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We first present a solution to a conjecture of [2] in the poesitive. We prove that if 2
is a commutative nonassociative algebra over a field of characteristic # 2,3, satisfying
the identity z(z(zz)) = 0, then Lge, Loty ++« Lot = 0if ) + 8o + -+ + t; > 10, where
a € 2. For cvery b € U, the linear operator Ly of 21 which is determined by b is defined
by Ly: y — by for all y € A, In the last scction we prove that every commutative non-
associative nilalgebra of dimension < 7, over a field of characteristic zero or sufficiently
large is solvable.
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1 Introduction

Throughout this paper the term algebra is understood to be a commutative not
necessarily associative algebra. We will use the notations and terminology of [7].
Let 2 be an (commutative nonassociative) algebra over a field F'. We define induc-
tively the following powers, 2! = 2 and %* =37, . A7 for all positive integers
s > 2. We shall say that 2 is nilpotent in casc there is an integer s such that
2° = (0). The algebra 2 is called nilalgebra in case the subalgebra alg(a) of 2
gencrated by a is nilpotent, for all @ € %. Therefore 2 is nilalgebra if and only
if for every @ € 2 therc exists an integer ¢ such that every product of at least {
factors each of them equal to a, in whatever association, vanishes. The (principal)

powers of an element @ in 2 are defined recursively by a! = a and a'*! = ad® for
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all integers 4 > 1. The algebra 2 is called right-nilalgebra if for every a in 2 there
exists an integer k = k(a) such that o = 0. The smallest positive integer & which
this property is the indez. Obviously, cvery nilalgebra is right-nilalgebra. For any
element a in 9, the linear mapping L, of 2 defined by  — az is called multipli-
cation operator of 2. An Engel algebra is an algebra in which every multiplication
operator is nilpotent in the sense that for every a € 2 there exists a positive integer
4 such that L{; =0.

An important question is that of the existence of simple nilalgebras in the class
of finite-dimensional algebras. In [7] we proved that every nilagebra 21 of dimension
< 6 over a field of characteristic # 2, 3, 5 is solvable and hence 2* & 2. For power-
associative nilalgebras of dimension < 8 over a ficld of characteristic # 2, 3,5, we
have shown in [4] that they are solvable, and hence there is no simple algebra (sce
also [5] and [7] for power-associative nilalgebras of dimension < 7) in this subclass.

We show now the process of lincarization of identities, which is an important tool
in the theory of varieties of algebras. Sce (8], {11] and [12] for more information. Let
P be the free commutative nonassociative polynomial ring in two generators x and
y over a field F. For every ay,...,q, € P, the operator linearization 8{cy, ..., o)
can be defined as follows: if p(z,y) is a monomial in P, then 8[ay, ..., . ]p(x,y) is
obtained by making all the possible replacements of r of the k identical arguments
z by a,...,q, and summing the resulting terms if z—degree of p(x,y) is > 7, and
is equal to zero in other cases. Some examples of this operator are

3ly)(a*(zy)) = 2(zy)* + 2*y?

8%, yl(z?) =2z%, Oly, =y’ 2)(2%) =0.
For simplicity, S : r] will denote 8y, ..., q.), where ¢y = -+ = @, = a. We
obscrve that if p(z) is a polynomial in P, then p(z +y) = p(z) + Z;’Zl 6y = jlp(x),

where 6[y : j]p(x) is the sum of all the terms of p(z + y) which have degree j with
respect to y.

Lemma 1 ([12}). Let p(z,y) be a commutative nonassociative polynomial of z-
degree < n. If F is a field of characteristic either zero or > n, and the F-algebra
A satisfies the identity p(z,y), then A satisfies all lincarizations of p(z,y).

2 Right-nilalgebras of index 4

Throughout this section F is a field of characteristic different from 2 or 3 and all
the algebras are over F. We will study right-nilalgebras of index < 4, that is the
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variety V of algebras over the field F' satisfying the identity
2t =0 (1)

Let 2 be an algebra in V. For simplicity, we will denote by L and U the multiplica-
tion operators, L, and L,z respectively, where z is an element in 2. The following
known result is a basic tool in our investigation. See [2] and [3].

Lemma 2. Let 2 be a commutative right-nilalgebra of index 4. Then U satisfies
the identities

222® = —z(r2?), 2’2® = (2*)° = z(z(z’2?)), (2)

and p(z) = 0, for every monomial p(z) with z-degree > 7. Furthcrmore, we have

Ly = — LU - 2I3, (3)
L2 = —U*—-9oUL?*-2LUL + 4L, (4)
Lygrzzy = — LU? = 2LUL? - 2L2UL — 4L%U - 127, (5)
Lya(aeary = 2L2U% + ALPUL? + AL*U + 8L, (6)

and also

Table i: Multiplication identities of degree 5
|viv w* vE Lrir UL LU L

L o -1 2 0 0 -2 -8

and two identitics of z-degree 6 which may be written as

Table ii: Multiplication identities of degree 6
‘ ULU (LU L*U* UL* LUL? L2UL* UL LU LS
U3 -2 -2 2 -8 -8 0 -4 8 40
(ULy?| -1 -1 1 -4 =2 2 0 4 24

We note that, for example, Table i means that U?L = —LU? +2UL® ~ 2L°U —
8L°. From the identities (3-6) we get that for any a € 2 the associative algebra 2,
generated by all L, with ¢ € alg(a) is in fact gencrated by L, and Lg2. Furthermore,
cvery algebra in V is a nilalgebra of index < 7.

