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HOMOGENEOUS Z-HEREDITARY ALGEBRAS WITH MAXIMUM SPECTRA

by H. Merklen

1. Introduction.

A point’in an abelian category C is an .object X (or
the isomorphic class of X) such that "End (X)=D is a di-
vision ring. If dim(X)D is finite, we say that X is a
finite point. A Krull-Schmidt, pre-additive category C

"has maximum spectrum (abrev. MS) 1if all its indecomposa-

ble objects are finite points. If R 4is a ring, we say

that R has MS (on the left) if mod R has MS.

Let A be an artin algebra. We have shown in [10] that,
1f A is hereditary, A has MS 1if and only if 1t is of

finite representation type (abrev. f.r.t.).

it follows from the results of Drodz in [7] that,
given a finite, partially ordered set (abrev. poset) I
and a field K, then the category of I filtered K-vec~-
tor spaces has MS with all division rings D isomor-

Phic to K 1if and only if I 1is of f.r.t..

’ .
R. Bautista introduced in [4] the concept of what is

now called an 2-hereditary artin algebra: the artin alge-~
bra A 1is f-hereditary if and only if every non-zero mor-
phism between indecomposable projectives of mod A is a

monomorphism. The main theorem in f‘] asserts that an
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%-hereditary algebra is of f.r.t. if and only if, for
every indecomposable M in mod A, there is an n -
such that (DTr)nM is projective. Hence, L -hereditary

algebras of f.r.t. have MS.

In this paper we prove that if an f-hereditary al-
gebra has MS then it is of f.r.t., assuming that the

algebra 1is homogeneous.

Let A be an indecomposable, %-hereditary artin al-
gebra. The argument in (2], p.406, 1is applicable here
‘and shows that the center,. K, of A 1is a field. Fol-
lowing Bautista in [4] we say that A is F-homogeneous
if, for each indecomposable projective P in mod A,
End(P)=F°P and, for all pairs of indecomposable pro-
jectives P, Q@ in mod A, Hom(P,Q) = (P,Q) .1s isomor-

phic to 0 or to F°P as F°P-bimodule.

The representation theory of homogeneous f-heredita-
Ty algebras_is closely related to the theory of linear
representations of posets. Let I be a p;set and F a
finite dimensional division algebra over its center, K.

Fl’ the category of (left) F-linear representations

of 1 1is the category of (covariant) functors from the

category 1 to the category mod F of finite dimensional
left vector spaces over F. 1In other words, an object of
L is a family of (finite dimensional) F-vector spaces
indexed by I, (vi)iéil’ together with a family of one
linear map Vi —6'Vj for each pair (i,j) such that 1<},

such that all triangles
vi'——-e'vk

\v/’
h SR

corresponding to vertices i< j<k, are commutative, (This

family is extended to all pairs (i,j) by .,choosing the map
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1v for the pairs (i,i) and the map 0 for pairs (1,3)

wi%h 1>jJ. A morphism of Fl from the object V to

the object W 1is a family of F-linear maps aizvi ~$~Wi
(1€I) which renders all squares of the following form
commutative,
Vi ~*——5V&
ay laj -
Wi ————i’Hj
It is well known that, given F, each poset I
defines an f-hereditary algebra, F-homogeneous, A = AI F
?

with the property that I 1s equivalent to mod A (see

F
[4]JCor.1.4). Let AI F be the incidence algebra of I
3
over F (i.e. an F-vector space with basis (eij)igj
with multiplication induced by (aeij)(bekr) = ab§jkeir).
Then A = A . We observe that, if op is the

I,F IOP,F

usual functor from a category to the opposite and if D
is the usual duality between mod F and mod F°p, then

V#+=>DVeop defines, in the obvious way, a duality from

gL to 1°P,  This reflects the fact that (A y©OP
I opl op

F - 1°P ¥
AI,FOP .

On the other hand, there is a way of associating a
poset I=IA to an homogeneous, indecomposable, basic,
L-hereditary artin algebra A. I 1s taken to be a set
in one-to-one correspondence with the family of projec-

tive indecomposables in mod A : (Pi)iél.
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and the ordering is defined by i£3 1f and only if
Hom (Pi,Pj)a(Pi,Pj)#O. It follows from [4}, Prop.3.2 that
if A is of f.r.t. them modAx I, where F = (P,p)°P

. for some indecomposable projective P 1in mod A. In other

words, A = A and, clearly, 1 = I ' .
. (IAIF) (AI.'F)

In section 2 we show that Bautista's proof can be

adapted to prove the above result under the assumption

that A has MS (see Th.2).

