





corresponding to an unknown value z,, that is,
(1.3) yoj =a+ Bz + eoj,

j=1,...,k, where e; are independent and also independent of u;, i = 1,...,7, Eleg;] =0
and E[ed,] = u® is finite, j = 1,..., k. The main interest is on estimating the unknown
Iyp.

In this paper, under the model specified by equations (1.1)-(1.3), classical and inverse
type estimators are considered. The estimators considered are based on the ordinary least
squares estimators, which are not consistent, and also on consistent estimators of 4. First
order approximations for the bias and mean squared error of the estimators considered are
obtained. The expressions obtained allow the comparisons of the estimators, with interest-
ing conclusions. The results indicate that the classical estimator based on the consistent
estimator of (3 seems to present an overall best asymptotic behavior. The parameter o
is considered known, and taken to be equal zero, without loss of generality. The general
case with o unknown can be treated similarly, requiring just additional tecnical details.
The outline of the paper is as follows. Section 2 discusses the functional multiplicative
model. Inverse and classical estimators based on consistent and least squares estimators
are considered. Conditions for strong consistency of the estimators considered are studied.
First order approximation for the bias and mean squared error of the estimators of & and
B are obtained, which allows derivation of first order approximation for the estimators
considered for zo. Section 3 presents a simulation study where it is studied the behavior
of the bias and mean squared error derived in Section 2. Section 3 presents a simulation
study aimed at verilying the accurateness of the expressions derived in Section 2 for the
bias and mean squared error of the estimators considered.

2. Estimators and properties

In this section, classical and inverse estimators of xq are considered and some of its
propertics like asymptotic bias and mean squared error (MSE) are studied under the
functional multiplicative model defined in Equations (1.1)-(1.3). The classical and inverse
estimators of zq considered are represented as

|5

f=— and :E=$ﬁo,

[

where 3 and @ are estimators of 8 and ¢, with ¢ = 1/0 arising in the inverse regression
seting and fp = ):;;l yoj/n. Motivations for considering inverse type estimators are given
in Krutchkolf (1969). The least squares estimators of 8 and ¢ are defined by

= Y X s T Xy
8= —————',,' \'2 and ¢=L5—5 !,' y'?"
g=1 “ ¢ i=1 Ji



In the following we assume that the sequence {2;};>; satisfy the following conditions:

n 4
iz = I _ @ i I 0
(21)  limZ=yg, <oo, lim Z ¥ <oo and ,.'l,'&; + = p. < oo,

l-l

with Z = ¥0, z;/n. Moreover, it is considered that the population moments p{Y = E[u!]
and p = E‘[e( )] are finite. The next lemma presents a consistent estimator of 3 based
on the least squares estimator 3.

Lemma 2.1. Under the calibration model (1.1)-(1.3) with the assumption (2.1), and with
finite fourth moments u(¥ and p{®, it follows that §, = u® B, is a strongly consistent
estimator of 3.

Proof. Notice that X7, X3, ..., are independent random variables with E[X?] = u{?1?

and Var[X?] = zf(pl - (4?)?), i = 1,2,..., which is finite according to the above
assumptions and implies that 3n_ Var[Xn]/n is finite. By using the Kolmogorov's
strong Iaw of large numbers it follows that 5, 2 -pP ¥, 3 Z 4 0, almost surely. Thus,

= ,u(’)p(z) almost surely. Similarly, 1t. can be shown that T, X — (.
The result follows because . is a continuous function of ©F; X?/n and ¥._, X,y:i/n.

Two consistent estimators of ¢ are considered next.

Lemma 2.2. Under model (1.1), (1.2) and assumption (2.1), with u{? end p? known,
it follows that

Lz Ty Ny/n . o, X?
L =i e
e ¥F — He e TRy XNy

are strongly consistent estimators of ¢.