We now pass to study homogencous identities in 2 with z-degree > 7 and y-
degree 1. From the relation 0 = 8[y, z,2%,2%)(z") = 2y(z(x®2%)) + 4y (= (2z?)) +
2z(y(2*2)) +42°(y (z®)) +4u(a (yo ‘))+4r (2(yz®)) +423 (2 (xy)) = 20((2")*y) +



dz(z3(z%y)) + 423 (x(z®y)) + 423(z*(xy)) = 2[LLpsps + 2LLysLgs + 2L,sLL s +
2L, L3 L](y) we have

L3U?* = =21°UL* - L'UL - 5L°U — 20L7, (M

since we can use the reductions (3-6) and replace the occurrences of (UL)2. Multi-
plying the identity of Table i by U from the left and first replacing the occurrences
of U? we get

ULU? = 2(UL2UL ~ UL - LUL*U — LAULU+

2I° - ALUL* = 2UUL' - 3LVL - LU - 16L7).  (5)
Next, we can reduce the relation 0 = 48[y, z, 22, z25%|z" using the above identities.
This yiclds
5 g Logig 34 3¢ 7
UL =-LUL +§L UL +ZL UL-}—ZL U+ 8L°. (9)

Now combining (8) and (9) we obtain ULU? = 2UL?UL - 2UL*U — 2LUL?U -
2LULU - 8LULY — 2L2UL? ~ 3L*UL + L°U. Thus, we have three identities of
z-degrec 7 and y-degree 1 which may be written as multiplication identities:

Table iii: Multiplication identities of degree 7
l ULUWL UL?U LUL* L(LU)® LUL' [*UL® L3UL! LAUL LU L7

L3y? 0 0 0 0 0 0 -2 -1 =5 =20
ULs 0 0 0 0 -1 1/2 0 3/4 3M 8
ULU? 2 -2 -2 -2 -8 -2 0 -3 1 0

In an analogous way, using successively the identitics
0= 6[y, 2,2, z(z(z?2?))]e?, 0= d[y, 2% 2% 2%2*z!, 0= 6y, x,22 o(z?2?)]2’,

multiplying the second identity of Table ii with the operator U from the left and
replacing the occurrences of UUL, and finally using 0 = [y, x, 2%, 22222, we
obtain the following 5 multiplication identitics:

Table iv: Multiplication identitics of degree 8

UL'U LULPUL LULU LULU LULY LUL? ISUL LU LE
L3ULU 0 0 0 0 0 -1/2 -2 -11/2 -20
UL -1 -2 -2 0 2 -5/2 13 31/2 32
(UL*)? 0 1 0 ~1 =12 =114 -7/2  25/4 36
ULUL -1 ~1 -1 0 -4 -11/2 -3 972 0
urd 0 0 0 0 0 -3/ -3/2 -3/1 -8




Now, relations 0 = [y, z, 2%, z(z?2?)}z*, 0 = 8[y, x, 2%, 2(x(2?2?))]z*, 0 = o[y, 22, 2?,
(z223))x!, 0 = 8y, z, 2%2?, 2%2%]a?, 0 = 8ly, 2%, 2%, 2%2?]2*, and multiplying the re-
lation determined by the last row of Table iii with the operator U from the left
and first replacing the occurrences of UUL, imply the following 6 multiplication

identitics:

Table v: Multiplication identities of degree 9

LUL'U (L*U)*L LU L
LSUL 0 0 -7 ~48
L(L*U)? 0 0 -217 -4510/3
UL'UL 1 0 -587/2 -6155/3
L2ULRU 0 0 29/3  422/9
UL*ULU 0 0 1318/3 27988/9
LSy L* 0 0 -23  —496/3

The author used a MAPLE language program to discover these identities. We
now present a solution of a Conjecture of [2] in the positive. We sce that for every
a € 2, the associative algebra 2,, generated by the multiplication operators L,
and L2, is nilpotent of index < 10.

Theorem 1. Let 2 be an algebra over a field F of characteristic # 2,3, satisfying
2% = 0. Then every monomial in P of z-degree > 10 and y-degree 1 is an identily
in . In particular, L1° = 0 for alla € 2.

Proof. First we shall prove that every monomial of z-degree 10 and y-degree 1 is an
identity in 2. Multiplying the operators in the first line of Table v with L from the
left and from the right, and the operators in the first line of Table iv with U from
the left and from the right and next using reductions from Tables i-v we sec that
we only need to prove that L2UL'U = 0, LU = 0 and L'® = 0 arc multiplication
identities in 2. Now, for any z in 2 we have

L'UL =L{SUL)= -7L*U — a81%°,
LSUL? = (LPUL)L = —TLTUL - 48L'° = 493U + 288",
LOUL? = L(LPUL?) = —23L8U — 496/3L1°.

Thercfore

27L8U + 170" = 0. (10)



Now,

LSUL? = (LUL?)L = —23L7U L — 496/3L'° = 16115V + 2816/3L1°,
LULY = LA(L3U L) = =3/41°U L* - 3/2L7U L - 3/4L%U - 8L'°
= 27180 — 152119,

and hence

141L8U + 8181 = 0. (11)
Next

LUIAU = L{LAULPU) = 29/3L8U + 422/9L"°,

UL = (LBULAU = -3/4L°UL*U - 3/2L°ULU ~ 3/4L°UU - 818U
= —3/4L(L*ULV) - 3/2L*(LPULU) — 3/AL3(L*U?) ~ 8L'°
= 9/4LSU L2 + 15/4LTUL + 667/4L8U + 2345/2L"°
= 1003L%U + 3281/2L°,

so that
17880L%U + 28685L'° = 0. (12)

Combining (10-12) we obtain that L3U = 0 and L!® = 0. Now, we have by Ta-
ble v that 0 = (LU LU)L = LA(ULPUL) = —L*UL'U — LPULPUL — LAULYU -
ALULA~11/2L8U L2 3L U L+9/2L8U = —LAPULU—(L*U L*U)L-AL(L*'UL*)L =
—~L2UL*U. Therefore, we have L2UL'U = 0.