- .

In section 3 we study the representations of posets
and show that an algebra of the form AI ‘F has MS if
]
and only if {1t is of f.r.t..(see Th.3). These results

imply the following theorem.

THEOREM 1., Let A be an F-homogeneous, £-hereditary artin
algebra. Then, A has maximum spectrum if and only if it
is of finite representation type. In this case, for each

indecomposable M in mod A we have EndA(M) = FOP.



2. L-hereditary algebras and posets.

We begin this section by recalling some terminology

and notation applicable to posets.

With I we denote a finite partially ordered set
(poset). The elements of I are called points or verti-
ces. A pair of points (x,y) 1is an arrow of I (nota-
éion: x —>y ) 1f x<y and there is no 2z such that
'x<z<y. A path in I 1is a sequence of arrows: (xl,xz),
(xz,x3)...(xn_z,xn_l)(kn_l,xn) (written as a p?oduct)
where n22. It is saild that the path éoes from x, to

1

x or that X, is the origin and X the end point of

n’
the path. Sometimes we will denote the path by the seq-
uence of the corresponding peoints: XyseeesX y OF by

a diagram Xy ——"xz —> ... —*xn. Paths may be multiplied
in the obvious way. It is easy to see that x<y in I

if and only if there is a path going from x to Y.

We will denote by a ~ the function that to each path
Y associates the origin of 7Y, and with g the function
that to Y associates the end point of Y. Two paths Yo
Y2
a(Yl).a(Yz) and B(.(l)as(yz)'

are said to be equivalent (notation: Y

1 ~ YZ) when

A quiver is a pair (I,A) of fimite sets I, A,

whose elements are called points (vertices) and arrows,
respectively, together with two applications a,f :A — I.

If a 1is an arrow, a(a) is the origin and g(a) the end




-6~

point of a. We will consider only quivers with no mul-

tiple arrows, that is, given two arrows a,b€A 1if a(a)=a(b)
and B(b)= B(a) then a=b. Also, by a reason which we make
clear below, we will assume that the quivers under conside-

ration never have subquivers of the forms:

Then, each poset I defines a quiver QI which has the
same vertices and arrows as I. Conversely, each quiver
Q defines a poset IQ with the same vertices as Q and
with the order defined by- X<y 1f and only if there is

a-path in Q going from x to y. We haye = I

Yo

and Q(I ) = Q, so that there i1s a one-to-one corres-

Q

pondence between quivers and posets. If there is no pos-
8ibility of misunderstanding, we will represent corres-—
ponding quivers and posets by the same letter, say I,

or by the diagram of the quiver.

Let I be a quiver or a poset. A connection from the

point x to the point y 18 a sequence of vertices of
the form X®XyssserX =y (nx 1) such that, for each i< n,

either there is a path from X, to Xj41 OT 8 path from

X;4p to x,. This is an equivalence relation on the set

of vertices and, if it has just one equivalence class, we

say that I 1s connected.
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Two vertices x, y, of a quiver or poset I, are
called neighbors when either there is an arrow from x

to y or an arrow from y to X.

Let I be a poset and Q the corresponding quiver.
Given a division ring F , the F-linear representations
of I and Q are closely related. Let us recall that
a representation of Q over F 1is a family of (finite-
ly dimensional) F-vector spaces indexed by the set of
lvertices of q, (Vi)i.élﬁ together with a family of

linear maps Vi —%-Vj for each pair (4,j) such that
there is an arrow from i to j. The morphisms between
representations of Q are defined as for the case of po-
sets. It follows that I 1s a category of representa-

F
tions of Q with commutative conditions.

More precisely, each representation of I, (fa)a €A

(A= set of arrows of I) makes commutative all diagrams

al [ 2 -\n
/ (+)

corresponding to the subquivers of Q of the form

a
n.
>
~ e e bm

Conversely, each representation (fa) which makes com-

mutative every diagram (1) correspon2§3g to a full sub-
quivet'of Q of the form (+t) 1is a representation of 1I.
Clearly this defines a functor from Fl to the category
of representations of Q with those commutative conditions

which is the identjity on morphisms.
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For the rest of this section we fix the following

notations:

A is an indecomposable, basic, artin algebra and r

is the radical of A, Pyse«.,P are the indecomposable
projectives in mod A and P 1is the full subcategory

defined by then. S; denotes the simple Pilzri. We

recall that mod(P), the category of finitely presen-
ted, contravariant functors from P to Ab is equiva-
lent to mod A (see [1], Props. 2.5 and 2.7 or [4],

Prop. 1.2).

