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1. Introduction 

The main purpose of this paper is to study two-paramt>h•r envelopes of n­

spheres M" (n 2: 4) in a simply connected space form Q~•+I where c =0, l or 

-1. The euclidean case, c = 0, was studied in (AD] and a natural problem, 

not considered there, is to characterize these immersions having constant 

mean curvature H (zero included), constant Gauss-Kronecker curvature I( 

or, more generally, satisfying a linear Weingarten relation A+ BnH +CI( = 
0, where A. l1 aud (' are real constants. We must point out that the 1·esults, 

prrsented here, are related to S]Jccial types of two-parameter en11elopes, which 

arc con.~tn,ctcd jl'Om a giticn two-dimensional focal set and a given function; 
sPe ( 1.4), ( 1.6) and (1.10), lwllow. In our approach, they play a fundamental 

role in the characterization of the envelope and in the construction of thP 

rxa.mples . To state our results, we nPed some terminology. 
Let Qf be a space form, as above, havin11; metric < , >~- In 1,articular 

Q~1 will he the hyperbolic space Ill N, given by 

Ill N = {x E n,N+I ;< .c,x >-,=-I, xi> 0}, 

where n,N+t is the lorentzian space, i.e., the spart' ntN+l with tht> mt>trir 

for x = (.i:1,X·l, .. ,,x"+i) and Y = lY1,Y1,- .. ,Y"+1) 

1.1. Let f : M"' - Qt', 2 ~ m < N, bt> an isomt>tric immersion 
of a riemannian manifold M"' and o : T.,M X T.,M ..... (TpM).L the second 

fundamental form off at p E A/; ht>rt' T.,M and (T.,M).L art' the tangent and 

thP normal spa.ct> of M at p. Let ,, be a unit fiPld normal to tht> immt>rsion 

and rl,1 Liu' srlf adjoint map of tanp;Pnt spares rorrt>spondi1111; to o along 11, 

that is < .·l,1(,,: }. y >e= < fl( J, y), I/ >r, for all r, y E T,,.\I, where < , >e 



dl'notes, in this case, both thl' induced metric and the ambient space metric. 
We denote, as usual, by v' and v' the Levi-Ci vita connection of M"' and Q~ 
and by v'J. the normal connection of/. 

The following definitions ran be found in [AD], for the case c = O. 

1.2. Let x : Mn -+ Q~+i as in ( 1.1) and assume here and in the sequel 
that M" i,q connected and orientable witli a given orientation. In this case, 
we choose the unit normal vector N that gives the orientation of M and 
denote by k1, k2, ... , kn the real eigenvalues of AN, 

1.3. Definition. We .~ay that an i.~ometric immer.qion z : M" -. Q~+I, 
as abo11c, witli n ~ 4, i.q a p-pammctcr eu11clopes of 11-,qpfiercs, p $ n - 2, 
(briefly p-PES), if at each point of M, k1 = k2 = ... = k,._P = ~ and k; '# ~ 
if 11-p+l $ j $ n, where~ 'f O if c ~ 0 and 1~1 > 1 if c < 0. 

We now desnibe how to construct a p-PES in Q~+l, for all c. 

1.4. Ll'L L = LP liP a p-dimE>nsionaJ riemanni , 11 manifold and g : L -. 
Q~+• an isometric immersion. Let r be a function in C:00

( L) satisfying: r is 
a. 11ositivP function if r ~ 0; r-/- (21.: + I )f and r-/- k1r, k E?l, if c = I; and 
if r is not constant, 0 < l'v1·r1 < I, for all C. Now, take functions O and /1 in 
C'""'(L) givrn by 

(1.5) (o,/J) = (l,r), (cosr,sinr) or (coshr,sinhr) 

according to c = 0, 1 or -1. 
Let A 1 he the unit normal bundle over the immersion g, i.e., the set. of 

the points (y,{11 ), where y E Land {11 is a unit vector normal tog, at the 
point y. Dy ( 1.1 ), we know that for each point y E L, { 11 describes a unit n-p 
sphert> n•nterPd at the origin in the ( 11-p+ 1 )-space, orthogonal tog. Define 
"':Al-, q~+l, by 

(1.6) 1/•(y,{y) = n(y)g(y)- /3(y)v'r(y)- /J(y) j l - lv'r(y)l2 {y 

1.7. Theorem. The hypn-smfacc gillc11 by (1.6) i.~ (i11 the open subset 
of the regular poi11ts) a p-paramctcr crwclope of .~phere,q. Com,cr,~cly, e11cry 

71-PES i~ locally of the form ( 1.6) 111/icrc r = ½, c:oi- 1 A or coth- 1 .X occording 
to c = 0. I or -1. 

