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1. Introduction

The reactions of weakly bound stable and unstable nuclei have been extensively investigated for several decades. Special
attention has been devoted to the reactions induced by radioactive halo nuclei which are composed of a tightly bound core
plus one or two nucleons orbiting far around the core. At low energies, close to the Coulomb barrier, these reactions are
primarily dominated by fusion, where a compound nucleus is formed, and direct reactions in which non-elastic scattering
occurs.

The major aim of fusion reaction studies involving tightly bound nuclei over the last four decades has been to produce
superheavy elements and to understand the mechanism of quantum tunneling in complex many-body systems. Further,
the analysis of fusion data supplies very useful information about the nuclear interaction at distances corresponding to
the outer side of the Coulomb barrier. During the last three decades the production of beams of radioactive nuclei has
intensified fusion research. The special features of nuclei such as ''Li and ®He (two-neutron halo nuclei), ''Be (one-neutron
halo nucleus), and B (one-proton halo nucleus), with more diffused density and high probability of breakup, has created
much interest. Questions as basic as whether fusion in the Coulomb barrier energy region is enhanced owing to the large
extent of the nuclear matter distribution which makes the effective size of, say, ''Li comparable to that of 2°8Pb, or hindered
due the ease with which such nuclei break into two or more fragments owing to the very low threshold of the breakup
channel, are addressed by these fusion studies.

Of course fusion, elastic scattering, and other reactions of weakly and tightly bound stable nuclei have been extensively
studied and discussed in the literature for many more years. A distinct example is the deuteron nucleus, where one finds
a vast literature dating back to the 1940’s. In fact, the theoretical description of fusion reactions has benefited greatly
from the theory of deuteron induced reactions, developed as a three-body problem (taking the target as structureless) and
using the Continuum Discretized Coupled Channels (CDCC) method, which is a two-body coupled channels theory that,
through discretizing the two fragment continuum, mocks the salient features of the Faddeev three-body method. The rather
small binding energy of the deuteron (2.2 MeV) makes its breakup into a proton and a neutron a dominant channel which
influences all other processes, such as fusion, one nucleon transfer, and elastic scattering.

The three-body description of the fusion of a two-cluster projectile is, in principle, more adequate than the CDCC.
However, the presence of the long-range Coulomb interaction makes the calculations quite difficult, especially for the case
involving nuclei heavier than the deuteron. As mentioned, some calculations of the fusion of weakly bound projectile nuclei
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are performed using the CDCC. As in the deuteron case, this method of calculating the different types of reactions relies on
a convenient discretization of the continuum states of the fragments forming the weakly bound projectile.

Fusion, elastic scattering, inelastic scattering and elastic breakup (with the target left in its ground state) are calculated
by solving a set of coupled channels equations, with both bound and unbound (breakup) intrinsic projectile states. One
shortcoming of the present versions of the CDCC is their inability to calculate incomplete fusion which involves the target
capturing one of the charged fragments. The data on fusion reactions are usually presented as complete fusion (all the
charge of the projectile is captured) and total fusion (complete fusion plus incomplete fusion). Of special interest is the
complete fusion, since through its analysis one may learn the overall effect of the extended density of the weakly bound
projectile and its breakup. The lack of a fully quantum mechanical theory which supplies the incomplete fusion cross section
hinders the advancement of the field. Currently, a significant amount of effort is dedicated to find ways to calculate this
important reaction mechanism. Recent semiclassical calculations of the complete and incomplete fusion processes is one of
such attempts.

From the experimental side, several experiments have been performed, both with stable and radioactive weakly bound
nuclei, using different experimental methods. In several of those experiments, only total fusion cross sections could be
measured, since the evaporation residues from complete and incomplete fusion cannot be separated, especially for light
nuclei. However, there are also reported data, especially in recent years, on complete and incomplete fusion processes,
measured separately. There are also several recent measurements of elastic scattering, quasi-elastic scattering, transfer and
breakup reactions in collisions of weakly bound nuclei.

Some reviews have been published on the subject of fusion reactions induced by weakly bound nuclei [ 1,2]. A review on
elastic scattering of weakly bound nuclei has also been published [3]. Very recently, two reviews were published on fusion
reactions, one theoretical on sub-barrier fusion [4] and a more general one on fusion [5]. In 2006, our group published
an extensive review of the subject which also included an account of the fusion of strongly bound nuclei, a subject of
great interest on its own merit [6]. The many more refined experimental measurements and the accompanying theoretical
developments in the intervening years certainly call for a new review of the section on “fusion and direct reactions of weakly
bound nuclei at low energies” of the Rare lon Beams Physics (RIB) program which is an important field of current nuclear
physics research, considered a priority program in Japan, the European Union, the USA, and many other countries around
the world.

The current review starts, in Section 2, with a summary of the scattering theory needed to describe the reactions
induced by weakly bound stable and unstable projectile nuclei. This section is meant to guide the data analyzer and the
newcomer to the field through the necessary definitions, concepts and calculational instructions, as well as to set the
stage for the theoretical developments in fusion theory, elastic scattering, and breakup reactions, described in the other
sections, and to facilitate the comprehension of the recent theoretical works briefly described in those sections. In it we
review the single channel and coupled channels descriptions of elastic scattering and fusion, and in particular the CDCC
and its extensions, as well as the potentials employed in those calculations. The dynamic polarization potential, which
simulates the effect of the breakup channel coupling, is discussed within a single channel approach to elastic scattering
and fusion. The energy dependences of the imaginary and real parts of the dynamic polarization potential obtained from
the experimental data analyses are discussed and are found to be constrained by the dispersion relation, Re{Vp,(E)} =
—(1/m) P f dz Im{V,1(2)} [E — z]~!, as required by the general principle of causality. The strongest energy dependence of
the polarization potentials occurs when the energy is lowered to the Coulomb barrier and lower. Then, the barrier acts as
a natural “threshold” for processes involving the action of the nuclear force. The causality constraints alluded to above are
commonly referred to as the Threshold Anomaly (TA) for strongly bound nuclei such as '°0, and Breakup Threshold Anomaly
(BTA) for weakly bound nuclei, such as ®He. We give a detailed account of the TA and BTA as exhibited by analyses of data
for several systems.

In the following Section 3 we consider the elastic and the quasi-elastic (QE) processes. The latter is the sum of the elastic
and the direct non-elastic scattering contributions. We briefly review the barrier distributions both for QE and fusion. We
also present in this section recent experimental results on elastic and QE scattering, as well as measurements of elastic
scattering which allow to investigate the presence of the BTA for weakly bound systems. Finally, a recent method using
backangle QE scattering data to derive fusion and total reaction cross sections is presented.

Section 4 discusses breakup reactions. In it, the theory of elastic breakup and inclusive non-elastic breakup and incom-
plete fusion are described in detail. We also discuss recent results and calculations of direct breakup, as well as of sequential
breakup (breakup following transfer).

Section 5 deals with theories of fusion reactions. In it we present and discuss fusion barriers calculated microscopically
or from different bare potentials. The fusion of weakly bound nuclei is then described, in the light of the developments
presented in the previous sections. We briefly describe other quantum mechanical approaches to the calculation of fusion
cross sections and barrier distributions. Here is also discussed the present status of the origin of the observed hindrance of
fusion at deep sub-barrier energies.

Section 6 presents a rather extensive account of the recent experimental data on fusion reactions, including the recent
search for a systematic behavior of the complete fusion suppression at energies slightly above the Coulomb barrier. It
presents also a brief discussion of some consequences of transfer reactions on fusion measurements. Finally, in Section 7 we
present our conclusions and outlook for the future of the field.
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2. A summary of scattering theory

2.1. The single channel approach

Single channel calculations are the simplest quantum mechanical way to evaluate the elastic and the reaction cross
sections. In this approach, the total potential,

V(r) = W) + Uc(r), (1)

with Vy(r) and Uc(r) standing respectively for its nuclear and Coulomb parts, does not depend on any intrinsic degree of
freedom.
To calculate the cross sections, the nuclear scattering amplitude, fy(6), is expanded in partial-waves,

1 ,
O = Z(ZlJr 1) Py(cos0) € (Sw; — 1), (2)

where P is the Legendre polynomial, o; is the Coulomb phase shift (known analytically) and Sy ; is the nuclear S-matrix. The
elastic cross section is given by the expression

do (6
Z;) = [N (O) +fc®)

where fc(0) is the well known Coulomb amplitude.

Usually, fusion and direct reactions have strong influence on the elastic cross section and this fact cannot be ignored.
The incident wave in the elastic channel is attenuated as other channels are populated. Thus, a single channel approach
obeying the continuity equation would be unrealistic. It is then necessary to add an imaginary part to the nuclear potential,
to account for the loss of flux. That is, one writes

Un(@r) = Un(r) —iW(r), (4)

where Un(r) = Re {Vn(r)} and W (r) is a short ranged function of r.

Animmediate consequence of the complex potential is that the resulting Hamiltonian is non-Hermitian and the S-matrix
loses its unitary property. Thus, the modulus of the S-matrix at the partial-waves influenced by W (r) is less than one.

The absorption cross section is given by the difference between the incident flux and the emergent flux. In principle, it
corresponds to the sum of all processes simulated by the imaginary potential. Thus, it is the total reaction cross section. One
can easily show that this cross section is given by (see, e.g. Ref. [7]),

2
s

(3)

or = klz Y@+ TRE), (5)
1

which is obtained from the asymptotic form of the radial wave functions, u;(k, r). Above,’

TRE) =1 — |’ (6)

is the reaction probability at the angular momentum [ in a collision with energy E.

However, the above expression presents serious problems at very low collision energies. In this case, the distance of
closest approach is much larger than the range of the imaginary potential. From the quantum mechanical point of view, this
means that the incident wave is almost completely reflected outside the range of W (r). This makes |Sy | very close to one
and rJ‘,R(E) becomes very small. It is then necessary to determine |Sy ;| with great accuracy. Below some limiting energy,
TIR(E) is smaller than the rounding errors of the calculations and Eq. (6) becomes useless. It is then necessary to resort to
the expression [7],

R 1 4k 2
TE) = — — [ drW(r) Juk, )|, (7
|AI© E
where A is the normalization function of the radial wave function. This expression is accurate at all collision energies.
Eq. (7) has an additional advantage over Eq. (6). In some situations the imaginary potential is the sum of two or more
terms and each one is associated with a particular reaction mechanism. As an example, we consider the situation where
W (r) can be put in the form,

W(r) = Wi(r) +wP (), (8)

1 Note that the absorption cross section vanishes for Hermitian Hamiltonians, where the S-matrix is unitary. In typical nuclear reactions, the
projectile-target interaction excites intrinsic degrees of freedom. In this way, the incident current emerges both in the elastic and in all non-elastic channels.
Accordingly, one has to include all the corresponding channels in the description of the reaction process. The multi-channel S-matrix is still Hermitian.
However, if one uses a reduced description that includes only the elastic channel, the other channels are implicitly taken into account through the use of
an absorptive complex potential (the optical potential), which results in a sub-unitary reduced S-matrix.
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where WF(r) is a short-range volumetric term associated with fusion, and WP (r) is an imaginary potential with a longer
range, arising from couplings with direct reaction channels. Usually the latter is peaked at grazing distances. One can then
use Eq. (7) for each piece of the imaginary potential. This leads to the fusion and to the direct reaction probabilities, given
by

TFE) = /dr WFr) uyk, )2 ©)
B =R E 1(k, )
D 1 4k D 2
T (LE) = — — | drW () u(k, )| (10)
|Al= E
Inserting these coefficients into Eq. (5), one gets the corresponding fusion and direct reaction cross sections,
g ~F
or(E) = -5 Z(21+1> 7 (L E), (11)
T D
on(E) = 15 XI:(le) 72(1, E). (12)

2.2. The coupled channel approach

The coupled channel (CC) method is the most powerful tool to study multi-channel scattering. It allows explicit consid-
eration of the projectile-target separation vector, r, and also the intrinsic coordinates of the collision partners, labeled by &.
The system Hamiltonian is?

H=H+h+V, (13)

where H acts only on the collision degrees of freedom, h is the intrinsic Hamiltonian, acting on the £-space,and V = V(r, &)
is the interaction coupling the collision and the intrinsic degrees of freedom.
To derive the coupled channel equations, one first performs the channel expansion of the full scattering state,

v (ko;r) =YY (ko 1) lga) (14)
o
where wo(f) (ko; r) is the scattering wave projected onto channel « and |¢, ) is the intrinsic bound state of the system with
eigenvalue ¢,. These states satisfy the equations,

h |§00t) = &y |‘poz) and ((poz |‘ﬂ(x’) = 8aa’~ (]5)

Inserting the channel expansion of Eq. (14) into the Schrodinger equation for the scattering system, one gets the coupled
channel equations,

[Ex — Ha] ¥$ (koi 1) = )~ Vo 0 Y5 (ko 1), o0/ =0, 1, (16)

Above, E, = E — ¢, and H, and V,,, are the matrix-elements

Hy = (¢l H l@y) and Voo = (@ol V |§0(;) . (17)

The channel projected wave functions corresponding to a wave incident in the elastic channel with wave vector ko,
¥ (ko; 1), should have the asymptotic form

1O ()
Y P (kosT) — A |:¢c (Ko; 1) 800 + fn,o Ko, Ko) - ] ) (18)

where A is the normalization factor, usually equal to (2m) 7372, and ¢c (Ko; r) is the wave function for Coulomb scattering in
the entrance channel. Above, fy o (Ky, Ko) is the nuclear scattering amplitude in channel « for the final wave vector k,, and
Oy (1) = koI — 1o IN(2Kk,T) (19)

is the phase of the Coulomb distorted spherical wave, scattered by the nuclear potential. In Eq. (19), k, = +/2uE,/h and 7,
is the corresponding Sommerfeld parameter.
The cross sections are then given by

dUa(ka,ko) _ koz

2
—|fe(Ky, Ko) 8 Ky, Ko)| . 20
10 o e o) 8o + fia (i, Ko)| (20)

2 We use different fonts to distinguish operators acting on the full space (e.g., H) from the ones acting only onr or on & (e.g., H and h).
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Above, f¢ is the point charge Coulomb amplitude, which contributes only to elastic scattering. The remaining amplitude is
usually expanded in partial-waves as’

fua(Ky, ko) = > " 4m Yy (ko) Yim(ky ) €004 [Sy o1 — 80] . (21)

1
2i/keko 4

where Y, (ﬁ) is the spherical harmonic for angular momentum [ and z-projection m taken at the orientation ﬂ, and og; and
oy are respectively the Coulomb phase-shifts for this angular momentum in the entrance and exit channels. To evaluate
the S-matrix elements, Sy 4, it is necessary to solve the partial-wave projected coupled channel equations and look at the
asymptotic forms of the radial wave functions.

In a coupled channel calculation the absorption cross section is given by a straightforward generalization of its single
channel expression. Assuming that all relevant direct reaction channels are explicitly included in the CC equations,
absorption arises exclusively from fusion and the corresponding cross section is [7],

1 ko
—5 = 2 (W (ko) [Weer
|A|2 E ; o

OfF =

v (ko) ). (22)

If one assumes that the channel-coupling interaction is real, as many authors do, the fusion cross section can be written as
a sum of contributions from the channels involved in the CC calculation. That is,

s (23)
where
1 k
ol = o g D ) [ W |97 ). N

Above, we used a simplified notation for the diagonal matrix-elements of the imaginary potential, W, = W,. Eq. (24) is
very important in collisions of weakly bound nuclei. The assumption of a diagonal imaginary potential in channel space
allows the calculation of individual cross sections for complete fusion and incomplete fusion [10].

The reaction cross section is obtained summing the fusion cross section with the cross section for non-elastic channels
integrated over angles. Calling,

do,
= | —df, 25
O / o (25)
we can write
OR =GF+ZUQ. (26)
a#0

2.2.1. Couplings with continuum states

In collisions of typical strongly bound nuclei the relevant channels in the coupled channel treatment are all bound.
However, in collisions of weakly bound nuclei the breakup process is very important and couplings with intrinsic states
in the continuum must also be considered. Then, the coupled channel approach becomes very complicated. It is necessary
to take into account the intrinsic bound states of the weakly bound nucleus, |¢, ), and also the ones in the continuum,” |¢,).
The channel expansion then becomes

[ (ko)) = Y [¥{" (ko)) ® ) + / de [y (ko)) ® loe) - (27)
The integration variable in the above integral, ¢, represents the energy of the “excited” continuum. Following the same
procedures as in the case of tightly bound nuclei, one obtains the corresponding coupled channel equations

[Ea — Ha ] WP (o3 1) = ) Vior (1) Y157 (o; 1) + / de’ Ve (1) Y5 (o3 1), (28)

3 To keep the notation simple, we ignore channel spins and mass transfer. If spins are taken into account, the expressions become more complicated,
involving vector coupling coefficients, and the S-matrix may have off-diagonal matrix-elements in the [-space. For details, see, e.g., Refs. [7-9].

4 For simplicity, we label the continuum states only by their energy. Usually other quantum numbers are needed to specify the state. In this case,
Eq. (27) should include also a summation over these quantum numbers.
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for the components of the scattering wave function in the space of intrinsic bound states, and
[Ec — H ]y P koit) = Y Vew () ¥ (koi 1) + f de’ Veer (1) Y5 (o3 1), (29)
o

for the component associated with the continuum intrinsic states.

A successful approach to handle this situation is the Continuum Discretized Coupled Channel (CDCC) method [11,12]. It
consists of approximating the continuum by a finite set of states. There are different ways to achieve the discretization [13].
The most frequently used methods are the discretization by bins, in the k- or the E-space, and the pseudostate method.

In the bin discretization in the energy space, one replaces the basis of intrinsic continuum states {¢. (x)}, where x is the
relative coordinate of the fragments within the weakly bound nucleus, by the finite set,

d)n(x):/ds '(e—e¢ep)p.(x), n=1,2,.... (30)

Above, I'(¢ — &) is a function of ¢ peaked at ¢ = ¢,, with width A. In this way, the continuum quantum number ¢ is
replaced by the discrete label n and the expansion is truncated. The problem is then reduced to a conventional coupled
channel problem, involving only a finite number of bound channels.

In the pseudostate method the states are approximated by the eigenstates of the Hamiltonian expanded in a truncated
basis of square integrable functions. The expansion coefficients are then obtained by the diagonalization of the Hamiltonian
in the truncated space. The eigenstates with negative energy correspond to the bound states of the projectile whereas the
eigenstates with positive energy, called pseudostates, are a finite set approximation to the continuum.

The CDCC has been put to test over and over again in the case of deuteron-nucleus scattering [ 12] and more recently in
heavy ion reactions [ 14], both with stable and unstable projectiles, as well as in atomic and molecular scattering [15-17].

2.3. Bare and polarization potentials

Frequently, one is interested in a detailed description of a group of channels. This group is a subspace of the whole
channel space and it is characterized by an operator P, which projects onto it.” However, the remaining channels cannot
be completely ignored because they have influence on the dynamics in the P space. It is then convenient to transform the
coupled equations into a reduced set of equations involving only the channels in the P space, but containing an effective
potential that simulates the effects of the remaining channels. An elegant procedure to derive the effective potential was
developed by Feshbach [18], using projector techniques. This procedure is briefly described below.

Let us consider the situation where the P space is spanned by the channels corresponding to the N intrinsic states,

|®0) s l¢1), - -, |¢n—1). One then introduces the operator P, that projects onto the selected channels, and the complementary
operator Q, that projects onto the remaining part of the channel space. They are given by
N—1 00
P=Y o) (@i Q= |0g) (v5]- (31)
a=0 B=N

In the simple situation of potential scattering, P projects onto the elastic channel and Q projects on all non-elastic ones.
Applying these projectors on the scattering state, one gets its components in the two subspaces,

N—1 0
) =P @) =" [uP) @ e, and  |wo)=Q @) =" |y @ [ep). (32)
a=0 p=N

The projected wave functions satisfy a system of coupled equations, which arises from the Schrodinger equation for the
full many-body wave function. This set can be reduced to a single equation in the P space,

[E — Her] |93 7) =0, (33)
where Hef is the effective Hamiltonian

Hefr = Hpp + Vpq Gf{) (E) Vgp. (34)
Above, Hpp = PHP, Hqq = QHQ, Vpg = PVQ, Vop = QHP, and (Gg) (E) is the Green’s operator in the Q space,

1

+)
Gy, ()= ———.
Q ) E — Hgq + i€

5 Although the subspace and its projector are different objects, we will call P both the subspace and the operator that projects onto it.
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The first term of the effective Hamiltonian,
Hpp = K + h + Vpp, (36)

is the system’s Hamiltonian with the couplings between the P and the Q spaces switched off. Using the explicit form of the
projector P (Eq. (31)) in Eq. (33), one obtains the coupled equations of Section 2.2 (Eq. (16)). However, now the coupled
equations are restricted to the P space.

The diagonal matrix elements® of Hpp,

Hy =& + K+ Vg, (37)

are the components of the Hamiltonian in channel « and the potential V,, is called the bare potential in channel «. It is real,
so that we can write

Vo = U,. (38)

The off-diagonal matrix-elements of Hpp, namely V,,» with « # ', couple the channels within the P space among
themselves.
The second term of the effective Hamiltonian, which arises from couplings with the Q space,

Vpot = Vg G(Q+) (E) Vap, (39)

is called the polarization potential [9]. If there are open channels in the Q space, the i€ in Gq (see Eq. (35)) leads to the complex
polarization potential operator,

Vpol = Upol - inol~ (40)

The exact calculation of V is extremely difficult. However, approximate calculations of this potential are feasible and
may be very useful. In Section 4.4 we derive the polarization potential associated with breakup couplings and show some
applications.

In coupled channel calculations that include the main direct reaction channels, Up is a small correction to the bare
potential, which is the interaction in the P-projected Schrédinger equation in the limit Vpg = Vgp = 0. On the other hand,
W is very important, except at energies much below the Coulomb barrier. It takes into account the coupling with the fusion
channel, which cannot be explicitly included in the coupled equations. For practical purposes, the real part of the effective
potential (the bare potential plus a small correction Uy ) is approximated by some model (double-folding, proximity etc.)
and its imaginary part, W, is parametrized by a simple function. The resulting interaction is called the optical potential.
Typically, the optical potential changes slowly with the system’s mass and charge.

In most collisions, it is convenient to split the P space into two subspaces, P; and P,, with P; containing the elastic
channel plus several important inelastic channels which couple strongly to the elastic channel, and P, containing the other
direct channels. This latter set of channels is treated by the polarization potential method. In this way, the dimension of
the coupled-channel calculations can be considerably reduced and the numerical calculations become much simpler. For
example: in a collision of a weakly bound projectile, it is convenient to include the elastic and the inelastic channels in the
P; space and the breakup channel in the P, space. The couplings within P; are then taken into account through the coupled
channels equations, whereas the effects of the breakup channel are expressed by polarization potentials included in these
equations. In contrast with the optical potential, this polarization potential has a strong dependence on the nuclear structure
properties of the collision partners. Thus, they must be evaluated by some reliable approximation, like the one proposed by
Thompson et al. [19].

2.3.1. The dispersion relation and threshold anomalies
The general mathematical property [20]

. 1.
el o [ oo

where # stands for Cauchy’s principal value, leads to a dispersion relation connecting the real and imaginary parts of the
polarization potential.
)

The first step to derive the dispersion relation is to use the spectral representation of G, (E). In general, the Hamiltonian
Hqq has bound and unbound eigenvalues, satisfying the equations,

Haoq |¢n) = En |¢n) and Hoq |@r.o) = E |fr.q), (42)

6 In Eq. (37) and throughout this section, we adopt the short-hand notations, H,, = H,, and V,, = V.
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where « represents any additional quantum numbers needed to specify unbound eigenstates. Then, the completeness
relation has the form

D 1da) (dal + / dE' |¢p o) a| =T, (43)

where T is the identity operator.
Let us make the simplifying assumption that Hgq has no bound states, or the bound states are not relevant for the

calculation of the polarization potential. In this case, the spectral representation of G(+) (E) reduces to

Gy (E) = Z / dE’ |§E ‘”E/q:f l"; |. (44)
Now we use Eq. (41) and write
! , :!P{ ! }:FincS(E—E/). (45)
E—F *ie E—-F
The above Green’s function then takes the form
GSY(E) = Z / dE’ \4)5; ‘if, 2 —in Z |B.) (.| - (46)

Using this representation of the Green’s function in Eq. (39) and writing separately the real and imaginary parts of the
polarization potential, one gets,

Re (Vo ()} = > 2 ! / dE’ VPQ|¢E;1(?’“WQP} (47)

o

and

Im { Vol (E)} —WZVPQ|¢Ea (.| Vap- (48)

Inspecting the above two equations, one immediately gets the dispersion relation,

Re {Vpo(E)} = —% P i/dE/ Imm"‘(E)}}. (49)

E—-F

One can also derive the similar expression [21],

Im (Ve (E)} = 1 P :/ dE’ ReW‘"’l(E/)}] , (50)

T E—F

where the real and imaginary parts of the potential exchange places. It corresponds to the Hilbert transform [22] of Eq. (49).

The above equation involves several approximations. The form factors operators Vpg and Vqp are taken as real, energy-
independent and local in the coordinate space. Frequently, the subspace P contains only the elastic channel, that is P =
|0) (0], and it is calculated in the coordinate representation. Assuming that the form factors are local, Eq. (39) leads to the
expression

r). (51)

One should realize that in typical situations the bare potential is assumed to be local,” whereas the polarization potential
is intrinsically non-local, owing to the non-locality of the Green’s function. Thus, including the polarization potential in the
Schrédinger equation, one has to deal with an integro-differential equation. However, several assumptions are invoked to
reduce Vo (E; 1, 1) to a local potential. Some local approximations for the polarization potential, like that of Thompson
et al. [19] were shown to give very good approximations to results of full coupled channel calculations [23].

In some situations the channel Hamiltonian Hgq, appearing in the Green’s function Ggr), is not Hermitian, owing to the
presence of other channels besides the ones of the Q space (compound nucleus). Nevertheless, detailed coupled channels
calculations of the polarization potential [21], have shown that the resulting potential does obey the dispersion relation.

Vpol (E;r, l'/) = <l'; 0|VPQ Gg—

7 The locality of the bare potential is conditioned to the neglect of exchange terms, or to the use of some local approximation for them.
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The usual application of the dispersion relation is to verify experimental findings about the energy dependence of the
optical potential extracted from elastic scattering. This analysis supplies information about the total polarization potential.
The dispersion relation comes into the picture by taking the imaginary potential as given through analysis of elastic data.
Since this imaginary part is expected to become very small as the energy is lowered below the Coulomb barrier, which
acts as a natural threshold for non-elastic couplings, the general behavior of the energy dependence of the total imaginary
potential is taken as roughly constant (or very slow energy dependent) above the barrier, followed by a rather sharp drop
to zero as the energy is lowered below the barrier energy. The dispersion relation will supply the energy dependence of the
real part. This procedure has become part of the analyses of reactions induced by stable strongly bound nuclei [24,25].

Recently, an extension of the application of the dispersion relation to cases where breakup channels are important, such
as the case of reactions induced by weakly bound nuclei, has been made [26]. In such systems, the energy dependence of
the imaginary part is significantly different from the case of strongly bound nuclei, as, even when the energy is lowered
below the Coulomb barrier, the absorption continues to be strong since the threshold of the breakup coupling is quite small.
Accordingly, there is an increase in the imaginary part followed by the drop to zero as the energy is further lowered. This
has the consequence that the real part will show an energy dependence in marked difference to the case of strongly bound
nuclei. In fact the experimental data seem to show this difference: whereas in the case of strongly bound nuclei the real part
shows an increase in attraction as the energy is lowered below the Coulomb barrier, the scattering of weakly bound nuclei
shows a reduction of attraction (effective repulsion). These different behaviors became known as the Threshold Anomaly
(TA) [24], and the Breakup Threshold Anomaly (BTA) [26], respectively.

2.4. Recent extensions of the CDCC

The usual method of solving the CDCC equations is to consider the projectile as a two-cluster nucleus and take for the
projectile-target interaction the sum of the optical potentials of each cluster with the target. Standard CDCC calculation
involve only bound and unbound states of the relative two-cluster motion. However, intrinsic excitations of the clusters
may play an important role in elastic scattering and breakup reactions. Summers, Nunes and Thompson [27,28] developed
an extended version of the CDCC method (XCDCC), in which core excitations can be taken into account. Recently, de Diego
et al. [29] used the XCDCC method to study the influence of core excitation in the breakup of ''Be projectiles on several
targets.

In many cases the optical potentials of the breakup fragments and the target are not so well known. In such cases, one of
the practices is to use known optical potentials for projectiles very close in mass number to the fragments and to change the
radius as ry A'/3. In developing the CDCC further, a more refined treatment based on the use of the nucleon-target optical
potentials is invoked. This enables one to reduce the degree of uncertainty of the calculation and gives more reliable results.
Recent calculations of the elastic scattering of weakly bound nuclei using this “microscopic CDCC” has proven to be quite
promising [30,31].

An additional complication is that many important weakly bound nuclei, such as ®He and ''Li, dissociate into three
fragments. Then, the description of the continuum becomes much more complicated and the states are labeled by a larger
number of quantum numbers. However, the generalization of the CDCC to three-body dissociation is straightforward,
despite the larger computational effort required [32-35]. In such cases, the continuum states are usually discretized by
the pseudostates method, described in Section 2.2.1.

The four-body CDCC approach is well suited to perform a more reliable calculation of the fusion cross section of three-
cluster nuclei, such as °Be, treated as o + o + n. A calculation along these lines has been recently carried out [36]. The
method has been used to evaluate elastic scattering, breakup and total fusion cross sections in the °Be 4 2%Pb collision, and
the results were compared to data. This unified and consistent treatment significantly enhances the reliability of the model,
since no parameter is fitted, and since the theory can be tested on well-known elastic-scattering data. The overall agreement
of their theoretical results with experiment was rather good. The elastic and fusion cross sections of this calculation will be
discussed in Sections 3 and 5, respectively.

3. Elastic and quasi-elastic scattering

The elastic scattering of the heavy-ion system is of paramount importance as it furnishes information about the
interaction potential at distances corresponding to the exit branch of the Coulomb barrier. This is so since elastic scattering,
specially at low energy, measures the reflection of the flux as it reaches the region of the interaction. The same holds for
the quasi-elastic cross section, which is the incoherent sum of the elastic plus the peripheral non-elastic cross sections.
At angles close to 180°, the elastic and quasi-elastic cross sections supply information about the potential at the shortest
distances where reflection could occur. The interaction potential obtained from a careful analysis of the elastic scattering
data contains the bare potential and the dynamic polarization potential. This latter satisfies the dispersion relation discussed
in the previous section. Both the TA and the BTA (see Section 3.4) were found through such analysis. In this section we give
a brief account of the theory of the elastic scattering of heavy ions with special emphasis on the case of weakly bound
projectiles, where the breakup coupling is expected to be important. We also discuss the elastic and quasi-elastic cross
sections at back angles and the information they supply about the potential, and, in particular the quasi-elastic barrier
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Fig. 1. (Color online) Left panel: The angular distribution for the '¥0 + ®#W system in comparison of a single-channel calculation with a standard optical
potential (dashed line) and with a calculation that includes also the long-range dynamical polarization potential (solid line). Right panel: Elastic angular
distribution for the ''Be + 54Zn system at E.,, = 24.5 MeV, normalized with respect to the Rutherford cross section [40]. The solid line is the result of an
optical model analysis.

