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1. Introduction. 

A point"in an abelian category C is a~ ,object X (or · 

the isomorphic class of X) such that· End(X)•D 1s ·~ j di­

vision ring. If dim{X)D is finite, we · say that X is a 

finite point. A Krull-Schmidt, pre-additive category C 

has maximum spectrum (abrev. MS) if all its indecomposa-

ble objects are finite points. If R is a ring, we say 

that R has MS (oi the left) if mod R has MS. 

, Let A be an art in algebra. We have shown in [1oj that, 

.• if /1. is hereditary, A has MS if and only if it is of 

finite representation type (abrev. f.r.t.). 

It follows from the results of Drodz in [7] that, 

given a finite, partially ordered set (abrev. poset) I 

and a field K, then the category of I filtered K-vec­

tor spaces has MS with all division rings D . isomor­

phic to K if and only if I is of f.r.t •• 

I 

R. Bautista introduced in [4] the concept of what is 

now called an !-hereditary artin algebra: the artin alge­

bra A is !-hereditary if and only if every non-zero mor­

phism between indecomposable projectives of mod A is a 

monomorphism. The main theorem in [4] ~sserts that an 
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&-hereditary algebra is of f.r.t. if and only if, for 

every ind.ecomposable M in mod A , there is an n 

such that (DTr)nM is projective. Hence, !-hereditary · 

algebras of f.r.t. have MS. 

In this paper we prove that if an !-hereditary al­

gebra has MS then it is of f.r.t., assuming that the 

algebra is homogeneous. 

Let A be an indecomposable, !-hereditary artin al­

gebra. The argument in [2], p.406, 1s applicable here 

·and shows that the center, K, of A is a field. Fol­

lowing Bautista in [4] we say tha·t A is F--homogeneous 

if, for each indecomposable projective P in mod A, 

~ op 
End(P)•F and, for all pairs of indecomposable pro-

jectives P, Q in mod A, Hom(P,Q) • (P,Q) is isomor-

phic to 0 or to as 
. op 
F -bimodule. 

The representation theory of - homogeneous 1-heredita­

~y algebras is closely related to the theory of linear 

• 
representations of posets. Let I be a poset and F a 

finite dimensional division algebra over its center, K. 

Fl' the category of (left) F-linear representations 

of I is the category of (covariant) functors from the 

cat~gory I to the category mod F of finite dimensional 

left vector spaces over F. In other words, an object of 

rl is a family of (finite dimensional) F-vector spaces 

indexed by I, (Vi)i E. 1 , - together with a family of one 

linear map Vi~ Vj for each pair {i,j) such that i < j, _ 

such that all triangles 

vi > vk 
~ / 

vj . 

corresponding to vertices i< j < k, are commut.ative. (This 

family is ext.ended to all pairs (i,j) by.choosing the map 
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lV for the pairs (i,i) and the map O for pairs (i,j) 
wi!h i > j. A morphism of Fl from the object V to 
the object W is a family of F-linear maps a1: Vi ~ W i 

(1€1) which renders all squares of the following form 

commutative. 

It is well known that, given F, each poset I 

defines an !-hereditary algebra, F-homogeneous, A • A 
1 

F 
• 

with the property that Fl is equivalent to mod A (see 

[ 4 J., Co r. 1. 4) • Let be the incidence algebra of I 

over F (i.e. an F-vector spac~ with bas~s (eij) if j 

with multiplication induced by (aeij)(bekr) • ab~keir>• 

Then A 
1

, F • · A We observe that, if op is the 
1°P F • usual functor from a category to the opposite and if D 

is the usual duality between mod F and mod r 0 P, then 

V t--,. D • V • op defines, in the obvious way, a duality from 

r! to 
F 

lop. 
op- This reflects the fact that 

On the other hand, there is a way of associating a 

poset I=I 
A 

to an homogeneous, indecomposable, basic, 

· 1-heredi ta ry art in algebra A • I is taken to be a set 

in one-to-one correspondence with the family of projec­

tive indecomposables in mod A : 
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and· the ordering is defined by i~ j if and only if 

Hom (Pi,Pj)•(Pi,Pj)+o. It follows from L4), Pro~3.2 that 

if A is . of f.r.t. then modA~F.!A where F:; (P,P) 0 P 

for some indecomposable projective P in mod A. In other 

-words, A :: A (I F) and, clearly, 
. A' 

I • I(A )" 
I,F 

In section 2 we show that Bautista's proof can be 

adapted to prove the above result under the assumption 

that A has MS (see Th.2). 

In section 3 we study the representations of posets 

and show .that an algebra of the form 

and only if it is of f.r.t •• (see Th.3). These · results 

imply the following t~eorem. 

THEOREM 1. Let · A be an F-homogeneous, .e -hereditary artin 

algebra. Then, A has maximum spectrum if and only if it 

is of finite representation type. In this case, for each 

indecomposable M in mod A we have 
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2 • .t -hereditary algebra·s and po sets. 

We begin this section by recalling some termin~logy · 

and notation applicable to posets. 

