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Summary 

In this paper, we consider linear calibration in the functional multiplicative mea­
surement error model. Cla.ssical and inverse type estimators are proposed. First order 
approximations are obtained for the bias and mean square erros of the estimators consid­
ered, from which interesting comparisons result. A simulation study seems to corroborate 
the expressions obtained and also to indicate in conjunction with the thcorrtical rrsults 
that the classical estimator is the one that should be prefered. 

1. Introduction 

Linear calibration studies under ordinary regression setup:; have been the suhj,~t of 
several important studies reported in the literature. A summary of the most important 
results is presented in Brown (1993). Shukla (1972) obtained first order approximations for 
the cla.,;sical and inverse estimator11 under the ordinary regression set up a111I concluded 
that the classical e.stimator seems to present an overall better large samplt! behavior. 
The multiplicative measurement error model (Hwang, 198G) can be represented by the 
equations 

(1.1) Y, = o + f)x, + e., 

(1.2) .. Y, =x,u,, 

i = I, . . . , n. The errors e; and 111 arc imlt!pPndent with E(e,J = 0, E(11,J = 1, E(t-?) = 11~
2

> 

and E( u;) = µ~>, which i:; assunwd to bl' known, i = 1, . .. , n . The multiplicative furu:­
tional model follows when the x, arc rnnsiderrd to he lixc.-tl unknown quantities. Other­
wise, if x., i = I, ... , n, arc random quantities then the structural rnndel follows. Hwang 
(1986) considers consistent estimation of <r and O under the structural 11111lt.iplicativc! 
rnodd aml also some central limit theorems rPlat1'<I to the t'Slimators t·tmsid,•n~I. fn this 
pap1•r. we! consider linear calibration under the multiplicativu functional modd. Tiu: cal­
ibration experiment consi5ts of two stages. In the first, the calibration stage, based on a 
samplt• of sizr. n, estimator.. of o and 3 arc ohtainc<l according to the nrnltiplicativr. mo,ld 
describt:d l1y equations (I.I) and (1.2). In a seconcl stage a sample of size k is obtaint..-1, 



corresponding to an unknown value x 0 , that is, 

(I.3) Yo;= a+ /Jxo + ea;, 

j = 1, ... , k, where e0; are independent and also independent of u;, i = 1, ... , n, E[eo;] ::: 0 

anti E[t,~
1

] = µ~21 is finite, j = 1, ... , k. The main interest is on estimating the unknown 

Xo. 
111 this paper, under the model specified by equations (1.1)-(1.3), classical and inverse 

type estimator~ are considered. The estimators considered are based on the ordinary least 

squares estimators, which are not consistent, and also on consistent estimators of /J. First 

order approximations for the bias and mean squared error of the estimators considered are 

uht ained. The rxpressions obtained allow the comparisons of the estimators, with interest­

ing conclusions. The results indicate that the classical estimator based on the consistent 

estimator of /3 seems to present an overall best asymptotic behavior. The parameter a 

is ronsirll'rt••I known, and taken to hr. equal zero, without loss of generality. The general 

case with ,t 1111knuwn can he treated similarly, requiring just additional tecnical details. 

The outline of the paper is as follows. Section 2 discusses the functional multiplicative 

model. Inv1•rse and classical estimators based on consistent and least squares estimators 

arc considrn!d. Conditions for strong consistency of the estimators considered are studied. 

First order approximation for the bias and mean squared error of the estimators of er and 

{J are obtained, which allows derivation of first order approximation for the estimators 

considered for .x0 • Section 3 presents a simulation study where it is studied the behavior 

of thr. bia.~ and mean squared error derived in Section 2. Section 3 presents a simulation 

study aimed at verifying the accurateness of the expressions derived in Section 2 for the 

bias and mean squared error of the estimators considered. 