We assume now furthermore that A 1is an F-homoge-
neous, b-hereditary, algebra and call K the center

of A. The letter I will denote the poset IA‘ or

the corresponding quiver.

a

Lemma 1. If A has MS, then I 1is the opposite of the

ordinary quiver, T , of A.

Proof. We recall the definition of the'otdinary quiver T,

One writes 5/52 as a direct sum of indecomposable Fi_

F,-bimodules (where Fl,...,Fn are the ring components

M
3 173 _
of A/r; they are isomorphic to F as K-division algebras).

[ has 1,2,...,n as vertices and there is an arrow

1€ 3j 4if and only if iMj $# 0, \

Identifying A with End(Pl D...d Pn)°p, we have



R )
Fi' (PL,P)) ... (P,,P)
(P,,P;) F, ees (Py,P )
A" .
L(Pn,Pl) (P_,P,) ... oo

i~
f
.

L(Pn’Pl) (Pn’PZ) .o 0

If A has MS, then A/_x:_2 has MS and it follows from
[1QLCor.1, that Al_g2 is of f.r.t. and, therefors, each

(Pi’Pj) is a simple Fi—Fj—bimodple such that

dimFi(Pi,Pj).dim(Pi,Pj)Fj.é 3.

Since A 1s homogeneous, each (Pi'P ) 1s isomorphic, as

b
a bimodule, to F and it follows that each product of
the form:
(P, ,P, ).(P, ,P, )...(P ,P. )
1,747 1y Te-r Iy

with ir#ir (r=1,...,k-1) 4is either 0 or equal to

+1

(P, ,P, ). This means that M is 0 or (P, ,P, )
17 3y 1y 3y 17 3y

depending on that there 1is or not a product of the above

form, with k»2, which is different from O. In other words,

M i-O if and only i1f 41 ->i in I. This completes
1,4, 1 "7k

the proof.

In the sequel, fg (fG(Pi’Pj' gE(Pj,Pk)) indicates

product within A and gef = fg indicates composition of maps.
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Lemma 2. If A {s not hereditary, I has a subposet of

" the form

N
NS

Proof, (cf. [4J,Prop.l.10) If A is not hereditary, there
is a P2 in P such that £P2 is not projective. Let us

.consider a minimal projective resolution for £P2:

o R
Q;Rj ﬁ?qi —> P, =20

(Rj, Q € P)

Since £P2 is not projective, there 1is an Rj’ which wve
call P;» which 1is non zero. Let ¢1:P1 4 Q; be the

components of ¢ and V¥ the restriction of ¢ to Q.

Pl’ 1
Since each wi is non zero and since £ is f-heredi-
tary, there are at least two Indices, say 1, 2, such

that ¢i, -¢2 dre non zero. Hence, we have the diagram:

¢y

Q, v
1
\ /
¢2 AQZ ‘PQ

If it were Qq = Q,, since (Q,,P,)= (Q,,Q;) wi we see

P 2

that 1Im( ¢1)=Im( wz) contradicting the fact that the

wi define a projective cover of LPZ. This completes the

proof.
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Lemma 3. Let {Pi »e++,P; } be a subset of P  and let
= End(@ Pi ) °P, Then, if A has MS, T has MS.
k

Proof. (see [4], Prop.1.8 | or Elj,Prbp.3.l or Prop.5.1).

Lemma 4. Let A have MS. Then I does not have full

posets of the following forms:

P » ‘
\ b) >*‘_"<

a) /‘\

D4 (arbitrary orientation) D (n>4)

///ﬂ ‘4(/’\\&.
.

o L N\
Proof. Let J be a subposet of I with one of the forms

N

a),...,d). Let I = End(EE; P )OP, an e—hereditary al-

gebra with quiver J. By lemma 3, I has MS, but by
lemma 2 T 1is hereditary and, hepce, of infinite repre-

sentation type. This is a contradiction to the theorem in

[10].

Let 1,jJ€1I be such that 1i<3j and let eije(Pi,P

#0. Since A is F-homogeneous, (Pi'Pj)=<Pi’Pi)e

3
ij°

F. Hence, e

eij
j(Pj' j), that is (P i j) = Feij = eij

defines a ring isomorphism

1j

oij (p 0Py ) ——>(Pj, j)

determined by

14 = ©149%4(a);
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On the other hand, we have, for each {1, an isomorphism

¢

11 (egy= 1),

:F —>» (Pi’P
i

defined by ¢i(a) = ae

i 1)

If A is the l-hereditary algebra assoclated to a

poset, or, more particularly, if A {s AI g We have
»

a natural choice for the 'eij above, with special pro-

perties. If the e form the defining basis for Ay

1j
then the following two conditions are satisfied:

1) for 1< j<gk, eijejkgeik;

2)  for 1<j, Oty = 9

This motivates the following definition.

