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The most naive way to understand a finite-dimensional associative algebra is to find a
basis and analyze its multiplication table. In the modern incarnation, one considers the
scheme of all associative n-dimensional algebras over the field £ as a subscheme of affine
space Hom (k" ® k™, k™). Then G'Ly,(k) acts on the k-rational points of the scheme so that
orbits can be interpreted as isomorphism classes of n-dimensional algebras.

The stabilizer of a point can be identified with the automorphism group (scheme) of the
corresponding algebra. The geometry at a point seems to behave particularly well when the
automorphism group scheme is smooth. For example, Gabriel ([Ga], 2.4) proves that if the
algebra A corresponds to the point g then H?(A) is isomorphic to the tangent space at
in the entire scheme modulo the tangent space at i in its G Ly,-orbit. This result requires
smoothness of the stabilizer, as first explicitly pointed out in [Maz].

The automorphism group scheme is automatically smooth when chark =0 by the clas-
sical characterization of cocommutative connected Hopf algebras. The situation in positive
characteristic has been more mysterious. The main contribution of this paper is to provide a
simple, user-friendly reformulation of smoothness. We prove that the automorphism group
scheme of A is smooth if and only if every k-derivation of A is integrable. Here we mean
that D is integrable if it is a member of a sequence of k-endomorphisms of A,

D@ =1, DM =D, D@ DB ... such that D™ (ab) = Z | D(i)(a)D(’)(b)
i+j=m

for all a,b € A. The notion of integrability (which also appears in the literature under the
name “higher derivations”) is far from new although we believe that this application is novel.
The proof of our criterion is essentially Hopf algebraic and found in the first section.

The second section reviews known properties of integrable derivations. It also includes a
generalization of the well known fact that a derivation of a finite-dimensional algebra over a
field of characteristic zero sends the Jacobson radical into itself.

Next, a particular class of examples is studied. Using our criterion, we present a clumsy
but algorithmically tractable description of those commutative monomial algebras whose
automorphism group scheme is smooth. We obtain both expected results (e.g., smoothness
follows when relations “avoid” the characteristic) and bizarre examples.

In the fourth and last section, we explain a result which appears in the original work

1 Sweedler’s theorem

We begin by deriving a transparent, intrinsic condition on a finite-dimensional algebra which
is equivalent to its having a smooth automorphism group scheme. Until further notice, we
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let H denote a commutative affine Hopf algebra over the field k. If H represents an affine
group scheme then the scheme is smooth precisely when H is reduced, i.e., when H has
no nonzero nilpotent elements. It is well known that H is always reduced when chark = 0
([Wa]). In case the characteristic of k is positive and k is perfect, Sweedler ([Sw]) has found
a characterization of reduced Hopf algebras which we wish to apply. This result depends on
the analysis of a certain k-coalgebra, the hyperalgebra, associated with H.

Let €y be the augmentation map for H and let M be its kernel. Hyp(H) is the sub-
coalgebra of the dual H° consisting of all linear functionals which vanish on some power of
M. Tt is possible to prove that Hyp(H) is the irreducible component of H® containing €y
([Abe], p.198). Suppose C is a coalgebra with counit ec. Given d € C, an infinite sequence
of divided powers lying over d is a sequence dy, dy, ds, . .. of elements in C' such that

