu(&o) such that

N (620(0)) = 1§ (€1(0)) and  dz(%o.8s,) < Kda(80.81)

where the constant K = K(') > 1 is given by Lemma 12.3.

Proof. We may suppose that ng (50(0)) = ng (51(0)), that is, n¢ (51 (0)) belongs
to the interval [l/K(), s (EO(O))] C [1/Kp, Ko]. By Corollary 12.1 there exists
fo < 0in V(Zo) such that nf (§,,(0)) = n$(£1(0)). Note that i (£,(0)) <
net1(50(0)) < —1/Ko < —1/K2. Now let K = K(#) > 1 be given by
Lemma 12.3. We claim that |zo] < Kd2(Co, {1). Indeed, if |tg] > Kd2(Co, {1) we
would have &, < &; and 1, < 11 in the corresponding intersections of domains,
but this implies that nf (&;,(0)) < 7% (£1(0)) which is a contradiction. Then |7| <
Kd>(¢o, ¢1) and we are done. O
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Mo &t ()6,
o0& (0) ¢

\Bll 7
10 (0)[ Mo (0) / €0(0)| &4 (0)

Figure 12.1: Standard families of critical commuting pairs (in this figure, the
period of g is equal to 3, while the period of ¢y, is 8).

12.2.3 Renormalization of standard families

As before, fix Ko > 1 and let %" be the space of normalized C3 critical commut-
ing pairs which are Ko-controlled (Definition 12.1). Again, we consider in this
section a normalized C? critical commuting pair ¢ = (1, £) in % with negative
Schwarzian, which is renormalizable with some period ¢ € N. Let V({) be the
parameter interval for the standard family around ¢ constructed in Section 12.2.2,
and consider the one-parameter family of C3 critical commuting pairs given by
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G; = p#(L;) for each t € V; that is, Gy is the pre-renormalization of {; (Defini-
tion 10.3).

Proposition 12.1. There exists K = K(#') > 1 such that for allt € V and for
all x in the domain of Gy we have

G G
8—;(x)xa3 if x <0, and 8—;(x)x1 if x > 0.

Mo &t (0
n00&0(0) ¢

70 (0) gto (0)

Figure 12.2: Both critical commuting pairs of Figure 12.1, and their renormaliza-
tions.
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Proof. We claim first that for 7 € V and x € I¢, we have the identity

9G; , = _
0t () = 200 DA (E 00+ Y S (o™ (6 (0) 1) Dot~ o (5 ()

k=1

. (12.1)
Indeed, fix x € I¢, and for each j € {0,1,..., ajlety;(t) = H (St(x)). Note
that yo(#) = & (x) and y,(¢) = G;(x) for x < 0. Since y;j+1(t) = n: (yj (t)) =
T(no(y;()).t) forall j €{0,1,...,a — 1} we see that

0 d
Vi = V05 (10(350). ) D1o(350) + 5 (o0 0).1) (122
0
= 5Dy 0) + 5 (o5 ).,

since from 7;(x) = T (no(x).1) we get Dn;(x) = g—z(no(x),t)Dno(x). By
induction on (12.2) we obtain that for all j € {1,...,a},

y,(t)—yo(z)jl‘[le (1)) +Z (0 (yie-1(0)), j‘iDm ()
0
+ 5 (0(rj-10).1)
= 35(0) D (v0t0) + kiaa—T(no(yk ©).0) D ()
+88T(no(y1 10).1)
= 70(0) Dnf (yo(0)) + kX::laa—T(UO()’k 1(0).1)Dn! ™ (3 (0)).
In particular, _
W (x) = ¥40) = ygto) D (yol0)) + if%f(no(yk 0).0) D (3 (0).

and then we obtain for all # € V and all x € I¢, the desired identity (12.1). Now
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by Lemma 12.2, the Kg-control and Lemma 12.5 we have

3% . Dno(n?_l(Ez(X)))DP(no(n?_l(Ez(X))))) i
0< — D t \St = D t t
< (P ( DP (&) DP (1 (6 () i)
1,
< KDo(n= 6 (0) Dt (6 () < k12Ol
NG]

On the other hand, for all k € {1,...,a} we have

aT . B 1 [
ar w0 600 = B e ) ]

again by Lemma 12.2. Therefore, it follows from (12.1) that for any x < 0 we
have

9G a—1
8—;(x) = Z an_k(r]f(ét(x))) whenever a > 1.
k=1

Again by Lemma 12.5 (bounded distortion) and the Ko-control we have that

3G, S L) S

1
EaPSATAn)

-1
~ L]

X

x

Therefore, by Yoccoz’s Lemma 7.3 we obtain

G, 2 3
W(X) = Z min{k,a — k}* < a” forany x <O.
k=1

Finally, recall that for x € [0, n? (E, (0))] we have G;(x) = 1;(x) and then

BG, _ 87]; . 1 l
T = W= DP(1(x)) [K’K}

by Lemma 12.2. O

With Proposition 12.1 at hand we obtain the following.
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Corollary 12.2. There exists K = K(%) > 1 such that for all t € V and
x,y € Ig, we have

e,

[36:(y)| (y)\

In particular,

|G (x) — Go(x)| _ 72 (&:(x)) — 18 (0(x))| <
1G/(») = Go(»)|  |n¢(E(») — 0 (50 ()]

Jorallt € V\{0}and x,y € Ig, N Ig, = [max{no(O), nt(O)},O].

12.3 Orbit Deformations

We begin this section with the following fact.

Lemma 12.7. Given K > 1, there exists ag = ao(K) € N with the following
property. Let ¢ = (, §) be a normalized C3 critical commuting pair with negative
Schwarzian which is K-controlled and renormalizable with some period a > ay.
Then there exists a unique p in Iy such that |n(p) —p| < ‘n(x) —x‘for allx € I.
Moreover; the point p belongs to the interior of I, Dn(p) = 1 and D?3(p) < 0.

Proof. Since ¢ is renormalizable we know that x > n(x) for all x € I;). From the
continuity of 7 and the compactness of its domain /,, we obtain the existence of
a point p such that 0 < !n(p) — p| < ‘n(x) — x| forall x € I.

We claim first that if ap > K? and a > ay, then p belongs to the interior of
I;. Indeed, note first that the (positive) difference Id —n equals |/¢| at the origin,
and equals !é(l E)‘ at the point £(0). In both cases it is greater than 1/ K, by the
K-control hypothesis. If p is one of the boundary points of /;, we would have
}r](x) — x‘ > 1/K for all x € I, and since the period of ¢ is a, we would have
a/K < |Iy|. On the other hand, again by the K-control hypothesis, we have
ap > K? > K|I| and then |I,,| < ao/K, which gives the desired contradiction.

With the claim at hand, we clearly have Dn(p) = 1 and D?1(p) < 0. Unique-
ness of p follows at once from the Minimum Principle (Lemma 5.1). Now we
claim that D?7n(p) is strictly negative. Indeed, if D?n(p) = 0 we would have
D3n(p) = Sn(p) < 0, and then it would exist §o > 0 such that D?7(x) > 0 for
all x € (p — o, p). But then it would exist 0 < §; < 8¢ such that ‘n(x) — x} <
}r]( p) — p‘ for all x € (p — 81, p), which gives the desired contradiction. O
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Remark 12.4. We can slightly improve the statement of Lemma 12.7: there exists
Ko = Ko(K) > 1 such that D?n(p) < —1/Ky. Indeed, the fact that D?n(p) is
uniformly bounded away from zero (by a constant depending only on K) follows
from (the proof of) Yoccoz’s Lemma 7.3.

Throughout this section fix K > 1 and let .#" be the space of normalized C3
critical commuting pairs which are K-controlled (Definition 12.1). Let { = (7, £)
and E = (7, §) be two C?3 critical commuting pairs with negative Schwarzian
that belong to .#~ which are renormalizable with the same period a > ag, where
ap € N is given by Lemma 12.7. Denote by ¢ > 0 the C? distance between ¢
andé‘ that is, ¢ = d»(¢, E) We will assume that ¢ < &g, where g9 > 0 will be
fixed later in this section (see the proof of Claim 12.3.1 below, during the proof
of Lemma 12.11). Moreover, we will only consider in this section the special
situation when

(1) Iy = Izand I¢ = Iy = [—1,0],
(2) p = p, where Dn(p) = D7i(p) = 1 (see Lemma 12.7).
Let H : I;) — [—¢,¢] C R be defined by H(x) = n(x) — 7(x) and let
h = H(p).
Observe that for every x € I, we have
|[H)| < 7]+ e(x = p)?. (12.3)

and
|DH(x)| < elx — pl. (12.4)

Indeed, given x € I there exists y € I; such that DH(x) = D2H(y)(x —
p) and then |DH(X)‘ = }DZH(y)“x — p| < g|x — p|, and there exists also
z € [p,x] C I such that H(x) = h + DH(z)(x — p) and then ‘H(x)} <
[h] + [ DH(@)|1x = p| < [h] + e(x — p)2.

As before, we will use the following notation. Fori € {0,...,a}, let x; =
n' (£(0)). Note that x; € I, = [0,£(0)] for alli € {0,...,a}. Define X; =
0k (5(0)) similarly. Denote by I;, i € {l,...,a}, the fundamental domains of
n given by I; = [} (£(0)), 77’:1@ (0))]. By the commuting condition, /; =
£E(Ig) = &([-1,0]). Define /; similarly. Let us state some consequences of
Yoccoz’s Lemma (Lemma 7.3).
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Lemma 12.8. Let ¢ be a C3 K-controlled critical commuting pair which has
negative Schwarzian and is renormalizable with some period a > ao, where ag
is given by Lemma 12.7. Let N € {1,...,a} be defined by p € In+1, that is,
XN+1 < p < xpy, where p is given by Lemma 12.7. Then we have

1. N = a, that is, there exist two constants 5o = 6o( %) and §1 = §1( %)
with 0 < 8¢ < 81 < 1 such that §pa < N < 61a;

1
2. |I,~|xi—2 for1 <i <N and |I;| < for N <i<a-1

1
(a—i)?
N—i 1 1

3. ‘xi—p|x N =lf—ﬁ<llfforalliémin{L%J,N—l}.

Proof. To prove Item (1) we claim that |[Iy 1] < p — n(p). Indeed, note first
that p — n(p) < |In+1| + |In+2|. Being adjacent fundamental domains of 7,
we know from Yoccoz’s Lemma that |[Iy41| < |[In+2], and then p — n(p) <
(1 + Ko) |[In+1]| for some Ko = K¢(K). On the other hand, we have

[N 2] XN+1— XN42 1 p
- =1+ — Dn(@t)—1)d
p—n(p) p—n(p) " p—n(p) xN+1( (0~ 1) di
1 p
=14+ — (p—t)(— D?n(p) + O(t — p)) dt
P"I(P) XN +1

p
<1+/ (= D?*n(p) + Ot — p))dt < 1+ Ko(p — xn+1)
XN+1

<1+ Ko |In+1]-

Using again | Iy 41| < |In+2|, we obtain the claim. Combining the comparability
|In+1] < p — n(p) with Yoccoz’s Lemma 7.3, we deduce that | Iy 11| < 1/a?
(recall that the positive number p — n(p) is less or equal than the length of any
fundamental domain of 1) and then N < a, which implies Item (1). Item (2)
follows at once from Item (1) and Yoccoz’s lemma. To prove Item (3) note first
that by definition of N,

J=N j=N

Dol =|xi —xn| < |xi—p| < xi—xng1| = Y0 1|+ vl
Jj=i+1 Jj=i+1
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foralli € {1,...,N —1}. ByItem(2)wehaveZ l+1 |1;| < ZJ l+1l2
that is,
i 2 <li—rl< 3! 1
j2 i 2 2
RN EARCES

for all i < min {L I,N — }, where Ko(K) > 1 is given by Lemma 7.3. From
the elementary estimates

N—-i 1 1 _/N+ldz<
(+DWN+1) i+1 N+1  Jigg 27
J=N N .
1 dt 1 1 N-—i
< <[] F=-5=-
Z j2 /, 2 i N iN
Jj=i+1
we obtain

1 1 |xi — p| 1 1
- = < — < Ko | — + —_—
Ko i +1D)(N+1) N —i (N +1)?
foralli < mln{L |,N — } which implies Item (3). O

A similar application of Lemma 7.3 is given by the following.

Lemma 12.9. There exists Ko = Ko(%) > 1 such that for any { € & renor-
malizable with period a € N, and for any b < L%J we have:

Ko
[xp — Xq—p| < 5

Note that the constant Ko does not depend on the period a.

Proof. By Yoccoz’s Lemma 7.3 we have

i=a—b i=a—b 1
|xp — Xq—p| = Z |Ii| < K Z ——2
. ) min{i,a —i}
i=b+1 i=b+1
To finish, note that
i=a—b

1 2
L2
min{i,a—i}2 b

i=b+1
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Indeed, by symmetry it is enough to prove that

i=la/2] . .
Z —5 S T
min{i,a —i}2 b

i=b+1

and this follows again from elementary calculus:

i=%2J 1 i=%2] 1 _ /La/ZJ dt - /-i-oo dt 1
ST = X PR S = 7
M) min{i,a —i} i i b t b t b

Yet another consequence of Yoccoz’s lemma is the following.

Lemma 12.10. There exist ag =~a0(,%/) e Nandb = b(xX) € {1,..,a0} with
the following property. Given {, € J renormalizable with period a > ag we
have that

fﬁ_bZXN_l and fﬁ+b<XN+2.

Recall that we are assuming that p = p. The number b given by Lemma 12.10
will be used in Lemmas 12.11, 12.13 and 12.14 below.

Proof. Consider
1 _K? K?
ao>>%28—2 and 28—2<b<80(10,

where K is given by Lemma 7.3, § = min{&g, 1 — 41} and 8¢, 61, in turn, are given
by Item (1) of Lemma 12.8. We claim that [X5_, — X5| = [xny—1 — p|. Indeed,
on one hand,

So,-Fgl= S ITl> . b
xﬁ_b_xﬁ = il =z - P et~ ~ .
i=N—b+1 K, PUKWE b+ DIV D)

On the other hand,

lxy—1—pl < |INn|+ [IN41]

<K 1 . 1 <2K 1
= min{N,a — N}2  min{N +l,a—N —1}2) = §2 42~
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Therefore it is enough to have

2K2 1 -~ -
b}ETZﬂN—bHXN+m

which follows from our choice of b (recall that N < 81 a < a and then N +1 <

a). Then [X5_, — X5| > [xn—1 — p| as claimed, and this implies at once that
Xj_p = XN—1. The other estimate can be proved in the same way. O

The distance between corresponding critical iterates of ¢ and Ewill be denoted
by Ax;, that is,

Ax; =% —x; = 7 (E(0)) — n* (£(0)) foralli €{0,1,...,a}.

Lemma 12.11. There exists K = K(%') > 0 such that for i < min { la/2], N —
b, N — b} we have

Axi| < K (Jhl-i + ).
i
where b is given by Lemma 12.10.

Proof. Let xog = £(0) = 5(0) be the common critical value of £ and §, which is
the right boundary point of /;, = I5. Recall that, by definition, x; = 1t (xo) and
X; = 7 (xo) foralli € {1,...,a}. We will consider the case x|4/2] < ¥|q/2)-
Note that for any i € {1, e, |_a/2J} and any k € {0,...,i — 1} we have by
combinatorics

Xa—itk+1 S X[g/2])+1 < X|a/2] < XLa/zj X1 < X -

Therefore x|4/2/+1 < 1n(Xk) and then x,_;1x4+1 < n(Xk), that is, both points
n(7 (xo)) and 77¥1(x¢) lie to the right of the point x,_; 4 41. In particular the
iterate 7' ~k—1
k“(xo) This allows us to use a simple telescopic trick and the mean-value

is well defined in the interval with boundary points 1(7* (xo)) and

theorem in order to write for any i € { . la/ 2]}
|Ax;| = Z R (7 (x0))) — 0 TR (x0)) (12.5)
k=0

i—1
Z | Dy ()| [ H (7 (x0)) .
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where for each k € {0,...,i — 1} the point y; lies between n(7*(xo)) and

ﬁk“ (xo) (the points yo, y1, ..., yi—1 depends also on each fixed i, but we will de-
note them just by y to simplify the notation). From Equation (12.3) and Lemma 12.8

we get that
Ke

(k+1)2°

Foreachk € {0,...,i — 1} letus denote Dy, = }Dni_k_l(yk)‘. Our goal is,
therefore, to estimate the sum

|H (7 ()| < |h] + (12.6)

) . i—1 K
' () =7 ()] < Y D (|h|+m). (12.7)
k=0

Foreachk € {0,...,i — 1} letm = m(k) € {1,...,a} be such that y; € I,,(n),
where I,,(n) = [nm (x), nm_l(x)] as before. Since we are assuming x|4/2] <
X|a/2) We have thatm < a/2+ 1. We claim that m(k) < k forallk € {0,...,i —
1}. More precisely, we have the following.

Claim 12.3.1. There exists C = C(%') > 1 such that % < m < Ck for all
k €{0,...,i —1}andforalli e {1,..., |_a/2J}.

Proof. From Lemma 12.8 we know that |y; — p| < %, and then it is enough to
prove that |y, — p| < % Recall that d» (¢, E) < g9, where g9 > 0 will be fixed
7 (xo) — p! = % On the other hand,
since i < min {N — b, N — b}, the point p does not belong to the interval with
boundary points n(ﬁk (x0)) and *+1(x), and then

vk — pl = min {|7 ! (x0) — p|. |n(7* (x0)) — p|}
= |77 (o) = p| = [n(7 (x0)) = 7 (x0)|
= [+ (x0) — p| = |H (7 (x0))]-
From (12.6) we get !H(ﬁk(xo))} < K(|h) + (kf1)2)
K /a? by Yoccoz’s lemma (indeed, by Lemma 7.3, the length of the fundamental
domain (17( ), p) is bounded by 1/a?, up to a multiplicative constant. That is,

both p — n(p) and p — 7(p) are bounded by 1/a? up to a multiplicative constant,
and then |h| < K/a?). Therefore

1 1 K? 1 K? k1 1
Y —prl == - =—(1- A S
K\k+1 (k+1)2 K k+1)k+1k~ 4k

later in the proof. On one hand |y — p| <

< (kfl)2 since |h| <
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ifk > 2K? + 1 and then |y — p| < % in this case. We choose g9 > 0 in order to

have that if k < 2K2 + 1, then both 71 (x) and 5 (7% (x)) belong to the interval
[ﬁk+2(x), ii* (x)], and again |yx — p| < ]1 as we wanted to prove. O

We have two claims regarding the values of Dy.

Claim 12.3.2. There exists K = K(#) > 0 such that for all k € {0,...,i — 1}
andi € {l,...,a/2} we have D < K.

Proof. By bounded distortion and Yoccoz’s lemma we know that

’ m—+i—k— 1(”)‘

m?|I
‘In1(n)’ ‘ m+i—k— 1(U)|

| D0 ()| =

.. K .
and then it is enough to prove that ‘Ier,-_k_l (77)‘ < —. To prove this, we have
m

two cases to consider.

P I k) 2 pothen [ It ()] = oy by Yoecoz's
lemma. Sincei —k — 1 > 0, we are done.
i—k—1 1
< Ify (k) < ps then |Ipypi g1 ()| =< : and

(@a—m—i+k+1)2
since a —m — i > 0 we obtain }Im—i—i—k—l(n){ < K/(k + 1)2. Since
m < k by Claim 12.3.1, we obtain Claim 12.3.2.

O]

Claim 12.3.3. There exists K = K(£') > 0 such that if k < 4(C ) then Dy, <
2
K%

Proof. Write m = |0k | with % < 6 < C (see Claim 12.3.1). If m < k we have
that 6 < landl—l-m k—1=0i+(1- 6)1—(1 Ok—1=0i+(1-0)(i—k)—-1>

0i — 1> Cz Sincei +m—k —1< \z,wehavethat
C2k2 k2
D, <K < K—

@2 i
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On the other hand, if m > k (thatis, 8 > 1), wehavem +i —k — 1 <

i+ (06—
Dk—1<i+(C—Dk—1<i+3i—1<3a. Then

1 1
‘Im+i—k—1(77)} = (n’l+l _k_1)2 g (l _ 1)2 5

and so we also have D; < K kz in this case, since ;a <j< 2a implies ﬁ >
1111
27 dag .

With Claim 12.3.2 and Claim 12.3.3 at hand, we are ready to estimate the sum
(12.7).

Lacc=s]
D
ZDk(|h|+ 1)2) |h|<ZDk + Ke kg m
p i—1 Dk
+ I Z m

k=| scd=p | +1
),

i—1

+ Ke Z !

- (k +1)2
k=| ad=ny | +1
) e e
<K|h|i+ K-+ K-.
i i
For the last inequality we have used that both sequences
1 |_4(7ci—1>J K \2 i—1 1
Z - d i
1> (ei) | =il X

- (k +1)2
k=| scd=p | +1

remain bounded when i goes to infinity, with constants depending only on C. We
have proved Lemma 12.11.

O
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Lemma 12.12. For every a > 1 there exists K, = Ky(a) > 0 such that
|Axq| < Kg &
Proof. Observe,
|Ai+1] = [7(xXi) — n(xi)|
= [n(X;) — n(x;) + H(X;)]
< D|Axi| +e,
where D = max{Dn}. So

a

|Axq| < € Z Dk,
k=0

The lemma follows. 0

The following definition is given for general commuting pairs which are con-
tained in the previously discussed set .Z~ of Ko-controlled commuting pairs.

Definition 12.3. Given L > 1 we say that the commuting pairs ¢y = (€0, 10) and
¢1 = (§1,m), with ag, = a¢, = a, are L-synchronized if

Axa] < L-da(Z0, 01).

By working just as in the proof of Lemma 12.11 but with backwards iterations
we obtain the following.

Lemma 12.13. Given L > 0 there exists K = K(¢', L) > 0 such that if{,z €
J are L-synchronized with ag =ag =a, then we have:

|Axi) < K (Il@ =) + —)
a—1

foralli € N such thatmax{[a/ZJ,N +b,N —I—b} <i<a

Proposition 12.2. For every L > 0 there exists K = K(J,L) > 1 such that
the following holds. If §{,{ € X are L-synchronized with a; = ag = a, then we

have:
€

h < K—.
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Proof. Let us suppose that 7(p) = n(p) + h with = > 0. We want to prove that,

under the synchronization assumption, the ratio C = ¢ sh is uniformly bounded

in . Asbefore,let N € {1,...,a}bedefinedby p € [xny+1,xn]. By Yoccoz’s
Lemma there exists Ko = Ko(%) > 1 such that N = va with 1/Ky < v <

1 — & In the same way let N = Vg defined by p € [xN+1,xN] with 1/ Ky <
T)'<1 Ko‘

By Lemma 12.9 there exists K1 = K(2#) > 1 such that (x;,X;) C (p —
Ki/M, p) when(l——)a ' <a—M,and (x;,X;) C (p, p+ K1/M) when
M < j <a/Kop foranyM € { ,...,La/KOJ}. Let K5 = K7(%) > 1 be the

constant given by Lemma 12.11. By Lemma 12.13 we have
|Axa—pr| < K3 (hM + %) (12.8)

for some universal constant K3(L, %) > 1. Let K = max{Ky, K1, K>, K3} and
let us suppose that @ > K(4K + 1) (otherwise we are done since |k| < ¢). Fix
M e {1, oo la/ 2]} small enough in order to have

M 1

0<0:—<—<1
a K@K +1)

Let T = [p —K/M,p + K/M] and recall that (x;,X;) C T forall j €
{M,...,a — M}. The next three claims will show that if C is big enough, in
terms of K and 6(K), the pairs ¢ and ¢ cannot be L-synchronized.

2
Claim 12.3.4. IfC > 2 (g) , then 7i(x) = n(x) + 2 foralix € T

Proof. As before

K\? e (K\> h  h
7(x) — Sh—ex—pV2>h—c|l—) =h—-=|(=) >h—-==_.
nx)—n(x) =h—elx—p)~=h E(M) h a2(9) zh=2=3

2 N 2
In the last inequality we have used that % < I% (%) since % =2 (%) .0

Note that 0 < 0 < implies 1 — 20K? — K € (0, 1).

1
K@K+

Claim 12.3.5. If C > % (%) there exists io € {M, . ..,a/K} such that

Xiy < Xig-
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Proof. We will prove first that

a h €
Z_M)=> —). .
(K M)z/K<hM+M> (12.9)
Indeed, since 1 — 20K? — 0K > % we have
1 —-20K? - 0K . K
20K CH2
and then 5
1—-20K< — 60K
oy (LZ20K 20K g E
20K M
since /M = hM/C6?. From:
1 —20K? —
1-20K"—-0K 1(1 ., ,p
20K 2\ 6K
we obtain: A
—(ﬁ—M)—KhM>Ki
2 \K M

which implies the desired estimate (12.9). Now estimate (12.9) combined with
Lemma 12.11 gives us

h
e — | < (= M) 3 (12.10)

With estimate (12.10) at hand, we are ready to prove Claim 12.3.5. Indeed, let
i€{M,...,a/K}besuchthat p < X; < x; < p+ K/M (if no such i exists we
are done). From Claim 12.3.4 we have:

Xi+1— Xi+1 = (X)) —n(xi) = h/2 +n(x;) —n(xi) = h/2 + Dn(yi)(Xi — xi)
=h/2+ X —xi + D*n(zi)(yi — p)(Xi — xi).

where y; € [X;,x;] and z; € [p, yi] are given by the mean-value theorem. Since
D?n(z;) <0, y; — p > 0and X; — x; < 0 we obtain

Xit1 —Xig1 = h/2+X; —x;, thatis: Axjy+q1 = h/2+ Ax;.