Definition 1.(cf. [4J,‘Def.l.6) A coordinate system for

P 1is a fawily of non zero morphisns e € (P,,P.), ome

J
for each pair (i,j) such that (Pi,Pj)#O, satisfying

eijejk=eik (whenever (Pi,Pj)ﬁo#(Pj,Pk)).
An orientation of the coordinaté systemnm (eij) is a fa-
mily of ring isomorphisms ¢i:F-—9 (Pi’Pi) such that
Uif¢i = ¢j (whenever (Pi,Pj)#O)

where the isomorphisms are defined by the e in

%J
the form indicated above.

13

Lemma 5. In order that mod A::FLOP it is necessary and

sufficient that P has a orfentable coordinate systen,

Proof. See [4]sProp.1.7.

’F t
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The following lemma will be used to prove Theorem 2

as an application of lemma 5 above. The main objective

eij')isj in P.

may be obtained by the formula

is to define a good coordinate system (

The value e

i3

4y = e e ce. € (1)

"where X T2 X, 7> ... —>x. =9 is any path from

1=xl' to j=xr. So, we are going to construct the coor-

dinate system starting from a convenient set of arrovs.

To facilitate the exposition we are going to use the fol-

lowing notation: given the path p= Xy —4>x2 -2 ... —9»xr
if exix:“-1 is already defined for the arrows xy — X141
then we define e by the formula (+).

p

We denote by z.,,...,z the maximal points of I and
1= m . P
we consider. the following assertions for some ue {1,...,m}
and some vertex 2z such that %g z, but z ézv for any

v< u.

(A) Let Dz be the family of arrows x —>y such that

either y<z or yg z, for some v<u. There is a

family of non zero elements (exy)x-+ yeDz’ exye(Px,P ),

such that, if Dl,pz are two equivalent paths ending in

y (y as before) then e =e .,
Py P

(B) Let ﬁz be the family of arrows x —>»y s8uch that

either ygz or ygzv for some v <u. There is a

family of non zero elements (exy)x —y eﬁz R exye(Px,Py),

such that, if Py»P, are two equivalent parths ending

in y (y as before) then e =e .
Py Py
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Lemma 6. If A has Ms, (A) —> (B). (Cf. [4],Prop.3.1.)
Proof. We know from lemma 4 that 2z has at most three neigh-
bors. L.

1St case) There are three equivalent paths, Y15Y2»Y3s begin-

ning at some vertex t and ending at z:

Yl = Yi(yl — z), Yz = Yé(Yz ""“)Z_). . Y3 - Y:;(}'3 —> z)

with the Yy (1i=1,2,3) different.

It 1s always possible to choose ey i (i=1,2,3) in
|

such a way that e = Having done this, let P1:P,

Y Y, Yy
be two equivalent paths of the form: Py = pi(yi — z), p, =
Dé(yé —> z). We have yieg{yl,yz,y33 (i=1,2). In case '8
o= yi we have clearly epl’epz. In ca;e yi # yé, we can
assume yi = ¥i» yé = Yy We have a subposet of I of

the following form:

\

(m = a(p,))

4

y '
1 %\\2i
m
|
Y3 N é//E;,
Y2
By lemma 4, we know this poset cannot be full. Since Yo
Yy, are not comparable because they are both neighbors of
z, we must have one of the relations tg¢m, m<t. If t<m,
we have Yi = 6pr , yé = § pé s where § 1is some path

1
from t to m. Then, by (A),
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A similar argument is used if there is a path from m to t.

