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Abstract 

A Sub-Riemannian manifold is a smooth manifold which carries a 
metric defined only on a smooth distribution. There is a concept of 
sub-Riemannian symmetric space, it is the analogue of a Riemannian 
symmetric space in this context. In this paper we attempt to study 
sub-Riemannian symmetric spaces where the associat.ed distribution is 
a codimension one contact distribution. We use a canonical connection 
defined on contact sub-Riemannian manifolds to give a characterization 
of contact sub-Riemannian symmetric spaces in terms of the curvature 
and tensor torsions. Furthermore, we linearize the sub-Riemannian 
symmetric structure and obtain a restricted classification theorem. 

0 Introduction 

Sub-Riemannian geometry is concerned with the study of a smooth manifold 
equipped with a smooth distribution which carries a metric, henceforth a 
sub-Riemannian manifold. See (9) for an introduction and references on the 
subject. We will restrict our attention to sub-Riemannian manifolds where 
the associated distribution is a codimension one contact distribution. This 
is the simplest interesting case in this geometry and has the advantage of 
having a canonical connection defined ([5]) which generalizes the pseudo­
Hermitian connection of [11]. In this case there exists also a characteristic 
direction transversal to the distribution, and part of the torsion tensor, 
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which we call sub-torsion, measures the rate of change of the metric along 
that direction. 

It is worth mentioning here a relation with CR-structures: the invari­
ants of CR geometry with non-degenerate Levi-form are invariants of the 
conformal geometry of contact sub-lliemannian manifolds (see [4]). 

The analogue of a lliemannian symmetric space in the context of sub­
Riemannian geometry, a sub-Riemannian symmetric space, or more briefly, 
sub-symmetric space, was introduced by Strichartz in [9]. It is a homoge­
neous sub-Riemannian manifold for which there exists an involutive isometry 
at each point which is a central symmetry when restricted to the distribu­
tion. Strichartz classified the three dimensional sub-symmetric spaces, they 
fall into six classes which include Lie groups of semisimple, nilpotent and 
solvable type. In this paper we pursue the concept further in the contact 
rase and arbitrary dimension. 

The first result of this paper is a local characterization of sub-symmetric 
spaces by means of the adapted connection, namely, a sub-Riemannian man­
ifold is locally sub-symmetric if and only if the curvature and torsion tensors 
of the adapted connection are parallel in the direction of the distribution ( cf. 
Theorem 2.1). 

Furthermore, we linearize the structure of sub-symmetric spaces by means 
of a special class of involutive Lie algebras, the so called sub orthogonal in­
volutive Lie (sub-OIL) algebras. The assumption that the sub-symmetric 
space is of contact type is very strong and prohibits a reasonable decom­
position theorem preserving the contact structure as shown by the second 
example in Section 5. Therefore it is convenient to restrict the classifi­
cation to the "irreducible" sub-symmetric spaces. We obtain that every 
irreducible simply connected sub-symmetric space is a homogeneous mani­
fold G/K canonically fibered over an irreducible Hermitian symmetric space 
G/H u·ith fibers diffeomorphic to a circle H/K and generated by the flow of 
the chamrtl'ristic field. The distribution is then uniquely defined, but there 
,:xists <t one-1mmmeter family of sub-Riemannian metrics obtained from the 
canonical Riemannian metric on the base, and exactly one of them hainull 
.~uh-torsion ( cf. Theorem 5.1 ). 

Finally, we distinguish a class of sub-OlL algebras associated to the 
Heisenberg group which play the role of the Euclidean algebras in the the­
ory of lliemannian symmetric spaces and show that the only sub-symmetric 
space with a nilpotent isometry group is the Heisenberg group. ( cf. Theo­
rems 4.1 and 4.:2). 

We now state some open problems and difficulties. 
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It is not known whether the homogeneity assumption in the definition 
of sub-symmetric spaces is essential, even with our assumption that sub­
symmetric spaces are always of contact type. 

The proof of the local characterization of sub-symmetric spaces makes 
use of geodesic coordinates of the adapted connection. It would be prefer­
able, a.nd more natural, to use sub-Wemannian geodesics (see [9]) and a 
notion of parallelism along them. 

The failure of the decomposition theorem in the contact case shows that 
it is important to consider sub-symmetric spaces of non-contact type. The 
relation to affine symmetric spaces is important as non-orthogonal involutive 
Lie algebras may appear as sub-OIL algebras of those spaces. An analysis 
of the list of simple involutive Lie algebras compiled by Berger ([11) will 
probably supply new examples in the general case. On the other hand sub­
symmetric spaces may provide new geometric motivation for deeper study 
of involutive Lie algebras. 

We would like to thank Prof. L. M. V. Figueiredo and Prof. J. A. 
Verderesi for fruitfull discussions. 

Both authors were partially supported by CNPq. 

1 Suh-Riemannian geometry 

A sub-Riemannian manifold is a triple ( M, V, g) where M is an oriented 
11.lanifold, V is an oriented smooth distribution on M and g is a smoothly 
varying positive definite symmetric bilinear form defined on V. 

In this paper we shall consider only the case in which V is a contact 
distribution on M. Let dV be the volume form on V and let n = ½ dim V. 
The (normalized) contact fonn is the 1-form (Jon M such that 

ker6 
dlJ" Iv 

= V, 
n! 2"dV. 

Observe that it is uniquely defined when n is odd, but it is defiiwJ up to 
sign when n is even. To solve that ambiguity, we impose furthermore that 
the orientation of M is defined by (J A dlJ". 

