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1. Introduction. 

A baric algebra is a pair ( A, w) consisting of a nonas:sociative algebra A over a field F 

and a nonzero algebra homomorphism w : A --. F. Class,es of commutative baric algebras 

have been defined throught the literature by equations of the form 

xfn} - w(x)"-mx(m) = 0 

where 1 ~ m < n and x In I, x<mJ denote powers of x with some distribution of parentheses. 

If a commutative algebra satisfies such an equation then it satisfies the identity 

(xfnl,y,z(ml) =0 

where the homomorphism w does not appear. Here and so on (a,b,c) is the associator 

ab.c - a.be, we use the term identity to mean polynomial identity and the term equation 

to mean any kind of identity. 

Thus an interesting problem is to find identities of lowest degree not implied by the 

commutative law that hold for all algebras in such a class of commutative baric algebrBB. 

We call this type of identities minimal identities. In general such a class of algebras is not 

a variety of algebras since it is not closed by the operation of taking subalgebras. A more 

specific problem is then to determine the minimal variety of algebras containing the class, 

i. e., the variety defined by all minimal identities and commutativity. 

This kind of problem has been studied by Costa 15)., Alcalde-Burgueiio-Mallol (6) aud 

Correa-Hentzel-Peresi 17). In this last paper we described a general method for 'processing 

identities' and then applied it to find the minimal variety that contains the dass of Bern­

stein algebras, i. e., the class defined by equations xy - yx = 0 and (x2
)
2 

- w(x)2z 2 = 0. 

It was written with more emphasis in the method itself than applications. In the present 

1 



pa.per we reverse this situation by applying the method to find minimal identities for nine 

classes of commutative baric algebras. For six of these classes we determine the minimal 

variety. In order to make the paper more understandable we include the full argument for 

the classes defined by x2 -w(:r)x = 0 and x3 - w(x)2x = 0. For the other classes we just 

state the results. 

All algebras considered in the paper are commutative algebras over a field F. The 

characteristic of F is zero or greater than the degree of the identities considered. 

2. Degree two. 

Let (A,w) be a baric algl'hra satisfying x2 -w(x)x = 0. As clear A satisfies the Jordan 

identity (x2 ,y,x) = 0. On the other hand if we apply our method to search for identities 

of degree three we find none. Thus the minimal identities have degree four. To find all of 

them we proceed as follows. 

Lin<'arizing x2 - w( :r )x = 0 we obtain 

f(a, b) = 2ab - w(a)b - w(b)a = 0. 

Using this equation we obtain the eight possible equations of degree four: 

(1) 

f(a,b)c.d = 0, 

w(cd)f(a,b) = 0, 

J( ac, bd) = 0, 

f(a, b).cd = 0, 

f(ac,b)d = 0, 

f(ac.d, b) = 0. 

w(d)f(a,b)c = 0, 

w(d)J(ac,b) = 0, 

These equations are expressed in terms of five association types. They are: 

Ti. w( R)RR.R, 

T4. ( RR.R)R, 

T2. w(RR)RR, 

Ts. RR.RR. 

T3. w(RRR)R, 

(Here R has no meaning. It is just a convenient way to say how the parentheses and w 

appear.) Any degree four equation satisfied by A is a consequence of equations (1) and 

commut,ativity. Since minimal identities 11.re not conscqmmce of the commutative law we 

need to know th(' equations it implies. We <lo this by applying commutativity to the 

association types. We obtain: 
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(2) 

w(a)bc.d - w(a)cb.d = 0, 

w(ab)cd - w(ab)dc = 0, 

w(abc)d - w(cab)d = 0, 

ab.cd - ba.cd = 0, 

w(ab)cd - w(ba)cd = 0, 

w(abc)d - w(bac)d = 0, 

(ab.c)d - (ba.c)d = 0, 

ab.cd - cd.ab = 0. 

The minimal identities of A are the identities involving only types T4 and T5 implied by 

equations (1) that are not consequence of equations (2). 

Now, instead of working directly with the equations (1) and (2) we represent them by 

matrices and then perform calculations with these matrices. This technique was introduced 

by Hentze! [2) and was slightly modified in (7]. 