Source: The figure is from Ref. [38] and the data from Ref. [39].

distribution and its connection with the fusion barrier distribution. The section concludes with a review of the present
status of the BTA effect found for these weakly bound systems.

3.1. Basic theory and recent measurements

We start our discussion with the basic form of the nuclear part of elastic scattering amplitude, given in Eq. (3) of
Section 2.1. The cross section is then given by |fx(0) + fc(6)|2. This procedure of evaluating the cross section is employed
in numerical calculations, as it avoids the Coulomb singularity. For the purpose of qualitative analysis, one usually employs
the partial-wave expansion of the full amplitude f (6) = fx(6) + fc(6) which is simply,

1 ,
) = o § (214 1) Pi(cos®) (e* Sy, —1). (52)
1

The qualitative properties of the above form of the amplitude, Eq. (52), for the elastic scattering of heavy ions, where the
Coulomb effects are important, has been exhaustively discussed in the literature. We will not repeat this discussion in this
Report, and refer the reader to the appropriate literature (see e.g. Refs. [7-9]). We shall, however, emphasize the salient
features of the amplitude at the near-barrier energies considered both for strongly and weakly bound nuclei.

Asitis well known, at these low energies Coulomb scattering is dominant and the amplitude is predominantly near-sided.
In general, the near-side amplitude is characterized by conspicuous Fresnel diffraction (or Coulomb rainbow). The ratio of
the cross section to that of point charge Coulomb cross section exhibits a value close to unity at small angles followed by
increasing oscillations, and a rather large bump, and then a gradual drop to small values at back angles. This behavior is a
signature of Fresnel diffraction, and it can be observed in most of the available data.

In cases where besides the Coulomb potential, another long-range potential operates, one finds a damped Fresnel
diffraction, with the big bump alluded to above reduced considerably. Further, the region where the ratio o /oy, is close
to one is then restricted to very forward angles. A study of this effect in collisions of tightly bound and halo projectiles has
recently been published [37].

A classical example of this situation is the collision of a heavy projectile with a highly deformed target. In this case, the
Coulomb quadrupole coupling has a long range, so that it produces Coulomb excitation even in distant collisions which lead
to small scattering angles. In collisions of halo nuclei, there is a similar effect. The coupling interaction has a long range,
owing both to the Coulomb dipole term and to the extended nuclear form factor resulting from the halo. Correspondingly,
the couplings with the breakup channel leads to a long-range complex polarization potential, which changes the Fresnel
diffraction pattern as in the case of Coulomb excitation. The analogy of the two situations is illustrated in Fig. 1. The left
panel shows the angular distribution for the collision of ¥0 projectiles with the highly deformed '®4W target, normalized
with respect to the Rutherford cross section. The dashed line corresponds to an optical model calculation with a standard
heavy ion potential and the solid line was obtained including the dynamical polarization potential of Love, Terasawa and
Satchler [38], which accounts for the quadrupole excitation of the rotational band of '®¥W. One observes the damping of the
rainbow maximum at 6., ~ 75°. The right panel shows the elastic angular distribution for the collision of the neutron-
halo ''Be projectile on #Zn. On sees clearly that the rainbow maximum at 6., ~ 40° is strongly damped and the ratio
o /og remains below one all the way down to ~20°. The two panels exhibit the same qualitative behavior, resulting from
the absorption due to a long-range imaginary potential. Recently these effects have been observed for several unstable
projectiles, mainly neutron-halo nuclei. In the last few years, several experiments to determine angular distributions of halo
nuclei have been performed. Examples are: (i) 1'Be on 2°°Bi [41] and ®4Zn [40,42]; (ii) ®He on °Be [43], %’ Al [44], *®Ni [45],
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Fig. 2. (Color online) Left panel: The experimental set up used in Ref. [40]; Right panel: Experimental angular distribution for the ''Be + %4Zn system, in
comparison with the calculations described in the legend.
Source: The figure was taken from Ref. [40].

12051 [46], 2°6Pb [47] and 2%8Pb [48-50]; (iii) ®He on %°Cu [51]. We discuss below some results showing the damping of the
rainbow maximum for these systems.

Let us first consider angular distributions in collisions of the one-neutron halo nucleus ''Be. Mazzocco et al. [41]
measured the angular distribution of 1'Be projectiles on a 2°?Bi target, at the beam energy of 40 MeV. The experiment was
performed at the RIPS fragment separator in RIKEN. More recently, Di Pietro et al. [40,42] measured elastic, quasi-elastic
and transfer/breakup cross sections for the ''Be 4-®4Zn system. The experiment was performed at the REX-ISOLDE facility of
CERN. As the average intensity of the ''Be beam was too low, of the order of 10% pps, it was necessary to use a large detection
system, covering a wide solid angle. The experimental set-up is represented schematically on the left panel of Fig. 2. It used
an array of six Silicon detector telescopes of double-sided silicon strip detectors (DSSSD), with a total of 1536 pixels. The
right panel of Fig. 2 shows the elastic angular distribution of Ref. [40], in comparison with results of several calculations. The
red dotted line corresponds to a calculation that does not include breakup couplings. It exhibits the typical Fresnel pattern
of heavy-ion scattering at near-barrier energies. Clearly, this cross section is very different from the data. When the full
breakup couplings® are taken into account in a CDCC calculation (blue solid line), the experimental angular distribution is
reproduced accurately. On the other hand, if it includes only the Coulomb or the nuclear couplings, the agreement between
theory and experiment becomes much poorer, mainly in the region of the rainbow maximum. This point was emphasized in
arecent paper by Diaz-Torres and Moro [52]. The important role of the nuclear component of the breakup couplings has also
been pointed out in the CDCC calculations of Keeley et al. [53]. In this connection, we mention also de R-matrix based CDCC
calculations of Druet and Descouvemont [54], which reproduce the data equally well and present a detailed discussion of
the interactions and other aspects involved in the work. We should mention that the data was also compared with results
of a single channel calculation with the bare potential plus the dynamic breakup polarization potential of Andres, Gomez-
Camacho and Nagarajan [55] (not included in the figure). The resulting angular distribution was in qualitative agreement
with the data. Considering that this polarization potential is derived through a simple procedure that considers only the
Coulomb dipole coupling, this agreement is quite reasonable.

Now we discuss some angular distributions in collisions of the two-neutron halo nuclei. We begin with ®He. Several
experiments have been performed to study elastic scattering of ®He beams on different targets. Morcelle et al. [45] measured
angular distributions for the ®He + 38Ni system, at the beam energies E,, = 12.2, 16.5 and 21.7 MeV. Their experiments
were performed at the RIBRAS facility, of the University of Sdo Paulo. The left panel of Fig. 3 shows their data in comparison
with results of a calculation that neglects couplings with the breakup channel (dotted line), and with 3-body (dashed lines)
and 4-body (red solid lines) CDCC calculations. First, one notices that the experimental rainbow maximum is damped, in
comparison with the calculation that neglects breakup effects (dotted line), although this effect is not very pronounced. One
notices also that this calculation underestimates the data at large angles, mainly for Ej;, = 16.5 MeV. The results of the
3-body CDCC calculations (blue and green dashed lines) are slightly better but the discrepancies at large angles remain. On
the other hand, the cross section obtained with the 4-body CDCC calculation is very close to the data, over the whole angular
range and for the three collision energies. This damping was also observed for the elastic scattering of the proton-halo B
nucleus on the same target >®Ni, at near barrier energies [56,57].

Kakuee et al. [48] measured angular distributions for the ®He + 2%8Pb system at the collision energies Ej,, = 14, 16, 18
and 22 MeV, over the angular range of 6°-72°. Their experiments were performed at the CRC facility at Louvain-la-Neuve.
Five years later, Sanchez-Benitez et al. [49] extended this study to the higher energy Ej,, = 27 MeV. The experiment was
performed in the same facility and in this case it covered a broader angular interval, in the forward (5°-65°) and backward
(135°-170°) regions. The results of these two experiments [48,49] were analyzed by Fernandez-Garcia et al. [58], with

8 There are two types of couplings: the long-range Coulomb couplings, associated with the Coulomb field, and the short-range nuclear couplings, arising
from nuclear forces.
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Fig. 3. (Color online) Left panel: Angular distributions for the ®He + >® Ni system, measured at the beam energies of 12.2, 16.5 and 21.7 MeV [45], in

comparison with the different calculations described in the legend; Right panel: Theoretical analysis of elastic angular distribution for the ®He + 2°%Pb
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Source: The data are from Refs. [48,49].

Forward DSSSD-PAD Forward CD

square telescope o1 L)
52

(147.8°-170.4°)

]
©
~
d
.......... b 0~57
(6.8°-24.1°)
6 208
\ He +° Pbat 22 MeV
/ \0.1‘°1
/ (%" Backward DSSSD-PAD 0. . M N B e ‘
Backward CD square telescope 0 30 60 90 120 150 180
telescopes 0 (dcg)
<.am.
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with results of three calculations. The purple dashed curve corresponds to a calculation in which couplings with the continuum are totally neglected. The
green dot-dashed curve are results of a CDCC calculation with continuum couplings but neglecting the dipole term of the interaction. The red solid curve
are results of a CDCC calculation with full couplings.

Source: The figure was taken from Ref. [50].

3-body CDCC and CRC calculations. The latter was used to describe the stripping of two neutrons, which leads to the
production of alpha-particles. The results are shown on the right panel of Fig. 3. One observes that the data are equally
well described by the 3-body CDCC (dashed lines) and the CRC (red solid lines) calculations. The large bump of the Fresnel
pattern, predicted by the single-channel calculation with the bare potential (dotted line), is strongly damped in the CDCC
and CRC calculations, in agreement with the data. The experimental cross sections at large angles are also well reproduced
by these calculations, except for the lowest collision energy, Ej., = 14 MeV. A favorable point for the CRC calculation is that
it also reproduces the measured alpha-particle production.

More recently, Acosta et al. [50] used a sophisticated experimental set up to perform a new measurement of the
5He 4 2% Pb angular distribution at Ej,, = 22 MeV. Their experiment was performed also in Louvain-la-Neuve, but with a
5He beam with improved intensity (~10° pps). The detection system was the DINEX silicon detector array, shown on the
left panel of Fig. 4. They used two groups of telescopes, each one with a silicon strip AE and a PAD E detector, with the
shape of compact disk (CD). In addition, they had two square telescopes with DSSSD AE detectors and a PAD E detector.
The measured angular distribution is shown on the right panel of Fig. 4. As in the previously discussed experiments with
the same system, the rainbow maximum is strongly damped and the 3-body CDCC calculations with full couplings with the
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Fig. 6. (Color online) Left panel: Two dimensional plot of AE x (AE + E) at a forward telescope [59]. The pixels are illustrated on the left part. The °Li
scattering data are shown on the upper part of the figure and that for ''Li at the bottom. The events from °Li and 'Li scattering are separated; Right panel:
Elastic angular distributions for °Li and ''Li on 28 Pb [59]. The collision energies are E ,,, = 23.1 MeV (panel (a)) and 28.3 MeV (panel (b)). Further details
of the experiment and of the 4-body CDCC calculations can be found in Ref. [59].

breakup channel are in good agreement with the data. On the other hand the agreement between the experimental angular
distribution and the CDCC calculation without dipole coupling is much poorer. This indicates that this part of the couplings
is very important, as the easily polarizable projectile exhibits an appreciable dipole excitation. This is known as the Pygmy
Dipole Resonance, which is the coherent vibration of the excess neutrons against the tightly bound core (dipole mode).

Another recent experiment on ®He elastic scattering on lead was performed in Louvain-la-Neuve by Standyto et al. [47].
In this case they used a high intensity ®He beam (1.6 x 107 pps) and the target was 2°Pb. Owing to the high beam intensity, it
was possible to use a target thinner than in other experiments involving this projectile. The experimental setup is shown in
Fig. 5. The detection system consisted of two LEDA (Louvain Edinburgh Detector Array) of five sectors each arranged in a six-
sided cone (LAMP) configuration covering angles from 25° to 70° and from 105° to 165°. Each sector consisted of 16 strips.
To monitor the incident flux, two other LEDA sectors in annular configuration were placed downstream of the activation
stack, normal to the beam direction. Their experimental angular distribution is similar to the ones for the 2°8Pb targets in
the same energy range. They compared the data with the results of CDCC and CRC calculations and concluded that the one-
and two-neutron transfer channels are very important.

In a recent experiment, Cubero et al. [59] determined elastic angular distributions for the ''Li 4+ 2°®Pb system. They
measured both ''Li and °Li elastic scattering at two collision energies, one slightly above the barrier and one slightly below
The experiment was performed in the ISAC-II line at TRIUMF, Vancouver. The average intensity of the !'Li beam was only
4 % 10° pps. The experimental setup consisted of four telescopes, two at forward directions and two at backward directions.
Each telescope consisted of a windowless thin DSSSD AE detector and a Si PAD E detector. The segmentation of the detector
system has 256 pixels per telescope, and the configuration allowed high angular resolution with large angular coverage,
from 10° to 140°. Clear identification of the elastic peaks and fragments of °Li and !'Li could be achieved, as can be seen
on the left panel of Fig. 6. The results are shown on the right panel of the same figure. Comparing the cross section for
the two Li isotopes, one observes that the one for ''Li is drastically suppressed, even at very small scattering angles and at
Ecm. = 23.1 MeV, which is below the Coulomb barrier. The theoretical predictions of a 4-body CDCC calculation are in very
good agreement with the data.
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It is interesting that the elastic scattering of ®He on 2°Pb can be well reproduced by three-body CDCC calculations,
whereas that of ®He on the lighter *®Ni target cannot. In the latter case, as Ref. [45] points out, a good description of the data
requires a four-body CDCC calculation. This situation is not surprising. In Coulomb breakup of ®*He, dominated by the dipole
term, the coupling depends on the distance between the center of mass of the alpha cluster and that of the neutron pair.
Thus, it is not sensitive to the individual coordinates of the neutrons. In this way, the four-body CDCC calculation, where the
projectile is modeled as a 3-cluster system (*He + n + n), and the three-body CDCC calculation, where the two neutrons
are approximated by a single cluster, the di-neutron, should lead to similar results. In contrast, nuclear breakup depends on
the individual coordinates of the alpha cluster and of each of the two neutrons. In this way, a four-body CDCC description of
nuclear breakup is expected to be more successful than the three-body one. Therefore, one expects that collisions with light
targets, dominated by nuclear breakup, would require the four-body CDCC, whereas collisions with heavy targets, where
Coulomb breakup is more important, could be well described by the three-body CDCC.

In a very recent paper, Descouvemont et al. [36] performed four-body CDCC calculations of elastic cross sections in
9Be + 2%8Pb scattering. The °Be projectile was treated as a o + « + n three-cluster nucleus. The projectile-target interaction
was written as the sum of standard o — 2%Pb and n — 28 Pb optical potentials available in the literature. Fig. 7 shows angular
distributions for four energies in the 38-60 MeV range. The calculated cross sections are compared to the available data. One
sees that the CDCC cross sections agree very well with the data, whereas the agreement of the single channel calculations
with the data is much poorer.

3.2. The quasi-elastic cross section at backward angles

For the purpose of obtaining insight into the quasi-elastic cross section’ we consider the excitation of collective states
in the target in the sudden approximation, and ignore the spins of these states. If we designate by x the parameter that

9 Note that the concept of quasi-elastic scattering may have a different meaning in other scattering problems. This is the case, for example, in electron
scattering from nuclei, where quasi-elastic scattering refers to a process where a single nucleon knockout is dominant.
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represents the collective degrees of freedom (phase of the oscillator in the case of vibrations, orientation angle of the
deformed target in the case of rotations), then for a fixed value of this parameter, the “elastic” Sy ; elements become Sy (),
and the scattering amplitude becomes a function of x, f (9, x). Correspondingly, the cross section becomes do (6, x) /ds2. Of
course, this cross section has to be averaged over all values of x, which is done by calculating the ground state |0) expectation
value before actually comparing with data. One may define two cross sections,

do (0, x) 5
—— ) =1(0] If(8,x)]|" |0}, 53
(“222) = ol r@mr o 53)
and another cross section, the genuine elastic cross section, which is calculated from the x-averaged amplitude,
do (0) 2
= [{0|f (8, x)|0)|". 54
1o |(OLF (6, %) 0} (54)

It is easy to show that the cross section defined in Eq. (53) contains the elastic one, Eq. (54), plus all the inelastic cross
sections. This can be clearly seen by writing,

(o] IF @, %17 [0) =Y (01 @, 0In) (n|f*©,[0) =Y lfon(®)I*.

n

Thus, in the sudden limit, we identify Eq. (53) with the quasi-elastic cross section.

Of interest here is the cross section at & = 7. As we mentioned in the beginning of Section 3, the cross sections in this
angular region supply information about the nuclear potential. It is evident from the discussion above, and the fact that the
amplitude at near-barrier energies is predominantly near-sided, that a semiclassical evaluation of f (9, x) involves a single
stationary point in the phase of Sy ;. Furthermore, its modulus, Sy |, near & =  is a slowly varying function of the angular
momentum. Under these conditions we may write,

fO,%) = fe(m) Snac (), (55)

where A = [ 4 1/2, and Ac is related to the scattering angle through the usual formula, /Ac = tan (6/2). Accordingly, the
quasi-elastic cross section is given by,

(o

where ogyen is the Rutherford cross section and Ty (E, x) is the | = 0 transmission coefficient as a function of energy and the
parameter X.

Recently it has been shown that quasi elastic scattering at backward angles can also be employed to derive fusion and
reaction cross sections [62-67]. As quasi-elastic processes are much simpler to be measured than fusion, this is a very useful
tool to, at least, estimate fusion cross sections. This simple method is based on the conservation of reaction flux. We define
the quasi-elastic scattering probability, for a center of mass energy E and total angular momentum J as

Pge(E,J) = Pei(E,J) + Pin(E,J) + Pu(E. )), (57)

where Pe, Py, and Py, stand for the elastic scattering, inelastic and transfer probabilities, respectively. The total reaction
probability may be written as

PR(E,]) = Pin(E,J) + Pue(E,J) + Peap(E. J) + Ppu(E. ), (58)

where Py refers to the non-elastic reaction channel probability, Pc,p is the capture probability (sum of fusion and quasi-
fission probabilities), and Pgy is the breakup probability. From the conservation of the total reaction flux one can write the
expression

Pa(E,J) + PR(E,]) =1, (59)

o(m,Xx)

ORuth (7)

o> = <o ‘ |sN,AC(x)|2‘ 0> = 1—(0|To(E, x)|0), (56)

or
Pqe(Es])+Pcap(Es])+PBU(EJ):1~ (60)

Since the quasi-elastic probability for angular momentum J = 0 is given by the ratio of the quasi-elastic differential cross
section and the Rutherford differential cross section at 180°, o4 (E, ) and ogrym(E, ), respectively, neglecting for the
moment Pgy(E, J), one can extract the capture probability P, at ] = 0 from the experimental quasi-elastic probability
as:

qu(Es )

_— 61
URuth(E! 7T) ( )

Pcap(E, 0) =1 _Pqe(Es O) =1-
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Furthermore, one can approximate P, (E, J) by its ] = 0 value'® at the shifted energy [68],

P+

e =
/ ZpLRé

)

where p is the reduced mass of the colliding system. One then gets,
Pcap(E»J) %PCAP(SJ!O): 1_Pqe(8j,0)- (62)

The barrier radius of the effective J-dependent potential is assumed to be independent of ], having the value Rg. The total
capture cross section is then given by

Jor 2 Jer

nl®) = Do (B =7 5 D@D [1= P (&)]: (63)
7=0

where |, is the critical angular momentum at which the potential pocket in the nucleus-nucleus interaction potential
vanishes. Above, we used the compact notation, Pge (&) = Pge (&, 0).

Taking into account lowest order corrections to the J-dependent barrier radius and barrier height [68], Sargsyan et al. [62]
converted the sum over J into an integral over ¢ = ¢ and obtained the expression,

2 E —
Oeap(E) = ”TRB de [1 - M} (1 - M), (64)

2
e ORuth (€, TT) szRB

where hw is the curvature of the Coulomb barrier and

hz]Cl' (]CI' + 1)

ex=E —
cr ZMRé

This equation relates the capture cross section with the backward quasi-elastic excitation function. At energies above the
barrier, good agreement was found between the capture (fusion) cross sections obtained by this method and direct fusion
cross section data for several tightly bound systems [62]. In collisions of weakly bound nuclei, the breakup process must be
taken into account. This can be done easily, replacing in Eq. (64): 0ge(€, m) — 0qe(e, ) + opy(e, ). That is,

2 E _
e (E) = ”TRB / ds [1 _ G“E(S’”HGB”(S’”)] (1 _ 4(5‘9)). (65)

Orutn (€, 77) Hw?Rg

The left panel of Fig. 8 compares the absorption cross sections for the ®Li + 2%Pb system obtained by this method
(red solid line) with the absorption cross section measured directly [69] (full square). Note that for this system absorption
corresponds to fusion. For the indirect determination of oc,p, through Eq. (64), Sargsyan et al. [62] used the quasi-elastic and
breakup data of Lin et al. [70]. The agreement is good at near-barrier energies.

The extension of the above procedure to determine the reaction cross section is straightforward. One has just to replace
in Eq. (64) the quasi-elastic cross section by the elastic one [63]. That is

oel(e, ) 4(E —¢)
or(E) = —/ [ p— n)] (1_/w)2R§ ) (66)

The right panel of Fig. 8 shows the reaction cross section for the °Li + 54Zn system obtained from the above equation (red
solid line), in comparison with the cross section determined from elastic scattering angular distributions (full circles). The
two cross sections are in very good agreement. The figure shows also the fusion (absorption) cross section obtained from
backward quasi-elastic and breakup data through Eq. (65) (dashed line), together with experimental results obtained by
direct measurements [71-74]. The cross section derived through Eq. (65) agrees quite well with the direct measurements,
except for the data of Refs. [73,74], which are represented by squares. However, it has already been pointed out that these
data are underestimated, owing to experimental problems [75].

This method to estimate reaction cross sections is very simple and it seems to work very well. It has been used in other
very recent works [76]. It has also been extended to derive breakup probabilities [77]. Recently, it has been shown [78] that
the predictions of this method are in agreement with coupled channel calculations.

0 This is based on the assumption that the angular momentum dependence of the barrier radius is negligible, which is a good approximation in heavy
ion collisions. To illustrate this point, we consider 60 + 44Sm scattering and adopt the Akyiiz-Winther potential for the nuclear interaction. In this case,
the barrier radii for all partial-waves contributing to fusion lie in the range 9.5-10.5 fm.
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Fig. 8. (Color online) Left panel: Absorption cross sections for the 6Li 4+ 2% Pb system. The red solid line represents results obtained by Sargsyan et al. [62]
through Eq. (65), using the backward quasi-elastic and breakup data of Ref. [70]. The full squares correspond to the fusion cross section measured
directly [70]; Right panel: Reaction and fusion cross sections for the Li 4+ ®4Zn system. The solid line was obtained by Sargsyan et al. [63] through Eq.
(66), using backward elastic scattering data [71,72]. The full circles are experimental results obtained from elastic scattering angular distributions [71,72].
The dashed line is the absorption cross section derived from Eq. (65) [63], using the backward quasi-elastic and breakup data of Refs. [71,72], whereas the
full stars [71,72] and squares [73,74] are fusion data measured by standard procedures.

3.3. Quasi-elastic and fusion barrier distributions

An interesting consequence of Eq. (56) is its derivative with respect to energy, as it supplies us with the barrier
distribution,

qul =

_d [o(m,x) d(0|To(E, x)|0)  dTo(E) (67)
dE - - ’

or() - dE dE

This quantity is very sensitive to channel coupling effects. Thus, comparisons of theoretical and experimental barrier
distributions lead to relevant information about the nuclear structure of the collision partners. Performing the same type of
calculation on the genuine elastic cross section obtained from the amplitude (0|f (6, x)|0), one gets

d [Uel(n)] _d(0ISE0(0)) _ dT¥E)

(68)

" dE | og(m) | dE dE

where TéR) (E) is the genuine elastic | = 0 transmission coefficient. The difference between Ty(E) and TéR) (E) is that the
former pertains to fusion whereas the latter to the total reaction cross section. It is thus fortunate that the fusion barrier
distribution can be studied using the back angle quasi-elastic data, whose measurement is more easily attainable. Of course,
in actual applications to data, the back-angle behavior of the quasi-elastic cross section is measured and its derivative with
respect to energy is constructed giving the barrier distribution which, in principle, coincides with the distribution obtained
from fusion measurements. This distribution has been used to learn about the collective channels that affect most the fusion
cross section. More recently, the barrier distribution has been used to assess the importance of non-collective channels. We
return to this issue in the following sections.

To show why Eq. (68) is in fact the barrier distribution, we recognize first that, in the case of a single barrier, the
transmission coefficient Ty(E) is, close to the barrier, given to a very good approximation by the Hill-Wheeler (HW)
expression

1
1+ exp[2m (E — Vp) /o]

Here hw is directly related to the curvature of the inverted parabola form assumed for the barrier in the HW approximation.
Accordingly, the derivative with respect to energy is

L dTo(E)  2m expl2n(E — Vp)/ho]
dE. ho (14 exp[27(E — V)/hool}

To(E) =

(69)

which peaks at E = Vg and has a width given precisely by the barrier curvature parameter hiw. Accordingly, the use of Eq. (68)
would supply a complete determination of the fusion barrier. We should, however, emphasize that the HW approximation
employed in Ty (E) is valid only at energies in the vicinity of the barrier height, Vs, and in general one has to assume a more
general form of the [ = 0 transmission coefficient. Further, coupled channels effects render the barrier multi-valued which
results in a more diffuse barrier distribution with some structure.

In actual applications to data analysis, a full CC calculation is performed and the quasi-elastic cross section and its
derivative with respect to energy are calculated. These are, in turn, compared to the corresponding experimental quantities.
For more details we refer the reader to the original literature [79,80]. The measurement and analysis of the quasi-elastic
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cross section at very back angles has been shown to be quite valuable in furnishing information about the fusion barrier
distribution, which complements that obtained from the analysis of the fusion excitation function.

The barrier distribution extracted from the fusion excitation function is best discussed from the definition of the cross
section [81-83],

or(E) = kﬁz; Q1+ 1) Ty(E). (70)

The dependence of T; on angular momentum is, within the HW approximation, of the form of a shifted energy, E; =
E — h?I(I 4+ 1)/2R?, and thus Ty(E) = To(E;). We may replace the sum over I, by an integral over E;, and write,

E
E o:(E) :nR§/ dE' To(E). (71)

—00

Accordingly, d(Eog(E))/dE = nRé To(E), and thus,
1 d*(Eos(E))  dTp

Df = — = 72
TR dE? dE (72)

Comparing Eq. (67) with Eq. (72), we reach the important equality,
Dr = qul~ (73)

This equality shows that one can obtain detailed information about coupling effects on the fusion process by the precise
measurement of backward quasi-elastic scattering and the consequent derivation of the quasi-elastic barrier distribution.
Since usually it is much simpler to measure backward quasi-elastic scattering than fusion and it is also much simpler to
derive the barrier distribution from the first derivative of excitation function than from the second derivative, the equality
of Eq. (73) is indeed very useful.

In Fig. 9 we show barrier distributions for tightly bound systems. We consider both quasi-elastic and fusion barrier
distributions in collisions of 180 with %2Zr, %4Sm, 1>4Sm and '8W targets. We see clearly that the equality Eq. (73) is nicely
satisfied by the data. Application of the above analysis has been mostly made for the case of strongly bound nuclei. In recent
years, this type of analysis has been extended to weakly bound nuclei as well. As we will show later in this section, the
equality of Eq. (73) is not fully satisfied in this case.

The total reaction cross section extracted from the elastic scattering cross section is given by

T o0
on(E) = 15 ;(21 + 1) T (E). (74)

If transfer channels can be neglected, the reaction cross section corresponds to the sum of the fusion cross section and the
cross sections for all inelastic channels integrated over angles. To see this, one analyzes the fusion transmission coefficient
To(E) = 1 — (0]|S;(E, x)|?|0). Using a complete set of states representing the target, the transmission can be written as

To(E) = T,¥(E) — Y, (nIS(E. %)]0)|%. Accordingly,

or(E) = 0r(E) + oin(E). (75)

Since the inelastic transitions are peripheral, so that its contribution at back angles is not very important, one would
expect that barrier distribution analysis can also be performed using the elastic cross section. In cases where some inelastic
channels contribute at back angles, we expect the barrier distribution extracted from the elastic cross section to be a bit
wider than the one obtained from the quasi-elastic or fusion cross sections.

3.3.1. Barrier distributions for weakly bound systems

In collisions of weakly bound nuclei there are different fusion processes. The first is the complete fusion (CF), which is
analogous to the fusion of tightly bound nuclei. In this case, the whole projectile fuses with the target, forming a compound
nucleus with Ap + At nucleons. There are also other fusion processes following the projectile’s breakup. One of them is the
incomplete fusion (ICF), defined as the fusion of part of the projectile’s mass with the target. In the simplest case, where the
projectile dissociates into two fragments, one of the fragments fuses with the target whereas the other is scattered out of
the interaction region. There is also the possibility that the two fragments are sequentially absorbed by the target. This is
called sequential complete fusion (SCF). From the experimental point of view, this process cannot be distinguished from the
direct CF, which is not preceded by breakup. Although some experiments determine the CF cross section, most experiments
determine only the sum of all fusion processes, which is called total fusion (TF). A detailed discussion of this subject will
be presented in Sections 5.2 and 6. There is also the possibility that the projectile breaks up and none of the fragments is
captured by the target. This process is called non-capture breakup (NCBU).

When one is dealing with weakly bound systems, the equality between the backscattered quasi-elastic barrier
distribution (QEBD) and the fusion barrier distribution (FBD) is no longer valid, as first pointed out by Zagrebaev [85].
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Fig. 9. Comparison between quasi-elastic and fusion barrier distributions for several tightly bound systems [84].