With I we denote a finite partially ordered set 

(poset). The elements of I are called points or verti-

ces. A pair of points (x,y) is an arrow of I (nota­

tion: x --Joy ) if x < y and there is no z such that 

·x <_z < y. A path in I is a sequence of arrows: (x 1
,x 2

), 

(x2,x3) ••• (x 2'x 1><~ l'x) n- n- n- n (written as a product) 

where . n ~ 2. It is said that the path goes from x 1 to 

or that is the origin and X n the end point of 

the path. Sometimes we will denote the path by the seq­

uence of the corresponding points: x 1 , ... ,xn, or by 

a diagram --+ x • Paths may be multiplied 
n 

in the obvious way. It is easy to see that x < y in I 

if and only if there is a path going from x to y. 

We will denote by a the function that to each path 

y associates the origin of Y, and with 8 the function 

that to Y associates the end point of Y • Two pa tbs Y 1 , 

~Y2 are said to be equivalent (notation: Y1 - Y2 ) when 

A quiver is a pair (I,A) of finite sets 1, A, 

whose elements are called point~ (vertices) and arrows, 

respectively, together with two applications a, B :A~ I. 

If a is an arrow, a(a) is the origin and a(a) the end 



point of a. We will consider only quivers with no mul-

tiple arrows, that is, given two arrows a,b E. A if a(a)•a(b) 

and B(b)= B(a) then a•b. Also, by a reason which we make 

clear below, we will assume that the quivers under conside­

ration never have subquivers of the forms: 

•< ' ' >-
I ~ I '\ --. 

-~ 1 l~ t ~~ ~ /' 
' 
.... 

• • r _.. • 

Then, each poset I defines a quiver Q
1 

which has the 

same vertices and arrows as I. Conversely, each quiver 

Q defines a poset IQ with the same vertices as Q and 

with the order defined by x < y if and only if there is 

a-path in Q going from x to y. We have 
• 

and Q(l) • Q, 
Q 

so that there is ·a one-to-one corres-

pondence between quivers and posets. If there is no pos-

sibility of misunderstanding, we will represent corres­

~onding quivers and posets by the same letter, say I, 

or by the diagram of the quiver. 

Let I be a quiver or a poset. A connection from the 

point x to the point y is a sequence of vertices of 

the form (n~ 1) such that, for each 1 < n, 

either there is a path from xi to xi+l or a path from 

to This is an equivalence relation on the set 

of vertices and, if it has just one equivalence class, we . 
say that I is connected. 
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Two vertices ~. y, of a quiver or poset I, are 

called neighbors when either there is an arrow from x 

to y or an arrow from y to x. 

Let I be a poset and Q the corresponding quiver. 

Given a division ring F, the F-linear representations 

of I and Q are closely related. Let us recall · that 

a representation of Q over F is a family of {finite­

~y dimensional) F-vector spaces indexed by the set of 

vertices of 

linear maps 

there is an 

Q, {Vi)i€I' together with a family of 

Vi ~Vj for each pair {i,j) such that 

arrow from i to j~ The morphisms between 

representations of Q are defined as for the case of po­

sets. It follows that Fl is a category of representa­

tions of Q with commutative conditions. 

More precisely, each representation of I, (fa)a EA 

(A• set of arrows of I) makes commutative all diagrams 

• 
( t.) 

corresponding to the subquivers of Q of the form 

(tt) 

Conversely, each representation (fa)aEQ which makes com­

mutative every diagram (t) corresponding to a full sub­

quive~ of Q of the form (tt, is a representation of I. 

Clearly this defines a functor from Fl to the cat·egory 

of representations of Q with those commutative conditions 

which is the ident!ty on morphisms. 
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For the rest of this section we fix ~he following 

notations: 

A is an indecomposable~ basic, ~rtin algebra and r 

is the radical of A. P1 , ••. ,Pn are the indecomposable 

projectives in mod A aud P is the full subcategory 

defined by them • . Si denotes the simple P 
1

/!.P i. We 

recall that mod(P), the .category of finitely presen­

-ted, contravariant functors from P to Ab is equiva­

lent to mod A (see [1], Props. 2.5 and 2.7 or [4], 

Prop. 1.2). 

We assume now furthermore that A is an F-homoge­

neous, !-hereditary, algebra and call K the center 

of A. The letter I will denote the poset IA 

the corresponding quiver. 

or 

Lemma 1. If A has MS, then I is the opposite of the 

ordinary quiver, r 
' of A • 

Proof. We recall the definition of thi ordinary - quiver r. 
2 One writes !.1!. as a direct sum of indecomposable Fi-

Fj-bimodules iMj (where F1 , ••• ~Fn are the ring components 

of Al!.; they are isomorphic to F as K-division algebras). 

r has 1,2, ••• ,n as vertices and there is an arrow 

1 ~ j if and only if i Mj ;, 0. 

Identifying A with End (P 
1 

EB ••• (:i) P n) op, we have 
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Fl. (Pl,P2) . . . (Pl,Pn) 

(Pz,Pl) F2 . . . (Pz,Pn) 

A - . 
• • 

(Pn,Pl) (Pn,P2) ... F n 

0 (Pl,P2) . . . (Pl,Pn) ., 
(P2,Pl) O · ... (Pz,Pn) 

!:. - . 
• • 

(Pn,Pl) (Pn,P2) . . . 0 

2 If A has MS, then A/L has MS and it follows from 

[10],cor.l, that A/E,.2 is of f .r.t. and, therefo-q, each 

Since 

a bimodule, to F 

the form: 

is isomorphic, as 

and it follows that each product of 

with irlir+l (r•l, ••. ,k-1) is either O or equal to 

(Pi ,Pi). This means that M is O or 
1 k 1 1 ik 

depending on that there is or not a product of the above 

form, with k)2, which is different from O. In other words, 

r O if and only if 1
1
-+ik in I. This completes 

the proof. 