1.8. I.Pt x : .\!" - Q~•+I hf' a 7,-PES and D, thP smooth distribution 
J,?;iwn by takinJ,?; at f'arh 7, E .\I. the ( n-p )-di1111>nsioual Pigenspace of AN, 

"l. 



corresponding to the eigenvalue A. Following [ADJ, we say that x is a special 
p-parametcr c,wclopc of sphere.~ (briefly p-SPES) if the distribution Df is 
integrable. 

Now, for each q E L, let B(q) C T9L be the rclati11r nullity subspace of 
the immersion g (given by Theorem I. 7), definPd by 

B(q) ={XE TqL : o(X, }') = 0, 'v YE Tql}, 

where o stands for the second fundamental form of g. 

1.9. Theorem. let x : M" --+ Q~+I be a p-PES. Then x is a ]J-SPES 
if ,md only if g : L - Q~+ 1 ha.~ fiat 11on11al bundle and Vr( q) E B( q) for 
all q E L, where r is giuen by ( 1.7). 

We will not present the proof of this theorPm here because it can be 
found in [AD], for c = 0. We remark that a. 1-PES (71 = I) is a. gPnera.l 
conformally flat hypersurfan•, defined and studied in [CDM]. Then, from 
noto 011, we restrict ourseluc.~ to 11-di111c11.~io11al 2-PES. n :::: 4. 

1.10. Assume that the index of rclatiuc nullity of g : L2 --+ Q~+I, 
defined by µ(q) = dim B(q), i.~ con.~tant. The possibilities are I'= 0, I'= I 
or µ = 2 and we can extend for the other ambients, the considerations 
found in [AD], for IR"+l. By Theorem 1.9, if Vr(q) ,# 0 then 1t(q) '# O, 
which implies that the gaussian curvature of the immersion g al th'-' point 
</, I<11(q), is equal to c. On tht> otlwr hand, if,, = 0, then Vr :i O and so 
r must be constant. So, we can condude that. locally, we havE' only three 
typt>s of 2-SPES: 

Type I. A normal bundlr of spherl.'s with radius r rnnstant ovt>r a 
surface g : L - Q~•+ 1 , havingµ = 0 ( 1<9 :/ c at every point). 

Type II. A 2-SPES where g( L) is a ruled surfacP with /(9 = c in (J~•+ 1
, 

without umhilic points (µ = I). 

Type III. A 2-SPES whrrE' g(L) is a part of a 2-tottaly geodPsic sub­
manifold in Q~+ 1(µ = 1). 

Here, a normal bundle of s7J/ic1-cs with mdius r constant is a hypersur­
fare given by taking the function r = constant in ( 1.6). A ruled .~mfacc 
g : L2 - Q~+I with no umbilics is givPn by 

(1.11) 



where')'($) is a.curve in Q~•+1 and vis a normal vector field with Iii= lul = I 
(here • = d/ds). In this casl', by Gauss equation, we have that Kg = c if 
and only if thert> t>xists a function p = p(s) such that ti(.•)= p(.•h(-•). 

Now we can state the results obtained for each one of the above types of 
2-SPES. For type I, we have 

1.12. Theorem. Let tf,: J\ 1 ...... Q~+i be a 2-SPES of type I, having 
neither H nor K constant. Then they .~atisfy the Weingarten linear relation 

(1.13) -nc2n11
-

2 /34 t 11011+-l - 2o" t (c2a 11
-

3/J5 - 0 11+1/J)nH t 2/311 
/( = 0 

for· all ( y, {y) in A I if and 011/y if g : £2 ..... Q-:+1 is a minimal su1-facc. 

As an t>xample, take a catnwid, that is, a minimal rotation hypPrsurface 
g : l 2 

-+ QJ C Q~+I (st>e [CD]) and construct over it a normal bundle of 
sphPres, with constant r. being rarPfull with the regularity condition, see 
2.10. 