2. Estimators and properties 

In thb section, classical and inverse estimators of .x0 are considered and some of its 

properties like asymptotic bias and mean squared error (MSE) are studied under the 

functional multiplicative model defined in Equations (1.1)-(1.3). The classical and inverse 

estimators of .x0 considered are represented as 

r• ::: ii_o and - 1 r = 'l'fio, 
fJ 

wlwrr. {J and J arr. 1•stirrmtors of /J and IP, IVith </> = 1//3 arising in the inverse regrr.ssion 

seting aml Vo== :[}=1 Yo;/rr. Motivations for considering inverse type estimators are given 

in Krutchkoff (1969). The least squares estimators of /3 and </> are defined by 

and 
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In the following we assume that the sequence {zi};2:;1 satisfy the following conditions: 

{2.1) 
n x2 

lim L ...!. = µC2l < oo and 
n.➔00 n z 

ial 

n r4 
lim L ...!. = µC•J < oo 

n-+oo i•l n z t 

with i = Li=I x;fn. Moreover, it is considered that the population moments µ~41 = E(ut) 
and µ~41 = E[el41 ) are finite. The next lemma presents a consistent estimator of {J based 
on the least squares estimator [3. 

Lemma 2.1. Under the calibration model (1.1)-(1.3} with the anumption (2.1), and witli 
finite fourth moment., µ~41 and µ~4>, it folio= that Pc = µ~2l iJ, i., a strongly consiatent 
e.,timator of {J . 

Proof. Notice that Xf,XJ, ... , are independent random variables with E[Xl) = µ~2lxf 
and Var[Xl] = rt{µ~4l - (~2>)2), i = 1, 2, ... , which is finite according to the above 
assumptions and implies that E:ai Var[X,.]/n2 is finite. By using the Kolmogorov's 
strong law of large numbers it follows that E~~i f-µ~2) Ef=t i ➔ 0, almost surely. Thus, 

El'=t ¥,- ➔ µ~2lµf1, almost surely. Similarly, it can be shown that E:':i ~ -+ {Jµ~2l. 
The result follows because Pc is a continuous function of E:',.1 Xl/n and E,=t X,y;/n. 

Two consistent estimators of <I> are considered next. 

Lemma 2.2. Under model {1.1), (1 .2} and a.,.,umption (2.1}, with µ~21 and µi2> knoum, 
it follow that 

. ~ _ E:':, X,y;/n 

- l:;"..1 Y? - ~21 

an: strongly consistent e.,timator., of q,. 

and 

The proof is similar to that of Lemma 2.1. Moreover, notice that J• = 1//Jc, so that 

(2.2) • fio ..i.•- -
r = ~ = "' Vo = r, 

/Jc 
meaning that in this case the classical and inverse estimators coincide. By ,:onsidnring 
the estimators of /J and <I> defined above the following estimators of x 0 are considered: 

• iio 
X1, = /J' 

Xe = i>uo and X1, = Jiio• 
According to (2.2), there is no need to consider x = J•fio because it l'OincidL's with Xe, 
Notice that Xe and Xe are the classical and inverse estimator.; of x0 combined with the 
consistent estimators of /J and <I>, respectively. On the other hand, x1, and XL are the 
classical and inverse estimators of x combined with the least squares estimators of /3 
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and tf,, respectively. [n the following lemma, first order approximations are obtained 

for the expected value and variance of the least squares and consistent estimaton of /J. 
Davies and Hulton (1975) report results of studies on the asymptotic bias and MSE of 

the least squares estimators {3 under additive models. However the study presented in 

that paper deals only with the leading terms of the approximations, without specifying 

the orders involved. We point out that the approximations obtained are independent of 

the assumtions (2.1 ). 