In an analogous way, we can see that every monomial of z-degree 11 and y-
degree 1 is an identity in 2. This proves the theorem. g

Now we shall investigate two subvarieties of V. We start in Subsection 2.2 with
the class of all nilalgebras in V of index < 5 and next in Subsection 2.3 we study
the multiplication identities of the variety of all the nilalgebras in V of index < 6.
We shall use these results in Section 3 where we prove that cvery nilalgebra of
dimension < 7 over a field of characteristic zero is solvable.

2.1 The identity x((xx)(xx))=0

We will now consider the class of all algebras in V satisfying the identity z(z%z?) =
0. First, lincarization d[y){z(2?)?} implics

L2z = ~ALUL, (13)
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and identity 6[y){z?z*} = 0 forces
UU = ~2ULL + 2LUL + 4L". (14)

Next, using above identity and [y, z%J{z(2?)*} = 0 we get that 0 = AUUL +
ALUU + SLLL = 4(UUL + LUU — 2LLUL — 4L%) = 8(~UL® + LULL +2L° —
LULL+ LLUL +2L% — LLUL — 2L%) = §(=UL* + 2L%). Hence UL? = 2L% Now
idnetity L,(z2;2) = 0 and relations (5) and (14) imply 12UT, = —17U — 4L, Thus,
we have the following multiplication identities

Table vi: Multiplication identities of degree 5
l ULU LUL? 12U L°

UUL 0 2 0 0
LUu 0 -2 -2 -4
LAUL 0 0 -1 -4
UL? 0 0 2

From Table ii, we can prove that
(UL)? = ~UIPU — (LU)? + 2L*UL + 4L*U + 16L°, (15)
and 8[z2){z? (z(z(zy))) — 2z(z(z(z(zy))))} = O forces
(UL + UL*U +2L3UL +41° = 0. (16)

Combining (15) and (16), we have (LU)? = 4L® and (UL)* = —UL*U+2L*U+4L5.
Now, we can check easily the following multiplication identitics

Table vii: Multiplication identities of degrec 6

ULLU LU L% ULLU L°U ILf
uvu -2 4 8 LLUU 0 -4 -4
UULL 0 0 4 ULt 0 0 2
ULUL -1 2 4 LuL® o 0 2
LUUL 2 0 vt 0 10
LULU 6 0 4 L3UL 0 -1 -4

Theorem 2. Let A be an algebra over a field F' of characteristic # 2 or 3, satisfying
the identities 1 = 0 and z(z%z?) = 0. Then every monomial in P of x-degree
> 7 and y-degree 1 is an identily in 2. In particular, LT =0 foralla € 2.
Furthermore, the algebra gencrated by L, and Ly is spanned, as vector space, by
L,U, 12, UL, LU, I3, UL LUL, L*U, I}, ULU, LUL?, L*U, L3, UL*U, L*U, L%



Proof. We shall prove that every monomial of z-degree > 7 and y-degree 1 is an
identity in 2. Multiplying the operators in the first line of Table vii with L and U
from the left and from the right, and the operators in the first line of Table vi with U
from the left and from the right, and next using reductions from Tables i-vii we sece
that we only need to prove that LUL*U = 0, L°U = 0 and L7 = 0 arc multiplication
identitics in 2. Now, we have 0 = 6y, 2%2*[{z(2%)?} = 4L,2,2UL + 4LU L2, =
~16LULUL — 16 LULUL = =32LULUL = —32(LU)?L = —2"L7 so that L7 = 0.
Also 0 = LULUL = LUL)? = ~LUL*U + 2L5U. Thercfore, LULU = 2L3U.
Finally, from Table vi we have that 0 = (L2UL+LAU+4L%) L2 = L2U L3+ L3UL? =
L3 L? = L(L?UL?*) = L°U. This proves the theorem. 0

2.2 The identity x(x((xx)(xx)))=0

In this subsection we consider the class of all algebras in V satisfying the identity
z(z(z%2%)) = 0. Becausc we use linearization process of identities and z(z(z%z2))
has degree 6, we need consider the ficld F* of characteristic not 5 (2 or 3.)

From linearization d[y]{x(2(z°z?))}, we get the multiplication identity Ly(p2,2)+
LLy2p2 +4L2UL = 0 and Lemma 2 forces

LUU = —2LUL? - 213U ~ 4L, (17)

The relation 0 = 6[y, 22{z(z(2%2%))} = UL.2,2 + 4LL=* L+ AU LU L + 4LUUL +
8L2L,s I + 4L2UU implies

LI = —%(LQULQ +LUL), (18)

since we can use identitics from Tables i-v. Next, by 0 = 8[y, z%){z(z(z%z2))} and
0 = 6{y, 2%, 2?|{z(z(2?2?))} we get

L'UL = —3L°% - 16L’, (19)
L*'ULU = -~ LPUL* +5L°U + 281, (20)

and identities 0 = 6[y, 2%, 22, &*|{z(z(z%2?))} and 0 = 8[y, 22, 23|{z(z(222?))} im-
ply

UL = — %LZULZU + 245U + 6218, (21)
IPUL*U = 48L°U + 156L%. (22)
Now, identity 0 = [y, z22%]{z*z°} forces

LU = ~218. (23)



Theorem 3. Let 2 be a commutative elgebra over a field F of characteristic not 2,3
or &, sutisfying the identities % = 0 and z(z(z?2?)) = 0. Then every monornial
in I of v-degree > 9 and y-degree [ is an identity in 2. In particular, LY =0 for
all a € A,

