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Abstract

Let 2 and 2’ be two alternative x-algebras with identities 1o and 1y,
respectively, and e; and ea2 = 19 — e1 nontrivial symmetric idempotents in
2. In this paper we study the characterization of multiplicative *-Jordan-
triple derivations on alternative x-algebras.
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Introduction and Preliminaries

Mathematicians have given the study of additivity of maps a good amount of
attention. Martindale created a condition on a ring such that multiplicative bi-
jective maps are all additive, which is where the first fairly surprise finding comes
from [I3]. Additionally, over the years, a number of studies examining various
varieties of associative and non-associative algebras have been produced. Among
these, we can note [2, [4, [6] [, 8] [@].

Many researchers have focused their efforts on the investigation of two new
products, which were provided by Bresar and Fosner in [I} [TT] where the definition
is as follows: For a,b € R, where R is a *-ring, that is, a ring with involution
*, we designate the x-Jordan product and the x-Lie product, respectively, by
{a,b}« = ab+ ba* and [a,b]. = ab — ba*. The authors established in [3] that a
map ¢ between two factor von Newmann algebras is a *-ring isomorphism if and
only if ¢({a,b}.) = {p(a),o(b)}.

In [5], Ferreira and Costa expanded these new products and created two further
types of applications, referred to as multiplicative *-Jordan n-map and multiplica-
tive *-Lie n-map, and utilized it to impose requirements such that a map between
C*-algebras is a *-ring isomorphism.

In [10], the authors described the Jordan triple derivation in terms of prime
x-algebras and proved that such one mappings are #-derivations under specific
circumstances. With this in mind, we will address a study of maps preserving
a triple product for a large class of algebras, namely, alternative algebras. Our
research was divided into two sections. In the first, we prove that our map is *-
additive under specific circumstances, and in the second, we used the first result
along with a different condition to proof that the map is a *-ring isomorphism.

Throughout the paper, the ground field is assumed to be of complex numbers
and we consider an algebra 20 endowed with a involution, called x-algebra. By
involution, we mean a mapping * : 2 — 2 such that (z + y)* = a* + y*,
(z*)* =z, (A\x)* = Ar* and (zy)* = y*z* for all z,y € A, A € C. An element
s € 2 satisfying s* = s is called symmetric element of 2.

Consider the product {z,y}. = 2y + yx* and let us define the following se-
quence of polynomials:

q1+(2) = = @« (21, 22) = {x1, 22}, and gs. (w1, 22,73) = {{z1, 22}, , 23}, .

Note that go. is the product introduced by Bresar and Fosner [I} [IT]. Then, we
say that a map (not necessarily additive) ¢ : 2 — 2 is a multiplicative *-Jordan
triple derivation if

SO(QS* (.%'17 L2, xd)) = q3*((p(.%'1), 90(‘@2)7 4,0({,1;‘3))

Let be e a nontrivial symmetric idempotent in 2l and es = 19 — e; where 1y
is the identity of 2. Let us consider an alternative x-algebra 2 and fix a nontrivial
symmetric idempotent e; € 2. It is easy to see that (e;a)e; = e;(ae;) (4,5 = 1,2)
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for all @ € 2. Then 2( has a Peirce decomposition A = 211 Ao PRUAs1 PRAso, where
2A;; =eAe; (1,7 =1,2) [12], satisfying the following multiplicative relations:

(1) i S Ay (4,5,1=1,2);

(11) AW S Ay, (4,5 =1,2);
(iii) WA = 0, if 5 £ k and (4, §) # (k,1), (i,j,k,1 = 1,2);
(v) x3; =0, for all z;; € Wyj (4,5 =1,2; i # j).

Remark 0.1. Observe that in the case associative a;;bi; = 0 for i # j but in
general in alternative algebras, due the property (ii), we do not have this relation.

