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Abstract

We present a parametrization for all discrete-time singular H2 optimal output feedback controllers.

1 Introduction

In this paper we consider the parametrization of all optimal output feedback controllers for the singular H2
control problem. We use the well known L2 orthogonal property to obtain the optimal solution in the same
lines of [3], for the continuous time case, and [5] for the discrete-time regular case. In particular, the
adopted term N* in [6] does not allow the application of such property. The final result contrasts with that
one in [4] where the free parameter Q belongs to a set defined by an equation, envolving transfer matrices,
which is easily solved only in the regular H2 problem. The considered approach allows also the term
Dll / 0 without increasing the lenght ofcomputations.

2 All Optimal H2 Controllers

In this section we consider the parametrization of all optimal controllers that solve the discrete-time H2
singular problem. Unlike [4] where the free parameter Q belongs to a set defined by a equation envolving
transfer matrices, the parameter Q is explicitly characterized.

Assume the plant:

GOF(z) = (1 .a)

(i) (A,B2) estabilizable
(ii) (C2,A) detectable

(iii)rank [zl(.: A –D: ]

( 1 .b)
(1.c)

( 1 .d)

(1 .e)

normrank
DT: | fo r a 1 1 z € 1(1c 9 | z 1

1

1.
(iv).rank [zl(.: A –D:11 „„„„* [=:ã" DT11 ] fo r a 1 1 z € |(ic l | z 1

Consider the algebraic Riccati equations (AREs):

X = ATXA + CTCI
– [CÍD12 +AFXB2](DÍ,D12+B{XB2)+[D{,Cl+BTXA] (2)

(3)
Y = AYAT + BIB{
– [AYC{+BID{1](D21 D{1+C2YC{)+[D21B{+C2YAf]

and introduce the following matrices
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L2 := – (AYC{ + BID{1)S+ + LI( 1– SS')
N* := (($D{1 + F?YC{)(D21Dl1 + C2YC{)' + 11( l – SSV ) . 11 free
F, := – R*(D{,C, + B{XA) + ( l – R*R)F,
(} := – (D{,D12 + B{XB2)’(D{2D11 + B{XB1) + ( l – R-R)@, $free
R := ( D{.D12 + B{XB2)
S := ( D„D{, + C,YC{).

The conditions for the existence of stabilizing solutions to these AREs are given by the following theorem,
[61

Theorem 1: Under (i)-(iv), the following statements hold:
(i) The ARE (2) has a unique stabilizing real symmetric solution X = XT 2 0, i.e., there exists a matrix Fl
such that A+B,>F'> is stable,
(ii) The ARE (3) has a stabilizing real symmetric solution Y = Yf ? 0, i.e., there exists a matrix L1 such
that A+L2C2 is stable.

We will consider discrete-time controllers K that internally stabilizes the plant (1). 3(G,K)denotes the
linear fractional transformation associated with G and K. The following lernma states the well known Youla
parametrization [ 1]. This version can be found in [5] .

Lemma 1: For the plant ( 1) the set of all stabilizing controllers is characterized by K = 3(Z,Q) , Q e RH2,
where

==[+
IA + B2F2 + L2C2 – B2N+ C,>

(4)

The set of transfer matrices 8(G,K) e RH2 can be described by the following expression :

where
8(G,K) = GF + UFGZ. + Ur'QVE, Qe RH, (5.a)

(5.b)

Up = (5.c)

(5.d)

(5.e)

_ [ A + L,C, | B, + L,D„ ]
GL = [Fã+1

„= [v B 1 + L2D21
]D21

The solution of the H2 problem is based on the idea of orthogonality in L2. In the following lemma the
orthogonality property is characterized by an Lyapunov equation and two linear equations. For the transfer
matrix G(z), G-(z) is defined to be G(z–1), which correspond to the adjoint system of G.

Lemma 2 : RF(z), with

X e Rn”1, Xr = XA e IRnxn Sti
such that
(i) A7XA



( ii-) D1 C + Bi XA = 0
then
a) G-(z)G(zl = DTD +B7XB.
b) Díq+BíX/3 = o + G-(z)H(z) e (RH 1)qx‘
Proof : it follows along the lines of [2], section 3.5.

Using the above lemma, the existence of stabilizing solutions of AREs (2) and (3)characterize the
orthogonality between some transfer matrices of Youla parametriza lion.

Lemma 3 : With the matrices R and S defined above we have that

(i) UFGr € RH} and UFUr = R
(ii) Gi.vr € RH 1 and V/.VÍ = S
Proof : For X 2 0 satisfying (2),

Im(D{2C1 + B{XA) C lm(D$2D12 + B{XB2) and Im(D}2D11 + B{XB1) C lm(D$D12 + B{XB2)
and so

DF,(cl + D12F2) + Brx(A + B2F2) = o
(A + B2F2)rX(A + B2F2) – X + (Cl + D12F2)r(Cl + D12F2) = 0
Dr,( Dll + D12© ) + B{X2(BI + B2©) = o

The item (i) follows directly from Lemma 2. The item (ii) can be verified by duality arguments.

0

D

It is interesting to note that with the value of N* chosen as in [6], we can not garantee (ii) of Lemma 3. The
main result of this paper follows below.

Theorem 2: Assume the plant ( 1). Then we have

„ 11l1(G,OF)113(G,K)III = 118(G,Ko,t)11: = ljGF ll: + FER'/2GLll:,

and all optimal controllers are given by

K,pt = 3(Z2,Q), Q = W – (R1/2)+R1/2WS1/2(S1/2)+, W strictly proper and stable,

where

IA + B2F2 + L2C2 – B2NC2

N e V* = {N : N = N* + Dw – (R1/2)+R1/2DwS1/2(51/2)+, Dw free}.

Proof: From Lemma 3, since arGr. € RH 1 we have

I1 8(G,K)II: = EjGFll: + IIR1/2(GL + Qvl)1: , Q e RH2.

Also as çJLq L e RHJ,

IF 3(G,K)11: = ljGFll: + IIR'-GLIl: + llR''=QS'" II:, Qc R'l2

The minimum is attained when R1/2QS1/2 = 0. The general solution for this equation is

3



Q = \v –(R1/!)+R1/2Ws1/2(S1/:>+. \V e RH=

Absorbing Q(,x) into the Z expression l4), we obtain the result. a

It can be shown that N € .\-- if and onjy if N solves

RàNSà = – R*à ((DSC, + B{XA)YC{ + BIXB,DÍ,)S'+

which is equivalent to the equation DpNDQ = – R* presented in [6]. So the set V* is the same presented in
[4]. The minimal value is independent of 11, 9, Fr , Ll and is given by

11 Gr 111 + II R1/2Gz. [i = tr(DilD11 + BTXB1) + tr R’1/2F3YFiRT1/2
– tr R+1/2 (®3D{1 + F3YC{)S+(D21'b! + C2YF;)]Rt 1/2

where F3 := (D{2C1 + B{XA) and õ3 := (D{2D11 + B{XB1) . For D11 = 0 this is the optimal value
presented in [6]. Note that Q is explictly expressed in terms of W, while in [4] Q satisfies a transfer matrix
equation which, in general, is not easily solved.

3 Conclusion

This work is focused on the parametrization of all optimal output feedback controllers for the singular H2
discrete-time control problem. The main result relies on the fact that the presented parametrization does not
depend on the solution of an equation involving transfer matrices as in [4].
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