





denotes, in this case, both the induced metric and the ambient space metric.
We denote, as usual, by ¥V and ¥V the Levi-Civita connection of M™ and Qr
and by V't the normal connection of f.

The following definitions can be found in [AD], for the case ¢ = 0.

1.2. Let £ : M™ — Q%! as in (1.1) and assume here and in the sequel
that M" is connected and orientable with a given orientation. In this case,
we choose the unit normal vector N that gives the orientation of M and
denote by ki, ka, ..., k, the real eigenvalues of Ay.

1.3. Definition. We say that an isometric immersion z : M™ — Q41
as above, with n > 4, is @ p-parameter envelopes of n-spheres, p < n - 2,
(briefly p-PES), if at each point of M, ky = ky = ... = kn_p = A and k; # )
ifnptl <j<n, where A£0ifc>0and |A|>1ifc<0.

We now describe how to construct a p-PES in Q2+, for all c.

1.4. Let L = L? be a p-dimensional riemannian manifold and ¢ : L —
Q2*! an isometric immersion. Let r be a function in C'*°(L) satisfying: 7 is
a positive function if ¢ € 0; » # (2k + )5 and r# kn, keZ, if c= 1; and
if 7 is not constant, 0 < |Vr|2 < I, for all c. Now, take functions a and /3 in
C'™~(L) given by

(1.5) (a,8) = (1,r), (cosr,sinr) or (coshr,sinhr)

according toc =0, 1 or -1.

Let A! be the unit normal bundle over the immersion g, i.e., the set of
the points (y,£,), where y € L and £, is a unit vector normal to g, at the
point y. By (1.1), we know that for each point y € L, &y describes a unit n-p
sphere centered at the origin in the (n-p+1)-space, orthogonal to g. Define
wiAl — Qi1 by

(1.6) V(¥ &) = o{y)g(y) - B(y)Vr(y) — Bly)y/1 - |[Vr(y)j? &,

1.7. Theorem. The hypersurface given by (1.6) is (in the open subset
of the regular points) a p-parameter envelope of spheres. Conversely, every
p-PES is locally of the form (1.6) where r = %, cot™! A or coth™! X according
toc=0,1o0r-1. .

L.8. Let x : M™ — Q#*! be a p-PES and Dy the smooth distribution
given by taking at each p € L. the (n-p)-dimensional eigenspace of Ay,



corresponding to the eigenvalue A. Following [AD], we say that z is a special
p-parameter envelope of spheres (briefly p-SPES) if the distribution Dy is
integrable.

Now, for each ¢ € L, let B(q) C T,L be the relative nullity subspace of
the immersion g (given by Theorem 1.7), defined by

Blg)={(X€T,L: o(X,Y)=0,VY €T,L},

where a stands for the second fundamental form of g.

1.9. Theorem. Letz : M* — Q*! be a p-PES. Then = is a p-SPES
if and only if g : L — Q*! has flat normal bundle and Vr(q) € B(q) for
all g € L, where r is given by (1.7).

We will not present the proof of this theorem here because it can be
found in [AD], for ¢ = 0. We remark that a 1-PES (p = 1) is a general
conformally flat hypersurface, defined and studied in [CDM). Then, from
now on, we restrict ourselves to n-dimensional 2-PES, n > 4.

1.10.  Assume that the indezx of relative nullity of g : L? — Q¥+,
defined by p(q) = dim B(q), is constant. The possibilities are u =0, u =1
or # = 2 and we can extend for the other ambients, the considerations
found in {AD], for R"t!. By Theorem 1.9, if Vr(q) # 0 then u(q) # 0,
which implies that the gaussian curvature of the immersion g at the point
¢, Ig(q), is equal to ¢. On the other hand, if p = 0, then Vr = 0 and so
r must be constant. So, we can conclude that, locally, we have only three
types of 2-SPES:

Type I. A normal bundle of spheres with radius r constant over a

surface g: L — QM1 having p = 0 (A, # ¢ at every point).

Type I1. A 2-SPES where g(L) is a ruled surface with A, = ¢ in Q2%!,
without umbilic points (u = 1).

Type III. A 2-SPES where g(L) is a part of a 2-tottaly geodesic sub-
manifold in QP '(pn = 2).