The following two claims play a very important role in the further development
of the paper. By definition of involution clearly we get

Proposition 0.1. (2;;)* CA;; fori,je {1,2}.
P?”OOf. If ;5 € Qlij then
afj = (eiaijej)* = (ej)*(aij)*(ei)* = ej(aij)*ei S Qlﬂ
O

Proposition 0.2. Let A and A’ be two alternative x-algebras and ¢ : A — A’ a
bijective map which satisfies

90<Q3* (6, a, b)) = CI3*(%0(§)> @(a)a @(b))

for all a,b € A and £ € {1y,e1,ea}t. Let x,y and h be in A such that ¢(h) =
o(x) + o(y). Then, given z € A,

0(g3«(t, b, 2)) = (g3«(t, 7, 2)) + (g34(t, Y, 2))

and
(P(Qg* (tv Z, h)) = @(Q3* (tv Z, "T)) + @(‘B*(tv 2, y))
fort=1g ort=e;, i=1,2.

Proof. Using the definition of ¢ and multilinearity of g,. we obtain

(g3« (t, h, 2)) = gz (@(t), ©(h), ¢(2))

= g3 (p(t), p(x) + p(y), p(2))
= @3« (p(1), p(7), 0(2)) + @3+ ((1), 0(v), ¢(2))
= QD(QS* (tv z, Z)) + @(‘B*(t? Y, Z))

In a similar way we have

W(QS* (t, 2, h)) = (P(QS*(tv 2, ‘r)) + 90((]3* (t7 2 y))



284 x-Jordan-triple maps

1 Main theorem

We shall prove as follows a part of the the main result of this paper:

Theorem 1.1. Let A and A’ be two alternative x-algebras with identities 19 and
los, respectively, and e; and ea = lg — e; nontrivial symmetric idempotents in
A . Suppose that A satisfies

(W) z(™Ae;) ={0} implies x=0.
Even more, suppose that ¢ : 2 — A’ is a bijective unital map which satisfies

©(g3+(§,a,0)) = g3« (¢(£), p(a), ¢ (b))
for all a,b € A and £ € {1y, e1,e2}. Then ¢ is x-additive.

It is easy to see that any prime alternative x-algebra over ground field of
characteristic different 2,3 satisfies (#) hence we have

Corollary 1.1. Let 2 be prime alternative x-algebra and 2’ an alternative *-
algebra with identities 1oy and ly+, respectively, and e; and es = lg —ey nontrivial
symmetric idempotents in A . Suppose that o : A — A’ is a bijective unital map
which satisfies

SO(Q?)* (6? a, b)) = q3*(¢(§)7 @(a)a @(b))
forall a,b €A and £ € {1y, e1,e2}. Then ¢ is x-additive.

The following lemmas have the same hypotheses as the Theorem and we
need them to prove the x-additivity of ¢.

Lemma 1.1. ¢(0) = 0.
Proof. Since ¢ is surjective, there exists x € 2 such that ¢(z) = 0. Then

0 = g3 (p(e1), ple2), (@) = p(gs.(e1, e2,x)) = ¢(0).
Therefore, ¢(0) = 0. O

Lemma 1.2. For any a1 € A 11 and by € A 9o, we have

p(arn +ba2) = p(ain) + ¢(ba2).

Proof. Since ¢ is surjective, given p(a11) + @(baa) € A’ there exists ¢t € 2 such
that o(t) = v(a11) + @(ba2), with t = t11 + t12 + t21 + t22. Now, by Proposition
0.2

o(g3«(ei,eit)) = (ga«(eis i, a11)) + @z« (€, i, b22)),
with 4 = 1, 2. It follows that
©(2(et +te;)) = p(2(ejar1 + ar1e;)) + ©(2(e;bog + baze;)).

Using the injectivity of ¢ we obtain 2(2t1; + t12 + t21) = 2(2a11) and 2(2t9s +
t12 + t21) = 2(2()22). Then tll = aii, t22 = b22 and tlg = tgl =0. O
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Lemma 1.3. For any a2 € A 15 and bay € A a1, we have p(aia+bo1) = p(a2) +
¢(ba1).