For 2-SPES of type 11, WP have 

1.14. Theorem. Let I/':.\ 1 - q~+t, c -:fa O be a 2-SPES of type II. If 
tlu: f1mdiu11 r i., a cou.,t,mt M1ti.,fyillg ( 1.4) then tlie tlic W cingartcn relation 

("Q -I rJ - c( II - 2)01r 1 + cnll + Q-.. +31J1•-:J A"= 0 

lwld., fur oil ( y, {11 ) E A 1• 

Now, Id 1/,: J\ 1 ..... Q~+I be ,1 "2-SPES of type III. In this case the respec­
tive g: l 2 - Q~+• is totally p;Podesic'and we can assume that g = g(u1, u2 ), 

wht're (11 1,111) are orthogonal parametns for L, i.e., ( 
0
°9 , .09 ) = O (see 

1L1 Ou1 c 

:J.24). Let b, := 11 ::i ir• · %:i, i = I, 2, and consider the opera.tors P and 
Ton Tl givl'n hy (st>P also (2.2) and (2.5)) 

( 1.15) P(b) = nb - nb(r)~r - /3 Hessrb, 
T(b) = -(o llt>ssrb + c/Jb + b(n)Vr) , 

whPrP b E Tyl and Hessrb := 'v\(Vr) is the hessia.n of r relative to b. Our 
main rPsnlts for this typP of <'nvt>lopt> are 

1.16. Theorem. let IJ' : .\ 1 - (J~+l be r, 2-SPES of type Ill (1t ~ .J). 
Tflc11 II i., ,1 co11.~tfll1t k if rmd 011/y if 
( 1.17) 

({1t - 2)o - 11kd)dl't /' + ,1 (1'11 l'u - T11 P11 - T1iPll + T22 P 1i) = 0 

.J 



where, for l::; i,j::; 2, P;1 = < P(b;),b; > and T;; = < T(b;},b; >. 
The expression ( 1.17) ran IH' ronsiderably simplifiPd with an additional 

hypothesis on r, if c = 0. 

1.18. Corollary. Let t1,: J\ 1 ---+ rn. n+I be a 2-SPES of type Ill (n ~ 4} 
and as.qume that r = r( u, ). Then H is a constant k if and only if 

[(l-kr)n-2)· I- - -r- -r-=0 ( ( ar )2 a2r) a2r 
au, au, 2 au, 2 • 

We can find examples that verifies this corollary in the following result. 

1.19. Theorem. Let tJ, : A 1 ..... rn. n+I be a 2-SPES of type Ill 
(11 ~ 4) with r = r( 11 1 ). Tlu·11 it i.~ ,1 cyli11der 011er a mt,1tio11 hy]}O-$llt'­
f<1ce Mn-I C ill". Fur·tl1cr11101Y-. the mrrm cm,,at,m: H of the 2-SPES i.,; 
a constant k if cmd only if M"- 1 lws co11.'lta11t mc,m cu,,mture JI' equal to 
,:~\ . In particulm·, the 2-SPES is mi11im<1l if and only if it i.~ a cyliwfrr ouer 

purl of u mtcnoid M"- 1 contained in IR" C Ill n+ 1• 

For the caracterization of a rotation hypersurface in IR", having constant 
mean curvature, see [CD). 

We can also show the non-existence of 2-SPES of types I and II under 
certain conditions on H and Ii. For tPchnical reasons, /or t/1c.,;c rct<ult.~ we 
at1s1m1e that the lca11et1 of D ~ arc complete. 

1.20. Theorem. i} Thc:n: i.~ not a 2-SPES of type I in Q~•+•, with 
con .. ,;tant H neither with constcmt I\'. In ,,articular, therr i.'i not a minimal 
one 

ii) There i.,; not a 2-SPES of ty7,e II in IR 11+1, with A+ Bull+ CI\ = 0 
( B #; 0). /n particular, there i.'i not an example hai,ing constant H. Also, we 
cannot obtain a 2-SPES of tyJ>e II in Q~+I, c #; 0, with constant /I ncitlu:r 
with con.'ltant I{ #; 0. 

However, there do exist rxamples of 2-SPES of type II with /\. = 0 (see 
Proposition :J.21 ). 

The results of this paper arP essenrially chapters I and II of the author's 
doctoral dissertation [Ch), presented at (ME-USP. Then•. in chapter Ill, 
we have also studied the :l-l'ES M" in //"+ 1 which ran hP isomPtrirally 
immersed in rn n+:l (11 ~ .'i) and we obtained similar results to [AD). But. 
at the same time, Dajrzer and Tojero, see [DT) obtained a general theo­
rPm on romposition of immrrsions that rontains the results of rhaptrr Ill 
menrioned. 
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2. Regular points of 1/J; proof of Theorem 1. 7. 