Therefore, if the difference X;+1—x; 41 is still negative, it will be at least /2 closer
to zero than the previous difference X; — x;. What estimate (12.10) tells us is that
we have enough time inside the interval (p, p + K /M) in order to interchange the
positions of the critical iterates. With this we have proved Claim 12.3.5. O
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Claim 12.3.5 implies that x; < X; foralli € {ip,...,a — M}, since Dn > 0
and & > 0. Therefore, by Claim 12.3.4 we have

h 1
|[Axg—pr] 25[a—M—(1—E)a:|. (12.11)

Our third and last claim tells us that (12.11) contradicts the synchronization
assumption. Note that 0 < 6 < implies | — 0K(4K + 1) € (0,1).

Claim 12.3.6.

If C 2%[#’224_1)], then 2K(hM+%)<%[a—M—(l_%)a]'

1
K@K+

Proof. Note first that

2K (hM + %) = 2 [21{ (CG + %)]

- (-2 5 ()

A straightforward computation shows that both conditions

1 4K? 1 C /(1
= — 2K ) [P
¢ 9[1—<9K(4K+1)i| and (C9+9) z(K 9)

are actually equivalent. O

and

We are ready to finish the proof of Proposition 12.2. Indeed, by combining
estimates (12.8) and (12.11) we have

—[a—M—(l—%)a} < ‘xa—M_fa—M|§
gK(hM+%)<2K(hM+%)

which contradicts Claim 12.3.6. Therefore

C < max )2 K\? 1 2K?2 1 4K?2
< max -, ], =
) 6 \1-20K2—0K) 6 |1—0KMAK + 1)

that is, the ratio C = @%h s bounded by a constant only depending on K and L.

&

We have proved Proposition 12.2. O

’
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With Proposition 12.2 at hand, we can improve both Lemmas 12.11 and 12.13
under the synchronization assumption.

Lemma 12.14. Given L > 0, there exists K = K(J%, L) > 0 such that if ¢, E €
JH are L-synchronized with a; =az =a, then we have

K
|Ax,~|<fg forall1 <i mm{La/2J N—b,N — b} and
i

Ke
|Axi|\— foralla >i >max{|la/2],N +b,N +b}.
a—

Moreover, we have the following.

Proposition 12.3. For every L > 0, there exists K = K(¢, L) > 0 such that
the following holds. If ¢ and ¢ are L-synchronized then

1
|Axi| < Ke-—~ foralli €{0,1,...,a/2}.
i

and
|Axi| < Ke

,aj.

Proof. By Lemma 12.14 we only need to estimate | Ax;| for the intermediate iter-
ates min{[a/ZJ, N—-b,N — b} <i< {La/ZJ,N +b,N + b}. We will prove
only the first part of the statement (the other being the same), that is, we will prove
that

1 ~
|Axi| < Ke-— foralli € {min{La/ZJ,N—b,N—b},...,a/2}.
i

We use the same notation as in the proof of Proposition 12.2. By the choice of
6 we know that M < min{l_a/2J,N—b, N—b} anda—M > max{l_a/2J,N+
b.N + b}.

Recall that H : I;; — [—¢,¢] C R is defined as H(x) = n(x) — 7(x). By
Proposition 12.2 we have that |H(x)‘ < («s[aﬁ2 +(x— p)z] and then ‘H(x)| < %
whenever x € T, since for xeT we have that |x — p| < % < % Therefore,

by consideringa = 1+ K and B = K¢, we obtain that Ax; 1 < aAx; 4+ f and
then

Axjtn < a"Ax; + B Z o’ forall 1 <n < (81 —68p)a + 2b.
Jj=0
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Note that Z"-_l ol = "5__11 = Ia( (o™ — 1). Moreover, since n < a we have that

"=E <o ‘& is bounded. Therefore,

Axjyn < 0" Ax; +,B%(a" —-1) < Ki [a" + l—(a" - 1)] < Kioz" < Ki.
i a i i

Finally, from i > M = fa and n < (81 — So)a + 2b we get that % is bounded

and then Axj4+, < K55 +n as we wanted to prove. O

Fori € {1,...,a} let
A = |Ax; — Axi—q|.

Proposition 12.4. For every~L > 0, there exists K = K(£', L) > 0 such that
the following holds. If ¢ and ¢ are L-synchronized then

1 1
Ai < K(e Ogl +e 7) foralli <a/2.
i

and

log(a — i 1
A,-gK(s-M 2 ) foralli > a)2.

8 .
(a—i)? a—i

Proof. 'The proof of the second part of this proposition can be obtained as the first
part by working backward. (See also the proof of Proposition 12.3.) We will only
present the proof of the first part. Observe, fori > 1,

Aip1 =[x + Axi) = n(xi)] = [7(xi-1 + Axi—1) — n(xi-1)]|
=|[n(xi + Axi) —n(xi) + 7(xi + Ax;) — n(xi + Axi)]—
[n(xi—1 + Axi—1) — n(xi—1) + N(xi—1 + Axi—1) — n(xi—1 + Axi—1)]|
=|[Dn(6;)Axi + H(xi + Ax;)]—
[Dn(0i—1)Axi—1 + H(xi—1 + Axi—1)]|
<IDn(6;)Axi — Dn(0;—1)Axi—1| + |DH(O)T;|

The intermediate point 6 is in 7, Hence, by using (12.4), the Yoccoz Lemma 7.3,
and Lemma 12.8 we have

—_—

IDH(O)T;| < Ke - —. (12.12)
1



322 12. Lipschitz Estimates for Renormalization

The intermediate point 6; is in [x;, x; + Ax;]. Similarly, ;1 € [xj—1,Xi—1 +
Ax;_1]. This allows for the following estimate.

D06 Ax; — D) Axi—t] <A 4 (Do) = T A1+

|7 7]
1 1i +1]
|(Dn(6i—1) — |l[_| YAX; 1]
1
|Il+1|

ST A+ KL+ 1AxiDlAxl+

K(|L;| + |Axi—1])| Axi—1]

Use the Yoccoz Lemma 7.3 and Proposition 12.3 to obtain

51
Dn(6) Ax; — DB Ao < o Ak Kl +2). (1213)
1
Combine (12.12) and (12.13) with the chain of estimates obtained at the beginning
of the proof to deduce that

[1;+1]

Ait1 < 7|
1

1,1
Ai +K(8l_—3+8 1—2)

After iterating this recursive estimate and using the Yoccoz Lemma 7.3, one gets

|1;]
KZ< kz

g1
. i—1
K(g Z T Zkz)
k=1
10 i g2
i i

12.4 Composition

In this section we will discuss composition of multiple diffeomorphisms. Let I =
[a, b] be a compact interval in the real line, and let ¥ = Diﬁi ([a, b]) be the space
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of orientation preserving C? diffeomorphisms of I, endowed with the C ?-metric.

Let X =C O(I , ]R) be the vector space of continuous functions from [a, b] to the

real line, and recall that X is a Banach space when endowed with the sup norm.
Just as we did in Chapters 3 and 5, we consider the nonlinearity function 4" :

2 — X defined as

D2y

Dy

Note that .4 is a homeomorphism, whose inverse is given by

b—a * s
(A9 =a ( [Pexp ( fasqs(t)dt)ds)/a P / Pt ) ds

a

N = = Dlog Dy .

forany x € [a,b]andany ¢ € X. Toprovethat.# ~1¢ € P notethat DV ~1¢ >
0, since %(fax exp ([, ¢(t)dt)ds) = exp ([ ¢(t)dt) > 0.

In general, if f : I — R isa C? map and x is a regular point of f, we define
N f(x) = D? f(x)/Df(x). The chain rule for the nonlinearity is .4 (f o g) =
N fogDg + A g. The kernel of 4 is the group of affine transformations. In
particular 4 (Ao f) = A f whenever A is affine. Note also that the nonlinearity
goes to infinity around any non-flat critical point. Elementary properties of non-
linearity can be found in Martens [1998]. On bounded sets it is bi-Lipschitz. In
particular, we have the following.

Lemma 12.15. Let B be a bounded set in X = CO(I,R). There exists K =
K(B) > 0 such that for any pair ¢, ¥ in B we have

(N L, N TIY) < Kdeo(g, ).

Proof. Use the inverse of the nonlinearity to estimate the C° distance between
f = A/ lpand g = A4~y as in Martens [ibid., Lemma 10.2, page 579].
This gives deo (N "¢, 4/~ 1Y) < Kdeo(¢, ). Since both f = A4 1¢ and
g = A& 1y belong to Diff% (I) there exists o € I such that Df (t9) = Dg(to),
and then log Df(t) —log Dg(t) = ./;,‘i) (¢ — W)(s) ds for all t € I. Therefore
dco(log Df.log Dg) < |I|dco(¢, ), and since both f and g are C!-bounded
we get dco(Df, Dg) < Kdco(¢, ¥). Finally note that for all # € / we have

(D2 f = D2g)1)| < |(¢ —¥))||Df )| + |(Df = D)(®)||¥ ()]
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As we said before, the nonlinearity allows us to identify the set Z of diffeo-
morphisms with the Banach space X = C 0(1 , R) of continuous functions. This
defines the nonlinearity normon 2: | f| = ||/ f| co. The following lemma says
that composition of multiple diffeomorphisms on C!-bounded sets is Lipschitz
continuous in the nonlinearity norm. This lemma is an adaptation of the Sandwich
Lemma in Martens [1998, Lemma 10.5, page 581].

Lemma 12.16. Given M > 0, there exist K = K(M) > Osuch thatfor fi,..., fn,
g1,...,8nin Diffi ([0, 1]) satisfying

« YU filco < M,
< YTl gjlco < M,
« YIZVIDA filco < M,

« YITND N gjleo < M,

we have
A (OIZF £1) = A (OFZ1 8)|co SK DA fi = A&l co
j=1
In particular,
j=n
de>(O7Z) f3.OFZ1e) <K X |4 f1 = A il co-
j=1

The branches of renormalizations are compositions of a homeomorphism and
multiple diffeomorphisms. The composition of multiple diffeomorphisms can be
controlled by Lemma 12.16. To control the effect of the first factor we need the
following lemma, a basic property of composition.

Lemma 12.17. For every L > 0, there exists K = K(L) > 0 such that the fol-
lowing holds. Let q,q : [—1,0] — [0, 1] be C > homeomorphisms with one critical
point, Dq(0) = DG(0) = 0. Let f, f :[0,1] — [0, 1] be C 3 diffeomorphisms. If
lglc3. 193, | fles. | fles < L then

de2(foq, foq) < Kdea(f, f) +de2(3. 9).
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As before, fix Ko > 1 and let .# be the space of normalized C?3 critical
commuting pairs which are Kg-controlled. Let { = (7, §) and { = (7, S) be two
C?3 critical commuting pairs with negative Schwarzian that belong to .#~ which
are renormalizable with the same period @ € N. Denote by ¢ > 0 the C? distance

between ¢ and E, that is, ¢ = d»(¢, E). We may assume in the computations that
e € (0, 1). We will only consider the special situation when

(1) Iy = Iyand Iy = Iy,
(2) p = p where Dn(p) = D7(p) = 1 (see Lemma 12.7).

Foreachi € {1,....a — 1} let f; € Diff ([0, 1]) given by f; = A; )} ono4;,

where A; : [0, 1] — [; is the unique orientation preserving affine diffeomorphism
Ai(x) = Li|x + xi = (77 (£©0) — 1 (§(0))x + 1 (5(0)).
Note that Q9Z} f; = Az o 07! o Ay in Diff5, ([0, 1]).

Lemma 12.18. There exists K = K(22) > 1 such that for any ¢ in & renormal-
izable with period a € N we have:

a—1 a—1

SN S| <K and DDA )| <K forall x €]0,1]

i=1 i=1
Proof. Note that .4 fi(x) = A (g o A;)(x) = An(Ai(x))|]i| and that
DN fi)(x) = D(A n)(A;(x))|I;|* for all x € [0, 1]. Since ¢ € %, we know
that .4 5 is C '-bounded in [n“ (£(0)), S(O)] and then

a—1 a—1

DA S| <K Y Iil < K|y and

i=1 i=1
a—1 a—1
Y IDA fi)x)] < KZW K| Y 15| < K|y .
i=1 i=1 i=1

O]

In the same way let A;: [0,1] — T; be the unique orientation preserving affine

diffeomorphism, and define g; = Al _&1 ofo A; € Diffi ([O 1]) The first factors

of the renormalizations are controlled by
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Lemma 12.19. There exists K > 0 such that
A" ogles. [ A7 0 Eles < K

and B _
dea (AT o€, AT 0 §) < Ke.

Proof. The four maps & : [—1,0] — Iy, £ : [-1,0] = I, AT' : [0, K] — R and
Avl_l : [0, K] — R are C3-bounded by some constant M > 1 universal on % .
Similar to Lemma 12.17 we get

dea(AT" 0 &, 471 o) <K (AT = A7 o + 6~ E] o)
<K ([AT" = AT o +e).
Observe that
A7 ) — AT )] = 1L = x0) = [T = F)
_ |(x — x1)(Fo — %1) — (x — X1)(x0 — X1)|
rapa

_ |x(Fo — x0) + x(x1 — X1) 4 (xoX1 — Xox1)|
[11[ 1]

<K Axg + Axq + |f0X1 — Xox1|
[11][11]

<K (Axo + Ax1 + [xol|X1 — x1| + [x1]]x0 —X0|)

A
< K(Axo + Ax1) /||| L] < Ke,

where we used Lemma 12.11. On the other hand,

AT = AT | = (10 = 1 )/IL T < (Ao + A0/ LI,
and we finish in the same way as before. O
Lemma 12.20. There exists K > 0 such that fori < a

N fi = N gilco < K(elli] + Ai + |Axi||1;]).
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Proof. Observe that
|Aix — Aix| < K(|Axi| + A)).
So,

| fi(x) = A i ()| =|A f(Ai )| — A (A ()|
<A fAX) ] = A g(Aix) T+
DA g(6:)| - (|Axi]| + Ap) - 1T
K(elli| + Ai + (| Axi| + A)(1i] + A)))

<
<K (elli] + Ai + |Axi||1i]).

O]

Lemma 12.21. For every L > 0 there exists K = K(J¢, L) > 0 such that the
following holds. If ¢ and ¢ are L-synchronized then

a

SN fi = A gi|co < Ke.

i=1

Proof. Leta, = L%J Assume for a moment that a > a,. Then Lemma 12.9
implies |Xg—q, — Xa, |, |Xa—a, — Xa.| < Ke. Hence,

Z |</Vfi_</1/gi}cog Z }</Vfi‘co+‘</1/gi|c0

as<i<a—ag as<i<a—ag

< Y N S o il + | A gl go - 1T
as<i<a—ag
< K(lxa—ag - xagl + |ia—a8 - fagl)
< Ke.
(12.14)
These estimates hold trivially when a < a,. Observe that
a ag a—ag
DN S = Hilco = DN fi = N il o+ D A fi = N i ot
i=1 i=1 i=ao

a

D = silco

i=a—ag
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The middle term is estimated by (12.14). The first (and third) term can be estimated
by using Lemma 12.20, Yoccoz’s Lemma 7.3, Propositions 12.3 and 12.4. Namely,

ag ag
YN fi = N gilco < KD ellil + Ai + | Axil| |

i=1 i=1

a
501 ogi 5 1 1
<K E— + — + +ée- =
dag
§K8+KZSZ
i=1
5 1
< Ke 4+ Ke“ log -
P
< Ke.
The lemma follows. O

The following proposition holds for general critical commuting pairs with neg-
ative Schwarzian which are contained in the previously discussed set .#"; that is,
the set of normalized C3 critical commuting pairs which are K-controlled.

Proposition 12.5. For every L > 0 there exists K = K(¢', L) > 0 such that the
following holds. If ¢y and ¢y are L-synchronized then

da(p#(Lo). pZ(81)) < Kda(&o.81).

Proof. There exists K = K(.%") > 0 such that the following holds. There exists a
diffeomorphism /4 : Dom(¢;) — Dom({p) such that ¢ = {gand{ = holyoh™!
satisfy the normalizations

(1) Iy = Iz and I¢ = I,
(2) p = p where Dn(p) = D7j(p) =1,

needed to apply the results from Sections 12.3 and 12.4. We may construct the
conjugation such that

dcs(h.1d) < Kdz(8o, 1)
and 11| Dom (pZ(¢1)) = 1d. This last condition implies

PR (1) = p# (D).
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In particular, it suffices to prove the proposmon for the pairs ¢ and §
Let pZ(¢) = (.€') and pZ(C) = (77 £). Because, & = £ and & = £ it

suffices to estimate the distance between 1’ and 77’.
Let I44+1 = [Xa+1,Xq] and A : [0,1] — [,4+1 be the orientation preserving
affine diffeomorphism. Let
F=A"1oy,

and similarly define G = A1 o7. Now apply Lemmas 12.16 and 12.21 to obtain
dcz (F, G) < Ke

where ¢ = d» (¢, E). A similar argument as the proof of Lemma 12.19 one ob-
tains d»(n’, ) < Ke. This shows that pre-renormalization is Lipschitz among
synchronized pairs. O

12.5 Order

Commuting pairs might have different domains. Any natural definition of order
between such systems has to include this difference of domains also. There are
two cases:

Case: no&(0) > 0, Case II: n 0 £(0) < 0.

Definition 12.4. Let {o = (§o, no) and &1 = (€1, n1) be two commuting pairs and
t>0.If

(1) So(x) +1t < {1(x) for x € Dom(§o) N Dom(y) and
(2) 10(0) < 11(0) and §0(0) < £1(0)

we write

o <t C1.

Lemma 12.22. Let &y = (£9,10) and &1 = (€1, 11) be two commuting pairs such
that é'() <t 51.

If Case I holds, then:
(1) ag, < agy,
(2) for x € [n1(0),0]andk =0,1,...,ag,

ko Eo(x) +1 < nf okl (x).
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If Case Il holds, then:
(1) afo P a;l’
(2) for x € [0,£0(0)] andk =0,1,...,ag,

gk ono(x) +1 <o ().

The proof of Lemma 12.22 is different for Case I and Case II. We will only
present the proof in Case I.

Proof. Let x € [0,£0(0)]. The order condition of Definition 12.4(1) gives the
statement of the Lemma for k = 0, &(x) + ¢ < &1(x). Property (2) follows
inductively. Namely,

kTl o Eo(x) + 1 = no(nf o Eo(x)) + 1 < n1(nf o £o(x))
< Mm@k o &1(x))
="t o (x).

In particular, 75 o £(x) < 7;° o &1 (x). This implies, az, < ag, . O
Pre-renormalization preserves order. Namely, we have the following.
Lemma 12.23. If'{o <; {1 and ag, = ag,, then p# (o) <t p#($1).

Proof. We will only present the proof in Case I. Let a = a¢, = a¢,. Observe,
Np#t)(0) = 10(0) < 11(0) = npa(e,)(0). Hence, the left side of the domains
of the pre-renormalizations satisfy the order condition of Definition 12.4(2). Con-
sider the right side of the domains of the pre-renormalizations,

Epar(te)(0) +1 = G 0 £0(0) +1 < 0] 0 £1(0) = &paz(e,)(0), (12.15)

where we used Lemma 12.22(2). This means that the right side of the domain of
the pre-renormalizations also satisfies the order condition of Definition 12.4(2).
According to Lemma 12.22(2) the estimate (12.15) also holds for any x €
[71(0), 0], instead of x = 0. This means that the pre-renormalization also satisfies
the order condition of Definition 12.4(1). O

The following proposition will play a key role in the proof of the Synchroniza-
tion-Lemma (see Section 12.6 below).
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Proposition 12.6. If'{o <; ¢y witht > 0 then

Pty F P, -

Proof. Assume ag,(n) = ag, (n) forn > 0. Applying Lemma 12.23,

(p2)" (Lo) <t (p2)" ((1).

Note, n(p2)" (¢ 1)(0) — 0. Hence,

1
0> 1y (0) 2 Ny ) (0) +1 2 51 >0

for n large enough, a contradiction. O

12.6 Synchronization

In the next statement we refer to the constant g9 > 0 obtained in Section 12.3 (see
in particular the proof of Claim 12.3.1, during the proof of Lemma 12.11).

Synchronization-Lemma. For any given Ko > 1 there exists L = L(Kp) >
1 such that the following holds. Let (o and ¢y be two C3 critical commuting
pairs which are Ko-controlled, both o and {1 have negative Schwarzian, p({y) =
0(¢1) € [0, 11\Q and d»(¢o, 1) < go. Then &y and {1 are L-synchronized.

We omit mention of the hypothesis d»(Co, (1) < &o in the proof presented
below, but it is needed to allows us to apply the estimates obtained in Sections 12.3
and 12.5.

Proof of the Synchronization-Lemma. We will only present the proof in Case I.
Leta = ag, = ag,. Choose ag > 1 such that Lemma 12.6 applies. The Syn-
chronization Lemma follows from Lemma 12.12 when a < a¢. We will assume
a = aop.

We may assume that x} > x0. There exists K = K(Kp) > 0 such that the
following holds: there exists a diffeomorphism 4 : Dom(¢y) — Dom(&p) such
that { = {pand { = h o &1 o h™! satisfy the normalizations

x1(8) = x1(0).
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We may construct the conjugation such that

des(h,1d) < Kda(8o.81)

and 1| Dom (pZ(¢ 1)) = Id. This last condition implies

xa (1) = x4(0).

In particular, it suffices to prove synchronization for the pairs ¢ and E Lete =

d(8.0) < Kda (o, {1).
Apply Lemma 12.6 to obtain a commuting pair {;, in the standard family of ¢
such that

Axa (&1, 7) = 0.

From Lemma 12.6 we get
0<1 < Ke. (12.16)

Note, if #p > 0 is much larger than ¢ > dco(¢, E) then &;,(x) > g(x). This would
imply x4(z0) > x4($) because x1() = x1(£). Assume that

fa = Xa + Lg, (12.17)

where just as before x; = 7' (£(0)) and X; = 7 (§(0)) fori € {0,...,a}. Note
also that the assumption x; > xg implies that X; > x,.

We have to show that L is uniformly bounded. From (12.17) and Corollary 12.2
we get for every x € [ PR (1) (0), 0]

A (1) (x) = pZ(D)(x) = %(1)%(&0)(0) — pZ(£)(0))

= 2 (pPOO - pEO©O) (1219
1

- 1
= E(x“ —xa) = ELE

From Proposition 12.5 we get for every x € [npg;(;to)(O), 0]

Kd> (8 E)
Kd> (D) + Ke (12.19)
Ke,

|p%(51)(x) — PR (Q)(x)]

<
<
<
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where we also used (12.16). Combine (12.18) and (12.19) to get for every x €
[Mp2z,,)(0). 0]

p%({‘)(x) pZ(C)(x) + ! Le — Ke. (12.20)

As a matter of fact (12.20) holds for x € [—1, 0]. This follows from the following.
Letx € [—1, np%\(%)(O)]. Observe that, according to (12.16),

=1, 1p(t,,) O]] = to < Ke.

This implies that

PRQ(x) = pRQ) (Npa(t,)O) + — : g Le—Ke— max{DpZ({)}o

> pAQ)() + Lo~ Ke.
Hence, for x € [—1, 0] we have
p%’({)(x) pZ(C)(x) + Le — Ke. (12.21)

So, when L > 2K? then for the relevant x < 0,

(pZ)*(Q)(x) > (pZ)*(0)(x). (12.22)

The last part of the proof will show that similar estimates hold for relevant pos-
itive points. The goal is to prove ( p%)z(z) > ( p%)z(é‘ ) for some positive .
The branches on the left side of the second pre-renormalizations, according to
(12.22), satisfy the order condition of Definition 12.4(1). The right side of the
domains of the second pre-renormalizations do satisfy the order condition of Def-
inition 12.4(2). Namely,

Dom ((p#)?(£)) N {x = 0} = [0,x4] C [0, %4] = Dom ((p#)*()) N {x > 0}.

What remains is to describe the branches on the right and the domains on the left.
Let x € Dom ((p%)z(g‘)) N{x > 0} = [0, x4] and for k > 1 define

2 () = (p2(0)* (x),
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and similarly, Z (x) = ( 224 (E))k(x), Observe,
|21(0) = Z1(0)] = [pZQ) () = pRO) )] = [n(x) = 7(x)] < e.
Hence, applying (12.21),

% (x) = p# Q) (Z1)
> pAQ)E) + L~ Ke

> 22(0) — max (DpA(©)) - 121(x) ~ F1(0)| + L — K

1
> z2(x) + ELS — Ke > z5(x),

when L > 2K?2. Leth = Apgp(c) = a
L > 2K?, we obtain

o (F)- BY repeatedly applying (12.21) with

(P2)*@)(x) = Z(x) > (p%)*(O)(x) = 2 (x). (12.23)

In particular,

Dom ((p2)*(D) N {x < 0} = [£,0] C [25, 0]

) (12.24)
= Dom ((p)*(§)) N {x < 0},

The estimates (12.23) and (12.24) finish the proof of
2~ 2
(P2)"(©) 21 (p2)" (%),

for some ¢ > 0. However, this contradicts Proposition 12.6 because ( p,@)z(g)

and ( p%’)z(f ) have the same rotation number. This contradiction establishes the
synchronization with L < 2K2. O

12.7 Lipschitz Estimate

In this section we finally prove Theorem 12.2.
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Proof of Theorem 12.2. The Synchronization Lemma from Section 12.6 tells us
that, for L = L(%), the pairs {o and {; are L-synchronized. Now the Lipschitz
estimate for renormalization of synchronized pairs, Proposition 12.5, implies a
Lipschitz estimate for pre-renormalization along topological classes. The fact that
the maps are synchronized implies that the domains of the pre-renormalizations
are also close. This means that the normalizations will not affect the Lipschitz
property. U

Exercises

Exercise 12.1. Let f1,..., fu : R = R be C! maps with C! norm bounded by
some constant B > 0, and let g1,...,g, : R — R be C° maps. By induction,
prove that

i€{l,...,n

n—1
[foo-ofi-gnoomico< |8 | max | fi-gileo.
j=0

Exercise 12.2. Using the previous exercise, prove a C° version of Theorem 12.2
for bounded combinatorics (allowing the Lipschitz constant to depend on the bound,
see Remark 12.3). Find the minimum set of hypothesis you need to assume (recall
Remarks 12.1 and 12.2).