Proof. Since ¢ is surjective, given p(a12) + ¢(ba1) € A’ there exists t € A such
that o(t) = p(a12) + @(ba1), with ¢t = t11 + t12 + t21 + t22. Now, by Proposition

0.2
1 1
@\ a3« | €1, 272617t =¥ 143« | €1, 272617 ai2
1
+o | g+ | e, ?el,bzl

= p(e1a12 + aizer) + (e1bar + barer)
= p(a12) + ¢(b21) = ¢(t).

Since ¢ is injective, e1t + te; = t, that is, 211 + t1o + to1 = t11 + t12 + to1 + too.
Then t11 = t22 =0.

1
NOW, observe that, for c19 € A 12, G3x <262, t, 612> = t21C12 +t12612 -I-Clgt;l +

1 1
c12t]y. Thus, g3 (2€2>a127 c12 | = aiaciatcizaly € A11+A 21 and g3, (2627 bo1, 012) =

bo1c1o + 012b31 € Aoy +Aoo. MOI‘GOVGI‘,

1 1 .
Q3+ | 5€2, Q3+ 5627@012 e | =2(tarc12 + (ta1c12)),

1 1
¥ (Q3* (2627(13* (262,75,012) ,€2>)
1 1
=y (Q3* <2€27Q3* (262,61127012) 762>)
1 1
+ (%* (262,(13* (262,19217612) 7€2>>

= 0(0) + ©(2(bz1c12 + (b21€12)™)) = @(2(b21c12 + (b21€12))).

Therefore, (to1 —ba1)cia+cio(thy —b%,) = 0, for all c12 € A 12. Consider icia € A 12,
we have (t21 — b21)012 — C’{g(tél — 31) = 0. Thus, (t21 — bgl)clg =0 implies
(t21 - bgl)(m 62) =0. USing (‘), we obtain t21 - b21 = O, that iS, t21 = b21. Note
that, with similar calculations, if we replace c12 by c21 and e; by es, obtain that
t12 = aq. O

thus

Lemma 1.4. For any a1 € ™A 11, b1a € A 12, c21 € A 21 and dos € A 95 we have

(a1 + biz + c21) = p(a11) + @(bi2) + p(c21)

and
©(b12 + co1 + daz) = p(b12) + p(c21) + @(d22).
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Proof. Since p is surjective, given ¢(a11)+¢(b12)+@(ca1) € 2’ there exists T € A
such that go(t) = QD(GH) + QD(b12) + QD(CQl), with t = t11 + t12 + to1 + too. NOW,
observing that ¢s.(es, €2,a11) = 0 and using Proposition and Lemma, we
obtain

©(g3«(e2, €2,t)) = (g3« (€2, e2,a11)) + p(g3«(e2, €2, b12))

+ (g3« (e2,e2,¢21))
= (g3« (e2,e2,b12) + g3« (€2, €2, c21)).
By injectivity of ¢ we have gz.(e2,€2,t) = qz«(e2,€2,b12) + ¢3«(€2, €2, ca1), that

is, 2tgo + t19 + ta1 = bis + co1. Therefore, togs = 0, t12 = by and to; = 7. Again,
observing that

g3« (la, 1 — €2, b12) = gau(lar, €1 — €2, c01) =0
and using Proposition [0.2] we obtain

(g3« (Lo, €1 — ea,1)) = (g3« (la, €1 — €2,a11))
SD(CIS*(lm , €1 — €2, b12))
+ ¢(g3«(la, €1 — €2, ¢21))
= o(g3«(lar, €1 — €2, a11)).
By injectivity of ¢ we have gs.(la,e1 — ea,t) = ¢3.(la,e1 — e2,a11), that is,

2t11 - 2t22 = 2&11. Therefore7 t11 =dal1.
The other identity we obtain in a similar way. O

Lemma 1.5. For any a1 € A 11, bio € A1, ca1 € A o1 and dog € A 2o we have
(a1 + big + ca1 + daz) = p(ai1) + @(bi2) + p(c21) + @(d22).