Since d(J has rank 2n and both M and V are oriented, there is unique 
vector field { on M such that 
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It is called the characteristic vector field. 
Note that the sub-lliemannian metric g has a natural extension to a 

Riemannian metric on M by setting { to be orthonormal to V. 
A canonical connection analogous to the Levi-Civita connection in the 

case of Riemannian geometry is uniquely defined on M. Let TM and V 
denote respectively the set of sections of TM and of V. 

Theorem 1.1 ([5]) There exists a unique connection V : TM ....... TM• @ 

TM, called the adapted connection, and a unique symmetric tensor r : V -+ 

V, called the sub-torsion, with the following properties (T is the torsion 
tensor of the connection): 

a. Vu: V-+ V; 

b. v{ = O; 

c. vg = O; 

d T(X, Y) = d9(X, Y){, 
. T({, X) = r(X); 

for X, Y E V, U E TM. 

Proof. Let X, Y, Z E V. As is Riemannian geometry, a., c. and d. 
uniquely define V x Y: 

X < Y, Z > + Y < Z, X > -Z < X, Y >= 
(L) 2 < VxY,Z > + < Y,(X,Z]+ T(X,Z) > 

+ < X,[Y,Z] + T(Y,Z) > + < Z,[Y,X] + T(Y, X) > 

Because of b., it remains only to define VeX. But VeX - V x{ = ({, X) + 
T({,X), so 

(2) VeX = [{,X]+r(X). 

Finally, 

{ < X, y > = < VeX, y > + < X, VeY > 
(3) = < [{,X) + T(X),Y > + < X, [{, Y] + r(Y) > 

= < [{,X),Y > + < [{,Y),X > +2 < r(X),Y > 

determines r(X) {note that 

0 = d9({, X) = {(9(X)) - X(9({)) - O([{, X]) = -9([{, X]), 

so[{. X] EV). 
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Corollary 1.1 {[5]) The connection v' has the following properties: 

a. L{ :V-V; 

b. dfJ(X, Y) = fJ(T(X, Y)); 

c. < r(X), Y >= ½Ltg(X, Y); 

forX,Y E 'D 

Corollary 1.2 {[5]) The characteristic vector field e is a Killing field on 
M if and only if T = o. 

The curvature of this connection is given by 

From general theory of connections we have the Bianchi identity 

6R(X, Y)Z = 6T(T(X, Y), Z) + 6(v' xT)(Y, Z). 

where 6 denotes the cyclic summation in X, Y and Z. In the case of the 
adapted connection we get the following identities 

(4) 

6R(X,Y)Z 

R(e, Y)Z - R(e, Z)Y = 

where X, Y, Z E 'D. 

6dO(X, Y)r(Z), 

(v' zr)(Y) - (v'yr)(Z). 

A local isometry between two sub- Riemannian manifolds ( M, V, g) and 
( M', 7J', g') is a diffeomorphism between open sets t/J : U C M -+ U' C M' 
suc1t that t/J.(V) = V' and t/J"g' = g. In the contact case it follows that 
that ,J,"(J' = ±fJ and T/J.e = ±€' ( and therefore T/J will be a local Riemannian 
isometry relative to the extended Riemannian metrics on M and on .M'). If 
¢ is globally defined on M to M', we say simply that 1/J is an isometry. 

Observe that an isometry ¢ : M -+ M' is affine with respect to the 
adapted connections, that is, v'~.xt/J.Y = t/J.(v'xY) for X, YE T ,H . 

2 Sub-Riemannian symmetric spaces 

The definition of sub-symmetric space was given by Strichartz in [9]. Since 
we have restricted our investigation to contact distributions, we will use a 
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simplified definition. A sub-Riemannian symmetric space (or sub-symmetric 
space) is an homogeneous sub-Riemannian manifold (M, 'D,g) such that for 
every point x 0 E M there is an M-orientation preserving isometry t/J, called 
the sub-symmetry at x0 , with ,t,{x0 ) = x0 and t/J.lv = -1 (in the contact •• 
case it follows that tt,.({,..0 ) = e .... , where { is the characteristic field). 

It is easy to see that the sub-symmetry at a point .x0 must be unique; 
in fact, it is given by exp ... 

0
(X) - exp ... 

0
(t/J.:r0 X), where exp is the affine 

exponential map associated to the adapted connection. Moreover, by ho­
mogeneity it is enough to check the existence of the sub-symmetry at one 
single point of M. 

The main result of this section (see Theorem 2.1) is a characterization 
of sub-symmetric spaces in terms of the curvature and torsion tensors of the 
underlying sub-Riemannian manifold, analogous to the Riemannian case. 
However, for that we will need only the weaker concept of a locally sub­
symmetric space. It is a sub-Riemannian manifold ( M, V, g) such that for 
every point x 0 E M there exists an M-orientation preserving local isometry 
t/J such that tt,(x0 ) = x0 and ¢.Iv = -1. Observe that, unlike the global •• case, we do not require homogeneity here. 

Theorem 2.1 A sub-Riemannian manifold is locally sub-symmetric if and 
only if the following conditions are verified: 

a. v'xT = O; 

b. v' xR = O; 

for all XE V. 

Before proving the above theorem, we will recall one Cartan 's results 
(cf. [3], p. 238) as it is formulated in (12). 

