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ENTIRE FUNCTIONS ON BANACH SPACES WITH U PROPERTY.

HUMBERTO D. CARRION V.

ABSTRACT. Let £ and F be complex Banach spaces. We show that if E has U/ praperty and contains
no subspace isomorphic to {1, then every holomorphic functions from E into F which is bounded on
weakly compact sets of E, is bounded on bounded sets. In particular, this is true in the Banach spaces
that are M-ideal in their bi-dual

1. INTRODUCTION

Let £ and F be complex Banach spaces. We denote by C,, (E,F) and C, (E, F) the spaces of
functions from E into F that are weakly continuous and weakly uniformly continuous respectively, on
bounded subsets of E. Valdivia showed in [16] that Cyuy (F, F) = Cy, (E, F) if and only if the space £
is reflexive. Afterwards Aron, Hervés and Valdivia show in (1] that for every Banach space E and every
polynomial P € C,, (E, F) we have always that P € Cy. (E, F) and raised the following question: Does
is every holomorphic f € C,, (E, F), weakly uniformly continuous on bounded sets?, This problem today
is know as [;-problem ([5]) because in (1] it also is shown that a positive answer for /; implies a positive
answer in the general case.

Obviously the problem {; has an affirmative answer when E is a reflexive space, however, no positive
answer is well known for a Banach space arbitrary and for a long time the only example of a non-reflexive
Banach space that answered affirmatively to the problem was ¢p, the Banach space of sequences tending
to zero, under the sup norm. This example was given by Dineen in [6].

By adapting Dineen’s techniques we generalize the result obtained for ¢y and show that the !, —problem
has an positive answer when E is a Banach space with the U property and contains no subspace isomorphic
to {;. Examples of these spaces are the spaces with shirinking and uncondicional basis ¢ more generally
Banach spaces that are M-ideal in their bidual.

2. NOTATION AND BASIC DEFINITIONS

The letters E, F always denote complex Banach spaces and E’ denotes the dual topological of E. Also
S(E)={z € E: ||z|| = 1} denotes the unity sphere of E.
If f: E— Fisa function and A C E we denote by

fifl4 == sup S (=)l
zZEA

In this article, we denote by P ("E, F) the space of all n- homogeneous from E into F. For each
v
polynomial P, € P("E,F) we denote by P,the n-linear symmetric form associate, that is P (z) =

v
P, (z,...,z) for every z € E. We also denote by H (£, F) the space of all holomorphic functions from E
into F. When F = C we denote P ("E) := P ("E,C) and H (E) := H (E,C). We refer to [10] or [5] for
the properties of polynomials and holomorphic functious in infinite dimensional spaces .

Let (y;) C E be a sequence in E and consider a formal series y = Z:l yi. For m,n integers positive
numbers with 0 = m < n, we define ¢" (y) := Yo, v and g%, (y) := ..., vi- Let (P;) be a sequence
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2 HUMBERTO D. CARRION V.,

of n-homogeneous polynomials n > 1, and a sequence m; < my < m3 < ... of integers positive. Then by
Leibniz formula (10, thm 1.8]

Zﬁf’ (@™ @Y (g, )"

7=0

it

12 (g™ ()l

Ty | P 4™ e (a3, )

For some jn.m, € N with 0 £ ju,m, £ n, again using the Leibniz formula

IA

(n+1)

n!

T | P O 0 e )

=y

n!
Jnamy ! (n - = Jn, m;)

= (413 =ik b (g™ @ (o ) (@, (y))“"'"""'"")“

i = Jdnm =)

j=0

n!
n+1)(n -7 +1) = . - ;
( Y= Gnmy )Jn.ML!Jn.m:!(n_Jn.m = Jn,ma)!

IA

X }”,, (™ (y))jn..m. (qxf (y))in.-n: (9::1, (y))n—j,,_,,,l _,-"Im:“
= (dno+1)(dn1+1) —Eﬂm ' P, ((qﬂll (w}jn,,..., (q::l, (y))j,,,,.,2 (f]:,, (y))d"")

where dn o :=n, € dn,1 ;=71 — Jn,m,, € dn,2 1= 7N — Jn,m, — Jn,m,. Proceeding inductively we obtain

" b, (H (s (y)) U, (y))d"")

1P (& ()] < T3 (Ao +1) gy

where 0 < 327\ jnm, S 7y €dny =n— Y g dnmi (Mo =0;jnm, :=0). And by the inequalities of
k
P, (Z Bagms_, (¥) + Osr. (g, (y)))
s=1

Cauchy we also have
These inequalities will be used extensively in this article without further commentaries.