Proof. Since ¢ is surjective, given p(ai1) + @(b12) + ¢(ca1) + p(da2) € 2’ there
exists T € A such that ¢(t) = @(ai1) + @(bi2) + ¢(c21) + ¢(d22), with t =
t11+t12 +t21 +t22. Now, observing that gs.(e1, e1,e22) = 0 and using Proposition

and Lemma we obtain

©(gs«(e1,e1,t)) = (g« (€1, e1,a11)) + @(gs«(e1, €1, b12))
(

+§0 Q3*(€ 617021))+90(Q3*(617613d22))
= p(ga«(e1,e1,a11)) + @(gs«(e1, e1,b12))
+ ¢(gs«(e1,e1,¢21))

= p(gs«(e1,e1,a11) + gz« (€1, e1,b12) + gz« (€1, €1, ¢21)).

By injectivity of ¢ we have g¢s.(e1,e1,t) = gs«(e1,e1,a11) + gs«(e1,e1,b12) +
Q3*(61,61,021), that is, 2t11 + t12 + to1 = 2a11 + b1z + c21. Therefore, t1; = aq1,
t12 = b12 and t21 = C21-

In a similar way, using gs. (€2, ea, t), we obtain 2t +t12+to1 = 2dog +b12+c21
and then t22 = d22. O
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Lemma 1.6. For every ais,bia € A12 and ca1,da; € Ao we have

p(aiabiz + aly) = p(a12bi2) + v(als)
and

@(cordar + c31) = @(cardar) + @(c5y)-

1
Proof. Since g3, <1Q[ ,a12, —(ea + b12)> = a12 + a12b12 + ai, + b12a}, we get from

2
Lemma [I.5] that

o(a12)+¢(a12biz + afy) + p(bi2a}y)
= p(a12 + a12b12 + ajy + bi2aj,)

=y <q3* (1m7a12, %(62 + b12))>
= <Q3* <<P(1m)790(012)790(62) +o (;b12>>>

= ¢(a12) + ¢(a1a) + p(ar2b12) + @(b12a7),
which implies p(a12b12 + ajy) = @(a12b12) + p(at,). Similarly, we prove the other

1
case using the identity gs. | 1o, co1, 5(61 +da1) | = co1+ceordor +¢5 +dorcy; O

Lemma 1.7. For all a;5,b;; € Ay, 1 <i# 5 <2, we have
p(aij + biz) = p(aij) + ¢(bis).

Proof. Since q34 | 1g, 5(61' +aij),e; + bij) = a;j + bij + aj; + a;jbj; + bijal; we

get from Lemma that
p(aij +bij) + p(aj; + aizbij) + @(bijaj;)

1
=g <Q3*(12{ ; 5(% +aij), ej + bij))

= 3. (@(1907@ (;(ei + az‘j)) (e + bz‘j))

= ta. (wl13).plen)e (55 ) oler) + (03

= ¢(bij) + plaij + aj;) + p(aijbij + bijai;)
= p(biz) + w(aij) + @(aj;) + p(aijbij) + (bijas;),
which implies gp(aij + bij) = (p(bij) + cp(aij). ]

Lemma 1.8. For all ai;,by; € Ay, we have p(az; + b)) = @(ay) + o(by) for
ie{l,2}.
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Proof. Since ¢ is surjective, given ¢(ai;) +@(bi;) € ', i = 1,2, there exists t € 2
such that p(t) = ¢(a;;) + @(bi), with t = t11 + t12 + ta1 + teo. By Proposition
for j # i,
©(gs«(ej,e5,t)) = p(ga«(ej, €5, a:)) + ©(g3«(ej, 5, bi3)) = 0.
Then, t;; = t;; = t;; = 0. We just have to show that ¢;; = a;; + by;. Given
cij € Aj, using Lemma [T.7)and Proposition [0.2] we have
©(gs«(eis t,ci5)) = ©(gs« (€, i, cij)) + o(ga«(eq, biis ciz))

= (g3« (s, aii, cij) + gz« (s, bii, cij)).