2.1. Let g : l ..... Q~•+I be an isometric immersion and V the Levi­
Civita co1111ectio11 of l = l". Let Ae : Tyl ..... Tyl be as in ( l.l) a.nd 
P : Tyl ..... Tyl the linear operator given by 

(2.2) P(b) = ob - ob(r)v'r - /JHessrb + /J✓l - jv'rp1 Ae(b). 

T11l.:i11y II loml urlho110111wl frmlH Jic/cl {b1 , b2, ... , bp} of TL, we ran see that 
the spacP V'.(!,,(~J(T J\ 1) decomposes iuto a. direct sum uf .~ub.~paces 1f. (hori­
;:ontal) a11d V, where 'H i.~ the subspace spanned by 

(2 .3) c · =b · +(-1)'+ 1 bj(r) t · 
, J JI - jv'rl:l ._ • J = l, 2, ... p. 

and V is the 11-p dimensional subspace orthogonal to { and to the immersion 
g. 

Now, define the maps Q : T11 l ..... "fi, T : T11 l - H aud l! : Tyl ..... H, 
by 

(2.4) 

(2 .5) 

(2 .6) 

Now. we nu1 statP 

Q(b) = f'(b) _ < P(b), Vr >, , 
✓1 - 1vrj2 .. , 

U(b) = T(b)- < T(b), v'r >, . 
✓ 1 -1Vrl1 { 

2. 7. Proposition. 
(i) V': A1 

- Q~•+• ha.~ 11mxi11wl mnl.: n cd the f)Oi11t (y,{11 ) if arid only if 
P i.~ 11ot .~i11y11for (that i.~. Q i.~ not .~i11yular) 

(ii) Ju the regular point.~ (y, {y) yi11cn by (i), the unit normal field N of 
1J' is giuc11 by 

(2.8) 

(i 



and the second fundamental form AN of t/1 has the following re.~triction .. ~ to 
the subspaces V and 11.: ANlv = >.I <md ANl'H = UQ- 1 • 

All eige,walue .. ~ of the mllp UQ- 1 are different from>., in a11y poi11t. 

2.9. Proof. To prove that all eigenvalues of UQ- 1 are different from 
>., the argument is exactly the same of the proof of Theorem 1.5 {AD, p.624]. 
To prove (i) and (ii) we follow closely the proof of Proposition 1.8 in (DG]. 
Since TA 1 = 1l $ V, to compute V'•Cri,(,), we will first compute tJ,.lv . For 
this, take v EV and 'Y: (-£,f) - A1 the curve given by 1(t) = (y,{(t)} 
with -y(O) = (y,{11 ) and {(O) = v. Then 

(2.10} t/1.(y,(~J( v) = :, ( ~, o "'f )( t)lc=O = -/J(y) j (l - 1Vrl2( y) u 

Now to compute ,J•.'1-t, we observP that any tangent vertor in 'H can bP 
written as{.( b) where b E T11 L and ( is a local section of A 1 , through ( y, ( 11 ). 

By identifying g.y( b) with b, WP ran see that 

,J,.({.(b)) = Vb(V' 0 {) = 

• 

(2.11} =(aid-a< Vr,· >e Vr-/JHessr +fJ J l -lv'rr2 A() (b) 

-b (tJ J l - lv'r ll ) { - fJ J 1 - jVr l1 Vt{-{Ja(b, Vr). 

Let oi(b, Vr) := o(b, Vr) - < a(b. Vr),{ > { and let R: Tyl -+ V 
be the operator given by R(b) = o 1(b, Vr) + JI -1Vrl2 Vr {. It is easy 
to see that t/1.((.(b)) = Q(b) - /3R(b) and then /m 11,. ::.: /111 Q $ V. Since 
dimV = " - p, (i) follows. 