Let p E M and p' E M' and choose a linear isomorphism ¢ : TM,, ..... 
TM;,. Choose convex open subsets V C TM, and V' C ¢(V) which de­
termine normal coordinate neighborhoods U = exp,(V) and U = exp,,(V). 
Define a diffeomorphism f: U ..... U' by /(exp, Z) = exp,,,(<l>Z) for Z E V. 
Define also the linear isomorphisms¢.: TM, ..... TMJC•l for Z EU, given by 
¢(rY) = r'(4>Y) for all YE TM., where r is parallel translation along the 
radial geodesic exp,,(tZ) from p to z = exp,,(Z), and r' is parallel translation 
along the radial geodesic exp,, ( t</>Z) from ti to z = exp,( ¢Z). 

Theorem 2.2 ((121) Let R. T and R', T' denote the curvature and torsion 
tensors of M and Al'. Suppose for every z E U that t/Jz sends R, to R'J(,) 
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and T, to TIC•)· Then f: U -+ U' is an affine diffeomorphism, f. : TM, -+ 

™,c,) is just </,., and J. : T Mp -+ TMJ(p) is </,. Furthermore, f is the only 
affine diff eomorphism which induces </, on T Mp. 

Proof of Theorem 2.1. 1) Suppose M is sub-symmetric. The sub­
symmetry ¢ is an affine map with respect to the adapted connection. 

a. We compute for Z E 1) and X, YE V: 

tt,.(VzT(X,Y)) = Vy,.zT(tt,.X,tt,.Y) = V_zT(-X,-Y) = -VzT(X,Y). 

Observe that T(X,Y) is parallel to~- This implies that tt,.(VzT(X, Y)) = 
V z T( X, Y). Comparing with the equality obtained above, we find 

VzT(X, Y) = 0. 

We compute next 

Now T(X,{) EV, so tt•.(VzT(X,~)) = -VzT(X,~), and together with the 
equality above we obtain 

(5) 

b. To analyze the covariant derivative of the curvature tensor we first 
observe that R(X, Y)W E 1) for any vectors X, Y, W. We need to analyzp 
both expressions, -

VzR(X, Y)W and VzR({, Y)W 

In the first case we have 

for X, Y, W E V. 

-VzR(X,Y)W = tt,.VzR(X,Y)W = V"'.z(tti.X,t/i.Y)tt,.W = VzR(X,Y)W. 

Therefore 
VzR(X, Y)W = 0. 

The second equality follows from the easily observed property 

R(~, Y)W = 0. 

2) We suppose now that conditions a. and b. are satisfied and proceed 
as in the proof of the Riemannian case making use of Theorem 2.2. The 

7 



problem in this case is that the curvature and torsion tensors are not parallel 
along the geodesic rays, so the use of that theorem depends on describing 
the tensors along those rays. We will find differential equations satisfied by 
the curvature and torsion tensors along the geodesic rays. 

Suppose {Xi}= {X1, .. ,,X2,.,X2,.+1 = fl is an adapted frame at the 
point p E M where [X1, X 2] ¢ V and denote by the same symbols {Xi} the 
frame obtained by parallel translation along geodesic rays. We have 

R(Xi,X;)X1 = R~;X1r 

T(X;,X,) = T;~X1: 

Let Z = ai X; be a direction at p. Then Z = ai X; is the tangent along 
the geodesic ray in this direction. Write 

(6) 

(7) 

Vz(R(Xi,X;)X,) 

Vz(T(Xi,X;)) 

Let Z = Z' + aX2,.+l where Z' EV. Using condition a. we get 
• Ir 

Rli1X,. Vz,+ .. ((R(X;,X1)X1) 

= aVdR(Xi,X;)X1) 

= ah- 1V1x,,x,1(R(Xi,X;)X,). 

and analogously for the torsion tensor, where h = 8([X1, X2]) is a function 
to be determined. 

Since the frame is parallel along the geodesic ray, after some computation 
we get 

(V1x,,x,1R)(X;, X;,X1:) = R(R(X1, X2)Xi, X;,X1:) 

(8) +R(X;,R(X1,X2)X;,X1:) 

+R(Xi,X;, R(X1, X 2)X1:) 

-R(X1, X2)R(Xi, X;, X 1 ), 

(V1x,,x,1T)(X;,X;) = T(R(X1,X2)Xi,X;) 

(9) +T(X;,R(Xi,X2)X;) 

-R(X1, X2)T(X;,X;). 

To find the function h along the geodesic ray determined by Z = Z' +a~, 
compute 
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so that 
h = 9((V t1x1,x,1T)(Xi, X2)). 

Using equation (9) we find 

Now, combining equations (10), (6), (8), (7) and (9) we obtain a system 
of diferential equations for h, T and R along the geodesic ray determined by 
Z = Z' + a{ which has unique solutions for given initial conditions. 

It is clear that this system is the same along the geodesic ray deter­

mined by <l>(Z) = -Z' + ~- This implies that we are in the hypothesis of 
Theorem 2.2 and completes the proof of the theorem. D 

3 Sub-orthogonal involutive Lie algebras 

We now associate a. linear object to a sub-symmetric space. 