By injectivity of ¢ we obtain
@3« (e, b, cij) = qz«(es, aii, i) + qa«(eq, big, cij),

that is,

(tii — aii — biz)cij = 0.
Finally, by (#) we conclude that ¢;; = a;; + bs;. O

Now we are able to show that ¢ preserves x-addition.
Using Lemmas [T.5] [I.7] [[.8]it is easy to see that ¢ is additive. Besides, on the
one hand, since ¢ is additive it follows that

pla+a’) = p(a) +p(a”).
On the other hand, by additivity of ¢,
2p(a+a”) = p(2(a +a") = p(gz« (1o, a, 1a))
= g3« (Lar; (@), 1ar) = 2(p(a) + ¢(a)").
Therefore ¢(a*) = p(a)* and Theorem [1.1]is proved.

Now we focus our attention on investigate the problem of when ¢ is a *-ring
isomorphism. We prove the following result:

Theorem 1.2. Let A and L’ be two alternative x-algebras with identities 19, and
1o/, respectively, and eq and es = lg — ey nontrivial symmetric idempotents in
A. Suppose that A and A’ satisfy:

(W) x(Ae;) ={0} implies x=0
and

(%) y(A'p(e)) = {0} implies y=0.
If o : A — A’ is a bijective unital map which satisfies

©(g3+(§,a,b)) = g3 (p(§), p(a), p(b)),

for all a,b € A and e € {1g,e1,e2} then ¢ is x-ring isomorphism.
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Again it is easy to see that prime alternative algebras over ground field of
characteristic different 2,3 satisfy (#) and (&) hence we get

Corollary 1.2. Let 20 and 21’ be two prime alternative x-algebras with identi-
ties 1oy and lg/, respectively, and e1 and es = lg — e1 nontrivial symmetric
idempotents in . If ¢ : A — A’ is a bijective unital map which satisfies

P(a3+ (&, a,0)) = g3 (9(£), p(a), (b))

for all a,b e A and £ € {1y, e1,e2}, then @ is x-ring isomorphism.

Now since ¢ is *-additive, by Theorem |1.1] it is enough to verify that ¢(ab) =
o(a)p(b). Firstly, let us prove the following lemmas:

Lemma 1.9. f; = ¢(e;) is an idempotent in A’, with i € {1,2}.
Proof. By additivity of ¢ we have

2°f; = 2%p(ei) = 0(2%e;) = o(ga (1o, €4, €:))
= gz (Lar, p(ei), (ei)) = 220(ei)ple) = 2°fi fi.

Therefore, f;f; = f;. -
Lemma 1.10. If x € ;5 then p(x) € A},

Proof. Firstly, given x € 2 ;;, with 7 # j, we observe that

2¢(z) = ¢(2z) = p(gs« (€5, €5, 7)) = gz (p(e)), p(e5), ()
=2(fjp(x) + o(2)f;),

that is, since ¢ is unital we have f;p(z)f; = fje(x)f; = 0. Even more,

0 = o(g3«(ei, z,€:)) = g3+ (fi, (), fi)
= fip(x) fi + p(x) fi + fip(x)" fi + fip(x)"

Multiplying left side by f; we obtain fjp(z)f; = 0. Therefore, p(z) € ;. In a
similar way, if z € 2 ;; we conclude that ¢(z) € A7,. O

Lemma 1.11. Ifa; € A4 and bij S Q‘ij, with 7é 7, then gp(a“b”) = cp(aii)cp(bij).