Proof. By Tables i-v, we only need to prove that LUL'U = 0, L2ULU), = 0,
LU = 0 and L° = 0 arc multiplication identities in 2. From (19-23) may be
deduced immediately L'U = —2LY and 21 = 2I8L = —~[SUL = ~L}LUL) =
3LTU +16L° = ~6L° +16L° = 10L°. Thetefore L® = 0 and L7U = 0 are identities
in 2. Now L*UL*UL = (L*UL*U)L = 48L°UL + 156L° = 0 and LULU =
LULY) = —(1/2)L*ULU + 24L7U + 62L° = —(1/2) L{LAUL*U) = —-24L7U ~
T8LY = (. This proves the theorem. 0

3 Nilalgebras of dimension < 7

In this section we study (commutative nonassociative) nilalgebras of dimension < 7,
over a field I of characteristic zero or sulliciently large. We show that nilalgebras
over I with dimension < 7, arc solvable. An algebra 2 is called solvable if there
exists a positive integer ¢ such that 24 = (0), where we define inductively Al = 9
and AU+ = AL for all positive integers 7.

Let 2 be a finite-dimensional nilgalgebra over F. We will denote by deg(%),
the degree of 2, the smallest number 7n such that for every ¢ € 2, the subaigebra
alg(a) of A generated by a has dim(alg(a)) < m. If deg(2) < 2, then 2 satisfies the
identity z3 = 0 and hence this algebra is Jordan. It is well-known that any finite-
dimensional Jordan nilalgebra is nilpotent. Therefore 2 is nilpotent if deg(?) < 2.
Because any nilpotent algebra is solvable, we have that 2 is solvable if deg(U) < 2.

The following lemma, proved in [7], is an immediate consequence of a result
of M. Gerstenhaber (9] and B. Mathes et al. [10] for linear spaces of nilpotent
Imatrices.

Lemma 3. Let % be o nilalgebra over the field F. Then %% ¢ B Jor every
subalgebrn B of codimension < 2.

By above lenna, if deg(2) > dim(2) - 2, then 222 is wilpotent and hence
A is solvable. Summarizing, % is solvable in the [ollowing cases: (i) dim(U} < 5;
(ii) dim(2A) = 6 and deg(A) # 3; (iif) dim(2A) = 7 and deg(A) # 3 or 4. Thus, for
dim(%) < 7, it remains to be shows that % is solvable if deg() = 3 or 4.
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The following lemma is clear from Lemma 2. For any subset {ay, -+, a;} of &

we denote by {ay,--- ,a;) the vector space spanncd by the elements a),- -+, q,.

Lemma 4. Let 2 be a algebra over F satisfying the identity * = 0. Consider an
element a in . (i) Ifa(a(a?a?)) # 0, then dim(alg(a)) = 6; (ii) Ifa(a(a®a®)) =0
and a(aa®) # 0, then dim(alg(a)) = 5.

Proof. We first observe that alg(a) = (a, d?, a3, a’a?, a(a’a?), a(a(a%a?))). Assume
a(a(a?a?)) # 0. We will prove that a,e? a®, a%a?, a(a®a?), a(a(a%a?)) are lincarly
independent. Let Aja+ Apa® + Aza® + Ma®a® + Asa(a®a®) + Asa(a(a?a?)) = 0. Then
0= L2L,2L,(0) = L2Le2 Lo (Ma+ A0+ Asa + Aga?a®+ Asa(a?a?) + Aga(a(a?a?))) =
Ma(a(a®a?)) = Aa{a{a?a?)) and hence Ay = 0. Analogously, 0 = L2L,2(0) =
L2142 (A00® + A3a® + \ia2a® + Msa(a?a?®) + deala(a®a®))) = Msa(a(e®a?)) so that
A2 = 0. Next, 0 = L, L,2(0) = L, Loz (Asa® + Ma*a® + Asa(a?a®) + da(a(a?a?))) =

—Asza(a{e®a?)) so that A3 = 0. And analogously we can prove that Ay = Ay = Ag =

0. The case (ii} is similar. 0O

Corollary 1. Let 2 be an algebra over F satisfying the identity ' = 0. Assume
deg(?) = 3 or 4 and let a be an element in A. Then alg(a) = (a,d?, a®, a%a®) and
(a®, a%a?) - alg(a) = 0. '

3.1 The case degree(A)=3

Now we will study nilalgebras of degree 3. In this subsection 2 will be a nilalgebra
of degree 3 and dimension < 7 over the field F. Consider a an element in 2.
Because 2 is nilalgebra, there exists a positive integer t such that af = 0. We can
assume that a' = 0 and a*~' # 0. Clearly, the elements a,a?, ..., at™? are linearly
independent, and hence ¢ < 4, since deg(¥) = 3. Consequentely, the algebra
2 satisfies the identity z! = 0. By Corollary 1, the sequence a®,a?a? is linearly
dependent and 2 satisfics the identities z(z%2%) = 0, z%z® = 0. Consequently,
2 satisfies multiplication identities (13), (14), Tables vi and vii and we can use
Theorem 2.

Lemma 5. Let % be a nilalgebra over the field ' with dimension < 7 and degree

3. Then L% = 0 is a multiplication identily in .
Proof. Assume that there exist a,b € 2 such that LS(b) # 0. Then the scquence
W={Li(b): i=0,1,...,6} is a basis of 2. Note that from Table vii and (13) we

have

L8() = %a(a'z(a(a(ab)))) - —%(a?a‘l)(a(ub)),
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s0 that a%a?® # 0. Becausce ¥ is a basis and a(a?a?) = 0, we get that
aa® = ALE(b),

for any 0 # A € F. Combining above relations we have a’a® = (a?a?)[(—A/8)a(ab)].
But this is impossible because 2 is an Engel algebra. This forces L = 0. O

We may use {3) combined with (13) to yield

Ly22 L — 4L L* = 815 (24)

We shall 1use this formula now.