Ady, =Y di ®dn; forall n, ec(d,)=0for n>0, and ec(dy) =1

with d; = d. Equivalently, we may regard an infinite sequence of divided powers in C' as
a coalgebra morphism from the coalgebra of divided powers B = kz(© + k2 4 ... to C.
Now suppose dy, d,, ... is an infinite sequence of divided powers in Hyp(H). Notice that
do(1) = 1 and d,,(1) = 0 for n > 0. Since dy must be group-like, we have dy = ey. Moreover,
consider any infinite sequence of divided powers dp, d;,... in H® such that dp = ey. If
a,b € M then dy(ab) = dy(a)d, (b) + dy(a)dy(b) = 0. Continuing by induction, we see that
dp (M™1) = 0. Hence the sequence lies in Hyp(H). Thus we may identify the collection of
all infinite divided powers in Hyp(H ) with the subgroup (under convolution) of coalg(B, H®)
consisting of those o with a(z(%)) = ¢j;. Recall that an element a in a bialgebra is primitive
when Aa = 1®a+a® 1. Since 1 in H° is identified with ey, we see that any term d,
belonging to an infinite sequence of divided powers in Hyp(H) must be primitive. (In this
context, a linear functional d € H* with d(ab) = ey (a)d(b) + €y (b)d(a) for all a,b € H is
also called an e-derivation.)

Theorem 1 ([Sw]). Assume H is an affine commutative Hopf algebra over a perfect field
k of positive characteristic. Then H is reduced if and only f there is an infinite sequence of
divided powers in Hyp(H) lying over each primitive element.

In order to apply this theorem when H represents the automorphism group scheme of
a finite-dimensional k-algebra A, we need to interpret infinite sequences of divided powers
intrinsically for A. This will be done in a series of steps which are more or less standard.
We begin by reminding the reader that if B is the k-coalgebra of divided powers then B*
can be identified with k[[t]] by sending f € B to 3 f(z™)¢n.

Lemma 2. coalg(B, H°) ~ alg(H, B*) as groups.

For the remainder of this section, we assume that H represents the automorphism group
scheme Aut, of A. That is, if R is any commutative k-algebra then Aut4(R) = alg(H, R).
Of course, Auts(k) = Autg(A). The action of this automorphism group on A can be
described via an H-comodule algebra structure on A: there is a coaction A : A -+ H® A
making A a left H-comodule so that A(ab) =3~ a()b) ®a(y)by and A\(1) = 1®@1 for a,b € A.
(See [Mo], section 4.1.) The explicit isomorphism from alg(H, k) to Auti(A) sends 6 to the
automorphism f where (;(a) = 3 Olaw))aq). If R is any commutative k-algebra then the
group Aut,(R) is isomorphic to Autg (R ®y A) under the extension of the comodule algebra
action to R ® H on R® A.



We are particularly interested in the case that R = B*. Since A is finite-dimensional, we
have B*® A =~ k[[t]]® A ~ A[[t]]. Again, since A is finite-dimensional, a k{[t]]-automorphism
of A[[t]] is determined by its effect on elements of A.

A k-algebra map 6 : A — A[[t]] is a higher derivation of A provided that for all a € A, the
constant term of the power series d(a), is simply a. Clearly, higher derivations of A are in one-
to-one correspondence with k[[t]]-automorphisms of A[[t]] which “preserve constant terms”.
Alternatively, we may regard a higher derivation as a sequence of linear endomorphisms of
A, say DO = I, DW D@ such that D™ (ab) = D ibj=n D (a)DY)(b) for all a,b € A
and n > 0. (The point is to expand 8(c) = Y ey D™ (c)t" for c € A.)

Lemma 3. There is a one-to-one correspondence between infinite sequences of divided pow-
ers in Hyp(H) and higher derivations of A. The map sends ey = dg,dy,... to I = DO,
DW. ... where D™ (a) = Y dn(aw))aq) for all a € A.
Proof: By virtue of the previous lemma and our discussion so far, there is a group iso-
morphism coalg(B, H°) ~ Autygy(A[[t]). The isomorphism sends o € coalg(B, H®) to
the automorphism Y ¢,t" — 32, 35, i la(@)(¢;) ) (¢) " Tn particular, this automor-
phism sends ¢ € A to 3, [30 a(z™)(cq))eqt". Note that if a(z®)) = eg then the associ-
ated automorphism preserves constants. Conversely, we argue that if f = a(x(o)) € H°
and Y f(co))eqy = c forall c € A (i.e., the automorphism preserves constants) then
f = ey. But f is group-like, so f € alg(H, k). The claim follows from our isomorphism
alg(H, k) ~ Autg(A). The lemma is now a consequence of restricting the group isomorphism
to coalgebra maps from B to H° which send 29 to ey. H