The proof is similar to that of Lemma 2.1. Moreover, notice that ¢* = I/ﬂ-c, so that

.l&u

(2.2) i=2=¢%
ﬂc
meaning that in this case the classical and inverse estimators coincide. By considering
the estimators of 3 and ¢ defined above the following estimators of x4 are considered:

. _ . to

z IL ==

‘8 g’

=¢fo and I, = .
According to (2.2), there is no need to consider ¥ = @"§jo because it coincides with ..
Notice that Z. and Z. are the classical and inverse estimators of o combined with the
consistent estimators of § and ¢, respectively. On the other hand, %, and Z, are the
classical and inverse estimators of x combined with the least squares estimators of §
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and ¢, respectively. In the following lemma, first order approximations are obtained
for the expected value and variance of the least squares and consistent estimators of 8.
Davies and Hulton (1975) report results of studies on the asymptotic bias and MSE of
the least squares estimators B under additive models. However the study presented in
that paper deals only with the leading terms of the approximations, without specifying
the orders involved. We point out that the approximations obtained are independent of
the assumtions (2.1).

Lemma 2.3. Under the model (1.1) and (1.2), with u$) and p{’ finite, 1 <i < 4, ond
¢® knoum, it follows that

B(El. ai/n) (u‘u (3,)+O(n-2)

(i) E(ﬂ) (2) (“(2))2(2'“12/")2 @ " He
d
) = B o m) nu&”(z.-l ./n) [+(u9))3 e

(ii) E(B) =B+ ——-—ﬂ (2 zi/n) ("i‘z, "’)+0(n")

w8 (T 22 /)
and
P (2)u('l) ﬂ?u(Q) (E l:‘/n) u(‘) 2,_‘( ) ] =
Var(ﬂ) = n(2‘=l ?/n) ﬂ():.-l lg/n) ( (2))3 ( (2))2 +O(n )

Proof. Notice that g is a continuous function of (X7, X7, £, Xiy:). Taking the ex-
pectation and the variance of a Taylor series expansion about the point a = (E(T%, X3),
E[Tr, X.u)), it follows that

= B ﬁ 1
E = —
(ﬂ) us‘z) it nz(u('ll)a (Z;_l |/ ) (eﬁ) 2(“(2))2 (Z.,l 12/ ) V(ll, [2)
(2.3) +0(n™?)
and . .
Vnr(fi) = Var(y) + J¢] Var(£)

n2(u)? (0, 22/n)’ n2(pP) (T, 22/n)°

26Cov(fy, &)
T n2(u®y (Tr, 22 /)’

where /1 = 5% Xy and £, = £ X2, Tt can be shown that

(2.5) E(&,) =nB (é z,?/n) !

(2.4) omn?),
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(25) () =i (343/n).

t=1

@D Varlt) =nfld (S atfn) 8" (3 24/m) + P (2: ifn),

$=1

(28) Var(ty) = n(u? - ) (S /)
i=1

and

(29) Cov(ts, ) = (9~ %) 323/
i=l

Replacing (2.5) - (2.9) in expressions (2.3) and (2.4), the results follow after ordinary
algebraic manipulations.

Results about estimators of ¢ are presented next. The proof is similar to the one
presented in Lemma 2.3.

Lemma 2.4. Under the model (1.1) and(1.2) with the assumption that u{") andu(®,
1< i < 4, ezist and p{® known, it follows that

n =1 T (2) 2
(i) E(¢L) = ﬁ(:"l o (E.::Px,’/n)[#g) — 3(u®Y] + M%%ﬂfﬂ

and

= @ _ 1) (5 T
Var(dr) = Bl - 1) (% |I4/:‘){I+I‘2)l‘ D (T zi/n)

ﬁ'(p(" 5(u)?) (T, 2/n)’ 25#9’-“():‘_1 z}/n) [(Z|=l1'2/") ﬂm]

nd® nd*
+0(n7?%),
_1 2u» 3z (19 — (D)) -2
() Bo) = 5+ sz * et T i gt + O
and o
Ty (5 i) @ _ #(2)11(2) 2p; 3z
Ver(@e) = L U R (S ) T e (T, 2/’

(6 = (1))

+0 '2,
g Ty o)



where

(2.10) d=pg (zn: z,?/n) + pu?.