For part (ii). an easy computation shows that N is unitary and normal to 
the generators of both 1l and V. Now, to compute AN Iv, take,,= ,J,.( v) E V 
as i~ (2.10) and f(t) = ,J,(-r(t)) a curve such that 11 = [(0). Since N(t) = 
N(f(t)) ran be view as a curve in Ill n+-2 (Ill n+l. if c = 0), WP obtain 

To romputP ANl1-t, take u = 1/•.({.b) as in (2.11). Since R(b) EV, on one 
hand WP have 

(2.13) 

7 



On the other hand, looking N as a map of Mn into a vector space, we obtain 

(2.14) 

AN(u) = -N.(u)=-(Nov,o{).(u) 
= -'vb (cfJg + a'vr + aJl - j'vrj2 {) 

= -c/Jb- b(a)'vr- ollessrb- o(a(b, Vr)) 

-b ( oJl - jVrj2 ) { + o/1 - jVrjl Ae(b) 
-oJl - 1Vrl2 Vr{ . 

Now (2.1:i) and (2.14) gives 
(2.15) 

AN((J(b)) = -cJJb - b(o)Vr - o Hess,b - b (o/1 - jVrll ) { 
+oJl - l'vrl2 Ae(b) - o < A((b), 'vr > {, 

which implies hy (2.6) that AN(Q(b)) = l!(b) and ANht = UQ- 1• This 
complete our proof. 

Remark. We observe that the operators P, T and ll defined so far, 
appPar naturally in the abovP rom1mtations. 

Dy 2. 7, WP can see that the matrix of the operator AN, relative to a basis 
on which the u - p first vectors are in V and the last p-vPctors are in 1i, 
takPs thP form 

(2.16) 

It follows that 

(2.17) I 1 [ _ ] II = -tr[ANJ = - (11 - 1')~ + tr[UQ 1
) , 

II 1l 

(2.18) 

For Pad1 (y,{11 ) i11 A1, !Pt B = {bi(y), ... ,bp(y)} bP any orthonormal 
ha:;is of T'Jl and let E = {f'1(y), ... ,cp(y)} be the correspondent ha.sis of 
1t(y,{,l• where the c; are given hy (2.:J). We know that [UQ- 1]E,E = 
[U)B.E · [Q-1]E.B, whnP, for instance, [UQ-'JE,E clPnotes the matrix of 
UQ- 1 relative to the basis E. 

SinrP [U]B.E = [T]a,B, [C!]B.E = [P]a.B and [Q- 1]E.B = [QJ8'.g, WP get 

ll'<l-11£.E = (T]B .B. IPli/11-



WIien p = 2, we obtain 

(2.19) 

where T;1 = < T(b;),b, >c and ?;1 = < P(b;),b; >c- Then 

(2.20) det P = 1'11 Pn - P12P·ll , 

and 

(2.22) 

2.23. Proof of Theorem 1. 7. 

We will only present herl' tllf• rasp c = -1, the others hPing similar. (u 
any case, our 1>roof follows closely the proof of Theorem l.5 in [ADJ. 

Let g: L -- rn:n+I, r E C00(L) as in (1.4) and let"': A1 - rn:n+t be 
as in (l.6). By Proposition 1..7, 1/• is a p-PES, in the regular points (y,(11 ). 

We can see that .\ > l holds, bPc-ause in this rase we take.\= o(r) where 
iJ( r) o(r) = rosh rand /J(r) = sinh r. 

For the ronverse, let :r. : .\[" - rn: "+I he a p-PES and D., : M ~ TM 
the distribution given by 

for each q E M. It is known (see [R)) that D,. is differentiable and involutive, 
.\ is constant along each leaf E,. of D,. and I:,. is a n-11-umbilic submanifold 
of both M" and DI n+J. Then (sPP (Sp)), E~-, is either a totally gf'Odesic 
submanifolcl, a horo-sphere, or an e<juiclistant hypersurface in some totally 
geodesic submanifold 1H n-p+t of DI "+1. In this way, E~-p is also umbilic 
in E'.t"+ 1

• Since.\ > I. it is not cliffirult to see (see (Sp!), that E'.t" is 
actually a geodPsir spherP. Fur this. we rail briefly each I:'.t" a sphere. 