Lemma 6. Let 2 be a nilalgebra over the field I' with dimension <7 and degree
3. Then L® = 0 is a multiplication identity in 2L

Proof. Assume that therc exist a,b € 2 such that L3() # 0. By identity (24) we
have that either a3 # 0 or a%a® # 0. The proof now splits into two cases.

Case 1. Tf a® = Ba2a? with B € F, then using (24) we obtain 8L} = Lyz2 Lo —
4BL,2,2L? and multiplying this relation from the right side with L, yields Loz,2 L2 =
0, so that LpL2 = 0 and LezeL, = 8L}, Now, it is easy to prove that ¥ =
{a2a?, Li(b) : i =0,1,...,5} is linearly independent and hence a basis of . Let
a = da2a?+3"°_ u; Li(b). Multiplying by a, 3 times, we get 0 = LB (b)+p LA (D) +
p2LB(), so that prg = gy = p2 = 0. Next, multiplying by a two time, we have
a® = 3 L3(b) = (13/8)(a2a?)(ab) and hence py = 0 since a® € (a’a®) and 2 is an
Engel algebra. Now, multiplying by a, it follows o® = 14 L3 (b) = (1a/2)a*(a(a(ad))
hence 14 = 0 since 2 is an Engel algebra. Thus, we have a = Aaa? 4 pus LE(b), but
multiplying this relation from the left side, first with a and next with a?, we get
that a2a? = Aa?(a{a?a?)) + psLe2 LE(b) = 0 and this is impossible.

Case 2. If a%a® = 0, then LsL? = —2L3. Now, it is easy to prove that
® = {a%,Li(b): i = 0,1,...,5} is lincarly independent and hence a basis of 2.
Let a = Aa® + Yoo Li(b). Multiplying by a, 3 times, we get 0 = o L3(b) +
p LE(b) + pp L3 (b), so that po = py = pip = 0. Next, multiplying by a two time, we
have a® = 3 L%(b), but this is impossible because ® is a basis. O

Lemma 7. Let 2 be a nilalgebra over the field F with dimension < 7 and degree
3. Then every monomial in P of z-degree > 6 and y-degree 1 is an identity in 2.

Proof. By Theorem 2 and Lemma 5 we only need to prove that LAU = 0 and
UL?U = 0 arc multiplication identitics in 2. Using identity (13), Table vil and
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relation 0 = d[z*{z(z(z(z(zy))))} we have that 0 = UL + LUL® + L2UL? +
LWL+ L' = LPUI? + LAUL + LU = L*U and hence from Table vii we see that

ULLU = -ULUL = %Uerzz =UL;sL,

since LU = ~l,s — 213 and UL = L5 = 0. Let a € . If a®a® = 0, if follows
immediately that L;2L2L,: = 0. If a2a? # 0, then there exists A € F such that
a® = Aa*a’. Therefore, L,2L2L,» = Ly Lys Lo = ALy2Lyag2 L, = 0. This proves the
lemma. O

Using Lemma 2, Lemma 6 and identity (13) and Table vi, we can prove easily
the following multiplication identities

LU = —L*UL=-1%L;s = LLpsL = %LL,%
LUL? = ~ L, L* = —%szsz,

for nilalgebra of dimension < 7 and degree 3 over the field F. We shall use these
formulas now.

Lemma 8. Let U be a nilalgebra over the field I' with dimension < 7 and degree
8. Then L*U =0 and LUL? = 0 are multiplications identities in 2.

Proof. Let a be an element in . If a?a? = 0 then, from above identities we obtain
immediately that L3L,. = (1/4)LyL,2.2 = 0 and L Lyl = ~{1/4)Ly2,2L, =
0. If a®a® # 0 then there exists A\ € F such that a3 = Aa2a®. This means
that Lys = ALge. By Lemma 7 we have L3L, = L2L,s = ALZLg2,2 = 0 and
Lol L} = = LosL2 = ALg2o2 L2 = 0. This proves the lemma. a

Lemma 9. Let A be a nilalgebra over the field F with dimension < 7 and degree
8. Then LUL =0 is a multiplication identity in .

Proof. We will assume the contrary, there exist two elements a,b € 2 such that
a(a®(ab)) # 0. We know by (13) that a(a2(ab)) = —(1/4)(a%a)b. Therefore,
a’a® # 0 and also the sequence {a%a?,a(a2(ab))} is linearly independent, because
Ly is nilpotent. For any A € F' we have that ¢® = Aa%e?. Obviously, this forces
Lgz = ALg2q2. From identity (3) we have immediately, LoLg Lo = —Ly3 Lo = 2L3 =
~ALgrLy = 218 = AL, L L2 ~ 23 = 213, that is

LoLy2Lo = —2L3.
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We will now prove that ¥ = {b,ab,a®(ab), a{a*(ab)), q, a?, a’a*} is a basis of 2.

Let Atb+ Asab+ Aza2(ab) -+ Ma(a?(ab)) + ta+ paa® 4 pza®a® = 0, with i, pt; € F.
Multiplying with @, a? and a successively, we get Ay = 0. Multiplying with a? and
a successively, we have Ay = 0. Multiplying with a and a? successively, we obtain

j11 = 0, so that
Aza®(ab) + Ma(a®(ab)) + j120? + jizata? = 0.