Here, a normal bundle of sphercs with radius r constant is a hypersur-
face given by taking the function r =constant in (1.6). A ruled surface
g: L% — Q" with no umbilics is given by

(1.11) g(s.t) = cxp gt v(s)



where y(s)is a curvein Q1*! and v is a normal vector field with || = |v] = 1
(here - = d/ds). In this case, by Gauss equation, we have that Ky =cif
and only if there exists a function p = p(s) such that i(s) = p(s)y(s).

Now we can state the results obtained for each one of the above types of
2-SPES. For type I, we have

1.12. Theorem. Letyr: A' — Qz*! be a 2-SPES of type I, having
neither H nor K constant. Then they satisfy the Weingarten linear relation

(1.13) —ncta™28% + na"t? - 2a" + (2a™ 345 - "Bl 4+ 28"K =0

for all (y,£,) in A' if and only if g : L? — QP*! is @ minimal surface.

As an example, take a catenoid, that is, a minimal rotation hypersurface
g:L* — Q3 c Qrt) (see [CD)) and construct over it a normal bundle of
spheres, with constant r. being carefull with the regularity condition, see
2.10.

For 2-SPES of type Il, we have

1.14. Theorem. Let ¢ : A — Qi+, ¢ # 0 be a 2-SPES of type 1. If
the funclion v is a constant satisfying (1.4) then the the Weingarten relation

ca'd—c(n=2)ap" +enH + a3 = g

holds for all (y,€,) € A.

Now, let ¢ : A' — Q*! be a 2-SPES of type 1. In this case the respec-
tive g : L? — QU+! is totally geodesic and we can assume that g = g(uy, uy),
dg Ig

where (u;, u;) are orthogonal parameters for L, i.e., <,—, —— ) =0 (see
: duy’ duy /.
- dg (|7 g . :
$.24). Let b, := || "=—, 1 =1, 2, and consjder the operators P and
()u.- ()u,-

T on TL given by (see also (2.2) and (2.5))

P(b)
T(b)

ab — ab(r)Vr — J Hess, b |

(1.18) —{a Hess b + ¢fb + b(a)Vr) ,

where b € T, L and Hess,b := V4(Vr) is the hessian of r relative to b. Qur
wmain results for this type of envelope are

1.16. Theorem. Let v : \! — QU+ be a 2-SPES of type 111 (n24).
Then H is a constant k if and only if
(1.17)

({(n =2} - nkid)det P + (T Py = Ty by, - T”P“ + TnP“) =0
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where, for 1 < i,j <2, P = < P(b;),b; > and Tj; = < T(b;),b; >.

The expression (1.17) can be considerably simplified with an additional
hypothesis on r, if ¢ = 0.

1.18. Corollary. Let 4 : A' — R"™*! be a 2-SPES of type IIl (n > 4)
and assume that r = r(wy). Then H is a constant k if and only if

[(1-kr)n_21-(1-(%)2—ri’.)—ri?i:o.

au,‘ ()ulz

We can find examples that verifies this corollary in the following result.

1.19. Theorem. Let 9 : A' — R"! be a 2-SPES of type Il
(n 2 4) withr = r(uy). Then it is a cylinder over a rotation hypersur-
face M*=1 C IR™. Furthermore, the mean curvature H of the 2-SPES is
a constant k if and only if M™~" has constant mean curvature H' equal to
;";lil-. In particular, the 2-SPES is minimal if and only if it is a cylinder over
part of a catenoid M~ contained in IR™ C R ™',

For the caracterization of a rotation hypersurfacein IR ", having constant
mean curvature, see [CD].

We can also show the non-existence of 2-SPES of types I and Il under
certain conditions on # and KA'. For technical reasons, for these results we
assume that the leaves of Dy arc complete.

1.20. Theorem. i) There is not a 2-SPES of type I in Qi+, with
constant H neither with constant K. In particular, there is not a minimal
one

ti) There is not a 2-SPES of type Il in R™*!, with A+ BnH + CK =0
(B #£ 0). In perticular, there is not an example having constant H. Also, we
cannot obtain a 2-SPES of type Il in Q'*Y, ¢ £ 0, with constent H neither
with constant K # 0.

However, there do exist examples of 2-SPES of type I1 with &' = 0 (see
Proposition 3.21).

