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We present a fluid model for geodesic acoustic modes including diamagnetic effects due to inhomogene-
ous plasma density and temperature. Effects of ion parallel viscosity (pressure anisotropy), which
allows to recover exactly the adiabatic index obtained in kinetic theory are considered. We show that
diamagnetic effects lead to the positive up-shift of the GAM frequency and appearance of the second
(lower frequency) branch related to the drift frequency. The latter is a result of modification of the
degenerate (zero frequency) zonal flow branch which acquires a finite frequency or becomes unstable
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Geodesic Acoustic Modes (GAM) [1], also referred to as a high
frequency branch of Zonal Flow (ZF), have been actively inves-
tigated due to its role in turbulence and anomalous transport
suppression in tokamaks [2]. Various aspect of these modes have
been studied in recent years [3-7]. In high safety factor approx-
imation, ¢ > 1, one can formulate the expression for GAM fre-
quency in the form: wgem = [ + /T +O(@2)1"2v1i/Ro, where
vri = +/2T;/m; is the ion thermal write speed, T = T;/Te, Ry is the
major radius of tokamak and Iy and I are adiabatic indexes that
have different values in different models. In one fluid ideal MHD
model, the well-known pioneering work [1] yielded I'1 = I, =5/3.
Kinetic models [3,5,8] have predicted I =7/4 and I, = 1. It was
shown [9] that pressure perturbations are intrinsically anisotropic
in GAMs and that the account of the parallel ion viscosity (or pres-
sure anisotropy) exactly recovers the adiabatic indexes obtained in
kinetic models.

Standard GAM involves poloidally symmetric (M = 0) pertur-
bation of electrostatic potential coupled with poloidal side-bands
(M = =£1) of plasma pressure, density, and potential. Poloidally in-
homogeneous perturbations effectively couple to gradient driven
drift wave turbulence. Interaction of geodesic and density and tem-
perature gradients (or diamagnetic effects) result in another type
of modes, the so-called Beta Alfvén Eigenmodes (BAE) [10], which
can be viewed as a finite M # 0 generalization of GAMs. BAE dis-
persion relations were derived and investigated in [11-13] in local
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approximation and later in [8,14,15] by using the ballooning the-
ory. GAM and BAE have similar dispersion relations [5,16] with the
difference residing in the poloidal and toroidal modes (M =N =0
for GAM and M, N # 0 for BAE). BAE and related modes have
been studied in a number of papers. In particular, unstable beta
induced temperature gradient (BTG) modes have been found us-
ing MHD [12] and kinetic [13] models. Beta-induced Alfvén and
Alfvén-Acoustic Eigenmodes (BAE and BAAE, respectively) have
been widely investigated due to its role in background turbulence,
generation of zonal flows and the possibility of application in MHD
spectroscopy to diagnose safety factor profiles, q(r), in tokamaks
[17,18,7,19].

Much work in studies of GAM/BAE was done with kinetic the-
ory, particularly, taking into account the resonance damping due
to Landau mechanism [20,21]. Yet, the fluid theory remains an
attractive alternative to full kinetic studies, especially, for stud-
ies of nonlinear effects, e.g. nonlinear generation of GAM due to
drift wave turbulence [5,22,23]. Much of such work was done in
fluid theory and it is desirable to have a fluid theory that self-
consistently includes drift effects in both GAM modes as well in
the background drift wave turbulence.

This Letter presents a two fluid MHD theory investigating
the diamagnetic effects on GAM. We provide a simple analyti-
cal model for GAM in presence of diamagnetic effects. We show
that in presence of diamagnetic effects, previously degenerated
(zero frequency) mode, normally associated with zonal flow ac-
quires a finite frequency. Moreover, for large gradients of the
temperature, the latter mode becomes unstable in the regions of
high q.
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In the study of GAM, it is reasonable to assume that ions are
in the fluid regime, @ > vr;/qRyp, and the electrons are in the adi-
abatic regime, w <« vre/qRp. In this context, electron temperature
fluctuations can be neglected in the lowest order and the electron
has a Boltzmann response as consequence. On the other hand, for
ions, parallel viscosity, | = 37 (bb —1/3)/2, must be consider to
account for pressure anisotropy (7 = 2(p) — p1)/3) effects.

In this Letter we use ideal MHD equations for ion and electrons
in the form:

on
5 TV =0, (1)
§<a—p+v-VP>+EPV'V+V'q:0’ (2)
2\ at 2
%+p<—2v~VlnB—§V-v>
+z<_2q.VlnB—gV-q>:O, (3)
5 3
dv
mna+vp+v.n—ean(E+va):0. (4)

We note that Egs. (1), (2), (4), representing conservation of
mass, energy and momentum respectively, have been widely used
in both one and two fluid models. Eq. (3) is the parallel component
of Grad type equation for the viscosity tensor, i, that was derived
for general curvilinear magnetic field in Ref. [24]. Parallel velocity,
v, which is responsible for O(q~?) corrections, is neglected in our
analysis since GAM is mostly important at the edge of the plasma
column.