Now WP rhoose local roordinatPs (u1 , ••• ,u,,,t1,••·•t,._,,) for x such that, 
for Pach ( u1, ••• , u,,) fixed. Lill' l'oorclinates (t 1 , •••• t,,-p) parametrize a leaf of 
D.,. Then, WP have 

(2.24) ,..\N ( ih) = ,\ iJ.r . i = I, 'J. • .•• , II - ,, • iJt, i)t, 



• 
• 

• 

Since-' > I, r = roth- 1
(-') is well defined. ConsidPr the focal sPt of x .. 

relative to-' given by g = ox+ 1JN, where N is a unit vector field normal to 

z. Clearly A = ;. Since ~A = 0, it follows that ~r = 0 and by (2.24), we 
,., ut; ut; 

obtain ::. = 0, that is g = g( 11 1 , ••• , "p)- The fact that g is a submanifold of • 

m u+I follows from [CR]. Now, we have 

( N, og) = o :r , (N,g)_1 = /3 
i:)u · vu,· 

J -I 

and taking an orthonormal frame {b1, ••• , bp} tangent to g, w.e will obtain 
< N,b; >-• = < oVr,b, >-i- Then, in Il,"H, N ran be written in the 
form N = -/Jg+ ov'r + -y{, where { is a unit vector normal tog in Ill "+ 1

• 

SiurP < N, N >-i = l we ran rhoose -y = -JI - jVrj2• Finally 

N = -/Jg+ nv'r - /1 - jv'rjl { 

and 

(2.25) 

Now, we take thP bundle A I ovPr the fora.I submanifold g given above. We 
know that for each (u1 , ••• ,u,,) fixed, (t1, ... ,t,.-p) paramf'trizes a leaf of D>.; 
this is e<111ivalent to the fart that for ea.ch y E V', { 11 describes a leaf E~-p 
of D~. Thf'n, x given lorally by (2.25) ran be view )orally as the map 
~•: .\I - Ill "+ 1 given by ( I.Ii). 

3. Proofs of the results about types I, II and III. 

3.1. Proof of Theorem 1.12. 

In typf' I 2-SPES thP funnion r is constant, whirh simplifies the expres­
sions for I', T and l/ and, rnnsl'qt11•11tely, UQ- 1, see (2.1!)). Ily bringing 
these simplified expressions into (2.17) and (2.18), we obtain 

(3.2) 

(3.3) 

,ill = ( no2 
- 2)o + ( 1102 - I )/J tr Ae + 11n1fl dPt Ae 

1J( o"l + o/J tr A{ + /J1 det A() ' 

I\" = c2ott-l .fl - n, .. - 1 !J tr Ae + o" dPt Ae 
,j .. -l( ol + oli tr Ae + 1J2 det Ae) 

10 



• 
--• 

Observe th.w in the n>gular points (y, {~) we have 

Now it is not difficult to conclude from (3.2} and (3.3} that ( 1. 1:1) holds if 
and only if tr A( = 0 for all ( y, {11 ) E A 1, that is, if and only if 9 is minimal, 
which concludes the proof. 

3.4. For type II, the surface g : L2 - Q~+I is given by ( 1.11) wich, for 
each ambient, takes the particular form 

(3.5) g(s,t) = n(th(s) + b(t)t,(s) 

where (rt(t),b(t)) = ( 1,t), (cu., l.,$it1 t) or (cosh t,.,iuh t) arcording to c = 0, 
1 or -1. 

We claim that the function r : L~ ~ Ill of a. 2-SPES of type II doPs not 
depend on the variable .~, that is r = r( t ). In fact, taking an orthonormal 

frame {b1,b2} tangent tog, ;iven by b1 = :! · 11:! ll-t and b2 = ~!, we 

obtain 

{3.6) 

where ' denotes the derivativP with respect to the variable t. Oy TheorPm 
l.!) we havP that Vr(q) E B(q), \:/q EL. Then o(Vr,bt) = 0, that is 

(3.7) 

Taking an orthonormal frame {{1, ••• ,{,._i) normal tog, we havP 

By substituting (:J.X) in (:J.i) and rrralling that 0(61,bi) -/: 0 (g dors not 
have umbilic points), we rondude that r = r(t). 

3.9. Retnark. By (:J.X) and the relation between the s«-rond fon-
dauieutal form o and the Weingarten operator Ae, for each unit VPctor {, 

11 



• 
normal to the immersion g, we obtain the matrix of Ae given hy 

Writing II ij = < Hess,b;, b1 > and using (2.2) and (2.5) we obtain, after 
rakulatious, 

(3.10) 
{ 

H11 = 

11-n = 

{ 

Tu 
(3.12) 