In the sequel, fg (fE(Pi,Pj, gE(Pj,Pk)) indicates 

product within A and g•f • fg indicates composition of maps. 
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Lemma 2. If A is not hereditary, I has a subposet of 

the form 

Proof. (cf. [ 4] , Prop. 1. 10) If A is not hereditary, there 

is a P2 in f such that £P2 is not projective. Let ' us 
.consider a minimal projective resolution for £P 2 : 

Since £P 2 is not projective, there is an Rj, which we 

call P1 , which is non zero. Let. cf, 1 :P 1 ➔ Qi be the 

components of ~1p , and 1/J i the restriction of 1/J to Qi. . 1 
Since each · I/Ji is non zero and since A is !-heredi-
tary, there are at least two indices, say 1, 2, such 

that fi, . f 2 are non zero. · Hence, we have the diagram: 

-If it were Q1 • Q2 , since (Q
2

,P 2)• (Q 2 ,Q 1 ) $ 1 we see 

that Im( \jJ 
1 )=1m( lj, 2 ) contradicting the fact that the 

w1 define a projective cover of £P 2 • This completes the proof. 
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Lemma 3. Let {Pi ,~ •• ,Pi} be a subset of ! and let 
1 t 

r. ffi op Then, if A has MS, r has MS. End ( Pi ) . 
k k 

Proof. (see i 4]. Prop. 1. 8 , or i)),Prop.3.1 or Prop.5.1). 

Lemma 4. Let A have MS. Then I does not have full 

posets of the following forms: 

a) b) 

D 4 (arbitrary orientation) Dn (n > 4) 

c) d) 

Proof. Let J be a subposet of I with one of the forms 

a), ..• ,d). Let f • End(ffi Pj)
0
P, 

j €: J 
gebra with quiver J. By lemma 3, r 

an e-hereditary al-

• has MS, but by 

lemma 2 r is hereditary and, hence, of infinite repre­

sentation type. This is a contradiction to the theorem in 

[10J. 

Let i,jEI be such that i<j and let e
1

j E.(P
1

,Pj), 

e 1 j ;o. Since 

e 1 j(Pj,Pj), that is (P 1 ,Pj) • Feij • e 1 jF. Hence, e 1 j 

defines a ring isomorphism 

determined by 

\ . 
I 
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On the other hand, we have, for each i, an isomorphi~m 

defi~ed by 

If is the !~hereditary algebra associated to a 

poset, or, more particularly, if A is A1 ,F we have 
a natural choice for the - eij above, with special pro-
perties. i:.£ the form the defining basis for r,.I, F ' ' 
then the following two conditions are satisfied: 

This motivates the following definition. 

Definition l.(cf. [4J, 'Def.1.6) A coordinate system for 

f. is a f a111ily of non . zero morph isms e 1j t (P 1 , P j), one 
for each _pair (i,j) such that (P 1 ,Pj)rO, satisfying 

An orientation of the coordinate system (eij) is a fa­

mily of ring isomorphisms <t>i:F_ ~ (Pi,Pi) such that 

where the isomorphisms aij are defined by the eij in 

the form indicated above. 

Lemma 5, In order that mod A z F!op it_ is necessary and 

sufficient that f has a orientable coordinate system. 

Proof. See [4],Prop.1.7. 
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The following lemma will be used to prove Theorem 2 
as an application of lemma 5 above. The main objective 

1s to define a good coordinate system in 

The value may be obtained by the formula 

· where 

j•x • .r 

e 
X X r-1 r 

( t ) 

- p is any path from 

So, we are going to construct the coor-
, . 

dinate system starting from a convenient set of arrows. 

To facilitate the exposition we are going to use the fol-

lowing notation: given the path ~ ••• ~x r 
if e is already defined for the arrows xi~ xi+l · xixi+l 
then we define ep by the formula ( t ) . 

We denote by z
1

, . .•. ,z . m the maximal points of I and · 

we consider- the following assertions for some ue {l, ••• ,m} 

and some vertex z such that t ~ zu but z t zv for any 

(A) 

. (B) 

Let D be the family of arrows x ~ y such that z 

either Y< z . or y~ zv for some v < u. There is a 

family of non zero elements (e ) e ~(P p) xy x ➔ y ED z' xy 'I; x' y , 
such that, if P1 ,P 2 are two equivalent paths ending in 

y (y as before) 

Let fi be the family of arrows x ~ y such that .z 

either y ~ z or y, zv for some v < u. There is a 
-

.-

. family of non zero elements (exy)x--:,. y €Dz , exyE(Px,Py), 

such that, if p
1 ,p2 are two eq~ivalent parths ending 

in y (y as before) then 
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Lemma 6. If A h·as MS• (A) ~ (B). (Cf. [4] ·0 PT~p.3.l.) 