Proposition 3.1 Let (M, V,g) be a simply-connected sub-symmetric space, 

G the Lie group of all sub-Riemannian isometries of M. Choose x0 E M, let 

K be the isotropy subgroup at x0 and let tp E K be the sub-symmetry at x0 • 

Let g and t denote the respective Lie algebras of G and K and let g = ~ + p 
be the decomposition of g into the ±1-eigenspaces of the involutions = A<4 

of g. Then: 

a. M is represented as the coset space G / K; 

b. the projection ,r : G - M, given by ,r(g) = g( x0 ), has differential 

,r.:p!::!'D,.o; 

d. t is a compact subalgebra of codimension one of ~ which contains no 

nonzero ideal of g; 

e. the inner product B on V,.
0 

lifted top by x-. is AdK-invariant; 

/. The skew-symmetric bilinear form 0 : p x p -+ ~/t defined by setting 
0(X, Y) = (X, Y) mod t is non-degenerate. 
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Proof. a. is obvious. K is a compact subgroup of G, since G is a group 
of Riemannia.n isometries relative to the canonical extended Riemannia.n 
metric on M. For any k E K, Adt factors through a linear map on g/t, and 
because K is compact we can find a. complemeta.ry AdK-invariant space m. 
Now 1r. identifies m with the tangent space T,.0 M and is easily seen to be 
an equivalence between the AdK-action on m a.nd the K-action on T,.0M. 
Then 1r. : p ~ 1),.

0 
because ,p.,. Iv = -1. t contains no nonzero ideal of g 

0 •• 

because K is effective on T,.
0
M. Let X E t and Y E p. Then [X -sX, Y] E p, 

so 
-[X - sX, Y] = s[X - sX, Y] = [sX - X,sYJ = [X - sX, Y] 

and so adx-,x[P] = 0. But the centralizer of pin tis an ideal of g. Thus 
we have X - sX = 0 and t C ~- Now b., c. and d. are proved and e. is 
immediate. Finally, 9 in p is equivalent to d(J,.0 in V,. 0 , so f. follows from 
the contact condition. D 

To a point x 0 in our sub-symmetric space M we now have associated 
a quadruple (g, s, t, B) where s is an involutive automorphism of g, t is a. 
codimension one subalgebra. of the + 1-eigenspace ~ which does not contain 
a nonzero ideal of g and B is an adt-inva.riant inner product on the -1-
eigenspace p. Furthermore, the skew-symmetric bilinear form 0 on p is non­
degenerate. The quadruple is called the sub-orthogonal-involutive Lie (sub­
OIL) algebra of M at z0 • Since Mis homogeneous, its sub-OIL algebra is the 
same at all points. Observe that g/t and p are oriented vector spaces. The 
form 0 may be normalized by setting 8" to be n! 2" times the volume form 
of p. Note also that it follows from the contact condition that ~ = t + [p, p]. 

An abstract sub-orthogonal involutive Lie algebra is defined to be a quadru­
ple (g, s, t, B) with the properties in the above paragraph. By a sub-orthogonal 
involutive sub-algebra of (g, s, t, B) we mean a. sub-OIL algebra. (g', s', t', B') 
such that g' is a subalgebra. of g, s' is the restriction of s, t' is a subalge­
bra of t, p' = p and B' = B. A sub-OIL algebra is called Heisenberyuian 
if n = ½ dim p ~ 2 and [p, p] n t = 0. It is called irreducible if it is not 
Heisenberguian and if ad~ is irreducible on p. 

Given an abstract sub-OIL algebra. (g, s, t, B) we can construct a sub­
symmetric space as follows. Let G be the simply-connected group with Lie 
algebra. g, g = ~ + p the decomposition into ±1-eigenspaces of s and k 
the connected subgroup fort. Let M denote the simply-connected manifold 
G / k. In general G does not a.ct effectively on Mi there is a. discrete kernel 
Z. Now M = G0 /Ko where G0 = G/Z a.nd K0 = K/Z still have g and t as 
their Lie algebras. We have a projection ,r: Go - M by 1r(g) = g(z0 ) where 
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x0 is the coset K0 • As in Theorem 3.1, g = t + m for an AdK0 -invariant 
space m, 1r. : m ~ Tr0 M and 1r.(Ad.X) = k.1r.X for k E K0 and X E p. 
Then B induces an inner product on Dro invariant under K0• Hence Dro 
and B translate respectively to a G0-invariant distribution 1) on M and 
to a G0-invariant metric g on D. The distribution 1) is contact because 
the skew-symmetric form 0 is non-degenerate. The automorphism s of g 
induces an automorphism u of G0 which in turn gives a transformation t/J 
of M by the rule tt,(g.x0 ) = u(g).x0 for g E G. Then VJ is an isometry of M 
and ,J,.(,r.X) = 1r.(sX) = -,r.X for XE p, so ,p fixes x0 and induces -1 on 
D~.- Thus tt, is the sub-symmetry at x0 and gt/Jg- 1 is the sub-symmetry at 
g(x0 ). We have proved that M is sub-symmetric. In other words: 

Proposition 3.2 Let (g, s, t, B) be an abstract sub-OIL algebra. Let M be 
the simply-connected sub-symmetric space constructed above from (g, s, t, B). 
Then ( g, s, t, B) is a sub-OIL subalgebra of the sub-OIL algebra associated 
to M. 

The significance of this result comes from 

Proposition 3.3 Let (g, s, t, B) C (g', s', t', B') be sub-OIL algebras; let M 
and M' be the con-esponding simply-connected sub-symetric spaces. Then 
M is isometric to M'. 