Lemma 2.3. Under the model (1.1} and {1.2), with µ~ii and µ~I finite, 1 $ i $ 4, and 

µ~21 known, it fallows that 

(i) E(/1) = _.!!_ + /J (E:'-1 xf /n) (µ!,•> - µ<3)) + O(n-2) 
µt21 n(,,~1)2 (Er~1 x?/n}2 14,2> .. 

and 

Var(JJ) = z µi2l + .a: U::':1 x:Jn) , [1 + µ~•l - 2131 ] + O(n-2), 
,,,,t 1 (E:'.. 1 x;/n) nµL) (E:'=1 x'f /n) (µL 1)-1 (µL 1)2 

(ii} E(IJ) = {) + {) (E:'=1 xf /n) (µt•> - (3)) + O(n-2) 
(2) (~" 2/ )2 (2) µ .. nµu L-i-1 x, n µ;._ 

and 

Var(/3) = " • + " i=I ' 1 + -"- - --"- + O(n-2
). 

µC2lµC2l {}2µC2J (E" x•/n) [ µ<•> 2µ(3) ] 

n (E:':1 xUn) n (E:'"'1 xUn)2 (~2
))3 (~

2
l)2 

Proof. Notice that /JQ is a continuous function of (E:'=t Xl, E:'=1 X;y;). Taking the ex­

pectation and I.hr variance of a Taylor series expansion about the point a= (E(E:'= 1 X?), 

EfE:= 1 X,y,)), it follows that 

- {) {) 1 
E({J) = -. + . Var(l2) - ------....,.Cov(l1 l2) 

µ!.2 1 n2 (µL21 )3 (E:'= 1 x~/n) 2 n2(µL21 )2 (Ef,,. 1 xUn)2 
' 

{2.3) 

and 
- 1 132 

Var(/1) = . Var(l1) + . Var(l2) 
2( (2))2 ("'"" 2; )2 2( (2))4 (~" 2/ )2 n fl• £..iazl x, ti n µ,. £..i2l X; n 

(2.4) 
2/3Cov(f.1, l2) + O(n-2) 

n2 (µt2>p (E:=l x~ /n)2 
' 

wlwre f1 = 1::::, X,11, and f2 = Lt=I xr It can be shown that 

(2.5) 
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(2.6) E(l2) = n,4.21 (tt';tn), 
tel 

(2.7) Var(li) = n/32'42
> (txun)- n/f ~x:fn) + nµi21µ~21 (t xUn), 

(2.8) Var(l2) = n(µ~41 - (µ~21)2
) (t xt/n) 

and 

(2.9) 

Replacing (2.5) - (2.9) in expressions (2.3) and (2.4), the results follow after ordinary 

algebraic manipulations. 

Results about estimators of ti> are presented next. The proof is similar to the one 

presented in Lemma 2.3. 

Lemma 2.4. Under the model {1.1) and{l .t) with the a.,.rumption that µiii andl4:l, 

I ~ i ~ 4, eri.,t and µi2> known, it followJ that 

( .) E(:i: ) = .B (Ei=I xUn) + .B (U:1 xUn}( (4) _ 3( (2))2) + 2fJ3
µ~

21 (Ej.,J xUn} 
I '#'L d ndl µ. µ, ntP 

+µ~:: [3p2 (txUn)-µi2>] +O(n-2
), 

and 

/32( (2) - 1) (~" ·1 ) + (2) (2) (~" 2/ ) 
Var(~d = µ,. L..i-1 X; :al µ, µ.. L..o:I X; n 

,<-
{J2(µi4> - 5(µ~21)2) (E:':, xUn)2 2.Bµi3>t (Ei=l xUn) [ (Lisi x1 /n) - µi2>] 

+ ~ + ~ 
+O(n-2), 

. . - I 2µ~2) 3µ~3lz (µi4l - (µ~21)2) -2 

(u) E(t/>c) = ~ + n/J3 (E~. xl!n) + n,84 (Ei=I xUn)1 + n/J5 (Er.1 xUn)1 + O(n ) 

and 
(~ •1 } (2) (2) 2µ13):f 

V (~ ) = L..isl X; n ( (2) _ l} + µ• µu + e 

ar c n.{P (Ei=I xUn}1 µ. n,84 (Ef .. 1 :rl/n} n,BS (E:'-1 xl/n)~ 
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where 