Hence, the proof is complete in this aase.

an case) The vertex 2z has three neighbors: Y1:Y2sY3

and there are four paths ending in =z according to the

following déscription:

' Yl = Yi(yl ﬁZ)
Yz = ¥y(y, =2 2)

Al = Ai(yl —> z)
a(ll) = a()\z) = m
,AZ = Az(y3 - z)

It is easy to see that it is possible to choose ey s
i

= e = p =
(i=1,2,3) 4in such a way that Y, eY2 and e)kl eAZ.
Having done this, let Pys Py be two equivalent paths

ending at z. Clearly, Py = pi(yi —> z) where 1 1is
one of the numbers 1,2,3, and similarly for Py If.one
os these paths goes through Yis» We can assume it is pl:
Py = pi(yl-—9 z). If P, has the form pé(yl'—? z), we
have epl=e . If pé has the form Dé(yz —> z) we

P2
repeat the argument in the proof of the 18¢ case for

the paths Yi,Yi, di, pi. If we have instead p, = pé(y3 —> z),

we repeat this argument for the paths A! Aé, pi, pé.

ll
If none of the paths Pqs P, goes through yy» vwe can

assume they have the forms p; = Oi(yz'—? z), p, = Di(y3 —r z),

because if they go both through the same vertex y, or

Y3

the proof is immediate. Therefore, we have a subposet of I

of the following form.
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Yo t Y
N
‘Vyz YI\'
, . 1
n -——fg_ﬁ> y3 qs—l&_ m

It follows from lemma 4 that this subposet cannot be full,
.Since there are no relations among the Yy (because they
are all neighbours of z) we see easily that there is at

least one relation among m,n,t. If, for instance, we have
n<t then we fall into the first case because we have the
three paths Y0 Y, and 5p2 (wvhere & is a path

from t. to n) going from t to 2z and passing through

yl’YZ’y3'

General case. We can assume that there are two equivalent
paths Y = Yy (y; —>2), v, = Y;(y, —>2), y, #y,. Ve

choose e e in such a way that e

= e L]
y12' ¥,z Yy Y2

Given two equivalent paths ¢ Py ending at 2z we

1’
have two possibilities. If one of them goes through a third
neighbor of =z, Y3, we fall into the second case., If Py
goes through Y1 and Py through Yo ~We can repeat thg

argument in the 1St case.

The proof is complete.

THZOREM 2, Let A be an fL-~hereditary, F-homogeneous, in-

decomposable, basic, artin algebra. Then.the category

‘mod A is equivalent to the category Flo?
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Proof. According to lemma 5, we have to show that P has
an orientable coordinate system. We show first that P
has a coordinate system.

Let ¢ be the family of all objects (I',(e' ) )

Xy’ 'xgvy
where I' is a subposet of I and (e;y). is a coordi-

nate system for I', We define an order relation on

by saying that (I',(e;y))g (I",(e;y)) if and only if

I1' is a subposet of I" and e" = e’
Xy Xy

x —>y of I'. It is clear that & is inductive. Let

for each arrow

(I',(e;y)) be a maximal element of & . If 1I' # I, 1let
u be the first index such that xg z, (v<u) = x €1’
and let z be a minimal element in thé set of vertices
which are §'zu but are not in I'. Then, applying lem-
ma 6 we get a contradiction to the maximality of 1I°',

) has

Now we show that a coordinate system (e
xy'xg£y

an orientation. We remark that, since A is indecomposa-
ble, I 1is connected. If p is any path going from

x to y, we will write cp' for the isomorphism Iy
obtained by means of the coordinate system. We are going
to associate an isomorphism odi(Px,Px) ——ﬁ?(Py,Py) to
each connection ¢ - from x ¢to y, and show that, as

a matter of fact, it depends on the pair (x,y) but not
on the connection § . This has already been done above

for the case 8 is just one path, The connection

corresponds to one of the following subposets:
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P1 P2 P3 Pn

X = —>¢— """ —yy
P1 P2 P Pa

X & = "t ey
P1 P2 P Pa

X —r>é—— —=i3 4 T 2>y
Py P2 p3 - P

X T e— — e By

and" we define, respectively:

o O ,..0%¢g 0061

Dn P2 P11
g-l- g 60_1
pn° ..o ® P2 P
g =
$ G 0 ,..00 log
Pn P2 01
0_10 L) 100
P - P2 "p,

The proof that 06 does‘not depend on the connections §, §'
from x to y 1is done by induction on n+m, where n is
the number of paths of & and m is the number of paths

of &', The claimis true if n+m £ 2.

In the general case, we observe that the subposet
corresponding to the "union" of § and §' cannot be full.
For it defines, by lemma 2, a hereditary algebra of infi-
nite ;ype, which leads to a contradiction with lemma 3
because of the main theorem in [10]. It follows easily
that one of the vertices in 6,6 8ay x', must be related
to one of the vertices in 6,8' say y'. We assume, without

loss of generality, that x'< y' and call X a path from

ey

' to y'.

x
If x',x' are vertices of one of the connections, say

§ , we may write it in the form & = §1A62 and,
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applying the induction hypothesis twice, we obtain:

If x' 4is in & and y' 1s in §' we have a sub-

poset of the following form.