Let Sn denote the symmetric group and FSn the corresponding group algebra. Clifton 

(3] gives an algorithm which associates to 1r E S11 a matrix A ... We use the map 1r -+ A,. 

to construct an isomorphism between FSn and a certain direct sum of matrix algebras. 

We call the direct summands (irreducible) representations although they are not repre­

sentations in the usual sense for n > 4. For n = 4 we have five repi-esentations and the 

isomorphism is given by 

(3) 

[

-1 
(1234) ...... [1) EB -1 

-1 

Considering how the positions of the variahlcs a, h, c, d are change<! in the tenns 

of au equation we can represent it by an clement of the direct sum FS4 EB ... EB FS4 (here 

the number of summands is the number of association types, i. e., five). For instance, the 

equation f ( a, b )c.d = 0 expands to 

2(ab.c)d - w(a)bc.d - w(b)ac.d = 0 

and is represent by 
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- . 

-I - (12) (D 2/ 

Now using (3) we represent this equation by matrices. Representation number 2 for 

example gives 

[
-2 o 1 l [ 2 o ol 0 -2 1 $ 0 2 0 

0 0 0 0 0 2 

It is crucial to ket'p the different association types s,•pararnted. 

It is too much work to calculate by hand all these matrices. So we use a computer 

program 111une<l CRUNCH. The imput is a set of equations involving r different types. 

For ~nch rq>rCReutntion the program calculates a 111 x r block matrix of k x k matrices 

where m is thP number of equations and k is the rep1·esentation degree. The output is the 

row canonical form of this block matrix. The row canonical form obtained from the set 

of r,quation:<1 (2) is given in table l and that ohtnined when we consider together the sets 

(1) Md (2) i:i given in table II. Since our inkrest is concentrated on association types T4 

and T& we have written only part of these matrices. Comparing these two tables we see 

that there l\re five new stairstep ones. They correspond to the minimal identities we are 

looking for. 

Finally we write the minimal identities in polynomial form. Since representation 1 is 

the identity representation the identity given by it is 

(4) 

To find the identities given by the other representations we use the process described in 

(7). As an example we obtain the identity appearing in representation 2. It is given by 
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[
o o ol 
0 0 0 . 
0 1 0 

The standard tableaus for this representation are 

1 2 3 
TJ = 4 

1 3 4 
T3 = 2 

Since the nonzero entry of the matrix Jlppears in row 3 we consider the horizontal per­

mutations I, (13), (14), (34), (134), (143) and the vertical permutations I, (12) of r 3• 

Let 

H ={I+ (13) + (14) + (34) + (134) + (143)} {I - (12)}. 

Since the position of the nonzero entry is (3, 2) we have to multiply H hy the permutation 

that maps r3 to r2, i.e., (23). The identity is then given by type T4 and (12)H and is 

(5) (a,c,b)d + (b,cd,a) + (a,d,b)c = 0. 

Representations 3 and 4 yield the identities 

(6) 

(7) 

(8) 

(b,c,a)d + (a,d, b)c = 0, 

ac.bd - ad.be = 0, 

(a, cd, b) + (b, ad,c) + (c, bd, a)= 0. 

To see that (6) implies (8) it is enough to add identities (d,a, b)c+(b,c, d)a = 0, (d, b, c)a+ 

(c,a, d)b = 0 and (d,c, a)b+ (a, b,d)c = 0. We claim that an algebra satisfies (4) and (5) if 

and only if it is a Jordan algebra. For a linearization of (4) gives 2(yx,x,x) + (z2 , y,z) + 
(z2,x,y) = 0 and (5) with a = y, b = c = d = x gives 2(y,x,x)x + (x,x2 ,y) = 0. 

Subtracting these two identities we obtain the Jordan identity (x2 , y, x) = 0. On the other 

hand, clearly (x2 ,y,x) = 0 implies (x2 ,x,x) = 0. Linearizing (x2 ,b,x) = 0 we obtain 

2( ax, b, x) + ( x2, b, a) = 0. Interchanging a and b and subtracting Wf' get 2( a, x, b )x + 
(b, :r2 , a)= 0 and from this identity we obtain (5) by linearization. 