Tn 

Now, thP formulas (2.20) to (2.22) take the simpler form 

(3.13) clPt /' = l'11Pn, 

Finally, hy (2 .1 i) an,I (2. lX). WP ohtain 

(3.16) 1111 = (11 - 2)A + (T11 I'n + T22 P11 ) • (det P)- 1 , 

12 



3.18. Proof of Theorem 1.14. 

At this point, it is an easy consE>quence of the above formulas. In fa.ct, 
if r is a constant, then (3.16) a.nd (3.19) become 

(J.lU) nH = [(n - 2)Q2 
- 2c/flQ'lj {a(t) + p(s)b(t)]- (QJ{J - c/130:) < .:Y,€ >r 

/Jo:(a(t) + p(s)b(t)J-/32 < 7,~ >c 

(3.20) 
/\' = co.n-t /3 < i, { >r +c2o."-2 /.12( a( t) + p( s )b(t)) 

a 2{J"- 2("(t)+p(s)b(t))-a/J"- 1 < 1,! >e 

and from this Wf' immediately gl"t the desired Weinga.rtrn relation 

3.21. Proposition Ld I/•; A 1 - q~+t be a '2-SPES uf type II i11 (J~+•, 

c :/- 0. Then K = 0 if and 011Jy if the fu11ctio11 r = r(t) is "solution of the 

equation · 

o(r)b:l(b:l(r)) + c/J(r)( I - b~(r)) = 0, l - b~(r) > 0 

and satisfy ( 1.4). In particufor, if c = 0, r = r(t) is a linear fur1r.tio11 of tlic 

tJariable t, satisfying ( 1.4 ). 

Proof: It follows easily from (:l.12) and (3.17), ifwPohserve that T 11 '/: 0 

and~:/- 0. 

3.22. Considerations about type Ill; the proofs of Theorems 

1.16, 1.19 and 1.20. 

In thl" type III 2-SPES, g ; L2 - Q~+• is an open piece of a 2-

dimensional totally geodesic suhmanifolcl of Q~+t. So g can i>P givrn hy 

the intersf'ction of Q~+J with a :J-dimensional vector subspace P,1 of m. "+:l 

if c > 0, or ll.. n+:l if c < 0. If c = O, g is a piece of a 2-planP, which can br 

assumed through thP origin and genPrated by two vrctors t,1 and v:i. If r 'I 0, 

Wf' can assume that P3 is generated hy {T,, t11 , v-1}, where 71 is lhe vrrtPX of 

Di u+I (c < 0) or any point of ,','"+ 1 (c- > 0), in a. way lhat < p,p >.- = c in 

any case. and { "•, 111} is an orthonormal basis in T,,Q~+•. 
To givP 9 in rnordinates. l<>t -y( ri 1 ) = PXPp u 1 111 he thP J?;POIIPsic- of Q~•+ 1• 

through p, in the direction of 111• Precisely, 

(3.23) 

(c = 0) , 

cos ll1P + sin 1t1t11 

rosh 1t1t1 + sinh 1t1 V1 

(c = I) , 

(c = -1). 



Observe that p = 0 if c = 0. Since < v2, VJ >c= 0, v2 is normal to -y( UJ) at 

the point p. Let V2 = Vi( ui) be the parallel transport of v:2 along -y, and 

in this case it is easy to see that Vi = v2 (note that v2 E T..,(,.i)Q~+J and 

< V:z,7(ui) > = Q). 
finally, takiug g( u1, u2) = exp..,(ui) tt·2t12, we get 

{ 

p+ UJt,, + u2v1 (c = O), 
(3.24) g(ui, u2) = cos u2 ros u11J + cos u2sin u1v1 + sin u2v2 (c = 1), 

rosh u2 rosh UJ 7J + cosh u2 sinh u1 VJ + sinh U2V2 ( c = -1). 

3.25. Sketch of the proof of Theorem 1.16. 

Siure A(= 0 for all{, (2.:l) aud (2.5) take the simpler form (1.15). From 

the dPfinition of b;, i = I. 2 and (:J.24), WP obtain 

(3.26) 

{ 

b; = 11; ' i = I , 2 ( C = 0) ' 
bi = - sin U1P + cosu1t11 {c = I), 
b1 = -sintt2rosu,p-sinu2sinuJllt +rosu2v2 (c= I), 
b1 :;;; sinh u,p+ cosh u 111J (c = -1), 
b2 = sinh u2 cosh UJP + sinh u2 sinh u1 v1 + cosh u2v2 ( c = - I) . 