)
6, _.- X ~_ 62
x : // Ty
‘\ ""
.\‘_ '._""f
6; .yt - .62

Applying the induction hypothesis we obtain:

06'1;. Olc?dl 062= canzuok
—— ; -l
6' = 06‘;06.]= 06'20 O'A°0'A°0'611= (1'6200'5l = ()'6

add this completes the proof of our claim.

g

Finally, we can define the orientaéion’of our coordi-
nate system in the following form. First, we fix a vertex

x, in I and identify F with (Px P ). Given any
o o

vertex vy, we define ¢y as being equal to 06 » where

§ 1s a connection from X, to y. It follows directly,
from this definition and the fact that c% does not de-
pend on the connection, that if (Pi,Pj)#O, then gij°¢i=¢j'

This completes the proof of the theorem, because of lemma 5.
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3. Posets with maximum spectrum.

The categories of representations of a finite poset I
-over a field K were studied by Drodz, Kleiner, Nazarova,
Roiter and.others, and M. Loupias gave in .[33 a complete
solution for the problem of classifying posets I from

the point of view of the repreéentation type of Kl'

Definition 2, A finite, connected poset I is crucial if
I or 1°P belons in the'following list, (Here the preseﬁce
of an edge instead of an arrow means that the orientation

may be chosen arbitrarily,)

t=1
[y e,

|

(21}

ot

>t
[}
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Definition 3. A surjection of posets f:I —> I' is called

a contraction 1if f-l(xf is connected for every x€I'.

Proposition 1. Given a division fing .F and a contraction

of posets £:1 —»I', let G be the induced functor

from F;‘ into _I. Then, for every pailr of objects M,

N of Fl' we have
Hom(M,N) = Hom(G(M),G(N))

Proof. See [4]: Prop.3.4.

Corollary 1. If, in the situation of Prop.1l, Fl is of

finite type, then Fl' is of finite type.

Corollary 2. If, in the situation of Prop.l, the category

1 has MS, then I' has MS.

F F

Each of the following diagrams indicate the form of
a representation of some quiver or poset 1 over a di-

vision ring F with finite dimension over its center K.

:ii, o) B1 B2 B3 B Bs
X% }_{1<——_v<——Y1" Y, e ¥, Y, Y
TY]
( By Y1 injective;
2
Im(B,;) + Im(Y1) =V )
2 a2 LT ;El, 4Ei Bs Bu Bs
) X, —/2X) —7 Y, T, & ¥, < ¥, < ¥
TYI @1, a2, Y1, B1on injective;
z

1 In(q,) + Im(Y1) =V )
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Y1
as Q2 Ba
3) x3 -—>x2 —*xl—QVe& !l*—@-—z—Yzé-—YB

(o, a2, a3, B vioiaz injective; Im(oi)+Im(B8,)=V)

b g 2 TY‘B vo<B g B, _Be ¢ <Bs
) X, ’xl - v < 1 < 2 = 3 < 4 Y5
(a; , B; injective; Im(a1)+In(R,) = V)
02 o) B1 B2 Bs Bu Bs
5) xz——-;»xl-&—-—ve-—Yle—-—--Yze——Y:3 Yl.‘ YS

TY:
Z

(Bl,fyulsl, B2, B3, B4, Bs injective; Im(B;)+Im(y,)=V)
Lemma 7. For each of the forms 1),...,5) above, let I
be the corresponding poset. Thén, for each case, there is
an indecomposable M in Fll such that End(M) is not a
division ring.
Proof. We use the results and tables of [6] and, by this
reason, we keep the notations and terminology of that paper.
We are going to show, case by case, that some sequence of
partial Coxeter functors takes one of the serial categories
ﬁUt) (see [51, Th.3.5) defined in the tables for E. and

7

EB (see [6],pp.48,49) into representations of the desired
form, and preserving the endomorphism rings. It is enough
to check the form 1),...,5) for the simple objects of fgt)
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Form 1). Apply to E;, EY, in the tables for Eg, the

Coxeter functors Sb , S. 5 S, 4, 1n this order.
1 2 1

Form 2). Apply to Eo’El’EZ’EB’Ek’ in the tables for EB’

the Coxeter functors S; , S; » S, 5 5, , 8 , in this or-
1 2 3 %5

der. We get:

