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Abstract. In this pa.per we derive second and lhird order hias-correi:ted maximum likelihood 
estimates in genera.I unipara.metric models. We compare the corrected estimates ud the usual 
maximum likelihood estimate in terms of their mean squared errors. We also obtain closed-form 
expression.s for bias-corrected estimates in one-para.meter exponential family models. Our result■ 
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1. INTRODUCTION 

Consider the probability or density function 

ir(y; IJ) = exp{t(y;IJ)}, (1) 

where IJ is a scalar parameter, and let iJ denote the maximum likelihood estimate of IJ. Expansions 
for the bias and varianre of iJ to order n-2, where n is the sample size, can be written as 

B(B) = B1(8) + B,(8) and 
n n2 

V(IJ) = Vi(B) + V2(8), 
Tl n2 

respectively. We define three bias-corrected estimates, namely: 

(2) 

(3) 



and 

(4) 

where 

primes denoting derivatives with respect to 9. These three modified estimates are bias-free to order 

n-1, but only 82 has no bias to order n-2• Although 92 seems to be a thlrd order bias-corrected 

estimate, its third order bias is in general nonnull, as we shall prove later. It will also be proved 

that the modified estimates in (2)-(4) have the same variance and mean squared error to order n-2
• 

Closed-form formulas for B1(8), B2 (8), B;(D), Vj(B) and Vi(8) for general uniparametric models 

are given in the next section together with a comparison of the variances and mean squared errors 

of the maximum likelihood estimate and its bias-corrected versions. Section 3 presents closed-form 

expressions for the bias and variance coefficients for one-parameter exponential family models. It 

also gives bias-corrected estimates for natural exponential family models. 

2. DERIVATION OF THE SECOND AND THIRD ORDER BIASES 

Let y1 , ••• , y,. be a set of n independent and identically distributed random variables with regular 

density ( or probability) function given by ( 1 ). The asymptotic expansions for the bias and variance 

of the maximum likelihood estimate of 8 up to order n-2 were written in the previous section as 

B(8) = n-1 B1(9) + n-2 8 2(8) and V(8) = n-1Vj(8) + n-2 Vi(8), respectively. In order to obtain 

closed-form expressions for the coefficients in these expansions, we need to introduce some notation 

for cumulants of log-likelihood derivatives with respect to 9 for a single observation. Let 

"'" = E{t"(y;9)}, 

K911J9 = E{t'"(y;B)}, 

"-I.I= -K,s = E({t'(y;8)}2), Km= E{t"'(y;9)}, 

,._,,,,, = E{t"(y;B)}, t.,s,1 = E{t"(y;9)t'(y;9)}, 

,,.,,,,, = E[{t"(y;8)}2)- i.J,, i.,,m = E{t'(y;B)t'H(y;B)}, 

t.1,m, = E{t'(y; B)t'"(y; 9)}, "''·"·" = E[t'(y; B){t"(y; 9)}2) - 2K1,11t.11 , 

,,.,,,,,, = E{ t"(y; B)t"'(y; B)} - '-66"-669, etc. 

Using the results in Shenton and Bowman (l!J77, pp.44-47) together with the notation for 

cumulants introduced above and the regularity equations (Lawley, 1!),'56) ,,.,,, = -Kes, t.1,1,, = 

2 



• 

Bias-corrected estimates can be obtained from (2)-(4) and the equations above. 

In what follows, we shall use some expansions to obtain the bias, variance and mean squared 
error of the estimates 81, 82 and 82 • Let fl(•) be a function defined in the parameter space that 
can be expanded in a Taylor series. Expanding JJ(B) around 9 we obtain 

ll(8) = H(9) + ll'(9)(8- 9) + ½H"(9)(8- 9)2 + ... (5) 

Taking JJ(8) = 8- B1(8)/11 and using (5) we get, after some algebra, that E(81 - 8) = Bi(8)/n2 + 
O(n-3

). Similarly, ta.king H(8) = 8 - B1(8)/11 - B2(9)/n2, we obtain E(82 - 9) = {B2(8) -
/J2(tJ)} /11 2 + O(n-"). Thus, 82 is, like f/1, an unbiased estimate to order u-•. Next, letting H(tJ) = 
8 - B1(8)/11 - B2(8)/n2 , we obtain E(82 - 8) = 0(11-3 ). It then follows that only 92 is unbiased 
to order n-2 • Although one would expect 82 to be a third order bias-corrected estimate of 9, it 
was shown above that the correction term 8 1 (8)/n + 8 2(8)/n2 does not make the n- 2 term in the 
bias expansion vanish. This leads us to consider the correction term B1(8)/n + B2(8)/n2 , which, 
as shown, delivers a third order bias-corrected estimate. 