Proof. We have g = ~ + p and g' = h' + p' under s and s'. Now 
M = G / I( and M' = G' / I(' as coset spaces of the simply-connected groups 
of g and g'. Define f : M -+ M' by f(gK) = gK'. well defined because 
f< CK'. f is onto because M = (expm)(x0 ) a.nd M' = (expm)(x~) where 
m = p + [p,p] Cg Cg' and where x0 and x~ are the cosets ]( and K'. Now 
M' = G/K" where K" = Gn K' and/ is given by gK >-+ gK". We have 

dim K = dim{; - dim M = dim G - dim p - I = dim G - dim M' = dim K" 

so f is a covering. Now simple-connectivity of M' implies that/ is a diffeo­
morphism. Finally f is an isometry because p = p' and B = B'. □ 

Proposition 3.4 If (g, s, t, B) is a sub-OIL algebra then it admits a sub­
O IL subalgebra ( g', s'. t', B') such that [p', p'] = I)'. 

Proof. Write g = h + p under s. Then p + [p, p] is a subalgebra (in fact, 
an ideal) of g, and we may take t' = tn(p+ [p, pl) = tn[p, p], P' = p, s' = slg 
and B' = B. □ 
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4 The contact structure of sub-symmetric spaces 

Let ( M = G / K, V, < , >) be a sub-symmetric space, G the connected group 
of sub-lliemannian isometries of M. We are going to study its sub-OIL 
algebra (g, .'I, t, B) by exploring deeper the contact structure. Recall g = ~+P 
under "· Let () be the normalized contact form and e the characteristic vector 
field as in Section 1. Recall there is a projection 11' : G ---+ M. 

Lemma 4.1 ((2)) The pull-back 9• = 1r•(9) is a left-invariant 1-/orm on G 
such that: 

a. 9• is AdK -invariant; 

b. fJ•(t) = 0; 

c. 9• /\ ( dO• )" "/: O; 

d. ~={XE g: dO•(X,g) = 0}. 

Proof. a., b. and c. are immediate. For d., we have s(ker dO•) = 
ker d9* because () is invariant under the sub-symmetry of M. Now ker dO• = 
(ker dO• n ~) + (ker dO• n p) where ker d9" n p = {O} by the contact condition, 
so ker dO• c ~- But 

dim g - dim ker d9" = rank( dO•) = 2n = rank( dO) = dim g/t - 1 

and so dim ker dO• = dim t + 1 = dim~- D 

Lemma 4.2 ([2]) There is an element f E ~ such that 1r.(e') = e"'•' i.e. a 
left-invariant vector field on G which projects down to the transversal field 
e. 

Proof. Since 71"• : g - T:r: 0 M is onto, we can find e' E g such that 
11'.(e') = (.,0 and then ,r.(e~) = e .. c,i, by G-invariance of e. As dO"(f,g) = 
dO(e, T:r: 0 M) = 0, we get f E ~- D 

Note that O•(C) = 9(e) = 1 implies C <t t and e" is defined modulo t 
only. In any case we may now write g = t+ <e> +p where~= t+ <e>. 

Lemma 4.3 ([2]) t is an ideal in ~-
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Proof. Let X E t, Y E I} and h = exp tY. Then 

So if we write Ad,.(X) = o:e' + Z for some o: E JR, Z E t, then O = 
tr(Ad11X) = a. Hence, AdexplYX E t for all t E JR. By differentiation, 
(Y,X) Et. □ 

Since t is already a. suba.lgebra. of g, Lemma. 4.3 really means ade [t] C t. 
Next we show how e• can be chosen so that f centralizes t. 

Lemma 4.4 There is ( E I} such that r.(() = e and ad<·[t] = 0. 

Proof. Let e' be as in Lemma. 4.3 and consider the connected component Ko 
of K. Note that any k E Ko is orientation preserving, and so it fixes {:, 0 • 

Then 
f,. 0 = k.{.,0 = k.1r.f = 1r.(Ad1:f). 

Also, Ad1:f E I}. As Ko is compact, there is a Haar measure dk on Ko and 
we may define 

- 1 { 
{ = vol(K) }Ko Ad1:f dk. 

We get { E I} with 1r.({) = !,.0 • As Ad,{ = { for all k E Ko, we get also 
[t,(] = o. □ 

From now on, unless otherwisely stated, we will assume that { centralizes 
t, but we will drop the bar on (. 

The sub-OIL algebra of a sub-symetric space M a.t a point x0 determines 
the torsion tensor r.,

0
: 

Lemma 4.5 Let r be the sub-torsion tensor of M. Let X', Y' be vector 
fields on the distribution V defined on open set U of M, let x 0 E U, and 
let X, Y be the left-invariant vector fields on G such that 1r.(X) = X' and 
1r.(Y) = Y' at x0 • Then 

(11) < a'4X, Y > + < X, a'4Y >= -2 < r(X'), Y' >z0 

In particular, the torsion vanishes if and only if B is adcinvariant. (note 
that ( 11) is independent of the chosen {) 
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Proof. The right side of {11) depends only on x;
0 

and Y;
0

• Thus we 
assume X and Y G-invariant vector fields on V with those values at Xo. 

Now < X', Y' > is constant on M and Theorem 1.1 gives 

(12) < [{,X'],Y' >ro + < X',[!,Y'] >.,o= -2 < r(X'),Y' >.,o. 

Finally we may pull-back the left side of {12) to 9. D 

A sub-OIL algebra for which B is adrinvariant will be called subtor­
sionless. 

Assume now M simply-connected . We are going to show that there is 
a G-invariant Hermitian structure on V. 

Lemma 4.6 The skew-symmetric bilinear form 0 on p is ad~-invariant. 

Proof. Let X, Y E p, Z E ~- As ! centralizes t, Jacobi gives 

(adzX, Y] + (X,adzY] = adz(X, Y] E [~,~]Et. 

Modulo t, that yields 

0(adzX, Y) + 0(X, adzY) = 0. 