As discussed in Section 10.1, the main motivation behind our study of multicriti-
cal circle maps is to understand the smooth rigidity problem. To be more precise,
the goal is to answer Question 10.1. As we saw in Theorems 10.1 and 10.2, this
problem has essentially been solved in the case of a single critical point, of an odd
integer criticality (but recall also Theorem 10.3, that deals with bi-critical circle
maps of bounded combinatorics). As explained in Chapter 10, the rigidity prob-
lem reduces to proving geometric contraction of renormalization along multicriti-
cal circle maps with the same signature. In the remainder of this book (Chapters 13
and 14) we will survey the main ideas needed to establish such contraction in the
unicritical case. We finish this initial paragraph by pointing out that the analytic
tools developed in both Chapters 11 and 12 are crucial for the methods to be dis-
cussed in the present chapter.

The following fundamental theorem was obtained in de Faria and de Melo
[2000] for rotation numbers of bounded type, and extended in Khmelev and Yam-
polsky [2006] to cover all irrational rotation numbers.

Theorem 13.1. There exists a universal constant A in (0, 1) with the following
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property. Given two real-analytic unicritical commuting pairs 1 and { with the
same irrational rotation number and the same criticality, there exists a constant
C > 0 such that

dr (2" (51), %" (52)) < CA"

foralln € N and for any 0 < r < oo.

The proof of Theorem 13.1 relies on holomorphic methods, and it will be dis-
cussed in the next chapter (Chapter 14). In the present chapter we would like
to explain how one can use Theorem 13.1 in order to prove exponential contrac-
tion of renormalizations for unicritical circle maps with a finite degree of smooth-
ness. More precisely, we will explain the proof of the following two results, which
are Guarino and de Melo [2017, Theorem C] and Guarino, Martens, and de Melo
[2018, Theorem B] respectively.

Theorem 13.2. There exists a universal constant A € (0, 1) such that given two
C3 unicritical circle maps f and g with the same irrational rotation number of
bounded type and the same odd integer criticality, there exists C > 0 such that
foralln € N we have

do(Z"(f). 2" (g)) < CA".

Theorem 13.3. There exists a universal constant A € (0, 1) such that given two
C* unicritical circle maps f and g with the same irrational rotation number and
the same odd integer criticality, there exists C > 0 such that for alln € N we
have

d2 (2" (f). 2" (g)) < CA".

As established in Chapter 10, such exponential convergence of renormaliza-
tion orbits implies the desired smooth rigidity: topological conjugacies are actu-
ally diffeomorphisms. To be more precise, when combined with Theorems 10.4
and 10.5, Theorems 13.2 and 13.3 imply Theorems 10.1 and 10.2 respectively.

13.1 The shadowing property

The link between C” unicritical circle maps and real-analytic ones is given by the
following result.

Theorem 13.4 (Shadowing). There exists a C®-compact set K of real-analytic
unicritical commuting pairs with the following property. For any r > 3 there
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exists a constant A = A(r) € (0, 1) such that, given a C" unicritical circle map f
with irrational rotation number and odd integer criticality, there exist C > 0 and
a sequence { futneN contained in X such that

dr1 (Z"(f), fn) < CA" foralln €N, (13.1)

and such that the pair f, has the same rotation number as the pair Z" ( [°) for all
n e N.

The compact set %~ and the approximations { f } given by Theorem 13.4 were
constructed in Guarino and de Melo [2017, Sections 6 and 7]. In that paper, the
exponential convergence (13.1) was established for the C° metric (see Guarino
and de Melo [ibid., Theorem D]). These estimates were later extended to the C” !
metric in Guarino, Martens, and de Melo [2018, Theorem 11.1]. We proceed to
survey some of the main tools for this construction.

For simplicity, and without loss of generality, let us assume in this section
that the critical point of f is of cubic type. The deformations from smooth to
analytic commuting pairs needed in order to prove Theorem 13.4 will be done in
the complex plane, with the help of Theorem 11.4. With this purpose, we will
first extend both components of the unicritical commuting pair Z"( f) to open
sets in the complex plane. This is done in the following result, which is Guarino
and de Melo [2017, Theorem 6.1] (given a bounded interval I of the real line we
denote its Euclidean length by |/|, and for any o > 0 we denote by Ny (/) the
R-symmetric topological disk

No(I)={zeC:d(z1I)<alll},
where d denotes the Euclidean distance in the complex plane).

Theorem 13.5. There exist universal constants A € (0,1), and o > 0 and § > 0
with the following property. Let f be a C?> unicritical circle map with irrational
rotation number and cubic critical point. For all n > 1, denote by (nn, én) the
components of the critical commuting pair Z"(f). Then there exist constants
ng € N and C > 0 such that for eachn > ng both &, and n, extend (after normal-
ization) to R-symmetric orientation-preserving C> maps defined in Na([—l,O])
and Ny ([O &n (0)]) respectively, where we have the following seven properties:

1. &, and n, each have a unique critical point at the origin, which is of cubic
type;
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2. the extensions n, and &, commute in B(0, ), that is, both compositions
Nn © &, and &, o ny, are well defined in B(0, 1), and they coincide;

3. Ng (gn (-1, O])) Cén (Noz ([_1’ 0]));
4. Ng([~1, (nn © £)(0)]) C 10 (Na ([0, €4 (0)]));
5. M (Ne([0,£2(0)])) U & (N ([=1,0])) € B(O,A71);

’

max
2eNa (-LOD\(0} | |54 (2)|

max ‘8%(2)} <CA".
2N, (10,6, (OD\(0} | [ (2)]

In the language of Chapter 11, the last two items of Theorem 13.5 say that the
Beltrami coefficient of the corresponding extensions of €, and n,, are exponentially
small in n. An important tool used in Guarino and de Melo [ibid., Section 6] in
order to prove Theorem 13.5 is the notion of asymptotically holomorphic maps,
that we review in the next section.

13.1.1 Extended lifts of critical circle maps

In this section we lift a critical circle map to the real line, and then we extend this
lift in a suitable way to a neighbourhood of the real line in the complex plane (see
Definition 13.2 below).

With this purpose, let A : C \ {0} — C \ {0} be the map corresponding to the
parameters a = 0 and b = 1 in the Arnold family defined in Section 6.1.2. Recall
that the lift of A to the complex plane, under the canonical universal covering map
7 :C — C\ {0} given by 7(z) = 277, is the entire map A : C — C given by

~ 1
A(z) = z — — sin(2nwz).
27

Note that A preserves the unit circle, and its restriction 4 : §! — S is a real-
analytic critical circle map. The critical point of A is placed at 1, and is of cubic
type (the critical point is also a fixed point for A4).
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Now let f be a C3 critical circle map with a single critical point (which is
placed at the point 1, and is of cubic type), and let f be the unique lift of f under
m satisfying f/(0) = 0and 0 < f(0) < 1. As it is not difficult to prove (see
Exercise 13.1), there exist C3 orientation preserving circle diffeomorphisms /1
and Ay, with 2;(1) = 1 and h3(1) = f(1), such that the following diagram
commutes.

g1 AN g1

}hz
A

st —— ¢!

hy

For eachi € {I,2} let E be the lift of /; to the real line determined by E 0) €
[0, 1). In Proposition 13.1 below we will extend both /1 and 4, to complex neigh-
bourhoods of the real, satisfying the following property.

Definition 13.1. Let I be a compact interval in the real line, let U be a neighbour-
hood of I in C andlet H : U — C be a C' map. We say that H is asymptotically
holomorphic of order r > 1 in I if for every z € I we have 0H(z) = 0 and
moreover 3
0H(2)
(Imz)r—1

uniformly as Im z goes to zero. We say that H is asymptotically holomorphic of’
order r in R if it is asymptotically holomorphic of order r in compact sets of R.

In the following statement we suppose r > 1, even though we will apply it
for r > 3. In the proof we follow the exposition of Graczyk, Sands, and Swiatek
[2005, Lemma 2.1, page 623].

Proposition 13.1. Fori = 1,2 there exists H; : C — C of class C" with the
following properties.

1. H; is an extension ofE, that is: Hi|gr = E
2. Hj commutes with unitary horizontal translation: Hi o T =T o Hj;
3. H; is asymptotically holomorphic in R of order r;

4. H; is R-symmetric: H;(Z) = H;(2).
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Moreover there exist R > 0 and four domains Bg, Ug, Vg and Wg in C, symmet-
ric about the real line and such that

* BgR={z€C:—R<Im(z) < R};

* Hj is an orientation preserving diffeomorphism between Bgr and UR;
- A(Up) =

* Hj; is an orientation preserving diffeomorphism between Vg and Wpg.
* both inf;cp, }8H1 (Z)} and inf; ey, ‘aHz(Z)‘ are positive numbers.

Proof. Forz = x + iy € C, with y # 0, let Py, be the degree r polynomial
map that coincide with %; in the r + 1 real numbers

{x+1y} .
) jefon,..r}

.....

Recall that Py y can be given by the following linear combination (the so-called
Lagrange’s form of the interpolation polynomial):

S S (/)
Py i
() = ,Z;) x+(]/r)J’)l=0( T )
1%
= /)y
-3F e =
J

We define H;(x +iy) = Py, y(x +iy), that s,

j=r I=r .
. . ir—1
Hi(x +iy) = Pry(x +iy) = Y hi(x + (j/r)y) ;
j=0 =0 j
I#j
After computation we obtain
Hi(x +iy) = Pxy(x +iy) = Z ) (x + (j/r)y)
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where

Note that H; is as smooth as }Tl ,and H;(x) = E(x) for any real numberN x. As
h; is a lift, for any j € {0,1,...,r} we have h; (x + 1+ (j/r)y) = hi(x +

(j/r)y) + 1, but then Py y(x +1+ (j/r)y) Py y(x + (J/r)y) + 1 for any
Jj €{0,1,...,r}, and this implies Px41,y o T = T o Py, y in the whole complex
plane. To prove that H; is asymptotically holomorphic of order r in R note that

OH; (x +iy) = Z( 1)’( )h/ (x + /1)y,

and forany k € {0,...,r},

k

gk _
e+ = (55) (% )Z( 04 () ).

By using the identity Z;ig(—l)jjk (;) =0 forany k € {0,...,r — 1}, we

obtain, for any x € R,

~ j=r .
AH; (x) = (%) h’(x) Z(-l)l (;) =0
j=0

and forany k € {0,...,r — 1},

aayk Hi(x) = (2;[)( (kH)( )) 2( 1 k( )=o.

By Taylor’s theorem,
lim OH; (x + iy) —0
y—0 yr— 1
uniformly on compact subsets of the real line, and hence H; is asymptotically
holomorphic of order r in R. To obtain the symmetry as in the fourth item of
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the statement, we can take z (Hi (z) + T(Z_)) /2, preserving all the other
properties. Finally, it is easy to check (see Exercise 13.3) that the Jacobian of H;
atapoint x in R is equal to |72} (x) |2 # 0. This gives us a complex neighbourhood
of the real line where H; is an orientation preserving diffeomorphism, and the
positive constant R. Since we also have dH; = h; on the real line (again, see
Exercise 13.3), and each E is the lift of a circle diffeomorphism, we obtain the
last item of Proposition 13.1. O

With these construction at hand, we can establish the way we extend the lift of
a critical circle map to a horizontal strip around the real line.

Definition 13.2. The map F : BR — Wpg defined by F = H o Ao Hj is called
the extended lift of the critical circle map f.

BRL’WR

H] H2

Ur —— Vg

We have the following properties:

e F is C” in the horizontal band Bg;

e ToF =FoTin Bg;

» F is R-symmetric, and coincides with fwhen restricted to the real line;
» F is asymptotically holomorphic in R of order r;

* The critical points of F in Bp are the integers (the same as Z), and they are
of cubic type.

We remark that the extended lift of a real-analytic critical circle map will be
C* in the corresponding horizontal strip, but not necessarily holomorphic.
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13.1.2 Almost Schwarz inclusion

To the best of our knowledge, asymptotically holomorphic maps were first used in
one-dimensional dynamics by Lyubich in the early nineties Lyubich [2019], and
later by Graczyk, Sands, and Swigtek [2005]. One of its fundamental properties is
Proposition 13.2 below, an almost Schwarz inclusion that we proceed to explain.

Given an open interval I = (a,b) C R, consider C; = ((C \]R) Ul =C\
(R \ 1 ) The domain C; can be naturally endowed with a hyperbolic Riemannian
metric. Indeed, by the Riemann mapping theorem we can define on C; a complete
and conformal metric of constant curvature equal to —1, just by pulling back the
standard Poincaré metric of the unit disk D by any conformal uniformization. Note
that, by symmetry, / is always a hyperbolic geodesic.

For any given 8 € (0, ), let D be the open disk in the plane intersecting
the real line along 7, and for which the angle from R to dD at the point b (mea-
sured anticlockwise) equals #. Let D¥ = D N{z : Imz > 0} and let D~
be the image of D under complex conjugation. Define the Poincaré disk of
angle @ based on I as Dg(a,b) = DT U I U D™, that is, Dg(a,b) is the set
of points in the complex plane that view I under an angle greater or equal than
0. Note that for 6 = /2, the Poincaré disk Dg(7) is just the Euclidean disk
whose diameter is the interval I (see Figure 13.1). For each 6 € (0, ) consider
e(0) = logtan (n/2 — 0/4) € (0, 400). As it is not difficult to prove (see Exer-
cise 13.4), the Poincaré disk Dg (/) coincides with the set of points in C; whose
hyperbolic distance to [ is less than ¢. In particular, we can state the classical
Schwarz lemma in the following way: let I and J be two intervals in the real line
and let ¢ : C; — C; be a holomorphic map such that ¢(/) C J. Then for any
0 € (0, w) we have that ¢(D9(I)) C Dg(J). The main reason to choose asymp-
totically holomorphic maps to extend one-dimensional dynamics (recall Proposi-
tion 13.1 and Definition 13.2 above) is the following asymptotic Schwarz lemma
(on its statement, we denote by diam (D,g(a, b)) the Euclidean diameter of the
Poincaré disk Dy (a, b)).

Proposition 13.2 (Almost Schwarz inclusion). Let h : I — R be a C3 diffeomor-
phism from a compact interval 1 with non-empty interior into the real line. Let H
be any C3 extension of h to a complex neighbourhood of I, which is asymptoti-
cally holomorphic of order 3 on 1. Then there exist M > 0 and § > 0 such that if
a,b € I aredifferent, 0 € (0, w) and diam (Dg (a,b)) < 8 then

H(Dg(a.b)) € Dg(h(a).h(b)).
where § = 6 — M |b — a| diam (Dg(a,b)). Moreover, 6 > 0.
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U 0 e (n/2,m)
0=m/2

6 e (0,7/2)

Figure 13.1: Poincaré disks.

A proof of this result can be found in Graczyk, Sands, and Swigtek [ibid.,
Proposition 2, p. 629]. Let us point out that a predecessor of this almost Schwarz
inclusion, for real-analytic maps, already appeared in de Faria and de Melo [2000,
Lemma 3.3, p. 350], see Lemma 14.6 in Chapter 14.

When combined with Theorem 6.3 (the real bounds), the geometric control
given by Proposition 13.2 provides bounds on the quasiconformal distortion of
the renormalizations of the previously mentioned extensions (one does not study
the dynamics of these extensions, just their geometric behaviour). This control
implies Theorem 13.5 (see Guarino and de Melo [2017, Section 6.3, p. 1753] for
the computations).

With Theorem 13.5 at hand, the deformations from Z"( f) to f, (in order to
prove Theorem 13.4) will be done with the help of Theorem 11.4. Our exposition in
the remainder of this section (Section 13.1) follows closely Guarino and de Melo
[ibid., Section 7].

By a topological disk we mean an open, connected and simply connected set
properly contained in the complex plane. Let 7 : C — C\ {0} be the holomorphic
covering z — exp(2wiz), and let T : C — C be the horizontal translation
z + z + 1 (which is a generator of the group of automorphisms of the covering).
For any R > 1 consider the band

Br = {Z eC:—logR <2rIm(z) < logR},

which is the universal cover of the round annulus

1
AR = ZE(C:E<‘Z‘<R



346 13. The smooth case

via the holomorphic covering . Since Bp is T -invariant, the translation generates
the group of automorphisms of the covering. The restriction 7 : R — S = oD
is also a covering map, the automorphism 7" preserves the real line, and again
generates the group of automorphisms of the covering.

More generally, an annulus is an open and connected set A in the complex
plane whose fundamental group is isomorphic to Z. By the Uniformization The-
orem (recall Exercise 11.7) such an annulus is conformally equivalent either to
the punctured disk D \ {0}, to the punctured plane C \ {0}, or to some round an-
nulus Ag = {Z eC:1/R< ‘Z‘ < R}. In the last case the value of R > 1 is
unique, and there exists a holomorphic covering map from D to A whose group
of deck transformations is infinite cyclic, and such that any generator is a Mobius
transformation that has exactly two fixed points at the boundary of the unit disk.

Since the deck transformations are Mobius transformations, they are isome-
tries of the Poincaré metric on D and therefore there exists a unique Riemannian
metric on A such that the covering map provided by the Uniformization Theorem
is a local isometry. This metric is complete, and in particular, any two points can
be joined by a minimizing geodesic. There exists a unique simple closed geodesic
in A, whose hyperbolic length is equal to 72/ log R. The length of this closed
geodesic is therefore a conformal invariant.

We denote by © the antiholomorphic involution z + 1/Z in the punctured
plane C \ {0}, and we say that a map is S !-symmetric if it commutes with . An
annulus is S !-symmetric if it is invariant under ® (for instance, the round annulus
AR described above is S !-symmetric). In this case, the unit circle is the core curve
(the unique simple closed geodesic) for the hyperbolic metric in A. In this section
we will deal only with S !-symmetric annulus. In particular any time that some
annulus Ag is contained in some other annulus A, we have that Ag separates the
boundary components of A; (more technically, the inclusion is essential in the
sense that the fundamental group 71 (Ag) injects into 771(A47)).

Besides Theorem 13.5, the main tool in order to prove Theorem 13.4 is The-
orem 11.4. The proof of Theorem 13.4 will be divided in three sections. Along
the proof, C will denote a positive constant (independent of n € N) and n¢ will
denote a positive (big enough) natural number. At first, let nyp € N given by
Theorem 13.5. Moreover let us use the following notation: W; = Na([—l, 0]),
Wo = Wa(n) = Nu([0.£,(0)]), Wo = B(0,A) and ¥ = B(0,A71), wherea > 0
and A € (0, 1) are the universal constants given by Theorem 13.5. Recall that
1, (0) = —1 for all n > 1 after normalization.
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13.1.3 A bidimensional glueing procedure

From Theorem 13.5 we have the following.

Lemma 13.1. There exists an R-symmetric topological disk U with:
—1leUcCW\W,
such that for all n > ng the composition:
M 02U = (1, o) (V)
is an R-symmetric orientation-preserving C3 diffeomorphism.

For each n > ng denote by A, the diffeomorphism 7, ! o &,. Note that
|4, lloc < CA" in U forall n > ng, and that the domains {An(U)} are

} nzng
uniformly bounded since they are contained in U ; sz . Fixe > 0 and § > 0 such
that the rectangle:

V=_(-1-g—14¢)x(—ibif)

is compactly contained in U, and apply Theorem 11.4 to the sequence of R-sym-
metric orientation-preserving C3 diffeomorphisms:

{An 2 U = An(U)}pon,
to obtain a sequence of R-symmetric biholomorphisms:

{B,:V — B,(V)}

n=ng

such that
”An — By, ”CO(V) < CA" foralln > no.

By combining Theorem 13.5 with the commuting condition, we obtain the
following configuration.

Lemma 13.2. For each n > ng there exist three R-symmetric topological disks
Vi(n) fori € {1, 2, 3} with the following five properties:

* 0e Vi(n) C Wy,
* (11 © 1) (0) = (81 0 12)(0) = En(=1) € Va(n) C Wy,
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* £,(0) € V3(n) C Wy,

o When restricted to V1(n), both n, and &, are orientation-preserving three-
fold C3 branched coverings onto V and V3(n) respectively, with a unique
critical point at the origin,

* Both restrictions &,y and Nyly,(n) are orientation-preserving C 3 diffeo-
morphisms onto V,(n).

In particular n,' o &, is an orientation-preserving C3 diffeomorphism from V
onto V3(n) for alln > ny.

Foreachn > nglet Uy (n), Ua(n) and Uz (n) be three R-symmetric topological
disks such that

e Uy(n), Uz(n) and Us(n) are pairwise disjoint;
* VAU;(m) =0and V;(n)(\U;(n) =@ fori,j € {1,2,3};
* Ui(n) C Wy and U2 (n) |J Us(n) C Wa;

and such that

i=3 j=3
U, = interior | V U (U Vi(n)) U U Uj(n)
j=1

i=1

is an R-symmetric topological disk (see Figure 13.2). Note that

Ig, U Iy, C U C W1 UW, foralln > ny,

and that %, \ (V UVi(n) U Va(n)U Vs (n)) has three connected components,
which are precisely Uj (n), Us(n) and Us(n). By Theorem 13.5 we can choose
Ui(n), Us(n) and Uz (n) in order to also have:

N5([—1,O]) U N(g([(), Sn(O)]) C U, foralln > ny,

for some universal constant § > 0, independent of n > ng. Note also that each %,

is uniformly bounded since it is contained in N, ([—1, K ]), where @ > 0 is given

by Theorem 13.5, and K > 1 is the universal constant given by the real bounds.
For each n > ny let 7, be an R-symmetric topological disk such that:
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v

An:nglofn

Figure 13.2: The domain %,.

* V,Vi(n), Va(n) and B, (V) are contained in .7,
* I\ (V U Bn(V)) is connected and simply connected,
« The Hausdorff distance between .7, and %, is less or equal than:

40 = Bul oy < O™

Lemma 13.3. Foreachn > ng there exists an orientation-preserving R-symmetric
C3 diffeomorphism &y, : U, — Ty such that

» @, = Id in the interior of V U Uy (n) U Vi (n), in particular @,(0) = 0.
e B, =&, o(n;1 oén) och_l inV, thatis, ®,0 A, = B,o®,, inV.

(@0 —1d | cogy) < CAT.

s o, lloo < CA™ in %y,
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Proof. Foreachn > ng we have ||A, — Bpl|coyy < CA™ and therefore

|1d—(Bn 0 A1) < CA™.

HC°(V3(n))

If we define @y |y, () = Bp o A we also have [|ig, [loo = ||MAH_1 loo in V3(n),
which is equal to [|f4 4, ||o in V. In particular ||tg, [[coc < CA™ in V3(n), and then
we define @, in the whole %, by interpolating B, o 4, ! in V3(n) with the identity
in the interior of V U Uy (n) U Vi (n). O

Consider the seven topological disks:
X1(n) = interior (V U U (n) U Vi(n)) C Wi N %y,

X2 (n) = interior (Vi (n) U Ua(n) U V2(n) U Us(n) U V3(n)) C Wa N %y,
Xi(n) ={z € Xi(n) : £(2) € %}, Xo(n) = {z € X2(n) : M (2) € %},
Ty = (X1 (1)) U B (X2(n)) € T,

Yi(n) = X1(n) N @y (X1(n)) and  Ya(n) = Xa2(n) N &u(X2(n)).

Note that V', V1(n) and B, (V) are contained in ﬁ, for all n > ngy. Moreover, we
have the following two corollaries of Theorem 13.5.

Lemma 13.4. There exists § > 0 such that for all n > ny we have:
N5([-1.0]) C Yi(n) and  N5([0.£4(0)]) C Ya(n).

Lemma 13.5. Both:

sup § sup {det (Dén(z))}$ and  sup { sup {det(Dna(2))}

nzng (zeY(n) nzng (ze€Ya(n)
are finite, where det(-) denotes the determinant of a square matrix.

Let
Er 0 Du(X1(n)) = (Pp 0 &) (X1(n)) defined by &, = Py 0 & 0 D, 1,
and

T : Pn(X2(n)) = (@y © nn) (X2(n)) defined by 7, = @y 0 1y 0 Dy L.
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Since each @, is an R-symmetric C 3 diffeomorphism, the pair (ﬁn , /5\,,) restrict to
a critical commuting pair with the same rotation number as (;, £, ), and the same
criticality (that we are assuming to be cubic, in order to simplify). Note also that

7n(0) = —1foralln > ng. Moreover, from Lemma 13.5 and ” @, —1d ”CO(%") <
C A" we have
< n ~ n
En —&n co(¥1(m) <CA" and |nn — n"”CO(Yz(n)) < CA" foralln > no.