Proof. We know from lemma 4 that z has at most three . neigh-

bors. 

st l case) There are three equivalent paths, y 1 .y 2 .y3 , begin-

ning at some vertex t and ending at z: 

with the different. 

It is always possible to choose (i=l,2,3) in 

such a way that e ""Cy sey. Having done this, let P1 ,P 2 Y1 2 3 -
be two equivalent paths of the form: P1 • Pi<Yi-+ z), p 2 • 

•Yi . we have clearly In case we can 

assume Yi• y 1 , y2 ~ y 2 . We have a subposet ~f I of 

the following form: 

y' Y1 I y ~ 
t m (m "" a(p

1
)) 

~ /4 2 
Y2 

By lemma 4, we know this poset cannot be full. Since y 1 , 

y 2 are not compara~le because they are both neighbors of 

z, we must have one of the relations t~m, m<t. If t~m, 

we have Y' • op• , y' • o p', where 1 1 - 2 2 0 is some path 

from t tom. Then, by (A), 

lfhich imply: 

and 
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A similar argument is used if there is a path from m to . t. 

Hence, the proof is complete in this aase. 

2nd case) The vertex z has three neighbors: y1 ,y2 ,y
3 

and there are four paths ending in z according to the 

following description: 

Yr ·• Yi (yl ~ z) 

y - y '(y -?"Z) 
2 2 2 

.).1 - A I (y 1 1 
-:,z) 

A2 a A2(Y3 ~ z) 
~-
It is easy to see that it 

(i-1,2,3) i~ such a way that 

Having done this, let p 1 , P2 
ending at z. Clearly, 

a(yl) ""a(y2) a t 

a(),l) a a0.2> a m 

is possible to choose e 
yiz . 

eA • eA • 
1 2 

and 

be two equivalent paths 

where i is 

one of the numbers 1,2,3, and similarly for p2 . If one 

os these paths goes through y 1 , we can assume it is P1 
If 

have 

has the form 

·has the form 

Pi(y 1 ➔ z), we 

P2(y
2 
~ z) we 

st repeat the argument in the proof of the 1 case for 

the paths If we have instead 

we repeat this argument for the ~aths Ai, Ai, Pi, Pi· 
If none of the paths p

1 , p 2 goes through we can 

assume they have the forms Pl• Pi(y 2 ~ z), P2 • Pz(y 3 -..:,, z), 

because if they go both through the same vertex Yz or 

the proof is immediate. Therefore, we have a subposet of 1 

of ~he following form. 
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n 

It follows from lemma 4 that this subposet cannot be full. 

Since there are no relations among the yi (because they 

are all neighbours of z) we see easily that there is at 

least one relation among m,n,t. If, for instance, we have 

n ~t then we fall into the first case because we have the 

three paths (where cS is a pa th 

from t • to n) going from . t to z and passing through 

General case. We can assume that there are two equivalent 

paths 

choose e 
y z' 

1 
in such a way that 

• 

Given two equivalent paths P1 , p
2 

ending at z we 

have two possibilities. If one of them goes through a third 

neighbor of z, y 3 , we fall into the second case. If pl 

goes through y· 1 

argument in the 

and 

st 1 case. 

The proof is complete. 

through y
2 

· we can repeat the 

THiOREM 2. Let A be an !-hereditary, F-homogeneous, in­

decomposable, basic, artin algebra. Then.the category 

mod A is equivalent to the category F!.0 1? 
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Proof. According to lemma 5 1 we have to show that P has 

an orientable coordinat~ system. We show first that P 

has a coordinate system. 

Let t be the family of all objects 

where I' is a subposet of I and (e' ) . is a coordi-
xy- -

nate system for I'. We define an order relation on 

by saying that (I' (e' ))~ (I" (e" )) • xy ~ , xy if and only if 

I' is a subposet of I" and e" 
xy 

e e' for each arrow 
xy 

X -.:,. y of l'. It is clear that ~ is inductive. Let 

(I' (e' )) be a maximal element of t. If I' + I, let 
• xy 

u be the first index such that x(z (v<u) ==? xEI' 
V . 

and let z be a minimal element in the set of vertices 

which are ~ z but are not in I'. 
u 

Then, applying lem-

ma 6 we get a contradiction to the maximality of I I • 

Now we show that a coordinate system (e ) 
xy x~ y 

has 

an orientation. We remark that, since A is indecomposa-

ble, I is connected. If p is any path going from 

for the isomorphism oxy x to y, we will write 0 p 

obtained by means of the coordinate system. We are going 

to associate ~n isomorphism CJ.t: (P ,P ) --j> (P ,P ) 
u • X X y y to 

each connection c5 , f r om x t o y , and show that, as 

a matter of fact, it depends on the pair (x,y) but not 

on the connection O • This has already been done above 

for the case cS is just one path. The connection 

corresponds to one of the following subpoaets: 
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Pl P2 p3 pn 
X -E--~('-- --:, y 

Pl P2 . p3 pn 
X ~ ~~ 

. . . <-- y 
•. 

pl P2 i:a :. p 
X ~~ ~ .. ,. ~ 

➔ y 
Pl P2 PJ ' p 

X ~ ~ ~ ·-,~ y 

and · we define, respectively: 

••• C) 0 0 0 -1 
P2 Pl 

... 
~= ., 

<1 0 ... (> (1-10<1 
Pn P2 Pl , . ... 
-1 

o- 1 00 a " 0 Pn . , . 
P2 Pl 

The proof that o 0 does not depend on the connections o, o' 
from x _ to y . is done by induction on n+m, where n is 
the number of paths of o and m is the number of paths 
of o'. The claim is true if n+m~2. 