Let Hyy (E, F) be the space of the entire functions which are bounded in weakly compact sets of E, and
Hy (E, F) the space of the entire functions which are bounded in the bounded sets of E. The following
result is well know [6].

Po (W (e, )™ e )

10 (" 6 S Wi (s + 1)

l]n m,

< I _g(dn,s +1) s».lxp
0. =1

Lemma 2.1. Let (P,) be a sequence of n-homogeneous polynomials from E into F. Then
(1) f 2 Pn € H(E, F) if and only if for every compact subset K C E we have limsup,, [| P, |[1/"

(2) f € Hy (E, F) if and only if for every weakly compact subset W C E, we have limsup,, || P, ||”'l =

&) j T Pa € Hy (E, F) if and only if limsup || Pa |5 = 0

Lemma 2.2, Let (.F'.,)“21 be o sequence of d,,-homogeneous polynomials from E into F with d,, < n for

every n, such that for every weakly compact subset W C E the limsup ||P,.||.f,_/." =0. Let

(1) (Jn.1)s (n,2) o1 (Gn.i) © N be sequences such that 0 < Ei_:, Jnk Sdy for everyn €N,
(2) (yn,1) (yn.2) - (ynys) C E be sequences weakly convergent to yx € E, k= 1,2, ..,i,
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(3) (Qn) be a sequence of homogeneous polynomials with degree deg(Qn) = dn,i := dn — Z,';ﬂj,,,k
(Fn,0 :=0) defined by
da!
nk 1Jn k- dn 1

Then for every weakly compact set W C E we have that limsup [|@n |l

Qn (z) = Mheg (dn + 1) Po (Tl (s — ) z‘"-*,)

l/n

Proof. Let W C E a weakly compact set. Using the theorem of Eberleim Smuliam it is not difficult to
verify that the subset

W= {Zek(ynlk“yk)+6,‘+111n21,|9k|=1,k=1,2,..i+1,I€W}
k=1

is relatively weakly compact. Let z € W arbitrary. We observe that d, x < n implies (dy, x + 1)” n

(dn + l)l/" and by the inequalities of Cauchy we have that

1/n
I/ _ i 1/n dn! ¥ i g Yk o dn
1 @I = Mg (dne + D" | e P (Mo (s = 9 2%4)
i 1/n
< (dn+1) e SUP Py (Z Ok (nk "yk)+31'+12)
Bl=1 k=1
< (da+n” uPnug;w < (dn + 1) | Palifey

where © ® W is a the closure of @ ® W in the weak topology of E. Being that € W arbitrary it follows

that [Qnll" < (dn +1)"" | Pallgfey - By hypothesis we have lim sup,, ||P,.uggw =0. The affirmation

follows. O

3. THE MAIN RESULT AND CONSEQUENCES.

In 1983 Dineen showed that if E = ¢g, the space of the null sequences, then
Hyx (co) = Hy (co)

We will extend this result of Dinecn, obtained for ¢g, for Banach spaces with the U property and contains
no subspace isomorphic to [y. Firstly, we remember that a series } i, i is called weakly unconditional
Cauchy (wuC) if for every p € E' we have Y o, |p(z:)] < 00. If the series 3 iz, y; is wuC then for
every increasing sequences of integer positive (n,),(mz) with mx < ni the sequence (37 y.) weakly
converges to zero. Also, if (a;) is a sequence of scalars with the limay, = 0 then Z,}“;l (kYk converges
unconditionally in norm (to see (9),[3]).