Multiplying with a it follows that Ay = 0 since a%a?,a(a®(ab)) are lincarly inde-
pendent and @® € (a2a?). Multiplying with a® we have g = 0. Now, relation
Ma(a?(ab)) + psa®a® = 0 forces Ay = piz = 0. Therefore, we have proved that the
sequence ¥ is linearly independent. Since dim{2l) < 7, it follows that ¥ is a basis
of 2.

On the other hand, because W is a basis of %, we have a representation a(ab) =
b + agab + aza®(ad) + cya(a?(ab)) + asa + aga® + apa’a?, with o; € F. Using
the operators LyLo2Lg, LoLg2, La2Lg and L,L,, we prove that oy = 0, ap = 0,
as = 0 and a(a(a(ab))) = 0 respectively, but this is impossible. This proves the

lemma. O
It was proved in [4] the following result for power-associative nilalgebras.

Lemma 10. Every commutative power-associative nilalgebra of dimension < 8
over a field of characteristic # 2,3 or 5 is solvable.

Theorem 4. Let U be a nilalgebra over the field F with dimension <7 and degree
8. The algebra ¥ is solvable.

Proof. By Lemma 9 we have that a%a? belong to the annihilator of the algebra 2,
for every a € 2. This means that the linear subspace J = {a%a®: a € ) is an
ideal of 2 and 2.7 = 0. Thus, 2/J is a commutative power-associative nilalgebra
of dimension < 7, and hence solvable. This implies that 2 is solvable. ]

3.2 The case degree(A) = 4 and x(x(xx))=0

For any subalgebra B of an algebra %, the set st(B) = {z € 4: 2B C B} is
called stabilizer of B in 2. For cvery clement a € st(B), we can define a linear

transformation L, on the quotient vector space A = A/DB as follows,

Lo(z +B) = ar + B,
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for all z € A. We will now denote by Mgy the linear space {L,: a € st(%)} and by
Ny the linear subspace {E b € B}. Evidently, we have that Ng € Mg,

The following result will be useful. Items (iv), (v), (vi) and (vii) follow imme-
diately from (i)-(iii) proved in [7).

Lemma 11. Let V be a vector space of dimension 8 over e field F of characterislic
# 2 and let I be a vector space of nilpotent endomorphisms in End(V). Then
dim 9 < 3 and either M = 0 or: (i) dimIM = 2; (1) for every nonzero f € M
we have that rank(f) = 2; (iii) if M = (f1, f2), then there exists a basis ¢ of V
and 0 # X € F such that the matrices (using columns) of fy and \f; with respect

to ¢ are
0 0 0 010
1 0 0, 0 01
0 -10 000

respectively; () if f,g and fg are all in M, then f =0 or g =0; (v) if f,9,h and
flg+ fh) are all in M and f £ 0, then g =0 and h € {f); (vi) if f,9,h € M and
f(f+gh) =0, then f =0; (vii) if f,g € M and f2¢*> = 0, then the sequence {f, g}
is linearly dependent.

Let & be a nilalgebra over the field I with degree 4 and dimension < 7 satisfying
the identity ' = 0. From Lemma 3, 2 is solvable if dim(2A) < 6, so that throughout
this subscction we will assume that 21 has dimension 7. By Corollary 1, the algebra
2 satisfies the identitics z(z%z?) = 0 and z%z® = 0. Now we may take an element
b in & such that B, the subalgebra of % generated by b, has dimension 4. By
Corollary 1, we have

B = (b, 5% b°, b%0?),
and
(8%, 6267 = (0). (25)

If dim Ny = 0, then B is an ideal of % and hence % is solvable because A/B is
solvable. If Mg is nilpotent, then there exists ¢ € 2 but not in B such that

fla+B)=0+B, (26)

for all f € My. There exists a smallest integer m, 1 < m < 3, such that MZ = (0).
Ifm=1take a € % but not in B; if m > 1, take 0 # g € My~' and a + B in
g(A/B) with a + B # 0+ B. Then (26) is satisfied. Since a € st(B) we have that
L, € My. Then relation (26) implics that 0+ B = L,(a + B) and hence a2 C B.

14



Let B’ = (b, %, 1%, b*?, a). We have that B’ is a subalgebra of ¥ with codimension
2. Using Lemma 3 we get that 22212 C B’ so that 2 is solvable.

We now consider the case Ng # (0) and M3, # (0). Then My satisfies prop-
erties (i)-(v) of Lemma 11. By Theorem 1, Ny is nilpotent, so Lemma 11 implies
dim(Ng) = 1 since if dim(Ng) > 1 then cither Ng = Mg or dim(Mg) = 3
and hence My is nilpotent. Let 0 # h € Ns. Then Ly = azh for 1 = 1,2,3.

From identities (13) and (3) we have Ly = —dofaeh® = 0, agh = Ly =
~oqagh? — 208k = —aqaph? so that Ty = 0 since B* = 0. Next (14) forces
_1::2_2 = =202l + 20daxh® + dath? = 0. Therefore Lz = 0 since Lz € My and

from Lemma 11 every nonzero element in Mg is nilpotent of index 3. Thus, we
have proved that

B2 = (b?, 0%, b**) A C B.
This yields Ny = (L;). By Lemma 11 we can take a € st(B), but not in B such
that My = (L, L,) and there exists a basis ¢ = {v) +B,vp + B, v3 + B} of %/B

such that the matrices of Ly and L, with respect to ¢ are respectively

0 0 0 010
1 0 0 and - 001
0 -1 0 000

This means that v3 + 8 = aa+ B, v, + B = aa’ + B and v; + B = aad® + B
for any a € F, a # 0. We can assume, without lost of generality, that o = 1. By
cquation (13) and (25) we have (b26%)a = —4b(b*(ba)) C b(b*B) = (0), so that

(V*?*)a = 0.