Therefore, it is enough to shadow the sequence (ﬁn , En) in the domains Y7 (n) and
Y>(n), instead of (n,,&,) (the shadowing sequence will be constructed in Sec-

tion 13.1.5 below). The main advantage of working with the sequence (ﬁngn) is

precisely the fact that 7, ! o ?n is univalent in V for all n > ng (since it coincides
with By). In particular we can choose each topological disk %4, and .7}, defined
above with the additional property that, identifying V' with B, (V') via the biholo-
morphism B,, we obtain from .7;, an abstract annular Riemann surface .%, (with
the complex structure induced by the quotient).

Let us denote by p, : 9, — %, the canonical projection. The projection of
the real line, p,, (R N .%,), is real-analytic diffeomorphic to the unit circle $!. We
call it the equator of ..

Since complex conjugation leaves .7, invariant and commutes with By, it in-
duces an antiholomorphic involution F, : ./, — %, acting as the identity on
the equator p, (R N .7,). Note that F,, has a continuous extension to 0.%;, that
switches the boundary components.

Since .7 is obviously not biholomorphic to ID \ {0} neither to C \ {0}, we have
mod(¥;,) < oo for all n > ng, where mod(-) denotes the conformal modulus of
an annular Riemann surface. For each n > ng define a constant R, in (1, +00)
by

R, = exp (mod(7)/2),

that is, .5 is conformally equivalent to Ag, = {z eC: R <|z| < Rn}. Any
biholomorphism between ., and Ag, must send the equator p, (R N %) onto
the unit circle S'! (because the equator is invariant under the antiholomorphic in-
volution F}, and the unit circle is invariant under the antiholomorphic involution
z+— 1/z1in Ag,). Let ¥, : ., — AR, be the conformal uniformization deter-
mined by ¥y, (p»(0)) = 1, and let P, : F, — AR, be the holomorphic surjective
local diffeomorphism
Py =Wy, 0 py
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(see Figure 13.3). Note that P,(0) = 1 and P,(Z, NR) = S! forall n > ny.
Moreover P, (z)P,(z) = 1forallz € 7 and alln > ng. From now on we forget
about the abstract cylinder .7%,.

Lemma 13.6. There exist two constants 8 > 0and C > 1 such that for alln > ng
and for all z € Ng([—1, &, (O)]) we have z € T C Iy and:

1
F<lmel<c.

Proof. By the real bounds there exists a universal constant Co > 1 such that for
each n > ng there exists wy, € [ —1,&, (0)] such that

1

We need to construct a definite complex domain around [ — 1, %, (0)] where P, has
universally bounded distortion. Again by the real bounds there exist § > Oand!/ €
N with the following properties. For each n > ng there exists 21, 23,..., 2k, €
[— 1 Sn (0)] with k,, < [ for all n > ng such that

«[-1 gn(O)] C Ul_1 B(zi, ).

« B(z,28) C F, C F, foralli € {1,... kn}.

* Pn|B(z 26) is univalent forall i € {1,...,k,}.
By convexity we have for all n > ng and foralli € {1, ..., k,} that
[Py (v)] | Py (w)]
sup S < exp sup Tor T ,
v,weB(z;,5) ‘Pn(w)‘ weB(z;,6) |Pn (w)|

and by Koebe distortion theorem (see for instance Carleson and Gamelin [1993,
Section 1.1, Theorem 1.6]) we have

w (B
S5 | [P

2
< - foralln > ngandforalli € {1,...,k,}.
weB(z;,0) $
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equator\of S,

Figure 13.3: Bidimensional glueing procedure.

Now we project each commuting pair (’ﬁn,g,) from fn to the round annu-
lus Ag,,.

Proposition 13.3 (Glueing procedure). The pair
(X)) > T and Tin: Pa(Xa(n) — T
projects under Py to a well-defined orientation-preserving C > map

Gy : Pn(ﬁl) C ARH — ARn-
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Foreachn > ngy, Py (ﬁ,) is a ®-invariant annulus with positive and finite modu-
lus. Each G, is S 1-symmetric and, when restricted to the unit circle, it produces a
C3 critical circle map g, : S — S with cubic critical point at P, (0) = 1, and
with rotation number p(gn) = p(%"(f)). In other words, the following diagram
commutes. S

(7/n sE}’l)

~

In C T

n

\Pn

Pu(Z)) € Ap, —~ AR,

Py

Moreover, the unique critical point of Gy, in Py (%) is the one in the unit circle
and

‘5Gn(2)‘ < CA (3G, (2)| forall z € Py(F3) \ {1},

that is, ||11G, lloo < CA™ in Pu(Tp).

Proof. 'This follows from
» The construction of %, and .7;,.
« The property B, = ®, 0 (1,  0&,) o @, in V.
* The commuting condition in Vi (n).
« The symmetry P,(z)P,(Z) = 1 forallz € .9, and all n > ny.

¢ The fact that P, : 7, — Ag, is holomorphic, P,(0) = 1 and P, (7, N
R) = S! forall n > ny.

O]

Note that each g, belongs to the smooth conjugacy class obtained with the
glueing procedure described in Section 10.2 applied to the C 3 critical commuting
pair ('17\,,,/5\,1) In the next section we will construct a sequence of real-analytic
critical circle maps, with the desired combinatorics, that extend to holomorphic
maps exponentially close to G, in a definite annulus around the unit circle (see
Proposition 13.4 below).
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13.1.4 Main perturbation

The goal of this section is to construct the following sequence of perturbations.

Proposition 13.4 (Main perturbation). There exist a constant r > 1 and a se-
quence of holomorphic maps defined in the annulus A;:

{Hp, : Ay — (C}n>n0
such that for all n = ng the following holds:
* Ar C Pu(Fh) C Pu(Ty) = A,
‘ HHH —Gn ”CO(A,.) < CA™

* Hy(Ar) C (Gn o P)(n) C Pu(Tn) = Ag,.

* H, preserves the unit circle and, when restricted to the unit circle, H; pro-
duces a real-analytic critical circle map hy, : S' — S such that:

— The unique critical point of h,, is at P, (0) = 1, and is of cubic type.

— The critical value of h, coincide with the one of g, that is, h,(1) =
gn(1) € P,(VNR).

— p(ha) = p(gn) = p(Z"(f)) e R\ Q.
* The unique critical point of H,, in A, is the one in the unit circle.

The remainder of this section is devoted to proving Proposition 13.4. We will
not perturb the maps G, directly (basically because they are non invertible). In-
stead, we will decompose them (see Lemma 13.7 below), and then we will perturb
on their coefficients (see the definition after the statement of Lemma 13.7). Those
perturbations will be done, again, with the help of Theorem 11.4.

As before, let A : C \ {0} — C \ {0} be the map corresponding to the parame-
ters a = 0 and b = 1 in the Arnold family defined in Section 6.1.2. Recall that 4
preserves the unit circle, and its restriction A : ! — S is a real-analytic critical
circle map. The critical point of A4 is placed at 1, and is of cubic type (the critical
point is also a fixed point for A).

Lemma 13.7. For each n > ng there exist:

e areal number S, > 1,
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* an orientation-preserving C3 diffeomorphism Vry : Py (ﬁ,) — Ag, which
is symmetric about S, and

* a biholomorphism ¢y, : A(As,) — (G,, o Pn)(%) which is also symmetric
about S,

such that G, = ¢y, 0 Ao Yy in Py (ﬁ,) in other words, such that the following
diagram commutes:

Pa(Fh) — (Gu o Pa)(F)

Yn ®n

As, A(As,)

Proof. Foreachn > ng let S, > 1 such that A(Ag,) is a @-invariant annulus
with
mod (A(Asn)) = mod ((Gn ) Pn)(%)).

In particular there exists a biholomorphism ¢, : A(4s,) — (Gn © Pn)(ﬁ,) that
commutes with ©. Each ¢, preserves the unit circle and we can choose it such that
dn (1) = Gy (1), that is, ¢, takes the critical value of A into the critical value of
G,. Since both G, and A are three-fold branched coverings around their critical
points and local diffeomorphisms away from them, the equation G, = ¢, o A o
¥, induces an orientation-preserving C3 diffeomorphism v, : Py, (ﬁi) — As,,
that commutes with ® and such that ¥,(1) = 1, that is, ¥, takes the critical
point of G, into the one of A. The fact that ¥, is smooth at 1 with non-vanishing
derivative follows from the fact that the critical points of G, and A have the same
criticality. 0

Remark 13.1. The diffeomorphisms v, and ¢, are called the coefficients of G, in
Pu(Th)-

As we said, the idea in order to prove Proposition 13.4 is to perturb each dif-
feomorphism 1/, with Theorem 11.4. In order to control the C? size of those
perturbations we will need some geometric control, that we state in four lemmas,
before entering into the proof of Proposition 13.4.
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Lemma 13.8. We have

1 < inf {R,} and sup{R,} < +oc0.
n=ngo

n-=no
Proof. This follows at once from Lemma 13.6. O

Lemma 13.9. For alln > ng both Pn(ﬁl) and (Gn ) Pn)(é,;) are O-invariant
annulus with finite modulus. Moreover there exists a universal constant K > 1
such that

1 ~
X < mod (Pn(%)) <K foralln >ny.

Proof. By Lemma 13.8 we know that R = sup,,.,, {Rx} is finite, and since for all
n > ng both P,,(ﬁ,) and (Gn ) P,,)(ﬁ,) are contained in the corresponding Ag,,,
we obtain at once that both P, (fn) and (G, o Py) (@) have finite modulus, and
also that sup,, -, {mod (Pn(é,\,))} is finite. Just as in Lemma 13.8, the fact that
inf,,>p, { mod (Pn(@))} is positive follows from Lemmas 13.4 and 13.6. O

Lemma 13.10. There exists a constant ro > 1 such that A_ro c P, (ﬁ,)for all
n = no.

Proof. By the invariance with respect to the antiholomorphic involution z + 1/Z,
the unit circle is the core curve (the unique closed geodesic for the hyperbolic
metric) of each annulus P, (ﬁ) Since inf; >y, {mod (Pn (ﬁ,))} is positive, the
statement is well-known (see for instance McMullen [1994, Chapter 2, Theorem
2.5)). O

Lemma 13.11. We have

s= inf{S,} >1 and S = sup{S,} < +o0.
nz=ng

nzng

Proof. Since py,, = UG, in Pn(iz), we have |y, oo < CA" in Py (,7:,) for
all n > ng. By the geometric definition of quasiconformal homeomorphisms (see
for instance Lehto and Virtanen [1973, Chapter I, Section 7]) we have

1-CA?
1+ CA"

1+ CA"

)mod(Pn(fn)) < 2log(Sy) < (m

) mod ( Py (7))

for all n > ng, and we are done by Lemma 13.9. O
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With this geometric control at hand, we are ready to prove Proposition 13.4.

Proof of Proposition 13.4. Let rg > 1 given by Lemma 13.10 (recall that 4,, C

P, (9 ) foralln > ng),and fixr € (1 1+ ro)/2) How small r — 1 must be will
be determined in the course of the argument (see Lemma 13.12 below). For any
r € (1,(1 4 ro)/2) consider r = ro — (r — 1) € ((1 + ro)/2.ro). The sequence
of S !-symmetric C3 diffeomorphisms

{% . Aro - 1;”n(Aro)},@nO
satisfy the hypothesis of Theorem 11.4 since
* Uy, = UG, In Pn(ﬁ,) and therefore ||y, oo < CA™ foralln > ng, and

* Yu(Ay)) C As, C As foralln > ng (see Lemma 13.11 above).

Apply Theorem 11.4 to the bounded domain A,, compactly contained in 4,,, to
obtain a sequence of S !-symmetric biholomorphisms

W e = V(A

such that _
|¥n — ¥n HCO(AL) < CA" foralln > no.

Fix n¢ big enough to have 1?,, (Ar) C As,, and note that we can suppose that each
{ﬂ\n fixes the point 1 (just as ¥, ) by considering

1 ~
- (@(1))‘””(2)'

Since |Wn (Z)| S forallz € A, and foralln > ng (where S € (1, +00) is given
Wn (1) —1| < CA"foralln > ng, we know that this

new map (that we will still denote by Wn to simplify) satisfy all the properties that
we want for 1, and also fixes the point z = 1.
For each n > ng consider the holomorphic map H, : A, — C defined by

Hn - ¢n OAO‘(}\”. WehaVe

by Lemma 13.11) and since

* Hy(4;) C (Gn o Pa)(Tn) C Ag,.



13.1. The shadowing property 359

+ Hy, is S '-symmetric and therefore it preserves the unit circle.

* When restricted to the unit circle, H, produces a real-analytic critical circle
map h, : S — S

* The unique critical point of H, in A, is the one in the unit circle, which is
at P,(0) = 1, and is of cubic type.

 The critical value of Hj, coincide with the one of G, that is, H,(1) =
G,(1) € P,(VNR).

We divide in three lemmas the rest of the proof of Proposition 13.4. We need
to prove first that, for a suitable r > 1, H, is C 0 exponentially close to G, in the
annulus 4, (Lemma 13.12 below), and then that we can choose each H,, with the
desired combinatorics for its restriction 4, to the unit circle (Lemma 13.13 below).
This last perturbation will change the critical value of each H,, (it will not coincide
with the one of G, any more). We will finish the proof of Proposition 13.4 with
Lemma 13.14, that allow us to keep the critical point of H,, at the point P, (0) = 1,
and to place the critical value of H, at the point g, (1) for all n > ng. This will be
important in the following subsection, the last one of this section.

Lemma 13.12. There exists r € (1, 1+ ro)/2) such that in the annulus A, we
have:

HH,,—G,,” < CA' foralln >n

COo(4r)

Proof. The proof is divided in three claims.

First claim: There exists > 1 such that Ag g C A(As,) foralln > ny.

Indeed, by Lemma 13.11 the round annulus A 4)/> is compactly contained
in Ag, for all n > ny, and therefore the annulus A(A(1+ 5) /2) is contained in
A(As),) foralln > ng. Thus we just take f > 1 such thatA_ﬁ C A(A(1+S)/2) and
the first claim is proved.

From now on we fix @ € (1, B).

Second claim: There exists r € (1 (1+ro)/ 2) close enough to one in order to
simultaneously have (A4 o wn)(A ) C Ay and (A o wn)(Ar) C Ag foralln >

Indeed, since A, C Ay, wn is holomorphic, and Wn (Ar) C Ags, C Asg for
alln > ng (where S € (1, +00) is given by Lemma 13.11), we have by Cauchy

derivative estimate that sup,,~,, {}@z (Z)| 1z € Ar} is finite. Since each 1/#\,, pre-

serves the unit circle, and since ” 1/#\,1 — Yn HCO(AV) < CA* foralln > ng, the
second claim is proved. -
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Another way to prove the second claim is by noting that, since A, C A g C
Ag g C A(Ag,) forall n > ng, the hyperbolic metric on any annulus 4(Ag,, ) and
the Euclidean metric are cornparable in A with universal parameters, that is, there
exists a constant K > 1 such that

% |z —w| < dA(Asn (z,w) < K|z — w|
forall z, w € Aq and for all n > ng, where d4(45,) denote the hyperbolic dis-
tance in the annulus A(A4gs,,) (thls is well-known, see for instance Carleson and
Gamelin [1993, Section 1.4, Theorem 4.3]). Since each A o 1’#\,, t Ar — A(As,)
is holomorphic and preserves the unit circle, we know by the Schwarz lemma that
forall z € A, and for all n > ng we have:

dacas,) ((409)@).81) < da, (.8Y),

where d 4, denote the hyperbolic distance in the annulus A4,. Since all distances
d 4(4s,) are comparable with the Euclidean distance in As with universal param-
eters, we have for all z € A, and for all n > ng that:

d ((40Pn)2).8") < Kda, (2.8").

where d is just the Euclidean distance in the plane. Fix r € (1, (1 + ro)/ 2)
close enough to one in order to have that z € A, implies d4, (Z S ) “_1 (and
therefore (Aown)(z) € Ay foralln > ng). Again since H Yn—Yn HCO(A ) S < CA"

for all n > ny, the second claim is proved.

Third claim: There exists a positive number M such that ‘qﬁ,’, (Z)| < M for all
z € Ay and for all n > ny.

Indeed, recall that ¢, (A(4s,)) = (Gn © Pn)(ﬂ) C Ag, foralln > ng. By
Lemma 13.8 there exists a (finite) number A such that ¢, (A(Asn)) C B(0,A)
for all n > ng. Since Ay C Ag C Aﬂ C A(Ags,) forall n > no, the third claim
follows from Cauchy derivative estimate.

With the three claims at hand, Lemma 13.12 follows. O

To control the combinatorics after perturbation we use the monotonicity of the
rotation number.
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Lemma 13.13. Let f be a C3 critical circle map and let g be a real-analytic
critical circle map that extends holomorphically to the annulus

1
AR=ZG(C:E<‘Z‘<R forsome R > 1.

There exists a real-analytic critical circle map h, with p(h) = p(f), also
extending holomorphically to AR, where we have

17 =&l coury < dcocsn (£ 8)-
In particular
dcr(sl)(h,g) < dCO(Sl)(f, g) forany 0<r < oo.
Proof. Let F and G be the corresponding lifts of f and g to the real line satisfying

Fn n
© and p(g) = lirJIrl G n(()) .
n—>+oo

p(f) = pJim
Consider the band B = {z € C: —log R < 27xIm(z) < log R}, which is the
universal cover of the annulus Ag via the holomorphic covering z > ¢27Z Let
8 = ||F — G| coew), and for any 7 in [—1, 1] let G; : B — C defined as G; =
G + t5. Each Gy preserves the real line, and its restriction is the lift of a real-
analytic critical circle map. Moreover, each G; commutes with unitary horizontal
translation in Bg. Note that |G — G[cocpy) = |18 < [|[F — G| cocr) for any
t € [—1, 1]. Moreover for any x € R the family {Gt (x)}te[_l’l] is monotone in
t, and we have G_1(x) < F(x) < G1(x). In particular there exists ty € [—1, 1]
such that

G (0
tim S0 ).
n——+o00 n
and we define £ as the projection of Gy, to the annulus Ag. O

After the perturbation given by Lemma 13.13 we still have the critical point
of h, placed at 1, but its critical value is no longer placed at g, (1) (however they
are exponentially close). To finish the proof of Proposition 13.4 we need to fix
this, without changing the combinatorics of 4, in S!. Until now each H,, is S !-
symmetric, in the sense that it commutes with z — 1/Z in the annulus A,. We
will loose this property in the following perturbation, which turns out to be the last
one.
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Lemma 13.14. For each n > ng consider the (unique) Mobius transformation
M, which maps the unit disk D onto itself fixing the basepoint z = 1, and which
maps Hy (1) to Gn(1). Then there exists p € (1,r) such that A, C My(Ay) for
all n > ng. Moreover for each n > ng we have:

HMn o HyoM,"' —Gp HCO(A ) S <CA™.

Note that, when restricted to the unit circle, each M, gives rise to an orientation-
preserving real-analytic diffeomorphism which is, as Lemma 13.14 indicates, C *°-
exponentially close to the identity.

Proof. Consider the biholomorphism v : H — D given by ¢(z) = + -, Whose
inverse ! : D — H is given by ¢~ 1(z) = i (%) Note that ¥ maps the
vertical geodesic {Z € H: Re(z) = 0} onto the interval (—1, 1) in D. Since
and ¥~ ! are M&bius transformations, both extend uniquely to corresponding bi-
holomorphisms of the entire Riemann sphere. The extension of i is a real-analytic
diffeomorphism between the compactification of the real line and the unit circle,
which maps the point at infinity to the point z = 1. For each n > n¢ consider the
real number #,, defined by

o o L Gn(1) — Hn(1)
tn =¥ (Ga(D) — ¥ Uﬂ“»_m(U—GﬂmU—Hﬂm)'

Each ¢, is finite since for all n > ngy both G, (1) and H, (1) are not equal to one.
Moreover we claim that:

,gaﬂGﬂn—1H>o md’gaﬂHAD—1H>0

Indeed, since we have ‘H (1) — Gn(l)‘ CA™ for all n > ny, is enough to
prove that inf,,>,, {‘Gn(l) — l‘} > 0, and this follows by Lemma 13.6 since
1 = P,(0) and G,(1) = P,(— 1) for all n > ng. In particular, again using
|Hn(1) = Gp(1)| < CA™ forall n > ng, we see that |t,| < CA” forall n > no.
From the explicit formula

(2i —tn)z +1, Z_(_ttfzz‘) 2i —t
My,(z) = z ?= - ( n) for all n > ny,

20 th) —1t In 2i t
(2i +ty) —tyz 1_<tn+_2i)z i+ ty




13.1. The shadowing property 363

we see that the pole of each M,, is at the point z,, = 1 +i(2/t,), and since |t,,| <
CA" for all n > ng, we can take ng big enough to have that z, € C \ B(0,2R),
where R = sup,~, ,{Rn} < 400 is given by Lemma 13.8. A straightforward
computation gives

th(z —1)?
(Mn - Id)(z) = n(z—1) forall n > ny,

Qi+ ty) —taz

and therefore
HMn —1Id ”CO(AR) < CA* foralln > ny.

In particular for any fixed p € (1, r) we can choose ng big enough in order to have
Ap C My(Ay) foralln > ng. Moreover given any z € A, we have

(My o Hy o Myt — G )(z) = (My — 1d) ((Hp 0 M;7')(2)) + (Hn — Gp)(2)
+ (Hn (M, 1 (2)) — Ha(2)).

In particular,
-1
[ M o Hy o My =Gl coga,y < 1M =1l o, (4,5) + 110 = Grllcoa,

Myt =1d] cogy.) -

+ | Hnllcra,)

Since Hy,(Ar) C Agrand A, C A, C AR, the three terms | M, — Id”CO(H,,(Ar))’

|Hy — Gp ||C0(Ap) and ” Mt — IdHCO(Ap) are less or equal than C A" foralln >
no.

Finally, since each H,, is holomorphic and we have A, C A, and H,(A;) C

(Gn o Pn)(ﬁ,) C AR, C Apg forall n > ng, we obtain from Cauchy derivative
estimate that

nS;’I:O {HHn HCI(A,)}
is finite, and therefore
MpoHy,oM ' =Gyl o,  <CA* foralln > ny.
n CO(4y)
O

With Lemma 13.14 at hand we are done since (Mn oHy,o Mn_l)(l) = Gu(1).
We have finished the proof of Proposition 13.4. O
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13.1.5 'The shadowing sequence

This is the final section of Section 13.1. Let us recall what we have done: in Sec-
tion 13.1.3 we constructed a suitable sequence {Gy }n>n, of S !-symmetric C3
extensions of C?3 critical circle maps g, to some annulus Py (fn) When lifted
with the corresponding projection P, (also constructed in Section 13.1.3), each g,
gives rise to a C3 critical commuting pair (ﬁn , %) exponentially close to 2" ( f)
and having the same combinatorics at each step (moreover, with complex exten-
sions C °-exponentially close to the ones of %" ( f) produced in Theorem 13.5; see
Proposition 13.3 above for more properties).

In Section 13.1.4 we perturbed each G, in a definite annulus A,, in order
to obtain a sequence of real-analytic critical circle maps, each of them having
the same combinatorics as the corresponding " ( f'), that extend to holomorphic
maps H, exponentially close to G, in A, (see Proposition 13.4 above for more
properties). Both the critical point and the critical value of each H}, coincide with
the ones of the corresponding G, more precisely, the critical point of each H,, is
at P,(0) =1 ¢ P,,(Vl (n)) N S, and its critical value is at H,(1) = Gp(1) €
P,(V)NS! = P, (Bn(V)) N S!. Recall also that H,(A,;) C P,(Z,) for all
n = ny.

In this section we lift each H, : A, — Ag, via the holomorphic projection
Py, : Iy — AR, inthe canonical way: let o > 0 such that for all n > no we have
that:

Na([=1.0]) U N ([0.£x (0)]) C T

and that P, (Ng ([—1,0]) U Ne ([0, £ (0)])) is an annulus contained in A, and con-
taining the unit circle (the existence of such « is guaranteed by Lemmas 13.4
and 13.6). Let us use the more compact notation Z1(n) = Ny ([—1, O]) and

Z>(n) = Na([O,/é\n(O)]). For each n > ng let %, : Z>(n) — I, be the R-
preserving holomorphic map defined by the two conditions:

Hyo P, = P,o7, inZ@n),and7,(0) = —1.

In the same way let E,, : Z1(n) — Z, be the R-preserving holomorphic map
defined by the two conditions

Hypo P, = Pyo&, inZi(n),and&,(0) = £,(0).
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Thus, we have the following commutative diagram:

Zy() U Za(n) € G 5

P, Py

H
n AR

Ay C ARn

n

In the next proposition we summarize the main properties of this lift, which
are all straightforward.

Proposition 13.5 (The shadowing sequence). For each n > ng the pair f, =
(Tn, €n) restricts to a real-analytic critical commuting pair with domains 1 (Sn) =

[7(0),0] = [=1,0] and I (7i,) = [0,£,(0)] = [0,£,(0)], and such that p( f,;) =

~

p(/r)\ngn) = p(%Z"(f)) € R\ Q. Moreover &, and T, extend to holomorphic
maps in Z1(n) and Z,(n) respectively where we have:

. E,, has a unique critical point in Z1(n), which is at the origin and of cubic
type.

* Nn has a unique critical point in Z,(n), which is at the origin and of cubic
type.