It is easy to see that the D(-term of a higher derivation is always
We say that a derivation D € Dery(A) is integrable provided there exists a higher derivation
DO =1, DM D@ . . such that DM =D,
Theorem 4. Let A be a finite-dimensional k-algebra and assume that H represents the a
group scheme Auty. Every e-derivation of H has an infinite sequence of divided powers in
Hyp(H) lying over it if and only if every derivation of A is integrable.

an ordinary derivation.

ne

Proof: It is easy to check directly that if d is an e-derivation of H then the linear endomor-
phism D of A given by D(a) = 5" d(a(y)aq) is a derivation. It is well known that this map
from e-derivations to Dery(A) is an isomorphism ([Wa]). (This can also be seen by replacing
k[[t]] with k[t]/t* in the arguments we have just presented.) Apply the lemma. 2]

If the characteristic of k is zero then it is a well known consequence of the Leibniz rule
(see [Hu), p.8) that any derivation D can be integrated to the higher derivation [, D, D*/2,
..., D*/n!, ... Thus integrability of derivations is only an issue when char k > 0, which
brings us back to Sweedler’s Theorem. We summarize our discussion for this section.

Corollary 5. Assume that A is a finite-dimensional algebra over the perfect field k. The
affine group scheme Auty is smooth if and only if every k-derivation of A is integrable. |

2 Integrable derivations

A derivation of a finite-dimensional algebra whose scalar field has characteristic zero always
sends the radical into itself. We shall see that integrable derivations extend this behavior.
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Lemma 6. If S is a semiprime ring then so is S[[t]].

Proof: We must show that if o € S[[¢]] is nonzero then aS[[t]Jee # 0. But aSax # 0, as can
be seen by looking at the lowest term of . W
As consequence, if R is a ring and I is a nilpotent ideal of R[[¢]] then I C (prime rad (R))[[¢]].

Theorem 7. Let A be a finite-dimensional algebra. If the algebra map ¢+ A — A[[t]] is a
higher derivation then ¢(rad A) C (rad A)[[t]].

Proof: It suffices to prove that ¢(rad A) lies in a nilpotent ideal of A[[t]]. Let A denote the
algebra generated by ¢(A) and t. (We do not ask that A be closed.) The condition that
¢(a) = a+ “higher terms” implies that A is dense in A[[t]]. Let n be the index of nilpotence
for rad A and choose w; € rad A. Choose rj,s; € A for j = 1,...,n. Because ¢ is an algebra
map and t is central, (ri¢(w:)s1)(re@(w2)ss) - - - (rad(w,)s,) = 0. By continuity, this identity
extends to all r;, s; € A[[t]]. Hence the ideal in A[[t]] generated by ¢(rad A) is nilpotent. W

Corollary 8. Let A be a finite-dimensional k-algebra. If D € Dery(A) is integrable then
D(rad A) C rad A.

Proof: Let I = D D = DW D® . be a higher derivation. According to the theorem,
D™ (rad A) C rad 4 for all m. M

We shall see, when we examine monomial algebras, that it is possible for every derivation
of a finite-dimensional algebra to leave the radical invariant even though its antomorphism
group scheme is not smooth. Nonetheless, the corollary does provide a useful test.

Theorem 9. Assume that k is a perfect field of characteristic p and G is a non-trivial finite
p-group. Then the group algebra k[G] never has a smooth automorphism group scheme.

Proof: Since G/G' is not trivial, there is a nonzero additive character A\ €Hom(G, k).
Define D : k[G] = k[G] by linearly extending the function D(g) = A\(g)g with g € G. It is
easy to see that D is a derivation.