1=1

Proof. A proof is provided for (|) only. The other results can be proved similarly. Notice
that ¢, is a function of (%, ¥, =%, X.y;). Taking expectation and variance of a Taylor
series expansion of ¢ about a = (E (Z7, ¥?), E (T X)), it follows that

Bk zt/n) | S EEt/myyy) - ) o)
n

E(¢L) =

and

ﬂ’(E.:x 1'2/") Var(ly) — 28 (X 112/")C°V(ll,ls)+o(n-2)’

~ 1
Var(du,) = lear(ll) + n2d?

where ¢, is as in Lemma 2.3 and 83 =Y v
It is easy to show that

(2.11) E(t;) = nd
(212)  Var(ts) = 4ngu) (z s3/n) + 46102+ mp® — P,
i=1

n
(2.13) Cov(t, t5) = 2nu{? (): ? /,.) + @z,
f=l

The result follows by replacing (2.11)-(2.13) in the above expressions for the expectation
and variance of ¢.

Theorem 2.1. Under model (1.1)-(1.3) with the assumptions that p{) and ), 1 < i < 4,
are finite with 4® known, it follows that

and

('1) (2)y2 (2))3(,(2))2 (2))3 (2) 4
Var(.'EL) s ("‘ ) £y 3(/“" ) (u ) 3(” ) He l-lx /n)

kﬁZ "kﬂ4 (EI-\ Iy /ﬂ) "’kﬂ? (Ewl i /n)

p@ P (T, 2} /n) (L g (3)) o3(u?)’p?
nkf2 (T, 22/n)* \p? ng? (T, 2} /n)

o (ud)? (T, 2i/n) [ w2 ] 2.
n(Te |12/n) 1 ( (2))3 ( (2)), O(n™);
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(2),,(2) n .4
- 2y = Toly” e To (X% i /n) 2)y2 (x) O(n=?
(u) E(IC) o + ﬂ2 (E lzz/n) + ‘2) (E'S' 12/11)2((”" ) ) + (n )
and
Var(ey < B2, BOGER oo

K RkB (T, 22 n) T a2

@ (£, 2/n @
b (Ef1 2/n) (F‘u _4“£3)+3(#£2))7)

k2 (£, 22/n)? \ul®
o) (L0, I‘/n) pd 2#9’] -2
(2.14) S (Zn. 22/n)? W WPy +0(n™7).

Proof. The prove is given to (i) only. Notice that

s-e(§) -eun(§) s )

A Taylor series expansion of 1 /ﬁ allows to write
O __(Zzl/n) ( Gl ) (u&”)’Vu(ﬁ)J
E(i,) = L__._.___ Lai SRR CON R Lo WAL Ll R, TOES AN
(£L) = Bz [ 8 nB (Z?:[ 22 /n) @ ~ B g3 (n™%)
Replacing Var(f) given in Lemma 2.3 in the above expression, we arrive at the expectation

of Ty.
Moreover, algebraic manipulations yields

Var(z,) = Var (’;") E (f-:) — EX(V,)E? (%)

2 (1 1
= ‘2—'5‘ (5) + f*z2Var (5) .

Using the results in Lemma 2.3, we can write
1 1 3Var(f) _a
e = — O
() B3 T B6) B3 o)
(2)\2 (z) 4 (4)
- LT D () Ay

]
—_
~
on
+
|,
~—
]
=
B~ B
~—
1
2
ab
%
/-\
==
~—

1) _ Var(§) 2y _ (u®)Var(B) L
N(B) E5) +0(n~%) = = +0(n7?).
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Thus,

@) 2Pu® (T, 2! /,,) W
Var(f,) = k3 kB (0 l._"_'/") ( ™~ 143 )
(1)(“(2))4 var(ﬁ) + zo(p(’))‘Var(B) +0(ﬂ-2).

kst
The result follows now from Lemma 2.3.
Considering the results in the above theorem, the mean squared error of the estimators

can be obtained by adding the variance of the estimator to the square of the bias. Because
the bias of the estimator Z, is of the order n~!, the mean squared error of the estimator
coincides with its variance. With respect to the estimador £, it follows that
[T () R i (L
+ (3 o
nkf* (Zi, 7i/n) kg?
(2) (2) It (4) (2)12,,(2)(3,,(2) — 2
(E ! /ﬂ) (E:T) (3) +3( 2)) ) 10(# z) He (3‘;u )
nkﬁz (Z =1 x’/n) ﬂﬁ (Zl:l I /n)
@ (T ( ) ( )
2p® (Th, zi/n o
(2.15) +—o_—lTn)_l 3(u®)? - 4 - 2,9 + -(— + po) ] +0(n7%).
The proof of the next theorem is similar to that of Theorem 2.1 and so it is not presented.