E _————> 0 —>F —>F 9F€«—F&« 0« 0«0

(1,1)F

i

E ——> O0xF —>» 0xF —> FXF —2> 0rF &« 0 «— 0« 0 <— 0
0
{ . 4
E., F————> 0 —>F —>F >F<&— F& F& F<— F
F

E, I———> 0 —>0 —>F —>F <« F<— F<— F<— 0

3
0
E, > F—>F —>F PF< F< Fe 0404
Form 3). Apply to E;, EI, in the tables for Ey, the

Coxeter functor SZ. We get:

F
TY:

E; > 0 —> Fx0 —> Fx0 —> FxF <— FxF «— 0xF «— 0xF

where vYi1:(a,b) +—2> a-b
F
£
(! A
E']'_ F—» Fx0 —> Fr0 —> FxF —> FxF €— OxF «— 0«xF<s— 0

where y;:(a,b) —> a-b.
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" " v
Form 4). Apply to Eo’ El, in the tables for E8’ the
Coxeter functor S;. '
Form 5). Apply to E}, Ej, in the tables for ES’ the
Coxeter functors S; s S; , in this order. We get:
1 2
OxFx0 (1,1,0)F+(0,1,1)F 0

E) > & z// l
FxFx(Q «~ FxFxF &— FxFx0 < FxFx0Q €« Fx0x0 <— Fx0x0

4

0 <F xF (1,1,1)F Fx0x0

e /o R

FxF xF €«— FxFxF €— FxFxF €— FxFx0 &«— FxFx0 «— F~0x0

Proposition 2, Let I be a poset and F a division algebra

of finite dimension over its center, K. If I 1is crucial,

Fl has an indecomposable representation, X, such that

End(X) 1is not a division ring.

Proof. We remark first that, since there is a duality bet-

ween the categories Fl and OPLOP, we can limit the’
F

proof to diagrams of the forms shown in Def. 2. Secéndly,

by the results in [4],Section 4, we can choose the orien-
tations which are not indicated in any way we wish. Thirdly,
we can limit the proof to the diagrams of forms Rl,...,R7,
because the other crucial diagrams correspond to heredi-
tary algebras of infinite representation type.

»eeesR

Por R we choose the orientation shown below.

1 7

In each case we start with a representation M whose exis-
tence follows from lemma 7 and associlate,to it a represen-

tation X for the corresponding poset R It will be

i'
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clear from the definition of X that End(X) = End(M).

Case of Rll.

M ) B1 B2 B3 By. Bs
x2‘——>x1<—-v*—4Yl<——Y2<——--Y3<——Yae-Y
az Qg 5
IYI
Z,
B B2 Bs By Bs
X l/lYl:‘\-Yzé—Y:ié—'Yl.é—Ys
X, /™%X nZy
* ™ /
aryi g
1l
Case of Rzl.
M (+ ¥ [V} B1 B2 Bs Bu Bs
xz—-bxlf——ev ‘—)Ylé"‘YZC Y3€“‘Y4<‘— YS
I
2y
X G2 Biay B2 B Bu Bs
X2—>X1’-—-‘>Yl<—'Y2é—Y3<——YAC—'-* Y5
TBlYl
XanlC__le
Case of R4) -
: Z
M XlTl
~ )(3'—?){2—'?X].‘”""""V‘="‘>Yl<"'Yzé'-"l:i
o3 o2 al B B2 B3
Ylﬂ YlBl
X o3 /7 B2 Ba
x3——>x —>x Y <—-Y <-—Y3

\ /
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Case of erl'

M Zy
Y1} .
G2 o) T‘B_l) B2 B3 Bu Bs
Xz'—?XlL—?V Yl<——Y2<.—‘_Y3€""~Y4<—"’Y5
- Zl .
Y101 YiB:
///” “\\ 6, 6 .. .
X X2 —‘?Xl\ Y1<——Y2<—"'Y3<‘—Y4<— Y5
o2 /
~XlﬂY1 )
Case of RS)_.
. Praiag . B2 B: By  Bs
M 2 /Ylé—-Yzé—YBC-—-Yl‘@—'YS
o2\ 81
xlc-—> Y
e Y1 Zl
Yl/X'
X 8,0 can B B3 Bu Bs
e G
X, *--—'-—-9j1< Yo e Y3 Y, < ¥
/BIYJ
N 2]
X NnZ X', = Brar02 (X,)
14y A 2 2
Case of R, ).
Sege of B) a1B1B2B3BuBs
Oa ST L ..
X, =>X, <~~~ Y