& — &

n

- <
CO(Z1 NP, (X1 (1))

Y = n
ln = nl co(z,mn@nZamy) S €A™

With Proposition 13.5 at hand, Theorem 13.4 follows directly from the follow-
ing consequence of Montel’s theorem:

Lemma 13.15. Let o be a constant in (0, 1) and let V' be an R-symmetric bounded
topological disk such that [—1,a~'] C ¥. Let Wy and W, be topological disks
whose closure is contained in ¥ and such that [—1,0] C Wy and [0,a™'] C Ws.
Denote by K the set of all normalized real-analytic critical commuting pairs { =
(n, &) satisfying the following three conditions:

. 7](0) = —1 andE(O) € [a’a_l]’
* afn([0.6O))] < [£(I=1.0D)| < @ Mn([0.£O))]
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* Both & and n extend to holomorphic maps (with a unique cubic critical point
at the origin) defined in W1 and W, respectively, where we have:

1. Ng(§([-1.0])) C E(W1);

2. N (n([0,£(0)])) C n(Wa);
3 EW)Un(Wp) C V.

Then 2 is C®-compact.

13.2 Bounding the C"~! metric

In the previous section we have proved the C? version of Theorem 13.4. The de-
tails required to bootstrap this estimate to the C”~! metric can be found in Guar-
ino, Martens, and de Melo [2018, Section 11]. Here we just want to mention that
the key point for such bootstrapping argument is the following fact from complex
analysis.

Proposition 13.6. Let I be a compact interval in the real line with nonempty inte-
rior, and let U be an open set in the complex plane containing I. Fix some M > 0,
and consider the family

F ={f :U — C holomorphic: I/ lcowy < M}.

Then for any r € N and any o € (0, 1), there exists L = L(r,o, M) > 0 such
that
£ leray < L(Ifllcony)” forall f € .7,

where

I£leray = sup (5™}

z€
ne{0,1,...,r}

A proof of Proposition 13.6, by means of the well known Dirichlet s problem,
can be found in the appendix of Guarino, Martens, and de Melo [ibid., page 2184].

13.3 Proof of the exponential convergence

In this final section we briefly explain how to combine Theorem 13.4, Theorems 12.2
and 13.1 in order to obtain Theorem 13.3 (the proof of Theorem 13.2, given in

Guarino and de Melo [2017, Section 4], is a little bit easier by the bounded com-
binatorics condition).
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Sketch of the proof of Theorem 13.3. Let f and g be two C# unicritical circle maps
with the same irrational rotation number p( ) = p(g) = [ag, a1, ...] and with the
same odd integer criticality. By Theorem 13.4 (the shadowing theorem), there exist
a C“-compact set .# of real analytic unicritical commuting pairs, two constants
Ao € (0,1) and Co > 1, and two sequences { fi }meN and {gm }meN contained
in J# such that for all m € N we have p(fin) = p(gm) = [am,am+1,...] and
moreover,

d3 (B (f), fm) < CoAll and  d3(%™(2), gm) < Co AL (13.2)

With this, Proposition 6.2 and Theorem 12.1 at hand, it is not difficult to prove
that the commuting pairs 27 T (f), Z#/1"(g), %’ (f,n) and %’ (gm) are K-
controlled and have negative Schwarzian for some constant K > 1, for m suffi-
ciently large (say, m > mg for some my € N) and for all j € N. Note that at this
point we need the C*# smoothness required in the statement of Theorem 13.3, to be
able to obtain C 3-bounds for renormalization (see Guarino, Martens, and de Melo
[2018, Section 12] for the details).

Let L = L(K) > 1 be given by Theorem 12.2. Let § € (0, 1) be sufficiently
close to one (to be determined in the course of the argument), and for eachn € N
letm = m(n) € N be given by m = |6n]. Combining Theorem 12.2 with (13.2)
we obtain for all m > mg that

d2(Z" (1), B" " (fm)) < L"" d2 (R (f), fim) (13.3)
< CO Ln—mkgz < (LTQ)) (Ll—Skg)n
0

foralln € N such that m = [dn] > mo. Let C; = LCy/Ag and A1 = Ll_s)\g,
and note that A belongs to (0, 1) for § sufficiently close to one. Replacing f with
g, we also get

do (#"(9). B" " (gm)) < C1 A} (13.4)

for all n € N such that m = |6n] > my.
By Theorem 13.1, there exist constants C; > 1 and A, € (0, 1) (both uniform
in %) such that

d2 (B (fn)s B (gm)) < C2A57™ < Co(AS70)" (13.5)

foralln € N and m € N. Finally, define A = max{)\l,k;_‘g} € (0,1) and
C =2C; + C3 > 1. Combining (13.3), (13.4) and (13.5) we obtain

do(Z"(f). %" (g)) < CA" foralln € N such thatm = [8n| > my.

See Guarino, Martens, and de Melo [ibid., Section 12] for more details. [l
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13.4 The attractor of renormalization

As we have seen in Section 10.2 (recall (10.2)), the action of the renormalization
operator on the rotation number is given by a left shift, that we denote by o as
customary. More precisely, given a critical commuting pair ¢ with rotation number
0(¢) = [ag,ay,as,...] we have that

p(%’(é‘)) = 0([a0,a1,a2,...]) =lai,az...]. (13.6)

For critical circle maps with a single critical point of some odd integer crit-
icality, Yampolsky [2001, Theorem A] was able to establish the existence of a
horseshoe-like attractor for renormalization. More precisely, he proved the fol-
lowing result.

Theorem 13.6 (Horseshoe-like attractor). There exists a pre-compact Z-invariant
set A, which is homeomorphic to N, consisting of real-analytic unicritical com-
muting pairs with irrational rotation number, such that the action of Z| 4 is topo-
logically conjugate to the two-sided shift o acting on N2 (the action being taken
over the continued fraction expansion of the rotation number, as in (13.6) above).
Moreover, any given real-analytic pair with irrational rotation number converges
to the closure of A.

As we have seen along this chapter (see also Chapter 14), such convergence
is geometric, and it holds for C# pairs, not necessarily real-analytic (and for C3
pairs with bounded combinatorics as well). For the proof of Theorem 13.6 we refer
the reader to the original paper by Yampolsky [ibid.].

Exercises

Exercise 13.1. Prove the existence of two diffeomorphisms /1 and %5, as stated
at the beginning of Section 13.1.1 (Hint: see Guarino and de Melo [2017, Lemma
6.2]).

Exercise 13.2. Show that the sum or product of asymptotically holomorphic maps
is also asymptotically holomorphic. The inverse of an asymptotically holomorphic
diffeomorphism is asymptotically holomorphic. Composition of asymptotically
holomorphic maps is asymptotically holomorphic.

Exercise 13.3. Let I be a compact interval in the real lineand let 2 : I — R
be a C! map. Let U be a neighbourhood of / in C and let H : U — C be



13.4. The attractor of renormalization 369

an asymptotically holomorphic extension of /& of order 1 (as in Definition 13.1).
Show that dH (z) = h'(z) for every z € I, and then the Jacobian of H atz € [

equals ‘h’ (2) ‘2 (recall the identity (11.2)).

Exercise 13.4. Let I be an open interval in the real line. For any given 6 € (0, )
consider ¢(8) = logtan (JT /2—06/ 4) € (0, 400). Show that the Poincaré disk
Dg (1) coincides with the set of points in C; whose hyperbolic distance to I is
less than ¢.



In this chapter we will survey some of the complex-analytic ideas that play a de-
cisive role in the theory of (multi)critical circle maps. Since these ideas are quite
deep, the narrative to follow is by necessity very sketchy. However, we provide a
complete proof of a fundamental theorem in this area: the complex bounds (Theo-
rem 14.4).

The use of holomorphic methods in the study of renormalization and rigidity
of one-dimensional dynamical systems was started by Sullivan in the mid-eighties
(see Sullivan [1992]). Since the theory for circle maps follows in parallel with the
corresponding theory for unimodal maps, and borrows substantially from it, we
need to talk a bit about the latter first.

For the general theory of complex dynamics we refer the reader to the books
Carleson and Gamelin [1993], de Faria and de Melo [2008], McMullen [1994],
and Milnor [2006].

14.1 Sullivan’s program

We have already mentioned the general ansatz relating renormalization conver-
gence and rigidity. If we are given two topologically conjugate one-dimensional
maps f and g which are infinitely renormalizable (say with some restrictions on
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their combinatorics), and if we know that the C? distances between their succes-
sive renormalizations contract to zero at an exponential rate, then the conjugacy
between f and g should actually be smooth. Hence the goal becomes to establish
exponential contraction of renormalizations. The strategy laid down by Sullivan
[1992] (and explained in greater detail in de Melo and van Strien [1993, Ch. VI])
to achieve this goal can be roughly described as follows.

1.

First get geometric bounds on the orbits of the critical points of the (real)
one-dimensional systems. These so-called real a priori bounds should be
robust enough that, even if we start with maps which have only a mild, finite
degree of smoothness, their successive renormalizations will converge C°
exponentially fast to the subspace consisting of real-analytic maps.

. Use such real a priori bounds to show that the topological conjugacy be-

tween the two systems has slightly more geometric regularity than being
merely continuous: it is actually quasisymmetric (at least when restricted to
the post-critical sets of both systems).

. Complexify the given real dynamical systems (when they are real-analytic),

in other words, find suitable complex-analytic extensions of these systems.

. Using the real bounds in (1) and the mild geometric control in (2), get com-

plex a priori bounds for the complexified systems. These bounds are usually
bounds on the moduli of certain annuli (typically fundamental domains for
the complexified systems). Such bounds yield a strong form of compact-
ness.

. Extend the renormalization operator to the complexified dynamical systems.

This operator will, in a suitable domain, be a compact operator due to step

(4).

. Use the bounds and compactness in (3) and a suitable infinite-dimensional

version of Schwarz’s lemma to establish the desired contraction property of
the underlying renormalization operator.

In the context of (real-analytic) unimodal maps of the interval, Sullivan re-

alized that the relevant complex-analytic dynamical systems are quadratic-like
maps (or more generally polynomial-like maps), and was therefore able to use the
theory developed by Douady and Hubbard [1985] for such maps. Recall that a
quadratic-like map is a proper, degree two holomorphic branched covering map
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F : U — V between two topological disks U, V' C C with U compactly con-
tained in V', branched at a unique critical point ¢ € U. The modulus of F is by defi-
nition the conformal modulus of the annulus V\U. The set #F = (), F (V)
is called the filled-in Julia set of F. It is a totally invariant set under the dynamics,
and it is compact due to the fact that F is proper. Every point in U \ J#F has a
finite orbit that eventually lands in the outer annulus V' \ U. This annulus threfore
works as a fundamental domain for the dynamics outside the filled-in Julia set. A
central fact about quadratic-like maps is the straightening theorem of Douady and
Hubbard [1985]: every quadratic like map is quasiconformally conjugate to an
actual quadratic polynomial map.

A quadratic-like map F : U — V is said to be renormalizable if one can
find a sub-disk D C U compactly contained in U and containing ¢ and an inte-
ger p > 2 such that FP|p : D — FP(D) C V is well-defined, and again a
quadratic-like map. This new map, with p smallest possible and suitably rescaled
(via a complex affine map), is called the first renormalization of F, and denoted
ZF. The number p is called the renormalization period of F, denoted p(F). If
all successive renormalizations #2F = Z(ZF),..., %"F = Z(%Z""'F), ...
are well-defined, then we say that F is infinitely renormalizable. 1f in addition all
periods p, = p(#£" F) form a bounded sequence, we say that F infinitely renor-
malizable of bounded type. The complex bounds proved by Sullivan guarantee that
if one starts with a real-analytic, infinitely renormalizable quadratic unimodal map
f of bounded type on the real line, then after a finite number N of iterations, the
renormalized unimodal maps #” f will be restrictions of quadratic-like maps Fj,
with Fy41 = ZF, foralln > N, and moreover the moduli mod(#" F) (n > N)
will be bounded from below. In particular, the sequence (%" F),>n will be a
pre-compact family (in the topology of uniform convergence on compacta), and
every limit of such renormalization sequence will be a quadratic-like map. Here
and throughout, all holomorphic maps considered commute with complex conju-
gation, i.e., are symmetric about the real axis.

The crucial feature of quadratic-like maps in this theory, very closely related
to the straightening theorem, is that they are amenable to what Sullivan calls a
pull-back argument. If F; : U; — Vi, i = 0, 1, are two symmetric, topologically
conjugate quadratic-like maps, and if % is a quasisymmetric homeomorphism of
the real line which sends the post-critical set of Fy to the post-critical set of Fy,
then Fy and F; are quasiconformally conjugate. More precisely, there exists a
quasiconformal homeomorphism H : Vo — Vi such that H o Fy = F; o H;
in addition, the quasiconformal dilatation of H depends only on the conformal
moduli mod(V; \ U;) (i = 0, 1) and on the quasisymmetric distortion of 4.
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The existence of such a conjugacy already allows us to speak of the quasicon-
formal or Teichmiiller distance between Fy and Fi, defined as

1+ l1glloo

, (14.1)
1— gl

dr(Fo, F1) = igflog

the infimum being taken over all quasiconformal conjugacies ¢ between Fy and F7.
This is in fact a pseudo-distance: its value will be zero whenever the two maps are
conformally conjugate. It turns out that the Julia set of an (symmetric) infinitely
renormalizable quadratic-like map carries no invariant line fields (equivalently,
no non-zero invariant Beltrami differentials). This is another consequence of the
straightening theorem. Thus, for every quasiconformal conjugacy ¢ as above we
have that 14 vanishes a.e. on the (filled-in) Julia set of Fp. In particular, when
calculating ||t¢ ||oo in the right-hand side of (14.1), we only need to look at the
values of g (z) for z € Vj.

It is immediate from the definition that the Teichmiiller distance is weakly
contracted under renormalization: any conjugacy between Fy and F} restricts to
a conjugacy between Z(Fy) and Z(F1).

Now, let H be a quasiconformal conjugacy between Fy and Fj, say the one
constructed via the pull-back argument. Its Beltrami differential gz = 0H/dH
is invariant under Fy, and therefore it can be used to generate a path of (pairwise
gc-conjugate) quadratic-like maps joining Fy to Fy. To see this, define u; = tu g
forallz € C suchthat || < ||up |5 then integrate each ji; using the measurable
Riemann mapping theorem to get a (normalized) quasiconformal homeomorphism
H;, and then define F; = H; o Fy o Ht_l. Such a path is called a Beltrami path
joining Fy to F1.

As one can see from the definitions given so far, renormalization maps Bel-
trami paths to Beltrami paths. Some Beltrami paths are more efficient than others,
in the sense that they are close to being “geodesics” in the Teichmiiller metric. It
will usually be the case that a very efficient Beltrami path joining Fy to F; will be
mapped to an inefficient Beltrami path joining Z(Fp) to Z(F): the image path
“coils”. It turns out that one can put this coiling property into more quantitative
terms, and the result is a form of Schwarz’s lemma in infinite dimensions.'

There are some difficulties with carrying out the details of this approach. One
is the fact that the domain and range of a quadratic-like map vary with the map
itself, so it is hard to set up the renormalization procedure as an actual operator

"However, we warn the reader that the renormalization “operator” is not a complex-analytic
operator.
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on a space of maps defined over a fixed domain. Another difficulty is the fact
that, if we are given two quadratic-like maps and they both restrict to the same
quadratic unimodal map on the line, then they should be regarded as essentially
the same dynamical system; however, their Teichmiiller distance, according to
the definition given above, will not be zero! Sullivan soon realized that a way
to circumvent these difficulties is to take an inverse limit of the dynamics off the
filled-in Julia set. To wit, if F : U — V is the given quadratic-like map, one
considers the inverse system

oo FTOEDWN ) - FPV\ ) — - FY(V\ ) > V\ HF

where each map, being a restriction of F, is an unbranched 2-to-1 holomorphic
covering. The inverse limit of this system, denoted .2 (F'), is a Riemann surface
lamination in a natural way. This object is locally homeomorphic to the product of
a disk by a Cantor set, and the chart transitions are holomorphic on the leaves. The
construction is canonical in the sense that, if F' varies (but stays in the same topo-
logical conjugacy class), then topologically .Z’(F) does not change at all. Only
its conformal structure changes. Moreover, a quasiconformal conjugacy between
two such maps induces a homeomorphism between the two corresponding lamina-
tions which is quasiconformal on each leaf. Hence, one can speak of the (moduli
space or) Teichmiiller space of such lamination. It then follows that renormaliza-
tion induces an operator on such Teichmiiller space.

Using these ideas, Sullivan was able to carry out the strategy outlined in steps
(1)-(6) above almost completely in the bounded-type case. We say “almost” be-
cause in step (6) he was forced to settle for something less than exponential contrac-
tion. Sullivan made an ingenious use of the theory of Riemann surface laminations,
and used the Teichmiiller theory of such objects (which he largely developed on the
fly) to prove a (non-uniform) version of Schwarz’s lemma in this context, which
in turn allowed him to prove renormalization convergence without a rate. The ex-
ponential convergence of renormalizations for bounded type infinitely renormal-
izable maps was finally achieved by McMullen [1994, 1996] by a different route,
using his theory of rigidity of towers.

Remark 14.1. The theory of Riemann surface laminations is a beautiful subject in
its own right. See Ghys [1999] for a nice exposition.
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14.2 Holomorphic commuting pairs

In his PhD thesis, de Faria [1992] took up the task of carrying out as much as possi-
ble of Sullivan’s program in the context of critical circle maps with a single critical
point of cubic type. Steps (1) and (2) of Sullivan’s strategy were already in place
due to the works of Herman and Swiatek (Theorem 6.3) and Yoccoz (Theorem 7.2
in the unicritical case).

The key to the remaining steps is an analogue of the quadratic-like maps of
Douady and Hubbard, a holomorphic dynamical system that somehow extends
the real commuting pairs arising as successive renormalizations of a critical circle
map. This is the central contribution of de Faria [ibid.]| and of the subsequent paper
de Faria [1999]. Here are the relevant definitions, taken almost verbatim from de
Faria and de Melo [2000, p. 346].

Definition 14.1. By a bowtie we mean a 4-tuple (Og, Oy, 0, V') of simply-connec-
ted domains in the complex plane such that:

(a) Each Oy is a Jordan domain whose closure is contained in V';
(b) We have ﬁé N 5,, ={0} C 0,;
(c) Thesets Og\ Oy, Oy\ O, O,\ Ot and 0,\ Oy are non-empty and connected.

Definition 14.2. Let (O, Oy, O, V) be a bowtie. A holomorphic commuting pair
I" with domain % = Og U Oy U O\, and co-domain V' is the dynamical system
generated by three holomorphic maps§ : O — C,n: 0y — Candv : 0, — C
satisfying the following conditions (see Figure 14.1).

Hy Both & and n are univalent onto ¥ N C(§(Jg)) and V" N C(n(Jy)) respec-
tively, where Jg = O¢ N R and Jy = Oy N R. (Notation: C(I) =
(C\R)u1I.)

Hy The map v is a 3-fold branched cover onto V' N C(v(Jy)), where J, =
Oy N R, with a unique critical point at 0.

H3 We have O¢ > n(0) < 0 < &§(0) € 0y, and the restrictions £[[n(0), 0] and
n|[0, £(0)] constitute a critical commuting pair.

Hy4 Both & and n extend holomorphically to a neighborhood of zero, and we
have £ o n(z) = no&(z) = v(z) for all z in that neighborhood.
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Figure 14.1: A holomorphic commuting pair.

Hs There exists an integer m > 1, called the height of I', such that £ (a) =
1n(0), where a is the left endpoint of Jg¢,; moreover, n(b) = £(0), where b is
the right endpoint of Jy.

The relevant dynamical system here, which we will still denote by I, is the
pseudo-semigroup generated by the three maps &, n, v. The interval J = [a, b]
is called the long dynamical interval of I', whereas A = [1(0), £(0)] is the short
dynamical interval of I'. They are both forward invariant under the dynamics, as
the reader can easily check. The rotation number of I is by definition the rotation
number of the critical commuting pair of I" obtained by restriction to the real line
(condition H3). We say that the holomorphic commuting pair I has geometric
boundaries if 9% and 0¥ are quasicircles’.

Remark 14.2. Examples of holomorphic commuting pairs with arbitrary rotation
number and arbitrary heights can be constructed directly from the Arnold family.
This is carefully done in de Faria [1999, §4], and the construction will be repro-
duced in Section 14.4. We should also point out that there is nothing special about

2A quasicircle, we recall, is the boundary of a quasidisk, which in turn is the image of a round
disk under a quasiconformal homeomorphism of the plane.
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cubic critical points. Holomorphic commuting pairs can be defined so as to have
a critical point with any odd-power criticality whatever. To see how this is done,
the reader should consult Arlane Vieira’s thesis Vieira [2015] (see also Yampolsky
[2017]).

It turns out that the holomorphic pair /" can be renormalized: the first renor-
malization of the critical commuting pair of I" extends in a natural way to a holo-
morphic pair Z(I") with the same co-domain #". See Prop. 2.3 in de Faria [1999]
for the detailed construction of Z(I"). Renormalization is defined in such a way
that the restriction of the renormalized holomorphic pair Z(I") to the real line
is the critical commuting pair that represents the renormalization of the critical

commuting pair (][, (0),0] » 1l[0.£(0)])-

14.3 Pull-back argument

The first main result in de Faria [1992] (or de Faria [1999]) is the following ana-
logue of Sullivan’s pull-back argument.

Theorem 14.1 (Pull-back Argument). Let I and I'' be holomorphic pairs with
geometric boundaries and leth : J — J' be a quasisymmetric conjugacy between
the restrictions of I' and I'' to their respective long dynamical intervals J and J'.
Then there exists a quasiconformal conjugacy H : V" — V' between I' and I'’
which is an extension of h.

The proof is more involved than that of the original pull-back argument, for the
following reason. In the quadratic-like case, we know by the straightening theorem
of Douady—Hubbard that every quadratic-like map is quasiconformally conjugate
to a quadratic polynomial, and the latter does not have wandering domains (due to
Sullivan’s no-wandering-domains theorem, see Sullivan [1985]). Hence quadratic-
like maps do not have wandering domains. By contrast, holomorphic pairs could
in principle have wandering domains. To deal with their putative existence, one
needs to use a form of quasiconformal surgery (something called the gc-sewing
lemma of L. Bers, see de Faria [1999, Lem. 3.2]). Wandering domains are only
ruled out a posteriori, combining Theorem 14.1 with the fact that holomorphic
pairs constructed from the Arnold family do not carry such domains (see de Faria
[ibid., Th. 4.2]).
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14.4 Existence and limit-set qc-rigidity

We have defined holomorphic commuting pairs as complex dynamical systems
satisfying certain axioms (see Definition 14.2), but it is not clear at this point in
our narrative whether such objects exist. Hence we take the time to construct
explicit examples with arbitrary rotation numbers and arbitrary heights. The con-
struction presented below is taken almost verbatim from de Faria [1999, §4]. When
combined with the pull-back argument, these examples also yield two important
properties of holomorphic commuting pairs: a no-wandering-domains theorem for
such objects and the absence of invariant line fields in their limit (or Julia) sets.

Construction of examples

The examples are extracted from our old friend, the complex Arnold family. For
each0 < 0 < 1,1let Eg : C — C be the entire mapping given by Ey(z) =
z4+6— % sin(2rz). Such maps indeed belong to the Arnold family; in fact, we
have Eg = Fp ; in the notation introduced in Chapter 6.

Since Eg o T = T o Eg, where T is the translation z — z + 1, Ey is the lift
to the complex plane of a holomorphic self-mapping of the cylinder, fy : C/Z =~
C* <>. Moreover, the restriction Eg|R maps the real axis onto itself and satisfies
E é (x) > 0 forall x € R, and equality holds iff x € Z (these constitute all the
critical points of Eg). Therefore the restriction f3|S! is a critical circle homeo-
morphism with rotation number, say, p(6). We have already seen in Chapter 4
that 6 — p(#) is a continuous, non-decreasing map of [0, 1) onto itself such that
the interval p~!(z) C [0, 1) degenerates to a point whenever ¢ is irrational.

With the family { £} at hand we will construct examples of holomorphic com-
muting pairs with arbitrary rotation number and arbitrary height. More precisely,
we shall prove the following theorem.

Theorem 14.2. For each n > 0 and each 0 such that p(0) has a continued
fraction expansion of length at least n + 1, the real commuting pair determined
by (f", feq'””) extends to a holomorphic commuting pair I, g with geometric
boundaries. The family {I}, g} runs through all possible pairs of combinatorial
invariants at least once, and for each (m, p) € N x [0, 1) with m > 2 there ex-
ist countably many (n,0) € N x [0, 1) such that I',, g has height m and rotation
number p.

The main analytic tool to be used in the proof of Theorem 14.2 is the following
growth estimate.
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Lemma 14.1. There exist a positive constant Co and a positive monotone non-
decreasing function ¢(s) defined for s > 0 such that if |y| = ¢(|x|) then |Eg(x +

iy)| = Co exp(r|yl).