By making use of similar developments, it is possible to show that, to order n-2 , the mean 

squared errors (MSE) of the three corrected estimates are the same and coincide with their respec­
tive variances. They are given by 

Therefore, from the three bias-corrected estimates, the estimate 82 is to be preferred since they all 
have the same variance to order 11-2 and 82 is the only one that is bias-free to this order. 

Finally, it remains to compare iJ and 82 • The mean squared error of iJ is given by 
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and hence 
MSE(B) - MSE(82) = ~{B1(8)2 + 2Vi(8)Ba8)} + O(n-3

). 
n 

The choice between iJ and 92 is to be based on the sign of /!i. = l!i.(8) = B1(8)2 + 2V1(9)Ba8). For 

example, when B1(9) = c, a constant, we have that, to order n-2, MSE(B) 2'. MSE(82). 

Oftentimes one is interested in the estimation of a function of 8, say r = G(8), which does not 

depend on n. One can reparameterize the model in terms of r and then use the results above to 

obtain Ti, r2 and f2, that is, bias-corrected maximum likelihood estimates for r. 

3. ONE-PARAMETER EXPONENTIAL FAMILY 

Let y1 , ••• , 1/n be a set of n independent' and identically distributed random variables, and assume an 

exponential family form for 11( •i •): 1r(y; B)is as defined in (1) with t(y; 8) = - log((8)- a(8)d(y) + 
v(y), that is, 

l , 
1r(y; 8) = ((

8
) exp{-a(9) d(y) + v(y)}, (6) 

where 8 is a scalar parameter and ( = (( · ), a = a(·), d( ·) and v( ·) are known functions, and it 

is assumed that the support of 1r(y; 8) does not depend upon 8. It is also assumed that a and 
( have continuous first five derivatives with respect to 8, and that ( is positive valued, da(t1)/dt1 

and d/3(8)/d8 being different from zero for a.JI values of 8 in the parameter space, where /J = /3(8) 
is defined as /J = ( d(( 8)/c!B)( (( 8)da( 8)/d8)- 1 • Many commonly used distributions in applied 

research are special cases of the family of distributions in (6). Also, this family of distributions 

enjoys important mathematical properties; see Bickel and Doksum (1977). We then have that 

t1(y;8) = -a'{.O + d(y)}, and since E{t'(y;8)} = 0 it follows thatµ = E{d(y)} = -/J. The 

maximum likelihood estimate iJ comes from n-1 E d(y;) = /3(8). This equation may not be easy to 

solve. It might even require the use of numerical methods. 

It can also be shown that t"(y; 8) = -a" {.O + d(y)} - a' /3', t"'(y; 8) = -a"' {/J + d(y)} - 2a" /J' -
a'/3", ti"(y; 8) = -ai"{/J + d(y)} - 3(a'"/J' + o"/J")- o'/J"', and t"(y; 8) = -a" {/J + d(y)} -4ai"/J' -
o"/3;" - 0

111(3111 
- 3(a"{3111 + 0 111/311

). Using the results above, we can show, after some algebra, that 

/3" 8 1(8) - - -- (7) 
- 2o'/3'2 ' 

B 
8 

_ -12/J' o" /J'12 
- 33a' /J"3 + 4/3120" /J'" + 260' {J' {311 {3'" - 3o' {J12 pi• 

2( ) - 24o'3/Jl5 I (8) ,l 

»•(8) = 1 
(12/J'2a"2{J" + 18a'/J'o"/J'12 + 15a12,8'13 - 6o'{J12/J"a"' - 8a'{312a"f3'" 2 24a'◄ /3'5 · 

- 16a'2/J'/3"/J"' + 3a'2/J12/3;"), (9) 
1 

Vi(8) = a'/3'' (10) 

V. 8 
_ 2/3' o" /311 + ,5a1 {3 11 

- 2a1 /3' /3111 

2( ) - 2a'3/J'◄ • (11) 
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It is noteworthy that the expressions for B1(8), B2(8), B2(8), \/i(B) and V2(8) given in (7)-(11) 
only require knowledge of o, tJ and their first few derivatives with respect to 8. Unlike the general 
expressions given in the. previous section, these expressions do not require the evaluation of moments 
or cumulants. Formulas (7)-(9) can be implemented in a computer algebra system auch u Maple 
(Abell and Braselton, 1994) or Mathematica (Wolfram, 1991) to obtain bias-corrected estimates 
with minimal effort. They are capable of generating both simple and complex expressions for 
cJjfferent special cases. Also, it is possible to use the expressions above to examine under what 
conditions the maximum likelihood estimate of 8 is unbiased to a certain order of magnitude. For 
example, equations {7) and (8) imply that the second and third order biases vanish when (J" = O. 