When very heavy nuclei are involved, the deep inelastic process may be an important reaction channel and when weakly
bound nuclei are involved, breakup needs to be included. So, Zagrebaev interpreted that the quasi-elastic barrier distribution
corresponds to the reaction threshold distribution, instead of the fusion barrier distribution. Furthermore, Lubian et al. [86]
pointed out that different fusion data are associated with different barrier distributions. The use of CF or TF leads with
different quasi-elastic barrier distributions. Owing to the breakup process, the incident wave is attenuated before it reaches
the fusion barrier and thus the sum of the transmission and reflection coefficients is less than one. One may write

T+R=1- Py, (76)

where T and R are respectively the transmission and reflection coefficients and Pgy is the probability that the projectile
breaks up.

The quasi-elastic barrier distribution associated with the CF fusion barrier distribution should then include all processes
following breakup. On the other hand, if TF is the measured quantity, breakup also contributes to fusion. If the projectile
dissociates into two fragments, the breakup probability can be split as

Pgy = Picr, + Picr, + Pscr + Pncgu, (77)

where ICF; and ICF, denote ICF of fragments 1and 2, respectively. Therefore, the complementary cross section should include
only the remaining one, i.e. oncgy. The quasi-elastic barrier distribution associated with TF should then include NCBU but
not ICF and SCF.

If one wants to compare the QEBD with the FBD, all relevant reaction channels which must be considered in the QE
process should be measured, but this is not the usual case. Keeley [87] also showed that the neutron stripping transfer has
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Fig. 10. (Color online) Left panel: quasi-elastic backscattering excitation function (top) and barrier distribution (bottom) for the °Li + 4Zn system; Right
panel: same as left panel but for the Li 4+ %4Zn system.
Source: The results in both panels are from Ref. [93].

a very important effect on the calculated barrier distribution of neutron-rich radioactive nuclei such as ®He and 8He, what
should make QEBD and FBD quite different for reactions involving those nuclei.

The first reported experiment on QEBD of weakly bound systems was made by Signorini et al. [88], in 1999, for the
9Be + 209Bj system. They found that the QEBD was much broader than the FBD for the same system. The first reported
QEBD experiment involving the ®7Li isotopes was performed by Lin et al. [70]. More recently, new experiments with
6.7Li projectiles were reported. They measured the QEBD in collisions with the 28Si [89,90], *®Ni [91], ®4Ni [92], 54Zn [93],
16,1205 [91], 144Sm [94,95], 197 Au [96], 2°8Pb [91], 2°°Bi [97] and 232Th [98] targets.

Jia et al. [99] reported new measurements for the 9Be 4 2%8Pb system. All these works compare the experimental QEBD
with theoretical predictions of CC calculations that do, and others that do not take into account specific channels. By doing
so, it was possible to verify the importance of different reaction couplings, such as inelastic excitations, breakup, or the
first resonance of °Li, among others. It is remarkable how sensitive is the analysis of the effect of couplings on the QEBD
at near barrier energies. Because of this feature, such analyses become a powerful tool for probing the optical potential at
sub-barrier energies, where the usual angular distribution measurements are not too sensitive to the details of the nuclear
potential.

We remind the reader that quasi-elastic barrier distributions are very sensitive to channel coupling effects, and supply
an important tool to investigate nuclear properties. The effect of the breakup of °Li projectiles was found to be larger than
that of 7Li, in experiments using the same target. The discrepancies between CC calculations and the QEBD extracted from
the data are attributed to important channels not included in the calculations, such as transfer and breakup triggered by
transfer.

Lubian et al. [86] performed CDCC calculations for the B + *®Ni system and showed that the breakup coupling shifts the
QEBD centroid to a higher energy. More recently, Palshetkar et al. [96] found the same effect for the &7Li + % Au systems.
Figs. 10 and 11 show some examples of QEBD analyses for weakly bound systems. Fig. 10 shows the quasi-elastic angular
distributions (top) and QEBD analysis (bottom) for the ®Li 4 4Zn (left panel) and ’Li + %Zn (right panel) systems, reported
by Zadro et al. [93]. The discrepancies between theoretical predictions and experimental data are attributed to the breakup,
breakup following transfer and direct transfer channels not included in the coupling scheme. A detailed derivation of this
equation can be found in appendix A of Ref. [100].

Fig. 11 illustrates the difference between quasi-elastic and complete fusion barrier distributions in collisions of weakly
bound nuclei. Panel (a) shows the QEBD for the ®Li + *Sm system, measured by Monteiro et al. [95]. Panel (b) shows
the CFBD obtained by Rath et al. [101] for the same system. These distributions are clearly different. The difference can
be seen more clearly in the work of Palshetkar et al. [96], where the QEBD and the CFBD are plotted together. The barrier
distributions for the 5Li 4+ '°7 Au system are shown on panel (c), together with the results of CCFULL calculations with (solid
lines) and without (dotted lines) channel couplings. A similar plot for the ’Li isotope is shown on panel (d). In this case, the
CFBD is not available. Note that the QEBD is determined including (red open circles) and not including (green solid circles)
« particles. One notices that the centroid of the QEBD is around 3 MeV lower than the one for CFBD. This is consistent with
the conclusions of Ref. [86], for the 8B + >®Ni system. It is interesting to notice that when the measured alpha particles,
most of them associated with the breakup of the projectile, are added to the quasi-elastic events, the QEBD shifts to higher
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Fig. 11. (a) QEBD for the ®Li + 4Sm system [95]. The curves are results of different calculations; (b) Experimental CFBD for the ®Li + #4Sm system [101].
The dotted and the solid lines are respectively the results CCFULL calculations with and without channel couplings; (c) QE and CF barrier distributions for
the ®Li + '%7 Au system. The green solid circles and the red open circles are the QEBD including and not including « particles and the blue solid circles with
large error bar is the CFBD. The solid and the dotted lines are results of CCFULL calculations with and without channel couplings; (d) QE barrier distribution
for the 7Li 4 % Au system [96]. The notation is the same as in (c). (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

energies, in agreement with our previous discussion. Jia et al. [99] investigated QEBD and CFBD for the °Be + %/ Au system,
and observed that the QEBD centroid is shifted towards lower energies with respect to the CFBD, as it is also the case for
Li projectiles. Comparing the CFBD obtained in calculations with (solid lines) and without (dotted lines) couplings, one
concludes that the effects of channel coupling are very strong.

3.4. Threshold anomalies

Several recent papers have studied the energy dependence of the optical potential in the elastic scattering of weakly
bound systems. In many cases of collisions involving weakly bound nuclei, the imaginary potential increases or remains
constant as the bombarding energy decreases towards the Coulomb barrier, contrariwise to what happens with tightly
bound systems, when the imaginary potential always decreases in that situation. Most of the data are on the scattering of
the stable weakly bound projectiles, °Li, “Li and °Be, but there are also data for the radioactive neutron-halo ®He, proton-
halo #B and no-halo 7Be nuclei. In the following, we summarize the main conclusions reached for each of these weakly
bound projectiles. The analyses of the elastic scattering data performed in several of those papers employed different optical
potentials, such as double folding or Woods-Saxon shapes, but the results were similar for all of the potentials considered.

For ®Li projectiles, there are several experiments using a wide range of targets: 2’ Al[102],28Si[103],>8Ni[104],°°Co [ 105],
64Ni[104],%4Zn[106],8°Se[107],%°Zr[108], 1'6Sn[109], 1*¥Ba[110,111], 4Sm[112],2°8Pb [113],2%°Bi[114]and **Th[115].
For all these systems it is observed the presence of the BTA, since the imaginary potential increases as the bombarding energy
decreases towards the Coulomb barrier. Only when there are not data at energies sufficiently below the barrier, as for the
59Co system [105], the increase of the imaginary potential cannot be observed. For a few systems it was possible to see a
decrease of the imaginary potential, which is expected to vanish at very low energies. The extrapolation of the imaginary
potential to energies below the measured data points suggests that it would vanish at ~0.85 Vg, where all reaction channels
are closed. However, in most cases, the data at the lowest energies are still in a region where the imaginary potential is
increasing as the energy decreases. Thus, an extrapolation to the region where the imaginary potential goes to zero would
be meaningless. Fig. 12 shows the energy dependence of the optical potential for ®Li projectiles in collisions with the 8°Se
(left panel) and #4Sm targets. In these cases there are data at sufficiently low energies to show the increase of the imaginary
potential followed by a decrease.

For the "Li projectile, the situation is not so clear because "Li has one excited bound state and a higher breakup threshold
energy. Thus, there is a competition between the repulsive polarization potential due to the breakup and the attractive
polarization potential due to the inelastic excitation. This point is discussed in detail in Section 4.4. The net result is that
the imaginary potential remains almost constant with energy. This behavior is also a signature of the BTA, although not
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Fig. 14. (Color online) Energy dependence of the imaginary (left panel) and real (right panel) parts of the optical potential for the Be 4 '44Sm system [ 120].
The arrows indicate the Coulomb barrier.

so clear as when the imaginary potential increases when the energy decreases. There are also several works on the elastic
scattering of ’Li with different targets, with the aim of investigating the energy dependence of the optical potential at near
barrier energies: 2’Al [116], 28Si [103], 3°Co [105], 8°Se [107], 1'6Sn [117], '*®Ba [110,118], *4Sm [112], 2°8Pb [113,119]
and 2*Th [115]. In Fig. 13 we illustrate the energy dependence of the real and imaginary parts of the optical potential, in
collisions of ’Li with the same targets as in the previous figure.

For ?Be the situation is even less clear than for ’Li, since in some cases the real and imaginary potentials which fit the
elastic scattering data do not obey the dispersion relation [121,122,60]. For this projectile there are not too many systems
investigated: '2C[121], 2’ Al[123], 39Y [ 124], '44Sm [120], 2°8Pb [ 122,60], 2°°Bi [ 122]. The situation is illustrated in Fig. 14. In
this case the real and imaginary parts of the optical potential are given by the double-folding Sdo Paulo potential [125,126],
multiplied respectively by the renormalization factors Ng and Nj. Fig. 14 shows the energy dependence of these factors.
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Fig. 15. Energy dependence of the real (upper panel) and imaginary (lower panel) parts of the optical potential for the *He + 20°Bi system evaluated at
the sensitivity radius [127] (see text for details).
Source: The data are from Ref. [129].

For radioactive projectiles, there are few investigations. An increase of the imaginary potential was found for the
6He + 299Bj [127,119] and for the ®He + 298Pb [49,128] systems. The studies of Refs. [127] and [128] were based on the
data of Refs. [129] and [49], respectively. This behavior can be observed in Fig. 15, which shows the energy dependence of
the real (upper panel) and imaginary (lower panel) parts of the optical potential for the ®He + 20°Bi system, calculated at the
sensitivity radius [127]. For ”Be on >8Ni [130], with data from [57], the same behavior as for ®Li was observed. This was to
be expected because “Be and °Li have similar breakup thresholds. For 8B on *®Ni [130], with data from [57], the imaginary
potential is almost energy independent.

Another approach to investigate the role of breakup on the energy dependence of the optical potential is the simultaneous
fit of elastic scattering angular distributions and fusion excitation functions. This approach consists in dividing the optical
potential into two parts. A short range potential Vg + i Wg is responsible for fusion, and a superficial potential Vpg + i Wpg
for direct reactions. Gdmez-Camacho et al. [120,131-138] and So et al. [139-145] have used this approach to investigate
several weakly bound systems (57Li + 28Si, 8B 4 >8Ni, °Be + ?’Al, 285i, %4zn, '44Sm, 208:209pD), They found, for all systems
studied, that the fusion imaginary potential Wr presents the usual TA, whereas the direct reaction imaginary potential Wpg
shows a BTA behavior. Both potentials satisfy the dispersion relation. In Fig. 16 we show some results for the 8B 4 >®Ni and
9Be + %4Sm systems.

3.5. The reaction cross section extracted from elastic scattering

Elastic scattering data can be used to extract information about other channels. The classical example is the total reaction
cross section, og, which is the main subject in this sub-section. Since this cross section is defined as the sum of the cross
sections for all non-elastic channels, it is associated with the total flux diverted from the elastic channel. Therefore, the
reaction cross section is equal to the absorption cross section in a single-channel optical model analysis. In this way, one can
determine the optical potential fitting elastic scattering data at several angles, and with this potential evaluate the nuclear
S-matrix elements, Sy ;. The reaction cross section can then be evaluated through Eqgs. (5) and (6). This indirect determination
of the reaction cross section has been used for decades and it is still a very important tool to investigate reaction mechanisms
in collisions of different nuclei, tightly or weakly bound. From the experimental point of view, this method is much simpler
than the alternative procedure of measuring the cross section for each relevant non-elastic process and summing them. This
task is particularly hard for weakly bound systems. Thus, it has been accomplished in very few situations. The main examples
are the experiments on collisions of ®He projectiles on 2°°Bi, performed in Notre Dame [129,146-148], and collisions of the
same projectile on °Cu and on %’ Au targets [51,149] and on °Be [150].

The reaction cross section is given by the sum

OR = Of + 0Op, (78)

where o7 is the fusion cross section and op is the cross section for all direct reactions. In some situations, like collisions of
6He at sub-barrier energies, oy, is responsible for most of the reaction cross section. In other situations, like most heavy-ion
collisions at above-barrier energies, of is the dominant contribution to og. When one determines oy from elastic scattering
data and measures one of these contributions, that is of or op, the remaining one can be determined taking the difference
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Source: Left panel: The figure was taken from Ref. [ 120]. Right panel: The figure was taken from Ref. [131].

in Eq. (78). This procedure has been used by several authors. Examples where fusion cross sections were estimated through
difference between oy (determined from elastic or quasi-elastic data) and the cross sections for transfer or alpha yields can be
found in Refs. [151-156]. On the other hand, Eq. (78) has been used to determine the cross section for the transfer + breakup
processes. In this case the reaction cross section has been determined from scattering data and the fusion and inelastic cross
sections have been measured directly. Then, op was determined from oy and of through Eq. (78), and the cross section for
transfer+breakup is determined subtracting the inelastic cross section from op. This procedure has been used, for example,
in Refs. [120,74,72,157].

An important issue in studies of reaction cross sections for weakly bound systems is whether one can identify a signature
of the low breakup threshold in the data. The same question was raised about the fusion cross sections and a detailed
discussion about this topic, in the case of fusion, is presented in Section 6.4. Here we discuss this issue in the case of reaction
cross sections. Direct comparisons of reaction cross sections for different systems do not lead to reliable conclusions about
the role of the low breakup threshold. The reason is that there are trivial differences, like the charges and masses of the
system, that make the cross sections very different, regardless of the system’s binding energy. It is then necessary to compare
reduced data, instead of comparing the reaction cross sections directly. However, the reduction procedure is not unique.
Presently, there are two reduction methods widely used in literature. The first was proposed by Gomes et al. [ 158], in 2005,
and the second by Shorto et al. [159], in 2009. The latter transforms the reaction cross section into a reaction function. This
is an extension of the ‘fusion function’ method proposed by Canto et al. [160,161], to reduce fusion cross sections (see
Section 6.4). In the following we will briefly discuss comparisons of reaction cross sections reduced according to these two
prescriptions, pointing out that they may lead to different conclusions. Gomes’ method was used to compare total reaction
cross sections of tens of systems [44,158,162-166]. Starting in 2009, Shorto’s method was used in Refs. [159,167-171]. One
also finds works where both methods were used [46,172,173]. Yang et al. [ 170] carried out a comprehensive investigation
by analyzing a large number of systems with Shorto’s method. In the remaining part of this sub-section we show some
reduced reaction cross sections for halo nuclei, for non-halo weakly bound and for tightly bound nuclei, using both reduction
methods.

We start with the Gomes’ method. The left panel of Fig. 17 shows reduced reaction cross sections for several projectiles
on the same 27Al target [ 159]. The results for all weakly bound projectiles are similar, being much larger than the ones for
the tightly bound 0 projectile. The right panel of Fig. 17 shows a similar plot, but including targets with different mass.
The cross sections for the heavier and tightly bound '®0 projectiles are still smaller than those for the weakly bound ones.
However, one observes that the cross sections for halo projectiles are systematically larger than those for non-halo ones.
The same trend is observed on the left panel of Fig. 18, where the reduced reaction cross section for ®He + '2°Sn is compared
with cross sections for other similar systems. The data can be grouped into 3 curves. A curve with higher cross sections
for the halo systems, an intermediate curve for stable weakly bound systems and one for tightly bound systems, which
have the lowest cross sections. Another comparative study of reduced total reaction cross sections following the method of
Ref. [158] is presented on the right panel of Fig. 18. It shows results for the tightly bound “He and for the neutron-halo ®He
projectiles in collisions with targets in different mass ranges. One sees that results for the two projectiles show very different
grends, following two different curves. The results for the tightly bound “He projectile are systematically lower than those for

He.

Now we discuss applications of the reduction method proposed by Shorto et al. [159]. As it will be clear below, the
conclusions may be very different. The left panel of Fig. 19 shows reduced cross sections for the same systems on the left
part of Fig. 17, but using the procedure of Ref. [159]. Now the results for the tightly bound '®0 lies roughly on the same
curve as those for the weakly bound projectiles. The curve is the benchmark UFF, to be introduced in Section 6.4. The central
panel of Fig. 17 shows reduced reaction cross sections for medium mass targets. Now the results for °0 are not smaller than
the ones for weakly bound projectiles (in fact they are even a bit larger). The right panel of the same figure shows reaction
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Source: The figure is from Ref. [159].

functions for heavier targets. Again, the results for the tightly bound 60 projectile follow the same trend as the stable weakly
bound projectiles. In this case, all reaction functions are above the UFF. This expresses the fact that the reaction cross section
is larger than the fusion cross section, owing to the contribution from direct reaction channels.

The above discussion suggests that finding a satisfactory procedure to reduce total reaction cross sections is a hard
task. It is much harder than in the case of fusion, which is basically a tunneling phenomenon. The reaction cross section
is more complicated because it has also a substantial contribution from direct reactions which have a very different nature.
As a consequence, different choices of the reduction procedure may lead to conflicting conclusions about the trends of
the reduced data for weakly bound or tightly bound systems. This has recently been pointed out in a paper by Morcelle
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et al. [173]. When one is dealing with fusion reactions, the fusion cross section reduced by the fusion function method
[160,161] and renormalized as to eliminate the influence of bound channels allows a clear-cut separation of above-barrier
results for weakly bound and tightly bound systems (see Section 6.4). This works because, to a first approximation o is
given by tunneling through a parabolic barrier, as assumed in Wong’s formula [ 174]. The method of Canto et al. [160,161]
does not work very well for the reaction cross section due to the surface absorption associated with direct reactions. For the
time being, neither of the two reduction methods discussed above is fully satisfactory, as recently demonstrated [ 175]. This
is an interesting and complex issue that requires further investigation.

4. Breakup reactions

One of the most important features of the scattering of weakly bound nuclei is the coupling of the elastic channel to the
breakup of one of both collision partners. One reason for the interest in this channel is that coupling to breakup may produce
strong effects on fusion and elastic scattering.

The study of the breakup process has been an ongoing research for several decades. The simplest description was provided
by Serber [176], backin 1947, who postulated that at high energies the inclusive breakup cross section is given by the product
of a kinematical factor and the modulus square of the Fourier transform of the ground state wave function of the fragmenting
nucleus. The application of this model to deuteron breakup has shown the adequacy of the physics behind the model. No
distortion of the fragments was included in this description. Further work on breakup relying on the Distorted Wave Born
Approximation (DWBA) and on three-body descriptions of the process was performed by Hussein and McVoy [177]. In the
case of collisions involving heavy ions, the Coulomb interaction becomes important. Baur and Bertulani [178] developed a
comprehensive theory of Coulomb excitation, including the continuum states (breakup). In their approach they relied on
the theory of Winther and Alder [179]. In this section we give a short account of the breakup reaction theory and discuss
the main experiments performed recently.

4.1. Quantum theory of elastic and inclusive non-elastic breakup

We follow the developments of Austern et al. [ 12] and Hussein and McVoy [ 177]. These authors use a three-body model to
derive the cross section which is found to be composed of elastic breakup and inclusive non-elastic breakup. This latter was
also derived in Ref. [177] within the DWBA. We treat the problem within the spectator model. Here the observed fragment
is taken as a spectator with only optical distortion in the field of the target. Let us call the two fragments of the projectile F;
and F,, and consider F; as the spectator. The target is represented by A and K; and K are the kinetic energy operators of the
two fragments. The exact Hamiltonian of the system then is,

H =Hy+ K + Ky + Uy + Vgya + Vi, (79)

where Hy is the full Hamiltonian of the target, treated as a many-body system, U is the optical potential of fragment 1, V¢,a
is the interaction between F, and the target and V1, is the interaction between the two fragments. The exact amplitude is
then given by,

T = {17t 1) 9| Viz |5 (0,12, ) (80)

where r; and r, are respectively the position vectors of fragments 1 (the spectator) and 2, and |E B (rq, 1y, A)) is the exact
scattering wave function, describing the collision of the incident projectile, treated as a bound two-cluster nucleus, with the
target A. Above, the wave function | x P (K, r1)) is the distorted wave of fragment F; and, finally, @;"2 4 is the exact wave
function describing the dynamics of the participant fragment F, and the target nucleus. The spectrum of this subsystem
(including bound and continuum states) is labeled by «.

The cross section for observing fragment F; is then given by,

d20F1 27

2
= E ‘< O Ky, 11) DL, |V E(+)r,r,A>‘ S(E —Ey —E,), 81
& a0, hvppm); X1 (K1) D Vin [ED (r1, 12, A))| S(E — Ey — Eo) (81)

where vp is the projectile’s velocity. The density of states, given by Ref. [177], is p(E;) = Mk;/(27)3 k2.

Next, one writes the exact wave function in the form of a product, |2 (ry, 12, A)) = |¥ ™) (r1,12)) |®4), where
|l1/(+) (rq, r2)> is the exact three-body scattering wave function of the three nuclei, Fy, F, and A. Using the usual procedure
of replacing the delta function by the imaginary part of a Green’s function which contains the energy of the F, + A system,
allowing thus the use of closure involving QD‘F)‘ZA, and going through some algebra [177], the inclusive breakup cross section
is found to be composed of two distinct terms, the elastic breakup, EB, and the inclusive non-elastic breakup, INEB. In the
former, the target remains in its ground state, whereas in the latter it does not. That is, the target is excited or it captures F,.

Thus, we can write,
2 2 __EB 2 _INEB
d OF, _ d GF] d aFl

dEd$2, ~ dE;d$2, dE;d;’

(82)
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The first term corresponds to the situation where the projectile breaks up and the two fragments scape from the interaction
region, leaving the target in its initial intrinsic state. It is given by,

2
> (187 G ) 6 et ) 1V |9Vt )| 8B~ 1~ B, (83)

l(z

o’ 2mp(Er)
dE;d2; ~  hup

where ]lp(ﬂ (rq, r2)> is the exact scattering state. The second term can be obtained with some further manipulations, as
made in Ref. [12], and the result is,

Pop™  2p(Ey)
dE] d.Q] hvp

(b (r2) | W2 |p P (rp)) . (84)

Above, pF)(r,) is the source wave function: pP(ry) = — <x1(_) )| (ry, r2)>, where W, is the imaginary part of the
potential Vg, 4. Thus, simplifying the notation,
2p(Ey)

OiNEB = Thoe (o | W,

/3<+)>. (85)

The imaginary potential of fragment F, is further decomposed into a direct part, WP, and a fusion part, WzF . Accordingly,
the total inclusive non-elastic breakup cross section, can be written as a sum of two terms. The first, associated with
WzD absorption, corresponds to Inclusive Direct Non-Elastic Breakup (IDNEB). In this process, the target is excited, while
fragments F1 and F2 emerge from the interaction region. The second is associated with the absorption of the fragment F, by
W2F . Therefore it corresponds to incomplete fusion of F, (ICF,). Thus, we can write

OINEB = OIDNEB 1 OiCF, » (86)

where,
2p(E1) |, «
OIDNEB = (PP wp[p™) (87)
P
and
2p(Ey) . R
OicF, = Thop (PH)’ WZF‘,O(H)- (88)

Most theoretical studies of fusion of weakly bound systems can only determine the TF cross section (see Section 3.3.1).
So far, only classical [180-182,100,183] and semiclassical [184] theories give CF and ICF cross sections individually. This
can also be achieved in full quantum mechanical calculations, using the CDCC method, in the particular case where one of
the fragments is much heavier than the others [10]. A detailed discussion of this subject is presented in Section 5.2. The
spectator model, described in the beginning of the present section, can be used to make predictions of the ICF cross section.
However, it cannot be used for CF, where the weakly bound nucleus is treated as a single particle, instead of two fragments.
Therefore, there can be no spectator fragment.

It has been customary to define the No-Capture Breakup as the sum of Elastic Breakup (EB) plus Direct Inclusive Non-
Elastic Breakup (DINEB), oncgy = ogs + opines, Which for all practical purposes is the measured one. Accordingly we can
finally write,

0BU = ONcBU T OicE- (89)

The source function ) (r,) is an overlap of the distorted wave of the outgoing fragment (the spectator) with the exact
three-body wave function of the system. In Ref. [177] a DWBA approximation is employed for the latter wave function,

|!1/(+) (rq, rz)) = ‘X;H (ry) X2(+) (rz)>. The resulting DINEB cross section is then amenable to a DWBA calculation. The above

formalism was used to calculate the spectra of outgoing fragments at intermediate energies. The structure of Eq. (85), is
easy to understand. The source wave function represents the negative energy wave function of fragment F, as it is carried
by the projectile. The matrix element (5" |W |5} is then the “fusion cross section” of this fragment. As such, the cross
section represents the process where F, is captured by the target, while the EB cross section, Eq. (83), represents the breakup
process where both F; and F, scatter elastically. In the formalism above there is no feedback from the breakup channel on
the elastic one.
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4.2. Elastic breakup—classical and semiclassical treatments

One of the first fully classical treatments of breakup was that of Hagino, Dasgupta and Hinde [181]. In this work the
system is assumed to be composed of three bodies: the two-cluster projectile, and the target. The classical equations of
motion for the three bodies interacting with suitably chosen potentials are solved, with appropriate initial conditions and
some restrictions. One of these restrictions is that the collision takes place in a plane, which helps reduce the number of
degrees of freedom that need to be considered. The other initial conditions are the distance ry between the CM of the two
clusters that compose the projectile, and the orientation 6 of the line that joins those Centers of Mass with respect to the
direction of the initial asymptotic velocity of the projectile. The initial velocities of these two clusters with respect to the CM
of the projectile are restricted to be along this line and with values that are related, by energy conservation, to the breakup
Q-value and the interaction potential between the two clusters. The internal orbital angular momentum of the motion of
the two clusters around the projectile CM was therefore not considered. Furthermore, no attempt was made to account for
Quantum effects, in particular barrier penetration and the zero-point motion in the description of the initial state of the
two-cluster projectile.

For each impact parameter b, the calculation of the breakup probability requires to perform a Monte Carlo average over
the values of the parameters ro and 6. In fact, the calculation yields not only this elastic breakup probably, but, with more
emphasis, the contributions to the different fusion processes. For this reason more details on these calculations are given in
Section 5.2.1.

Many of the assumptions and restrictions of this work were eliminated in the also fully classical description of the breakup
process of Diaz-Torres and colaborators [182,100]. Namely, the calculation is fully three-dimensional, the clusters in the
projectile have an initial zero-point motion, and also orbital angular momentum, so their initial velocity is not restricted to
the line that joins them. Their computer code is available in Ref. [ 183]. The calculation has all the ingredients to calculate
the breakup probability directly from the trajectories of the projectile clusters, as in Ref. [181], and it would be interesting
to see its predictions. However the breakup probability along the trajectory is an input to the calculation. Therefore this is
not a stand-alone calculation of the breakup process. The main purpose of model is to study the different fusion process in
collisions of weakly bound nuclei. Thus, we postpone a detailed discussion of this model to Section 5.2.1.

The reason for this approach is that, while CDCC calculations were shown to give an accurate description of breakup,
they have intrinsic limitations in their ability to properly account for the complete fusion process. Essentially, anticipating
what will be discussed in Section 5.2.2, this is because CDCC calculations cannot disentangle the incomplete fusion
process from the contribution to the complete fusion process that arise from the sequential fusion of all of the breakup
fragments. Clearly the classical calculations described above do not suffer from this deficiency, as it is clearly pointed out in
Refs. [181,182,100].

An alternative procedure is to consider a semiclassical description of the collision, in which the orbital relative motion
of projectile and target is treated classically, while internal degrees of freedom of the fragmenting projectile are described
in quantum mechanical terms. This method was proposed in Ref. [185] and extended in Ref. [186], and briefly reviewed
below.

The projectile is described in the two-cluster model as being composed of two fragments, F;, F,. The scattering process
is described in terms of the vector joining the centers of the projectile and the target, R, and the intrinsic vector, r, joining
the centers of F; and F,. The initial ground state of the projectile is coupled to its excited bound states, if any, and to the
continuum of F; + F,. For a given impact parameter b the projectile-target relative motion is given by a classical trajectory
R(t), and the intrinsic dynamics is treated as a time-dependent quantum mechanics problem.

For the semiclassical calculation, the interaction is split into an ‘optical potential’, Vy, and a coupling interaction, U (R, r),
which leads to breakup.

The time-dependent wave function describing the F; — F, relative motion in the projectile-frame is expanded as

w(b,6) =) cb, ) yie M+ wc(b, 0), (90)
i
where the ; represent the bound states and ¥¢ (b, t) are the components of ¥ (b, t) in the continuum,

(b, t) = Z /daa Cy(b, t) e t/M g (91)

lojaJaMa

The amplitudes c;(b, t) and c, (b, t) are functions of time. Their time evolution is obtained from the time-dependent
Schrédinger equation,

i v (t)

=[h+ U, 1)]¥ (), (92)

with the Hamiltonian h + U(t, r), where h is the Hamiltonian operator associated with the F; — F, relative motion,
and U(t,r) = U(R(t), r). This leads to a set of semiclassical coupled-channel equations for the amplitudes c;(b, t) and
¢y (b, t), from which the final values of the amplitudes are determined. These final values determine the observables in a
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Fig. 20. Inclusive energy distribution of the ’Be fragment detected at the laboratory angles: (a) 20° and (b) 30°, with respect to the incident beam direction.
The energy of the incident ®B projectiles is Ej,, = 25.8 MeV. The solid circles are the experimental data of Ref. [187] and the solid lines are the results of
the semiclassical calculations of Ref. [186].

breakup process: angular distributions of the fragments, and their momentum and energy distributions. As it will be seen
in Section 5.2.1, intermediate values of these breakup amplitudes serve also as an input to the calculation of the different
fusion processes that can take place in a collision involving weakly bound nuclei.

As an example of these calculations, we present in Fig. 20 the energy distribution of the ’Be fragments produced in the
8B breakup when these projectiles collide with 3Ni. Those results show that the description of the experimental data by
means of semiclassical approximations can be quite satisfactory.