Proof. When 6 = 0, a straightforward computation yields

1 1
|Eo(x + iy)|* = e cosh? 2my) + |:x2 +y2— o) cos? (2nx)]

1
— — [x sin (2w x) cosh (27y) 4+ y cos (2mx) sinh 2wy)] .
V4

The first expression between brackets is positive as soon as, say, |y| > 1, while
the second is dominated by (|x| + |y|) cosh (27y). Thus, if |y| > 1 we have

|Eo(x +iy)|* > 4711_2 [cosh (2my) — 4m(|x| + |y|)] cosh (27y) . (14.2)

Now, let

1
g(t) = —cosh(Qmt)—t—1.
4r

This is a strictly convex function that reaches a minimum value at a certain ¢y > 0
such that e(tp) < 0. Hence for each s > 0 there exists a unique ¢(s) > #¢ such that
e(p(s)) = s. Since &(t) is strictly increasing for ¢ > 19, so is ¢(s) for s > 0, and
t > @(s) implies e(¢) > s. Setting ¢(s) = max{l, (s)} and observing that the
expression between brackets in (14.2) is equal to 47 [e(]y|) + 1 — |x]|], we deduce
that if |y| > ¢(]x|) then

1 1
|Eo(x + iy)|> > —cosh(2r|y]) > o—exp(2x|y]) (14.3)

On the other hand, when 0 < 8 < 1 we have Eg(z) = Eo(z) + 6, so that
|Eg(2)| = |1 — |Eo(z)|7|.|Eo(2)|. Therefore, if |y| > ¢(|x|), we have by (14.3)

(Eg(x +i)| > —=[1 — V2 explly)) .

V2
so the desired inequality is proved in all cases if we take Cy = \/#27 [1 —e 27r] .

O
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We divide the work required to prove Theorem 14.2 into a few steps. Let

us fix 6 for the time being and write p(6) = [a¢,a1,...,dn,...]. We conform
with the notation established in earlier chapters, so that, in its irreducible form,
Pn— [ag,ay, ..., ay—1] satisfies pg = 0, qo = 1; p1 = 1, g1 = ao and, for

dn
nz1, ppy1 =anpn + Pn—1, qn+1 = anqn + qn-1.
We need a brief geometric description of the map Eg. The pre-image of the

real axis under Eg consists of R itself together with the family of analytic curves

yik) cx=k=x L arccos [ﬂ} ,
2 sinh (277y)

where k € Z, arising as solutions to Im Eg(x + iy) = 0. For each k € Z, the
curves Y_i(rk) and .7 %) meet at the critical point ¢ = k, and are both asymptotic
to the vertical lines x = k £ %. Notice that each ¢y is a critical point of cubic type.
In the upper half-plane C ™, let V} be the simply-connected region bounded by the
arcs yfrk_l) NC* and.#% N C* and the interval [k — 1, k] € R. Then Eg|Vj
is univalent onto CT; we let ¢y : C* — V} denote the corresponding inverse.
Similarly, let Wi € C be the simply-connected region bounded by .#%) N Cc’
and y_ﬁk) NC™, observe that Eg|Wj, is univalent onto C~ and let yr, : C~ — Wy
be the corresponding inverse.

Now let A, € C¥ be the unique connected component of (E£7")~1(C*)

whose closure contains the point 7~ ?Pn+1 o Eg”Jrl (0) € R. Similarly, let B, C
C™ be the unique connected component of (Eg"+1)_1(C+) such that 77?7 o
Eg” (0) € B,,. We have either A, € Vo and B, € Vi or A, C V; and B, C Vp,
depending on whether 7 is even or odd, respectively (Figure 14.2 illustrates the
even case).

Lemma 14.2. Foreachn > 0 there exists a unique qu-tuple (k1. k2, ..., kg, ) with
0=rky <ks <---<kg, < pn+1suchthat Ay = ¢, © P, 0+ 0 ¢, (CT).
A similar statement holds for B,.

Proof. This is an easy consequence of the fact that 0 < F é 0) < py + 1 for

j =0,1,...,qn, forall n > 0, which in turn follows from the very definitions of
DPns4qn- O
Lemma 14.3. Let f be a circle homeomorphism with p(f) = [ao, a1, ..., an, .. .],

letc € SY, and for eachn > 1let J, € S be the closed interval of endpoints ¢
and fin=179n(c) containing fI=1(c). If j < qyn is such that f =7 (c) belongs to
Jn, then j < 0.
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Proof. This reduces to a purely combinatorial statement about rigid rotations, and
is left as an exercise for the reader. O

Let us use the notation (o, 8) to represent a closed interval on the line with
endpoints & and g, irrespective of order.

Lemma 14.4. For eachn > 0 we have A, N R = (a,,0) and B, NR = (0, B,),
where g = —1, Bo = ay and for n > 1 the points oy, B, € R are uniquely
determined by the requirements: T —Pn o Eg" (o) = T7Pn=1 o Ez"_l(O) and
T=Pn+1 0 EJ"T (B,) = T™Pr o E{"(0).

Proof. Consider f = fy and take c to be the critical point of fg. Then Lemma 14.3
says that there can be no critical points for f " in the interior of J,, for by the

chain rule these are precisely the pre-images f9 (c) with 0 < j < ¢p. The result
follows. 0

Given R > 0, let Zgp = {z : |z| < R} and let A, g be the unique con-
nected component of (7771 o EZ")™1(2}) contained in Ap,. Let By, g be simi-
larly defined. If R is sufficiently 1arge (R > pn + 11is good enough) we see that
A,,RHR = A, NR and BnR NR = B, NR forn > 0. It is clear that both
Ap r and By, g are Jordan domains, in fact quasidisks, and that they are mapped
respectively by 7771 o EZ" and T~Pn+1 o E"*! bijectively onto 7.

Lemma 14.5. For every sufficiently large R we have Zn,R C 9r N C™ and
Fn,R CY9rNCT.

Proof. For s, R positive numbers, let
8(s.R) = o(s) + — 10g+(C 'R),

where ¢ and Cy are given by Lemma 14.1. Then |y| > §(|x|, R) implies | Eg(x +
iy)| = R, which in turn means that Eg(x 4 iy) € C \ Zg. Therefore, for each
k € Z we have

G (Z5) S Vi N {x +iy : y <8(x|, R)} -

Let Vi gr denote this last intersection. Since §(s, R) has logarithmic growth in R,
every sufficiently large R satisfies the inequality R > p, +1+8(p, + 1,2R); for
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agiven R as such, if 0 < k < p, + 1 and z is any pointin Vi g withz = x +1iy,
then
|z| < |x[+68(Ix].2R) < pn +1+68(pn +1,2R) <R,

and so it follows that z € g N C+. Thus, if 0 < k < pn + 1 then ¢k( R) -

ZrNCT C .@;R. Since T Pn (@_ﬁ) C .@ZJ“R, if we take the g, -tuple (k1. k2, . ... kg,)
as in Lemma 14.2 we deduce that

An.R = b 0Bk, 00k, (TP T) S i, 0,00k, (Z3) € FRNCT .
This proves the first inclusion; the second is proved in similar fashion. O

Remark 14.3. Observe that if we define %,,,R = Py © Ppz © 0 P, (.@;)
and set A} p = ¢1(%,r) and A} p = Yoo (%, r), whereo : C — C is
complex conjugatlon then the above argument applies mutatis mulandzs to yield
A/ r EZrN C+, A” C g N C+ as well, for every sufficiently large R and
all n 0.

Proof of Theorem 14.2. Givenn > 0, let R, > 0 be large enough for the con-
clusion of Lemma 14.5 to hold. Let & = 7777 o E}" and 5, = T Pntl o
Eg”“ and let O, , Oy, < C be the symmetric Jordan domains (quasidisks) such
that ﬁ;ﬂ = An,R,. O, = Bn,R,. Then &, and n, commute, and Oy, Oy, <
DR, , by Lemma 14.5. The restrictions £,| O, and n,|0%,, are univalent and onto
their images, which by Lemma 14.3 are Zg, N C((§x(@n), £,(0))) and g, N
C((n11(0), 71 (Bn))), respectively. Also, let 0,, < C be the connected compo-
nent of £, 1(&,,) containing the origin and let v, = &, o 0. Then the restriction
Vn|Oy,, is aholomorphic 3-fold branched covering map onto its image, v, (0,,) =
DR, N C((n,(0),£,(0))). Moreover, by the remark following Lemma 14.5, we
have o __ L
Oy C Ay rU Ay gUA g S IR, NCT,

and so 0,, € Zg,,. It follows at once that (0, , Oy, O, , ZRr,) is a bowtie.
Now we claim that this bowtie together with the maps &,, n,, v, determine
a holomorphic commuting pair I, y with geometric boundaries, up to orienta-
tion, with rotation number p(I}, 9) = [an+1 + 1,an+2,...] and height given
by m(Iy,9) = ap whenn = 0, and by m(I}, 9) = an + 1 whenn > 0. We have
indirectly checked all conditions in Definition 14.2, except perhaps condition Hs.
We check it for n > 0; the case n = 0 is just as easy. Using the commutativity
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of T with Ey, Lemma 14.2 and the recurrence relations defining p,+1 and g, +1,
we get

& m) = (TP 0 EG)™ (TP 0 g (om))
= TP o B (0) = ma(0).

Similarly, we have n,(8,) = £,(0). Thus condition Hs is satisfied too, and m =

an + 1 is the height of I, g. The statement on rotation numbers is clear. O
Vo Vi . Vot
I

y=68(|x|,2R)

-1 @n 0 Bn 1 Pn Rez

Figure 14.2: Building holomorphic pairs.

Remark 14.4. Because holomorphic commuting pairs can be renormalized, once
Ry is chosen so that the above construction works for n = 0, we may take R, =
Ry thereafter. If this is done then, for each n > 0, I}, 9 becomes the first
renormalization of I, g up to linear rescaling.

Limit set qc-rigidity

When combined with the results of the previous section, Theorem 14.2 yields two
crucial properties of holomorphic commuting pairs, which we express as follows.
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Theorem 14.3. Let I' be a holomorphic commuting pair with geometric bound-
aries and irrational rotation number. Then I has no wandering domains and ad-
mits no non-trivial, symmetric, invariant Beltrami differentials entirely supported
in its limit set.

This theorem allows holomorphic commuting pairs to be parametrized by con-
formal structures supported on the outer annulus of a fixed model. The properties
of holomorphic commuting pairs stated in this theorem are extracted from corre-
sponding ones found naturally in the family { fy} of self-maps of the cylinder C*
introduced before.

Proof of Theorem 14.3. Combining Theorem 14.1 with Theorem 14.2, we know
that I" is conjugate to I ¢ for some 6 by a quasiconformal homeomorphism H.
Let u be a I"-invariant Beltrami differential with support in J-. Then ' = H*u
is Iy p-invariant. Spreading p’ through the entire complex plane via the map-
pings defining Iy ¢ we get a Beltrami differential v invariant under both Eg and
T7lo EZO, and therefore invariant under 7" also. Thus v projects down to a Bel-
trami differential on the cylinder which is fg-invariant and supported in Jz,. By
Theorem 11.3, this Beltrami differential must vanish almost everywhere, and so
u = 0 a.e. also. A similar argument, which we leave as an exercise, rules out
wandering domains. O

14.5 Complex bounds

Another important fact about holomorphic commuting pairs is that the class of such
objects contains all limits of successive renormalizations of a critical circle map (or
critical commuting pair). Moreover, we have complex bounds for renormalization,
in the following sense.

Theorem 14.4 (Complex Bounds). Let f : S' — S be a real-analytic criti-
cal circle map with arbitrary irrational rotation number. Then there exists ng =
no(f) such that for alln > ng the n-th renormalization of f extends to a holomor-
phic pair with geometric boundaries whose fundamental annulus has conformal
modulus bounded from below by a universal constant.

This theorem establishes Step (4) of Sullivan’s strategy described at the begin-
ning of this chapter. It also provides another proof of existence of holomorphic
commuting pairs, independent of the explicit constructions we performed in Sec-
tion 14.4.
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We think of the unit circle S! = R/Z as embedded in the infinite cylinder
C/Z, and we use on latter the conformal metric induced from the standard Eu-
clidean metric |dz| of the complex plane via the exponential map exp(z) = e27Z,
Note that Im z is well-defined for every z € C/Z (it is simply the imaginary part
of any one of its pre-images under the exponential).

The main step in the proof of Theorem 14.4 is to establish a geometric estimate
showing that, for all sufficiently large n, the appropriate inverse branch of f47+!
maps a sufficiently large disk around the n-th renormalization domain 7, U I,
well within itself. Here, “sufficiently large” means large with respect to the size
of I, U I,,41. Foreachm > 1, let D,, C C/Z denote the disk having as one of
its diameters the interval [ f9m+1(c), f9m~9m+1(c)] C S! containing the critical
point ¢*. Note that diam(D,,) is comparable with |/,,|: this follows from the
real a priori bounds (Theorem 6.3). The geometric estimate is the following (the
statement is taken almost verbatim from de Faria and de Melo [2000, Prop. 3.2]).

Proposition 14.1. There exist universal constants B1 and B, and for each N > 1
there exists n(N ) such that for alln > n(N) the inverse branch {9+ taking
S+ (1) back to (1) is a well-defined univalent map over 2, N = (Dy—n \
SYY U fan+i(Iy,), and for all z € 2, n we have

dist (f—qn+1+1(z),f(ln)) (dist (Z,In))
< Bi|————= B> .
7)) S P\ T )R

As stated, Theorem 14.4 was proved in de Faria and de Melo [ibid., §3]. But
the story behind it is a bit more involved. The first version of the complex bounds
in the present context was proved in de Faria [1992] (also de Faria [1999]) under
two further assumptions on f, namely

(14.4)

(i) the rotation number of f is of bounded type;
(ii) f is an Epstein map.

We say that a real analytic circle map is Epstein if its lift to the real line has a
holomorphic extension F' to a neighborhood of the real axis in the complex plane
in such a way that F has inverse branches which are globally defined in the upper
(or lower) half-plane. The main examples of Epstein circle maps are the maps in
the Arnold family introduced earlier (see Section 6.1.2). The proof presented in
de Faria [1992, 1999] makes use of the so-called sector theorem of Sullivan (see

31t is easy to see that [ f9m+1(c), fIm=Im+1(c)] D Ly U Iy41.
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Sullivan [1992]; the version used in the circle case is in fact the one proved in de
Faria [1998]). However, the sector theorem can only be used under the bounded
type assumption (i).

That assumption was removed by Yampolsky [1999], using a special case of
Proposition 14.1. Assuming that the map f is Epstein, he exploits in full the
idea of Poincaré neighborhood trapping, already explained in Section 13.1.2 and
that we briefly recall now. Let / € R be a bounded open interval, and write
CWJ)=C\NMR\J). Ifgp : C(J) - C(¢(J)) is a symmetric holomorphic
map, then ¢ maps each Poincaré disk Dg(J) = {z : angle(z,J) > 0} into a
corresponding Poincaré neighborhood Dy (¢(J)) with the same angle 6. Here,
0 < 6 < m and angle(z, J) denotes the angle at z under which z views the
interval J. This simple but fundamental fact is easily seen to be a consequence of
Schwarz’s lemma.

The Poincaré neighborhood trapping idea used in Yampolsky’s approach works
because he is assuming that f is Epstein. But if we abandon the latter hypothesis,
then this tool is no longer directly applicable. In order to prove Theorem 14.4, one
needs the following “relaxed” version of Poincaré neighborhood trapping (whose
statement is taken verbatim from de Faria and de Melo [2000, Lem. 3.3]).

Lemma 14.6. For every small a > 0, there exists 6(a) > 0 satisfying 0(a) — 0
and a/0(a) — 0as a — 0, such that the following holds. Let F : D — C be
univalent and symmetric about the real axis, and assume F(0) = 0, F(a) = a.
Then for all 6 = 6(a) we have F (Dg((0,a))) € Dq_g1+8)9((0,a)), where 0 <
8 < 1is an absolute constant.

This lemma is applicable to other situations — see for example Clark, van Strien,
and Trejo [2017]. It is a precursor to the more general almost Schwarz inclusion
lemma for asymptotically holomorphic maps due to Graczyk, Sands, and Swiatek
[2005, Proposition 2], stated in the previous chapter (Proposition 13.2).

Proof of Lemma 14.6. There exists a Mobius transformation G such that G(0) =
0, G(@) = a and |D’ F(x) — D/G(x)| < Coa®*/ for j = 0,1,2 and all
x € [0,a], where Cy is an absolute constant (consider the Mobius transforma-
tion with the same 2-jet as F' at zero, post-composed with a linear map to meet the
normalization condition G(a) = a). This G has no pole in a disk Dy € D of defi-
nite radius around zero. Let ¢(z) = F(z) — G(z). Then ¢(z) = b1z +boz? +---

for all z € Dy, where |b;| < Coa? and |by| < Coa. Take a small number & > 0
and consider the disk D; = D(0,a'~%) C Dy. In this disk we have the estimate

lp(2)] < [b1llz] + [b2]lz? + CilzP < C2a®7%|z].
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At the same time, using the fact that F'(¢) = 1 for some ¢ € [0, a] and the Koebe
distortion theorem (see Carleson and Gamelin [1993, Section 1.1, Theorem 1.6]),
we see that |F(z)| > Cs|z| and |G(z)| > Cs]z| for all z € Dy. Therefore, for
every such z the triangle with vertices at 0, F(z) and G(z) has an angle at zero
< C4a?72%¢. Similarly for the angle at ¢ in the triangle with vertices a, F(z)
and G(z). Now suppose z € Dgy([0,a]), for 6 > a®. Since G preserves this
neighborhood, G(z) forms an angle > 6 with (—oo, 0], and the same holds for
the angle G(z) forms with [a, +00). It follows that F(z) € Dy ([0, a]), where
0 =6 —C4a®> 28 > 0(1 —a't%) for some 0 < § < 1 depending only on &. This
proves the lemma with 6(a) = a®. O

In what follows, we will fix f : §! — S! as in the statement of Theorem 14.4.
We will assume wherever necessary that f is normalized so that its critical point is
c=1¢e S Since f isreal-analytic, it extends to a holomorphic map f : Agr —
C/Z, where AR is the annulus {z € C/Z : |Imz| < R}. Making R smaller if
necessary, we may assume that f has no critical points outside S'!. Using again
Koebe’s distortion theorem, it is easy to see that there exists Ryg > 0 such that,
if z € S' and f(z) is at a distance > R from the critical value of f, then the
inverse branch f ! which maps f(z) back to z is well-defined and univalent on
the disk D(f(z), Ro).

On an intuitive level, the key to the proof of Theorem 14.4 is to show that
for all sufficiently large n the n-th renormalization of f satisfies an inequality of
the form |[Z"(f)(z)| > C|z|? on a neighborhood of the origin, where C is a
universal constant. Thus, the relevant inverse branches of %Z” ( f') behave as cube
roots, mapping a large disk about the origin well within itself, giving rise to a
holomorphic pair. The proof depends on Proposition 14.1 stated above.

For our purposes, the main consequence of Lemma 14.6 is the following.

Lemma 14.7. For each n > 1 there exist K, > 1 and 6,, > 0, with K;;, — 1 and
0y, — 0asn — oo, such that for all 0 > 0, and all 1 < j < qn+1 the inverse
branch =7+ mapping f7(I,) back to f(I,) is well-defined over Dg(f7 (I,,))
and maps this neighborhood univalently into Do, g, ( f (In)).

Proof. Letd, = maxi<j<q,, |/ J(I,,)|; from the real bounds, these numbers go
to zero exponentially with n. Take § > 0 as in Lemma 14.6, and let K, be given
by

dn+1

&' =TT (=177 uni?) .

j=1
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Then define 8, = K,,0(d,), where 0(-) is the function in Lemma 14.6. Note that

dn+1
logK, < C Y |f/U)I'"T < cay.
j=1

Therefore K, — 1 and 6, — 0 as required. Also, d,,/6, — O.

Now fix j as in the statement and suppose 6 > 6,,. Define inductively g = 6
and ;41 = (1 —|fj_i(1n)|1+5)z9,~ fori =0,1,...,j—2,andnote that ¥, 1 >
0/ K. Moreover,

, i |f77 () C'dy
d Dy. I7H(T < 2 < Ry .
iam (Do, (177 (1)) Sin 0dn) =0
Therefore f~! is well-defined and univalent over Dy, (f J=i(I,)), and by
Lemma 14.6 we have the inclusion f_l(Dlgl. (f77i(Ip))) C Dy, ., (f7771(1,)).

This completes the proof. O

Remark 14.5. The same result holds if we replace [, by any interval J D [, such
that the map f97+171: f(J) — f9n+1(J) is a diffeomorphism.

We will need four lemmas concerning the sequence {D,,} introduced earlier.
The first is an easy consequence of Lemma 14.7 and the above remark.

Lemma 14.8. There exists mg > 1 such that for all m > mq the inverse branch
9T taking f97 (1) back to f(I,) is well-defined and univalent in D,y,, and

diam( f ~9m+1(D,,)) < c diam(f (Dm))
| Im| b | f(Im)]

The second is the analogue of Yampolsky [1999, Lemma 4.1].

Lemma 14.9. There exist €1 > 0 and m; > myg such that for all m > mi and
eachw € f~9m+1(Dy)\ Dy, we have (a) dist (w, I,) < C|Iy| and (b) for each
X €Iy, 61 <|arg(w—x)| <m—ey.

Proof. The same proof given in Yampolsky [ibid.] applies here. Invariance of
Poincaré neighborhoods is replaced by quasiinvariance, using Lemma 14.7. [

The third is the analogue of Yampolsky [ibid., Lemma 4.4]. It provides us
with the tools we need for the inductive step in the proof of Proposition 14.1. The
situation is depicted in Figure 14.3.
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Lemma 14.10. There exist o > 0 and mp > mo such that the following holds
forallm > my. Let { € Dy, \ Dyy1 be a point not on the circle, and let
= f7Im@) and {" = f~9m+2(¢"). Then we have either {” € Dy, +1, or else
dist (&", Im+1) < Clly| and ey < arg({” —x) < mw —ex forall x € Iy U Ly 41.

Proof. Once again, the proof given by Yampolsky [ibid., Lemma 4.4] can be re-
peated here, mutatis mutandis. O

é-//

fam—dm+1 () Imio ' Imyt fam+1—dm+2(c)

Figure 14.3: Poincaré-neighborhood trapping in action.

Notation. Given a point { € C and an interval J = (a,b) C R, we denote by
angle (£, J) the smallest of the angles & — arg ({ — a) and arg (¢ — b).

The fourth is a consequence of de Faria and de Melo [2000, Lemma 2.5].

Lemma 14.11. There exist universal constants Ny > 0 and as« > 0 and some
ms > 0 with the following property. For all m > ms such that ay,+1 > ax and
each w € Vy = f~9m+1(Dy,) \ Dy, there exists 1 < i < Ny such that the
iterate (f ~9m+1) (w) is well-defined and belongs to Dp,.

Proof. Lift f~9m+1 to the real line and normalize it so that I, \ I;,4-2 becomes the
interval [0, 1] to get an almost parabolic map ¢,,. Note that ¢,,, € %, for some
o depending only on the real bounds. Let W, be the image of V}, under such
normalization. It is an easy matter to check that f ~9m+1(D,)NS!' € D, NS,
so that V},, does not intersect S !, and that Wn‘f = W, N H is compactly contained
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in H. Therefore, by Lemma 14.9, there exists a fixed compact set W C H such
that W, C W for all sufficiently large m. Similarly, the normalized copies of Dy,
contain a fixed open set D 2 [0, 1] for all sufficiently large m. Hence we can take
Ny and ay as given by de Faria and de Melo [2000, Lemma 2.5]. O

Proof of Proposition 14.1. We will start with a point z in the disk D, _px. For the
argument to work, n will have to be sufficiently large. We start takingn > N +
max{m1,my, ms}, where m1, mp and ms are given respectively by Lemmas 14.9
to 14.11. Let us denote by J_; the interval f9»+17(I,). Also, given z, let z_; =
£~ (2) be the corresponding pre-images of z.

The proof runs by finite induction in the range n — N < m < n. Let m be the
largest with the property that z € D,,, and keep in mind that dist (z, I,) < |Ip|.
Consider those moments i; < ip < --- < iy in the backward orbit {J_; } before
the first return to /;,4-1 such that J_;, C I,,,. Then, there are two possibilities.

The first possibility is that z_;, ¢ D,,. In this case there exists a smallestk < £
suchthatz_; ¢ D, fors =k, k+1,...,{. We claim that | J_;, | < |I,|. This is
clear from the real bounds if £ = a;;+1 < ax, where a is given by Lemma 14.11.
If on the other hand £ > ax, then again by Lemma 14.11 we must have £ —k < N,
and the claim follows from de Faria and de Melo [ibid., Lemma 2.2]. Therefore,
by Lemma 14.9,

dist (z—j; ., J—i}.) <C [ 1| < C,dist(z,ln)
|J—ik| |J—ik| |In|

(14.5)

Moreover, angle (z—;, , J—;, ) > €1, so there exists 0 = 0(e1, N) suchthatz_;, €
Dg(J—i; ). Now, if n is sufficiently large, 6, < 6 and we can use Lemma 14.7 to
getthatz_g, ., +1 € Dg/k, (f(In)). This gives us

dist (Z—QnJrl +1, f(In)) dist (z—; , J—iy)

< C'"K , (14.6)
| f(In)] " ||
and this together with (14.5) yields the proposition in this case.
The second possibility is that { = z_;, € D, and we can assume that

¢ ¢ Dy 41 (otherwise the induction step is complete). In this case, consider
¢ = f79m() and " = f~9m+2(¢') and the corresponding interval J” =
fTdm=dm+2(J_;,), and apply Lemma 14.10. Then either {” € D,,41, in which
case the induction step is complete, or else dist(¢”, Iy+1) < C|I,] and
angle (¢”,J") > &1, in which case we can apply the same argument leading to
(14.5) and (14.6).
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If the backward orbit survives all the steps of the induction, this means that
intheend z_g, 4+4,_, € Dn—1. By Lemma 14.8, the image of D,—; under
f 497171 has diameter comparable to | f(1,)], so the first member of (14.6) is
simply bounded by an absolute constant. So in any case we have (14.4). O

Proof of Theorem 14.4. First we remark that, since f is a cubic critical circle map,
there exists a neighborhood £2 of the critical point of f such that the restriction
f 2 — f(£2) is of the form f = ¢ o Q where ¥ is a univalent map with
universally bounded distortion and Q is the map z > z3.