Choose 1 € G with A(h) # 0. Then h — 1 lies in the augmentation ideal of k[G], which
coincides with the radical. But D(h ~ 1) = M(h)h so D(h — 1) is not in the radical. B

It is tempting to conjecture that k[G] does not have a smooth automorphism group
scheme whenever p divides the order of G. However, we will see in a few moments that inner
derivations are always integrable. Thus a “prerequisite” to the conjecture is the knowledge
that such group algebras possess outer derivations. The good news is that this weaker
assertion is true ([FJL]). The bad new is that the only known proof requires the classification
of finite simple groups.

We record some well known properties of integrable derivations for future use. (See, e.g.,
[Mat].) Let Z( ) denote the center of a ring.

Proposition 10. The integrable derivations of the k-algebra A comprise a Z(A)-submodule
of all derwations.

Proof: If D and E are integrable derivations then there exist ¢ and 1, constant preserving
k[[t]]-automorphisms of A[[t]], such that ¢(a) = a+ D(a)t + -+ and ¢(a) = a + E(a)t + - - -
for all @ € A. Then the composition 1¢ is an automorphism which preserves constants.
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Explicitly, if D©@, D = D,D®, ... and E®, EWV = E, E® ... are the corresponding
higher derivations then we have constructed a new higher derivation whose m™ term is
D iim EM DY, In particular, the m = 1 term is D + E. Thus the collection of integrable
derivations is closed under addition. For any central A € A, the sequence A0DO ALDM),
A2D@) . is also a higher derivation. M

Proposition 11. Every inner derivation of the algebra A is integrable.

Proof: Let a € A. Conjugation by the unit 1 — at is an algebra automorphism of A[[t]] and
forany r € A, (1 —at)'r(1—at) =r+(ar - ra)t + higher terms. Thus ada is integrable. W

It is well known that a diagonalizable derivation of a k-algebra A is equivalent to a
grading of A by the additive group k*. Indeed, the eigenspaces of the derivation are the
homogeneous components for the grading. Such gradings can be difficult to deal with when
the characteristic of k is positive; it would be nice to lift Z/(p)-gradings to Z-gradings. This
goal is encoded in the following definition. We say that a higher derivation D, DW, ...
is diagonalizable when the D are simultaneously diagonalizable k-endomorphisms of A.
If ¢ : A — A[[t]] is the algebra map version of the higher derivation then diagonalizability
means that there is a basis vy, . .., v, of A so that ¢(v;) = fiv; for some fi € k[[t]]. Moreover,
the fact that ¢ preserves constants tells us that f; € Uy (k[[t]]), the multiplicative group of
units in k[[t]] with constant term 1. With very little additional work, we have

Proposition 12. There is a one-to-one correspondence between diagonalizable higher deriva-

tions of the finite-dimensional k-algebra A and U, (k[[t]])-gradings of A.

Observe that the group U (k[[t]] is always torsion free, no matter what the characteristic
of k is. Thus if a diagonalizable derivation of A lifts to a diagonalizable higher derivation
then a k*-grading lifts to a grading by a torsion free abelian group. The converse is more
valuable. Since Ui (k[[t]]) is uncountable, it is abelian of infinite rank. As a consequence,
every finitely generated torsion free abelian group embeds in U;. We conclude that if D
is a diagonalizable derivation of A whose grading lifts to a second grading via a (finitely
generated) torsion free abelian group then the D is integrable (and is the D-term of a
diagonalizable higher derivation).