(2.10) 

Proof. A proof is provided for (i) only. The other results can be proved similarly. Notice 

that J1., is a function of (E~ .. 1 11l, E~=I X;y;) . Taking expectation and variance of a Taylor 

series expansion of~ about a= (E (Er=I yl), E (E:':1 X;y;)), it follows that 

E(;: ) = .B (E~=• xUn) .B (E~=I xUn)V. (t) _ Cov(l1,l3) 0( _2) 
'l'L d + n2d3 ar 3 n2d2 + n 

and 

V (;: ) = _l_y (t ) /P (E~-1 xl /n)
2 
V (t ) _ 2,8 (E~=t x~ /n) Cov(l1, l3) 0( _2) 

ar 'l'L 112,12 ar 1 + n 2d4 ar 3 n 2d3 + n , 

when• l1 is as in Lemma 2.3 and [3 = Ei=I yf. 
It is easy to show that 

(2.11) E(t3) = nd, 

(2.13) Cov(l1,t3) = 2n,8µ~2J (txUn) +nµi31x . .... 
The result follows by replacing (2.11)-(2.13) in the above expressions for the expectation 

and variance of J. 
Theorem 2.1. Under model (1.1)-(1.3) with the auumptiomthatµii) and~>, 1 ~i :54, 

are finite with µ~2) l."flown, it JollowJ that 

(2)( (2))2 ('t"'" 4/ ) 
(i) E(ii) = µ~2)xo + x:µ• n µ,. 2 + Xo ":i=I ~; n2 ((µ~2))2 _ µ~3)) + O(n-2) 

n,8 (E;=1 X; /n) n (E; .. 1 X; /n) 

and 
µ (2>(µ<2>)2 3(µ12J)3(µ<2J)2 3(µ<2J)lµ(2J ('t"""_ x•fn) 

Var(i ) = • u + u • + " • L...,_1 , 

L k,82 nk,84 (E:':1 xUn) nk,82 (E:'..1 xUn)2 
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(2.14) + x~µ~
2

) (E7,,, 1 xt /n) [i + µ~•l _ 2µt
3
> ] + O(n-,) . 

n (Ef,,,1 x1/n) 2 (µt2l>3 (µ~2
))2 

Proof. The prove is given to (i) only. Notice that 

E(iL) = E (~
0

) a:: E(V0 )E G) = /Jx0E G) . 
A Taylor series expansion or 1/P allOWli to write 

E(i ) = {Jx [µL2J - (E7,,,1 x:fn) . (µL4J - µ<1>) + (~2l)lVar(P) ] + O(n-2). 
L o {J n{J (E:'a-1 .r?/n)1 µt2J • fJ3 

Replacing Var(P) given in Lemma 2.3 in the above expression, we anive at the expectation 
of ii. 

Moreover, algebraic manipulations yields 

Using the results in Lemma 2.3, we can write 

and 

• • ••• 
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Thus, 

Var(i ) - • " - • " ••• ' -•- - µ<3l µ<2>(µ<21)2 2µ<2>µ<21 (E" x~/n) (µ<4l ) 

L - k{P nk/P (E:'=1 :rf /nf1 JJ,2> " 

3µi2l(µl2l)4 - x:(J42l)4Var(.8) -2 
+ k{J4 Var(fJ) + fJ2 + O(n ). 

The result follows now from Lemma 2.3. 

