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Abstract

We present a parametrization for all discrete-time singular H» optimal output feedback controllers.

1 Introduction

In this paper we consider the parametrization of all optimal output feedback controllers for the singular Hs
control problem. We use the well known Ly orthogonal property to obtain the optimal solution in the same
lines of [3], for the continuous time case, and [5] for the discrete-time regular case. In particular, the
adopted term N* in [6] does not allow the application of such property. The final result contrasts with that
one in [4] where the free parameter Q belongs to a set defined by an equation, envolving transfer matrices,
which is easily solved only in the regular Hy problem. The considered approach allows also the term
Dy # 0 without increasing the lenght of computations.

2 All Optimal H2 Controllers
In this section we consider the parametrization of all optimal controllers that solve the discrete-time Hs
singular problem. Unlike [4] where the free parameter Q belongs to a set defined by a equation envolving

transfer matrices, the parameter Q is explicitly characterized.

Assume the plant:

A | By B
Gop(z) = | Cy | D1y Dyp (1.a)
Co | Doy O
(1) (A.Ba) estabilizable (1.b)
(ii) (Co,A) detectable (l.c)
zZI-A —Bs . |zZI-=A —Bs ~ _
(111) rank { C Dys } = normrank { c, Dys } forallze C,lz| = 1 (1.d)
. zZI-A —B; _ zZI-A —B; _
(iv) rrank [ C Do, ] = normrank [ C Doy } forallze C,lz| = 1 (l.e)
Consider the algebraic Riccati equations (AREs):
X = ATXA + CI¢y
— [CTDy2 +ATXB3](D7,D12+BIXB4)*[DL,C+BTXA] (2)
Y = AYAT + B,B{
— [AYCE+B1 D% 1(Day DL, +Co YCT ) [Doy BT+C, YAT] 3)

and introduce the following matrices



Ly = — (AYC] + BiD§)S™ + Li(I—=SS87)

N* = (®DF + FoYCI)(DyDJ, +CoYC])™ + TI(1 - S87 ) . Il free
Fy:= —RT(DLC: + BIXA)+ (I-R"RIF

® = — (DL,Dy2 + BIXBs)™(DLDy; + BIXB1) + (1—-R7R)Y, Yfree
R := (DL,Dp + BIXB)

S := ( DyuDY, + C2YC3).

The conditions for the existence of stabilizing solutions to these AREs are given by the following theorem,
[6].

Theorem 1: Under (i)-(iv), the following statements hold:

(i) The ARE (2) has a unique stabilizing real symmetric solution X = XT > 0, i.e., there exists a matrix F
such that A+BoFs is stable,

(ii) The ARE (3) has a stabilizing real symmetric solution Y = YT > 0, i.e., there exists a matrix L such
that A+L»Cs is stable.

We will consider discrete-time controllers K that internally stabilizes the plant (1). F(G.K) denotes the
linear fractional transformation associated with G and K. The following lemma states the well known Youla
parametrization [1]. This version can be found in [5].

Lemma 1: For the plant (1) the set of all stabilizing controllers is characterized by K = F(Z.Q) , Q € RHo,
where

A + BsFs + LyCo — BoN*Co 1 —L>+BaN"  Bs

Z= F-NC N I (4)
-G I 0
The set of transfer matrices F(G,K) € RH» can be described by the following expression :
F(G,K)=Gr + UrGp + UrQVy, Q € RHy (5.a)
where
. A+ BaFa B; + By®
Bp= |:C1 + DiaFs | D1y + Dlg@} (5.b)
A+ BoFy | Bs
Ur = |:Cl + Disbs D}J (5.¢)
= A + LGy | By + LoDay
= [ —(F=N"C2) | (N'Dz1 — @)] (5.d)
A +LsCy | By + LoDy
V= z ;
' [ C: | D (5.¢)

The solution of the Hy problem is based on the idea of orthogonality in L. In the following lemma the
orthogonality property is characterized by an Lyapunov equation and two linear equations. For the transfer
matrix G(z), G™(z) is defined to be G(z™"), which correspond to the adjoint system of G.