A Banach space E has U property if for every weak Cauchy sequence (z,) C E there exists a series
wuC, 3w, so that a sequence (T, — Y0, Yi)n», converges to zcro in a weak topology. This property
was introduced by Pelczynski in [12]. B

Lemma 3.1. Let (P,) be a sequence of d,,-homogeneous polynomials from E into F, with d,, £ n for every
n and 305, ¥i @ serie wuC; such that for every weakly compact set W C E the limsup, |1I=’,,[|:r,/,n =0,

and
n
()
g=1

Then, there exist a positive integer m and o sequence (jn.m)n>1 C N with 0 < jum < dy for everyn,
such that -

1/n

lim sup >2p>0
n
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i)
T g dn~gnm ||\ V"
e () (50) 7 (£,0)
£ s=1 s=m+1
ii)
0<iimi2fj""" <l

Proof. Taking a subsequence of (P,) if it is necessary we can suppose that || P, (X, )l > p for every
n 2 1. For each m € N we have

n Jaum / m dn=jnm
W e<l|n (Zy,) < (o + 1) e P (Zv«) (Z vs) ’
a=1 Jn,m? """ s=m+l1

for some jn,m € N with 0 < jom < d, . We will show that there exists an m such that
(@) 0 < liminf 127
n n

Fact: If liminf, "3-"2 = 0 for every m, then given m there exist n,, > m such that

Jrom 1
N m

Let

atm:{ ‘/’"'“"' if Jnmm#0
1/m if dnpm=0

Inpym inm,m
then lim o, = 0, and lim,, (@,) "= = limy,e”V Sae 1,
Since the sequence (Y77, y,),, converges weakly to zero and limm s (37, %) = 0, the lemma

2.2 implies that
Iamem /o dnp =G ||\, T
"m (amzy.) ( Z y‘) =0
s=m+1

On the other hand, by the inequality 1 we have that

. (amzy‘)j,m.m (n:‘;dy’)dnm-,-,m.ml

2 dy !
limsup (d,,, +1)™ | - b
P (dan, +1) (Jnm.m! CI—

(ei..m+1)“’-?(. na]

Jnm.m! (dn = Jnm.m

d. ! v m Fnm.m Ny Qnpn ~Inm.m RAWT
= (am) " (dnp +1)7 | e P, Y y
i " Jn...‘m[ (dn,,. _'Jn....m)! " g ” ==§H !
Inmm
2 (am) " p

Inm,m
and limsup,, (am) "» p=p > 0. It is a contradiction.
We fix m), satisfying the inequality 2. We will show that lim inf,, ’"—L < 1. The fact, if lim inf,, "‘—L
1 then given p there exists n, such that

1— l < jn,.,nu
P
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. dnp—dnpmp s “dnpmy 1 g
Therefore 0 < lim, —%1—1 < limp "—’in-’—' = lim, (I - Lﬁ'—l) =0. Let

oy = { VIEEE 0] day = gy #0

]-/P if dﬂ, _jn,,m, =0
dnp—fnp.my
then limpap = 0 and limpap, ™" = 1. Now we have limp atp (£72n, 41 %) =0 and as 1 y, is a

fixed vector of E, the lemma 2.2 implies that

4 dp ! v my Inp.my ny dnp =Jnp.m;
limsup (d,, +1)" | - — Pn . ‘
,,p( ) Jn,,vm)l 4 (;y ) (QP Z ! )

1 —
Ing,my - (dnp s=m,+1

On the other hand

: : A2
N dn 1 V m, Inpomy ny dnp~Jnpum; np
dn, +1)7 | - ol P
it (J“r-'ﬂl! (dnp = dmpom )| ™ (-::Zl y‘) X Z " |

s=my+1

i . L
Jnp.my np dap=Jjnp.m, np
( y') ( y,)
=1 $=my+1
dnp ~Jnp.m

and limsup,a, """  p=p. It is a contradiction. o

Anp=Jnp.m) d" |

a 7 (dn, + 1) e ( L

Jn,.,ml (dn,, ]n,,ml

dnp=ing.m
2 aq T o

Lemma 38.2. Let E be a Banach space and (P,) be o sequence of polynomials from E inlo F, with
n = deg (P,). If for every weakly compact subset W C E the limsup || P, IIH," = (; then for every weakly
unconditional Cauchy series ) y;, we have
P, (Z y.)
s=1

Proof. The proof will be made constructing subsequences (P,.‘.M) (k=1,2,...) of the sequence of
t

1/n
=0.

lim sup
n

polynomials (P,), satisfying certain properties. We will use these properties and the diagonalization
process, taking the sequence P,,“ m) , in order to obtain a contradiction.

|‘/" = 2p > 0. Then, taking a subsequence of (Pn) if it is

P, (E y.)
s=1
for every n > 1.