The results of this paper are essencially chapters [ and II of the author’s
doctoral dissertation [Ch], presented at IME-USP. There. in chapter III,
we have also studied the 2-I’'ES AM™ in [I"*! which can be isometrically
immersed in IR **? (n > 5) and we obtained similar resuits to [AD]. But,
at the same time, Dajezer and Tojero, see {[DT] obtained a general theo-
rem on composition of immersions that contains the results of chapter 11
mencioned.
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2. Regular points of #; proof of Theorem 1.7.

2.1. Let g : L — Q»*! be an isometric immersion and V the Levi-
Civita connection of L = L*. Let A¢ : TyL — TyL be as in (1.1) and
P:TyL — T,L the linear operator given by

(2.2) P(b) = ab - ab(r)Vr — B Hess, b+ 3\/1 = [Vr|2 Ag(b).

Taking a local orthonormal frame field {by, by, ...,b,} of TL, we can see that
the space ¢i,(y¢,)(TA') decomposes into a direct sum of subspaces H (hori-
zontal) and V, where H is the subspace spanned by

bi(r)
2 f ol a
— 1=12,.p.
1=-|Vr2 >’ i
and V is the n-p dimensional subspace orthogonal to £ and to the immersion

g.

(2.3) €5 = b, + (=)

Now, define the maps Q: T,L - H, T:T,L — Hand U : T, L — H,
by

< P(b),Vr >,

(2.5) T(b)= - [a (ness, b— /1= |vr)? AE(b)) o cpiny b(a)Vr] ,

< T(b),Vr>.

(2.4) Q(b) = P(b) ~ .

(2.6) U(b) = T(b) -

Now, we can state

2.7. Proposition.

(1) ¥ : AY — Q2+ has mazimal rank n at the point (v, &) if and only if
P s not singular (that is, Q is not singular)

(1) In the regular points (y,£,) given by (i), the unit normal field N of
¥ 1s given by

(2.8) N=cig+ afVr+ /1 —|Vr|2 §)
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and the second fundamental form An of ¢ has the following restrictions to
the subspaces V and H: Anly = M and An|y = UQ™.
All eigenvalues of the map UQ™! are different from A, in any point.

2.9. Proof. To prove that all eigenvalues of UQ ™! are different from
A, the argument is exactly the same of the proof of Theorem 1.5 [AD, p.624].
To prove (i) and (ii) we follow closely the proof of Proposition 1.8 in [DG].
Since TA! = H § V, to compute Vu(ve,)» We will first compute $.|v . For
this, take v € V and 7 : (—¢,¢) = A! the curve given by v(¢) = (v,£(t))
with 7(0) = (y,£,) and £(0) = v. Then

(2.10) oy, (V) = %('I’ oY) (t)i=o = =B(¥)/(1 - |Vr|X(y) v

Now to compute .|y, we observe that any tangent vector in ‘H can be
written as £,(b) where b € Ty L and £ is a local section of A', through (y, ).
By identifying g.,(b) with b, we can see that

V(6(b)) = Vi(¥o) =
(2.11) = (ald - @ < Vr,- >, Vr - BHess, + #/T=TVr[ A¢) (b)
~b (B/T=TVrT) € ~ BYT=TVIT® Vi€ = Ba(b, V7).

Let ay(5,Vr) := a(b,Vr) — < a(b.Vr),E > fandlet R:T,L =V
be the operator given by R(b) = ay(b,Vr)+ /1= [Vr[Z VEE It is easy
to see that ¥.(£.(b)) = Q(b) — BR(b) and then Jm w. = Im Q ¢ V. Since
dimV = n — p, (i) follows.

For part (ii), an easy computation shows that NV is unitary and normal to
the generators of both H and V. Now, to compute AN|v,_take n=v.(v)€EV
as in (2.10) and T'(t) = ¥(7(t)) a curve such that = ['(0). Since N(2) =
N(T(t)) can be view as a curve in R™*2 (IR"+!, if ¢ = 0), we obtain

= . a
(2.12)  An(n) = =VpgN = =N(0) = —ay /1 = |Vr|2 v = 3= Ay

To compute Anl,, take u = ¢n.(£.D) as in (2.11). Since R(b) € V, on one

hand we have

(2.13) Anlu) = AN(Q(b) = JR(D)) = An(Q(b)) — FAR(D) .