Taking the cross product of Eq. (4) with B/B% =b/B, one finds
to the equation for ion/electron currents

J=ji+ip +in +i) +eanVe, (5)
where j; =egnb x (dv/dt)/weq, jp =bx Vp/B, j =bx V-7 /B,
ji=Jyb, Jy=j-b,E=—-V® —3A b/36 and Vg =b x V&/B.

Egs. (1)-(5) are closed with quasi-neutrality condition in the
forms

V.j=0, e(nj —ng) =0. (6)

Here, the subscript & =1, e, standing for ions and electrons species,
were omitted in n, v, p, q, m and 7 for simplicity of notation.
As in standard ideal MHD models, frozen field condition,

E+VxB=0, (7)

from Eq. (4), is considered to find the velocity in a first approxima-
tion [4]. The velocity, Vg, is then used in the continuity equation
for ions,

on;

E+VE~V“O+HOV'VE=0, (8)
to find the first side-bands components of ion density, 711. Here
the second term is responsible for the density drift effects. The
following perturbed quantities, @,n, p, 7, are assumed to be in
the form

X = X_q exp (—if) + Xo + X1 exp (i6), 9)

since for the study of GAM only poloidal modes M =0, +1 and the
toroidal mode N =0 are important. Then, by using (9) into (8) we
obtain

| wgi =

~ Wy ~ enp
nii1=<i——¢0¢—*¢i1)—, (10)
2 w [0))

where wg; = krpivTi/Ro is the magnetic drift frequency, w, = wyi
is the density drift frequency defined by w.; = Tin/(reBonog) =
pivri/2rLy and Ly = (dlnng/dr)~! is the characteristic density
scale length. To solve (8) we use V - Vg = —2Vg - VInB and we
consider high aspect ratio approximation, € =r/Ry <« 1, and cir-
cular magnetic surfaces tokamaks, which gives B ~ Bg(1 — € cos6)
and consequently VInB = (—cos6fe; + sinfey)/Ry.

For electrons, due to its small mass, the parallel component of
the momentum equation can be approximated by

TeV”ﬁe—engV”qS =0, (]1)

which leads to the Boltzmann response as solution for the first
side-bands,

. eng -
Net1 = —O‘pjﬂ- (12)
Te

By substituting (10) and (12) in the quasi-neutrality condition,
e(n; —fle) = 0, we obtain the relation between the potentials,

whi/®  ~

- i
D= Do, (13)

2Tt wi/o
in according with [25,13] (Eqgs. (8) and (3.8), respectively) using
kinetic model. Here the ratio of temperatures, T = T;/T,, is used
from now on to simplify notations.

The reduced energy equation for ions is obtained in the form

3(Pi v Vo) + 2 poiV V=0 (14)

2\ ot E - VDoi 21901 E=0.

It is solved for the first side-bands of ion pressure,

- 5i wgi + Wy =

Piz1 = (£2-——PoF (1+1)— D=1 |eno, (15)
32 w w

where n; = Lp/Ly; and Lt; =dInT;/dr is the characteristic ion
temperature scale length. It is worth noting here that, in general,
the heat flux (q), nor the diamagnetic drift, are not divergence free
in toroidal geometry. It can be shown however, that these effects
do not contribute to the GAM dispersion in the leading order.

In case of electrons, since fluctuations of temperature are small
in the adiabatic regime, electron pressure can be written as

Per1 = £P1qeng. (16)
From the reduced ion parallel viscosity equation [4],

0T 2 Np.VInB=0 (17)
- — . . nB =0,
ot 31301 E
in which heat flux contributions can be neglected, we obtain the
first side-bands of parallel viscosity,
- 11 wgi -
Tija1 = £= = —ngedy, (18)
32 w

where it can be noted that this equation is unchanged by diamag-
netic effects.

Considering that electrons are isotropic and so 7, = 0, it is con-
venient to compute the siné component of the combination p + 7
from both ions and electrons contribution,

. wii (7 | T+ A +n)wk/w? -
/s =——| = noedo. 19
P+ 7 /4)s > (4+ T 2 0edg (19)

This will be used in the current conservation equation averaged
over the magnetic surfaces,

(V-j)=0, (20)
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where j is the sum of the ion and electron currents and the av-
erage over the magnetic surfaces, (), is used to eliminate the
parallel current contributions, since (V) J;) = 0. In Eq. (20), since
wei K wee and the ion and electron currents due to Vg cancel
each other, we need to consider ion inertial current, the total (ion
and electron) diamagnetic current, and the viscosity current for
ions.