The process that follows is, in essence, the same established by Dineen in [6]: Since lim, n/(In(n + 1)) =
+o00, then given i € N there exists a n; > i such that n;/ (In (n; + 1)) > i. Where we obtain 1/ (n; +1} >
1/e™/* and therefore

We suppose that limsup, [|Pa (3 i, %)l
necessary we can suppose that

1 1
(3) i/n 26
(ni+12)7™ e
we observe that if di_y < di—1 < ... <dy <n; =dp and i < n, then [TZ} (d, + 1) < (n; +1)'. Therefore
1 1 1
4 3 o s B
) g (de + 1)7™ 7 (ni+1)7™ T e
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and

2p

P, (i ys)

=1

We will show the existence of:
i) A sequence (m;)i»1 of strictly increasing integer numbers,
ii) Strictly increasing sequences (ix (t)),, (k = 1,2,...) with (ix41 (£)) C (ix (t)) and &, (k) > k;
iti) Sequences (j,,_.km,mk) of integer numbers, (k = 1,2,...) such that
13

&
0 € D dnygms S Miyqy, V21
=1
J
0 < lim=2%©T 5 <1 Vi
¢ T (e)
Ji
Tu™ o 24, Yk sV
Tix(2)
and
iv)
S -
p < Hf=0 (dn“(q.m,""l) frrle) o
' Tt
Mg () v k+1 A Ini ™ ni Dy (0 ™1
(H.. e Py T2 (e, @)™ (gmts® () "
n==ljm,‘+1u)-m-'dm,,“(n)-mu-l
where
k+1
dﬂt,“ ()magy *= Tipgy (1) ~ zjnn,,“m‘fnn
=1

The proof will be made by induction in k. By the lemma 3.1 there exists a positive integer m; so that
0 <4, :=liminfy jn,m,/n < 1 and

n' v m, jn..ml n ﬂ‘.fn.m]
<(n+1 ——_ Pn
p<( ) R e a— (Z ya) ( Z ﬂ:)

s=1 s=m, +1

We choose a sequence (i) (t)), strictly increasing, such that

lim Inay i &
tony
Ingcamy 26, vt
M4 (1)

Thus for k = 1, the claim is true. We suppose the existence of the sequences (3, ), (j,-_([)_,,,_) and the

integer m, , for s = 1,2, ...k + 1, satisfying conditions i),ii), iii) and iv) we will show the existence of a

integer my.2 and the sequences (ix42 (£)) , (Jiy,s(e)me,a)- We consider the polynomial Qun,, . ryoees
w1 (1)

E — F defined by

. =Rl
an,*“(,,.m.“ (z) : =T (d"‘un(-)ﬂm #F l) x

n;H_lm! v k jn,— yma d,
+1  m kg1t n LT T SY
k1 1d |P"‘b+|mnl=l (q'ﬂ:-x (y)) (z) g
t=ljﬂi,‘“(=)1m-‘ Mgy (1 Mk1?
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We have that deg Qd,\‘k“m_mhﬂ dng,, ymisr S Riyyy (o for every tand being g7z, (y), s =1,..k+1
fixed vectors then lemma 2.2 implies that for every weakly compact subset W C E we have

AT

=0

li{ﬂ sup ||Qd"{,‘+l(l)""h+l w
Since Z:';mk“ £1¥s 18 wuC, lemma 3.1 implies then that there exist a integer positive number mg2 >
w1, & Sequence (j"m“m'"‘ﬂz) with 0 < dn,, miea S G oimint for every t, such that

j"-'n.“m"“kﬂ

=drt2<1
Tigsa()

0 < lim irgf

and
i n_; R S—
g = Hi=0 (dn‘k+|(l)-m‘ + 1) e x (dﬂk+l(l)-mku + 1) ferit]

-
] Pig(e)
LOL iy rqmies!