On the other hand, looking N as a map of M™ into a vector space, we obtain

An(u) = —N.(u)=-(Nowpof), (u)

-9, (c/ig +aVr +a\/1 - |Vr[? f)

(2.14) = —c¢ib - b(a)Vr — aHess, b - a(a(b,Vr))
~b (ayT=TVIT ) €+ a/T= VT A¢(b)
—a/1-[Vr[T Vi€ .

Now (2.13) and (2.14) gives

(2.15)

AN(Q(B)) = ~cBb - b(a)Vr — o Hess,b = b (ay/T= VI ) £

1 - |VT|2 A((b) —a < Ac(b),vr > £,

which implies by (2.6) that AN(Q(b)) = U(b) and Anly = UQ~'. This

complete our proof.

Remark. We observe that the operators P, T and U defined so far,
appear naturally in the above computations.

By 2.7, we can see that the matrix of the operator Ay, relative to a basis
on which the n — p first vectors are in V and the last p-vectors are in H,
takes the form

(Mu-pxn- 0
2.16 pXn—p
Vel [ ¢ Q" px»
It follows that
1 1
(2:3%) = ~ufdy] = = [(n = pA+ulUQ™)]
(2.18) K = det[-Ay] = (A)*"P det[UQ™"] .

For each (y,&,) in A', let B = {bi(y),....b,(y)} be any orthonormal
basis of T, L and let E = {¢(y),....cp(y)} be the correspondent basis of
Hiye,)» where the ¢; are given by (2.3). We know that [UQ gg =
[Uls.e - [Q")&.8, where, for instance, [UQ1')g g denotes the matrix of
UQ" relative to the basis £.

Since [{Ulg g = (T]a.8. [Q)a.E = [Pla.g and [Q~'|gs = [Q]EE, we get
Q=Y ee = [T)a.p - [Pl5s-



When p = 2, we obtain

a I [ TuPu-TuPy ~Ty Py + TP
219) [UO-! o nfan =Ty Py nfn+ Tk,
( ) Qe det P | TioPyy = ToaPyy =Ty Py + Ty Py, ’

where T}; = < T(b;),b; > and Py = < P(b;),b; >c. Then
(2.20) det P = PPy~ PPy

(2.21) 4[UQ Y)gg = (T} 1 Pry — Ty Piz = Ty Py + Tyy Pry) - (det P)-!
and

(2.22) det[UQ"]E,E = (TuTy; - T1,Ty) - (det By

2.23. Proof of Theorem 1.7.

We will only present here the case ¢ = —1, the others being similar. In
any case, our proof follows closely the proof of Theorem 1.5 in [AD].

Let g: L — H"™', r € C(L) as in (1.4) and let ¥ Al — HH phe
as in (1.6). By Proposition 2.7, v is a p-PES, in the regular points (v,&,).
We can see that A > 1 holds, because in this case we take A = n_}_'gr; where

Fi 2]

afr) = cosh r and B(r) = sinh r.

For the converse, let z : 1" — [{"*! pe apPESand D\: M — TM

the distribution given by
Di(q) = {X € T, M| An(X) = AX)

for each ¢ € M. It is known (see [R]) that Dy is differentiable and involutive,
A is constant along each leaf T, of Dy and £ is a n-p-umbilic submanifold
of both M™ and H ™. Then (see [Sp]), EY77 is either a totally geodesic
submanifold, a horo-sphere, or an equidistant hypersurface in some totally
geodesic submanifold H ™~**! of B{**!, In this way, EY7P is also umbilic
in EYP* Since A > 1. it is not difficult to see (see [Sp]), that V77 is
actually a geodesic sphere. For this. we eall briefly each T\ ™” a sphere.

Now we choose local coordinates {#1s o tp, 2y, .y ty_p) for = such that,
for each (u,,.... up) fixed. the coordinates (¢, .... t.—p) parametrize a leaf of
Dy. Then, we have

dr Jdr .
(2.24) An (()_t,) _,\;_7’—' =2 n-p.