Now there is a positively oriented basis orthonormal basis of p, 

{X1, Y1, .. • ,Xn, Yn}, 

such that the matrix of 0 is 

with all A; > 0. Suppose that 

... ' 

□ 

and let p = p1 ffi ... (fl Pr be the corresponding eigenspace decomposition. As 
Ad( K) acts on p preserving a non-degenerate symmetric bilinear form <, > 
and a non-degenerate antisymmetric bilinear form 0 and as K is connected, 
we must have 
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Lemma 4.1 Each Pi is K -invariant; hence, I( C U( ni) x ... x U( n, ). 

Corollary 4.1 let {X1,Y1, ••• ,Xn,Yn} be a positively oriented orthonor­
mal basis of p which diagonalizes 0 . Then J X; = y;, JY; = - X; defines 
an AdK-invariant complex structure on p which preserves < , >. Thus J 
translates to a G-invariant Hermitian strocture on T>. 

We now look at the Heisenberg algebras. As it is, they represent the 
sub-Rlemannian analogues of the Euclidean algebras for lliemannian sym­
metric spaces. Recall that the Heisenberg algebra of dimension 2n + 1 
1'.,

2"+1 is the nilpotent Lie algebra spanned by X 1, Y1 , ••• , Xn, Yn, Z where 
[X;, Y;] = Z and all the other brackets are zero. We can define a sub­
OIL algebra (1'.l(n),s,t,B) where t = u(ni) + ... + u(n,), l = Z, p = 
<X1,Y1, ... ,Xn,Yn>, B(Xi,X;) = B(Y;,Y;) = A;-2, B(X,Y) = 0 in all 
the other cases, where A1 = ... = An, > 0, An,+J = ... = An, > 0, 
An,-! = ... = An > 0, and !J(n) = t + J'.) 2

"+1 semidirect sum where t 
acts trivially on Z. Such a (!J(n),s,t,B) will be called the standard Heisen­
berguian sub-OIL algebra of mnk n and parameters .X 1 , .. . , An . 

Theorem 4.1 Assume n ~ 2. let t be a subalgebra of u(nd + ... u(n,), 
g' = t' + Jj2n+l, s' the restriction of s and B' = B. Then (g', s', t', B') 
is a Heisenberguian sub-OIL algebra. On the other hand, every Heisenber­
guian sub-OIL algebra is a subalgebra of a standard Heisenberguian sub-OIL 
algebra. 

Proof The first assertion follows from the fact that [p, p] = < Z >. Now 
let (g', s', t', B') be Heisenberguian. Then g' = f + p' under s'. Define n = 
½ dim p'. Choose an orthonormal basis of p which diagonalizes 0 as above. 
a.nd renormalize it to get an orthogonal basis {X1, Y1, ••• , Xn, Yn} such that 
9(X;,Y;) = 1. Since (g',s',t',B') is Heisenberguian, [X,Y] = 0(X,Y)€' for 
X, YE p and for some€' E f, ft t'. Then Jacobi and n ~ 2 imply that 

so [Xi,{']= 0. As X 1 E pis arbitrary, f.' centralizes p. Also, 

[{', t'] = [[X1 , l'i), t] C [[X1, t], Yi] + [[Y1 , t], Xi) C [p, Yi] + [p, Xi) C [P, P] 

and [f, t'] C t' by Lemma 4.3. We get [f, t'] = 0 by the Heisenberguian 
condition. Now g' = t' + .f'J2n+i semidirect sum. t' C u( n1) + ... + u( n,) 
because it is effective on p'. Thus (g', s', t', B') C (Jj( n ), s, u( ni) + ... + 
u(n, ), B). □ 
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Lemma 4.8 Let (g, s, t, B) be a sub-OIL algebra and let (3 be the Killing 
form of g. If a and b are {3-orthogonal subspaces of p such that b is adt­
invariant, then [a, bJ n t = 0. 

Proof. Similar to the proof of Lemma 8.2.1 of {12]. D 

Proposition 4.1 Assume n ~ 2 and let (g, s, t, B) be a sub-OIL algebra 
such that g is a nilpotent Lie algebra. Then g is Heisenberguian and t is a 
subalgebra of u(l) + ... + u(l). 

Proof. Since g is nilpotent, its Killing form /j is null. In particular, 
/j(p, p) = 0. By Lemma 4.8 applied to a = b = p, (g, s, t, B) is Heisen­
berguian. As 9 is nilpotent, t must be a subalgebra of u(l) + ... + u(l). 
D 

Theorem 4.2 The only sub-symmetric space with a nilpotent group of isome­
tries is the Heisenberg group. 

Proof. If n = 1 this follows from the classification in dimension three 
(see [9]). For n ~ 2 we apply Proposition 4.1. D 

5 On the classification of sub-symmetric spaces 

We keep the notation from the previous sections and assume n = ½ dim V ~ 
2 since the classification in dimension three has already been done in [9). 

A simply-connected sub-symmetric space M = G / K will be called ir­
reducible if its sub-OIL algebra (g, s, t, B) is irreducible. Our aim in this 
section is to classify the irreducible simply-connected sub-symmetric spaces. 

An example 

There is a canonical way of building up a sub-symmetric space from an 
Hermitian symmetric space. 