Lemma 2 : Let the transfer matrices G(z) = {é ]?)] € RP¥(z)and H(z) = [%—tﬂ € R¥(2), with

A € R™ stable, B € R™, C € R | D € BP9, 8 € R™ and n € RP. If there exists XeR™ XT =X
such that
(i) ATXA — X+CTC =0

— o —— e - T T T R T T T ¢ T M T



(ii) DIC+BTXA =10

then

a) G (z2)G(z) = D'D + BTXB.

b) DIn+B!XB = 0= G (z)H(z) € (RH3)¥

Proof : It follows along the lines of [2], section 3.5. O

Using the above lemma, the existence of stabilizing solutions of AREs (2) and (3)characterize the
orthogonality between some transfer matrices of Youla parametrization.

Lemma 3 : With the matrices R and S defined above we have that
(i) UpGr € RHy and UzUr =R

(i) G,V € RHy and V V}; =§

Proof : For X > 0 satisfying (2),

Im(D{,Ci + BIXA) C Im(D],D12 + BIXB,) and Im(DY,Dy; + BIXB;) € Im(D%,Di + BIXB,)
and so
DL(C;y + DysFs) + BIX(A + BoFy) = 0
(A + BaFa)"X(A + BoFs) — X + (Cy + D1aF2)7(Cy + DyaFa) = 0
D{,( Dyg + D12® ) + BIX,(B; + Ba®) = 0

The item (i) follows directly from Lemma 2. The item (ii) can be verified by duality arguments. O

It is interesting to note that with the value of N* chosen as in [6], we can not garantee (ii) of Lemma 3. The
main result of this paper follows below.

Theorem 2: Assume the plant (1). Then we have

D ISGROIE = (G Kopl; = Gr | + [[RG |

and all optimal controllers are given by

Kopt = §(Z2,Q), Q = W — (R")*R"WSY(S!2y* W strictly proper and stable,

where
A + BoF> + LaCy — BaNGs ’ —L>+ BaN Bs
Zy = F> — NC, N I
—Cs 1 0

NeN* = {N:N =N+ Dy — (R")TR"™DyS"*(S"?)*, Dy free}.
Proof: From Lemma 3, since UpGy & RHy we have

I SGK; = [IGell3 + [[R™(GL +QVL)|; . Q € RH..
Alsoas GV, € RH#,

IBGKI; = IGFI3 + [R™Ge|; + [[R™QS™ ||, Q € RH..

The minimum is attained when R'2QS'? = 0. The general solution for this equation is



Q=W — (R"yR"ZWS"(§"**, W € RHa.

Absorbing Q(oc) into the Z expression (4), we obtain the result. O

It can be shown that N € A if and only if N solves
RiNS! = — R™H((DL,Cy + BIXA)YCE + BIXB, D, )"

which is equivalent to the equation DpNDg = — R’ presented in [6]. So the set N™ is the same presented in
[4]. The minimal value is independent of IL, ¥, Fy, Ly and is given by

| Gr |} + || R™G. l|j — (DY, Dy + BIXBy) + r R*I2R, YEIR ™12
— tr R*12(®3DT, + F3YCT)S* (Day @5 + CoYF])IR*'"?

where F3 := (DL,C; + BIXA) and ®; := (D{;Du + BIXB,). For Dy; = O this is the optimal value

presented in [6]. Note that Q is explictly expressed in terms of W, while in [4] Q satisfies a transfer matrix
equation which, in general, is not easily solved.

3 Conclusion
This work is focused on the parametrization of all optimal output feedback controllers for the singular Hz

discrete-time control problem. The main result relies on the fact that the presented parametrization does not
depend on the solution of an equation involving transfer matrices as in [4].
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