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!O· m ' lroduction 
in (R;l~1Jtro~e-Netto bas introduced the concepl ol k-decidilnlity for gerrus o! (R";O) 
such \hat li Ba) 1

1
~ª1

1 

a gerru / has k - je.t if there is a polynoruial P of degree m, m $; k 

b 
m~ .... c, ,z -P1!J O d . ( J( ) 

11 
eo tL• ]'11\l = 1 er,df by J(ki n) tbe set of gernli' who bas 1 ;el or, k 

" coritex! · 1 · , ' One ca b . 18 e ear enougl, J and by JÃ f the k-Jd of f. 
lllurn, a niiu~ e LUl,r .,t,...j in to ~1w1y wh-n 1-Jd of a germ f determine ií it has a maxi- 
say 1t inmmorn ·11 (' · · · 1Ja\ f IB k d .. e1. ier rn this e.,_~ we say tbat f baE asa ldle) 1D O, 1n thrs case we 

ln his · wd,l,k 
decidible u P?er Barr_,n,·-Nr-H, Ioun l a n e ~m a.nd 11ufficieut conditiou for J be k- 
'0Jletati;n;,.~ ortur:at~l) it' no: an ~,J~t>t>r,\iç cc:nrliii,,n~ on JI-J. We tbink tbat the 
and ton 1,\1 ,· , ~ ' ~ i . • 1· ,· • f J(L) We sliow · } . ••l' ,fil r,1 tn :pr,,,,1011, are ni<,\ v~d by the comp ic,h\011 o 11. 

<wa.nt kno11,, ab111 tt k1 r, ,t tl \ i , diff ult ~, s;ll r lif} U1t' ques!ion, ín sernie of if we 
res~rict our t . d dit.'lil) r a · ,ugbt \n I ,k J(k) in a 1o1bolc1 since we ca.n't 
wh1ch ah 

81 

ªff_e'.111 't t' ~ , j, t ', ,(~ ~) e-:an rle the polynornial!I of J(k) 
N i i~1~nt . ' no atr1ely w ·. n t,, t. 2( R,nark4l:,Jow). 

7
; k-decidíbl e bil. 8wer tl1e 11r .1 yue tv>ll ªTber1: exist~ v,me polynomial p of degree k, b' (or: 'l'her e u( fu-1 tb ,t a.U f E J(k -t IJ w ith Jt f = r ha.< tht sa.me behavior tba.t 
/111 i~ not: :e ~·i_nie prJ/yr,nn,;~J p of dt~rree k whicb i.,k-deddible in the worJd J(H 1) 

0
e~ee 5 whicb ~~idihl~?J. W:· give an example of sucb a rdynomial P of Z variables a~d 
(tn Pa.rtic 

1 
a.s a. &:.éldlt tn O ever)' f w ich ha.B 6 - Jd a.nd Jó J = P has saddle rn 

Prop · ll ar ali g , ,,..,_ · ' · - 1 p h th" r1ety) a d . t nns v w1tb Taylor's polynonual of degree 5 equil,I to a.a 1s 
. W~ int\~·I\ J.B not 5-decidible (of course this iF impo~·bJe in one varia.ble). 
l• u~~ \wr rrn J ·· 0ur exani 1 

. u 1 é rrn1:,,b (3 ;.nd 4) wtiidi sbc.,w 1bat 
lJ. i" P e 1s th • · l ~ . "'the case k _ e simp til\ Wt can find rn R~. _ .. _. . , 

enough \ l - 2, the ont· we have an algebraic criteria ~o decide l-dec1d1W1ty, 1t s 
i

1 
the tbir/ ook by • 1e polynomiale of J l 2) \o ~ if a. germ ie- or not 2-<lecidible (see 

: : ' paragra· , f th' . ~n (count ) • 0 ts mtroduction). 
h Let be p e:r- l.<emple 
'1.e (x· ") , ~ .-rn~k l lf l lf = y - x'r and / = y• - z'y + zu. 

-~;_tbe ge~E!r(6) and J g = P then g ba.s saddle in O. 
TYt1t~ curve ti = xi• ln. O 

e g- J& • . - 9 + R, we have: 

Ji g{ r; ru) = P(r; r·') + Q(r; r1·4) 
= r-6·' - r6' + Q( x; ru) 

V,l 



· . .e-i e a ·1)y ( ) - [ ·-o J . J6 - p then Q r; Y - ,- Q is an homogeneous polynomi~ oí degre, 6 '"" g - ' R (x) 
0 . 1 -t(õ- 'I zÔ ft l andQ(:r·zl.4):::L·-oa,zH. ''· e [ ·rl.')=- 

1 • • ,_ • • ·) > 6 ee that J g x, Then, srno, m la.l line J+ 1.4(6 - J _ , we s h• 
· •,r,, o ,d lhM where lim.: .... o :l'.T' = · O) e have prove 