Let By, B, be the constants of Proposition 14.1 and let us fix a large integer
N. How large N must be will be determined in the course of the argument. By
Proposition 14.1, if n > n(N) then inequality (14.4) holds for all z € £, n.
Making n larger still if necessary, we have f~9+11(D,_n) C f(£2). By the
above remark, the branch of f~! mapping f([,) back to I, is the composition
of a cube root with a univalent map with bounded distortion. Using this fact and
inequality (14.4), we have

diam(f =" +1(Dp-n)) _ i/BIM + B, (14.7)

[ 1n] [ 1n]

for some universal constant C > 0.
Now, as we know from the real bounds (Theorem 6.3), there exist universal
constants K» > K; > 1 such that, for all sufficiently large n,

kN < damDn-n) N (14.8)
! | 1] g

If N > 1 is the smallest integer greater than 3log (2C 3/By + B3)/2log K1, we
can check from (14.7) and the first inequality in (14.8) that

diam(f " +!(Dp—n)) _ 1 diam(Dp—n)

Note that N depends only on By, Bz, K1, C, and is therefore universal. From
these facts, we see at once that for all sufficiently large n the topological disk
fT4n+1(Dy,_p) is compactly contained in D, _p, and moreover

mod (Dp—n \ [T (Du-n)) 2 1., (14.9)
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where ¢ > 0 is a universal constant. With these basic geometric bounds at hand,
we can easily construct the holomorphic pair to which 2" ( f) extends, in the fol-
lowing way. For more details on this construction, see de Faria [1999, Section
4].

First, let f be the standard lift of f to the real line. For each n, let A,, =
T Pno f 97(0) and denote by A, the linear map x — A, x. Take the topological
disks ”/7,; = D,_n and 5,,,, = f~9n+1(D,_p) in the cylinder and consider their
lifted and normalized copies in C, namely ¥, = A;l(exp_l(%)) and 0, =
A (exp™! (5’;7n )) (here, exp~! denotes the inverse branch of the exponential that
maps the critical point ¢ = 1 € S'! of f to the origin). Then consider the map

M= Ay o T™Prtio fInti o Ay 2 0 — C .

The geometric estimates proved above show that &y, is compactly contained in 77,
while 1, (0y,) S ¥ holds by construction. We define the domains &, , ), and
themaps €, : Og, — C, v, : 0, — Cinasimilar way. We obtain in this fashion
a holomorphic pair I, whose underlying critical commuting pair is precisely the -
th renormalization Z" ( f). In addition, (14.9) shows that the conformal modulus
of I, is bounded from below by p. Finally, it is straightforward to check that all the
above topological disks have piecewise analytic boundaries, consisting of finitely
many analytic arcs meeting at definite angles, so I}, has geometric boundaries.
This completes the proof of Theorem 14.4. O

14.6 McMullen’s dynamic inflexibility theorem

Let f and g be two real-analytic critical circle maps and let /2 be a quasisymmetric
conjugacy between f and g, mapping the critical point ¢ ¢ of f to the critical point
cg of g. Suppose h is C 1€ at the critical point ¢ r, for some € > 0. Then, it is
not difficult to prove (using the real bounds) that the C? distance between %" f
and Z" g converges to zero exponentially fast as n — oo (and this, as we have
already seen, leads to C ! rigidity). Now, one way to guarantee that s is C ! 7€ at the
critical point is if we know that & extends to a quasiconformal homeomorphism H
(conjugating, say, the holomorphic extensions of f and g on a small neighborhood
of their critical points) which happens to be C ! *%-conformal at the critical point
¢ r, in the following sense.

Definition 14.3. We say that a map ¢ : C — C is C'**_conformal at D€ C (for
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some a > 0) if the complex derivative ¢’ (p) exists and we have

$(2) = ¢(p) + ¢'(p)(z = p) + O(|z = p|'™*)
for all z near p.

McMullen [1996] developed a powerful theory that yields in particular a cri-
terion for a conjugacy between two holomorphic dynamical systems to be C 1 T%-
conformal at a point. His definition of holomorphic dynamical system is very
broad, encompassing rational or trancendental maps, Kleinian groups, etc, as well
as all possible geometric limits of such systems.

In order to state McMullen’s criterion, we need some preparatory definitions.
Our exposition here is borrowed from de Faria and de Melo [2000, §7]

Let us denote by 4 ((C X (C) the set of all analytlc hypersurfaces of CxC. We
topologize ¥ ((C X C) as follows. If F C CxCisa hypersurface its boundary
OF = F \ F is closed in C x C. Hence, given F € 7/((C X (C) and a sequence
F; e ”1/(@ X @), declare F; — F if

(a) 0F; — OF in the Hausdorff metric on closed subsets of C xC;

(b) ForeachopensetU C C x C there exist f.fi :U - Csuchthat UNF =
0, UNF = fi_l(O), each f, f; vanishes to order one on F, F;
respectively, and the sequence f; converges uniformly to f on compact
subsets of U.

Define a set to be closed in ¥ (@ X @) if it contains the limits of all its con-
vergent sequences. As McMullen shows in McMullen [1996, Ch. 9], the space

4 (@ x C ) with this topology is separable and metrizable.

Definition 14.4. 4 holomorphic dynamical system is a subset ¥ C “I/((C X <C)
The elements of % are its holomorphic relations.

One is primarily interested in closed holomorphlc dynamical systems, in other
words, those which are closed subsets of ¥ ((C X <C) The geometric topology
on the space of all closed holomorphic dynamical systems is by definition the
Hausdorff topology on the space of closed subsets of “//(@ X (/C\) As proved in
McMullen [ibid., Ch. 9], the geometric topology is typically non-Hausdorff (hence
non-metrizable), but it is always sequentially compact.

We also need the following notions introduced by McMullen.
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1. Deep point Given a compact set A € C and a positive number §, we say
that a point p € A is a §-deep point of A if for every r > 0 the largest disk
contained in D(p, r) which does not intersect A has radius < r!+

2. Saturation Given a holomorphic dynamical system .%, we define its satura-
tion .7 to be the closure in ¥ ((C X (C) of the set whose elements are the
intersections F N U, where F € Z and U € C x C is open.

3. Nonlinearity A holomorphic dynamical system .% C ¥ (@ X @) is said to
be non-linear if it does not leave invariant a parabolic line field in C.

4. Twisting A (closed) holomorphic dynamical system .% C 7/(@ X @) is
said to be twisting if every holomorphic dynamical system quasiconformally
conjugate to .% is non-linear.

5. Uniform twisting A family {.#4} of holomorphic dynamical systems is said
to be uniformly twisting if every geometric limit of the family of saturations
{Z5M} is a twisting dynamical system.

6. The family (%, A) Given . C 7/(@ X (6) and a compact set A in the
Riemann sphere, we define a family (%, A) of holomorphic dynamical sys-
tems in the following way. For each baseframe w in the convex-hull ch(A)
of A in hyperbolic 3-space, let T, be the fractional linear transformation
that sends @ onto the standard baseframe wg at (0,1) € C x Ry = H3.
Define (.#, w) to be the dynamical system 7,5 (.%), the pull-back of .# by
Tw. Then let (F, A) be the family of all (%, w) as w ranges through the
baseframes in ch(A).

Now we have everything we need to state McMullen’s dynamic inflexibility
theorem. The proof is given in McMullen [1996, p. 166].

Theorem 14.5 (Dynamic Inflexibility). Let % C ¥ ((6 X @) be a holomorphic
dynamical system and let A C C bea compact set. If (F, A) is uniformly twist-
ing and ¢ : C—>Cisa K-quasiconformal conjugacy between % and another
holomorphic dynamical system .7, then for each §-deep point p € A the map ¢
is C1*% conformal at p, for some a > 0. O
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14.7 Proof of exponential convergence

With McMullen’s dynamic inflexiblity theorem at hand, one can prove Theorem 13.1.
By the complex bounds, every sufficiently high renormalization of a real-analytic
critical commuting pair extends to a holomorphic commuting pair with good geo-
metric control. Moreover, a quasisymmetric conjugacy between two such renor-
malized critical commuting pairs (mapping critical point to critical point) extends
to a quasiconformal conjugacy between the corresponding renormalized holomor-
phic commuting pairs, by the pull-back argument. All one has to do, then, is to
prove two things: (a) that the critical point of a holomorphic commuting pair is
8-deep for some § > 0; and (b) that the full holomorphic dynamical system gener-
ated by a holomorphic commuting pair is uniformly twisting in its limit set. The
precise statements — modulo the notion of good geometric control, which we do
not define here — are as follows.

Theorem 14.6 (Deep Critical Point). Let I" be a holomorphic pair with arbitrary
rotation number and limit set #T. Then there exists § > 0 such that the critical
point of I is a 8-deep point of HT.

Theorem 14.7 (Small Limit Sets Everywhere). Let I be a holomorphic pair with
good geometric control and irrational rotation number of bounded type, and let
T be its limit set. Then for each zo € HT and each r > 0 there exists a
pointed domain (U, y) with |zo — y| < r and diam(U) =< r, and there exist some
iterate of I' mapping (U, y) onto a pointed domain (V, 0) univalently with bounded
distortion. In particular, U contains a conformal copy of some renormalization of
I whose limit set has size commensurable with r.

These results are exact analogues of results obtained by McMullen in the con-
text of (bounded-type, infinitely renormalizable) quadratic-like maps. Used in
combination with Theorem 14.5, they yield the exponential convergence of renor-
malizations of Theorem 13.1 in the bounded type case. Theorem 14.6 was proved
in de Faria and de Melo [2000] as stated here, without any assumption on the ro-
tation number (other than being irrational). In that same paper, Theorem 14.7
is stated and proved under the assumption that the rotation number is an irra-
tional of bounded combinatorial type. This assumption was removed by Khmelev
and Yampolsky [2006]. When the sequence of partial quotients of the continued-
fraction development of the rotation number is unbounded, renormalization or-
bits may accumulate on commuting pairs having a fixed point (being in particular
non-renormalizable). Such fixed point is necessarily parabolic (with multiplier
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one), since the limiting pair is accumulated by pairs with no fixed points. Roughly
speaking, the idea developed by Khmelev and Yampolsky was to apply the theory
of parabolic bifurcations (see Douady [1994] and Shishikura [1998, 2000] and
references therein) to holomorphic commuting pairs, in order to understand the
geometry of the domain of definition of pairs with arbitrarily small rotation num-
ber. With this at hand, the authors were able in the end to adapt, to the unbounded
type case, the proof of Theorem 13.1 for the bounded type case explained above,
see Khmelev and Yampolsky [2006, sections 6 and 7].

14.8 Hyperbolicity of renormalization

In the previous section we have finally established Theorem 13.1, which assures
exponential convergence of renormalization of real-analytic critical commuting
pairs with the same irrational rotation number and the same odd type at the criti-
cal point. As explained in Chapter 13, this dynamical picture can be promoted to
critical commuting pairs with a finite degree of smoothness, as in Theorems 13.2
and 13.3. These two results can be regarded as the state of the art concerning expo-
nential convergence of renormalization of critical circle maps (with a single critical
point). As explained in Chapter 10, they imply the rigidity results Theorems 10.1
and 10.2.

At this point, one would like to discuss the hyperbolicity of renormalization
(in the sense of Smale, i.e., uniform contraction/expansion on the tangent bundle).
To give a meaning to this problem, one first needs to endow the phase-space of the
renormalization operator with a smooth structure (a Banach manifold structure) on
which Z is (Fréchet) differentiable. As it turns out, this is a difficult problem that
obstructs the hyperbolicity discussion directly in the space of critical commuting
pairs. To overcome this problem, at least for real-analytic pairs, a crucial idea in
this area was developed in Yampolsky [2002, 2003]. Roughly speaking, Yampol-
sky’s idea was to replace the renormalization operator %, acting on the space of
commuting pairs, with an analytic operator, the cylinder renormalization operator,
defined on a complex-analytic Banach manifold. This operator was constructed in
Yampolsky [2002, Section 7], while hyperbolicity of periodic orbits and the con-
struction of the corresponding stable manifolds were given in Yampolsky [ibid.,
sections 8 and 9]. Finally, hyperbolicity of the whole horseshoe-like attractor for
the cylinder renormalization operator was obtained in Yampolsky [2003] and re-
obtained in Khmelev and Yampolsky [2006, Section §].
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Exercises

Exercise 14.1. Prove Lemma 14.3.

Exercise 14.2. Complete the proof of Theorem 14.3 by showing that holomorphic
commuting pairs have no wandering domains (see Section 11.2).

Exercise 14.3. Prove Lemma 14.8.



We end this book with some remarks, conjectures and open questions on multicrit-
ical circle maps.

1. Recall that in Chapter 6 we introduced the notion of signature of a multi-
critical circle map (see Definition 6.2). We may re-state Question 10.1 as
follows. Let f.g : S! — S! be two C3 multicritical circle maps with the
same signature, and let 4 : S — S be a conjugacy between f and g such
that 4 maps each critical point of f to a corresponding critical point of g. Is
h a C! diffeomorphism? Are there conditions on the rotation number that
make £ better than C!? To the best of our knowledge, no rigidity results
are available for maps with N > 3 critical points. As mentioned in Sec-
tion 6.1.1 (see Remark 6.1), a construction similar to the one developed by
Zakeri, in order to prove Theorem 6.1, should be useful as a starting point.

2. What about (multi)critical circle maps with non-integer criticalities? Not
even the existence of periodic orbits (for renormalization) in the unicritical
case has been established yet (but see Gorbovickis and Yampolsky [2020]).
For unimodal maps this problem has been solved by Marco Martens [1998],
but it is unclear to us whether his methods can be adapted to the circle case.

3. As already mentioned, the full Lebesgue measure set A C (0, 1) of rotation
numbers considered in Definition 10.4, for which C ¢ rigidity holds, was
originally defined in de Faria and de Melo [1999, §4.4]. A natural question
is: Are these conditions optimal? In other words, is A the largest set of
rotation numbers for which statement (3) in Theorem 10.1 is true?
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4. Another way to approach the previous question is to look at the complement
of the set A. In Section 10.5, a saddle-node surgery technique was used
to build C* counterexamples to C 1T rigidity for each rotation number
p = lap,a1,as,...] satisfying a, > 2 for all n and

1
limsup — loga, = oo
n—oo N

Can such counterexamples be built for every rotation number not in A? An
analogous question can be asked in the analytic category. In Avila[2013] (re-
call Theorem 10.6), using parabolic surgery, Avila constructed real-analytic
counterexamples to C !¢ rigidity for each rotation number in another set of
rotation numbers (still properly contained in the complement of A). What
is the optimal class of rotation numbers in this case? Is it still the whole
complement of A?

5. The problem of global hyperbolicity of the renormalization operator for
C" unimodal maps was solved in de Faria, de Melo, and Pinto [2006],
through a combination of the deep holomorphic results obtained by Lyu-
bich [1999] (later improved by Avila and Lyubich [2011]) with certain tech-
niques of non-linear funcional analysis borrowed from the work of Davie
[1996]. Can these ideas be adapted to the study of the renormalization of
C7 (multi)critical circle maps? There are several difficulties to overcome
here, such as to provide a suitable definition of a manifold structure in the
space of real analytic critical commuting pairs (recall Section 14.8). If this
space can be endowed with a Banach manifold structure under which the
renormalization operator is hyperbolic, then it is not too difficult to push
such hyperbolicity to the space of C” critical commuting pairs (see Voutaz
[2006]).

6. Is it possible to prove Theorem 13.2 and Theorem 13.3 without appeal to
holomorphic methods? Although quite powerful, the use of holomorphic
methods limits the discussion to maps all of whose critical points have inte-
ger criticalities. See problem (2) above.

7. Is Theorem 10.1 still true if the maps f and g are only C3?
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8. Rigidity in the space of C? maps is most likely false. Can one construct

explicit examples? What about rigidity in the space of C2T% maps?

Finally, one topic that we did not touch at all in this book is what is com-
monly referred to by physicists as mode locking universality. In a typical
(monotone) one-parameter family of (uni)critical circle maps, such as the
Arnol’d family, the set of parameters for which the rotation number is ir-
rational constitutes a Cantor set (see Figure 6.2), called the mode-locking
Cantor set. It is conjectured that the Hausdorff dimension of this Cantor
set is a universal number — which has been numerically computed to be ap-
proximately 0.870.. ., see Cvitanovi¢, Gunaratne, and Vinson [1990]. It
has been shown by Graczyk and Swigtek [1996] that this dimension indeed
lies strictly between zero and one. In particular, the Cantor set in question
has zero Lebesgue measure. This is in sharp contrast with what happens
in typical one-parameter families of circle diffeomorphisms: in such cases,
Herman [1988] had already shown in the seventies that the corresponding
Cantor set has positive measure. Universality of the Hausdorff dimension
in the critical case would follow from a careful study of the holonomy of the
lamination determined by the stable manifolds of the renormalization oper-
ator (acting on a suitable space of critical commuting pairs), presumably in
a similar manner as in the corresponding study of holonomy carried out for
C" unimodal maps in de Faria, de Melo, and Pinto [2006]. For more on the
empirical study of the scaling geometry of the mode-locking Cantor set, see
the work by Cvitanovi¢, Shraiman, and Soderberg [1985].



In this appendix we briefly discuss the relationship between continued fraction
expansions and the ergodic theory of the Gauss map. The reader can find much
more about this beautiful subject in the books Billingsley [1965], Cornfeld, Fomin,
and Sinai [1982], and losifescu and Kraaikamp [2002]. Here we content ourselves
to providing a proof of the fact that the set A C (0, 1) given by Definition 10.4
has full Lebesgue measure (see Corollary A.1 and Lemma A.3 below).

For any real number x denote by | x | the integer part of x, that is, the greatest
integer less than or equal to x. Also, denote by {x} the fractional part of x, that is,
{x} = x —|x] €[0,1). Recall from Chapter 1 that the Gauss map G : [0, 1] —
[0, 1] is given by

G(p) = {%} for p # 0, and G(0) = 0.

Note that both Q N[0, 1] and [0, 1] \ Q are G-invariant. Under the action of G, all
rational numbers in [0, 1] eventually land on the fixed point at the origin (see Ex-
ercise A.5). On the other hand, the positive orbit of any irrational number remains

in the open set Uk>1 M., where M, = (k_Jlrl’ %) In this appendix we briefly
discuss the following dynamical definition of continued fraction expansions.
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Definition A.1. 7he continued fraction expansion of an irrational number in [0, 1]
is the sequence given by its itinerary under G, according to the partition \ J;.~, M.

More precisely, we identify each irrational number p in [0, 1] with the sequence
l[ag,ai,...] defined by G"(p) € M,, for alln € N. In other words, for any
p € (0,1)\ Qandany ; € N we have that G/ (p) € (k—lel %) if, and only if,
a; = k. Itis easy to see that this definition coincides with the one used along the
book. Indeed, if

1
p= ;
ap + |
ay + —
belongs to (1/(k + 1), 1/k), then
1/p=ao + T
ai +—1
az + —
and then qg = HJ =k and G(p) = ]
ar+ ———

az + —

In particular, the Gauss map acts as a left shift on the continued fraction ex-
pansion of p. Indeed, since for each k > 1 the restriction G|y, is an expanding
diffeomorphism onto (0, 1), it can be proved (see Exercise A.6) that the map &
from [0, 1] \ Q to NN identifying each irrational number to its itinerary under G
is a homeomorphism (endowing NN with the product topology). Therefore, the
action of G on [0, 1]\ Q is topologically conjugate to the left shifto : NN — NN
mapping [ag,ay,...]to [a1,az,...]:

0,11\Q —%~ [0,1]\Q
h h
NN z NN
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Definition A.2. An irrational number p € [0, 1] is of bounded type if there exists
a constant K > 0 such that a, < K for alln € N.

The set of numbers of bounded type is dense in (0, 1). Indeed, as it is not
difficult to prove (see Exercise A.3), the set of periodic orbits of ¢ is dense in NN,
which implies that irrational numbers with periodic continued fraction expansion
are dense in (0, 1). On the other hand, from the measure-theoretical viewpoint, we
have the following result.

Lemma A.1. The set of numbers of bounded type has zero Lebesgue measure.

As it is well known (see for instance Mané [1987]), the map G admits an
invariant ergodic Borel measure v (called the Gauss measure) given by

1 d
v(4) = — . for any Borel set A C [0, 1].
log2 J41+4+0p

Note that v(0, p) = log(1 + p)/log?2 for any p € [0, 1], so the coefficient 1/log?2
turns v into a probability measure. If we denote by leb the Lebesgue measure on
[0, 1], we immediately have

1

leb(A
10g26()

leb(A) < v(4) <

2log?2

for any Borel set A C [0, 1]. In particular, the Gauss measure v is equivalent to
the Lebesgue measure on [0, 1] (i.e., they share the same null sets).

Proof of Lemma A.1. Consider the increasing sequence { K, };men of subsets of
[0, 1] defined by

Km:{pe[O,l]\Q . p=lag,ai,...] witha, <m forallneN}.

Since the Gauss measure is equivalent to Lebesgue, it is enough to prove that
v(Km) = 0 for each m € N. But this follows at once from the ergodicity of v
under G, since each K, is G-invariant and contained in the interval (1/m, 1). [

For the classical proof of Lemma A.1, with no dynamical arguments, we refer
the reader to Khinchin [1997, Chapter III, Theorem 29]. A much more precise
statement can be obtained from Birkhoff’s ergodic theorem.
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Proposition A.1. For Lebesgue almost every p in [0, 1] we have that every integer
k > 1 must appear infinitely many times in the continued fraction expansion of
p= [ao,al, e ] Moreover, if we define

tn(p,k)=%#{0<j <n:aj =k},

we have that {‘[n (p, k)}n cN converges lo the positive value

1 1
wer (1 )
that only depends on k.
Proof. Since
T (p, k) = %#{o <j<n:Gl(p)e My},

we deduce from Birkhoff’s ergodic theorem that

R 1
hm (p, k) = v(My) = log2 log( m) , forvae. p,

and then the same holds for Lebesgue almost every p. O

Since the asymptotic frequency given by Proposition A.1 is strictly decreas-
ing in k, one should expect that typical numbers, even having unbounded partial
quotients, have slow growth. This is explicitly formulated in the following lemma.

Lemma A.2. Let {b,},eN be any given increasing sequence of positive numbers
such that ), N 1/bn < 0o. For Lebesgue almost every p = [ag,al, .. ] in
[0, 1] we have a,, < by, for all n large enough.

Proof. For each n € N consider the sets U, = {p : an > by} and V,, = {p
dao > bn}. We want to prove that

v (limsup Un) =v m U U, | =0. (A.1)

n—+00 keN n>k

Since GT"*(V,) = Uy and V,, C (0, l/bn), we have that

1 1 1 1
v(Un) gv(ovl/bn) = @ log (1+b—) —2b—
n
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for n large enough. In particular, ), .y V(Up) < oo and then (A.1) follows from
Borel-Cantelli Lemma. O

Corollary A.1. For Lebesgue almost every p in [0, 1] we have

1 , 1 o
nll)ngozlogan—o and hnnlsolip;jzllogaj<oo.

Lemma A.3. For Lebesgue almost every p in [0, 1] we have

1 k
- E loga; < C(,o) (1 + log —) forall 0<n <k, (A.2)
n n

j=k+1

where C (,o) > 0 depends on p.

As mentioned in Chapter 10 (see Definition 10.4), the set of numbers satis-
fying both Corollary A.1 and Lemma A.3 simultaneously was first considered in
de Faria and de Melo [1999, Section 4.4]. Corollary A.1 follows straightforward
from Lemma A.2 by taking, say, b, = n!*¢ for any & > 0. We proceed now to
prove Lemma A.3, following de Faria and de Melo [ibid., Appendix C].

We remark that all probabilistic estimates below will be done for the Gauss
measure v. Note first that the probability pj that the n-th partial quotient a, (p)
be equal to a given integer k > 1 is

1 1 2
Pk = V(G_n(Mk)) = v(My) = @ log (1 + m) < =k
(A.3)
From this, we see that the probability that a, (o) be at least k is smaller than 4/ k.
We shall now prove Lemma A.3, which establishes Condition (3) in Defini-
tion 10.4 for almost all numbers p € [0, 1] with w(z) = C(p)(1 — logt), where
C(p) > 0.

Proof. Let E C (0, 1) be the full Lebesgue measure set of irrational numbers
satisfying Lemma A.2 with b, = n2. In attempting to prove the inequality (A.2)
fora given p € E, we may assume that k is so large that a j (p) < j2 forall j > k.
The remaining cases, corresponding to the remaining finitely many pairs (n, k),
are taken care of by a suitable choice of the constant C(p).
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Given (n, k), there are two possibilities to consider. The first possibility is that
n? < k. In this case we simply observe that

1 k+n k
- Z logaj(p) < 2log(k +n) < 5log—,
s "

for all sufficiently large k.

The second possibility is that n < k < n2. Here, we shall prove that with
probability one the left-hand side of (A.2) is bounded by 10. For this purpose, let
us consider the following pathologies.