Proof. Let a; € Ay and by; € A5, with 4 # j. Then, by Lemma and
additivity of ¢,

2p(aiibij) = ©(2aibi;) = ©(q3+(€i, aii, biz))
= gz« (p(€i), plaii), p(bij)) = 2¢(aii)p(bij)-

Therefore, p(a;;bi;) = ¢(aii)p(bi;). O
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Lemma 1.12. If a;;, b € A4 then (aibi) = p(aii)e(bi).
Proof. Let x be an element of 2 ;;, with ¢ # j. Using Lemmas and the
flexibility of alternative algebras we obtain
plaibii)p(x) = @((aibi)zr) = (aii(biz)) = (aii)p(biz)

= pla)(pbi)e(x)) = (plai)e(bi))e(x)
that is,

(p(aisbii) — p(ai)p(bii))p(z) = 0.
Now, by Lemma since () € ngj and p(aibi;) — @(ai;)p(by) € AL, we
have

(p(aiibii) — p(aii) (b)) (A p(e;)) = {0}.
Finally, (&) ensures that ¢(a;:bi;) = ©(ai;)e(bi;). O
Lemma 1.13. Ifaij S Q[ij and bji € Qlji, with i 7é 7, then @(aijbji) = @(aij)gp(bji).
Proof. Let a;; € 2;; and bj; € A ;, with i # j. Then, by Lemma [[.10] and
additivity of ¢,
p(aijbji) = @(aijbji) = (as«(ei, aiz, bji))
= gz« (p(ei), p(aij), (bji)) = plai;)p(bji).
Therefore, ¢(ai;bji) = ¢(aij)(bji)-
O
Lemma 1.14. If a;; € A;; and bj; € Ajj;, with i # j, then ¢(ai;bj;) =
e(aij)p(bj;)
Proof. Let = be an element of 2 j;, with ¢ # j. Using Lemmas and we
obtain
p(aijbj;)e(x) = p(aijbjjz) = ¢(ai;)e(bjz) = ¢(ai;)e(b;;)e (),

that is,

(p(aijbsj) — elai;)e(bj;))e(z) = 0.
Now, by Lemma since p(z) € A’ and p(aizbjj) — @laij)p(bj;) € AL, we
have

(plaijbjj) — plaiz)p(bi;) (A p(ei)) = {0}.

Finally, (&) ensures that ¢(a;;b;;) = ¢(a;;)e(bj;). O

As in general a;;b;; # 0 for 7 # j in alternative *-algebras, we need to prove.

Lemma 1.15. Ifaij S Q[ij and bij S Qlij, with 1 7é 7, then @(aijbij) = @(aij)w(bij)
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Proof. Let a;j,b;; € A5, with i # j. Then, by Lemma and additivity of ¢,

2¢(aijbij) = ©(2a:5bi5) = p(gs«(€i, aiz, bij))
= @3« (p(ei), p(aij), p(bij)) = 2¢(ai;)p(bij).

Therefore, p(ai;bi;) = ¢(ai;)e(bij). =

Thus, by additivity of ¢, proved in the Theorem and the lemmas above
we conclude that ¢(ab) = ¢(a)p(b). Therefore ¢ is a *-ring isomorphism.

2 Application

A complete normed alternative complex x-algebra 20 is called of alternative C*-
algebra if it satisfies the condition: [Ja*a| = [|a||?, for all elements a € 2A. Alter-
native C*-algebras are non-associative generalizations of C*-algebras and appear
in various areas in Mathematics (see more details in the references [14] and [I5]).
An alternative C*-algebra A is called of alternative W*-algebra if it is a dual
Banach space and a prime alternative W*-algebra is called alternative W*-factor.
It is well known that non-zero alternative W*-algebras are unital.

Theorem 2.1. Let A and A’ be two alternative W*-factors. If a map o : A — A’
satisfies
p(q3+(&, a,0)) = g3+ (p(£), p(a), ©(b)),

for all a,b € 2 and £ € {1, €1, ea}, then p is an additive x-ring isomorphism.

Corollary 2.1. Let 2l and 2L’ be two alternative W*-factors. In this case, ¢ is a
nonlinear x-Jordan triple map if and only if p is an additive x-ring isomorphism.
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