0% _, 7, Yd ! ; 15 1
s=1ni, ) @00 On (0 maer d“ig.u(!)\"“'-?-l = Iney, jmna ) Ing comean

2 —e
"(}g 1'1""'2 () Jniyteyme qn'ul(" ()] oy putermiar “ne  miea Y | Misa (0
Tigypto) qm. 1 k43
kA1 ” )
_ + (TS
-
——
1, (t)
ﬂu.nu)! 1 -
k+ 3
n l]m.“(a).mn (dnu“(.,,mh“ Jn;hn(;)ymu.n)!
I —
Ting1lo

v % In g (™ £ Mg () dng i ™ae “Ing g mess
(P o 528 (a2, ) (i @) -

We choose a subsequence (ik+2 (£)) of {ik41 (1)) such that,
irp2 (k4+2) 2 k+2

Jn‘k+=(‘)!ma+: “‘h+1(1) Wk 42

lim lim inf = 6k+2

t Py calt) T (t)
iy a0 musa
Pixga(t)
and we define dn,, .y miss 7= @, imann = Jniy, @y misae 1DE affirmation is shown.
‘We observe that given (ix (£)) C (i, (t)) for k > s then

A

20y 42 Vk > sVt

i e m, i
£ My tomy @

j R
D o 9g, Yk > s, Vi
iy (t)

Now, we will show that the sequence (8;) is absolutely summing, in fact, since 0 € 37, _; Jnirgma <
n,(¢) for every ¢, and k > r; then we have that

Jﬂt (r):™a . . j"( (e}
=) lim—"""=lim) ———<1
Z Z Rix(t) t ; Ty (t)

Hence 3°_, & < 1. Given r arbitrary, we obtain that 3°07, 8 < 1.
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Let (a;) € cg such that
(5 n2,eé =2

Since —'“'%)m' < 26,, for every k > s, then

in, (k) ma
3 Pix (k) k 24
n-l=la’ . > HJ:laa ’

and therefore

v Ing myme o dn, (k)emx
{pn._mnf.;l (enam_, @)™ (gme® @) ™

Ty (k)
k. |
nlrljﬂlk(h) Tn. !dn.,‘u).mk -

Ingquyme (

—_
)"‘.(k)

5y ! v . ngpuyma [ o o gy ()
(4] Prgyanhet (e, @) 7™ (g™ @)

- nk 1 Qs Tig (k)
®=

k. 1 !
n::l]h.-,(n).m-‘dﬂi,(a)-mk N

I}, ot P

n.:..o ( Ry (k) Ma +1
Enf=laf5-_

v

)'/"-.cn

and lim 8IT5_, %% = 4p/e.
On I.hc other hand, the set

W= {axﬂlq"" (¥) + a2B2qm? (4) + oo + Cabigmt | (4) + Okrrgmr ™ () 2 16:] = 1,k 2 1}
is relatively weakly compact, since the series
m1 ma my
& (Zyi)w,( > y.-)+...+ak T .
k=1 k=mi+1 k=mg_1+1

is unconditionally convergent in norm and the sequence (q;‘:"" (y)) = (Z:::,:ﬂl’a)k converges
weakly to zero. Thus
) 1/n,, (k)

J\Sn‘.u,nf=] (a‘qm: .(y)) (k)™ ( ra () )) map i

Tiu(k)
k :
H::l-’"-,(h) ] !dnn,,(n.ml. !

n; 1m0
< Pn‘.g.) (ﬂ'lal“;"mIl (y) + “‘232qu W +..+ efrgmy | (1) + Oksygm ‘(H (y))| '
l’"‘n“‘)
Y T (h) |57

where W is the closure of W, in the weak topology. By the hypothesis of the lemma we have that
ni
P"‘k(l) W

lim sup,, = 0. It is a contradiction. 0

The following theorem gencralizes the result of Dineen obtained for co.[6)

Theorem 3.3. Let E be a Banach space. If E has U properly and conlains no subspace isomorphic lo
h then

Hu (E,F) = Hy (E, F)
Proof. It is obvious that Hy (E, 1‘) C Hu (E,F). Let f =Yoo Pn € Hu (E, F). We suppose that
/ € Hy(E,F) then limsup ||P,.||$(£) = p > 0. Taking subsequences, if it is necessary, we can suppose

1
) T
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that || P, H;{::) > p for every n > 1. Therefore, by continuity, there exists a sequence (z,) C S (E), such
that
1P (@' > p/2

or > 1 for every n > 1. As E contains no subspace isomorphic to {; and the sequence