It is possible to check equations (7)-(9) from first principles for some special distributions. 
The simplest special case is the normal distribution with meanµ and variance 8 for which B1(8) 
and B2(8) vanish. Here, 8 = E(y,-µ) 2/11 ~ Bx~,/11 andµ= Ey,/n are clearly unbiased 
estimates. It is also easy to verify that the same happens for the following distributions: binomial, 
Poisson, exponential, Laplace, truncated extreme value and inverse Gaussian with known scale 
parameter 8. For the inverse Gaussian distribution with known mean µ > 0 and scale parameter 
(} > 0, for which 0(8) = fl, ((8) = 0- 1/ 2 , cl(y) = (y - Jt)2/(2µ 2 y) and v(y) = -{log(211'y3)}/2, 
0 = nµ 2{E(Y; - 1,)2 /y;}- 1 ~ 118/x},. Dy Taylor series expansion we can prove that E(O- 8) = 
28/n + 48/n2 + 0(11-3 ), in agreement with the corresponding expressions for B1(8) and B2(8) that 
are obtained using (7) and (8). For the gamma distribution with known index k > 0 and scale 
parameter 8 > 0, for which o(9) = 8, <(8) = 9-k, d(y) = y and v(y) = (k - 1) log(y) - log{f{k)}, 
f(·) being the gamma fonction, the distribution or iJ is 2nk8/X~nk· Thus, by direct expansion 
E(R- 8) = 8/(nk) + 8/(nk)2 + O(n-3 ), as can be obtained frc .. , (7) and (8). 

For the Pareto distribntion with k > 0 known (y > k) and scale para.meter 8 > 0, where 
0(6) = 6 + l, ((8) = (8k9 )-1, d(y) = log(y) and v(y) = 0, 2n6/iJ ~ X~n• we have that E(B-
8) = 8/n + 8/n2 + O(n-3 ), leading to the corresponding expressions for B1(6) and B2(8). The 
maximum likelihood esti1Uate iJ of 8 E Dl for the extreme value distribution, </> > 0 known, for 
which 0(8) = exp{8/t/>}, ((8) = tf>exp{-8/¢}, d(y) = exp{-y/4>} and v(y) = -y/<J,, reduces to 
iJ = -q,log(n-• E c-v;/4') and we can also ~how that E(iJ - 8) = 4>/(2,i) + 4>/(12n2 } + O(n-3 ). This 
result again agrees with the expressions of B1(8) and 8 2 (8) obtained from (7) and (8). Fina.Dy, 
it is of interest to note that for the lognormal distribution with known location parameter µ > 0 
and scale parameter 8 > O, where 0(8) = 9- 1 , ((8) = 8, d(y) = {log(y) - µ}2/2 and 11(1) = 
-log(y) + {log(2ir)}/2, 02 ~ 82x~/n. The resulting expansion E(O - 8) = -8/{4n) + 6/(32n2

) to 
• order n-2 follows after some algebra, whicl1 agrees with the results from (7) and (8). 

Next, we obtain the bias-corrected maximum likelihood estimates or the canonical parameter 
a = 0(8) in uniparametric: natural exponential family models. The one-parameter exponential 
family (6) parameterized in terms of the canonical parameter a = 0(8) has the form 

l 
ir(y;o)= h(Q)exp{-od(y)+v(y)}, (12) 

where -d(y) is the canonical statistic and 6(0) is its cumulant generating function. Similar condi-
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tions to the ones stated for the probability or density function in (6) a.re assumed to hold. 
The rth cumula.nt of -d(y) is '-r = dr.S(o)/dor, for r = 1,2, ... Letting ,B(a) = .S'(a)/l(a) 

we write the (r + l)th cumula.nt of -d(y) as '-r+i = dr/3/dar, for r = 1,2, ..• From now on 
primes will denote derivatives with respect too. The mea.n a.nd variance of -d(.r) are '-t = /J and 
,-2 = d/3/do = /3'. The variance function {J' uniquely characterizes the distribution in (12) and does 
not depend upon tbe particular parameterization used. 