Considering the results in the above theorem, the mean squared error of the estimators 

can be obtained by adding the variance of the estimator to the square of the bias. Because 

the bias of the estimator ic is of the order n-1, the mean squared error of the estimator 

coincides with its variance. With respect to the estimador it, it follows that 

MSE(i ) = :r2( (2) - 1)2 + 3(µL2))3(µl2l)2 + µl2l(µL2))2 
L O µ,. nkfJ4 (E:'.1 xl /n) k{P 

µ<2lµ(2J (E" x~/n) (µ(4) ) z2(µ(2l)2µ(2l( 3µ(2l _ 2) 

+ ~{J; (E" •=J ~ / )2 ifJ- - 4µL3J + 3(,4_2))2 + o np2 (E" x2in) 
n ,.1 :r, n µ. ••1 1 

(2.15) 

The proof of the next theorem is similar to that of Theorem 2.1 and so it is not presented. 

Theorem 2.2. Under model {1 .1)-(1.3) with the a.,.,umption that µiil and µtl, 1 :S i :S 4, 

are finite and with µpl known, it folloW8 that 

E(- ) = Xo/J
2 (E;':1 x~ /n) + Xo/J

2 (E:'-1 xUn) ( (4) _ 3( (2))2) 
.£t d nd3 µ. µ. 

and 

/12 (2) (--" ~/ )2 4fJ4( (2))2 (--" 2/ )3 
+ µ, L..1:I x, n (3µ(4) - 11( (2))2) + µ. L..i=l X; n 

nkd4 • µ. nkd4 

• 8 
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Moreover, 

and 

8µ(2lµl3l.r 4(µ12))2 3µ12l(µl•l _ (µC2l)2) + • " + • + • • • + O(n-2
) 

nk85 (l:~1 x1f n}
1 

nk,84 (l::':1 xUn) nk,81 (I:~=• x~ /n)1 
' 

(2.16} 

where di., a., given in {2.10}. 

From Theorl!m 2.2, the mean squared erros or both estimators can be obtained. Notice 
that bias(ic) = O(n-• ), so that the fir.;t order approximation to the mean squared error 
or the estimator Xe coincides with its variance. On the other hand, with respect to the 
estimator i1,, it follows that 
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2, i (2) ,p (~n 2/ ) M 2 (~n 2/ )2 
Io/I, ' L-,-t £, n ( (4) _ 3( (2))2) + P Xo "--•=IX; n (µ(4) _ g(µ(2))2) 

,id4 µ, µ, nd4 • • 

(2.li) 
~,, Xo/1, X "--i= l X; n /J2 ~ 2; - (2) 0( -2) •> ·,1 2 (3) .- (~" , 2/ ) [ ( n ) ] 

+ d4 
~ x, n µ 0 + n . 

n i=I 

Thus, from Tlworrms 2.1 and 2.2, it follows that 

Ji.'!!. E(:iL) = ll!,2>ro, 

Ji.'!!. E(ic) = Xo, 

r E(- ) ro/J2
(E~=1 x~/n) 

n,!!~ XL == d 

and J!,~ E(ic) = Xo, 

which imply that the classical estimators :i1, and ic are asymptotically unbiased. Morever, 

this n•sult is inclependenl uf k. Comparisons hetween the mean squared errors of the 

estimators considered are based un expressions (2.14)- (2.17). Note that 

11111/ 

Thu~, as 11 ---+ ex, , iL follows that 

MSE(:ic) = MSE(:ic), 

I hat is, in the limit, I Im mean squared errors of the classical and inverse estimators, 

<·umlii111•1I with the t~stimaton; J0 and J, have samilar behavior. Further, none uf the 

<,sfim.ilol'!> are ronsistl'nt fur finite k. However, as k ---+ oo, :i,. and x,. arc consistent. 

~lorru,·1•r. ,·ailing hoth i, and le nf .x, to simplify nutation, it follows that 
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so that, if µi2l > 1, then MSE(x) < MSE(xL). Additional algebraic manipulations yield 

x~(,_421)2 + µi2l (/12 ("E.~1 x?/n)2 - 2...) 
MSE(iL) - MSE(x) = <P k <fl p2 

(µ121)2 ( ,_ (d+l12(E?=1X~/n))) 
= d2 Xo k82 ' 

so that, if k > i+o•(~; .. ft"}, MSE(x) < MSE(it). Further, as n ➔ oo and k ➔ oo, it 

"'• 
follows that 

e 

MSE(it) ➔ x~(µ~21 - 1)2
, 

MSE(xe) = MSE(x,) = MSE(x) ➔ O 

2( (2))2 

MSE(xt) ➔ ro ~ . 