(a) Foragivenm > 1, there are more than 2np,, partial quotients a4 ; (o) with
1 < i < nsuchthatagy;(p) = m (where p,, is as defined in (A.3)). By an
elementary combinatorial argument, we see that this occurs with probability

at most ,
> (’;) ph=pn < (57" a9

J=[2npm]

1/3

The probability that this happens for some m in the range 1 < m < n'/~ is

therefore smaller than

2n!/3 1
l’ll/3 (E) < 2
4 n

if n is sufficiently large.

(b) There are more than n2/3 partial quotients ax;(p) with 1 < i < n such
that ag;(p) > nl/3. By a similar reasoning to the one used in (a), we see
that this occurs with probability smaller than

(e )n 1/3 1
— < JR—
4 n*
if n is sufficiently large.

Therefore, fixing n sufficiently large, the probability that there exists k in the
range n < k < n? such that one of the above pathologies occurs for (n, k) is
certainly less than n? x (2/n*) = 2/n?. Since the series Y 2/n? converges, again
by Borel-Cantelli we deduce that with probability one there are no pathologies for
(n, k) if k (and hence n) is sufficiently large.
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Now, if there are no pathologies for (n, k), and noting that for 1 <i < n we
have
agti(p) < (k+i)> < (n*+n)* < 4n?
if k is sufficiently large, we deduce that

k+n [n1/3] 2/3

1 1 n
— > logaj(p) <= > (2npm)logm + ——log(4n*)
n n n

j=k+1 m=1

1/3
L J4logm 1
m2 + nl/3

(2log2 + 4logn),

m=1

which is less than 10 if n is sufficiently large. This completes the proof. O

We finish this appendix recalling the definition and basic properties of Dio-
phantine and Liouville numbers.

Definition A.3. An irrational number in [0, 1] is said to be Diophantine if there
exist constants C > 0 and § > 0 such that:
p C
g2+s ’

p—=| =

q

for any natural numbers p and g # 0. Irrational numbers which are not Diophan-
tine are called Liouville numbers.

As we already saw in Chapter 4 (see Exercise 4.11), an irrational number is
of bounded type if it satisfies Definition A.3 for § = 0, that is, p in [0, 1] is of
bounded type if there exists C > 0 such that

p C
[O - _‘ 2 5
‘ qa| " q*
for any natural numbers p and ¢ # 0. As we saw in Lemma A.1, the set of
numbers of bounded type has zero Lebesgue measure. The following lemma says
that for any small § > 0 in Definition A.3 we capture almost every number.

Lemma A.4. For any given § > 0, the set

C

Ds =3p€l0,1]: 3 C > 0 such that p——‘} o
ql  q¢**

VY p,geN

has full Lebesgue measure in [0, 1]. In particular, the set of Diophantine numbers
has full Lebesgue measure.
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As it turns out, the set of Liouville numbers has Hausdorff dimension zero, see
Milnor [2006, Lemma C.7].

Proof. Fix some decreasing sequence {Cy },en C (0, 1) such that C, — O asn
goes to infinity, and consider the nested sequence {Uy },eN given by

C
Un={p€[0,1]: 3 p,q € N such that 'p—£ < zng}.
al ¢**
Since
() Un =[0.1]\ Ds.
neN

it is enough to prove that lim, leb(U,) = 0. With this purpose, fix some n € N
and consider, for any positive integer ¢, the set

V4 Chn
p_g) = qz*‘*}'

Uy(g) = {pe [0,1]1:3 pe{0,1,...,9 —1,g} such that

From
2C,
U, = U U,(g) and leb (Un(q)) = —153
geN\{0} 9
we obtain
1
leb(Un) <2Cpn Y —5

g€N\{0}
which converges to zero as n goes to infinity (recall that § is assumed to be strictly

positive!). O

Incidentally we have proved that [0, 1] \ Dj is a residual set, in the sense of
Baire, since each Uy, is obviously open and dense (all rational numbers belong to
each Uy). With minor adaptations, this implies the following fact.

Lemma A.5. The set of Liouville numbers is residual in [0, 1], in the sense of Baire.
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Exercises

Exercise A.1. Show that, when restricted to each interval M}, = (1 [(k+1),1/ k),
the Gauss map has a unique fixed point, given by pr = («/ k2 + 4 — k) /2. In

particular, if ¢ = (1 + «/5) /2 denotes the famous golden ratio, we have p; =
o — 1.

Exercise A.2. For each k € N, show that the continued fraction expansion of py
equals [k, k,k, ...].

Exercise A.3. Show that the set of periodic points of the Gauss map is dense in
[0, 1].

Exercise A.4. Show that any periodic point of the Gauss map is the root of a
quadratic polynomial with integer coefficients.

Exercise A.5. Show that p € (0, 1) is a rational number if and only if there exists
n > 1 such that G"(p) = 0.

Exercise A.6. Prove that the map /4 from [0, 1]\Q to N identifying each irrational
number to its itinerary under the Gauss map G is a homeomorphism.

Exercise A.7. Show that the Gauss measure v is invariant under the Gauss map G.

Exercise A.8. Following Chapter 8, the Lyapunov exponent of the Gauss map G
at a given point p € (0, 1) \ Q is defined as

. 1
x6(p) = lim — log|DG"(p)|. (A.5)
n—+oo n

whenever the limit exists. For any such p, let f : §! — S be a circle homeo-
morphism with rotation number p and unique invariant measure p. Using identity
(6.51) from Exercise 6.1, show that for any x € S§! and any n € N we have

i logiu(ln)  xa(p)
m —=—"——
n—+o00 n 2

’

where I, is the interval with endpoints x and f 97 (x) containing f97+2(x).

Exercise A.9. Show that yg(pr) = log ‘DG(,ok)‘ = —2 log(pg) forall k € N.
In particular, yg(p1) = 2log g, since p; = 1/¢.

Exercise A.10. Let p € (0, 1) be such that the limit in (A.5) exists. Show that
X6 (p) = xc(p1), with equality if, and only if, p = p1.
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Exercise A.11. Using Birkhoff’s Ergodic Theorem, show that the limit in (A.5)
exists for Lebesgue almost every p € (0, 1), and equals

2

6log2

/ log| DG|dv =
[0,1]

(Hint: Use integration by parts to deduce that

2 U log(1
/ log| DG|dv = f og(l + p) dp.
[0,1] log2 Jo P

Solve this integral using Taylor series, and recall that :{ (=1 )1 nLZ = 72/12).

Exercise A.12. Let f : S — S be a homeomorphism with irrational rotation
number p € (0, 1) and unique invariant measure p. Conclude from Exercises A.8
and A.11 that for Lebesgue almost every p we have
_logu(ly)  —w?
lim = .
n—+o0 n 12 log?2

2

In other words, the decay of w(7,) is comparable to exp —
12 log?2

n) for almost
every rotation number p.

Exercise A.13. Following the same ideas, it can be proved (see for instance losifescu
and Kraaikamp [2002, Theorem 4.1.26]) that for Lebesgue almost every p we have

i 024n(P) _ n?
m

n—s>+oo 1 C 121og2’

Conclude from this and Exercise A.12 that for Lebesgue almost every p we have

_palp)| _ —m?

an(p)|  6log2’

1
lim -1
i loe

Jo

Exercise A.14. Prove Lemma A.5.



In our study of orbit flexibility in Chapter 9, we considered a certain skew product
T : M — M, where M = ([0,1] \ Q) x [—1, 1]. Here, we enlarge it to get a
self-map of the rectangle R = [0, 1] x [—1, 1].

Recall the formula defining 7" over M, namely

T(p.a) = (G(a), Tp(@)) . (B.1)

where G is the Gauss map, and for each (irrational) p the fiber map 7, : [-1, 1] —
[—1, 1] is given by

—o forae[—l,O]
o
T = pag € rG0)] (B2)
{1 /_Oa§ fora € (pG(,o), 1],

Thus, to extend 7" to a self-map of the rectangle R, it suffices to define the fiber
maps T : [-1,1] — [—1, 1] also for rational values of p. When p € [0,1] N Q
is not of the form p = %, we define T}, using the same formulas in (B.2). We also
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define Top = 0, and foreachn € N, Ty, : [-1,1] — [-1,1] by T}/, () = —a
ifa € [~1,0] and Ty, (o) = {n(l —a)} ifa € (0,1]. Once this is done, we
can define the extended skew product, which we still denote by T, by the same
formula (B.1).

Remark B.1. Although the fiber maps 7}, : [-1, 1] — [—1, 1] are not (piecewise)
expanding, it is important to observe that the composition of any two of them (with
o # 0) is expanding. This fact will be very useful in our study of the skew product
T.

Our main purpose in this appendix is to examine 7" from the point of view of
ergodic theory. More precisely, our goal is to prove the following result.

Theorem B.1. The skew product T : R — R admits a unique invariant Borel prob-
ability measure which is absolutely continuous with respect to Lebesgue measure.
This invariant measure is ergodic under T, and its support coincides with R.

B.1 An absolutely continuous invariant measure

For one-dimensional maps, there is a well-known result called the Folklore Theo-
rem (see Maiié [1987, Ch. III, Thm. 1.2] or de Melo and van Strien [1993, Ch. V,
Thm. 2.2]), that in essence asserts that a piecewise smooth expanding map always
admits an absolutely continuous invariant probability measure. In sharp contrast
with this fact, a piecewise smooth two-dimensional expanding map may not admit
an absolutely continuous invariant measure. For such a measure to exist, addi-
tional hypotheses are necessary (see for instance Buzzi [2000] and Tsujii [2001]
and references therein).

Fortunately, in our case the map T is rather special. The fact that 7" is a skew
product over an expanding map (the Gauss map), combined with the fact thatitis a
Markov map (see below) which is even affine on the fibers, allows us to reduce the
problem to an essentially one-dimensional situation. Indeed, we start this appendix
with the following useful property of the family of fiber maps defined above.

Lemma B.1. Given any sequence {0, }nen C [0, 11\ Q consider the sequence of
compositions {'1/90... Op—1 }n>l in [—1, 1] given by

Y906,y = To,0Tp, 0---0Ty,_

. Joralln > 1.
1

Then for any given Borel set B C [—1, 1], the sequence {/\ (11190_._ 0,1 (B))}neN is
convergent, where A denotes the Lebesgue measure on [—1, 1]. Moreover,

b0 G (o) M(B) < _lim {A(W,L.q,_ (B))} < (2= G(00)) A(B).



B.1. An absolutely continuous invariant measure 413

Proof. From {6, } we build the sequence {t, }nen C [0, 1] given by
o=1 11=0 and 1,4, = 6, G(@n) Tn+(1—9n G(@n)) Th+1, VneN,

In other words, 1 = 6y G(6p) and

n—2 i=j
T = 00G(6o) + »_(-1)/ []6:G(6:) foralln > 3.
j=1 i=0

The sequence {7, } clearly converges to some number 7, which satisfies'

- 6o G2(90) -

1
0 ‘L’oo<9()G(9())<5.

Given a Borel set B C [—1,1] andn € N let £,, and r, in [0, 1] be given by
by = A(Yglg,  (BYN[=1,0]) and ry = A(g !, (B)N[0,1]).
By definition of each Ty, the following relations hold for all # € N:

bpy1 =12
1

'n+1 = On G(Qn) ln + LQ
n

J Onrn = 0n G(On) £n + (1 — O G(Gn)) T'n

With this at hand, we easily obtain by induction that for all # € N we have

Ly =Tn€0+(1_fn)”0
'n = Tut1lo + (1 — Tyut1) 7o

In particular, the Lebesgue measure of l1/0_0 r 0, (B) in [—1, 1] is given by

A('I/lg_()}..en_l (B)) = (tn + T+1) o + (2 —(tn + fn+1)) ro,

which converges to 2 (roo Lo + (1 — 7o) ro) as n goes to infinity. This proves
Lemma B.1. O

With Lemma B.1 at hand we have the following result.

IRemember here that § G(8) € (0,1/2) forany 6 € [0,1] \ Q (if @ < 1/2 this is obvious since
0<GO) <1;if0 >1/2,thenf G(O) = 1—0).
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Lemma B.2. The skew product T preserves a probability measure T on the rect-
angle R which is absolutely continuous (with respect to Lebesgue).

Proof. We only sketch the arguments, as they are quite standard. As before, de-
note by v and A the Gauss measure on [0, 1] and the Lebesgue measure on [—1, 1]
respectively. Denote by u the absolutely continuous (with respect to Lebesgue)
Borel measure on the rectangle R given by u = v x A. In other words, given a
Borel set A C R we have

pi) = | e o).

where 771 : R — [0, 1] is the projection on the first coordinate given by 1 (p, &) =
p, and where A, is the Lebesgue measure on the vertical fiber given by p, i.e.,
Ap(A) = )L(A N {p} x[-1, 1])) for any p € [0, 1].

Given n € N and open intervals / C [0,1] and J C [—1, 1] we label each
point 6,1 of G™"(I) with the n-tuple {6y, ..., 0,—1} given by G(6y) € I and
G(6;) = 6;—1 foralli € {1,...,n — 1}. With this notation we can write

T xJ)= U {Ona} x ¥ 4 (]).

.....

From Lemma B.1 we know that
AWl (1) <2A(J)

holds for any n-tuple, and then

W(T(1 % 1)) = / AT (I x 1)) dv(p) < 24(J) / dv(p)
G—(I) G—(I)
=2A(N)v(GT"(I)) =2A(J)v(I) =2u(I x J).
With this at hand we deduce that
(Tfu) (A) <2u(A) forany Borelset A C R and any n € N. (B.3)

Finally, consider the sequence of Borel measures on the rectangle R given by

1n—l )
j=0
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Since 7T is a local diffeomorphism around Lebesgue almost every point in R, we
deduce that the push-forward under 7" of any absolutely continuous measure is also
absolutely continuous and that, when restricted to absolutely continuous measures,
the operator Ty acts continuously in the weak* topology. Let w be any weak*
accumulation point of {u, } (recall that u, (R) = 2 for all n). By (B.3), w(A4) <
2 ;1(A) for any Borel set A C R. Therefore, @ is absolutely continuous with
respect to w, and then it is also absolutely continuous with respect to Lebesgue.
In particular, the measure w is a continuity point of T, which implies that it is
T -invariant in the usual way. We conclude the proof of Lemma B.2 by taking the
probability measure ur = %a) O

B.2 Markov property
In order to prove Theorem B.1, it remains to prove that the absolutely continuous

invariant probability measure ur given by Lemma B.2 is unique, supported on
the whole rectangle R and ergodic under 7" (see Corollary B.1 below).

B.2.1 A countable Markov partition

The skew product 7" admits a countable Markov partition that we presently de-
scribe. The basic (open) Markov atoms of the partition are of three different types
(see Figure B.1):

1. The trapezoids Vi ¢, withk € Nand 0 < £ < k — 1, given by

1 1
Vk,£={(p,06)€RI k—-l—l<’o<%’ 1—(€+1)p<a<1—ﬁp};

2. The triangles

1 1
Uk={(p,a)€R:m<p<£,0<a<l—kp} (kEN),

3. The rectangles

1 1
RkI{(P,Ol)ERIk—+1<p<E,—1<a<0§ (kEN)
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Vit

i

Figure B.1: The Markov partition for 7" has three different types of atoms.

The map T is one-to-one in each of these Markov atoms, mapping them dif-
feomorphically onto either RT = (0, 1) x (0,1) or R~ = (0, 1) x (—1,0). More
precisely, we have T'(Ug) = R, T(Rg) = Rt and T (Vi 4) = R, for all k and
all £. The collection & of all such atoms is our Markov partition for T .
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Markov tiles

Let us write
P ={W,Wa,...,Wp,...}

for an enumeration of the elements of the Markov partition &?. For each m, let
tm : RT — W, be the inverse branch of T that takes TWy) = R¥* back
onto W,. Then 1, is a smooth diffeomorphism and we have 7, o T = idw,, and
Toty = idp+. Ann-tuple (my,ma, ..., my) € N" is said to be admissible if the
COMpOsition Ty, © Ty, O+ * Ty, 1s well-defined (as a map of R* into R). For each
admissible n-tuple (m1,ma, ..., my,) € N”, we consider the region (polygon)
my = Tm; ©Tmy O 0 fmn(Ri) .

.....

Such region is called a Markov n-tile. Note that T (Wi, mo....m,) = Wimno,....m,»
so each Markov n-tile is mapped onto a Markov (n — 1)-tile if n > 2, or onto R™*
ifn = 1.

Lemma B.3. There exist constants C > 0 and 0 < A < 1 such that, for every
Markov n-tile Wy, ms,.....m,, we have

diam(Wy, mo.....m,) < CA™ .

Proof. This follows at once from the easily verifiable fact that the map 72 = ToT
is expanding. O

We denote by # the collection of all Markov tiles, and for each n we denote
by #/™ the collection of all Markov n-tiles, so that # = |,y # ™. The
following easily proven facts are worth keeping in mind here:

MT1. For each n the elements of # ™ are pairwise disjoint open subsets of R;
MT2. For each n the complement of UWGWW) W in R is a Lebesgue null-set;
MT3. The union |y, ¢, W is a Lebesgue null-set;

MT4. Foreach open subset A C R, there exists a collection 6y C # of pairwise
disjoint Markov tiles such that A \ |y s . W has zero Lebesgue measure.

Note that Lemma 9.2 follows at once from the fact that any given open set in R
contains the closure of an n-tile (and then it eventually covers the whole rectangle
under iteration of 7).
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B.3 Ergodicity

We are now ready to show that the skew product T is ergodic with respect to the
invariant measure UT.

B.3.1 Bounding Jacobian distortion

One path towards proving that 7" is ergodic is to show that the Jacobians of all
inverse branches of iterates of 7 have uniformly bounded distortion. This fol-
lows from Proposition B.1 below. In the proof, we will need the following simple
lemma.

Lemma B.4. Letk; > 0,b; > 0(j > 0) be two sequences of real numbers, and
assume that B = Z?‘;O Vbj < oo. Then for eachn € N we have

n
ijmin{bn_j,kj_z} <B. (B4)
j=0

Proof. For each 1 < j < n, there are only two possibilities:

@) k;z < by—j: In this case we have

kjmingb, ;. k7% = kit < /b .

(ii) k;z > by —j: In this case we have

kjmintby_; k72 = kjby—j < (b)) bu—j = \Jbu-; .

From (i) and (ii) it follows that the sum in the left-hand side of (B.4) is bounded

Proposition B.1. There exists a constant K > 1 for which the following holds for
alln € N. If (po, o) and (pg, cty) are any two points in the same Markov n-tile,
then

1 detDT" ,
1|l 0 20) | e (B.5)
K det DT"(pg, o)
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Proof. First, some preliminary considerations. For definiteness, let Wy, m,. ...,
be the Markov n-tile containing the two points (po, cto) and (pg, ). Let us erte
for j = 1,2,..., (pj,a;) = T/ (po, o) and (p;f, a;‘) =T/ (pg-ay)- From the
definition of our skew product, we see that

pj = G/ (po) B.6
aj = Tp; yoTp; 50 0Tp(0) (56

and similar formulas hold for p;f, a;f. Note that, foreach0 < j < n, (pj,a; ), (,o;'f, oc;f) €
m,- Hence, by Lemma B.3, for each such j we have

pj — P51 < diam(Win, 4 ....m,,) < CA"™/

Next, for each 0 < j < n, let k; be the unique natural number such that ﬁ <
J
1 1 o . .
Pjs p;f < ;%0 that [p; — p;‘| < =t Combining these two estimates, we can
write
~ -j -2
|p,~—p;f|<mm{c/\" N } . (B.7)

We are now ready to estimate the ratio of determinant Jacobians in (B.5). Using
(B.6) and the chain rule, we see that

[1726G'(p)) 0
DT” , == )
(po. o) , 11 7
J=0"p; "]

and similarly for DT"(pg, oy ). Hence the ratio of determinant Jacobians at both
points equals

det DT"(pg, atp) _ 'ﬁ G'(pj) 'i—[l T, (o))

B.8
det DT"(pg., oty G/(p ) (B-8)

We proceed to estimate both products in the right-hand side of (B.8).
(i) Since G'(§) = —1/£2 wherever G is differentiable, each term in the first

product is positive, equal to (p;'f/ P j)z, and thus we have

n—1 G/(,O') n—1
log [ =% < ZZ(logpj—logp}f
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The mean value inequality tells us that ‘10 gpj —
and therefore, by (B.7), we have

il < (kj+Dlpj—p3l

n—1

G'(p)) -, Lo
logjljo G'(o") < 4j2=%kjmm{C)L" 7L k; } ) (B.9)

(i1) From the formulas defining the fiber maps 7}, (see Section 9.3.1), we deduce
that there are only three possibilities:

1. if-l<aj.0f<0
p*p*
, oy
Ty, (@)) L if0<aj < 1—kjpjand0 <ok < 1—k;p
T PjPj+1 ‘
T*'(ozj)
o*
-, if1—kjpj <aj <land1l—kjp; <aj <l
Pj

Whichever case occurs, we always have

()
p’( \‘logpj logpj)+)10gpj+1 10g,0,+1‘-

This yields

Therefore, using the mean value inequality and (B.7) just as in (i), we deduce

that
n—1 T/ n )
logl_[ ) <4 k; min{c,\"—f,k;z} . (B.10)
j=0 ;0] j=0

Combining the estimates (B.9) and (B.10), we arrive at

-1 -1 .

log "1_[ G'(0) T Loy @)
/ * / *

j=0 G (Pj) =0 Tp’; (O‘j)

n
<8 k; min{CA”‘j,kJTz} . (B.11)
j=0
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Applying Lemma B.4 withb; = C A7, we deduce that the sum on the right-hand
side of (B.11) is bounded by B = +/C /(1 —+/A). Thus, exponentiating both sides
of this last inequality, one finally arrives at (B.5), with K = ¢88. This completes
the proof of Proposition B.1. O

B.3.2 A Lebesgue density argument

In what follows, we denote by meas(A) the Lebesgue measure of a measurable set
A CR.

Lemma B.5. Let A € R* be a set with positive Lebesgue measure. Then there
exists a constant 0 < ¢4 < 1 such that, for every Markov n-tile W with T" (W) =
R*, we have
meas(W N T7"(A))
meas(W)

> cy4. (B.12)

Proof. Since T" maps W diffeomorphically onto R*, the change-of-variables
formula tells us that

meas(A4) = // |det DT" (p, )| dpde ,
WNT—"(A)
as well as
1 = meas(RY) = // |det DT (p, )| dpdo .
w
Applying the mean-value theorem for double integrals to both integrals above and
using Proposition B.1, we deduce (B.12), with a constant c 4 that depends only on
meas(A) (and the constant K in (B.5)). O
Lemma B.6. If B C R is a set with positive Lebesgue measure, then
meas | R\ U T7"(B)| = 0.
n=>0

Proof. Replacing B by T~1(B) if necessary, we may assume that Bt = BN RT
and B~ = B N R~ both have positive measure. Let € = %min{cngr , CB—},

where ¢ 51 are the constants obtained applying Lemma B.5 to 4 = B*.
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We argue by contradiction. Suppose £ = R\ |J,>o T "(B) is such that
meas(E) > 0. Let z € E be a Lebesgue density point of £, and choose § > 0 so
small that the disk D = D(z,8) C R satisfies

meas(D N E)

> 1—c¢. B.13
meas(D) ¢ ( )

By fact (MT4) stated right after Lemma B.3, there exists a collection € of pair-
wise disjoint Markov tiles such that D = D* U | Jy ¢ W, where D* has zero
Lebesgue measure. For each W € €, there exists a positive integer m g such that
T™K (W) = R* D B*. Thus, by Lemma B.5, we have

meas | W N U T7"(B) | > meas (W N T_m’((Bi))

n>0

> cg+meas(W) > 2e meas(W) .
Since this is true for every Markov tile in €, we deduce that

meas(D N U T7™(B)) > 2emeas(D) ,

n>0

that is to say,
meas(D N (R \ E))

> 2e. B.14
meas(D) € ( )
But (B.13) and (B.14) are clearly incompatible. This contradiction shows that
meas(E) = 0, and the lemma is proved. O

Corollary B.1. Let A C R be a Borel set which is T-invariant, i.e., T~1(A) = A.
If A has positive Lebesgue measure, then it has full Lebesgue measure in the whole
rectangle R.

Proof. The invariance T~!(A) = A implies T7"(A) = A foralln > 0. Since
meas(4) > 0, we obtain from Lemma B.6 that meas(A) = meas(|,,»o 77" (4)) =
meas(R). O

B.3.3 End of proof

With this at hand we can finish the proof of Theorem B.1: Corollary B.1 implies at
once that any absolutely continuous probability measure which is invariant under
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T, is also ergodic under 7. Therefore, the measure 7 given by Lemma B.2 is
ergodic. Moreover, since the support of w7 is itself a 7T-invariant subset of R
with positive Lebesgue measure (because it has full p7-measure), Corollary B.1
implies that it must coincide with the whole rectangle R (since it is compact and it
has full measure). In particular, p 7 is the unique absolutely continuous probability
measure invariant under 7', and this concludes the proof of Theorem B.1. We finish
this appendix by proving Proposition 9.4.

Proof of Proposition 9.4. Let By, B2, ..., Bj,... be a basis for the topology of
RT UR™. Foreach j > 1,let B® = [U,-oT"(B;). Note that each B C
R U R™ is open, and by Lemma B.6 it has full Lebesgue measure in R (in par-
ticular, it is also dense in R). Therefore % = () i>1 B;’o also has full Lebesgue
measure in R. Moreover, % is a dense G, hence residual, subset of RT U R™.
Finally, if z is any point in %, then its positive orbit {7"(z) : n > 0} visits every
basic set B, and therefore is dense in R. O
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