Now following (:J.IO) to {:J.l:l), we cau compute by ( 1.15), the expressions 

of ll;;, I';; ancl T;; for the type III, and the desired result follows from 

formulas (1.17) and (:l.:21). 

3.27. Proof of Theorem 1.19. 

Uy putting th<' expression off/( 1t1, ri2) in (:J.24) for r = 0 into ( 1.6), we 

ohtain 

Taking {€1, 6, . .. €u-t} an orthonormal frame. norma.l to the plane spanned 
n-1 

hy { b,, bi}, we ran write {11 = L </>1:{i,(y) where <Pk :;;; c/>d t1, t;2, ••• , t,._2) 
k=I 

is an orthogonal parametrization of the n - 2 unit sphere. ObsPrve that 

for each va.luP of the variable 112 , WP obtain the same rotation hypersurface 

M"- 1 in the euclidean spacP spamml by {b1,€1,{2,••••€n-t }. Then the 

PII velopP is a cylindrr ovrr a, rotation hyprrsurfacP. ft is not difficult to seP 

thal 1t - I ei)!;envalues of tht> sPt·o1ul fundamental form of Al" are the same 
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as the eigenvalues of Mn-l, the remainder being z~ro. Then I/ = ~/11
, 

where H' is the mean curvature of Mn-l and the proof follows by observing, 
once again, that minimal hypersurfaces of rotation in Ill" are catenoids. 

Remarks. 1. It would be interesting and desirable to obtain a. result 
similar to Theorem 1.19 for the cases c = ±1. 

2. It is instructive to see what happens with the envelope of a. line (p = I) 
in lll 3. Taking an orthonormal frame {b1,{1,6}, in such a way that the line 
is parametrized by c(s) = sb1, the local parametrization of the I-parameter 
envelope is 

where{(.~, t) = ros t{1 + sin t{i- Theu 

which is a rotation surface in Ill 3 . The conclusion is that the minimal euvP.­
lope of a line in lll 3 is a ca.tenoid. The main result in [BJ is a generalization 
to greater dimensions 71 ?: 4, of this observation, since minimal conformally 
flat hypersurfaces (wich arr trratP<I in (Bl} can be seen as !-parameter 
envelopes. \Ve point out that our Theorem 1.19 can be sl'f'n as an extension 
of the above result for 2-parameter envelopes. 

For the proof of Theorem 1.20 we will nePd the followiug 

3.29. Lemma. Let 9 : L2 - Q~+t be an i.~omctric i111111crsio11 with 
71?: 4. If there i.<1 a pointy E L1 .~uch that for all 1111it ,,cctor { E (T11 L).l we 
hat,c det At = k (co11sta11t), thcu k = 0. 

3.30. Proof. Since dim(T,L ).I. = 71 - I ?: :J, there Pxist a unit vPctor 
{ 0 E (T11 L)..1.. which is normal to the first normal space of g . Therrfore 
clet A(o ?: 0. aud conse<1uently k ?: O. 

If I.: > 0. take {, 11 E ( T11 L ).I. any orthouormal pair of vr1·tors. ( :ltoosr an 
orthouormal basis {b1,b2} E T11 L such that 

From the hypothesis, we haw o;i = k > 0 and 111 = k + b1 > 0. 

15 



Now, taking t = I; { + ~ 11 E (T11 L ).l., we obtain 

So k = det Ae, = k + ½( 01, + /J-y ), which implies oµ + /J,y = 0. It follows 
I,; 2 

that k1, 2 + {J2-y1, = 0 and 1'1' = - ;~: < 0, which is a rontra<liction. Then 

k = 0. 

3.31. Proof of Theorem 1.20. 

Sinrl' the proof of (ii) is similar, we will only present here the proof of 

(i). 

Suppose there exists a 2-SPES f/, : A1 ..... Q~•+I with con.~tant H (the 

proof for constant I( is similar). By (:l.4), if nH = k, we obtain 

for all regular point (y, {ll). Sinre A{ is a. 2x2 matrix, we have trA_e = -trAe 

and det A_{ = det Ae, then putting -{ in the place of { in the above ex­

pression, and adding up the results we get that det A{ is ronstant, for all 

{ 11 E (T11 L)J.. Now, hy Lemma :J.29 WP obtain detA{ = 0, V{, and the 

Gauss Pquation of g ; L1 - Q~+• reduces to Kg = c. Since these surfaces 

are Pxduded from typP I. thP rPsult follows. 
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