4.3. Elastic breakup within CDCC

The three-body Continuum Discretized Coupled Channels method, replaces the three-body problem by a two-body
one with continuum. The continuum is discretized and the usual CC method of calculation is employed. This method is
particularly suited for heavy-ion reactions at low energies. Here we only mention that besides allowing the calculation of
the elastic scattering cross section, fully affected by the breakup channel coupling, the CDCC also allows the calculation of
the elastic breakup cross section. This cross section is the inclusive“inelastic” cross section, where“inelastic” here refers to
transition to the continuum. Further, complete fusion, to be discussed in the next section, can also be calculated. Since the
CDCC is a two-body scattering theory, it cannot calculate the inclusive breakup cross section.

The elastic breakup cross section calculated within the CDCC contains both the nuclear and the Coulomb contributions.
The Coulomb one is particularly important for an unambiguous extraction of nuclear structure information of the
dissociating collision partner, such as the dipole response. The Coulomb and the nuclear breakup amplitudes interfere, so
that the breakup cross section can be written as,

N C int
Obu = Opy + Opy + Oy (93)

where oY and oS, are respectively the Coulomb and the nuclear contributions, and o, is the interference term. In analyzing
data, practitioners assume the interference term to be small. Accordingly, to extract the Coulomb breakup, which is easy to
relate to the structure of the breaking up projectile, one usually subtracts from the cross section the nuclear contribution
at',“u. To be in close touch with the data, the usual procedure followed in this subtraction is the so-called scaling method.
There, one measures the elastic breakup on a light target, such as '2C, where the Coulomb contribution is quite small, and
assumes that the nuclear cross section has a linear dependence on the radius of the target.!!

Thus,
A1/3 "
o =P+ on(?0) | o [ =Pt PaAr (94)

where Py, P, do not depend on the target mass (they do depend on the structure of the projectile and on the center of mass
energy). The above scaling relation is applied for a given projectile and value of the center of mass energy. With the above,

11 Since nuclear breakup occurs in peripheral collisions, the cross section should be proportional to the area of a ring with average radius R = Rp + Ry,
and a width Ag, related to the surface thickness. Thus, the nuclear breakup cross section is expected to be proportional to R.
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Fig. 21. (Color online) Nuclear (left panel) and Coulomb (right panel) scaling laws. On the left panel the nuclear breakup cross sections for several systems
with equal values of E /Vj are plotted as a function of Ar. On the right panel the Coulomb breakup cross sections for the same systems and collision energies
are plotted against Zr.

Source: The figures on both panels were taken from Ref. [188].

one then extrapolates the '2C measurement to heavier targets and uses the subtraction procedure to obtain the Coulomb
breakup. At low energies, relevant to our discussion of near-barrier fusion, the scaling formula above is modified to account
for the threshold effect of the barrier. The quantity to maintain fixed is E /Vj, where V3 is the height of the Coulomb barrier.
It was found in Ref. [ 188] that the Coulomb breakup cross section also scales but with the target charge Zr, for a fixed value
of E/VB.

With the above scaling law one has a handle on the relative importance of both nuclear and Coulomb breakup cross
sections at near barrier energies. This in turn should be useful in the study of fusion of weakly bound nuclei as the scaling
law supplies a mean to assess the feasibility of performing a given experiment which aims to discern the influence of elastic
breakup on fusion. An illustration of the working of the scaling laws at low energies is shown in Fig. 21. The Nuclear and the
Coulomb breakup cross sections were obtained with CDCC calculations [188,189].

Recent CDCC calculations by Kucuk and Moro [190] for the exclusive breakup of I’F in collisions with *®Ni and 2°*Pb at 10
AMeV have shown the need for the inclusion of high multipoles, up to A = 5, in order to achieve full convergence. This need
for high multipoles makes it difficult to disentangle structure and reaction effects from low-energy data. Therefore, for the
purpose of extracting this kind of information, it is better to consider higher incident energies, where the process is largely
dominated by E1 couplings. Another relevant result of these calculations is the complicated interplay between the breakup
induced by the Coulomb and nuclear interactions. This can be seen in figure 6 of Ref. [190], which is reproduced here as
Fig. 22. In the case of >®Ni, as observed in previous calculations for other targets, the interference between the Coulomb and
nuclear couplings is destructive at small angles and constructive at larger ones, especially in the region where the breakup
cross section reaches its maximum. For 2%®Pb targets at small angles the breakup process is dominated by the Coulomb
interaction, but beyond the grazing angle the Coulomb breakup is almost completely suppressed by absorption effects.

An interesting comparison between full few body Faddeev-type calculations and three-body CDCC calculations was
performed in Ref. [191]. Those calculations show a fairly good agreement between the Faddeev and CDCC calculations,
better than in a previous work [192], because of an improvement in the speed of the convergence in the most recent ones.
As shown in Fig. 23, the results are very sensitive to the choice of the potential employed, making it clear one needs to use
realistic potentials. Furthermore, the agreement with data is reasonable at low energies, in the region around the 1.275 MeV
resonance shown in the upper panels, although at some angles it underestimates data by about 40%. The discrepancy is even
larger in the non-resonant region at higher energies, illustrated in the lower panels, where the calculations fail to reproduce
the data. The reason for this discrepancy is not well understood, making necessary further work on this problem.

Mukeru, Lekala and Denikin [ 193] investigated the influence of diagonal (between the same bin states) and off-diagonal
(between different bin states) continuum matrix-elements on the breakup cross section. They studied collisions of 8B and '°C
projectiles with *®Ni and 2°®Pb targets. For this purpose, they performed CDCC calculations switching on and off either the
diagonal or the off-diagonal matrix-elements. They found that the diagonal couplings have strong influence on the angular
distribution at back-angles, leading to a reduction of the cross section. On the other hand, the off-diagonal couplings are
more important at forward angles. When they are included, the breakup cross sections are dominated by the Coulomb
couplings, whereas without them the nuclear interaction is more important. The same group studied the effects of nuclear
and Coulomb interactions in the breakup of °C on 2°Pb [194]. They found the predominance of Coulomb breakup over
the nuclear one, and the destructive interference between them. The dipole component was the dominant multipole in the
Coulomb breakup while the d-waves were leading for the nuclear breakup.
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Source: The figure was taken from Ref. [190].

4.4. The breakup dynamic polarization potential

Dynamical polarization potentials have been traditionally introduced as a correction to the bare potential, to reduce
the coupled channel equations to a single-channel problem. These potentials were introduced in Section 2.3 and, using
projection operator techniques, the following equation was derived (Eq. (51) of Section 2.3),'?

Voo (1, ') = <r; 0 ’VPQ G VQP‘ 0; r’> : (95)

where Gg) is the Green’s function in the Q-space, given by Eq. (35). The above equation is very general, valid for any situation,

but it is not useful for practical purposes. The function G(QH is not easy to evaluate and the exact polarization potential is
non-local and energy-dependent. Furthermore, when angular momentum projection is carried out, it becomes also angular
momentum-dependent. Thus, it is necessary to develop approximate polarization potentials.

The use of approximate polarization potentials is a common practice in heavy ion collisions. The approximations used for
this purpose can be tested by comparing the resulting cross sections with the ones obtained in the corresponding coupled
channel calculations (or CDCC calculations, in the case of breakup polarization potentials). The simplest approximations
for the polarization potential lead to very qualitative results. However, the cross sections obtained through more realistic
approximations [ 19] can be quite accurate [19,23] (see right panel of Fig. 24).

12 10 simplify the notation, we are dropping the E in the arguments of the polarization potential and the Green’s function.
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CDCC calculation (solid line) and with an optical model calculation including the dynamical breakup polarization potential, calculated by the method of
Thompson et al. [ 19]. For details see the text.

The earliest approximations for V,,,; were developed to take into account the effects of inelastic couplings. They replaced

Gg) by the non-interacting Green’s function [ 38], or by the Coulomb Green’s function [ 195], and made additional simplifying
assumptions. The non-locality was then eliminated replacing the potential by its trivially equivalent local version. The first
calculations of breakup polarization potentials considered only the nuclear [196,197] or the Coulomb [55,198,199] part of
the coupling. In Refs. [196,197,199,200], G(Q“ was approximated by the Coulomb Green’s function, as in Ref. [195], and
angular momentum dependent potentials were determined. These works calculated the imaginary part of the polarization
potential and then evaluated its real part using the dispersion relation. On the other hand, Refs. [55,198] obtained an
angular momentum independent potential from semiclassical amplitudes. Despite its qualitative nature, the semiclassical
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polarization potential of Ref. [55] was used to calculate the elastic cross section in ''Be-%4Zn scattering [40], and the results
were in reasonable agreement with the data.

Kakuee et al. [48] adopted a phenomenological approach to investigate the breakup polarization potential in *He-28Pb
scattering, at the collision energy E;, = 27 MeV. They made an optical model analysis using the optical potential that
reproduces the elastic scattering of the stable °Li projectile on the same target, and added the Coulomb dipole polarization
potential derived by the semiclassical procedure of Andrés, Gomez-Camacho and Nagarajan [55,201]. The results of the
calculation were compared with the data. They found that the rainbow maximum was damped in comparison with its
behavior in the absence of the polarization potential. However it was not enough to describe the data. The diffusivity of
the imaginary part of the optical potential was then treated as an adjustable parameter. To reproduce the damping of the
experimental rainbow maximum it was necessary to use a very large diffusivity: 3 fm. This indicates that the contributions
from nuclear couplings and/or higher Coulomb multipoles give an important contribution to the breakup polarization
potential.

Mackintosh and Keeley [202] used a different approach to evaluate the breakup polarization potential for the same system
and the same collision energy. They performed a CDCC calculation to determine the components of the elastic S-matrix, and
obtained a phase-shift equivalent local polarization potential using a S-matrix inversion procedure.

Instead of evaluating the polarization potential using projector techniques, as in Section 2.3, one can find an expression
for a local polarization potential directly from its definition. The starting point is the radial equation for the elastic wave
function in a coupled channel problem. For simplicity, we discuss the particular situation of spin zero, where the orbital
angular momentum of the projectile-target motion, L, is the only angular momentum involved in the equation. In this case,
it is a constant of motion. This equation is,"*

[T+ Vo B —E Juan®) = = D" Voo Ryt (R, (96)

a#0
where E = E,— is the relative energy in the elastic channel and V ,, are the matrix-elements of the interaction between
the elastic channel and channel «. In principle, Vj (R) should correspond to the diagonal matrix-element Vj o(R). However,

it is usually replaced by a complex optical potential. The polarization potential, Véé{ (R), is defined by the condition,

[T+ Vo (R) + Vel (R) = Eu Juar(®) = 0. (97)

That is, adding the polarization potential to the left hand side of Eq. (96) and dropping the coupling terms on its right hand
side, one should get the same radial wave function. Comparing Eqs. (96) and (97), one concludes that the above definition
of the polarization potential is equivalent to the equation,

1
R ;vo,a (R) gt (R). (98)

The above potential has the disadvantages of being L-dependent and having poles at the zeroes of the radial wave
function. However, for high enough angular momentum at near-barrier energies, the poles tend to be located at large
distances. We remark that in the case of breakup polarization potentials, which is the subject of this sub-section, the
spin-zero simplification cannot be used. The radial wave function then carries other quantum numbers and so does the
polarization potential. In this case the total angular momentum, J, is conserved but L and the intrinsic angular momenta are
not. However, handling this technical problem is straightforward and we are not going into the details here.

Matsumoto at al. [35] used this approach to investigate the breakup polarization potential for ®He-12C scattering at
the beam energy of 18 MeV. For this purpose, they performed three- and four-body CDCC calculations, where the optical
potential was evaluated by the folding model. They multiplied the folding potential by the complex factor Ny + i Nj, taking
Nr = 1 and using N; as an adjustable parameter. The radial wave functions were then used to derive the polarization
potential, through the spin-dependent version of Eq. (98) (see Ref. [35]). The potentials for the total angular momentum
J = 10 are shown on the left panel of Fig. 24. One observes that the polarization potentials obtained with the three-body
and four-body CDCC calculations are both repulsive (positive valued). This behavior has an important consequence for the
calculation of the fusion cross section. The barrier for the effective potential becomes higher, which leads to a reduction of
the fusion probability.

Nowadays, realistic L-independent approximations for the dynamical polarization potentials are available. We discuss
below the polarization potential of Thompson et al. [19], which has been widely used in recent years. The idea behind
this method is very simple and we outline its derivation here, for the simplified case of spin-zero. It consists of making an
appropriate angular momentum average of the L-dependent polarization potential of Eq. (98), so that one gets rid of poles
and eliminates the angular momentum dependence. The polarization potential of Thompson et al. is given by the expression

> 0 (R) Vol (R)

S S

L

(@
Vpol (R) =

: (99)

13 Note that we are using a different notation for the projectile-target separation vector. We are denoting it by R, so that R stands for the radial coordinate.
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where w; (R) is the weight function

o ® = (2+1) [1- 15 | [ua R (100)

One can easily check that the weight function cancels the poles of the L-dependent polarization potential, at the zeroes of
the elastic radial wave function. However, to use this method to evaluate breakup polarization potentials, it is necessary to
generalize the above equations as to include the angular momentum associated with the relative motion of the fragments
inside the target, and also their spins. This generalization is straightforward but it is not carried out here. It can be found in
Ref. [23].

Before we discuss some applications of this method, it is necessary to understand clearly how breakup polarization
potentials should be used. Clearly, they cannot be meant as a method to calculate the no-capture breakup cross section.
One could be tempted to associate this cross section with the absorption due to the imaginary part of Vj,,1. However, if the
original CDCC calculation uses complex potentials in the discretized continuum, the breakup cross section evaluated in this
way is overestimated. Although the absorbed flux goes into the breakup channel, it does not necessarily contribute to the
breakup cross section. The reason is that the breakup process may be followed by the capture of one or both fragments. These
processes, which are not described in the single channel approach, contribute to the incomplete and to the complete fusion
cross sections, respectively. On the other hand, this is irrelevant for elastic scattering. Therefore, the breakup polarization
potential can be very useful to calculate the elastic cross section. It is also useful to handle situations where one wants to
evaluate inelastic or transfer cross sections in collisions where the breakup channel plays an important role. In this case, one
can eliminate breakup couplings including the breakup polarization potential in the CC equations involving the elastic and
the relevant inelastic channels.

Several authors have used the methods discussed above to calculate breakup polarization potentials and apply them to
obtain cross sections. Keeley, Kemper and Rusek [203] used the breakup polarization potential to evaluate the fusion cross
section for the ®7Li + 10 systems. First, they performed a CDCC calculation and derived the breakup polarization potential
using the method of Thompson et al. [19]. The real part of this potential was then summed to the bare potential and the
fusion cross section was evaluated as a tunneling problem, through the modified barrier.

Keeley, Kemper and Rusek [204] made a comparative study of the breakup polarization potentials for collisions of the
11, He and °Li projectiles on 2°Pb. They used the method to derive trivially equivalent I-dependent local potentials in
Refs. [205,195]. They found that the polarization potentials for ''Li and ®He have a long-range attractive and absorptive tail,
characteristic of the Coulomb dipole coupling, which is not present in the potential for ®Li. This is explained by the fact that
the Coulomb dipole coupling vanishes in the « + d cluster model for ®Li.

Lubian and Nunes [23] used the method of Thompson et al. [ 19] to calculate the breakup polarization potential for the
8B 4 58Ni system, vEew (R). The elastic angular distribution was then evaluated through a single channel calculation adding

pol
v (BU)

ol (R) totheoptical potential. The results are represented by a dashed line on the right panel of Fig. 24. To check the validity

of the polarization potential, this angular distribution was compared with the one obtained through the direct solution of
the CDCC equations, shown as a solid line in the same figure. One observes that the two curves are quite close, which means
that the polarization potential obtained in this way can be used to simplify the scattering problem considerably.

Other authors used the method of Thompson et al. to evaluate breakup polarization potentials for different systems
[114,206,207]. Santra et al. [ 114] calculated the dynamic polarization potential due to direct breakup of °Li, in the ®Li-2%°Bi
collision at near-barrier energies. They found that the real part of the polarization potential is repulsive, leading to a higher
fusion barrier, and the imaginary part is absorptive and has a long-range.

Parkar et al. [206] studied the effects of breakup and 1n transfer in the elastic scattering of °Be on 28Si, ®4Zn and *4Sm.
First, they performed three-body CDCC-CRC calculations, using the >He + « cluster model to represent °Be breakup. The

real part of Vp(glu ) was found to be repulsive, both below and above the Coulomb barrier. Then, they used the 8Be + n cluster

model to represent °Be breakup. In this case, they found that the real part of the polarization potentials for the %4Zn and *4Sm
targets are attractive, both below and above the Coulomb barrier. On the other hand, for the lighter 23Si target, it is attractive
below the barrier and repulsive above. When they calculated the 1n transfer polarization potential (found repulsive) for the
9Be 4 %47Zn and °Be + 4Sm systems and added it to V5", they got an overall repulsive polarization potential at long
distances. It would be interesting to check whether the polarization potentials obtained with more realistic four-body CDCC
calculations confirm this trend. Other calculations for the °Be + *4Sm system using an approach that makes no assumption
about the specific structure of the 9Be projectile leads to a repulsive polarization potential [208].

Keeley et al.[207] performed similar calculations of the polarization potential for the ?Be 4 2°*Pb system using the >He+«
cluster model. They evaluated the overall polarization potential, summing the contributions from breakup and one-neutron
stripping couplings. The resulting polarization potential was found to be repulsive, showing in the surface region the same
characteristics of breakup polarization potentials alone. They have also shown that the dynamic polarization potential has a
strong influence on the elastic angular distribution. The rainbow maximum is strongly damped, as shown on the left panel
of Fig. 25. The damping can be traced back to the long-range imaginary part of the breakup polarization potential. When
the effects of one-neutron stripping are included, the damping increases, due to the extra absorption produced by these
couplings.
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Fig.25. (Color online) Left panel: Angular distributions in the Coulomb rainbow regions in °Be-2%Pb scattering at the collision energy E;,;, = 44 MeV [207].
The dotted, the dashed and the solid lines correspond respectively to no-coupling calculations, couplings with breakup only and couplings to both breakup
and one-neutron stripping. For details, see Ref. [207]; Right panel: Real part of the dynamic polarization potential around the strong absorption radius for
7Li 4 '*4Sm at laboratory energies above (30 MeV), below (20 MeV) and close to the barrier (25 MeV) for breakup of 6Li into « +d following the one-neutron
stripping of "Li.

Source: This figure was taken from Ref. [209].

Recently So et al. [210] studied the elastic scattering angular distributions of the ®He +2° Pb and !'Li 4 2°Pb systems, at
near-barrier energies. They have shown that the Coulomb dipole polarization is not strong enough to explain the damping
of their elastic angular distributions at forward angles. To describe the data, they introduced a phenomenological nuclear
dynamic polarization potential, parametrized by a Woods-Saxon shape, and fitted their parameters. They found parameters
corresponding to larger than usual radii and diffuseness, indicating that these potentials have a long range. The real part of
the polarization potential was also found to be repulsive.

The breakup polarization potentials discussed above lead to some interesting conclusions, that are summarized below.

1. The imaginary part of the breakup polarization potential has a long tail, producing long-range absorption. Thus, it damps
strongly the Coulomb rainbow maximum and suppresses the cross section at forward angles.

2. In most cases, the real part of the breakup polarization potential is repulsive, above and below the Coulomb barrier. The
exceptions are collisions of °Be, when the ®Be + n breakup model is adopted. In this case it is attractive for the ®4Zn and
the #4Sm targets, at energies above and below the barrier. In the case of the lighter 28Si target, it is repulsive above the
barrier and attractive below.

We remark that the repulsive trend of the breakup polarization potential in collisions of weakly bound systems does
not seem to be consistent with the enhancement of the cross section for these systems at sub-barrier energies. It suggests
an attractive polarization potential in this energy region. Thus, it should not be associated with the non-capture breakup
considered above. Recently, Otomar et al. [209,211] performed CCBA calculations for the ’Li 4+ '#4Sm system to investigate
the importance of one-neutron stripping of ”Li followed by bLi breakup. In this case, the polarization potential associated
with transfer followed by breakup becomes attractive, as shown on the right panel of Fig. 25. The authors then conclude, in
agreement with the experimental evidences [212-222], that at energies below the Coulomb barrier the one-neutron transfer
followed by breakup must be the leading mechanism, whereas the non-capture breakup must be the prevailing mechanism
at above-barrier energies.

Gémes Camacho et al. [223] investigated the effects of ®Li resonances on near-barrier scattering of this nucleus from 28Si
and *8Ni targets. For this purpose, they switched on and off the couplings with the I = 2,J* = 3%, 2% and 1% resonances
in CDCC calculations of angular distributions. For both targets, they found that these effects are very small. They found also
that the real part of the polarization potential is repulsive.

4.5. Recent measurements of breakup cross sections

Several measurements of breakup cross sections have been reported. In most cases, inclusive breakup cross sections
are determined through measurements of total alpha yields. However, a few papers report experimental results for the
NCBU cross section, obtained through exclusive coincidence measurements of two light particles. Experiments to study the
breakup of ’Li, °Be, °He and mainly °Li projectiles, in collisions with several targets, have been reported [46,124,154,156,217,
224-233]. More recently, the breakup of ''Li has also been investigated [234]. In all cases, large alpha yields were observed.
This is because the detected alpha particles may be originated in several different processes, such as fusion-evaporation,
direct transfer, breakup (resonant, non-resonant), and ICF. From the angular distributions and kinematics considerations
one tries to disentangle the origins of these alpha particles, or at least to estimate the contribution of each process to the
alpha production. A very important feature of the breakup process is its influence on fusion. However, we will not address it
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Fig. 26. (Color online) Left panel: a-production cross section at two collision energies (open squares) and exclusive breakup cross section (°Li — « + d
and 6Li — p + >He). See Ref. [217] for detail; Right panel: Experimental energy distribution of the a-particle production in collisions of 5Li projectiles on
208ph in the angular range 80° < 6y, < 90° (bars), compared with a DWBA calculation where transfer to the continuum is considered (solid line). The
arrows indicate the expected energy of the scattered a-particle at 6j,, = 85°, assuming (i) 1n-transfer for Qg (dotted line) and Q = 0 (dot-dashed line);
(ii) 2n-transfer for Qg (dashed line), for Q = 0 (long dashed line) and Q = —4 MeV (solid line).

here. This topic will be discussed extensively in Sections 5 and 6. In the following we discuss a few exclusive measurements
of breakup cross sections.

Santra et al. [217] performed exclusive measurements of °Li breakup on a 2°Bi target. Their data are shown on the left
panel of Fig. 26 for two collision energies, in comparison with results of CDCC calculations. They found that the sequential
breakup via the 3" resonant state (solid squares) predominates in the « + d fragmentation, and that the data are very well
described by the corresponding CDCC calculations (dashed lines). One can also observe that inclusive alpha particles yields
(open squares) are much larger than the predictions of the CDCC calculation with full continuum couplings (resonant and
non-resonant).

Kumawat et al. [ 156] measured inclusive «-particle production in the ®Li — %°Zr collision. After subtracting from the yields
the theoretical prediction for the a-particles originated from fusion-evaporation, they obtained the yield corresponding to
the breakup plus transfer processes. This yield turned out to be much larger than the one resulting from fusion. From DWBA
calculations they concluded that most of the alpha particles from direct reactions come from transfer processes, and that
this behavior is almost target independent.

Similar conclusions were reached by Acosta et al. [50,232] measuring inclusive «-particle production in the *He — 2%%Pb
collision. They compared the data with CDCC and DWBA calculations and found that most of the a-particles are generated
by transfer to the continuum. Experimental and theoretical «-particle energy distributions are shown in Fig. 26. One sees
that the agreement is quite reasonable. However, Fernandez-Garcia et al. [58,130] analyzed the same system and the CRC
and CDCC calculations were not able to explain the measured a-particle yields.

Presently, there is no coupled channel code capable of including transfer and continuum discretization (breakup) in
a single calculation. The reason is that such a calculation would require a prohibitively large amount of memory and/or
computer time. Therefore, the present theoretical framework cannot handle collisions when both breakup and particle
transfer couplings are very strong. The CRC handles transfer but not breakup, whereas the CDCC handles breakup but not
particle transfer.

4.5.1. Prompt breakup, delayed breakup and time-scales

Recent investigations of the influence of breakup on fusion have lead to dramatic improvements in breakup experiments.
To determine this influence, it is necessary to distinguish prompt breakup from delayed breakup. In the former, the breakup
process occurs when the weakly bound projectile approaches the target, reaching the range of the coupling interaction. The
latter takes place in two steps. First, the projectile is excited to a long-lived resonance above the breakup threshold, as it
traverses the interaction region. Then, the resonance decays into the breakup channel, when the projectile is following the
outgoing branch of the trajectory. Only prompt breakup, which occurs in a time scale of 10722 s, may affect fusion. In delayed
breakup the resonance life-time is much longer than the collision time. Thus, the projectile breaks up when the collision is
over and hence it cannot affect the fusion cross section.

Recently, de Diego et al. [29] studied the effect of core excitation on the resonant breakup of !'Be on a proton target,
using the XCDCC approach of Summers, Nunes and Thompson [27,28] (see Section 2.4). The energy of the ''Be beam was
67.2 MeV/nucleon. The calculation takes into account the excitation of the 2% rotational state of '°Be. They calculated the
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excitations, while the dashed and solid lines represent results of calculations including core excitations. For further details see the Ref. [29].

Source: The data are from Ref. [235].

angular distribution of the excited ''Be projectile, and compared it with the experimental distribution of the center of mass
of the '°Be — n fragments. The results are shown in Fig. 27. One concludes that the predictions of the full XCDCC calculation
are in very good agreement with the data, whereas the results of the CDCC calculations without core excitation are much
poorer.

Usually breakup experiments measure the breakup cross section, which is the sum of contributions from prompt and
delayed processes. However, very recently, the Australian National University group developed ingenious experimental
set-ups to distinguish prompt breakup from delayed breakup [212-214]. Their experiments allowed the determination of
the time scale of the breakup events in collisions of the weakly bound %7Li and °Be projectiles on different targets. In the
following, we mention some previous works and give some details of the new ANU experiments.

Early in 2002, Hinde et al. [215] performed coincidence experiments to determine time scales in the breakup of ?Be, in
collisions with a 2°8Pb target at sub-barrier energies. They were able do disentangle prompt °Be breakup from the delayed
breakup of ®Be, triggered by a one-neutron stripping process. In the latter case, the transfer reaction produces the unstable
8Be nucleus, which has the half-life tip ~ 10716 s. Thus, it is several orders of magnitude longer than the collision time
(t. ~ 10722 5). The time scales involved in the breakup process will be discussed in detail in connection with Fig. 30.

In 2006, Shrivastava et al. [216] made exclusive measurements of ’ Li breakup, in collisions with 8°Cu. The experiment was
performed at the BARC-Mumbai and the measurements were made at a single collision energy above the barrier. They found
that the yield of coincidences between an «-particle and a deuteron was much larger than that for coincidences between
an o-particles and a tritium. This was a surprise, since the widely used two-cluster model for ’Li (*He 4 3H) would predict
yields of @ and tritium fragments, and not of deuterons. Analysis of angular distributions using Born approximation provided
clear evidence that the o« — d events arise from a two-step process: direct one-neutron stripping, leaving the projectile in the
2.186 MeV (3*) resonance of 6Li (tip =2.7 x 10720 5), above the o — d threshold, followed by its decay into an «-particle
plus a deuteron. They concluded that the cross section for the two-step breakup process was larger than that for the direct
breakup. In their paper they present a very interesting discussion about the need of exclusive coincidence measurements
to establish the origin of the large a-particle yields in experiments involving light weakly bound nuclei. We point out that
similar conclusions were reached in the work of Santra et al. [217], discussed in the previous section, based on experiments
performed in the same laboratory. They found that the cross section for breakup following the excitation of the 3* resonance
of ®Li was much larger than that for direct breakup. Furthermore, they observed an important cross section for the breakup
of °Li, produced after the stripping of one neutron from °Li. They also found huge alpha yields in inclusive measurements.
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Fig. 28. (Color online) (a) Arrangement of the detector array used at ANU [212-214]. The Arrow corresponds to the beam direction; (b) Pixel separation
of the detectors and scattering angle and azimuthal angle ranges; (c) Typical bi-parametric spectrum, separating protons, deuterons and tritons.

A new generation of experiments at the ANU allowed the complete characterization of the breakup process [212-214].
The results of the first experiments were presented at the Nucleus-Nucleus Conference in 2009 [236]. They used four large
area double-sided silicon strip detectors (DSSDs), with 128 pixels each, placed at the backward hemisphere, as shown in
part (a) of Fig. 28. The experiments were performed at sub-barrier energies, to minimize the probability of incomplete
fusion of the charged breakup fragments. This array made possible the reconstruction of the coincident particle properties.
The position of the detector array at backward angles minimizes the background from elastically scattered beam particles
and forward focused products from reactions with target contaminants. It has also the important advantage of allowing
the study of trajectories associated with low angular momenta, which dominate the fusion cross section. For each breakup
fragment, one determines the kinetic energy and scattering and azimuthal angles. Then, assuming a three body kinematics,
the following equation can be derived:

Q =E1 + E3 + Erec — Eiap, (101)

where E; and E; are the kinetic energies of the fragments, E.. is the recoiling target-like nucleus energy and E,; is the
incident energy after the correction by the energy loss in the target. E1, E; and Ej,, are measured, whereas E.. is determined
by momentum conservation. Then, the Q-value can be determined. Some experimental results for the breakup of ®Li (top)
and "Li (bottom) in collisions with 2% Pb are shown on the left side of Fig. 29. For the Li induced reaction, the most intense
peak corresponds to the breakup of excited states of the projectile into @ + d. However, there are five peaks of o + p (the
lowest energy states of 22°Pb). After the detector efficiency correction, it was found that Li breakup, following the stripping
of one-neutron, is more probable than the direct breakup. Note that o + « coincidences were also detected (green structure
above 6 MeV). They correspond to 8Be breakup, after the pickup of one proton and a neutron. For the 7Li induced reaction,
the o + t peak is the most intense, but events corresponding to o + d, « + p and @ + « were also observed. The o + «
coincidences are originated from ®Be breakup, following the pick-up of a proton. More recently, similar experiments have
been performed with the same projectiles but on other targets [214]. Some of their results are shown on the right panel
of Fig. 29. A similar study has been performed for °Be projectiles in collisions with several targets [212]. In this case, the
breakup reactions where characterized by coincident events of two alpha particles.