On the other hand, ab can be expressed as a linear combination of b, b2, b3, b20%. Let
ab = jb+ j1gb? + pab® + pgb*?. Then cb = pib+ 113b20?, where ¢ = a = jigb — pgb®.
Therefore ¢(cb) = juch + pac(V*6?) = pich. Since 2 is an Engel algebra, L is

nilpotent and hence either g2, = 0 or ch = 0. This implies
ab € B

Using relation (14) we have that b2(b%a) = —20*(b(ba)) +2b(b? (ba)) + 4b(b(b(ba))) =
0. This forces
ba € B°.
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Finally, using (3) and (13) we have

Ba= —b{ba) — 2b(b(ba))) = 0,
(B26)a® = — 4b(1?(ba?)) € (b(V*(—a + B))) = (b(b?a)) = 0,
O0*)a® = — a(a®(b*H?)) - 2a(a(a(b?¥?))) = 0,

and hence 5%0? € ann(21). Let J = (b°0?: b € 2, dim(alg(d)) = 4). Then A/J is a
commutative nilalgebra of dimension < 6 and degree < 3, so that solvable. This

implies that 2 is solvable.

3.3 The case degree(A) = 4

Let 24 be a nilalgebra with degree 4. If a € 2, then there exists a smallest integer
t such that o' # 0 and a*' = 0 so that the elements a,a?,...,a" are lincarly
independent. Since deg(®1) = 4, we have that ¢ < 4 and hence 2 satisfies the
identity
2% = 0.

Now we will prove that 2 is a nilalgebra of index < 9. Let B be a subalgebra of 2
generated by one element and let k) be the index of B as right-nilalgebra, that is &,
is the smallest integer such that z*% = 0 for all z € B. Evidently, dim®B < 4 and
ky < 5. If k; < 3, then 8B is a Jordan algebra and hence nilpotent with 8% = 0.
If k) = 4, then by Lemma 2 and Lemma 4, we have that p(z) = 0 is an identity
in B for every monomial p(z) of degree > 5. Finally, if k; = 5, then there exists
b € B such that B = (b,b? % b*). Now, because B is nilpotent, we have that

VRO e (6%, 0%, B, 00R e (b, BB = (0).
Thus, B2 = (12,0, b%), B® = BB? = (B%, %), B! = BB + B2B2 C (I°, b)), B> =
BB + BB C (), B = BB + BB + B3IV = (1), BT  ((H*6%)?, (1*)%) C
(%, B c (%)% < Y, and B! = 0 for all ¢ > 9. It has the following
CONSCGUCNCES.
Lemma 12. The algebra A satisfies the identities

P(a? (') =0, i5t>1,

and p(z) = 0 for every monomial p of degree > 9.
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Lincarizing the above identities we have (in order to simplify, we will write L

instead of Lya and Ly instead of Lys):
Ly + LLy+ LU + 2L =0, 27

(27)
Lgogs + 2LLsL + LUU + 2LUL? =0, (28)
OLsL? + LU + LyLs + LyLU + 2L3L* = 0, (29)
(30)
(31)

o

Lpsgs + 2LL3U +4LL3 L2 =0, 30
U3 +QUUL? + 2ULsL + 2Lz, L = 0. 31

Lemma 13. ([8]) Every nilalgebra of bounded index over F is an Engel algebra.

We have proved that the index of a nilalgebra of degree 4 is < 9. We then apply

Lemma 13 to obtain
Corollary 2. Every nilalgebra of degree 4 over F is an Engel algebra.

Theorem 5. Let 9 be a nilalgebra over a field F of characteristic zero or suffi-
ciently large. If dim(2) < 7, then 2 is solvable.

Proof. We already prove that 2 is solvable if either deg(2) # 4 or zt = 0 is an
identity. Thus, it remains to prove that 2 is solvable if dim(2) = 7, deg(2) = 4
and ¥ = 0 is not an identity in 2.

Let % be a nilalgebra of dimension 7 and degree 4 such that there exists b € 2
with 0% 5 0. Let B be the subalgebra of 2 generated by b. Because 2 has degree
4, we have B = (b, b2, 6%, b*) and b® = 0. As in Subsection 3.2, if M is nilpotent,
then the algebra 2 is solvable. Also, the algebra is solvable if N3 = 0. Thus, we
can assume that Mg is not nilpotent and dim Ny > 1. By Lemma 11, we have
that dim(Mg) = 2. From (27) we have

Tyt = —LoLy — Ly Ly = ~Ly(Lp + LyLwe) € Nas-

Combining above relation and (v) of Lemma 11 we get that Iy = 0. Now (29)
implies Tys(Lys + LyLyz) = 0 and by (vi) of Lemma 11 we get that L,s = 0. This
means that

B39 C B, (32)

_— —3 22
and Ng = (Iy, Lyz). Now rclation (31) for z = b forces 0 = Ly + 2Ly Ly +
Tl Ly + 2L Ts = 2Lpe T and hence using (vii) of Lemma 11 we have that

dim{Np) = 1. (33)
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We can assume, without loss of generality, that
L, #0, (34)

since if Ly = 0, then Ly # 0 and we can take 0 # A € F such that (b Ab?)* =
b+ A[B(020%) + 0%0%) + N2(*)® # 0. Because dim(Ng) = 1, there exists & € F such
that Iyz = al,. As in Subscction 3.2 there exists a € 2 such that My = (f,L,)
and the matrices of f and L, with respect to the basis @ = {a®*+B,a*+ B, a-+ B}
of 2A/%B arc respectively