Since A > |, r = coth™'(\) is well defined. Consider the focal set of z
relative to A given by ¢ = ax + 3N, where N is a unit vector field normal to

z. Clearly A = % Since T = 0, it follows that :))_:; = 0 and by (2.24), we

obtain g_tg =0, that is ¢ = ¢g(uy,..., up). The fact that g is a submanifold of
1
H **! follows from [CR]. Now, we have

dg _Or 1
<N'a_“j>_l = a(')_u,- ' (Nvg)—l =p

and taking an orthonormal frame {by,...,0,} tangent to g, we will obtain
< N,b >, = < aVr,b; >_;. Then, in IL™*?, N can be written in the
form N = —f3g + aVr + 7€, where £ is a unit vector normal to g in IH "+1,
Since < N,N >_; =1 we can choose y = —/1 — [Vr]2. Finally

N=-p8g+aVr— /1 -|Vrj2¢
and
(2.25) r=ag—3Vr+ 51 -|Vrj2¢.

Now, we take the bundle A! over the focal submanifold g given above. We
know that for each (w,..., u,) fixed, (ty, ..., t,—p) parametrizes a leaf of D,;
this is equivalent to the fact that for each y € LP, £, describes a leaf £}77
of Dx. Then, r given locally by (2.25) can be view locally as the map
v Al — " given by (1.6).

3. Proofs of the results about types I, IT and III.
3.1. Proof of Theorem 1.12.

In type I 2-SPES the function r is constant, which simplifies the expres-
sions for P, T and U and, consequentely, UQ™!, see (2.19). By bringing
these simplified expressions into (2.17) and (2.18), we obtain

(na? — 2)a + (na? = 1)3tr A¢ + na3? det A
4 {3
Bla? + apdtr Ag + 52 det A¢)

(3.2) nH =

*

=32 =13 0¢r Ag + at det A,
An=¢(w? 4+ adtr Ag + 32 det Ag)

(3.3) K=
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Observe that in the regular points (y,£,) we have

ol +aptrAg+ det Ag #0.

Now it is not difficult to conclude from (3.2) and (3.3) that (1.13) holds if
and only if tr A¢ = 0 for all (y,£,) € A, that is, if and only if ¢ is minimal,
which concludes the proof.

3.4. For type II, the surface g : L? — QP*! is given by (1.11) wich, for
each ambient, takes the particular form

(3.5) gls.1) = a(t)y(s) + b(t)o(s)

where (a(1),b(1)) = (1,1), (cost,sint) or (cosht,sinht) according to ¢ = 0,
lor-1.

We claim that the function r: L2 — IR of a 2-SPES of type II does not
depend on the variable s, that is r = r(t). In fact, taking an orthonormal

. d dg||™! d
frame {b;,,} tangent to g, given by b; = o—i’ . 0—? and b, = b—f, we
obtain

bl = ;’(8)1
=) { by = a(t)y(s) + B(1)o(a),

where ’ denotes the derivative with respect to the variable t. By Theorem
1.9 we have that Vr(g) € B(¢), Vg € L. Then a(Vr,b;) = 0, that is

(3.7) bi(r)alby, br) + by(r)a(by, b)) =0 .
Taking an orthonormal frame {£,,...,£,-1} normal to g, we have
1 n-1

Z<‘7.£k >e &k

(b, ) = a(t) + p(s)b(t) k=1

(3.8)
alb;, b)) =0. fori,j#1, Vc.

By substituting (3.8) in (3.7} and recalling that o(b;,b;) # 0 (g does not
have umbilic points), we conclude that r = r(t).

3.9. Remark. By (3.8) and the relation hetween the second [un-
damental form a and the Weingarten operator A;, for each unit vector £,



normal to the immersion g, we obtain the matrix of A¢ given by

< 3(s), € >c
[A¢) = a(t) + p(s)b(t)

0 0

Writing H;; = < Hess,b;,b; > and using (2.2) and (2.5) we obtain, after
calculations,

@'(t) + p(s)0'(t) ,

(310) 2 a(t)+p(ﬁ)b(t) (T)

Hy, ba(by(r)), Hia=Hn=0;

Py a— }Mb(r)_ﬂm

(3.11) "a(t) ¥ p()0(1) a(t) + p(s)b(2)

1!

<:i’£>l"l

Pn = a(l =bj(r)) = B(ba(bxr)), Pr2= Py =0
o [(@(t) + (a0 (O)balr) + VT = THF) < 5,6 >]
Tll == 1 b t) —C/ ]
(3.12) a(t) + p(s)b(
Ty, =- [ﬂbz(bz(r)) + Bl - bg(f))] vy Tia=Tn =0.