To study the influence of the breakup process on the fusion cross section, it is necessary to determine the time-scale of
the breakup events. This can be done if one uses a classical picture for the Coulomb field associated with the target. The
following expression can be derived [212-214]:

o — myE; + myE; — 2 cos 912 ~mymyE{Ey (102)
1 = )
rel my + my

where m; and m, are the masses of the fragments and 0+ is the angular separation between the final velocities of the two
fragments. As all quantities on the right hand side of Eq. (102) are known, or can be determined experimentally, the relative
energy can be derived from the data. A schematic view of the breakup time scale is shown in Fig. 30, where Ry and Ty are
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Fig.29. (Color online) Measured Q-spectra and identified breakup modes for different systems. Left panel: 5Li +2°*Pb (top) and ” Li + 28 Pb (bottom). One
can observe that a large number of events correspond to breakup following transfer; Right panel: similar spectra, for ’Li on different targets.
Source: Left panel: From Ref. [213]. Right panel: The figure was taken from Ref. [214].

the radius and time when the distance of closest approach is reached. The spread of the curved pink band represent the
relative kinetic energy of the fragments. In the case of direct breakup, the projectile dissociates as it gets into the range of
the coupling interaction and, after that, the fragments interact individually with the target. In this way, they follow different
trajectories and emerge at very different angles, as represented in the inset at the lower part of Fig. 30. Thus, the relative
angle, 615, is large and, according to Eq. (102), the relative energy is large. On the other hand, in the case of delayed breakup,
the dissociation takes place after the collision, when the projectile-target interaction is less effective. The fragments then
emerge with a small relative angle, as represented in the inset at the upper part of the figure. In this case, the relative energy
is small. Therefore, the nature of the breakup process can be determined through the analysis of relative energy spectra.
Prompt breakup is associated with large relative energies whereas delayed breakup correspond to small relative energies.
Fig. 31 shows relative energy spectra for collisions of ®Li (left panel) and 7Li (right panel) projectiles with 2®®Pb. The
narrow peaks at low relative energies correspond to delayed breakup. The peaks are located at E;o; = E* + Qpy, Where Qpy
is the breakup threshold and E* is the excitation energy of the resonance, which decays through the breakup channel. The
broad distribution at higher relative energies corresponds to prompt breakup, which is the process that can affect the fusion
cross section. In the case of ®Li, it is the sum of the tail of the o — d direct breakup with the broad peak of @ — p coincidences,
which dominates. The latter corresponds to >Li breakup, following the stripping of one neutron. The right panel of Fig. 31
shows a similar plot for “Li projectiles. Now, there are sharp peaks at low energies for « — o and o« — d coincidences.
They correspond to delayed breakup following the pick-up of one proton and the striping of one neutron, respectively. The
prompt breakup part of the spectrum is the sum of the broad peaks of the « — t and the « — « coincidences. They correspond
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Fig. 31. (Color online) Relative energy spectra of the breakup fragments of ®Li (left panel) and of “Li (right panel), in collisions with 2°® Pb. The peaks at
small E¢ correspond to delayed resonant breakup, which cannot influence fusion. The broad distributions at high relative energies correspond to prompt

breakup, that may affect fusion. One can notice the important contribution of breakup following transfer in the case of delayed breakup.
Source: The figure is taken from Ref. [213].

respectively to “Li direct breakup and Be breakup following the pick-up of one proton. Similar results were obtained for
other targets [214]. In the case of ’Li breakup in collisions with '#4Sm, the stripping of two neutrons followed by the breakup
of °Li was found to be a very important prompt breakup mechanism. For the breakup of °Be in collisions with several heavy
targets [212], most of the o — « coincident events were related to the delayed ®Be ground state breakup. Among the prompt
breakup events, the ®Be breakup following one-neutron transfer from °Be was found to be ten times larger than the breakup
following inelastic excitation of the °Be.

Souza et al. [218] performed exclusive experiments to determine the kinematic of the « — d coincidences in the breakup
of 5Li. They studied the ®Li — >°Co collision at Ej;, = 29.6 MeV, which corresponds roughly to twice the Coulomb barrier
energy. The experiments were performed in Sdo Paulo, using 11 triple telescopes placed at the forward hemisphere. They
used a semiclassical approach to analyze the collision dynamics, in order to determine time-scale of the breakup process.
They concluded that breakup events populating the low-lying states in the continuum correspond to delayed processes
whereas those going to higher energies could be associated with direct breakup.
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Capurro et al. [220,225] studied SLi breakup in ®Li 4 #4Sm collisions. Their experiments were performed at the Tandar
laboratory, in Buenos Aires. First, they made inclusive experiments at energies above and below the Coulomb barrier, with
a detector at backward angles [225]. Analyzing the large alpha yields, they suggested that some of the alpha particles could
have been produced by °Li breakup, following the transfer of one-neutron from 6Li. Very recently, the same group performed
exclusive measurements for the same system, using two telescopes [220]. They also measured relative energy distributions,
like in Ref. [213]. They concluded that the resonant breakup through the 3% state of °Li (delayed breakup) predominates
over the non-resonant breakup.

The Argentinian group [220] developed a code called SUPERKIN [221,222], based on classical kinematics considering three
body exit channel, to derive differential cross sections for their data [220]. Fig. 32 shows the direct (filled black triangles)
and the resonant (filled blue circles) components of the breakup cross section, together with the CF data (open red squares).
The dotted blue curve and the dashed red curve correspond respectively to the theoretical predictions of the classical model
of Diaz-Torres [182,100,183] (see Section 5.2.1) for the NCBU (resonant + non-resonant) and CF cross sections. One can
observe that the resonant breakup cross section is of the same order as the CF cross section at near-barrier energies, but it
is much larger at energies below the Coulomb barrier. In this energy range the CF cross section drops rapidly, whereas the
resonant breakup cross section decreases slowly with the collision energy.

The final step of this kind of investigation is to relate the prompt breakup events with the suppression of CF at energies
above the barrier. This has been done [212-214] using a tri-dimensional classical dynamical model [ 182], through numerical
calculations performed by the PLATYPUS code [ 183]. This model relates the suppression of CF above the barrier with the ICF
of prompt breakup fragment. As the breakup events that may affect fusion are triggered by transfer, one may conclude that
the effect of the breakup on fusion depends both on the properties of the projectile and target nuclei.

From the above discussion one learns that the breakup of weakly bound nuclei is much more complex than the simple
picture of the direct dissociation of the projectile. Furthermore, it suggests that the influence of the breakup process on
fusion cross sections is strongly dependent on its time scale. In this way, the recent experimental development described
above is a new ingredient to shed light on the reaction mechanisms involved in collisions of weakly bound nuclei.

5. Fusion reactions: theoretical approaches

The general problem of fusion reaction of heavy ions has been under experimental and theoretical scrutiny over the last
eight decades, since the seminal work of Gamow on the tunneling process and alpha radioactivity. Owing to the existence of
the Coulomb barrier between charged particles, the very low energy tunneling probability or fusion is basically determined
by the well known WKB expression for the transmission/tunneling through a real barrier,

]
7(,E) = exp [—2 / dr /2 (Vi(r) — E)] = exp[—2®(LE) . (103)
n

Above, w is the reduced mass of the projectile-target system and r; and r, are the inner and outer turning points. These
points are determined from the condition V;(r) = E, where E is the collision energy in the center of mass frame and V;(r) is
the real interaction (Coulomb + nuclear 4 centrifugal terms), representing the barrier. Notice that the factor @ is large at
very low energies. For energies close to the top of the barrier, @ becomes small, and in this case the expression for 7 (I, E)
was derived by Kemble [237] and is given by,

1

T = o200 B

(104)
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The fusion cross section is then evaluated using the above transmission coefficient in the partial-wave expansion,

T o0
or(E) = -5 ;(ZHL 1) 7 (I, E). (105)

Notice that the Kemble formula fails at energies above the barrier of the V,(r) potential, denoted by B;. Since there are
no real classical turning points in this energy region,'# Kemble’s transmission factor has the constant value 7 (I, E) = 1/2.
This result disagrees with Quantum Mechanics, according to which the transmission coefficient tends to 1 as the collision
energy increases beyond B,. This shortcoming can be remedied by using the parabolic approximation for the barrier,

1
Vi(r) =B — 5 ke (r—R)>,

where R; is the radius of the barrier at the Ith-partial wave and hw; is the corresponding barrier curvature. Kemble used this
approximation to correct his WKB expression above the Coulomb barrier. Hill and Wheeler [238] went further, using the
parabolic approximation above and below the barrier. In this way, they got the closed expression,

1
1+ exp[27 (E — B) /hay]

Finally, Wong [ 174] managed to perform the I-sum in the fusion formula analytically. Using the Hill-Wheeler form of the
tunneling probability and approximating:

7(,E) = (106)

2

w = w) = w, R~ Ry =Rg and B >~ Vg + (l+1/2)2,

2
2Ry

he obtained the now widely used Wong formula for fusion

hw 27 (E — V)
(W) B

Wong's formula is accurate for collision energies around the Coulomb barrier, where the parabolic expansion works. At lower
energies, it becomes progressively different from the fusion cross section obtained by exact calculation of the probabilities
of tunneling through the barrier of the bare potential.

On the other hand, the fusion cross section at sub-barrier energies is influenced by couplings with non-elastic channels,
which lead to lower effective barriers. This effect is particularly strong for systems like '°0 + >4Sm, where the rotational
states of the highly deformed samarium isotope are easily excited. This entails modifying the fusion cross section predicted
by the naive barrier penetration model discussed [239-241]. A more formal demonstration that coupling to other degrees
of freedom besides the radial separation enhances tunneling was given by Ref. [83] and more recently by Ref. [242].

Nowadays, powerful computer codes based on full Quantum Mechanics, like FRESCO [243], are available. They solve
large sets of couple channel equations, including inelastic and transfer channels, or the breakup channel, within the CDCC
approximation [12] (see Section 2.2.1).

5.1. Fusion barriers

Nuclear fusion is associated with the transmission of the incident wave through a potential barrier, resulting from nuclear
attraction plus Coulomb repulsion. However the meaning of the fusion barrier depends on the description of the collision.
Coupled channel calculations involve static barriers, corresponding to frozen densities of the projectile and the target.
Changes in the intrinsic densities during the collision are taken into account through the population of non-elastic channels.
However, in some time-dependent approaches, the densities change as the collision develops. One can then derive dynamic
potential barriers in this way. In this section we consider some aspects of static and dynamic barriers.

5.1.1. Static fusion barriers

In the coupled channel description of nuclear collisions, the Hamiltonian contains a complex potential. Its imaginary part
accounts for the flux lost to channels which are not explicitly included in the calculation. If all relevant channels are included,
it represents exclusively fusion absorption. In most cases, the imaginary part of the potential is diagonal in channel space. In
this way, the channel projected imaginary potential gives the probability of fusion through the corresponding channel. These
potentials are very strong, have short-range and a small diffusivity, so that they absorb completely the current transmitted
through the potential barrier.'> As such, their effects are analogous to those of a black disk in the scattering of light.

14 1 fact, Kemble’s formula can be extended to above-barrier energies if one considers complex turning points [237].

15 According to Eq. (24), the fusion cross section depends strongly on the intensity of the channel wave functions at small distances, where the imaginary
potential is strong. These wave functions are influenced by the real part of the bare potential but also by the channel coupling. Thus, fusion can be considered
a tunneling problem but the tunneling is through effective barriers, rather then through the barriers of the bare potential [240,241].
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Fig. 33. (Color online) Potential barriers for the '°0 + 2%8Pb according to different models for the bare potential available in the literature.
Source: Figure taken from Ref. [7].

Frequently, one investigates the influence of some particular channels on fusion, comparing the predictions of coupled
channel (CC) calculations with experimental data. For this purpose it is necessary to have a bare potential that gives a
reasonable description of the fusion process when all couplings are weak.'® Further, this potential should be valid for systems
over a wide range of the periodic table. Unfortunately, there are several models for bare potentials and these models may
lead to very different results. To illustrate this point, we compare the 80 4 2°8Pb barriers predicted by several models. We
consider the potentials of Akyiiz-Winther [244], Christensen-Winther [245], proximity [246], Sdo Paulo (SPP) [125,126] and
Bass [247]. The results are shown in Fig. 33, which was taken from Ref. [7]. The barriers may differ by a few MeV and this
difference leads to very different cross sections, specially at sub-barrier energies.

Most of the recent studies of fusion, specially of weakly bound systems, use the Akyi{iz—-Winther or the Sao Paulo
approach to evaluate the bare potential. These approaches are based on the double-folding model [248], with the M3Y
nucleon-nucleon interaction [249,250]. This interaction is appropriate for collisions at near-barrier energies, although it
must be modified when the folding model is used in other situations, like in the study of deep sub-barrier fusion [251,252]
or in large angle scattering at energies well above the barrier [253]. The Sdo Paulo potential has the advantage of using
realistic densities for the projectile and the target, and of including some effects of the Pauli Principle.'” On the other hand,
to evaluate this potential it is necessary to have a computer code to carry out the double-folding integration numerically. The
Akyiiz-Winther potential is much simpler. In this case, the double-folding integral is approximated so that the potential is
given by a simple Woods-Saxon shape, with parameters given by smooth functions of the masses and charges of the collision
partners. For this reason, this potential is adopted by many authors.

In most cases, the fusion barriers obtained with the Sdo Paulo and the Akyiiz-Winther potentials are very similar.
Typically, the barrier heights agree within a few hundred keV and the radii agree within 0.5 fm. However, for systems having
unusual densities, like halo nuclei, the agreement may be poorer. In such cases, it is safer to use the Sdo Paulo potential.
As an example, we show the fusion cross sections obtained in single-channel calculations using these potentials. In these
calculations, fusion corresponds to absorption by a deep short-range imaginary potential. The results are shown on panels
(a) (linear scale) and (b) (logarithmic scale) of Fig. 34. The cross sections below the Coulomb barrier (E < Vg ~ 21 MeV),
where they change rapidly with E, are not close. On the other hand, at several MeV above the barrier the predictions of the
two potentials agree within ~20%. However, this is about the order of magnitude of the suppression of complete fusion in
collisions of weakly bound nuclei.

The potential barriers in the coupled channel approach to fusion do not have the same meaning as in a realistic single-
channel calculation. In the latter, the barrier is given by the sum of the bare potential in the elastic channel with the
polarization potential arising from the channel-coupling interactions, as discussed in Section 2.3. To calculate the fusion
cross section one evaluates the transmission factor through the barrier associated to the I-dependent effective potential,

2 oad+1
2 r?

Above, VP! = U — jWF is the optical potential. Its real part is the bare potential and its imaginary part produces short
range absorption, corresponding to fusion. The other term, VP! = UP°! — jWP° is the complex polarization potential. Its
imaginary part takes into account the flux diverted from the elastic channel into inelastic, transfer and breakup channels.
The fusion cross section is then given by the partial-wave series of Eq. (11), with the transmission factors, 7F(l, E), given
by Eq. (9). Since fusion absorption acts only within the barrier associated with the real part of the total potential, the fusion
probability can be approximated by the corresponding transmission factor. A calculation along this line was performed by
Keeley, Kemper and Rusek [203] to evaluate fusion cross sections in the &7Li 4 2°9Bi collisions.

Vi(r) = VO () + v (r) +

. (108)

16 The coupling is weak if its inclusion in a coupled channel calculation leads to small changes in the cross sections, which can be neglected or treated by
perturbative approximations.

17 These effects are not very important at near-barrier energies.
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Fig. 34. (Color online) Fusion cross sections obtained in single-channel calculations using the Akyiiz-Winther (dashed line) and the Sdo Paulo potentials
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Fig. 35. (Color online) Contributions from the 0%, and 2* channels to the fusion of the 0 + >4Sm, in comparison with the total fusion cross section. The
results were obtained in a coupled channel calculation including only the elastic and the first excited state in the rotational band of '>*Sm. For details, see
the text.

Evaluations of the fusion cross section based on polarization potentials have some important limitations. First, one should
make sure that the approximations involved in the derivation of the polarization potential are sufficiently accurate. An
example of a realistic polarization potential, which is frequently used in the literature, is the one proposed by Thompson
et al. [19]. The second limitation is the neglect of fusion through non-elastic channels. In realistic coupled channel
calculations, the fusion cross section is given by a double sum over channels (Eq. (22)). Assuming that the coupling
interaction is real, as it is frequently done, the cross section reduces to a sum of contributions from the elastic and the
non-elastic channels (see Egs. (23) and (24)).

In an idealized situation, where the polarization potential is calculated exactly, the single channel calculation including
this potential reproduces the elastic wave function of the coupled channel equations. Consequently, its contribution to the
fusion cross section, namely the « = 0 term of Eq. (23), is reproduced exactly. However, the contributions from the non-
elastic channels will be missing. This would not be a serious problem if these contributions were negligible. It could be the
case of the CF cross section in collisions of weakly bound nuclei, if the couplings are dominated by the breakup channel. In
this case, the breakup channel can only contribute to CF if all fragments are absorbed sequentially. This is a process of higher
order, which tends to be less important that direct CF (this point will be discussed in detail in Section 5.2). On the other
hand, in typical situations the contributions from non-elastic channels to the fusion cross section may be very important.

We illustrate this point with a simple coupled channel calculation. We consider the 0 + >4Sm collision, which is
strongly influenced by the rotational band of the highly deformed '>*Sm nucleus. For simplicity, our CC calculation includes
just the 0" and the 2" channels. In Fig. 35 we show the contributions from the 0% (short-dashed line) and from the 2
(long-dashed line) channels and also the total fusion cross section (solid line), which is the sum of the two contributions.
It is clear that the contribution from the elastic channel is less important than that of the excited 2% channel. At energies
around the barrier (Vg = 60.4 MeV) it is less than 30% of the total fusion cross section. The small contribution of the elastic
channel results from the attenuation of the incident current, as the 2 channel is populated. In terms of the single channel
approach, this reduction arises from the imaginary part of the polarization potential. We remark that this reduction will not
occur in calculations that evaluate the fusion cross section using WKB tunneling probabilities. In this case, the attenuation
of the incident current is neglected.
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Fig. 36. (Color online) The dynamical barriers obtained by TDHF calculations for the 4°Ca 4 4°Ca (left panel) and '60 4 2%%Pb (right panel) systems [256].
The solid lines and the dashed lines correspond respectively to dynamical barriers for coordinate-dependent and coordinate-independent mass parameters.
Further details can be found in the original paper.

5.1.2. Time-dependent Hartree-Fock and Hartree-Fock approaches to dynamic fusion barriers

A microscopic approach to the calculation of the fusion barriers is certainly desired. This has been done by several authors
using the TDHF method. Of course this theory cannot calculate the tunneling probability itself, as it is “classical” in the sense
that the density matrix evolves in time and in the space of determinants in a classical way. Nevertheless, the method supplies
a powerful mean to obtain the interaction potential between the two ions at distances allowed by the its limitations. The
idea is to determine the densities through the equation,

. dp
ih— = [h(p), pl, (109)
dt
where h(p) is the density-dependent Hamiltonian density. The Skyrme interaction is used for the potential part of h(p).
Currently there are available codes for three dimensional TDHF and HF calculations, which are used to solve the above
equation. The HF equation is simply obtained by setting the time derivative equal to zero. That is,

[h(p), p] = 0. (110)

In Refs. [255,256] the TDHF was employed for the calculation of the fusion barriers of the 41Ca 4+ 42Ca, and 60 + 2%8Pb
systems, while in Ref. [257] the calculations were based on the HF theory. Further, in the latter the TDHF was used to account
for the excitation of collective states in the symmetric systems 4°Ca 4+ 4°Ca and °®Ni + *Ni. Both the TDHF and the HF
calculations supply the energy of the combined system E, 44,, and the ion-ion interaction is calculated as [258],

V(R) = E(A1 + A2, R(t)) — E1 — E3, (111)

where E; is the binding energy of nucleus i, calculated within HF using the same Skyrme effective interaction. In these
works, the fusion cross section and the barrier distributions are calculated a posteriori using a Schrédinger equation with
an incoming wave boundary condition.

InFig. 36 we show the barriers obtained in the TDHF calculations of Umar, Simenel and Oberacker [256] for the “°Ca +4°Ca
(left panel) and '°0 + 2%Pb (right panel) systems (solid lines). The energies Erpyr indicated in these figures correspond
to the center of mass energies. It is clear from these calculations that the fusion barrier does depend on the energy as
it is a dynamical quantity. This energy dependence is found to be more pronounced in the highly asymmetrical system,
160  208pb, The dashed lines are the scaled potentials obtained through a coordinate transformation that eliminates the
coordinate dependence of the mass [255]. The calculated TDHF barriers were shown to be particularly good in accounting
for the deep sub-barrier fusion. Simenel et al. [257] used the potential obtained from the HF calculation to perform a CC
calculation of fusion using the code CCFUS. The calculations included the channels corresponding to excitations of states
with small amplitude obtained with the TDHF. They compared the resulting barrier distributions with data. The results of
these microscopic calculations are quite encouraging and certainly should be pursued further. They supply fusion barriers
which are free from the inherent uncertainties in the phenomenological ones.

5.2. Fusion of weakly bound systems

As we have discussed in Section 3.3.1, there are different fusion processes in collisions of weakly bound nuclei: complete
fusion, which is the sum of the direct and the sequential contributions, and incomplete fusion. The sum of complete and
incomplete fusion is called total fusion. In this section, we discuss the theoretical approaches to describe these processes. We
begin with the earliest works, in which some of the relevant aspects of the problem were taken into account in a schematic
way, going to the most recent treatments using powerful coupled channel calculations involving the continuum.
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Fusion reactions with weakly bound nuclei are influenced by several factors. These factors are listed below.

1. Static enhancement effect: weakly bound nuclei have one or more nucleons with small binding energy. This leads to nuclear
densities with tails spreading out further than those of tightly bound nuclei, giving rise to lower fusion barriers. An
immediate consequence is that the resulting fusion cross section is larger than it would be if all nucleons were tightly
bound.

2. Dynamical suppression of CF: Owing to the low breakup threshold, the couplings with the breakup channel are much
stronger than for tightly bound systems. This leads to an attenuation of the incident current, with large population of
channels in the continuum. Since the latter cannot produce direct complete fusion, the main part of the CF cross section,
this dynamic effect hinders the CF cross section, specially at above-barrier energies. This behavior can be identified in
the data, as we will shown in Section 6.4.

3. Dynamical enhancement of sub-barrier fusion: Similarly to the case of tightly bound system, the couplings among bound
channels lead to lower eigen-barriers. This effect brings about large enhancements of the fusion cross section at sub-
barrier energies.

The first theoretical studies of fusion reactions with weakly bound nuclei, in the early nineties, considered these effects
only partially. Takigawa and Sagawa [259] studied the correlation between the breakup threshold energy and the barrier
height and made estimates of the static enhancement of fusion in collisions of the !'Li halo nucleus. The dynamic hindrance
of 1Li fusion reactions was investigated by Hussein et al. [260] and Takigawa, Kuratani and Sagawa [261]. In these papers the
effects of couplings with the breakup channel were taken into account through the inclusion of an imaginary polarization
potential in the elastic channel. In these works, the couplings with bound channels were treated very schematically, through
a shift of the collision energy. These couplings were better treated in the work of Dasso and Vitturi [262], who showed that
the fusion cross section below the Coulomb barrier was strongly enhanced. The different conclusions of these works resulted
from the fact that they were very schematic calculations which did not consider properly the different effects listed above.
These works investigated the CF cross section but did not make any estimate of the IFC cross section.

5.2.1. Classical and semiclassical approaches to CF and ICF

The first calculations of separate cross sections for the CF and ICF processes were performed by Hagino, Dasgupta and
Hinde [180,181], treating the reaction as a three-body problem in two dimensions and using classical physics. Their model is
briefly described below (for details see Ref. [181]). The three-body system consisting of the target (T) and the two projectile’s
fragments (1 and 2) is represented by the position vectors R(t), r{(t) and r,(t). The motion is kept on the x-y plane, with x
being the direction of the incident beam. The classical dynamics is determined by the Hamiltonian

P2 p2 pZ
H=-T 4+ + 2 4V R-1)+VpR—1) + Vo (r; —12). (112)
2my  2my 2m,

The calculation begins at t = 0, with the target at rest at the origin of the laboratory frame. The projectile (P) has the initial
coordinates Xp (0) = Rpax and Yp(0) = b, where R,,,x is some large distance and b is the impact parameter, and it approaches
the target with an initial velocity parallel to the x-axis. The modulus of this velocity is determined by the collision energy
in the laboratory frame and the potentials V; and Vi, taken at the initial positions of the fragments r;(0) and ,(0). These
positions are given in terms of the projectile’s coordinates and the initial relative vector r(0), which is chosen randomly, but
constrained to the classically allowed region. The initial velocities are treated similarly.

Classical approximations are widely used in heavy ion collisions at near-barrier energies. In this case, the de Broglie
wave-lengths are small in comparison with typical lengths of the system, so that classical concepts may be used
[263-266]. Hagino, Dasgupta and Hinde [ 180,18 1] employed the classical equations of motion derived from the Hamiltonian
of Eq. (112) to study the time-evolution of the three-body system. These dynamical equations are run with a selection of
initial conditions that sample the available phase-space. Fusion of a single fragment (ICF) or both (CF) takes place if the
barrier of the target is transposed. Further, the model can distinguish DCF from SCF. The former takes place when the two-
fragments remain bound when they fuse with the target and the latter occur otherwise. Finally, if the two fragments become
unbound during the collision but neither fuse with the target, the final state corresponds to NCBU.

The model described above was used to calculate TF and CF cross sections for the &7Li + 2°°Bi systems [180] and the
results were compared to the data. They are shown in Fig. 37, which was taken from Ref. [180]. The comparisons indicate
that despite its classical nature, the classical trajectory three-body model leads to quite reasonable results, except at low
collision energies, near and below the fusion barrier. Since this region is strongly influenced by tunneling effects, absent in
a classical model, this discrepancy should be expected.

Diaz-Torres et al. [182,100,183] developed an improved version of the classical model, extending it to three dimensions
and treating the breakup of the projectile as a stochastic process. An R-dependent breakup probability can be inferred from
experimental breakup cross sections or from CDCC calculations [182]. In a collision with energy Eq and angular momentum
Lo, the breakup probability depends exponentially on the distance of closest approach, R.c; = Rc.(Eg, Lg), and one can
write [182,100,183],

o0
Pau(Rea) = 2 / Pay(R) dR = Ae™Fea, (113)
R

ca
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Fig. 37. CF and TF cross sections in the &7Li + 2°9Bi collisions. The solid line and the dashed line correspond respectively to the CF and TF cross sections

calculated by the three-body classical trajectory model.
Source: The calculations and the data are from the work of Dasgupta et al. [ 180].

Above, !PBLU (R) is the probability density for breakup during the motion from R to R+dR. A detailed derivation of this equation
can be found in appendix A of Ref. [ 100]. The values of the constants A and « can be extracted from breakup cross sections,
either by fitting data or results of CDCC calculations, and then J)BLU (R) can be determined. The classical calculations of NCBU,
CF, and ICF in this model are similar to those of Refs. [180,181]. However, the classical motion is in three dimensions and
the trajectory calculation changes instantaneously from a two-body system (P and T) to a three-body one (fragment-1,
fragment-2 and T) at the moment of breakup.

This model was used to evaluate the CF and ICF cross section for the 9Be + 2%Pb system, and the results compared with
the data [182]. The complication of the three-fragment °Be projectile (o« + o + n) was avoided replacing it by a pseudo
two-fragment 8Be projectile (o + «). The theoretical results, which were shown to depend strongly on the choice of ﬂ’bLu (R),
were in qualitative agreement with the data.

Very recently, Marta, Canto and Donangelo [184] developed a method to include tunneling effects in a calculation of
individual CF and ICF cross sections. Although there are several quantum mechanical calculations of fusion in collisions of
weakly bound nuclei, they cannot separate the CF and ICF components of the TF cross section, except for some particular
systems (see Section 5.2.2). They used a semiclassical method, where the projectile-target relative motion is described
by classical mechanics, whereas the intrinsic dynamics of the collision partners is treated by time-dependent quantum
mechanics [263]. This method has been widely used in nucleus-nucleus collisions [266,267]. When the breakup channel
is taken into account [186,268,265], it is necessary to discretize the continuum using the same procedures as in the CDCC
method (see Section 2.2.1).

With the classical treatment, the projectile-target separation vector becomes a known function of the time, R(t), and so
do the interactions of the target with the fragments. The relative wave function of the fragments in a collision with impact
parameter b, ¥, (r; t), is the solution of the equation,

d
[+ Vi@ 0 + Ve 0] ot 0 = i Y (r. ). (114)

To solve this equation, the wave function is expanded in terms of the bound, ¢;(r), and unbound, ¢, (r) eigenfunctions of
the intrinsic Hamiltonian, h, as

Yo(r, £) = Y ci(b, ) e/ i) + f de ce(b, t) e/ g (r). (115)

Using this expansion in Eq. (114), one obtains an infinite set of coupled first order differential equations for the amplitudes,
which is reduced to a finite set through the CDCC procedure. These equations are then solved starting from a point where
the projectile-target distance is large enough for the coupling interaction to be negligible, with the projectile in its ground
state (¢o(r)). One then sets the initial conditions: ¢; = 89, c. = 0.

The collision evolves until the projectile reaches the distance of closest approach or goes inside the potential barrier.
From the values of the amplitudes at this instant one gets the breakup probability, Pf “P and the momentum distribution of
the continuum component of the wave function. The DCF cross section is then evaluated by the expression,

_ 7 bup (P)
aDCF_K—ZXL:(zL+1) (1—PL )TL , (116)

where K is the incident wave number and TL(P) the tunneling probability, which is approximated by the Hill-Wheeler
formula [238]. The expressions for the ICF cross sections of the two fragments and that for SCF are more complicated, since
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Fig. 38. (Color online) Left panel: Semiclassical CF (solid line) and TF (dotted line) cross sections for the ®Li + 2°°Bi system [ 184], in comparison with the

corresponding experimental results. Right panel: same as left panel but for the ”Li + 2°°Bi system.
Source: The data are from Ref. [269].

they are given by integrations over the momentum distribution of the relative wave function in the continuum multiplied
by the corresponding fusion probabilities, Pr,, Pr, and Pscr. These probabilities are calculated by the equations

P =TO[1-T2], Py =T?[1-77] and Pir =TT, (117)

where T and T® are transmission coefficients for the two fragments, also calculated within the Hill-Wheeler approxi-
mation.

This method was used to study CF and TF in the 57Li + 29°Bi collisions, and the theoretical cross sections were compared
to the data of Dasgupta et al. [180,269]. The results are shown in Fig. 38. In the case of °Li, the theoretical CF is in very
good agreement with the data and the agreement for the TF cross sections is also good. In the case of “Li, the agreement
for CF remains good, specially below 40 MeV, but the agreement for TF is considerably poorer. It has been suggested [ 184]
that the discrepancy may arise from important channels that have not been taken into account in the theory. First, the
nuclei produced by ICF can also be produced by cluster transfer, which is an entirely different mechanism. Cluster transfer
corresponds to a single step process whereas ICF requires two steps. The second factor, is that there are strong experimental
evidences [214,216] that nucleon transfer plays a very important role in the ”Li — 2°Bi collision and these channels are not
considered in the theory. A final remark on the calculations of Ref. [ 184] is that the contribution from the SCF to the CF cross
section is quite relevant, reaching 30%-40% of that from DCF. The importance of the SCF contribution to the CF cross section
has also been emphasized in the very recent work of Boselli and Diaz-Torres [270], where they studied the different fusion
mechanisms with a schematic quantum model.