Lemma 5.1 Let (9, s, B) be an irreducible Hermitian orthogonal involutive 
Lie (OIL) algebra and write g = I)+ p under s. Then (g, s, [I), I)], B) is an 
irreducible subtorsionless sub-OIL algebra. 
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Proof. Since (g, s, B) is Hermitian, Q is not semisimple, its center is 
one-dimensional and generated by an element 77 such that ad11 Ip = J, the 
complex structure on p. Now Q = [Q, ~] + < 77 >. We check the contact 
condition. Let /3 be the Killing form of g. Then f3 = a< , > for some scalar 
a "f' 0, by irreducibility. Fix an Hermitian basis {X1,JX1, ••• ,Xn,JXn} of 
p. Then 

and 

/3(71,[X;,JX;]) = /3((77,X;],JX;) =a< JX;,JX; >= a, 

/3(17,[X;,X;]) =a< JX;,X; >= 0, etc. 

/3(17, 77) = trace(ad!) = trace(ad~lp) = trace(J2) = -trace(idp) = -2n. 

Now g = [~, Q] + < 77 > + p is an orthogonal decomposition relative to /3, so 
a 

0(X;,JX;) = -77, 
2n 

0(X;, X;) = 0, etc., 

and so 0 is non-degenerate. Thus we get a sub-O[L algebra (g, s, [Q, Q], fl) . 
It is subtorsionless because of Lemma 4.5. D 

Corollary 5.1 Let G/ H be an irreducible simply connected Hermitian sym­
metric space. Then there is a canonical circle bundle over G / H which has 
the structure of an irreducible simply-connected subtorsionless sub-symmetric 
space. 

Proof. Consider the Hermitian OIL-algebra ( g, s, B) where g = t, + p 
under sand construct the associated sub-OIL algebra (g, s, [Q, Q], B) as in the 
Lemma. The corresponding simply-connected sub-symmetric space is G / I{ 

where K = expt, t = [Q, Q]. Now Hf K ~ G/ K----+ G/ His a circle bundle, 
the distribution on G / K is the G-invariant distribution determined at the 
base-point by the AdK-invariant complement to the fiber (or, equivalently, 
the distribution is the horizontal distribution relative to any AdK-invariant 
Riemannian metric on G / K) and the metric on the distribution is the pull­
back of the metric on the base. D 

We shall prove that every irreducible simply-connected subtorsiouless 
sub-symmetric space is obtained as above. Moreover, we will also see that an 
irreducible simply-connected sub-symmetric space with arbitrary subtorsion 
only differs from the example above by a different choice of metric. To give 
an idea of what may happen if M is not irreducible, we will mention one 
example. 
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Another example 

Let (g, s, iJ) be any Hermitian OIL-algebra of semisimple type. Write g = 
fj +P under s. Then (g, s, [fj, fj], iJ) is a sub-OIL algebra (cf.Lemma 5.1). We 
shall construct a new sub-OIL algebra (0, s, t, B) which is not irreducible. 
Define the Lie algebra 0 to be the semi-direct product of an abelian ideal 
92 = {(O, X) : X E 0} and a subalgebra 01 = {(X, 0) : X E 0} naturally 
isomorphic with 0, relative to the adjoint representation of 91 on 92• Then 
92 is the radical of 9 and 91 is a Levi subalgebra of 9. Define an involutive 
automorphisms of 0 by setting s(X1, X 2) = (s(Xi), s(X2)). Then g = ~ + p 
under ., where ~ = fj + fj and p = p + p. Take t = fj + [fj, fjJ, B = iJ (JJ ciJ 
(c any nonzero scalar) and fix an Hermitian basis {X1,JX1, ••• ,Xn,JXn} 
of p. We check that {(Xi, 0), (0, J Xi), ... , (Xn,O), (0, J Xn)} is a symplectic 
basis of p for 0. Thus the contact condition is verified and we obtain a 
(subtorsionless) sub-OIL algebra (9,s,t,B). It is not irreducible because 
p n 91 and p n 92 are non-trivial adfinvariant subspaces of p. Moreover, the 

restriction of 0 to p n 91 is null, so p n g1 is not a symplectic subspace of 
• 1· This example shows that the contact structure of a reducible sub-OIL 

algebra may not be inhereted under a natural decomposition of it. 
Now we take up the classification problem. Let (M = G/ K, V,g) be 

an irreducible simply-connected sub-symmetric space with arbitrary sub­
torsion and consider its associated sub-OIL algebra (0, s, t, B). Write 9 = 
~ + p under s. There are two cases to consider. 

Case 1: h does not contain a non-zero ideal of g 

In this case it follows from [7], volume 2, Proposition 7.5, p. 251, that either 
one of the following holds: 

a. g = 91 + 9' with g' a simple Lie algebra, h the diagonal in 9 and 
s(X, Y) = (Y,X) for X, YE 9'; 

b. 9 is a simple Lie algebra; 

c. [p,p] = 0. 

We can have neither a. (since 9' would be isomorphic to ~. but h is not 
centerless) nor c. (because of the contact condition). We conclude 9 is 
simple. 

Now we have his a compact subalgebra of g (since it is a central extension 
of the compact algebra t) with non-zero center. Therefore (9,s) must be an 
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orthogonal involutive Lie (OIL) algebra of Hermitian type and the only 
possibility for t is to be equal to [~, ~]. Finally we determine the possible 
choices of metric B on p. 