1111t:~
1
-•1 ( • Je R = w For this and becaUBe lim, ... 0 ~ = O smce 

a niaximum in O when re.stricled to (:t;x1·4). 
Of courss, this shows remark 1. : ~ 

ibeD we 
Remn& 2 / has • IOcaJ tninimum in O. h 

1 
> o e <o 'f O, 

<l :In fact, if f(:i:0;y0):::: O, with (x0;y0) i- O, it'E obvious t a Yo have 

P(xo;yo) == Yo(yg - x~) = -x~ ~<O· 

So Yo «j (j). . < ,. . ci•' 
Now <hoo," > O •ru.U eo,ugh lo dor'' > ,Y, d O< tJ " and 11•. • t : , 
Finally "'"" lhal ll 1,0/ <, by (t) >e lave y,xt < >o i z~ Jci,;rooro w . contradiction whith our a.ssumption /(x

0
;yü) == O, soon / has ª oc 

'i bappeo, 
bebaivor can Remul 3 ln R' if fi~l oon nnU j,i i, of orde, 2 lhi, anuornalous ,e 1,0 

in fac1 " have lhe . ,.
11
, lhen lhere ro• ~d 

knun. li f EJ(k; 2) k ~ 2 wilh J' f f O lheo ll / IB º"' 1-d,oo~ b" an .,,te 
polynon1i,k P, and P,such lb ai J* f " J* P, i E {!; 2), on eof ' . ) wh"' olhe, ba, •add!e in O. _ ,' t P(z.N 

Nelice lha! lhe kmma ;, fal,e ln lJ' lo"" lhi, lake /(,: y; z) - , P is lhe polynomiaJ g;v., ln Ren,.,k l. 1 •' 
, :R,aJJy lhis ;s. v,ry simpleapplica lion of ,plil; n g lem,na. . for h, Í', •

1
~1e lh• 

W, oh.erve fir,11ha1 if a B>nn h has k-jel nuU lhe sarne" lm if h i, &-de<> 
g,n,, of coo diff eomolJ,bism of (li', O) inlo ;isetr. Thi,.bows lb,I b 

I 

p ' 
.,,me i, lru, for h, 1 (li.is;, tru, if; EJ(k)) ..,umel ª 

01 cou,.,., •eneo1 lo proof 11, lenunao~, by J' f, lhen we<an ·,;,,,.. 
polynomial of deg,ee k. • • 

00 

,tricl ";: ;, B' 
li f Ísn'l 2-deódibie ""d J' f f 0 we tan BUp)>ose lbal .f' f ba, • O ,din,leB C v,riab1 

ai O, llien hy Miloor spliling lenun, (see [21) IJier, is a cbang,, 01
1 
coolion of ºº' 

•~eh lha! io ,,. COordinat,. /((;~) "(' + g{~) wbere 
9 

i, a C
00 

une 
W<lh .Pg ~ o. dinª'" 

Th,n g EJ(k) e C
00 

and J'g" o. nd on ,oor 
ln fad, lhis is obvion, lince f í,,,•1 k-decidihl,, and 11,i, d"""'

1 
depe as we bave already observed. 



i Now lake Q (t· ) J Q;::: O an I ,, '7 = -Jk+ig + '71c+1 a.nd Q:i((; '7) = -J"Hg + n"? we see that 
O and botb d on(~ º'. the ~undion.s / + Qi has a minimum while the other has a saddle in 

Finally are +1 )-decidíble. 
0hservation :etn to lhe old variables (x;v), it's clear now that JkQ; is null by lhe initial 
lhen P;::: Jk+\/ve do, and the sarne observation shows that / + Q; is (lt+i)-decidible, 

+ Q;) are lhe desired polynomia.ls. : l> 

Relllaik 
ana • Note thal ·r / · P2 one of th 1 E J(2) and / isn't 2-decidible than we have two polynomials P1 

'1b &e€ tb.i .em has saddle in and other has extreme in O and PP, = P f. 
00tnia] of de 6 1~ enou.gb remember lbat then J1 J = O and PJ is a bomogeneous poly- 

So P;::: ~e.;/ senu-d_efined (otberwise f would be 1 or 2-decidible). 
b + (-l)'(x• + v') are the desird polynomials. 
11elllai1 l(t· ) 6 lt's e~ t b . . ( ' r)' ' 1 ~ d a~-::: P(x;y)- :t1//~ Y similar argumenta tbat P(x; y) = Y - k 2 +: Y p in A ll'n\Un 14 d . . · given another exernple of sarne kind tbat Remar , w ere a.s 
abchi~l~de~ e<:tdib!e in world J(15) but it isn't 14-decídible. 
cut lhis sub·eent The author is grtaHul to Dr. Angelo Barone-Netto for tbe useful talks 

n f J ct a.nd the incentive ~o write this note. 
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