The study of Ref. [ 184] suggests that semiclassical calculations may be able to describe the fusion processes involved in
collisions of weakly bound nuclei. These calculations are simpler, and, as they involve classical trajectories, more easy to
visualize than the full quantum mechanical calculations of CDCC.

5.2.2. Quantum mechanical CDCC calculations of fusion cross sections

The most powerful theoretical tool to calculate fusion cross sections in collisions of weakly bound systems is the CDCC
method, introduced in Section 2.2.1. Calculations along this line were performed by several authors [10,203,271-273]. In
these calculations, the fusion cross sections are given by the absorption arising from short-range imaginary potentials with
small diffusivity parameters, which depend on the projectile-target distance, or on the relative coordinates of the target with
respect to the fragments. For a detailed discussion of this point we refer to the work of Thompson and Diaz-Torres [274].

Most of CDCC calculations of fusion adopt complex potentials for the interaction between the target and each fragment.
Diaz-Torres, Thompson and Beck [272] used this procedure and identified the TF cross section with the absorption due
to the imaginary part of the sum of the fragment-target potentials. They applied this method to the %7Li 4+ >°Co and
6.71j + 209Bj systems and compared the available data with the results of calculations with and without breakup couplings.
They concluded that the breakup channel does not lead to appreciable changes in the cross section well above the barrier
but enhances the cross section near and below the barrier. This effect is more pronounced in the case of 5Li projectiles, which
has a lower breakup threshold.

A few years later, Beck, Keeley and Diaz-Torres [275] used the same approach to calculate the TF cross section for °He
projectiles on a °°Co target, at near-barrier energies. In their calculations, they approximated the two-neutron halo structure
of ®He by a di-neutron. Comparing the results with the corresponding experimental cross sections for the stable 6Li and “He
projectiles on the same target, they found that the ’He cross section is much larger than those for °Li and “He over the whole
energy range.

In a very recent paper Jha, Parkar and Kailas [273] performed similar CDCC calculations to obtain TF, transfer and breakup
cross sections in collisions of °Be projectiles with targets in different mass ranges. They performed a CDCC-CRC calculation
that takes into account transfer and breakup couplings [206]. They make the simplifying assumption that °Be is formed by
two fragments: a ®Be core and a neutron. This greatly simplifies the calculations. On the other hand, it leaves no room
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Fig. 39. (Color online) CDCC calculations of the TF cross sections in collisions of °Be projectiles with 28Si (panel (a)) and 28 Pb (panel (b)) targets [273]. For
details, see Ref. [273].
Source: The data for the 28Si and the 2°*Pb targets are respectively from Refs. [276] and [269].

for a quantitative description of ICF, where an «-particle produced in the breakup of °Be fuses with the target. As in
Refs. [272,275], the projectile-target interaction is given by the sum of two complex potentials, Vsg._; and V;,_r. These
potentials contain short-range imaginary terms (rp = 0.9 fm and a = 0.25 fm) that account for the absorption of the
fragments by the target. The fusion cross section is evaluated by the expression,

apzaR—Zaa. (118)
a#0

Above, oy is the total reaction cross section and o, is the cross sections for excitation of channel «. The elastic channel,
represented by o = 0, is excluded from the summation. The absorption cross section is calculated in terms of the modulus
of the [-components of the elastic S-matrix, through the expression

ox =15 @+ D[1- 150 (119)
1

Fig. 39 shows results for two of the systems studied in Ref. [273]: °Be + 2Si (panel (a)) and °Be + 2%®Pb (panel (b)). The
experimental TF and CF (when available) cross sections are compared with the results of several calculations, as indicated in
the legend of panel (a). Some calculations include transfer couplings and others do not. The fusion cross sections obtained by
single-channel calculations with only the bare potential are also shown. The results labeled as PotB, are obtained neglecting
the absorption of the neutron. The overall agreement with the data is reasonable, specially above the barrier. In the case of
the 2%8Pb target, the theoretical cross sections overestimate the data, specially when it includes neutron absorption which,
from the experimental point of view, does not correspond to fusion of any kind.

An important shortcoming in the above papers is that they do not consider what happens to the remaining fragments
when a particular one fuses with the target. Thus, it only gives the total fusion cross section, being unable to predict the CF
and ICF contributions, separately. This problem does not occur in the CDCC calculations of Hagino et al. [27 1] and Diaz-Torres
and Thompson [ 10]. These authors adopt a single imaginary potential, representing the absorption of the whole projectile by
the target. Thus, it is a function of the vector joining the centers of mass of the collision partners, R, whereas it is independent
of the intrinsic coordinates of the projectile, r. In this way, the imaginary potential is diagonal in channel-space. The use of
a diagonal imaginary potential is justified as the non-diagonal terms are quite small due to the fact that they represent
absorption and excitation at the same time (multistep process).

The general expression of the fusion cross section (Eq. (22)) then becomes much simpler. It reduces to a sum of
contributions from the channels involved in the calculation (Egs. (23) and (24)), bound and unbound. It is then possible
to associate the contributions from bound channels with CF.

The meaning of contributions from unbound channels is not so clear. In this case, the distance between the fragments,
Ir|, tends to be very large, so that the center of mass of the projectile is far from both fragments. However, if the mass of
one fragment, say Fy, is much larger than that of F,, the center of mass of the projectile is close to that of F;. Thus, when the
center of the projectile lies within the range of the imaginary potential the same tends to happen with the heavy fragment.
On the other hand, in this situation the lighter fragment is frequently outside the range of absorption. It is then reasonable
to assume that the contributions from unbound channels to fusion correspond to ICF. In the case of the 1'Be + 2%8Pb system,
studied in Refs. [10,271], the ''Be projectile dissociates into a '°Be fragment and a neutron. The above condition is then
clearly satisfied. The absorption in the unbound channels is then attributed to ICF.

The calculations of Diaz-Torres and Thompson [10] are similar to the earlier work of Hagino et al. [271]. However, they
are improved in two ways. First, they extend the discretized basis of the continuum to higher energies and larger angular
momenta, to achieve proper convergence of the calculations. The second modification is that they take into account the
continuum-continuum couplings (CCC), which were left out in Ref. [271]. Both calculations lead to the same qualitative
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Fig. 40. (Color online) Absorption from an unbound channel in two situations. Panel (a) represents the breakup of ''Be in ''Be + 2°*Pb collisions, with
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case, the c.m. of the projectile may be within the imaginary potential with both fragments lying outside.

conclusion: when the CF cross section is compared with predictions of one-dimensional barrier penetration models, it is
enhanced at low enough energies and is hindered at high enough energies. However, the energy where the transition from
enhancement to hindrance takes place is quite different in each calculation. The inclusion of CCC reduces considerably the CF
cross section at all energies. Consequently, the CF cross section of Diaz-Torres and Thompson is hindered at energies around
and above the Coulomb barrier. Only at energies a few MeV below the Coulomb barrier their CF cross section exceeds the
prediction of one-dimension barrier penetration models. For a more quantitative comparison of these calculations, we refer
to Ref. [6].

However, when the two fragments have comparable masses, the approach of Refs. [10,271] cannot be used. In this case,
unbound states of the projectile correspond to a situation where both fragments are far from the projectile’s center of mass.
Thus, the center of the projectile being within the range of the imaginary potential does not imply the absorption of any
fragment. Fig. 40 illustrates continuum states of two systems: ''Be + 2%®Pb (panel (a)) and ’Li + 2%°Bi (panel (b)). In the
former the CDCC method can be applied to calculate separately the CF and ICF cross sections, whereas in the latter it cannot.

Keeley, Kemper and Rusek [203] used the CDCC approach in an indirect investigation of the ®7Li 4+ '°0 fusion reactions.
Their calculations were developed in two steps. First, they performed CDCC calculations to derive the dynamic breakup
polarization potentials for the &7Li 4+ 180 systems, adopting the prescription of Thompson et al. [19] (see Section 4.4),
as it has been done in a previous work of the group [277]. The projectile-target interaction was given by the sum of the
fragment-target optical potentials. That is, the interactions of the target with 2H and “He, for ®Li, and with >H and “He, for " Li.
The CDCC calculations took into account the bound states of the projectile and both its resonant and non-resonant breakup.
Next, they evaluated the fusion probability at each partial wave as the transmission factor through the one-dimension barrier
determined by the sum of the real parts of the optical and the breakup polarization potentials. Their theoretical cross sections
were shown to be in reasonable agreement with the data.

Similar calculations were performed by Keeley, Kemper and Rusek to study ”Li + 2%Pb and "Be + 2%Pb fusion [278],
and the same approach was used to investigate the influence of the breakup channel on °Li 4+ 2°°Bi and ®He + 2%Pb fusion
reactions [279,280]. They have shown that the CF of ®Li + 2°°Bi is mainly influenced by nuclear breakup, whereas in the CF
of ®He 4 28Pb Coulomb breakup dominates.

We remark that this approach may have two shortcomings. First, it does not take into account the imaginary part of the
polarization potential, which would attenuate the incident current. This attenuation would reduce the CF cross section. The
importance of this effect depends on the strength of the imaginary part of the polarization potential. Rusek et al. [280] have
shown that this strength is related with the choice of the imaginary part of the fragment-target interactions. If one considers
fragment-target optical potentials with short-range absorption, then the imaginary part of the polarization potential is
important. On the other hand, if the optical potentials still contribute significantly to the absorption in the Coulomb barrier
region, then the imaginary part of the polarization potential is much smaller. The second shortcoming is that the single
channel description of the collision (including the breakup polarization potential) cannot account for fusion through non-
elastic channels. The contribution from the breakup channel to CF could only take place through the sequential absorption
of the fragments by the target. This process would not be expected to be important, since it is of third order. That is,
breakup followed by the absorption of fragment 1 followed by the absorption of fragment 2. However, classical [180,181]
and semiclassical [ 184] estimates indicate that they may correspond to 30%-40% of the CF cross section.

More recently, the polarization potential approach was used to investigate the influence of continuum-continuum
couplings (CCC) on the CF cross section [281]. Diaz-Torres and Thompson have clearly shown that the inclusion of CCC
leads to a strong suppression of the CF. The nature of this effect can be qualitatively understood in terms of the breakup
polarization potential. The situation is schematically represented in panel (a) of Fig. 41, for the 8B + *8Ni system. It shows the
incident (ji, ), reflected (jr) and transmitted (jr) currents around the barrier of the total (optical 4+ polarization + centrifugal)
potential. In this approach, the fusion process corresponds to the total absorption of jr, as it reaches the strong imaginary
potential inside the barrier. As the projectile approaches the target, the incident current is attenuated by the imaginary part
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Fig. 41. (Color online) (a): Schematic representation of the incident, reflected and transmitted currents in the neighborhood of the barrier (for details see
the text). (b): Real (left panel) and imaginary (right panel) parts of the polarization potential for the B + >Ni system. Polarization potentials based on
CDCC calculations including and not including CCC are represented respectively by solid and dashed lines.

Source: The figures on both panels were taken from Ref. [281].

of the polarization potential and at the classical turning point the current is partly reflected and partly transmitted. Thus,
a reduction of the transmitted current, and hence the CF cross section, can be caused both by a higher barrier, due to the
real part of the polarization potential, or an increase of the long-range absorption, arising from the imaginary part of the
polarization potential. These possibilities were checked in Ref. [281]. The authors used the method of Thompson et al. [ 19]
to evaluate the breakup polarization potential in the CDCC description of the 8B + *®Ni collision. The real and the imaginary
parts of the polarization potential were evaluated at the barrier radius, as a function of the collision energy. The calculations
were performed without (dashed lines) and with CCC (solid lines). The results are shown in panel (b) of Fig. 41. One observes
that the inclusion of the CCC does not lead to appreciable changes in the imaginary part of the polarization potential. On the
other hand, it has a strong influence on its real part. Without the CCC the polarization potential gives an attractive correction
to the barrier. The inclusion of the CCC changes completely the situation, changing the sign of the correction. In this case,
it makes the barrier higher. This leads to a strong suppression of CF, as found in the CDCC calculations of Diaz-Torres and
Thompson [10].

Hashimoto et al. [282] proposed an interesting way to determine individual CF and ICF cross sections in CDCC calcu-
lations. They considered collisions of a deuteron beam with a ’Li target. In this case, the projectile dissociates into two
particles: a proton (position vector r; with respect to the target) and a neutron (position vector r,). In their approach, the
projectile-target interaction is given by a sum of complex potentials representing the interaction of each projectile’s particle
with the target, V; (r) 4+ V5 (r;). Thus, the imaginary part of each potential accounts for the absorption of the corresponding
particle (the proton or the neutron). In this way, CF corresponds to the situation where both particles are absorbed, whereas
in ICF one particle is absorbed while the other is not. The new idea of Ref. [282] is to associate the CF and ICF cross sections to
contributions with different regions of the {r;, r,}-space, as shown on the left panel of Fig. 42. If the modulus of r; (i = 1, 2)
in the integrand is kept inside the range of absorption, fragment i fuses. Complete fusion is obtained imposing this restric-
tion on the coordinates of both fragments, whereas ICF is obtained keeping the coordinates of one of the fragments inside
the absorption range and those of the other outside it. The first step to implement this procedure is to perform a change of
variables: {R, r} — {rj, rp}, leading to the transformation

& (r,R)|? &’rd®R - |®(r1,12)|? d°rq drs.

One then calculates the cross sections through integrals of the total imaginary potential, Im {V(r;, rp)} = Im{V;(r;)+
V, (1)}, over selected regions of the {ry, r,}-space, as follows

OCF = / F(l‘], 1'2) d3r1 d31'2, (120)
[rq]<Tabs; [r2[<Taps
OicF; = / F(l'], 1'2) d3l'1 d3l'2, (121)
[r1[{Tabs; IT21)Tabs
Oick, = / F(ry, 13) d°r; d°rs. (122)
[r1[>Taps; (2] <Taps
Above, we used the short-hand notation,
k
F(ry,rp) = aFE |®(ry, 1) [* Im{=V (r1,12)} . (123)

Using this method Hashimoto et al. [282] calculated the TF and the CF cross sections for the 2H + ’Li system. The results

are shown on the right panel of Fig. 42 as functions of the collision energy, Eb. Cross sections for the ICF of the neutron and

the proton and also for NCBU are also shown. They are denoted by GI(F“), GI(FP) and ogg, respectively.
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Fig.42. (Color online) Left panel: Integration regions used in Ref. [282]; Right panel: cross sections for the different processes discussed in the text.
Source: Left panel: Figure taken from Ref. [283]. Right panel: Figure was taken from Ref. [282].
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Fig.43. Theoretical TF cross sections for the *Be + 2°®Pb system compared to the data of Dasgupta et al. [284]. The dashed and the solid lines correspond
respectively to results of the single-channel and the CDCC calculations. The red curves include the absorption of the neutron whereas the black curves
considers only the absorption of the charged fragments. The vertical arrow indicates the height of the Coulomb barrier. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

Recently, Descouvemont et al. [36] performed a four-body CDCC calculation of the TF cross section for the “Be 4 2%Pb
system. In this work, the weakly bound °Be nucleus was treated as a & + « 4 n three-body cluster and the projectile-target
interaction was written as the sum of standard optical potentials between each cluster and the target.

The results are shown in Fig. 43, on logarithmic and linear (inset) scales. The dashed and the solid lines correspond
respectively to the single-channel and the CDCC calculations. The fusion cross sections were evaluated by integrations of
the wave functions with the imaginary parts of the cluster-target potentials, as indicated in Eq. (22). In the case of the
CDCC calculations, the sums run on both bound channels and pseudo-channels. The red lines were obtained summing the
absorption of the alpha-particles and of the neutron, whereas the black lines do not include neutron absorption. Since the
experiment measures only absorption of charge, the data should be compared with the black lines. The comparison indicates
that the predictions of the CDCC calculations are in good agreement with the data, except for the lowest energy data points,
where they overestimate the experimental cross section.

5.2.3. Other quantum mechanical approaches

(a) Time-dependent three-body model

Yabana, Nakatsukasa and Ito [285-287] developed a time-dependent quantum mechanical approach to describe fusion
and other nuclear processes involving weakly bound nuclei. They use a three-body model, consisting of the target and a pro-
jectile formed by the core and a weakly bound nucleon, interacting with each other and with the target. Fusion corresponds
to the absorption by an imaginary potential between the core and the target. The dynamics of the system is determined by
the solution of the time-dependent Schrédinger equation for the three-body system. Initially, the projectile-target state is
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Fig. 44. Comparison of capture cross sections predicted by the quantum diffusion model [288] (solid lines) with experimental data. The dashed line is a
prediction of Wong’s formula [174].

Source: The data for '60 are from Ref. [289], for '°F are from Refs. [290,291], for 2 Mg are from Ref. [292] and for 28Si are from Refs. [291,293].

given by a spatially localized Gaussian wave packet, multiplied by an incoming wave for the projectile-target motion, and
the cluster-nucleon state is the weakly bound orbital given by the internal Hamiltonian of the projectile. The time evolu-
tion of the system is then given by the Schrédinger equation. This method was used to evaluate the TF cross section for the
10.11Be 4 209Bj systems. Their results were shown to be in good agreement with the data.

(b) Dissipation-Fluctuation models

The fusion process involves dissipation of energy as the system reaches the interaction region. This is accompanied
by fluctuations of the radial variable. Accordingly, it is possible that the system has a chance to “see” a lower or higher
barrier, resulting in an enhanced or hindered tunneling. This idea was tested back in 1989, using an oscillator model [294].
Recently, the same idea was invoked by Kanokov et al. [295] and by Sargsyan et al. [288,296-298] in a more elaborate
model of diffusion. This results in a master equation which is solved for the case of a damped oscillator treated in the
sudden approximation. These authors discuss the fusion of several systems and obtain very good results. In a nutshell the
model gives a tunneling probability which contains the fusion barrier, plus another parameter that represents the effect of
dissipation. The other processes that accompany fusion, such as quasi-elastic scattering, breakup etc., are obtained using
simple unitarity relations. One particular application which is worth noting is the deep sub-barrier fusion hindrance, where
the authors discuss the effect of nuclear deformations and neutron transfer. They reach the conclusion that both effects
are very important for the hindrance of the tunneling at sub-barrier energies. An illustration of the results obtained by this
method is presented in Fig. 44.

(c) Coupled channels treatment with Random Matrix Theory

The usual application of the coupled channels method involves the inclusion of several collective states of the
target and/or the projectile. The resulting fusion cross section and quasi-elastic cross section are invariably pretty good
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Fig.45. (Color online) Left panel: Calculated fusion cross section and the barrier distribution of the *0 + 2%Pb system [299]. The full curve corresponds
to RMT prediction, the dashed curve corresponds to the calculation including the experimental deformation parameters of the non-collective states in
208ph and the dotted curve represents the result without the non-collective excitations (only the collective states in 2 Pb are taken into account); Right
panel: The quasi-elastic barrier distribution for the 2°Ne 4 %°Zr system calculated with (solid line) and without (dashed line) the inclusion of non collective
excitations [300], in comparison with the data of Piasecki et al. [301].

representation of the data of fusion and barrier distribution. In several cases it was realized that besides the collective
channels, one is required to include several non-collective states in the target/projectile system [302]. Typical cases recently
studied are the 2°Ne + 999271 systems, where it was found that the barrier distribution of 2°Ne + %2Zr is more smeared
compared to that of °Ne + °°Zr [301]. Usual CC calculations involving only low lying collective states in the deformed Neon
projectile give similar barrier distributions for the two systems. Piasecki et al. [301] suggested that the inclusion of non-
collective states in the Zirconium target may resolve the problem. Explicit inclusion of non-collective channels using the
experimentally known spectra of the ®0 + 2%8Pb system was made in the calculation of Yusa, Hagino and Rowley [303],
and they found a significant change in the barrier distribution. Similar results were obtained for the Ne + Zr system. It was
also realized that an alternative way to account for the many non-collective states is to use Random Matrix Theory (RMT)
method. Such ideas were originally developed for the treatment of deep inelastic collisions by Agassi, Ko, and Weidenmdiller
[304-307]. In the current context, Yusa, Hagino and Rowley [299] employed the RMT model to solve the coupled channels
equations containing both collective and statistical channels. The RMT involves the use of the Gaussian distribution of the
matrix elements of the statistical states in the sense

Vi =0 (124)
and

annzvn3n4 = [8n1n35n2n4 + 5n1n48n2n3] W (]25)

The important point to mention here is the implicit appearance of the density of states in the strength of the coupling,

(V2)1/2. The CC equations are then solved and the result was found to be quite accurate when compared to the one obtained
from conventional CC calculations [303]. The significance of these developments resides in the fact that in many cases
complete experimental information about the non-collective states (usually obtained from proton inelastic scattering) are
not available, and RMT could then come to the rescue in assessing their importance in fusion and quasi-elastic cross sections
atnear-barrier energies. An example of a calculation using the RMT [299] is given on the left panel of Fig. 45. The same authors
used the RMT description in the calculation of the quasi-elastic cross sections and the corresponding barrier distributions
for the system 2°Ne + °%92Zr [300]. An illustration of these applications is presented on the right panel of Fig. 45.

(d) The empirical coupled-channel (ECC) approach

As it is in general difficult to include nucleon transfer channels in coupled-channels calculations, Zagrebaev [308]
proposed to treat them within an empirical way. In the ECC, the transfer probabilities are estimated using a semiclassical
approximation. The fusion probabilities are then obtained summing the contributions from the elastic and transfer channels,
with the transfer probabilities used to evaluate the weights.

This method was recently applied to the case of sub-barrier fusion of weakly bound nuclei [309]. The role of the neutron
binding energy in the sub-barrier fusion enhancement was observed to depend on the mass of the donor nucleus. In the
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case of light donor nuclei, there is a strong dependence of the enhancement with the binding energy, and this dependence
becomes much less marked in the case of heavy donors.

The explanation for this surprising behavior lies in the different shapes of the nuclear potentials in the light and heavy
donor cases. In the case of light donor nuclei, the Coulomb barrier lies lower but it is wider than in the heavy donor case.
Therefore, the classical turning point lies at a larger distance between nuclear surfaces than in the heavy donor case, due to
the strength of the Coulomb interaction. This difference increases with the decrease of the collision energy. As a consequence,
the neutron transfer probability decreases much more rapidly with an increase in the binding energy in the case of the light
donor nuclei.

The ECC can also be employed to study the effects of deformation and vibrations on the fusion probability of weakly
bound systems at sub-barrier energies, using the same idea of performing averages over the tunneling probabilities for the
different barriers. On this subject, there is a recent work showing that, for systems for which the change in deformation
due to transfer is small, the transfer of the two neutrons in ®He enhances the fusion cross section, while if the change in
deformation is appreciable, there could appear either a suppression, if the deformation decreases, or enhancement, if it
increases as a result of the transfer [310].

5.3. Hindrance of fusion at deep sub-barrier energies

Recently, the Argonne group [311] has shown that the fusion of some medium mass systems is hindered at deep sub-
barrier energies. This has been observed for >Ni + 38Ni, %°Zr 4 92Zr and 5°Ni + 8°Y, and more recently similar results have
been obtained for several other systems [312-316]. Before we discuss the physics involved in this phenomenon, one should
understand clearly what one means by hindrance. The words enhancement and hindrance are based on a comparison with
some standard cross section. Thus, the choice of the standard should be very clear. In the present case, the standard is
the cross section predicted by coupled channels calculations that reproduce the data at near barrier energies, where the
cross section is of the order of milibarns. At lower energies, where the cross section drops to micro barns or below, the
experimental data fall well below the coupled channels cross section. This is the hindrance phenomenon considered here.
It should be stressed that, although the data fall below the coupled channels cross section in this energy region, they may
remain much larger than the fusion cross section predicted by the one-dimensional barrier penetration model.

Since the above mentioned phenomenon has not been observed for weakly bound systems, it goes beyond the scope of
the present review. However, we present in this section a very brief discussion of this topic. A detailed discussion of the
problem can be found in the recent review article of Back et al. [5].

The deep sub-barrier hindrance phenomenon brought into focus the question of the uncertainty inherent in the nuclear
interaction employed in the analysis. One possible cause of this hindrance is the existence of a shallow pocket [317] in
the potential due to short distance repulsion [251,252,318,319]. In this way, these works obtained reasonable agreement
with the data. A different approach to the problem was proposed in Refs. [320-322]. These works assumed that there is
a transition from a two-body regime to a one-body regime in the way to fusion. This transition would take place at the
point where the summed densities of the two tails reached the value of the central density of the nuclei. In the two-body
regime the collision could be handled by the coupled channel method. However, within the one-body regime the system
would evolve adiabatically. This transition would lead to a damping of the quantum vibration [322], reducing the fusion
cross section. This model also leads to good agreement between theory and experiment.

In all these studies the general characteristics of the compound nucleus formed in the fusion process is completely over-
looked. The reason being that at the energies involved the compound nucleus is formed at high enough excitation energy
that many overlapping resonances are involved, and therefore there is no hindrance since the colliding nuclei see a contin-
uum of states in the compound nucleus. At very low energies the compound nucleus characteristics may become important
in the fusion process as was recently found in the system '>C 4 '2C by C.L. Jiang et al., Phys. Rev. Lett. 110, 072701 (2013).

6. Fusion of weakly bound systems: recent measurements

Since 2006, around forty experimental papers on fusion reactions with weakly bound projectiles have been published.®
They report measurements of fusion cross sections in collision of stable and radioactive weakly bound beams with targets in
different regions of the periodic table, from light to very heavy ones, at energies ranging from a few MeV below the Coulomb
barrier to two or three times the barrier height, although measurements around the barrier energy are more frequent.
Usually, the experiments determine only the TF cross section. However, in several cases it is possible to measure the CF
cross section.

Most experiments were performed using the gamma ray spectroscopy method (on-line and/or off-line), with a variable
number of detectors, ranging from a single Ge detector to large gamma detector arrays. Several other measurements were
performed by detecting alpha particles emitted in the decay of residual nuclei, or delayed X-rays emitted in the decay of

18 For a discussion of earlier experimental papers, we refer to previous review articles [2,6].
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Table 1
Experimental studies of fusion cross sections of stable weakly bound systems.

Projectile  Target  Reference Ecm. (MeV) Vg (MeV) Measured
24Mg Ray et al. [324] 4.6-23.2 5.9 TF
285j Sinha et al. [325] 5.6-9.2 6.8 TF

Sinha et al. [326] 9.2-20.8 TF
64Zn Di Pietro et al. [72] 10.1-28.3 13.1 TF

L 1445m  Rathetal. [327] 19.1-38.1 24.0 CF
152sm  Rathetal. [327] 19.1-38.2 23.7 CF
159Th Mukherjee et al. [328] 26.8-41.2 24.7 CF
197Au  Palshetkar et al. [96] 22.3-42.7 289 CF, ICF
28y Raabe et al. [329] 31.3-35.9 32,5 CF
Mg Ray et al. [324] 4.8-24.0 6.1 TF
285j Sinha et al. [330] 5.8-19.8 7.0 TF
64Ni Shaikh et al. [331] 10.0-25.6 12.4 TF
647n Di Pietro et al. [72] 10.1-28.3 134 TF
N07zr Kumawat et al. [332] 12.2-28.1 16.9 CF

oLi %7r Huet al. [333] 15.0-26.3 16.4 CF, ICF
144sm  Rathetal. [101] 19.2-38.4 24.4 CF
152sm  Rathetal. [334] 19.2-38.5 24.1 CF
159Tp Pradhan et al. [335] 22.2-37.6 25.0 CF, ICF
197Au  Palshetkar et al. [96] 22.3-42.7 29.3 CF, ICF
198pt Shrivastava et al. [336]  19.4-34.0 289 CF
8%y Palshetkar et al. [337] 17.7-28.9 214 CF
1245n Parkar et al. [338] 23.3-34.7 26.0 CF
1445m  Gomes et al. [339] 28.2-41.4 31.7 CF, ICF
1%9Tm  Fang et al. [340] 30.5-45.6 33.6 CF, ICF

°Be 8173 Zhangetal. [341] 336-479 352 CF, ICF
186wy Fang et al. [342] 39.1-50.5 36.1 CF, ICF
187Re Fang et al. [340] 32.6-46.8 35.9 CF, ICF
209gj Dasgupta et al. [343] 42.1-67.0 39.7 CF, ICF
28y Raabe et al. [329] 46.5-54.0 429 CF

10p 159Th Mukherjee et al. [328] 35.8-67.7 40.7 CF
209gj Gasques et al. [344] 52.3-71.4 49.6 CF

residual nuclei by electron capture. For a few heavy systems, fission is the main decay mode of the compound nucleus
and in such cases the fusion cross section is determined through the detection of fission fragments. As those experimental
methods were extensively described in a previous review article [6], we are not repeating the description here. Thus, we
will concentrate in the discussion of a few special experimental setups.

Only a few papers derive fusion barrier distributions. Some experiments study other reaction processes, like direct
transfer and breakup. Usually the experiments detect single fragments, although a few experiments perform coincidence
measurements. In most experimental papers the measured fusion cross sections are compared with predictions of coupled
channel calculations. These calculations involve the main inelastic collective states and, in some cases, also transfer channels.
They are performed using the CCFULL [323] and/or the FRESCO [243] codes. In general, the comparisons of measured CF cross
section with theory lead to the conclusions that CF data is suppressed at energies above the barrier, and it is slightly enhanced
at sub-barrier energies. A list of recent fusion measurements is presented in Tables 1 (stable weakly bound systems) and 2
(unstable weakly bound systems).

In the following, we give a few details of some works listed in the tables, describing a few special experimental setups and
pointing out some important results. The experiments with stable weakly bound projectiles (°Li, ’Li, °Be, '°B) and the ones
with radioactive nuclei (neutron halo (°He, 8He, !'Be, '!Li), proton-halo (B, '”F) and non-halo (8Li, ’B)) are discussed in the
next two sub-sections. In these sections, the results of the experiments will be considered individually. A systematic study
of the CF and TF cross sections for weakly bound projectiles and targets all over the periodic table is presented afterwards,
in a separate section.

6.1. Fusion of stable weakly bound nuclei

The effects of the breakup channel on fusion reactions with radioactive nuclei is a subject of great interest. Owing to
their very low breakup threshold, the breakup channel is expected to be very important. However, the low intensity of
radioactive beams, several orders of magnitude lower than those of stable beams, reduces drastically the accuracy of the
data. On the other hand, despite some particular characteristics of unstable nuclei, like the halo structure, the reaction
mechanisms involved in collisions of stable and unstable weakly bound nuclei should be similar. In this way, understanding
fusion reactions with the former should shed light on fusion reactions with the latter. For this reason, and also for its intrinsic
interest, several measurements of fusion cross sections in collisions of stable weakly bound nuclei have been performed over
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Table 2
Same as the previous table but for radioactive weakly bound projectiles.