Since it is necessary to put commutativity, the Jordan law, identities (6) and (7) 

together to obtaiu the matrix in table II 110 further rcd11ctio11 is possil,le and we have 

5 



Theorem 1. The minimal variety of algebra., containing the cla.,., of baric algebraa 

given by x 2 = w( x )x iJ defined by identitie., ac.bd = ad.be, ( a, c, b )d = ( a, d, b )c and 

(x 2 ,y,x) = 0. 

Remark. In 15] Costa •!sed a different argument to prove that the minimal variety 

when we consider the equation x2 = w(x)x is defined by identity 

(a, b, cd) + (d, c,ab) + (l1,c, d)a + (c, l1,a)d = 0. 

Using the representation technique it is possible to verify that an algebra satisfies this 

idcnt.ity if 1111d only if it. Ratisfi('s the ident.ities given in theorem 1. 

3. Degree three. 

As shown by Walcher l4J baric algebra., satisfying x 3 = w(x)x2 are .Jordan algebras. 

Now wr hnvr 

Theorem 2. Jordan algebraa form the minimal variety of algebra.• which contaiw 

the cla.•.• (If baric algcbm~ dr.fi7'1!d by :r3 = w( :r ):r2 • 

Although our method of attacking the problem is general, for some classes of baric 

algebras the problem is not doable. The number of stairstcp ones that give the minimal 

id('ntities is too high. It is too much work to write down all these identities in polynomial 

form. In these CI\SCS we do not find the minimal variety containing the class. Dut we do 

find the degree n of a minimal identity and construct a set of identities which generate all 

minimal idcntiti<•s of type (n -1, 1]. We say that an equation has type [n - 1, IJ when it is 

expressrd in t.h(' vnriahlcs :r nncl y and in each t.erm thP degree of x is n -1 and the degree 

of y is 1. 

We fiu<l this situation when rnnsidering the dnss clefine<l by the equation x 3 -w(:r)2 x = 

0. The mininml identitiPs have degree fivr and tlwre arc many of them. Clca.dy (x3 , y, x) = 

0 is au identity and siuce its degree is five it is minimal. To find 11. set of gruerators for 

minimal identities of type (4, I] we proceed as follows. Let 

6 



• 

f(x) = x3 - w(x)2 x, p(y,x) = 2yx.x + x2y - 2w(xy)x - w(x2)y, 

g(a, b,c) the linearized form of f(x) and q(y,a,b) the linearized form of p(y,:1:). Any algebra 

in this class satisfies the following equations: 

(9) 

f(x)x.y = 0, f(x)y.x = 0, f{x).xy = 0, w(x)f(x)y = 0, 

w(y)f(x)x = ~. w(xy)f(x) = 0, g(x2 ,x,z)y = 0, w(y)g(x2 ,x,x) = 0, 

p(y,x)x.x = 0, p(y,x)x2 = 0, w(x)p(y,x)x = 0, w(x}2p(y,x) = 0, 

q(y,x2 ,x)z = 0, w(x)q(y,x2 ,x) = 0, q(yx,x,x)x = 0, w(:r:)q(yx,x,x) = 0, 

q(y:r.x,x,x) = 0, q(yx2 ,x,x) = 0, 

q(y,x3 ,x) = 0. 

These are all the equations of type [4, 1] tlu,t an· consequence of /(x) = o. They are 

expressed in tenns of the following types: 

w(y)x4 , w(x)(xy.x)x, w(x)x2y.x, w(x)x3 y, w(xy)x3 , w(x2 )xy.x, 

w(x2)x2y, w(x2y)x2, w(x3 )xy, w(x3 y)x, w(x4 )y, w(y)x2 .:z:2' 

w(:r)xy.x2 , (xy.x)x.x, (x2y.x)x, x 3 y.x, x◄ y, (:ry.x )x2 , 

x2y.x2, x 3 .xy, (xy.:r2)x, .r2 x2 .y. 

Now we consider (9) as a system of equations where the indetenninates are these types. 