Now, the formulas (2.20) to (2.22) take the simpler form

(3.13) det I’ = Py Py,
(3.14) t{UQ ' )eg = (T P2 + Taa Py) - (det )™ |
(3.15) det[UQ—l]E,E = (Th1Ty,) - (det P)_, .

Finally, by (2.17) and (2.18). we obtain

(3.16) nil = (n=2)A+ (T Py + TazPpy) - (det )1,
(3.17) K= A"2T - Ty - (det P! .
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3.18. Proof of Theorem 1.14.

At this point, it is an easy consequence of the above formulas. In fact,
if r is a constant, then (3.16) and (3.19) become

(n = 2)a? — 2cf%a?] [a(t) + p(s)b(2)] — (a®f - cfPa) < 7,6 >c

_ |
(3.19)nH = Bala(t) + p(s)b(t)] - B? < F,€ >.

ca™ '3 < 4,6 > +cta" 2 F(a(t) + p(s)b(1)

28 N = i a(t) 4 p()B(D) = aPh < 3.€ e

and from this we immediately get the desired Weingarten relation

3.21. Proposition Let v : A' — Q2+! be a 2-SPES of type I in Q1!
¢ #£0. Then K = 0 if and only if the function r = r(t) is a solution of the
equalion '

a(r)by(ba(r)) + e¢(r)(1 - b:f(r)) =0, 1- bg(r) >0

and satisfy (1.4). In particular, if ¢ = 0, 7 = r(t) is a linear function of the
variable t, satisfying (1.4).

Proof: It follows easily from (3.12) and (3.17), if we abserve that Ty, # 0
and A # 0.

3.22. Considerations about type III; the proofs of Theorems
1.16, 1.19 and 1.20.

In the type III 2-SPES, g : L? — Q"t! is an open piece of a 2-
dimensional totally geodesic submanifold of Q"+1. So g can be given by
the intersection of Q*+! with a 3-dimensional vector subspace P? of IR "+?
ife>0,or L™2ifc < 0. If e =0, g is a piece of a 2-plane, which can be
assumed through the origin and generated by two vectors vy and vy. If ¢ # 0,
we can assume that P3 is generated by {p,v;,n}, where p is the vertex of
H "+ (¢ < 0) or any point of 57! (¢ > 0), in a way that < p,p >.= cin
any case. and {ny, 03} is an orthonormal basis in T,Q?*'.

To give g in coordinates, let y(u) = exp, ujr) be the geodesic of Q11!
through p, in the direction of »,. Precisely,

p+ vy (c=0),
(3.23) MHw) =4 cosuyp+sinmy,  {e=1),
cosh wyp + sinh uy v, (c=-1).
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Observe that p = 0 if ¢ = 0. Since < v2,v; >.= 0, vz is normal to y(u) at
the point p. Let Va = Vi(u;) be the parallel transport of v; along v, and
in this case it is easy to see that V; = v, (note that v, € T_.,(ul)Q{.““ and
< vg,¥(wm) > =0).

Finally, taking g(u1, u2) = exp.,,) ¥2v2, we get

p+ uv + mw (e=0),
(3.24) g(uy, up) = { €0suzcosup + cos upsin v + sinuguy (e=1),
cosh u; cosh uyp + cosh uy sinh uyvy + sinhuyvy (e = -1).

3.25. Sketch of the proof of Theorem 1.16.

Since A¢ = 0 for all £, (2.2) and (2.5) take the simpler form (1.15). From
the definition of b;, i = 1.2 and (3.24), we obtain

(3.26)
b=t =042 {c=0),
by = —sinuyyp+cosuymy  (e=1)}),
by = — sin uy cosuyp — sin u sin ug vy + cos v, (c=1),
by = sinhuyp+ coshuymy (e=-1),
b, = sinh u; cosh uyp + sinh uysinh ugvy 4 coshuyvy (c=—~1).

Now following (3.10) to (3.12), we can compute by (1.15), the expressions
of Hy;, P,; and Tj; for the type III, and the desired result follows from
formulas (2.17) and (2.21).

