Horn Semantics and Craig Interpolation
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In this work we consider semantics of a logic in a class of first order structures axiomatized
by universal Horn sentences, a Horn class. We give conditions on such a semantics which ensure
that an amalgamation property for the Horn class implies Craig interpolation for the logic. This
generalizes the well-known result that for an algebraizable logic the amalgamation property for the
associated class of algebras implies Craig interpolation.

Let  be a regular cardinal. Let X be a signature consisting of function symbols and X% an
expansion of ¥ by relation symbols. A x-Horn theory is a theory axiomatized by universal strict
basic k-Horn sentences (sentences of the form Vz': A,.; Pi(¥) — P(Z), with P;, P atomic formulas
over ¥ not equivalent to L and |I| < k). A sk-Horn class is a class of X 1-structures axiomatized
by a k-Horn theory.

Let L be a logic over a signature 3. Recall that an algebraic semantics for a logic L is a
translation from formulas of L to sets of equations over the signature of L (i.e. atomic formulas
of the first order language associated to X), commuting with substitution, and such that inference
in the logic under this translation corresponds exactly to inference in the equational logic in a
quasivariety K.

This situation has been abstracted into the notion of filter pair in [1], [2], [3]: A filter pair is
a functor G: X-Str — k-Alglat together with a natural transformation to the power set functor
i: G — g, which objectwise preserves infima and k-directed suprema. In the case of algebraic
semantics for the functor one takes G := Cok (Fm) := {6 | Fm/6 € K}.

For a x-Horn theory T, we define a lattice of atomic Horn formulas that will replace the con-
gruence lattice from algebraic semantics: For a Y-structure A let

e GT(A):={(6,S) | 0isa X-congruence on A and S an interpretation
of Ron A/f s.t. the resulting X -structure on A/ is a T-model}
o We define an order on G (A) by declaring (0, 5) < (¢, 5") iff
6 C ¢ and the induced quotient map ggg: : A/6 — A/6 is a homomorphism of YT -structures
for the interpretations S, S’

Horn Semantics arises by replacing the congruence lattice with the above lattice of atomic formulas
of an expansion X1 of .

*peter.arndt@hhu.de
Thugomar@ime.usp.br
*darllan@ufba.br

218



Theorem Let 7 be a set of atomic 3T -formulas with at most one free variable, such that |7| < k.
The collection of maps i™ = (47 ) aex—str, defined by

1 GT(4) > (P(4),C)
(0,5) — {a€A|Vo(x)eT: A/(6,S)F p(a)}

is a natural transformation and for any A € ¥ — Str, i7, preserves arbitrary infima and s-directed
suprema. In other words, (G*,i") is a k-filter pair.

Such a filter pair is called Horn filter pair and a k-Horn Semantics for a logic L is a Horn filter
pair whose image over the formula algebra is the lattice of theories of L. It is an equivalent Horn
Semantics if the natural transformations are injective.

Some examples that demonstrate the potential of the approach are:

e For ¥* = ¥ a Horn semantics is precisely an algebraic semantics, and an equivalent Horn
semantics corresponds precisely to an algebraizable logic.

e For ¥ = X U{F} an expansion of the signature with a unary relation symbol one can define
an equivalent Horn semantics corresponding to matrix semantics.

e For ¥ = X U{<} an expansion of the signature with an inequality symbol, and a Horn theory
demanding that this be an order relation, a Horn semantics is precisely an order algebraic
semantics, and an equivalent Horn semantics corresponds precisely to an order algebraizable
logic in the sense of [4]

We shall say that a class K of X" -structures has the atomic amalgamation property if given
A, B,C € K and maps ig: A — B, ic: A — C that preserve and reflect the validity of atomic
formulas (atomic embeddings), there exist a X" -structure D € K and atomic embeddings ep : B —
D, ec : C — D such that egoip =ecoic.

Using the formalism of filter pairs, we can prove a general Craig Interpolation result:
Theorem Let (GT,i7) be a Horn semantics for a logic L. Suppose that the filter pair (GT,i") has
the “theory lifting property”. If K := Mod(T) has the atomic amalgamation property, then the
logic L associated to (GT,4i7) has the Craig entailment property.

The “theory lifting property” is a technical condition, satisfied by every filter pair presenting an
equivalent Horn Semantics, but also in other cases.

In the talk we will review the notion of filter pair and explain the above results with examples.
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