Projectile Target  Reference Ecm. (MeV) Vg (MeV) Measured

neutron-halo

5He 647Zn Scuderi et al. [345] 13.7-16.4 8.7 TF
97Au  Penionzhkevich et al. [346] 14.5-58.5 19.2 TF
206pp Penionzhkevich et al. [346] 9.7-25.3 19.8 TF

Lukyanov, et al. [347] 16.5-26.2 TF
Wolski et al. [348] 14.4-17.5 TF

8He 85cu Lemasson et al. [51] 17.7-27.2 8.1 CF
7Au  Lemasson et al. [149] 15.5-28.0 18.7 CF

i 208pp Vinodkumar et al. [349] 27.1-37.9 285 TF

Be 20984 Hinde [350] 37.3-52.0 39.0 TF

proton-halo

B 2si Pakou et al. [351] 15.5-27.2 11.6 TF
S8Ni Aguilera et al. [352] 15.2-23.2 21.1 TF

no-halo

81 208ph  Aguilera et al. [353] 32.1-375 294 CF

"Be 28y Raabe et al. [329] 38.8-54.4 438 CF
58Nj Martinez-Quiroz et al. [354]  13.9-19.0 16.6 TF

the last decade. Some experiments measure only TF whereas in other experiments separate measurements of CF and ICF
plus cluster transfer are carried out. In a few situations, only the CF cross section can be measured.

Several papers were published on fusion reactions induced by ®’Li beams, colliding with different targets. Most
of the experiments were performed at BARC-Mumbai, using on-line and/or off-line gamma ray detection. Sinha et al.
[325,326] measured TF for the Li + 28Si system, at energies below and above the barrier. The experiments were performed
at BARC-TIFR-Mumbai and Bhubaneswar. They compared the data with CC calculations. They found a slight enhancement at
sub-barrier energies and no effect at energies just above the barrier. However, for energies more than twice the barrier, the
TF cross sections showed some suppression compared with the barrier penetration model. Ray et al. [324] measured TF of
the &7Li +2*Mg systems at BARC-Mumbai, with the gamma ray method. They compared their results with the total reaction
cross section, obtained by optical model analysis, and with the theoretical TF cross section obtained with a coupled channel
calculation. At energies below and around the Coulomb barrier, they found that the experimental TF cross section is close to
that for total reaction (TR). However, at higher energies the latter exceeds the former. On the other hand, the experimental
TF cross section is in reasonable agreement with the results of the CCFULL calculations in the whole energy range.

Kumawat et al. [332] measured the CF cross section for the °Li 4 ®°Zr system at energies above the Coulomb barrier. The
experiment was performed at BARC-Mumbai, using the gamma ray method. Comparing their CF data with predictions of
coupled channel calculations, they found that the data was suppressed by 34%. However, Hu et al. [333] measured the CF
cross section for 5Li + %Zr, a similar system, at above-barrier energies and found a suppression of only 25%. Their experiment
was performed at the CIAE-Beijing, using the on-line gamma ray method.

Shaikh et al. [331] measured TF of 8Li + ®4Ni at Mumbai, using also the on-line gamma ray method. They found that the TF
cross section was in good agreement with predictions of coupled-channel calculations. On the other hand, their experimental
CF cross section, based on statistical model assumptions, was suppressed by only 13%.

Rath et al. [101,327,334] measured CF and TF of the ®7Li 4+ 44152Sm systems, at energies below and above the Coulomb
barrier. The experiments were carried out at the BARC laboratory, using the gamma ray method. They compared their
experimental CF cross sections with predictions of coupled channel calculations involving inelastic channels, using the
CCFULL code [323]. They also performed calculations involving both inelastic and transfer channels, using the FRESCO
code [243]. In this way, the importance of transfer channels could be assessed. Their results are reproduced in Fig. 46. The
comparisons indicate a suppression of the experimental CF cross section of the order of 30% for all systems. They indicated
also that the suppression is more important for fusion induced by ®Li than by ”Li. The comparison of the coupled channel
calculations including only inelastic couplings with the ones including also transfer, showed that the influence of inelastic
channels on fusion is much stronger.

Pradhan et al. [335] measured the CF and ICF cross sections for the 6Li + '>Tb systems, at energies above the Coulomb
barrier. The experiments were performed at BARC-Mumbai, using the gamma ray method. Comparing their CF data with
results of coupled channel calculations, they found that the experimental CF cross section for 6Li + °°Tb is suppressed by
more than 30%. Mukherjee et al. [328] performed a similar experiment in the same laboratory for the “Li + '>°Tb system.
They found a suppression of 26%.

Palshetkar et al. [96] measured CF, ICF and transfer cross sections for the &7Li 4+ %7 Au systems, at energies below and
above the barrier. The experiments were made at the BARC laboratory, using the INGA gamma array. The measured CF
cross sections were compared with results of no-couplings and CC calculations involving inelastic channels. Their results
are shown on the left panel of Fig. 47, in (a) logarithmic and (b) linear scales. The comparison between experiments and
CC calculations indicated that the CF data for the 5Li and Li projectiles were suppressed by 35% and 15% respectively. The
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Fig.49. (Color online) Left panel: The experimental setup used by Di Pietro et al. [72]; Right panel: Electron scanning image of the target in the experiment
of Ref. [72].

cross sections for neutron transfer and ICF for the two systems (capture of a 2H, a *H or an «-particle) are shown on the right
panel of Fig. 47. One sees that these cross sections have appreciable values.

Shrivastava et al. [336] measured the CF cross section for the ®Li + 98Pt system. They measured also cross sections
for direct processes, including ICF, breakup and transfer. The experiments were performed at BARC-Mumbai, detecting
coincidences between gamma and X-rays. They were able to extend the measurements to deep sub-barrier energies, as
low as 0.68 V3. At the lowest energies, the cross sections for direct reactions were shown to be several orders of magnitude
larger than that for CF. Their cross sections are shown in Fig. 48, together with results of three calculations. The solid line
corresponds to a CC calculation including inelastic channels whereas the dashed and the dot-dashed lines are results with
single-channel calculations with different bare potentials. The comparison of the CF data with the CC-calculated cross section
is very interesting. The data well below the barrier is very well described by the CC calculation, which is based on a standard
bare potential. Thus, there is no hindrance of fusion at deep sub-barrier energies for this system. At energies above the
barrier, there is some suppression of the CF cross section.

Di Pietro et al. [72] made very careful measurements of TF and transfer cross sections for the &7Li 454 Zn systems, at
energies above and below the barrier. They were also able to estimate the contribution of ICF to the TF cross section. The
experiments were performed at the LNS-Catania laboratory, using the activation technique method. They measured the
X-rays emitted in the decay of the nuclei by electron capture. A schematic view of the experimental setup is shown on
the left panel of Fig. 49. The targets were selected by their uniformities, observed by electron scanning microscopy. This is
illustrated on the right panel of Fig. 49. Fig. 50 shows the experimental TF excitation functions in the collisions of ®Li (left
panel) and "Li (right panel) with %4Zn. The data of earlier experiments [355,356] are also shown. The experimental cross
sections are compared with results of the barrier penetration model (solid lines) and CC calculations (dotted lines). Above
the Coulomb barrier, the data of Di Pietro et al. [72] are in good agreement with the theoretical results, contrasting with the
data of earlier experiments, which show some suppression. At sub-barrier energies the experimental TF cross section [72] is
enhanced with respect to the theoretical predictions and in this region the cross section for °Li is larger than that for ’Li. This
can be seen more clearly in Fig. 51, which shows the ratio of the TF cross sections for the ®Li and ’Li projectiles, in collisions
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Fig. 51. (Color online) Ratio of the TF cross sections for SLi to that of ’Li, in collisions of these projectiles with different targets [72]. The ratio is plotted
against the collision energy, normalized with respect to the Coulomb barrier.

with ®4Zn and other targets. This ratio, shown as a function of the collision energy normalized by the Coulomb barrier, grows
as the energy decreases. Using predictions of an statistical code, the authors suggest that the larger cross section of °Li can be
attributed to ICF and/or transfer processes, which are stronger for this projectile. Therefore, all the available experimental TF
excitation functions for collisions of ®7Li with light systems, ranging from '2C to ®Ni [72,324-326,330,357-360,356,151],
are in good agreement with predictions of coupled channel calculations.

From 2006 to the present, many authors measured CF cross sections in reactions induced by °Be beams. They determined
cross sections for the 8%Y, 124Sn, 144Sm, 199Tm, 181Ta, '87Re and 18®W targets [342,337-341,361]. The °Be + '#4Sm fusion was
measured at the TANDAR laboratory, Buenos Aires, by the detection of X-rays emitted in the electron capture decay of the
residual nuclei [339,361]. All the other systems were measured by the gamma ray method, on-line and/or off-line. The
9Be + 89Y and °Be + '?4Sn systems were measured at the BARC-TIFR in Mumbai [337,338], the ?Be + '%9Tm, '8!Ta, ¥"Re
systems were measured at Lanzhou [340,341] and the °Be + '8®W system was measured at the CIAE, Beijing [342].

In the above mentioned experiments, the measured CF cross sections were compared with predictions of CC calculations
using the CCFULL or the FRESCO codes. In all cases, the data showed some enhancement below the Coulomb barrier. On the
other hand, the experimental cross section was systematically suppressed above the barrier. The suppressions found for the
89y 124gp 144gm, 169Tm, 181T4, 187Re and '85W targets were respectively 20%, 28%, 10% (later corrected to 16% [362]), 34%,
34%, 30% and 40%. An earlier measurement of CF for the °Be + 28Pb system [284,269] found a suppression of 32%. Some of
these papers and papers by other authors made systematic investigations of the CF suppression. Studies of this kind will be
discussed in detail in Section 6.4.

The situation for the TF cross section is different. The data for the °Be+'%4Sm, °Be+2%8Pb, °Be+%4Zn [363,73], °Be+'%9Tm,
9Be + ®1Ta, °Be 4 '8Re [341,340] and °Be + 2’Al systems [364] are in agreement with CC calculations. This indicates
that, at energies slightly above the barrier, there is no significant influence of the breakup and transfer channels on TF. The
situation is illustrated on the left panel of Fig. 52, which shows the cross sections of these systems reduced according to the
prescription of Canto el al. [ 160,16 1]. When the collision energies and the cross sections are reduced in this way, the influence
of the breakup and transfer channels is measured by deviations from the universal curve (see Section 6.4) represented by the
solid line in the figure. Clearly, this does not happen. For the °Be + %Y and ?Be + '4Sn systems, the ICF cross section could
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not be measured. Therefore, it was not possible to investigate the behavior of TF. Finally, for the Be + '8¢W system [342],
a suppression of TF of the order of 25% was found. This behavior, that does not follow the general trend of above barrier TF
data (see Section 6.4), deserves further investigation.

The CF cross sections of the not so weakly bound '°B nucleus, with breakup threshold energy of 4.46 MeV, have also been
measured. Mukherjee et al. [328] measured CF of the 1°B + >°Tb system at BARC-Mumbai, by the gamma ray method. The
CF suppression at energies above the barrier, compared with CC calculations, was found to be of the order of 14%, which is
not negligible but is smaller than that for more weakly bound nuclei. Gasques et al. [344] measured the CF cross section for
the 1911 4 299Bj systems at the ANU, Canberra. They detected the -particles emitted by the evaporation residues. They
found that the CF cross sections for '°B and for the tightly bound ''B nucleus were suppressed by 15% and 7%, respectively.
Their results are shown on the right panel of Fig. 52.

6.2. Fusion of radioactive weakly bound nuclei

Up to the present, the intensities of available radioactive beams are still orders of magnitude lower than those with
stable beams. So, fusion cross sections involving radioactive beams have much larger error bars, due to the poorer statistics.
To improve this situation, most experiments use very thick targets, which leads to large uncertainties in the value of the
average (or effective) incident energy. There are plans for new facilities in the near future, like Spiral2, at GANIL, Fair, in
Darmstadt, SPES, at Legnaro, FRIB at the MSU, IMP-HIRFL, in Lanzhou, BRIF at the CIAE-Beijing, RSIP, in Daejong-Korea, and
upgrades at RIKEN and VECC-India. In these new laboratories, one expects to obtain radioactive beams with much higher
intensities than at the present.

6.2.1. Fusion of neutron-halo nuclei

The pioneer measurements of fusion with radioactive beams were performed in the mid 90’s in GANIL, Dubna and
Riken [365-367], using ''Be and ®He beams. Later, in 1998, Kolata et al. [ 146,147] measured the fusion of ®He + 2°°Bi in Notre
Dame. In 2000, Trotta et al. [368] measured fusion of ®He + 238U at Louvain la-Neuve, but a few years later the same group
performed an improved experiment with the same system at the same laboratory and reached different conclusions [369].
They realized that most of the cross section attributed to fusion at sub-barrier energies, actually was neutron-transfer cross
section. In 2004, Di Pietro et al. [370] measured fusion of the lighter ®He + 4Zn system at Louvain la-Neuve.

In all those works, data of fusion induced by the neutron-halo ®He were compared with fusion induced by the
tightly bound isotope “He (or '°Be in the case of the ''Be projectile) and/or with theoretical predictions of different
barrier penetration models or CC calculations. Other important measurements of fusion of neutron-halo nuclei have been
reported [88,157,371-374]. Most of them concluded that there is some suppression of the fusion due to breakup effects at
energies above the Coulomb barrier and some enhancement at sub-barrier energies. A summary of the conclusions reached
in these earlier works may be found in the review papers [1,2,5,6].

Nevertheless, there is an apparent controversy concerning the conclusions of two of the most important papers on fusion
of ®He with heavy targets. In their experiment on ®He + 238U fusion, Raabe et al. [369] concluded that the cross section was
suppressed at above-barrier energies and showed no enhancement below the Coulomb barrier. On the other hand, Kolata
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Fig. 53. Experimental fusion cross section for collisions of ’He projectiles on 233U (left panel) and on 2°°Bi (right panel). The curves are results of CC
calculations based on the S3o Paulo potential evaluated with two He densities [375]. One is a realistic density taking into account the two-neutron halo
of ®He (solid line) and the other corresponds to a standard density which does not take it into account.

et al. [146,147] measured the fusion of ®He + 2°°Bi and found different trends. They concluded that the experimental cross
section was strongly enhanced below the Coulomb barrier and it exhibited no appreciable effect at above-barrier energies.
This led to the suggestion that °He 4 2°°Bi fusion should be measured again [6].

However, Gomes et al. [375] pointed out that there is no actual controversy between the two sets of data. The different
conclusions reached in these works stem from the different benchmark cross sections used in the comparisons. Raabe
et al. [369] compared their data with the results of a calculation performed using an effective optical potential that
accounts for the breakup of ®He. Kolata et al. [146,147] compared their data with the cross section predicted by a barrier
penetration model based on the barrier with parameters fitted to reproduce the data at above-barrier energies. Since the
benchmark cross section is built to reproduce the above-barrier data, there can be no fusion suppression in this energy
region. Therefore, comparing fusion data with cross sections evaluated by the transmission through an empirical barrier
may lead to meaningless conclusions. One should use standard bare potentials obtained by systematic approaches, like the
folding model.

To show that the conflicting conclusions of Refs. [146] and [369] do result from the different benchmarks used in each
case, Gomes et al. [375] compared the data sets of these works with theoretical cross sections of the same kind. The results
for the 8He + 238U and the ®He + 2?Bi systems are shown on the left and right panels of Fig. 53, respectively. The data are
compared with results of coupled channel calculations using the Sdo Paulo potential [ 125,126,376] including (solid lines) and
not including (dashed lines) the halo in the ®He density. The CC calculations took into account the main inelastic excitation of
the targets. Comparing the data with the most realistic calculations (solid lines), one concludes that the two systems exhibit
the same behavior: suppression above the barrier and negligible enhancement at sub-barrier energies.

The Catania group, which has previously measured fusion and transfer for the 4%He + 4Zn system [370], extended the
energy range of previous experiment to higher and lower energies [345]. They used a similar experimental set up, where the
alpha fragments emitted from direct reactions were detected in arrays of silicon strip detectors (LEDA—Louvain-Edinburgh
Detector Array), and the fusion products where measured by the activation method, through the detection of delayed X-rays.
The experiments were performed at Louvain-la-Neuve. They also measured alpha particle yields coming from direct one-
and two-neutron transfer reactions, from ®He breakup, and from evaporation following fusion. The alpha-particles resulting
from direct reactions (neutron-transfer and breakup) were separated from the ones resulting from evaporation through the
analysis of their angular distributions. Since the elastic scattering cross sections was also measured, they could evaluate the
reaction cross section. They concluded that around 70% of this cross section corresponded to neutron-transfer (1n and 2n)
and breakup. Thus, only 30% was left for fusion and inelastic excitations of the target. This contrasts with similar reactions
induced by “He projectiles, where the fusion process is responsible for most of the reaction cross section. The total cross
section for emission of « particles in “He — %4Zn and ®He — 54Zn collisions are compared on the left panel of Fig. 54.

The fusion cross sections measured through the detection of the X-rays emitted by the fusion products are shown on
the right panel of Fig. 54. To eliminate trivial differences arising from the geometrical factor, the data is reduced according
to the prescription of Ref. [158]. Now the cross sections for the two projectiles are similar, except at the lowest energies,
where the cross sections for ®He is appreciably larger. So, the conclusion drawn is that the much larger cross sections for
the production of « particles in the case of the neutron-halo ®He beam, as compared with the “He beam, is indeed due to
direct reactions, like transfer or breakup. A similar situation was observed in Ref. [369] for the ®He + 233U system, when
they compared their results with those obtained in a previous experiment of the same group [368]. The small enhancement
of 8He fusion as compared with 4He fusion at the lowest sub-barrier energy on the right panel of Fig. 54 was attributed by
di Pietro et al. to static effects owing to the diffuse radius of He.

Fusion cross sections induced by ®®He radioactive beams have been measured for different heavy targets. The beams
were produced by the ISOL method in several laboratories. Experiments to measure cross sections for the ®He + 2%6Pb [378],
5He + 197Au, 2%Pb [346] and “5He + 2%6-208pp [347] systems were performed at the DRIBs-JINR-Dubna. Measurements
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Fig. 54. (Color online) Left panel: Cross section for the emission of heavy fragments in collisions of *He (squares) and ®He (circles) projectiles colliding

with a 54Zn target [345]. The triangles are the ®He + 54Zn data taken from [377]; Right panel: TF cross sections for the same systems.
Source: Both panels were taken from Ref. [345].
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Source: Left panel: For detail, see Ref. [346], from which the figure was taken. Right panel: The figure was taken from Ref. [347].

of fusion for the 8He + '®7Au system were performed in SPIRAL-GANIL [149], and for the ®He + 2%Pb system were
performed in Louvain-la-Neuve [348]. To facilitate comparisons among the data of these experiments, we will discuss
them simultaneously. The cross sections in the experiments performed in Dubna [346,347,378] were measured using the
activation technique and detecting off-line gamma rays and alpha particles produced in the reactions. The measured cross
section for the evaporation channels were in agreement with predictions of CN evaporation codes, with the exception of the
2n evaporation channel, where the experimental cross section at sub-barrier energies was strongly enhanced with respect
to the theoretical predictions. They also observed very large neutron-transfer cross section, specially 1n stripping in the
5He — '97Au collision. This is shown on the left panel of Fig. 55, which shows the experimental cross sections for several
channels. The earlier experiment for the ®He + 2°°Pb system [346,378] were later repeated in Dubna [347]. They adopted
the same experimental method but used a ®He beam with much higher intensity (108 pps) and much smaller energy spread
(£0.5 MeV instead of £2.5 MeV). The cross section for the 2n evaporation channel which at this energy range corresponds
to almost all fusion cross section, was determined. The resulting fusion cross section for this system is shown on the right
panel of Fig. 55. One can observe that it follows the trend of the ®He + 2%°Bi data [146]. At sub-barrier energies, the fusion
of ®He with the 205-208pp targets is strongly enhanced in comparison with the cross sections for the tightly bound “He or the
stable weakly bound °Li projectiles, with the same targets. The authors of Ref. [347] claim that the experimental results are
in agreement with the predictions of the model of Zagrebaev [379], which assumes a sequential transfer of neutrons from
5He to the target, followed by the fusion of the remaining “He.

However, their results for the fusion of ®He + 2%Pb system were questioned by Wolsky et al. [348]. They performed
the same experiment at Louvain-la-Neuve. They measured fusion by the activation technique, in the same experiment as
they measured elastic and inelastic scattering, in order to determine the fusion cross section with great accuracy due to
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the normalization of the forward angle elastic scattering. The ®He beam intensity was of the order of 107 pps. Charged
particles were detected by the large area silicon multi-detector system LEDA. The alpha activities of the irradiated targets
were measured at the University of Huelva, Spain. The cross section of the 2n evaporation channel, corresponding to fusion
cross section at this energy range, the product of the total integrated ®He flux at the target and its density were obtained
by normalizing the elastic scattering counting rate to the Rutherford scattering. The results obtained are shown in Fig. 56.
The solid circles are from Wolski et al. [348], whereas the open circles are from Lukyanov et al. [347]. The dashed curve is
prediction from the Zagrebaev’s model [379].

Very impressive experimental setups were developed at the SPIRAL facility, in GANIL, to perform simultaneous
measurements of several processes involving the radioactive ®8He nuclei [51,149,157]. Lemasson et al. [ 149] used beams of
8He with intensities in the [2 — 4] x 10° pps range to measure fusion, neutron transfer, direct breakup and elastic scattering
cross sections for the 8He + 1% Au system. Fig. 57 shows (a) the in-beam experimental setup, (b) the off-beam experimental
setup, (c) gamma inclusive and gamma-X ray coincidence spectra, and (d) the activity of one residual nucleus. The gamma
and X-rays are emitted in electron capture decays. Different arrays for gamma-X coincidences and maximization of gamma
efficiency were made. Some very interesting results of this experiments are displayed in panels (e) and (f) of Fig. 57. Panel
(e) shows the experimental neutron transfer (blue triangles) and fusion (red circles) cross sections at energies below and
above the barrier (indicated by an up-arrow).

One notices that the neutron transfer cross sections are larger than the fusion cross sections in the whole energy range,
specially at the lowest energies, where is larger by about two orders of magnitude. The blue dot-dashed line and the red
solid line are predictions of CRC calculations for the neutron-transfer and fusion cross sections, respectively. The calculations
were performed using the code FRESCO [243], including neutron-transfer channels. The reasonable agreement between the
experimental and the theoretical fusion cross sections shown in this figure indicates that the dynamical effects arising from
couplings with the breakup channel are not important for this system. Panel (f) of Fig. 57 shows also the predictions of barrier
penetration models based on two different bare potentials. The black dotted and the dashed lines correspond respectively
to a parametrized potential ignoring the halo of ®He and to a folding potential, based on a realistic He, including the halo.
The larger cross section for the folding potential expresses the static effect of the halo of 8He. It is convenient to look at the
above fusion cross section from a systematic point of view. This is done on panel (f) of Fig. 57. It shows a comparison of cross
sections for 45-8He beams in collisions with the same '’ Au target. The data for “He and ®He were taken from Refs. [380]
and [346], respectively. One can observe that the fusion excitation function for ®*He and 8He are very similar in the whole
energy range (below and above the barrier). At sub-barrier energies they are larger than that for “He, but above the barrier
the fusion of the three systems coincide. However, comparing the data reduced by the Fusion Function procedure [ 160,
161] with the universal fusion function (dotted line in the inset), one observes some suppression for ®He at above-barrier
energies.

The same group in GANIL measured fusion, neutron transfer and elastic scattering for the 8He + 5°Cu system, at energies
above the barrier [51]. Exclusive measurements of gamma rays in coincidence with light charged particles were used to
further characterize direct reactions. A schematic view of the experimental setup is shown on the left panel of Fig. 58.
Gamma rays from the target-like nuclei were detected by the EXOGAM array. The charged particles were detected by an
annular silicon telescope and the neutrons were detected by a neutron wall. Gamma ray inclusive measurements as well as
coincidences between charged particles, neutrons and gamma rays were used to identify the characteristic gamma rays. The
right panel of Fig. 58 shows various final states that can be formed and detected, following one- and two-neutron transfer.
Due to the complexity of the experiment, the cross sections were obtained at only two energies for ®He and three energies
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Fig. 57. (a) Schematic views of the in-beam and (b) off-beam setups of the experiments of Ref. [ 149]; (c) illustration of the sensitivity of the experiment
showing inclusive and coincidence gamma-ray spectra; (d) 2°°Tl activity obtained from the coincidence measurements; (e) Experimental neutron-transfer
(blue triangles) and fusion (red circles) excitation functions for the 8He + %’ Au system compared with results of the calculations described in the text;
(f) Experimental fusion cross sections for the #6-He + 197 Au systems, compared with the prediction of the one-dimensional barrier penetration model for
“He + '97 Au. For details see the text or the original paper [149], from which the figures were taken. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

for ®He. The results are shown in Fig. 59. One can observe that both fusion and neutron transfer reaction cross sections are
larger for 8He than for ®He. The data for the ®He + %5 Cu system are from Refs. [157,381].

i is one of the most investigated neutron-halo nuclei, from the theoretical point of view. On the other hand, it is very
difficult to produce ''Li beams at the energies required for studies of near-barrier fusion. So, there was no experimental
fusion excitation function for this nucleus available. Very recently, the first preliminary experiment on !'Li fusion has been
reported [349]. The experiment was performed by Vinodkumar et al. [349], at the ISAC2 facility at TRIUMF. They measured
the TF cross section for the ''Li + 2%8Pb system, which has been investigated in several theoretical works (for a review see
Ref. [6]). The beam intensity was around 10 pps, and the cross section was measured at energies above the Coulomb barrier,
except for the point with the lowest energy. Off-line alpha particles emitted by the evaporation residues were detected and
CF and ICF (fusion of °Li with the target) channels were identified. The measured TF cross section is shown in Fig. 60, in
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Fig.59. (Color online) Experimental fusion and transfer excitation functions for the 8He + 5°Cu system. For detail see the text.
Source: The figure was taken from Ref. [48].
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Fig. 60. Comparison between the experimental TF cross section for the ''Li + 2%®Pb system with the prediction of CC calculations.
Source: The figure was taken from Ref. [349].

comparison with the predictions of coupled channel calculations. The authors claim that they have been able to detect ICF
and they found a large amount of those events. An interesting result of this work is that their experimental TF cross section
is much smaller than predictions of CC calculations at energies above the Coulomb barrier. It will be very interesting to see,
in the near future, results of fusion of ''Li with other targets and, if possible, with an enhanced beam intensity.

There are no recent reports on fusion of ''Be. However, Hinde and Dasgupta [350] have re-analyzed the data obtained
at RIKEN, by Yoshida et al. [367] and by Signorini et al. [382]. Fusion cross sections were derived from the measurement of
alpha-particles emitted by the decay of residual nuclei. In Ref. [350] there is a long discussion concerning the data and the
different ways to analyze them. They point out that these differences may give rise to conflicting conclusions about the effect
of breakup on the fusion of %1% 'Be isotopes. Their suggestion is that new measurements of fusion cross sections should be
performed with this very interesting 'Be neutron-halo nucleus.
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Fig. 61. (Color online) Experimental TF cross section for the ®B + >®Ni system [383], compared with predictions of CC calculations [384]. For detail see the

text.
Source: The figure was taken from Ref. [384].

6.2.2. Fusion of proton-halo nuclei

In 1998 Rehm et al. [383] reported the first measurement of fusion involving a proton-drip line nucleus. They measured
the TF cross section for the '”F + 2%8Ppb system. Comparing their data to predictions of CC calculations, they concluded that
there was no suppression at above-barrier energies.

The first fusion experiment involving a proton-halo nucleus in its ground state was performed by Aguilera et al. [352],
at Notre Dame University, in 2011. They measured the TF cross section for the 8B + *®Ni system. They detected the protons
emitted at backward angles and made the assumption that they were originated exclusively from evaporation of the
compound nucleus. Their data were then fitted by Wong’s formula [ 174], with the barrier parameters treated as adjustable
variables. This fit lead to unrealistic barrier parameters, as compared with typical values for bare potentials. They found
Rg = 11.1 fm and V3 = 20.0 MeV, whereas the Aky{iz-Winther potential [244] predicts 8.9 fm and 21.1 MeV, respectively.
The cross section given by Wong’s formula with the fitted parameters is much larger than the one obtained with their usual
values, over the whole energy range. This was interpreted as an indication that the experimental TF cross section for the
8B + 38Ni system is enhanced below and above the barrier. Rangel et al. [384] reached the same conclusion performing a
more conventional analysis of the data. They compared the experimental TF cross section of Ref. [352] with results of CC
calculations. Their calculations adopted the SPP[125,126] as the bare potential and included the main inelastic excitations.
The results are shown in Fig. 61. Their analysis also indicates an enhancement of TF in the whole energy range.

Similar conclusions were drawn by Gomez-Camacho et al. [132], fitting simultaneously fusion and elastic scattering
data for this system. The fit could only be achieved with a very large radius of the optical potential. However, this large
enhancement of fusion data below and above the barrier is a very unusual behavior. It has not been observed for any other
stable or neutron-halo system. Rangel et al. [384] raised the possibility that the breakup of 8B could also produced protons
at backward angles. In that case, the corresponding yield should be removed from the data analysis and the TF cross section
would be lower.

More recently, Pakou et al. [351] measured the TF cross section for the 8B 4 28Si system, at Legnaro Laboratory. They
detected the « particles emitted at backward angles and made the assumption that they were originated from evaporation
of the CN. The conclusions were not the same as in the 8B + ®Ni system. Comparing the data to the prediction of one-
dimensional barrier penetration model, they found a small suppression above the barrier, as in the case of neutron-halo
systems.

6.2.3. Fusion of non-halo radioactive nuclei

Although the weakly bound ®Li and ”Be nuclei are radioactive, their binding energies are closer to those of stable weakly
bound nuclei than to those of the neutron-halo nuclei of Section 6.2.1. 8Li breaks up into “Li + n, with a threshold energy
of 2.033 MeV, which stands between those of °Li (1.475 MeV) and "Li (2.468 MeV). "Be is the mirror nucleus of ’Li and it
breaks up into “He + t, with threshold 1.58 MeV, which is close to that of Li. This nucleus has also the interesting property
of being the core in the breakup reaction: 8B — 7Be + p.