3.27. Proof of Theorem 1.19.

By putting the expression of g(wy, 1) in (3.24) for ¢ = 0 into (1.6), we
obtain

(3.28)  (y,€,) = urhy + uzby — r{u))r'(uq)by — r(w)y/1 - () &, .

Taking {€1, &2, - . -Eu—1 } an orthonormal frame. normal to the plane spanned

n-1
by {b1,b;}, we can write £, = Z(ﬁkfk(y) where ¢r = @dr(t1,t2,.--,tn=2)
is an orthogonal parmnetrizntiokn |Of the n — 2 unit sphere. Observe that
for each value of the variable w;, we obtain the same rotation hypersurface
M*=1 in the euclidean space spanned by {b1,61,&2,....Ex~1 }. Then the
envelope is a cylinder over a rotation hypersurface. It is not difficult to see
that n — | eigenvalues of the second fundamental form of AM™ are the same
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as the eigenvalues of M"~!, the remainder being zero. Then H = 2=l y,
where H' is the mean curvature of M™~! and the proof follows by cbserving,
once again, that minimal hypersurfaces of rotation in IR® are catenoids.

Remarks. 1. It would be interesting and desirable to obtain a result
similar to Theorem 1.19 for the cases ¢ = %1.

2. It isinstructive to see what happens with the envelopeof aline (p = 1)
in R3. Taking an orthonormal frame {b;,&;, &2}, in such a way that the line
is parametrized by ¢(s) = sby, the local parametrization of the 1-parameter
envelope is

P8, E(5,8)) = sby = r(8)r'(s)by = r(s)/1 = +3(s) &(s,1)

where £(s,t) = cost&; + sintf,. Then

P(s,&) = (s — r(a)r'(s), —r(s)y/1 = r'¥(s) cost,—r(s)y/1 — r3(s) sin t)

which is a rotation surface in IR 3. The conclusion is that the minimal enve-
lope of a line in IR 3 is a catenoid. The main result in [B}] is a generalization
to greater dimensions n > 4, of this observation, since minimal conformally
flat hypersurfaces (wich are treated in [B]) can be seen as 1-parameter
envelopes. We point out that our Theorem 1.19 can be seen as an extension
of the above result for 2-parameter envelopes.

For the proof of Theorem 1.20 we will need the following

3.29. Lemma. Letg: L? — Q! be an isometric immersion with
n > 4. If there is a point y € L? such that for all unit vector £ € (T, L)* we
have det A¢ = k (constant), then k = 0.

3.30. Proof. Since dim(T,L)* = n — 1 > 3, there exist a unit vector
& € (T, L)*, which is normal to the first normal space of g. Therefore
det Ag, > 0. and consequently k > 0.

If k > 0. take €, € (T, L)t any orthonormal pair of vectors. Choose an
orthonormal basis {b;1,b;} € T, L such that

Ae(by) = aby Ag(b) = by,
An(bl) = ‘7'-’! + 6b2 v An(b'l) = 6bl + l"bl .

From the hypothesis, we have o = & > 0 and v = & + 6% > 0.



Now, taking ¢’ = \/Tif + gn € (T,L)*, we obtain

Ag(b) = \_/Ti(ﬂ + )by + —?552 ¢

Ap(by) = ‘/-61»1 + £(/:‘ +p)by

So k = det Ay = k + L(ap + f7), which implies ap + 7 = 0. It follows
that kp? + f2ypu = 0 and ypu = __kp_‘ < 0, which is a contradiction. Then
KI=40;

3.31. Proof of Theorem 1.20.

Since the proof of (ii) is similar, we will only present here the proof of
(i).

Suppose there exists a 2-SPES # : A} — Q»*! with constant H (the
proof for constant Ik is similar). By (3.4), if nH = k, we obtain

(na? = 2)a ~ kfa? + (na® — 1 — kaf?)trAe + (na — k)3% det A¢ = 0

for all regular point (y,&,). Since A is a 2x2 matrix, we havetrd_¢ = —trA;
and det A_¢ = det A¢, then putting —€ in the place of £ in the above ex-
pression, and adding up the results we get that det A¢ is constant, for all
& € (TyL)*. Now, by Lemma 3.29 we obtain detA; = 0, V¢, and the
Gauss equation of g : L2 — Q1! reduces to A’y = c. Since these surfaces
are excluded from type I, the result follows.
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