In the general case, we observe that the subposet 

corresponding to the "union" of o and o' cannot be full. 

For it defines, by lemma 2, a hereditary algebra of infi­

nite type, which leads to a contradiction with lemma 3 

because of the main theorem in · [10]. 
that one of 11:he vertices in o, o ~ say 

It follows easily 

x' , must be related 
to one of the vertices in o,o~ say y'. We assume, without 

loss of generality, that x'~ y' 

x' to y'. 

and call >. a path from 

If XI XI , are vertices of one of the connections, say 

0 t we may write it in the form and, 
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applying the induction hypothesis twice, we obtain: 

-
· If x' is in c5 and y' is in o I we have a 1;,ub­

poset of the following form. 

c5 J .. x' ... 02 ---
I X y - -o' - --1 , y' 

,- .-- ... 6' 
- . 2 

Applying the induction hypothesis we obtain: 

a o' l-= a AO ~ 0 l 

-1 

C1 o' : C1 o·;a 0'1-= C1 o'z° C1 AO C1 AO O' o'i = a O 2 0 a O l = a 0 

add this _ completes the . proof of our claim. 
. . Finally, we can define the orientation of our coordi-

nate system in the following form. First, we fix a vertex 

X in 
0 

vertex 

0 is 

I 

a 

from this 

and identify 

we define 

connection from 

definition and 

F 

X 
0 

the 

with (P ,P ). 
X X 

0 0 
as being equal to 

Given any 

a 0 , where 

to Y• It follows directly, 

fact that cro does not de-

pend on the connection, that if (Pi,Pj);'O, then oijo¢>1=<l>j. 

This completes the proof of the theorem, because of lemma 5. 
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3. Posets with maximum spectrum. 

The categories of representations of a finite poset I 

over a field K were studied by Drodz, Kleiner, Nazarova, 

Roiter and others, and M. Loupias gave in a complete 

solution for the problem ~f cla$sifying posets I from 

the point of view of the representation type of K!• 

Definition 2. A finite, connected poset I is crucial if 

. I or 1°P belons in the~following list. {Here the presence 

of an edge instead of an arrow means that the orientation 

may be chosen arbitrarily.) 

·-· ,, __ _ 

·-· -- -- ---· --., -- · 

• 

·- · - - _ ., -· -- · 
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, 

I . 
I • 

? ~ -· ~~ -· -· 
R2 •~/ . 

/'·~ --
RJ . -- - • - •,./'•-• 

. R 
5 
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-
Definition 3. A surjection of posets f:I ~ I' · is called 

a contraction ·if f- 1 (x) is connected for every xE.I'. 

Proposition 1. Given a division ring F and a contraction 

of posets f:I ~ I', let G be the induced functor 

from I ' F- into y.1• Then. for every pair of objects M, 

N of I ' F- we have 

Hom(M,N) ~ Hom(G(M),G(N)) 

Proof. See [4], Prop.3.4. 

Corollar y 1. If, in the situation of Prop.l, 

finite type, then I I 
F- is of finite type. 

p!. is of 

Corollary 2. If, in the situation of Prop.1, the category 

p.!. has MS, then I ' F- has 

• 

Each of the following diagrams indicate the form of 

a representation of some quiver or poset I over a di­

vision ring F with finite dimension over its center K. 

a2 a1 8 1 82 83 fh 13s 
1) x2 ~ X 1 ~ V ~ yl ~ y2 ..r:--- y3 ~ Y4 ~ Y5 

r Yi 
( l3 l I Y1 injective; 

Zl 
Im ( 131) + Im ( Y l) .. V ) 

~x 
a1 81 fh . l33 s .. 13 5 

2) x2 1 ~V ~yl ~ y2 ~ Y3 ~ Y4 ~ Y5 

i Yi ~1 • a, • y 1 , 81a1 injective; 

·z 
l Im( a 1 ) + Im(Y1) • V ) 
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3) 

4) 82 83 8-. 
Y~Y<:--Y<--1 2 3 

( a 1 , 8 1 injective; Im(a1)+Im(8 1) • V) 

5) 
a2 · a1 81 82 8, 81t 8s x2 ~xl ~ v~ yl ~ y2 ~ Y3 ~ Y4 <;-- Y5 

i Y1 

Zl 

Lemma 7. For each of the forms 1), ••• ,5) above, let I 

be the corresponding poset. Then, for each case, there is 

an indecomposable M in Fi such that End(M) is not a 

division ring. 

Proof. We use the results and tables of [6] and, by this 

reason, we keep the notations and terminology of that paper. 