Using the notation introduced in Section 1, let &1, &2 and tl2 be the bias corrected maximum 
likelihood estimates defined by equations (2), (3) and (4), respectively. The n-1 and n-2 biases 
of the maximum likelihood estimate a of o are obtained from equations (7) and (8) a.s B1(a) = 
-/3" /(2/3,,) and B2 ( a) = ( -33/3'13 +26/J' {J"{J"' -3/312/Jiv)/(24/J"). Also, formulas (10) and (11) yield, 
to order n-2 , var(&)= Vi(o)/n + V2(a)/n2 with Vi(ct) = 1/{J' and V2(o) = (5/J'12 - 2/J'{J'*)/(2{J14

). 

Let -,~ = /3112 / /J13 and -y2 = /J"' / /3'2 be the third and fourth standardized cumulants of -d(y). From 
the equations for the mean squared errors given in Section 2 we find, after some algebra, that to 
order n-2 

and 

MSE(lt) - MSE(o2 ) = 97? :;--12
• 

41' I 

Since{}'> O, it is clear that MSE(a) < MSE(ii2 ) when 91 f - 412 < O and MSE(a) > MSE(a2) 

when 9,l - 4,2 > 0. The values of 71 and 72 must satisfy the inequalities -yf + 72 + 2 ~ 0 and 
12 - 1? ~ I. Then, the sign of 91? - 412 determines the best estimate of ct. 

We shall now derive simple expressions for the biases B1(a), B2(o) and B2(o) for a special 
family of variance functions: the power variance function defined by /3' = /JP/ c, where c > 0 and 
we assume that /3 > 0 for p f: 0. Here, p = 0, 1, 2, 3 for the normal, Poisson, gamma and inverse 
Gaussian distributions, respectively. Other values of p define a number of distributions which have 
been classified by J111rgensen (1987). Cases with power O < p < I do not correspond to distributions 
in (12). 

For the power variance function we get 8 1(0) = -p/(2/J), B2(ct) = p(p- 6)(p+ 1){3P-3/(24c) 
and B3(o) = p(p- 3)(p- 2)/JP-3/(24c). Note that B1(ct) > 0 for p < 0 and B1(o) < 0 for p ~ 1. 
Also, B2(a) is positive for -1 < p < 0 or p > 6 and negative for p < -1 or l < p < 6. Clearly, p = 0 
yields B1(o) = B,(o) = 0, as expected, and p = -1 and p = 6 lead to B2(o) = 0. B2(o) vanishes 
when p = 0, 2, 3, being positive for J < p < 2 or p > 3 and negative for p < 0 or 2 < p < 3. A 
check of the expressions for B1(o) and B2(o) is provided for the Poisson and gamma distributions. 
For the Poisson distribution (p = I) er = log(9), c = 1 and d(y) = -y (since /J = 9 > 0). By 
Taylor series expansion we can find E(o - o) = -1/(2n9) - 5/(12n292) + O(n-3 ), which agrees 
with the formulas of B1(o) and B2(o) for p = 1. For the gamma distribution with known scale 
parameter k (p = 2) ct = -9, c = k and d(y) = -y (since fJ = k/9 > O). Direct expansion yields 
E(a - a)= o/(nk) t n/(n21.:2 ) + O(n-2 ), in agreement with the values of B1(o) and B1(a) for 
p= 2. 
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For the power variance function, the n-2 term in the variance of a reduces to V2(a) = p(p + 
2)/{2/J2

), which vanishes for p = 0 and p = -2. The mean squared errors can be expressed in the 
forms 

and 
MSE(a) = ~ + p(ap + 4) + O{n-3 ). 

n/JP 4n2/32 

Therefore, 

MSE(a) - MSE(o2) = ~~~!) + O(n-3
). 

This equation shows that, to order n-2 , MSE(o:) > MSE(o2 ) for p < -4 or p > 1, and MSE(a) < 
MSE(o2) for -4 < p < 0. For p = -4 or p = 0, MSE(a) = MSE(o2 ). 

Bias-corrected maximum likelihood estimates for other families of variance functions can also 

be obtained using our results. For example, one can use the results in this paper to obtain the 
second and third order biases of the maximum likelihood estimate for quadratic (Morris, 1982), 

cubic (Letac and Mora, 1990) and Babel variance functions. 
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