3 Commutative monomial algebras

We regard monomial algebras as a rich source of elementary examples. Our study of this
family of rings begins with a more or less computable criterion for integrability in this case.
Recall (cf. [FGGM]) that if / is an ideal of the polynomial algebra k[Xi, ..., X, then
every derivation of R = k[Xy,..., Xu]/] lifts to a derivation of k[X, ..., X»] which stabilizes
I. If I is a monomial ideal then every derivation of R is a linear combination of images of
such derivations with the special form '”5%’ for some monomial m. In this section, we will
always assume that I has finite codimension in the polynomial algebra.
Theorem 13. Let I be a monomial ideal of k[X,Y1,...Ya] and set R=k[X,Y1,..., Yal/d.
Assume that m is a monomial which does not involve X such that mb—‘} stabilizes 1. Then
the derivation D it induces on R is integrable if and only if for each monomial X¢v € I,
where v does not involve X, (;)X"‘fmjl/ el for § =0, 1,048
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Proof: Choose an automorphism ¢ of R[[t]] such that ¢ [g= I + Dt + ---. Underline to
denote the image of a polynomial in R. Suppose d < e. Since ¢(X) = X +mt+ ety the
coefficient of t¢ in ¢(X)* has the form (3)&”“’_@" + X% 1g, for some sq € R. (The pigeon-
hole principle is at work here: no more than d of the factors H(X) in ¢(X) can contribute a
term 7t for i > 1.) Similarly, ¢(1) = 3,50 ant" with ag = 1 Hence for j < e, the coefficient
of t/ in ¢(X)%p(r) has the form -

PIAN <:1) SR (j) Xy + XM s
for some s € R. On the other hand, ¢(X)¢¢(v) = ¢(X°v) = 0. Since R is strongly graded
by monomials, we see from the powers of X in our expression for 0 that (j)i“"wfy_ = 0.
This proves one direction of the theorem.

As to the converse, assume that for a set of generating relations X‘v € I we have
(j)i\:‘f'jmjg = 0in R for j = 0,...,e. Consider the assignments ¥(X) = X + mt and
YY) =Y, fori=1,...,n Since (X)“p(r) = 0, 1 extends to an algebra map from R to
R[t]]. It is easy to check that the coefficient of ¢ in the expansion of ¢ agrees with D on the
generators X, Y ,..., Y, of R. Hence D is integrable. W

The previous theorem only handles images of m-% when X does not appear in m.

ax
Fortunately, the remaining “monomial” derivations are always integrable.

Theorem 14. Let I be a monomial ideal of k[X,Y1,...Y,) and set R = k[X,Y1,...,Yo]/I.
Assume that m s a monomial which involves X such that mﬁ% stabilizes 1. Then the
derivation D it induces on R is integrable.

Proof: According to Proposition 2.1, it suffices to show that the image D of Xf—,‘% is inte-
grable. Define ¢(X) = X + Xt and ¢(¥;) =Y, for j = 1,...n. If XV is a monomial in J
such that X does not appear in v then (X + Xt)‘v = X¢v(1 +t)¢ € I. Thus ¢ extends to
an algebra map from R to R[[t]]. Its ¢ term agrees with D. B

We use the previous two theorems to illustrate the metatheorem that an algebra whose
relations do not interfere with the characteristic has a smooth automorphism group.

Theorem 15. Assume that k is a field of characteristic p > 0. Let I be a monomial ideal of
k[ X1,...X,] and set R = k[Xy,..., X,]/I. If no minimal monomial in I has positive degree
in any X; which is divisible by p then the automorphism group scheme of R is smooth.

Proof: By virtue of the previous theorem and Proposition 2.1, we need only prove that if
m is a monomial which does not involve X and m;,;"(—’ stabilizes I then its image derivation
of R is integrable. We apply Theorem 3.1. It suffices to show that if X{v is a monomial in
I such that X, does not appear in v then X¢miv € I for j =0,...,e.

By induction, we are reduced to the case j = 1. Since m% stabilizes I, eX¢'vm € 1.
We are done unless ple. Suppose this is the case. Now X¢v is divisible by some minimal
monomial relation . But the X,-degree of ju is either zero or a positive integer not divisible
by p. In either event, we must have X¢™'ve l. W

The hope is to look at the minimal monomials generating an ideal and immediately tell
whether the corresponding monomial algebra has a smooth automorphism group scheme.
Since we do not yet know how to do this, we offer a more modest result.
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Theorem 16. Assume that k is a field of characteristic p > 0. Let I be a monomial ideal
of k[X1,...X,] and set R = k[X\,...,X.)/I. Every derivation of R stabilizes the radical if
and only if for each j there exists a minimal monomial pi; € I such that the X;-degree of pu;
is not divisible by p.