We are going to show, case by case, that some sequence of 

partial Coxeter fun~tors takes one of the serial categories 

(see [6], Th.3.5) defined in the tables for f
7 

and 
- , (see L6J,pp.48,49) into representations of the desired 

form, a~d preserving the endomorphism rings. It is enough 

to check the form 1), ••• ,5) for the simple objects of ~(t). 
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Form 1). Apply to E It E II 
0. -1. in the tables for the 

Coxeter functors S~ , · s~ , Sb , in this order. 
1 2 1 

the Coxeter functors 

der. We get: 
f . ' } 

E 
0 > 0 _.,. F ~ F ~F~ F~0~0-«:-0 

· (1,l)F 

{ 
), 0¥F ~ OxF ~ F,.;.F ~ Q,-.F ~ 0 -4:-- . 0 C:::- 0~ 

0 

t ' ) 0 ~F ~F ~F~ F ~ F~ F -E;:- F 

F 

i 
0~0~F~F~F<:-F<!:-F~0 

0 

t 
➔ F~F~F~F~F~F~O<c-0\ 

Form 3). Apply to E" E" 
o' l' 

in the tables for E
7

, the 

Coxeter functor S • We get: 
C 

F 

fy l 

E 11 I--) 0 ~FxO ~FxO ~FxF ~ FxF<:-- 0.xF~ o,..F 
0 

where Y1: (a,b) ~ a-b 

F 

tr1 
E1 ~ F;,,tO ~ F,.Q -:, FJCF ~ F><F ~ Q,cp ~ OxF ~ 0 

where y 1 : (a,b) ~ a-b. 

0 
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Form 4) • Apply to E II 

o' 
E " 
l' 

in the tables for Ea, the 

-
Coxeter functor s . 

C 

Form 5 ) . Apply to E " 
0' 

E" 1, in the tables for Ea, the 

Coxeter functors Sb , s~ , in this order. We get: 
l 2 

OxF J1.0 (1,1,0)F+(0,1,l)F ·- 0 
E" 

0 
l---,,> i ✓ i 

F .,.:F KO - F,.;F~F ~ F.<FicO ~ Fi<F,c.O ~ F,. 0 >'O <E- F11:0 .... o 
1 

Oi<F-,.F (1,1,l)F F..-,o,,o 

E" ~ i / i 
1 F,cF,c:F ~ F"F11.F ~ FxF,..F ~ FxF,c.O ~ F1<F~0 ~ r .. o.,.o 

Proposition 2. Let I be a poset and F a division algebra 

of finite dimension over its center, K. If I is crucial, 

~I has an indecomposable representation, X, such that 

• 
End(X) is not a division ring. 

Proof. We remark first that, since there is a duality bet-

ween the categories rl and lop 
op- , 

F 
we can limit th~ . 

proof to diagrams of the forms shown in Def. 2. Secondly, 

by the results in [4] ,Section 4, we can choose the orien­

tations which a~e not indicated in any way we wish. Thirdly, 

we can limit the proof to the diagrams of forms R
1

, .•• ,R
7

, 

because the other crucial diagrams correspond to heredi­

tary algebras of infinite representation type. 

•R>r . R1
, ••• , R

7 
we · choose the orientation shown below. 

In each case we start with a representation ·M whose exis­

tence follows from lemma 7 and associate.to it a represen-

tation X for the corresponding poset R1 • It will be 



-26-

-
clear from the definition of X that End(X) • End(M). 

M 

X 

M 

X 

M 

X 

a2 81a1 82 83 
x2 ➔ xl ) Yl ~ Y2 c!::-

j t81Y1 

X11'Z1C-;>Zl 

z 
Yit1 

~xl ~ V ~yl ~ Yz ~ YJ 

a 2 a1 B1 lh fh 

·• 



M 

X 

Case of 

M 

X 

X 

R5l• 

81a 1a 2 
x2--------> Y 

a2 \i /s.. · 1 

x1 ~ V ~ 
a1 y J 

z 1 

82 a, a .. Bs 
"--- y2 ~ y ""- Y4 -E-- Y5 3 

zl 
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X 

It follows from Prop.2 1 from Cor.2 to Prop.l,and 

from lemma 3, that if F!. has MS then I has neither . 

a contraction or a subposet which is crucial. M. Loupias 

called these type of posets kind (see [a 1 and [9), Th. 

1. 5), and he showed that the kind posets are exactly 

those posets such that K.!. is of f.r.t. for every field K'. 

A list of the kind posets may be founJ also in [13]. 

Lemma 8, Let I be a poset such that Fl has MS. Then, 

for every M indecomposable in F.!. we have End (H) ;:; F ~p. 

Proof. C.M.Ringel has shown in [11} ,l,Ex.2 that the 

finite points M in a category of R-modules are in one­

to-one correspondence with the 4pimorphisms (in the cate­

gory of rings) R ~A where A is a simple artinian 

ring. 
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Obviously we can prove the lemma for the equivalent 

mod AI,F instead of Fl• Clearly, AI,F 
.. F· ~ AI,K 

where K is the center of F. 