£ (1)

(zq4) = (%xn) is bounding, then by the Rosenthal theorem of [, there exists a Cauchy weak subsequence

(zn,) = (%zm). Since E has a U property then there exists a series weakly unconditional Cauchy

Ef’:l yx such that (z,, — Z:‘:l yk), converges Lo zero in weak topology. Now, for each n; we have by
the Leibniz formula

nq

"y i it ni—j
Pn. (Zn‘) = Z mpn. (Zm - gyk) (; yk) ]

=0

thus given n; there exist a j,, with 0 < j,, < n; for every i such that

ny Jny ny ni=jn,
Pn.- (zm = Zyk) (Z yk)
k=1 k=1
We will define the polynomial Qn, : E — F making

n;! " . ni=Jn;
Qn (z)=(ni+1) ml’n. ((Zn. - ;yk) () )

i=1,2,... Then by lemma 2.2 we have

6) 1< |Pa (2l S (ni+1) Tnnl-ﬁ

0 = lim sup [|@n, I15™

for every weakly compact subset W C E. By lemma 3.2 this implies that

ng 1/n¢
0 = limsu_p Qn, (Z yk)
' k=1
sl ny Jn; ng n(=jn, n
= limsup||(n;+ 1) ———————Pu, | | za, = } ¥
l'p ( : ) JYH! (ni —]“I)! " ( ™ ,; * ; o
and this contradicts 6. O

We denote H(E, F) the space of the entire functions which are weakly continuous in the bounded
scts of E; that means f € H,, (E, F) if for each bounded set M C E , the restriction f;)s is weakly
continuous. Similarly we define the space H,,(E, F) of the entire functions which are weakly uniformly
continuous in the bounded sets of E. Aron, Herves and Valdivia in [1] raised the following question:
Does is every weakly continuous function iz the bounded sets of E, weakly uniformly continuous? In
other word, H(E, F) = Hyu(E, F) for every Banach space E? Clearly we have the following inclusion
Hyu(B,F) C Hy(E, F). In [1] it is shown that the equality of these spaces is equivalent tc showing the
inclusion H,,(E, F) C Hy(E, F). Since all weakly continuous functions in the bounded sets of a Banach
space is bounded in the weakly compacted sets of E, the theorem 3.3 implies that when E is a Banach
space with U property contains no subspace isomorphic to !, then Hy,(E,F) C Hy(E,F). Thus for
these spaces the {; problem has an affirmative answer. The answer is also affirmative for every F subspace
of a space with U property, since this property is hereditary. Examples of this space are the spaces with
shrinking and unconditional basis([15]) and more generally, all Banach spaces that are a M-ideal in their
bidual, since these spaces have the U property (7, Thm. 3.8] and contain no subspace isomorphic to I,
because these are Asplund spaces. |7, Thm.3.1]
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Let Hy,c (E,F) the space of the entire functions which applies weakly convergent sequences of E in
convergent sequences of F. Clearly Hyy (E,F) C Hy (E,F) C Hysc (E, F).

Corollary 3.4. Let E be a Banach space. If E has U properly and conlains no subspace isomorphic to
!y then
H, (E\F) = Hyse (EaF) = Hun (E:F)

Proof. By [1, Prop. 3.3] Hy, (E,F) = Hy. (E,F) and by the commentary of the theorem 3.3 above
Hy (E,F) = Hyu (E,F). ]

We will remember that a Banach space E has the Dunford Pettis property and contains no subspace
isomorphic to !y, if and only if, ' is a Schur space.

Corollary 3.5. Let E be a Banach space. If E has U property and E' is a Schur space then
Hyu (E) = Hy (E) = Hy(E) = Hy (E)

Proof. Since E’ is Schur then E has the Dunford Pettis property, and contains no subspace isomorphic
to ly by [11, Prop. 4] we have Hyx (E) = I, (E). Since E has the U property, the theorem 3.3 implies
Hy(E) = Hy(E), and by corollary 3.4 H,, (E) = i, (E). The corollary follows. ]

Examples of spaces that satisfy the conditions of corollary 3.5 are Banach spaces that are a M-ideal
in their bi-dual and also some spaces C (X) [4].
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