Fusion reactions involving 8Li and 7Be are not expected to be very different from those involving ®7Li and ?Be, for which
the beams have much higher intensities. Nevertheless, some studies of fusion involving these nuclei have been reported and
in most cases the results are compared with those obtained for similar stable nuclei. Aguilera et al. [353] have measured
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Fig. 62. (Color online) CF cross sections for the 8Li + 28Pb system [353], compared with data for the similar &7Li 4 2°°Bi systems [180,269]. The thick
solid line is the result of the one-dimensional barrier penetration model.

the CF cross section for the 8Li 4+ 2%®Pb system. The experiment was performed at Notre Dame University, detecting the o
particles emitted by the residual nuclei. The Li beam intensity was of the order of 10° pps. The results are shown in Fig. 62,
in comparison with the fusion excitation functions of the ®7Li + 2°?Bi systems [180,269]. Note that this work adopts the
experimental definition of CF, that is, the CF data for 8Li include the absorption of its whole mass and also the absorption of
7Li, after 8Li loses one neutron. To compare the different systems, the data was reduced by the method proposed by Gomes
etal.[158]. The figure also shows the prediction of the one-dimensional barrier penetration model (thick solid line) and this
cross section multiplied by different suppression factors. Taking the solid curve as the reference, one observes that the CF
cross section for the three Li isotopes are suppressed at energies above the barrier. The suppression factor for each isotope
is directly related with its breakup threshold, so that the cross section for 8Li lies between those for ®Li and ”Li.

Raabe et al. [329] measured CF cross sections in collisions of 7-?Be and ”Li projectiles with 238U targets, at energies around
the Coulomb barrier. The experiment was performed at Louvain-la-Neuve and they determined the fusion cross sections
measuring the fission fragments [369]. They found that the cross section for ’Be was suppressed and the suppression factor
was similar to the one found for °Li 4+ 2°°Bi and slightly above that for the ”Li 4 2°°Bi system [180,269]. This is consistent
with the assumption that the CF suppression above the barrier is a monotonic function of the breakup threshold energy.

Kalita et al. [385] determined TF fusion cross sections in collisions of 7Be and ’Li projectiles on ’Al, using an indirect
procedure. Their experiments were performed at the HIRA-RIB facility at [IUCC, New Delhi. First, they measured the quasi-
elastic scattering and transfer cross section for these systems, and obtained the total reaction cross section from the
scattering data. The fusion cross section was then determined subtracting the cross section for direct processes. They
concluded that their TF cross sections for the 7Be and ”Li projectiles were similar.

Recently, Martinez-Quiroz et al. [354] measured the TF cross section for the ’Be + ®Ni system. The experiment was
performed at Notre Dame, using the proton multiplicity method. Comparing the experimental cross section with predictions
of optical model calculations, they found that the data was enhanced at both sub-barrier and above-barrier energies. These
conclusions are similar to the ones they reached for the 8B 4 >2Ni system, which has already been discussed.

6.3. Influence of transfer on fusion experiments

It has been known for decades that transfer channels may have strong influence on the fusion of tightly bound heavy ion,
specially at sub-barrier energies [386,387]. In the case of weakly bound heavy ions, couplings to transfer channels may lead
to similar effects. In addition, the transfer process may lead to some complications in experimental and theoretical studies of
fusion. One example is the ICF cross section in collisions of weakly bound projectiles like 6Li. In this case, the direct transfer
of a2H or a *He cluster produces the same final states as the ICF of the corresponding fragment, after ®Li breakup. From the
experimental point of view, these processes cannot be distinguished. On the other hand, from the theoretical point of view,
transfer and ICF are very different processes. The former takes place in a single step whereas the latter is a two-step process
(breakup and then partial fusion). Thus, both the transfer channel and the discretized continuum pseudo-channels should
be included in CDCC calculations and this is a very hard task.

Transfer reactions are particularly important in collisions of neutron-halo nuclei, like °He or 8He. In these cases the
neutron-stripping cross sections are very large, mainly at sub-barrier energies. This may lead to difficulties to measure the
fusion cross section. A classical example is the fusion cross section for the ®He 4 233U system. In this case, the fusion process
leads to a compound nucleus that decays mainly through the fission channel. Thus, the fusion cross section is measured
through the detection of the fission fragments. This cross section was measured in Louvain-la-Neuve in two experiments by
the same group.
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Fig. 63. Left panel: the fusion (solid circles), fission (open squares) and 2n-transfer (solid stars) cross sections for the ®He 4 238U system; Right panel: Total
reaction cross section obtained summing the angle-integrated “He yield with the fusion cross section measured in Ref. [146]. The reaction cross section is
represented by the points with large cross sections and error bars, whereas the fusion cross sections are represented by the data points with cross sections
at least one order of magnitude lower.

The first experiment [368], performed in 2000, found that the fusion cross section at sub-barrier energies was enhanced
in comparison to predictions of barrier penetration models.

In 2004, an improved experiment [369] detected triple-coincidence events. The fission of the target-like nucleus
produced in the collision could be triggered by fusion but it could be triggered also by inelastic scattering and by neutron
transfer. With the triple coincidence, it was possible to disentangle the contributions of these processes to the large « yields
obtained in the previous experiment. The fusion cross section obtained by Raabe et al. [369] is shown on the left panel of
Fig. 63, together with the cross sections for fission and two-neutron transfer. At the lowest energies, the fission cross section
is much larger than the fusion cross section. In this energy region fission is triggered dominantly by two-neutron transfer.
After eliminating the large contributions from transfer, the enhancement of the fusion cross section found in their previous
experiment disappears. Then, the main reaction process in this energy range was identified as the two-neutron stripping
reaction.

Other experiments on collisions of the ®He projectile on a heavy target lead to similar conclusions. In this case the
experiments were performed in Notre-Dame, by Aguilera et al. [129,148], and the target was 2°Bi. They have shown that
neutron transfer and breakup were responsible for most of the reaction cross section at sub-barrier energies. Their results
are shown on the right panel of Fig. 63. Later, coincidence experiments between « particles and neutrons were performed
in the same laboratory [373,374]. They indicated that more than 50% of the « events were originated from two-neutron
stripping. The remaining events resulted from one-neutron stripping and fusion. It is important to mention that in most
experiments the « particle yields could not be attributed to processes of a single kind, like neutron-stripping. They result
also from transfer 4 breakup processes. When one measures the characteristic y - or X-rays of the target-like nucleus (after
the absorption of one or two neutrons), the transfer stripping can be identified reliably.

Di Pietro et al. [370] performed experiments on the ®He —4Zn collision at Louvain-la-Neuve. They found that the breakup
plus transfer cross processes were responsible for around 80% of the total reaction cross section at near-barrier energies.
Measuring the fusion evaporation channels and using estimates of evaporation codes, they determined the contribution from
each evaporation channel. It was then possible to identify an important contribution from the stripping of one-neutron. In
a more recent experiment [345], the same group extended the measurements to a wider energy range and obtained similar
results. This can be seen on the left panel of Fig. 54, in Section 6.2.1, which shows the cross sections for the emission of
heavy fragments in the #®He — %4Zn collisions. In the case of “He, fusion is the only process producing heavy fragments. On
the other hand, for ®He they can also be produced by neutron-stripping. The difference between the heavy fragment cross
gection (blue circles) and the fusion cross section (black triangles) then gives the contribution from neutron-stripping in

He.

Navin et al. [ 157] performed coincident experiments at the SPIRAL-ISOL facility in Ganil. They measured coincidences of
« particles and y-rays in the 8He — %3:55Cu collisions at near-barrier energies. They concluded that the neutron transfer
channels are the dominant processes below the Coulomb barrier. Later, the same group [51] performed similar experiments
at energies above the barrier. They found that in this energy region the fusion cross section is larger than that for neutron-
transfer (one and two neutrons). This can be seen in Fig. 59 of Section 6.2.1. However, the one- and two-neutron transfer
cross sections remain rather large, specially for ®He. In an earlier experiment at GANIL, studying the same ®He — ®°Cu
collision [381], it was found that the di-neutron configuration of ®He plays a dominant role in the reaction mechanism.
The same group in GANIL performed experiments to determine fusion and neutron-transfer cross sections in $He — '¥’Au
collision [ 149]. The neutron-transfer cross section was found to be larger than the fusion cross section, both below and above
the Coulomb barrier. This can be observed on panel (e) of Fig. 57, in Section 6.2.1.



L.F. Canto et al. / Physics Reports 596 (2015) 1-86 71

below Vg

Collision energy < above Vg

light [ stable |

- | ) [ n-halo |

Exp <CF_ target medium proj <‘ radioactive‘ p-halo_|
E heavy [no-halo |

Fig. 64. (Color online) Schematic representation of the different criteria that can be used to classify sets of data with the same trends.

The one-neutron transfer and the fusion cross sections for the ®He + % Au system were measured by Penionzhkevich
etal.[346],in Dubna. The one-neutron transfer cross section below the Coulomb barrier was found to be much larger than the
fusion cross section. At above-barrier energies they found the opposite situation, with the one-neutron transfer cross section
being much smaller. This is shown on the left panel of Fig. 55, in Section 6.2.1. Below the Coulomb barrier, the stripping of
one-neutron (red open circles) is about one order of magnitude larger than fusion (pink solid square). The two cross sections
have similar values at the barrier, and at higher energies the fusion cross section is about one order of magnitude larger.

Acosta et al. [232] investigated the ®He — 2°8Pb collision and concluded that the observed large « particle yield was
produced mainly by neutron-stripping reactions. Similar conclusions were reached for collisions of stable weakly bound
projectiles, specially at sub-barrier energies. Pakou et al. [151,152,230] have investigated the ®7Li — 28Si collisions and
found large o particles yields, which were attributed mainly to transfer reactions.

Shrivastava et al. [336] measured one-neutron stripping and one-neutron pickup in the 6Li — 98Pt collision. They have
shown that the direct reaction cross section is much larger than the fusion cross section at energies below the barrier, as
shown in Fig. 48 of Section 6.1. They investigated also the ’Li — %8Pt system [224] and found that the one- and two-neutron
stripping and the one-neutron pickup reactions have important cross sections.

Palshetkar et al. [96] investigated 57Li — %7 Au collisions. They found sizeable transfer cross sections for °Li (one-neutron
stripping and one-neutron pickup) and “Li (one- and two-neutron stripping) induced reactions, as can be observed on the
left panel of Fig. 47, in Section 6.1.

Di Pietro et al. [72] investigated the &7Li — %4Zn collision. They concluded that CF is the main process at above-barrier
energies whereas transfer and ICF are the dominant processes below the Coulomb barrier. For °Be induced reactions, one-
neutron stripping has been observed in collisions with several targets [215,342,388,389]. For the 8Li — ?Be collision, it was
also found [390,391] that one-neutron pickup and one-neutron stripping are important reaction mechanisms and for the
8Li — 208Pb collision, transfer and breakup are the dominant processes at sub-barrier energies [392].

6.4. Systematic trends of the fusion cross sections

One of the main goals of the papers discussed in the previous section is to look for systematic trends in fusion reactions
induced by weakly bound projectiles. This could be achieved comparing the cross sections in many different situations,
like CF cross sections in collisions of stable weakly bound projectiles on targets in a given mass range, TF in collisions of
neutron-halo projectiles on heavy targets, and so on. Furthermore, the trends of the cross section at sub-barrier energies
are, in general, quite different from those above the Coulomb barrier. One should then try to identify the trends of the sets
of data corresponding to some particular experimental situation. These sets may be classified according to different criteria,
like TF vs. CF, stable projectiles vs. radioactive projectiles, etc. These criteria are schematically represented in Fig. 64.

There are important experimental limitations in systematic studies. First, only a few experiments can determine
individual cross sections for both CF and TF. In most cases, only the TF cross section is measured and in some experiments
only the CF cross section is determined. Frequently, some evaporation channels cannot be measured, owing to their long
lifetimes. Their contributions to the fusion cross section have then to be estimated by evaporation codes, like CASCADE [393]
or PACE [394], and this adds uncertainties to the experiment. This is not a serious problem if their contribution is only a few
percent. However, when they represents about 30%, or more, the ‘experimental’ cross section is strongly affected by the
theoretical predictions of the evaporation code. In such cases, the error bars associated to statistical factors do not represent
the real uncertainty of the measurement. Therefore, one should be careful when investigating effects of the order of 5 to
10% in the cross section. Experiments with radioactive beams have still greater uncertainties. First, the beam intensities are
several orders of magnitude lower than those of stable weakly bound nuclei. Additional uncertainties in these experiments
come from the poorer energy resolution.

6.4.1. Reduction of fusion data

To establish the influence of the low breakup threshold on fusion, one frequently compares experimental excitation
functions for different systems. However, the fusion cross section is also influenced by trivial differences among the systems,
like their sizes and their charges. One then tries to eliminate this influence through the reduction of the fusion data. There
are, however, several procedures to achieve this goal. The basic idea is to perform transformations on the collision energy
and on the cross section so that the transformed excitation function looks the same for any system that is not affected by
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the intrinsic structure of the collision partners. The simplest idea is the change of variables,
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The above expression is based on the classical approximation for potential scattering, where |S;(E)| is equal to 0 or 1,

depending on the energy being lower or higher than the barrier of the I-dependent effective potential. In this case the cross

section is given by the well known expression,

v
or =7 R [1—;]. (127)

The transformation of Eq. (126) then leads to the universal function,

Yx)=1-— 1 (128)
I

Thus, if the fusion cross section can be treated as a potential scattering problem (no influence of intrinsic structure) and
the classical approximation for the transmission coefficient holds, the cross sections for all systems coincide. The nuclear
structure of the collision partners would then influence the fusion cross section, leading to deviations from this behavior.
However, this classical expression for the fusion cross section is inaccurate just above the barrier and is completely wrong
at sub-barrier energies. Gomes et al. [158] proposed a reduction method based on the same idea. Instead of dividing the
energy by the barrier height and the cross section by its geometrical value, as in Eq. (126), they divide by constants that are
proportional to these quantities. Since,
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In this way, the reduction method becomes model independent. It does not require the barrier parameters of the bare
potential. Owing to this feature, it has been frequently used in the literature.

However, the above reduction methods have the drawback of being based on a classical expression for the cross section.
Thus, they do not work properly just above the Coulomb barrier and break down at sub-harrier energies. This is illustrated
in Fig. 65, where we compare the cross sections for four systems in different mass ranges. The dashed line corresponds to
the classical cross section of Eq. (128). Although the cross sections go to the same limit at high enough energies, this limit
may be reached very slowly, mainly for light projectiles like ®He. Thus, the differences among the reduced cross sections at
near-barrier energies cannot be attributed to the intrinsic structure of the collision partners (neglected in the figure).

The problem with the above reduction methods stems from its underlying classical nature. This shortcoming is avoided
in the Fusion Function approach of Refs. [160,161]. The authors propose the transformations,

E—Vg 2E
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This transformation is based on the Wong’s approximation [ 174] for the fusion cross section,
2
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It can be immediately checked that if the fusion cross section is well approximated by Wong’s formula, the fusion function
takes the universal form

Fo(x) = [1 +exp 27 x)]. (133)

This expression was called the Universal Fusion Function (UFF) in Refs. [160,161]. In Fig. 66, we show the cross sections for
the systems of the previous figure but now they are reduced by the fusion function method. The cross sections for the four
systems now are almost identical. The goal of the reduction is then achieved: differences in the excitation functions can be
attributed to the intrinsic structure of the systems.

Comparisons among experimental cross sections reduced by the fusion function procedure are useful for studies of the
influence of excited channels on fusion. However, systematic studies of weakly bound systems require a very exclusive
piece of information. One wants to investigate the influence of the breakup channel. Therefore, it is necessary to disentangle
it from the influence of couplings with bound channels. This is achieved by the renormalization of the fusion function
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Fig. 66. (Color online) Same as the previous figure but now the excitation function was reduced by the fusion function method of Refs. [160,161].

[160,161], as follows. First, one evaluate the experimental fusion function, Fex, (x), through Eq. (131), using the experimental
fusion cross section. Then, the renormalized function, F**P(x) is obtained by the equation,

- O'W
F(x) = F*P(x) x —, (134)
OF

where GFW is Wong’s cross section (Eq. (132)) and UFCC is the fusion cross section given by a CC calculation that includes
couplings with all relevant bound channels. This procedure has been adopted by several authors [75,96,149,298,327,351,
395-397]. However, in comparisons of data with theoretical cross sections, one should keep in mind that measurements
of ICF or TF tend to be more inclusive than the calculations. No experiment can distinguish ICF of a given fragment of
the projectile from the direct transfer of the same fragment. Experimentally, these processes are equivalent, but from
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can be found in Tables 1 and 2 and, in each case, the renormalization of the experimental fusion function was based on CC calculations including all relevant
inelastic channels.

the theoretical point of view they are very different. The former is a second order process (breakup followed by fusion)
whereas the latter takes place in a single step. In the case of neutron-halo nuclei, the experimental TF cross section may get
important contributions from more complicated process, like the transfer of one or two neutrons before fusion. Usually, these
processes are not included in the calculations. From the theoretical side, there are calculations using different bare potentials,
barrier parameters, coupled channel schemes and they may lead to appreciable differences in the cross sections [254]. Thus,
suppression factors obtained from the same data set but using as a benchmark the results of different theoretical models
can be drastically different. The conclusion may even change from suppression to enhancement.

Systematic comparisons of renormalized experimental fusion excitation functions are presented in Fig. 67, in the cases of:
(a) CF of stable weakly bound nuclei, (b) TF of stable weakly bound nuclei, (c) TF of proton-halo nuclei and (d) TF of neutron
halo-nuclei. The results lead to the following general conclusions about fusion cross sections at above-barrier energies:

(a) CF of stable weakly bound systems tend to be suppressed. The suppression factor (ratio between the thin and thick solid
lines) is of the order of 70%;
(b) TF of stable weakly bound system is not influenced by the low breakup threshold. The data follow closely the UFF;

(c) TF of proton-rich systems do not show a systematic trend. The data follow the UFF in the case of ’F + 23Pb, they are
suppressed for 8B +28 Si but they are enhanced for 8B + 28Ni. In fact there are not data for a sufficient number of systems
to clarify the matter. New experiments would be very welcome;
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Fig. 68. (Color online) Left panel: CF suppression factors in collisions of 6Li with several targets [332]; Right panel: similar to the left panel but now the
suppression factors are given as percentages and several projectiles are considered [344].

(d) TF of radioactive neutron-rich systems tends to be suppressed. The suppression factor is of the same order as for CF of
stable weakly bound systems. However, here there is a clear exception: the data of Penionzhkevich et al. [346] for the
5He 4 197 Au, which is very close to the UFF.

6.4.2. Suppression factors

A very convenient way to investigate the effects of the breakup channel on fusion of weakly bound systems is to look at
suppression factors. Since their experimental fusion excitation functions at above-barrier energies can be approximated by
the barrier penetration model cross section multiplied by a constant suppression factor, Fc for CF and Fr for TF, the influence
of the low breakup threshold can be expressed by this single number. In the following, we mention some papers that adopt
this procedure to perform systematic studies of CF and TF of weakly bound systems at energies above the barrier. They aim
at correlating suppression factors with the target’s mass or charge, and/or to the projectile breakup threshold energy. The
target mass/charge dependence of F¢r for the %7Li projectiles has been investigated in several recent papers [101,332,335,
338,344]. They all find that the CF cross section is suppressed and that the suppression factor depends weakly on the target.
It is between 0.60 and 0.70 for °Li projectile, and between 0.70 and 0.75 for Li projectiles. The study considered the *°Zr,
1445m, 159Th, 155Ho, 2°8Pb and 2°°Bi targets and the data are from Refs. [69,101,180,269,328,332,335,336,398]. Thus, the CF
suppression is found to be larger for ®Li than for 7Li.

Examples of suppression factors are given in Figs. 68 and 69. The left panel of Fig. 68 shows results of Ref. [332] for °Li
projectiles. It investigates the dependence of the suppression factor on the target, plotting Fcr as a function of the product
of the projectile’s and target’s atomic numbers, ZpZ1. The solid circles in red correspond to light systems, for which just TF
was measured. One notices that ®Li 4+ >°Co [227] is the only system that does not follow the systematic trend of the other
systems. However, we remark that this point corresponds to TF, rather than CF. The right panel of Fig. 68 shows similar plots
for 7Li and other weakly bound projectiles. Now Fcy is given as a percentage. The behavior of the suppression factors for
6.7Li projectiles [344] is similar to the one observed on the left panel.

The top panel of Fig. 69 shows results of a similar study for heavy targets, reported in Ref. [335]. We point out that in
this case the suppression factor is defined in a different way. It corresponds to the suppression of the experimental cross
section, rather than to its ratio with respect to the cross section of barrier penetration models. That is, it gives, in fact, 1 — Fc.
The suppression for ®Li projectiles is plotted as a function of the atomic number of the target. Their results are consistent
with those shown in the previous figure. Suppression factors for collisions of ®Li projectile on other targets [338] are also
shown on the bottom panel of Fig. 69 and they agree with the results previously shown. For the °Be projectile, the situation
is not so clear. Some papers investigated the dependence of Fcr on the target’s charge [101,338,344,362], but the data did
not show the constant behavior found for ®7Li. Data for several targets can be found in Refs. [269,342,284,337-339,361] and
some examples are given in Figs. 68 and 69. We observe that the CF suppression factor for 124Sn, 28 Pb and 2%?Bi are of the
order of 0.7, whereas for 1#4Sm it is around 0.9. If one includes also the 39Y [337] and '8¢W [342] targets in the systematics,
it is hard to draw any conclusion. This can be seen more clearly in Fig. 70, taken from the very recent work of Jha et al. [273].
These authors calculated ICF probabilities, which is roughly 1 — Fcg. The dark region in Fig. 70 between the full (blue) curve
and the dashed (red) curve corresponds to the region where the CF suppression is expected to be, from those calculations.
The pink dotted-dashed curve in this figure is the result of an empirical prediction of Hinde et al. [215].

The behavior of Fc for the not so weakly bound ''B projectile was also investigated [338,344]. Data from Refs. [328,344]
for the >°Tb and 2°°Bi targets are included on the right panels of Figs. 68 and 69. CF suppression factors of the order of 0.85
were found for both targets, in both works.

Now we discuss the dependence of the suppression of CF on the breakup threshold energy. As already shown in Fig. 62,
Aguilera et al. [353] have found that the CF suppression factor for the °Li + 2%9Bi is smaller (that is, larger suppression)
than that for 8Li 4 2%8Pb, which is smaller than that for “Li 4 2°°Bi. This agrees with the expectation that CF suppression
increases as the threshold breakup energy decreases. Gasques et al. [344] plotted the ICF probability versus the breakup



76 L.F. Canto et al. / Physics Reports 596 (2015) 1-86

50 T T T
40f B} .
P e . -yir--
§ 30r b + L -
T b o fLis“sm ]
g 20_' ® °Li+"™*Tb [present work] 1
10 ¥ SLi+*®Pb -
Foa fLieoBi
() 1 1 1
50 60 70 80 90
Zl’
T T T T T T T T
09 + 1
| boa
0.8 3
5 0rl | -
- ! _ml * a
0.6 -1
L ™ “Li+'*sm,**pb, " Bi !
sk ® 7Li+]59Tb,165H0,209Bi |
I A 9Be+l24Sn,lddsm,208Pb,2DDBi |
o * mBJrlngb,uwBi
T o 1ps29n: 7
, Bt Bi 1 ; 1 ; 1
100 200 300 400

ZpZy

Fig. 69. (Color online) Top panel: CF suppression in collisions with 5Li with very heavy targets, as a function of the atomic number of the target [335]. Note
that in this case the suppression factor is defined as the missing percentage of the experimental cross section, with respect to that of the barrier penetration
model; Bottom panel: similar to Fig. 68 [338].

IF T T T T T T T T T T

i Data ]
0.8-— "'Plcr,, _'
I TN P ICF,,+PICF” i

- —Plcrn"'Pn:F”"'PmFm ]
0.6-— == Hinde etal. ]
& [ ]
Q.‘ - -
041 —
021 —
IS I B T

20 30 40 50 60 70 80
Zr

Fig. 70. (Color online) ICF probabilities for °Be projectiles as a function of the target’s atomic number. The calculated probabilities are compared with
probabilities determined from experimental data [273]. For detail, we refer to the original paper [273].

energy for different projectiles on similar heavy targets. Their results are shown on the top panel of Fig. 71. They found
a linear behavior in a logarithmic scale, which means that the ICF probability decreases exponentially with the breakup
threshold energy. Pradhan et al. [335], however, found a different behavior. Studying collisions of ®Li, “Li and '%1'B with
159Th, they concluded that the ICF probability decreases linearly with the breakup threshold energy. This is illustrated on
the bottom panel of Fig. 71. Although the works of Gasques et al. [344] and Pradhan et al. [335] agree qualitatively, the
quantitative dependence of the ICF probability on the breakup threshold has not been established.

At this point it is important to mention that the differences in the CF suppression under investigation are very small. Thus,
they can be hardly noticed in traditional fusion excitation functions in logarithmic plots. One example is the recent work
of Palshetkar et al. [96], where the authors compare results for different projectiles (57Li, %®He) on similar targets ('’ Au
and '%8Pt). Fig. 72 shows their results. They used the reduction method proposed by Canto et al. [160]. In the notation of the
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previous section, Escjjeq and oscaleq cOrrespond respectively to x and I:‘g;‘p. Their conclusion is that the reduced CF excitation
function does not have a significant dependence on the breakup threshold of the projectile. Although this conclusion is
consistent with the results shown in this logarithmic plot, linear plots are more appropriate for this analysis.

Very recently, Wang et al. [ 399] performed a comprehensive investigation of the suppression of CFin collisions at energies
slightly above the barrier. They considered collisions of the %7Li, °Be, > 1B, 1213C and '°0 projectiles with several heavy
targets, ranging from %Y to 29°Bi. To plot together results for collisions of a given projectile with different targets, the data
were reduced by the method proposed by Canto et al. [ 160,161]. That is, the collision energies and the CF cross sections were
transformed according to Eq. (131). Since couplings with bound channels do not play an important role in this energy range,
it was not necessary to renormalize the fusion functions to eliminate their effects. The reduced data for each projectile were
then compared with the universal fusion function of Eq. (133) and a suppression factor was determined. The dependence of
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Fig. 73. (Color online) Comparison of the empirical function of Eq. (135) with the corresponding experimental results.
Source: This figure was taken from Ref. [399].

the suppression factors on the breakup threshold of the projectile was then investigated. They found the empirical equation,

0.29
In[1—Fay]=—076 exp| ——— | —029Esy, (135)
B.U.

where Fgy. and Egy. stand respectively for the CF suppression factor and the breakup threshold. In Fig. 73 the curve
corresponding to the above equation is compared with the experimental results.

We mention also the calculations of Sargsyan et al. [400], based on their quantum diffusion approach [296-298,401-
403]. Comparing their predictions of the CF cross section with the available data, they fit the CF suppression factor. They
considered collisions of ®7Li, °Be, ®®He and "B weakly bound projectiles at energies above the barrier. Their study of the
CF suppression factor does not lead to a clear systematic behavior for all projectiles. For ®7Li it is nearly independent of
the target, remaining around 0.50 for all ®Li and in the range 0.60-0.70 for ”Li. However, for °Be, there is no systematics
trend. The suppression factor varies from 0.64 to 0.90. Similar situations are found for ®*He and ''B. In the case of ®He, the
suppression factors for the 84Zn, 1% Au and 2%°Bi targets are respectively 0.40, 0.80 e 0.68. In the case of ''B, they are 0.82
and 0.95, for the 2%°Bi and >°Tb targets, respectively.

Although the studies of the systematic behavior of the CF suppression factor discussed in this section indicate that the
suppression does not depend on the mass or charge of the target, one should be careful about this conclusion. We remark that
these studies were based on data for relatively heavy targets and for one of the lightest system investigated, ®Li+%6Zr [333],
a smaller suppression was found. The suppression factor is 0.75, which corresponds to less suppression than that found for
heavier targets. This might be the indication of a trend. Although only TF data are available for lighter systems, there is some
evidence that the CF suppression factor for the 6Li 4+ 84Ni system is of the order of 0.87 (13% suppression) [333]. Thus, the
behavior of the suppression factor in collisions of weakly bound projectiles with light and medium mass targets is not fully
established. For a reliable conclusion about this subject, new measurements of CF for lighter targets are required.

7. Summary and conclusions

We have presented an account of recent experimental and theoretical advances on near-barrier fusion reactions induced
by weakly bound nuclei. In this endeavor other important processes which influence fusion, such as elastic scattering
and breakup reactions are also reviewed. One important feature of the low-energy fusion of weakly bound nuclei, which
includes halo nuclei, is the dominant role of the coupling to the breakup channel. This coupling seems to be responsible for
suppression of fusion at above-barrier energies and, together with the static effect of the more diffuse density, to a slight
enhancement at sub-barrier energies.

The usual Threshold Anomaly (TA) seems to be replaced by the Breakup Threshold Anomaly (BTA), which involves some
increase in the imaginary part of the potential as the barrier is crossed as the energy is lowered, accompanied by a reduction
of the attraction in the real part of the polarization potential. The important distinction between Total Fusion (TF) and
Complete Fusion (CF) is discussed in light of the importance of Incomplete Fusion (ICF), the fusion of the fragment after
breakup has occurred. Elastic scattering and breakup reactions are also discussed. Deep sub-barrier suppression of fusion,
a subject of great interest during the last few years, is discussed and the role of the short distance repulsion of the ion-ion
potential and of the compound nucleus are considered as potential causes of the suppression, with the latter being operative
in the fusion of light systems.
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From the theoretical perspective, we have gone at length in discussing the available theoretical methods do describe
collisions of weakly bound nuclei. The Continuum Discretized Coupled Channels (CDCC) method is discussed in detail, both
in calculations of direct reaction and in the evaluation of fusion cross sections. It is pointed out that the CDCC is not able to
give individual cross sections for the ICF and CF processes. In general, it gives only the TF cross section, which is the sum
of the contributions from the CF and ICF reaction mechanisms. This is because the CDCC is an effective two-body scattering
theory, with breakup mocked up through a discretized continuum. We discuss means to avoid this shortcoming by using
models that allow the identification of the ICF pieces, based on semiclassical or classical approximations. Recent advances
in theory are reviewed, and future development are pointed out. We present also a brief discussion of the relevance of the
information obtained from these fusion studies to nuclear astrophysics.

From the experimental side, we gave a full account of most of the measurements of fusion, elastic scattering (including
BTA studies) and breakup reactions during the last decade. About 50 experimental works were reviewed. Several stable
weakly bound projectiles, such as (°Li, ’Li, °Be, '°B), unstable, one- and two-neutron halo projectiles (*He, 8He, ''Be, !'Li),
one-proton halo projectiles (8B, '7F), and non-halo unstable projectile (5Li, 7B) have been studied in fusion and scattering
measurements on several target nuclei spanning a wide range of mass. We gave a rather detailed account of the major
findings of the analyses of these data. For this, we partially relied on the method of reducing the fusion and reaction cross
sections to system-independent ones, in order to compare data for systems in different mass ranges. The conclusion reached
points to the need to get more precise data in order to better pin down the relative importance of ICF, take the CDCC to its
limit of validity, and get a better description of the ion-ion interaction. We consider these to be part of the future effort
dedicated to the study of low energy fusion of weakly bound nuclei and we are happy to be part of this endeavor.
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