By the remark above, I is kind and Kl (or A1 K ) 
. . 

is of f.r.t •• Hence, by the main theorem in [4] • AI,K 

~as · MS and, moreover, fot each indecomposable N in 

mod AI K , End ( N) ;;;;K. 
. . 
Let cj,:AI,F ~ A be · an ep~morphism in the category 

of rings, where A is a simple ·artinian ring. Identifying 

F with ct>(F) we may write A = F t8k A I. where A' is 

the centralizer of .· F in A (see LsJ,§4). Then ct> = 

1 0 <I>', where, as is easily seen, ct>•: AI K ~ A' is an 
• 

epimorphism and A' 

by Ringel's remark, 

is a simple K-algebra •. _ · Therefore, 

A! must be of the form M (K) 
n 

(= 

full matrix "ring of type ntn with coefficients in K). It 

follows that A c:: /M (F) n . and this means that - op End(M)=F • 

THEOREM 3. Let I be a finite, connected poset. Then, 

for a division ring F with finite dimension over its 

center, Fl has MS if and only if it is of finite 

representation type. This happens only if I is kind 

and, when it happens, for each indecomposable M in F.1 

we have - op End(M) = F • 

Proof. As we remarked above, it follows from Bautista's 

theorem that if yl is f.r.t. and if M is an indecom-

posable representation, then 

MS. 

End(M) .;; F
0 p and I has p-
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Conversely, let us assume that Fl has MS and 

let L be a splitting field for F. We observe that 

is Morita equivalent to A 
1 

L" , 

Given an indecomposable .M in Fl we have, by lem­

ma 8, that 

; IM (L) op 
. r 

which implies that L ®KM decomposes in mod A as a 

direct sum of r indecomp~sables. But, since A is 

Morita equiv a 1 en t to A I , L, A is of f • r • t • (see the 

remark before lemma 8), Since r is fixed, because 

2 
dimKF' this that { d~mKM I M indecomposable r ... means 

in pl} is a bounded set. Then, by Roiter's theorem 

on Brauer-Thrall I (see [12j) it follows that Fl 

is of f.r.t., and the proof is complete. 

Remark. It is clear that Th.l follows from Ths. 2 and 3. 

It is clear, also, that Th.l holds for artin algebras 

A which are stably equivalent to R, -hereditary alge-

~ ras. Moreover, if A is stably equivalent to an i-here­

ditary artin algebra and if End( H) is a division ring 

for every indecomposable, non projective M in mod A , 

then - ti: is of finite representation type. (See [1], p,246-247.) 



. -31-

REFERENCES 

~ ~ 

tlJ - M. Auslander - Representation theory of artin al-

gebras I,Comm. Algebra,1(1974)177-268. 

[2] - M. Auslander and M.I.Platzeck - Representation theo­

ry of hereditary algebras, in Representation Theory 

of Algebras, Proc. P.hiladelphia Conf .- ed . . by R. 

Gordon, M. Dekker(1978)389-424. 

(3J. - M. Auslander and I.Reiten - Representation theory 

of artin algebras III, Comm. Algebra,3(1975)239-294. 

[4] - R.Bautista - On algebras close to hereditary artin 

algebras,Comunicacion Interna No.35,Dpto.Mat.,Fac. 

Ciencias,UNAM,Mexico,1978. 

[s] 

[6] 

- M.Deuring - Algebren, Springer Verlag, 1968 • 

• 
- V.Dlab and C.M.Ringel - Indecomposable representa-

tions of graphs and algebras, Memoirs A.M.S. 173,1976. 

[7] - Y.A.Drozd - Coxeter transformations and representa­

tions of partially ordered sets, Funkcional.Anal. i 

Prilozen. 8(1974)34-42. 

[BJ - M. Loupias - Representations ind~composables des 

ensembles ordonnes finis, These, Universite Fran~ois 

Rabelais de Tours, 1975. 

(9] - M. Loupias - Indecomposable representations of fi­

nite ordered sets, in Representations of algebras, 

Proc. Intern. Conf.Ottawa,1974,Springer Lecture Notes 

No.488, 1975. 



-32-

· (10] - H. Merklen - _Hereditaiy algebras with MS are of 

finite type, pre-print • 

. [11] - C.M.Ringel - Representations of K-species and 

bimodules, J. Algebra 41(1976)269-302. 

, 

A.V.Roitcr Unbounded dimensionality of inde-

composable representations of an algebra with 

an infinite number of indecomposable representa­

tions, Math. USSR~ Izv.2,6~1968)1223-1230. 

[13] - D. Simson - Remarks on posets of finite represen­

tation type, mimeogrph., IME-USP,S;o Paulo, 1978. 

Instituto de Matematica e Estatistica 
Universidade de Sao Paulo 
Sao Paulo - BRASIL 



TRABALIIOS 

DO 

DEPARTAMENTO DE MATEMATICA 

TITULOS PUBLICADOS 

8001 - PLETCH, A. Local freeness of profinite groups. Sao Paulo, 
IME-USP, · 1980. lOp. 

8002 - PLETCH, A. Strong completeness in profinite ~roups. Sao 
Paulo, IME-USP, 1980. 8p. 

8003 - CARNIELLI, W.A. & ALCANTARA, L.P. de. Transfinite induction 
on ordinal configurations. Sao Paulo, IME-USP, 1980. 22p. 

8004 - JONES RODRIGUES, A.R. Integral representations of cyclic p­
groups. Sao Paulo, IME-USP, 1980. 13p. 

8005 - CO~A, M. & ALCANTARA, L.P. de. Notes on many-sorted s ys­
tems. Sao Paulo, IME-USP, 1980. /25/p •. . 