MSE(#.) = 5l - 1)" +

Theorem 2.2. Under model (1.1)-(1.3) with the assumption that u{ and u{)), 1 <i <4,
are finite and with u") known, it follows that

2/n 2
zo0? (Z:;lzt/ ) | ToB (z,;{s'z /")( O _ 30,03

E(z.) =

4,.(2)
ZIoU He 1(333--1 ./") 1oﬁ#¢ [3ﬂ2 (Z 1_2/") _ “22)] + O(n")

i=1

and

SRR a2y W[ 1) (S )+ (s 5]
kd? nkd?

Var(i,) =

2, (2) ar,(2))2 2
() i 0 gy GEN Bt/

L A8uPu2 (T 21/m) [2Bz (Z x’/n) - “(2)]

nkd!
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ﬂ Bag [ﬂ’( ™ _ (Z z?/n) MG (Z wf ") ]

i=1 i=1

LB TO—SPP)E, 2 6’z’u‘=’z(>:.-"=.z?/n)[m(izf/n)— 9’]+O(n")

nd? =
Moreover,
; 2zou" 3zozyl? zo (- (u)?) .
E(z.) = + < - O(n™?
T T MY TSy e T ey A L
and
Var(z,) = 10(2.-1-"/ ) u? zou® ul® 2uMza?
i s kﬁ” T T v P T T e T
23 — (?)?) P (T, zi/n) (@ — 1) 4 )
nB* (Tiei2t/n)'  nkf? (T, 22/n)° nkB* (£, 22/n)
8ul? )z 4(u®)? +3,,(2)(,‘(3) (12)?) +O(n'2),

@10) s (s, z2/m) T B (s 2] T kS (o 2 )

where d is as given in (2.10).

From Theorem 2.2, the mean squared erros of both estimators can be obtained. Notice
that bias(z.) = O(n™!'), so that the first order approximation to the mean squared error
of the estimator £, coincides with its variance. On the other hand, with respect to the

estimator Z,, it follows that
AP B - 1) (E0 2/m) + s (S 2/n)
nkd?

MSE@z,) = 28 (Z o zi/n)”

ﬂ!l‘ﬂ) (21-1 Iz/n) (3 (4) Il(”sl))Q) + 4”‘(“(2))2 (E|—| J""’/’")-l

nkd nkd!
LB (T 2 /m) () o 2 u@ 25(1)”
o 28 Z;I: /n) - +— o

+ 28 [0 - ) (S atsm) + iy (S=2m)]



_2I§I‘£2) 3 (T -‘.2/")(”(4) - 3(“(2))1) + pizd (T I?/")z(uu) . 9(;1‘2))2)
(3 (] nd e e

nd4
2510#(2) #m T 2 2 (2)}
-—-——-——n . 34 Zz /n| -
(217) e i i’j 2 (Z”/") ml +0(n”?).
i=1

Thus, from Theorems 2.1 and 2.2, it follows that

hm E(z.) = P z,,
Tim E(2) = 20,

tim B(z) = 2 T n/n)

and  lim E(&.) = 2,
which imply that the classical estimators i, and Z are asymptotically unbiased. Morever,

this result is independent of k. Comparisons between the mean squared errors of the
estimators considered are based on expressions (2.14)-(2.17). Note that

(2)( (2)y2

Jim MSE(iL) = o3 - 1) + Y A ) :
~ .