Thus, the above results imply that the estimators Xe and Xe are consistent. If µt2> = 1. 

then the estimator :h is also consistent. Comparisons between XL and XL will dependc 

on the model parameters, and can be studied numerically. Some results in this dirP.Ction 

are reported in Tables 3.1 and 3.2. 

3. A simulation study 

In this section a simulation study is presented which illustrate the behavior of the 

bias and mean squred error of the estimators considered. 1,000 samples are generated 

according to the multiplicative model (l.1)-(1.3) considering /J = 0.5, xo = 15.0, k = 2, 

and n = 10, 20, 30, 50, 100. Moreover, t 1, ... , t,. are independent with t, ~ N(0, 0.1) Md 

Ui ~ U(l, 2), i = 1, ... , n. The specification of the model parameters is completed by 

considering x; ~ N(10, 30), i = 1, ... , n, which are are also indepedent. For each selected 

sample, the estimators ic, XL, XL and ie were computed and their simulated bias and 

mean squared error evaluated by E(ia - x0)/1000 and E(xc - xo)2 /1000, where Xe is 

any one of the above estimators and E is extended to the to the 1,000 generated samples. 

The results are presented in Tables 3.1 and 3.2 bellow, where the Theoretical values are 

computed from the corresponding expressions for the bias and mean squared errors given 

in Theorems 2.1 and 2.2 and the Simulated values from the simulated study. 

Table 3.1: bias of the four estimators 

XL X lh :; 

11 SimulatNI Th...,mical Simula.\ftd Thottt h ical Simulated Th"°""ical Simul,atf'd n,..,,...ical 

10 1.344 1.359 -0.142 -0.128 -0.175 -0.119 -0.027 0.030 

20 1.400 1.427 -0.091 -0.066 -0.167 -0.125 -0.02!1 0.014 

30 1.405 1.448 -0.087 -0.047 -0.188 -0.129 -0.049 0.009 

50 1.516 1.468 0.Ql5 -0.028 -0.106 -0.139 0.040 0.006 

100 1.491 1.484 -0.007 -0.014 -0.157 -0.147 -0.007 0.003 
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Table 3.2: mean squared error of the four estimators 

XL % i1, i n Simul&1ed 111 ...... 1ca1 Slmul&led Tbao.-lcal Simulated Tb.,retlcal Slmula&ed Tb.,.-lcal 10 7.031 7.211 4.338 4.450 4.873 4.847 4.952 4.933 20 5.726 5.957 3.122 3.245 3.385 3.443 3.427 3.493 30 5.696 5.564 3.084 2.867 3.320 3.000 3.353 3.040 50 5.056 5.219 2.279 2.532 2.374 2.606 2.412 2.638 100 4.954 4.950 2.255 2.271 2.245 2.300 2.267 2.325 

With the above specifications, and from the results reported in Theorems 2.1 and 2.2, it follows that the bias and mean squared error of the estimators considered, as n -+ oo are such that 
Bias(iL) -+ 1.5 and 
Bias(£.) -+ 0 and 
Bias(xL)-+ -0.137 and 
Bias(x.) -+ O and 

MSE(xL) -+ 2.42, 
MSE(x0)-+ 2.0, 
MSE(iL) -+ 1.982, 
MSE(i.)-+ 2.0. 

Note from the tables that the bias and MSE of all estimators tend toward the limiting values presented above. An exception seems to be the estimator ir,, for which the mean squared error appear to take longer to converge to the limiting values. The tables also show that, in general, the approximations are satisfactory, even for small sample sizes. 
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