M yedy <« v, <Y, « ¥

AB: B2 2 Ba 2 Bu °

Z

1
Xy /¥
X az can 7 R B2 B3 By
Xz —>Xl (--a—l-s-l—-' Y1<—- Y2<— Y3 < Y4
GlYl\z
T Y! =01B1B2B18,Bs(¥)

Y02y



-28~

Qa_s__e A f___&7).‘

X?_ 0.131?2'3_38“_83 o YS
M az N —’-__"_L~:_ @1B1B82B83B4 /Bs
X, < R et e S bl Y
1l s 4
@17 e ¥, <« Y, < Y. B*
7 T 2 3
Y B1 B2 Bs
21
X. /Y,
X . can _p 17
-
X /1« \ _
a2 can 7 S~ B2 83
X, —»X €———— =~~~ ~=-> Y & Y, & Y
2 %\, a1 B 1 2 3
a1y \
Z < Y, = a181B2B3Bu(Y,)
T~ .
Z.NY ’ :
11 Ys = a1BiB2B3BuBs (Yg)
It follows from Prop.2, from Cor.2 to Prop.1l,and
from lemma 3, that if I has MS then I has neither

F

a contraction or a subposet which is crucial. M. Loupias
called these type of posets kind (see [81 and [9], Th,
1.5), and he showed that the kind posets are exactly

those posets such that I is of f.r.t. for every field K,

K
A list of the kind posets may be founJalso in [13].

Lemma 8. Let I be a poset such that F_I_ has MS. Then,

for every M ivdeco%posable in 1 we have End(M) = F2P,
Proof. C.M.Ringel has shown in [111 ,1,Ex.2 that the

finite points M in a category of R-modules are in one-
to-one correspondence with the @pimorphisms (in the cate-

gory of rings) R —® A where A 1is a simﬁle artinian

ring.
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Obviously we can prove the lemma for the equivalent

mod AI.F instead of Fl' Clea;ly, AI,F = F-Q% AI,K

where K 1s the center of F.

K K )

is of f.r.t.. Hence, by the main theorem in [4],

By the remark above, I is kind and I (or A,

AI,K

has: MS and, moreover, for each indecomposable N 1in

mod .AI,K’ End (N) =K.

Let ¢:AI,F-——9‘A be an epimorphism in the category
of rings, where A 1is a simple artinian ring. Identifying
F with ¢(F) we may write A = F B A', where A' is
the centralizer of " F in A (see [5],54). Then ¢ =

-

199', where, as is easily seen, ¢': A ¢ —>A' is an
H

epimorphism and A' 1is a sinple K-algebra.. Therefore,
by Ringel's remark, A' must be of the form Mﬂn(K) (=
full matrix ring of type.nxn with coefficients in K). It

follows that A = Mﬁn(F) and this means that End(M)=F°P,

THEOREM 3. Let I be a finite, connected poset. Then,
for a division ring F with finite dimension over 1its

center, Fl. has MS if and only if it is of finite

representation type. This happens only if I is kind

_and, when it happens, for each indecomposable M in FL

we have End(M) = FOP,
Proof. As we remarked above, it follows from Bautista's

theorem that if Fl is f.r.t. and if M 1is an indecom-

posable representation, then End(M) = r°? and Fl has

MS.
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Conversely, let us assume that L has MS and

let L be a splitting field for F. We observe that

the algebra A = L @KA = L&F GAI,K = ]Mr(L) ®AI,

I, F K
= mﬁr( AI,L) is Morita equivalent to AI,L'
Given an indecomposable M in 1 we have, by lem-

F
ma 8, that

= op Z op
End, (L ®, M) L& F _M4r(L)

which implies that L ®KM decomposes in mod A as a
direct sum of r indecomposables. But, since A 1is

Morita equivalent to A A 1s of f.r.t. (see the

I,L°
remark before lemma 8). Since r 1is fixed, because

r2 = dimKF, this means that {dimKM I M indecomposable
in FL } is a bounded set. Then, by Roiter's theorem

on Brauer-Thrall I (see [12]) it follows that I

is of f.r.t., and the proof is complete.

Remark, It is clear that Th.l follows from Ths. 2 and 3.
It is clear, also, that Th.l holds for artin algebras

A which are étably equivalent to Q-Hereditary alge-

bras. Moreove;, if A is stably equivalent to an f-here-
ditary artin algebra and if End(M) is a division ring

for every indecomposable, non projective M in mod A ,

then -A 1is of finite representation type. (See (1], p.246-247.)
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