JLI’!‘L AISE(IC) = —6-,;'

r.,(u“’)’ Fu (T, 2 /m)°

kd? 2

lim MSE(#1) =

( )
and  lim. MSE{(%,) = W

Thus, as n — ov, it follows that
MSE(i.) = MSE(i.),

that is, in the limit, the mean squ'xred errors of the classical and inverse estimators,
combined with the estimators J. and &, have samilar behavior. Further, none of the
estimators are consistent for finite k. However, as k — 00, &, and I, arc consistent.
Moreover. calling both &, and £ of , to simplify notation, it follows that

MSE(ir) — MSE(Z) = £3(u - 1)? + ((u‘z’)z -1),
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so that, if #® > 1, then MSE(Z) < MSE(#,). Additional algebraic manipulations vield
a i

MSE(3,) - MSE(Z)

& k
e (xz _(d+ A z?/n)))
= d? g k3 D

o that, it k > YZEme/0) aSE(E) < MSE(y). Further, as n — co and k = 0o, it
follows that ‘

MSE(&.) - zg(u(f) - 1),

MSE(z.) = MSE(E.) = MSE(z) =0
3wy
-
Thus, the above results imply that the estimators £, and %, are consistent. 1f p? =1,
then the estimator i is also consistent. Comparisons between %, and 7, will depende
on the model parameters, and can be studied numerically. Some results in this direction
are reported in Tables 3.1 and 3.2.

e MSE(iL) =¥

3. A simulation study

1n this section a simulation study is presented which illustrate the behavior of the
bias and mean squred error of the estimators considered. 1,000 samples are generated
according to the multiplicative model (1.1)-(1.3) considering 8 = 0.5, zo = 15.0, k=2,
and n = 10, 20, 30,50, 100. Moreover, ¢y, ...,€q ar€ independent with ¢ ~ N(0,0.1) and
w ~ U(1,2),i=1,...,n. The specification of the model parameters is completed by
considering z; ~ N(10,30),i=1,...,n, which are are also indepedent. For each selected
sample, the estimators i, Ir, 1 and I, were computed and their simulated bias and
mean squared error evaluated by (£ — Z0)/1000 and T(Z¢ — T0)?/1000, where ig is
any one of the above estimators and ¥ is extended to the to the 1,000 generated samples.
The results are presented in Tables 3.1 and 3.2 bellow, where the Theoretical values are
computed from the corresponding expressions for the bias and mean squared errors given
in Theorems 2.1 and 2.2 and the Simulated values from the simulated study.

Table 3.1: bias of the four estimators

Iy i Ty I
n Simulated I Theoretical | Simuiated | Thorethical Simulated | Th ical | Simulated | Theoretical
10 1.344 1.359 -0.142 -0.128 -0.175 -0.11 -0.027 0.030
20 1.400 1.427 -0.091 -0.066 -0.167 -0.125 -0.029 0.014
30 1.405 1.448 -0.087 -0.047 -0.188 -0.129 -0.049 0.009

50 | 1.516 1.468 0.015 -0.028 | -0.106 | -0.139 0.040 0.006
100 | 1.491 1.484 .0.007 | -0.014 | -0.157 | -0.147 -0.007 0.003 |

1



Table 3.2: mean squared error of the four estimators

I F Iy,
n Simulated | Th ' Simulated | Th l | Simulated | Th ical | Simulated | Th ical
10 | 7.031 7.211 4.338 4.450 4.873 4.847 4.952 4.933
20 | 5.726 5.957 3.122 3.245 3.385 3.443 3.427 3.493
30 | 5.696 5.564 3.084 2.867 3.320 3.000 3.353 3.040
50 | 5.056 5.219 2.279 2.532 2.3714 2.606 2.412 2.638
100 | 4.954 4.950 2.255 2.27 2.245 2.300 2.267 2.325

&

With the above specifications, and from the results reported in Theorems 2.1 and 2.2,
it follows that the bias and mean squared error of the estimators considered, as n —+ oo

are such that
Bias(i,) - 1.5 and  MSE(i,) — 2.42,

Bias(%.) = 0 and  MSE(z.) - 2.0,
Bias(Z,.) -+ —-0.137 and MSE(iL) — 1.982,
Bias(z,) = 0 and  MSE(z.) - 2.0.

Note from the tables that the bias and MSE of all estimators tend toward the limiting
values presented above. An exception seems to be the estimator 2., for which the mean
squared error appear to take longer to converge to the limiting values. The tables also
show that, in general, the approximations are satisfactory, even for small sample sizes.
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