0 0 0 010
1 0 0 and 001
0 -1 0 000
This means that
ba® — a2, b*a® — aa® ba? + a, V?a® + aa, ba, ba, ® € B. (35)

By (35) we have that ba € B so that ba = Ab + Ab* 4+ Agb® + M4, with \; € F.
Therefore [a —~ b — Asb® — M43 = Xib. This implies that A; = 0 and hence

ba € B, (36)

since every multiplication operator on 2 is nilpotent. Let 5 be a positive integer.
From (27) and (32) we get
Vo? = ~b(b%a?) — b(b(b*a?)) — 2b(b(b(ba))) € B?, (37)
5o that
b'al C B2 (38)

By (29) we see that 26" (b(ba?))+b* (b2a?) +63 (b3a? ) +-0° (b(b%a?)) + 2b% (b(b(ba?))) = 0.
This identity for j = 2 forces ab'a € (b*), and now for j = 3 implies —2b'a -+
a(b'a® - ba) € (b*), so that bla € (b*). Therefore

ba=0, af'a—bta) e (b"), (39)

since 2 is an Engel algebra.

The proof now splits into two cases:

Case 1. The relation x32* = 0 is not an identity in 2. In this case, we can
assume without loss of generality that

b0, and bP0° £ 0. (40)
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Let by be an element in 2f such that 636} # 0 and 2 the subalgebra of 2 gencrated
by bi. Then {by, 55, b7, 0363} is a basis of B and products satis(y the [ollowing prop-
erties, 0157 € (07,0303, OB < (B}DY) and (B363)B = (0), because B is nilpotent.
By Corollary 1 we have that 2 = 0 is not an identity in 8. Thus, there exists an
element b in B of the form Aiby + Agh? + Aab? + A;b25% such that b' # 0 and also
we can assume that Ly # 0. Evidently, we have A, # 0. Now 12 € A2b2 + (83, 303y,
Poe A+ (0363 and 03P = A0b3B% # 0. Then (10) is satisfied. Lvidently,
we have 0" = 4b' for any 0 # vy € F. Combining (30) and (39) it follows
0 = ("0)a?-+20(5° (Ba2))+4b(b*(b(ba?))) = (b*6*)a?~2ab(b%a) = ybla®~2ab(b'a?).
Thus b*? = (2a/9)b(b*a?). Since A is an Engel algebra it follows that
bia? = 0.

Combining this identity with (39) we have that

aba € (b7). (41)
Now, relation (28) with = b for the element a® implics 20(0%a) + ob(b?a) € ().
Combining this relation with (41) we see that b(b*a) € (b} so that ba € (I3, b%).
Therelore

ba € (b1,

since & is an Engel algebra. Next, we put 7 = b in (27) to obtain 0 = b'a + bb%u +
b(b(ba)) + 2b(b(b(ba))) = b(h(b?a)), and hence

W e (bs,b4).

Now, by Lemma 12 we know that x(z%2%) = 0 is an identity in 2 and hence
0 = (1/48)d[b : 4,a : 2]{z(a%2®)} = b(b*(ba?)) + 2b(t?(a(ba))) + 4b((ba)(b(ba))) +
2a(b?(b(ba))) + 20((ba) (8%a)) + a(b*(b%a)) + b(a?b®) +2a((ba)b?), forces b(6Pa?) € (b*)
so that
v'a® e ().

Finally, (30) implics 0 = (0°8%)a® + 26(53(1%6%)) + b3 (0(bc®))) = (BB")a® +
2(B{aa® ~ 2a)) = (6*6%)a®. Therefore we must have b%a® = 0. Consequently,
we have proved, in this case, that b* € ann(2). Let J = (*: *¢* £ 0, ¢ € 2A).
Then U = /T is a nilalgebra of dimension < G and hence solvable. This forces
the solvability of 21,

Case 2. The rclution z°2° = 0 is an wdentily i A, Lincarizing this identity we

have that 2 satisfies the identity

2 (2%y) + 22 (2(xy)) = 0.
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Taking = = b and y = a? it follows immediately that ab®a € (b') and for z = b and
y = a® this identity forces ab®a® — 26%a € (b*). Therefore

Wae ().
Next, (27) forces 0 = bta + b(b*a) -+ b(b(b*a)) + 2b(b(b(ba)}) = b(b(b%a)), so that
b'za I= (bli’ b'l)
Now, taking the identity 6[b: 4,a : 3]{z32*} = 0 we have
—b'a® = [bPa + b(b?a) + 20(b (ba))] - [ba® + 2a(ab)]+
[b(ba®) + 2b(a(ba)) + 2a(b(ba)) + a(ab®)] - [b°a + 2b(ba)]+
[ba® + a(a®b) + 2a(a (ab))] - »*]
€ (%) - (a,b,0%,6%, ") + B - (1, b") + B - (b°) (V")
since by (35) we have that ba® + a(a?b) € B. This means that
ba® =0,
because L,s is nilpotent. From 6[b : 3,a : 2]z° = 0 we get that ~b(b(ba?)) =
a(ab®) + a(b(ab?)) + 2a(b(b(ba))) + b(a(ab?)) + 2b(a(b(ba))) + 2b(b(a(ba))) = 0. This
means that
b(ba®) € (bY).

Finally, from §[b: 4,a: 2){z'2?} = 0 it follows that
—b'a? = [®a+ b(b%a) -+ 2b(b(ba))] - [2ba]+
[b(ba®) + 2b(a(ba)) + 2a(b(ba)) + a(ab?)] - [?]
€ (b4> : (b2>b3ab4> + <b4) . (b2> = (0).

Therefore b* € ann(2) and as in the case 1, this implics the solvability of %, O
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