Proof: First assume that every minimal monomial in I has the form XPa where «a is
i Ps_0_ a

a monomial not involving X;. Then (X)) = 35(XT)a + X] ax(a) = 0. Thus 7%
stabilizes I. We see that ‘7"; induces a derivation of R which sends the image of X, which
is in the radical, to 1.

Conversely, assume that I has minimal generators as described in the theorem. We must
show that if D is derivation of k[Xy,...,X,] and D(I) € I then D(X;) € (Xy,...,Xy) for
j=1,...,n. Choose a minimal monoinial Xj'v’/f ¢ I such that 8 does not involve X; and p
does not divide f, fX{'D(X;)8 + X! D(8) = D(X]p) € I. Write D(X;) = c+H where
cekand He(Xy,...,Xn). Then cfX!™' 6+ fX!7'BH + X{D(p) € I. If we write the
second term as a nonredundant linear combination of monomials then each monomial which
appears has length greater than the length of Xjf"lﬁ. Fach monomial in the support of
the third term has X;-degree at least f. Thus the first monomial term cannot be in the
support of f_\'jf_lﬂll + X{D(/J). The fact that [ is a monomial ideal implies now that
cfXjf'lﬁ e I. But X]-f_l,[} ¢ I by minimality and f is not zero in k. We conclude that ¢ =0,
ie, D(X;) € (X1,...,Xn). W

As promised, we can now construct many examples of finite-dimensional algebras all
of whose derivations stabilize the radical, but which do not have smooth automorphism
group schemes. For example, suppose that k is a perfect field of characteristic p, that
n>2 andp<e(l) <e2 < < e(n). Let I be the ideal of k[X1,. .. Xn] generated
by Xl"m, L XEW and XPXy - Xy, We first observe that if p is relatively prime to e(1)
then R = k[Xi,..., Xa]/I does not have a smooth automorphism group scheme. Set w =
Xy-- X, It is easy to check that wb% induces a derivation of R. We arguc that this
derivation is not integrable. Otherwise, we may apply theorem 3.1 to conclude that

X,X§(l)_l ) ..XTcl(l)—l - ( e(1) ),we(l)—l efl.
e(l) -1
However, e(1) < e(j) for all j, so e(1) =1 < e(j) forall j = 2. We have created an element
of I which is not divisible by any of the defining generators for /.

If we assume, in addition, that all e(j) are relatively prime to p then Theorem 3.4 tells us
that every derivation of R sends the radical into itself. The curious aspect of this example is
that when e(1) > 2p we can add the relation (Xy---X,)? and the new algebra has a smooth
automorphism group scheme.

4 Morita invariance

We prove that having a smooth automorphism group scheme is a Morita invariant for finite-
dimensional algebras over perfect fields. In fact, we establish a stronger result with no restric-
tion on the scalar field. It is well known that Hochschild cohomology is a Morita invariant.
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According to Proposition 2.2, for any finite-dimensional algebra A it makes sense to define
the subspace [HH'(A) = integrable derivations of A / inner derivations of A in HH'(A). We
show that fHH1 is a Morita invariant in the sense that if A and B are Morita equivalent
finite-dimensional algebras then there is an isomorphism from HH(A) to HH'(B) which
carries [HH'(A) isomorphically to [HH'(B). Although this subspace is the correct one for
our strategy of proof, there are good reasons to “cointerpret” it. As a consequence of our
theorem, the obstruction to integrability Dery(A) /integrable derivations of A is a Morita
invariant.
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