The divergence of these currents averaged over the magnetic
surfaces are calculated in the leading order as follows:

\)
(Vi) gv,<@v ) (b > a_E>>
Wei ot

en -V,
~(ogev (<57))
Wei B

eng k2@
~ —(27)*rRoiw—2 0 (21)
wei Bo

(Vjp+V jr)=(=2ip - VInB+jy - VInB)
[ 2ikepsin® 1 ike7) sind
”<_ BRo 2 BRo >
iky (D + 77 /4)s
BoRo

Finally, the dispersion relation can then be written in the form

~ —(21)*rRo (22)

W Vi (7 T4 (4 mwd/w?\ ] enok? P o, (23)
RZ \ 4 72 — w2 /w? ww¢iBo
This equation has following solutions:
2 _ 179 2
2% = 5 (a)gam + Wi,
2
o (@am + 02)° + i — 32V /3 ), (24)
where w,e = —w,;/T is the electron drift frequency and wﬁam =

(7/4 + 1/7)v2./R% is the GAM frequency in the absence of drift
effects.

It can be seen from this equation, that diamagnetic effects due
to temperature and density gradients modify the GAM frequency
and create a new mode which becomes unstable for larger values
of n; > 3/4. The new mode occurs as a result of coupling to the
degenerate (in absence of drift effects) zero frequency mode nor-
mally associated with zonal flow. For weak gradient, w.e < Wgam
(pi/Ln < 1/Rp), the two branches of the solution can be approxi-
mated by

2 2 ]—|—T],+]/'L' 2 2 3/4—771 2
Q+_wgam+ 7/4+1/T w*e’ Q—_7/4+]/Ta)*e (25)
The £22 branch is related to the GAM mode, and the £22 branch
is related to the ZF. The zonal flow branch becomes unstable for
large temperature gradient, n; > 3/4.

GAM results from the balance between the ion polarization
current (Eq. (21)) and the geodesic current (Eq. (22)), which is
produced by the M = +1 side-bands of the perturbed pressure (to-
gether with parallel viscosity [4]). The pressure side-bands are in
turn created by the flow due to M = 0 mode of the electrostatic
potential [1]. As pointed out by [5], GAM are degenerated in the
absence of diamagnetic effects in the g >> 1 approximation. Drift
effects directly affect the diamagnetic current, (Eq. (19)), breaking
the symmetry of the dispersion relation (Egs. (23) and (24)) re-
moving the degeneracy of the zero frequency zonal flow mode.
The instability occurs for high temperature gradients 1; > 3/4. The
grow rate of this instability, which is associated with the zonal
flow branch, as well as the modification of the GAM frequency are

typically small for density/temperature gradients length scale of
the order of the minor radius, i.e., ¥ ~ (piRo/rLy)weam. However,
in the region of large density/temperature gradients, the drift cor-
rections may become of the similar order as the GAM frequency.
To our knowledge this instability of the ZF/GAM type mode has
not been studied before, though we have shown that our final dis-
persion relation is a special case of a more general fishbone-like
dispersion relation obtained by Zonca et al. [26]. The fluid model
presented in this Letter provides a transparent treatment of the
diamagnetic drift corrections and thus a shorter path to the un-
derstanding of the physical mechanism. The fluid treatment is also
more easily generalized to the nonlinear case. One has to note that
technically, the fluid treatment requires the condition w > v1i/qR,
therefore our results are valid either in high q regimes, or in case
of large plasma gradients, so that w, > vr;/qR.

In stable case, n; < 3/4, the dispersion relation (24), produces
two GAM type modes, which, in the region of high density gradi-
ent, can have comparable frequencies. It is of interest to note that
in experimentally, there are two mode with close frequencies ob-
served [27,28]. One can conjecture that this mode splitting is due
to plasma gradients effects.

Previously, the effect of equilibrium (poloidal and toroidal) ro-
tation on GAM were investigated within the framework of one
fluid MHD theory in [29,30]. It was found that the equilibrium
plasma rotation induces not only the siné, but also cosf com-
ponent of the perturbed density (and pressure); 6 is the poloidal
angle in toroidal configuration with equilibrium magnetic field
B = Bo(1—e¢cosh), € =r/R, where r is the minor and R are major
radii. In this respect, density gradients have similar effect as equi-
librium rotation [29,30], causing the perturbed density to depend
also on cos@ (Eq. (10)) and &, # 0 (Eq. (13)), i.e, ii; = O(k?p?) +
Okrpi) sind + O(ky p;) cosd and @ = Pg + B sind + B, cosb.

Higher order of dispersive terms, O(kf,o,.“), which are impor-
tant to understand the radial structure of GAM, although not in-
cluded in this Letter, can be obtained by accounting for @.,.
Similar dispersion relation for electromagnetic modes including
dispersive terms were derived in [12,13] (see also [8,5]). It is ex-
pected that, generally, & ~ (krpi)* o (Eq. (13)), flig ~ kZ pfedo/T;,
flie1 ~ krpiedo/T; (Eq. (10)) [9], and, hence, as confirmed previ-
ously [1] the main quantities involving in the basic GAM study are
&g and pssind (mass density).
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