8006 - POµ:INO MILIES; F.C. & SEHGAL, S.K. FC-elernents in a g roup 
ring • . Sao Paulo, IME-USP, 1980. /10/p. 

8007 - CHEN, c.c. On the Ricci condition and minimal surfaces with 
constantly curved Gauss map. Sao Paulo, IME-USP, 1980. 
l0p. 

8008 - CHEN, C.C. Total curvature and topolog ical structure of com­
plete minimal surfaces. Sao Paulo, IME-USP, 1980. 2lp. 

8009 - CHEN, c.c. On the image of the generalized Gauss map of a com­
plete minimal surface in R

4
• Sao Paulo, IME-USP, 1980. 8p. 

8110 - JONES RODRIGUES, A.R. 
1981. 7p. 

n Units of ZCp. Sao Paulo, IME-USP, 

8111 - KOTAS, J. & COSTA, N.C.A. da. Problems of modal and discussi­
ve logics. Sao Paulo, IME-USP, 1981. 35p. 



r112 - BRITO, F.R. t GON,ALVFS, D.I. ~loebras n?o_assocjativas, 
sistetr.as cHfer€'nciais nolir.or.d ais horr.o~ncos e classes 
caracteristicas. Sao Paulo, IMF-U!,P, 19el. 7p., 

. e 113 - POLCINO r~ILIF.S, F. c ·. 

forrr. cl RUbC1rOUP II. 
( nao pagin~do)· 

\,roun riras whosE! torsion uni ts __ ...._____~-- - - ---------
siio Paulo, U~E-liSP, 19Gl. lv. 

8114 - CHEN, c.c. Jin eJement~.rv nroof of C"alapi's thcorerrs on 
holcmornhic curves. Sac, Pa~lo, Ir 11F-:t'SP, lClfH~ Sp. 

8115 COSTA, N. C .1'.. da & J'.LVES, E .II. Pelations between nara­
consistent looic and manv-valued loq ic. S~o Paulo, 
nm-USP, 1981. Zp. 

8116 - CASTILIA, M.S.A.C. On Przvmusinski's th0orem. Sio Pau~ 
lo, I~E-USP, 1981. fp. 

8117 - CHEU, c.c. & GOFS, c.c. Deqercrate Minimal surfaces in 
R4

• Sao Paulo, , IMC-l'~P, 19Rl. 2lp. 

8118 - CPSTILLJ\, M .s .A. C. · Imac er s inversas c1e al0 umas anll:_ca­
~es fechadas. Sao Paulo, IME-PSP, 1 Qf,l. llp. 

Cl19 - ARJ'iG0,..~f... Vl.LF.JO, /1 .• J. t, E:'-'F'I.. FIT.HO, P. 1'.n infinlte diir.en­
sional VC"rsion of IIarto0s' P}( tersion theorem; Sao Pau 
lo, U1F-l1SP, 19f.l. Qr. 

e 120 - GC'N('JIT,\i'f'S, .._T. z. Gronns ri no~_ ~,i th_ sol vabJ.e ~ t _orouos. 
Sao Paulo, H'F-USP, 1981. ]Sn. 

8121 - CAR~IELLI, W.A. & ALC'J\NTAP1'. , T.,.P. de. Paraconsist0.nt al­
qebras. Sao Paulo, IME-USP, 19 81. 1 (.p • 

.8122 - GON<;ALVES, D.L. Nilpotent actions. Sao ·Paulo, IM.E-USP, 
1981. lOp. 

8123 - ·coELHO, S.P. Group rings with units of bounded exponent 
over the center. Sao Paulo, IME-USP, 1981. 25p. 



8124 - PARM:ENTER, M.M • . & POLCINO MILIES, F.C. A note on isomor-- - ---
phic group rings. Sao Paulo, IME-USP, 1981. 4p • 

• 
8125 - MERKLEN, H;A. Hereditarv alqebras with maximum soectra 

are of finite tyoe. Sao Paulo, IME-USP, 1981.·· l0p. 

8126 - POLCINO MILIES; F.C. Units of groun rinqs: a short survey 
Sao Paulo, IME-USP, 1981. 32p. 

8127 - CHEN, C.C. & GACKSTATTER, F. Elliptic and hyoerelliotic . -

functions and comolete minimal surfaces with handles. 

Sao Paulo, IHE-USP, 1981. 14p-. 

8128 POLCINO MILIES, F.C. A glance at the early history of 

group rings. Sao Paulo, IME-USP, 1981. 22p. 

8129 - FERRER SANTOS, W.R. Reductive actions of alqebraic qrouos 

on affine varieties. Sao Paulo, IME-USP, 1981. 52p. 

8130 - COSTA, N.~.A. da. The ohilosoryhical i m ort of paraconsisten 

logic. Sao Paulo, IME-USP, 1981. 26p. 

8131 - GONGALVES, D.L. Generalized classes of qrouns, spaces 

c-nilootent and "the Hurewicz theorem". Sao Paulo, 

nm-USP, 1981. 30p. 

8132 - COSTA, Newton C.A. da & MORTENSEN, Chris. ~totes on the 

theory of variable hindinq term operators. Sao Pau­

lo, I 11E-USP, 1981. 18p. 