Let f'/ be in the center of ~ so that ad11 = J is a. complex structure 
on p (11 and e a.re linearly dependent). Then [a.dt, J] = a.d1t,,,J = 0, i.e. 
a.dt is a complex representation on p. Since a.dt leaves B invariant and B 
is symmetric, a.dt leaves a. real form p1 of p invariant. Hence (a.dt,P) = 
( a.dt, pi)$ ( adt, P2 ) where p2 = Jp1 , ( adt, P,) is irreducible and B = a; 1 /3 on 
P, for some a; 'f 0 (here /3 is the Killing form of g), B(p1,p2 ) = 0. Observe 
that the subtorsion vanishes if and only if a1 = a2 ( cf. Lemma 4.5 ). 

Case 2: ~ does contain a nonzero ideal a of g 

Then an t C t is an ideal of g, so ant = 0. This shows dim a = 1. We claim 

Lemma 5.2 a is exactly the centmlizer J of p in ~-

Proof. a C J because [a, p] C an {~. p) C an p = 0. Also, J is an idea.I 9'. 
4 g contained in ~- Now J n t = 0 implies dirnJ ~ l. Thus, a= 3. ~ 

Since J is transversal tot in ~. we may choose f E J such that 1r.(e) = 
{.,,o. Moreover J is AdK-invariant, so our averaging method will give e E 3 
which centralizes t. Now we have g = t + < t > + p and 3 = < t > is the 
center of g. In particular, the sub-torsion vanishes. 

We may factor the center out and get g = g/J. Since s(t) = (, s induces 
an involution s on g. Now g = t + p under s, B is an adt•inva.riant inner 
product on p and there is an adt•invariant complex structure on p. Again 
by irreducibility of adt on p and Proposition 7.5 of [7], either g is simple or 
[p, p) = 0 in jj. But the latter cannot happen as that would imply [p, p)nt = 0 
in g, i.e. g Heisenberguia.n. Therefore (jj, s, B) is an irreducible Hermitian 
OIL algebra of simple type. Note that 

is a central extension of jj, where t : 3 -+ g = t + 3 + p is inclusion and 
p ; g = t + 3 + p -+ ij = t + p is projection. Let v : g - g be inclusion, so 
that pv = 1. Then the extension is characterized by the cohomology class 
w E H 2(jj,J) given by 

I l [ l { ( if y = J X. w(X, Y) = i- ([v(X),v(Y) - v X, 1·) = 0 otherwise. 
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Lemma 5.3 Let (g, s, B) be an irreducible Hermitian OIL algebra and write 
g = t + p under s. Let (g, s, t, B) be the sub-OIL algebm which is a cen­
tml extension by J as above, and let (g, s, [t, t], B) be the sub-OIL algebm 
which is constructed from {g, s, B) as in Lemma 5.1. Then (g, s, [t, tJ 1 B) is 
isomorphic to a sub-OIL subalgebm of (g, s, t, B). 

Weneed 

Lemma 5.4 Consider the sub-OIL algebm (g, s, t, B) in Lemma 5.3. Then 
[P, p] n t = [t, t]. 

Proof. The Lemma follows from the following facts proved as in Lemma 5.1: 

[X;,JX;]-[X;,JX;] E [t, t], 

(X;,X;] E [t, t], 

(X;,JX;] E [t,tJ, 

(JX;,JX;] E [t, t], 

I i-/-j. 

□ 
Proof of Lemma 5.3. First write g = t+ < e + CT/ > +p where 77 is 

central in t with ad., Ip the complex structure J on p and c is a yet to be 
determined non-zero scalar. Now apply Lemma 5.4 and Corollary 3.4 to 
get a sub-OIL subalgebra (g', s', [t, t], B) where g = [t, t]+ < e + c11 > +p 
ands'= slg•• We have (g,s,[t,t],B) ~ (g',s',[t,t],B) as sub-OlL algebras. 
In fact, consider the map which takes CTf E g to e + CTJ E g' and is the 
identity on [t, t] + p. It is easily seen to preserve brackets; for instance, if 
{X1,JX1,- .. ,Xn,JXn} is an Hermitian basis of p, then, using[,] and[,]' 
to denote brackets in g and in g', respectively, we get 

as the calculation from Lemma 5.1 shows that [X;, J X;] = [X;, J X;]lt.t'J + c77 
for a non-zero scalar c. O 

Lemma .5.3 and Proposition 3.3 put together imply that in Case 2 we · 
obtain exactly the irreducible simply-connected spaces with null sub-torsion 
of Case 1. 

We summarize the above discussion in the following 
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Theorem 5.1 Every iNY!ducible, simply-connected sub-Riemannian symmet­
ric space ( M, V, g) is a homogeneous man if old G / K canonically fibered over 
an irreducible Hermitian symmetric space G / H with fibers diffeomorphic to 
a circle H / K and genemted by the flow of the characteristic field. The dis­
tribution V is the G-invariant distribution, AdK-invariant complement to 
the fibers. There is a one-parameter family of G-invariant sub-Riemmanian 
metrics g, exactly one of them is subtorsionless (the pull-back of the metric 
on the base). In order to describe them explicitly, let (g, s, t, B) be the sub­
OIL algebra associated to M. Then g = ~+P under s, and g at the base-point 
lifted top by the projection G-+ M is B. Now p = p1 EB p2 , adt•iNY!ducible 
decomposition, and B is a (different) multiple of the Killing form of g on 
each one of the Pi• From the classification of Hermitian symmetric spaces 
we list the diffeomorphic types of irreducible compact and non-compact sub­
symmetric spaces: 

SU(p + q)/[SU(p) x SU(q)] 
SO(n+2)/SO(n), n~3 
Sp(n)/SU(n) 
S0(2n)/SU(n) 
E6/[Spin(l0)/~~ 
Erf[E6/Z3] 
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