Reducing the matrix of the system to row canonical form we obtain 

2 1 -3 -1 1 
-1 

1 -1 
1 -1 -2 2 1 -1 

The columns of this matrix correspond to the last nine types. We writ<> these identities in 

polynomial form: 

(10) 

(11) 

(12) 

(13) 

2(xy.x)x.:r + x2 y.x2 - 3x3 .y:r - (xy.x2)x + x2 x2 .y = 0, 

(x 2 y,x,:r) + (.r,x,y):r2 = 0, 

(x3 ,y,x) = 0, 

(:r2 ,x, :r)y + (x2 , yx, x) + 2(x2 , x, yx) + 2(y, r, r}:r 2 = 0. 
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From the linearized form of identity ( 12) we obtain 

(12') 2(yx.x,x,x) + (x 2y,x,x) + (.r.3 ,.r.,y) = 0. 

If we subtract from (12') the identities (11) and (13) we get identity (10). Thus (10) is 

a consequence of (11), (12) and (13). Processing each one of the identities (11), (12) and 

(13), and looking to the (irreducible) representation two it is possible to see that they are 

linearly independent, i.e., no one is a consequence of the other two. Therefore, we may 

state 

Theorem 3. Let A be a baric algebra Hti.,fying x3 - w( x )2 x = 0. Then A Jati-'fieJ 

the identitieJ {11), (1!) and (19). Furthermore any minimal identity of type [4, 1) iJ a 

con.,equence of theJe identitieJ. 

4. Degree four. 

We have the following results: 

Theorem 4. 

(i) For the equation x2 x2 = w( x )xl the minimal variety i3 defined by 

(ii) For the equation x2 x2 = w( x )2 x2 the minimal variety i3 defined by 

{iii) For the equation .:r.4 = w(x)x3 the minimal variety i., defined by 

(:i:\x,x2
) + (x3 , x, x)x = 0, 

3(yx.x2 , x, x) + (x2 .r.2 , x, y) + 2(x, x, ( yx.x )x )+ 

(y,x,x 4
) + (x,x,y):i: 3 + (.T,y:r.,x3) + 2(x,y,x3 )x = 0. 
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(iv) For the equation x 4 = w(x)2 x2 the minimal variety i., defined by 

2(x,x,yx)x2 + 2(x,x3 ,yx) + (y,x2 x2,x) + (y,x 3 ,x)x+ 

2(x, x, y)x2 .x + 2(x, x, yx.x)x + (y, x 3 , x 2 } + (x,x,x3 )y+ 

2(x2 ,y,x}x.x + (x,x,x2 y.x) = 0. 

Theorem 5. 

(i} For the equation x2 x2 = w(x}3:r the minimal identitie~ have degree 6 and tho~e of type 

{5,J/ are given by 

2(x2 , x, (x, x, y)) + 2(yx .1,, x, :r2 ) + 2(yx, x, x3 )+ 

(x, yx.x, x 2 ) + (x2 , x3, y) = 0, 

(x2 y, x2 , x) + (y, x2, x3 ) + 2(x, x, y)x3 + 4(x, x2 , yx.x )+ 

2(:r,x,x2 ).yx + 2(x~ ,yx,x) + (y,x 2 ,x)x2 = 0, 

10(yx,x2 ,x)x + 3(x2 ,x3 ,y) + 6(yx,x,x3 ) + 5(:r,x2 y,x2 )+ 

2(yx.x, x2 , x) + 6(x2 , x, x2 y) = 0. 

(ii) For the equation x4 = w(x)3
:r the minimal identitie.• have degree 6 and thoae of type 

{5,1/ are given by 

2(y,x,x)x3 + 2(y,x,x)x2 .x + 4((y,x,x)x.x)x + 2(x,x4 ,y) = 0, 

(x,y,x2 x 2 ) + 2(x,y,x2 )x2 + 2(x2 ,y,x3 ) + 2{x3 ,x2 ,y) + 2((y,x,x)x.x)x+ 

4(x3 , yx,x) + 3(y,x,x)x2 .x + 3(x,x2 , yx.x) + 3{x3 , x,x)y + (y,x, x)x3+ 
(x, x2 , y)x.x + 2(yx.x2 , x, x) + (y, x, x2 x2 ) + (x2 , x, x).yx = 0, 

2(y,x,x)x3 + (x,x2 x2 ,y) + 3(:r.,:r.2 y,x2 ) + 3(x2 y.x,x,x)+ 

2(x,y,x4 ) + 2(yx,x3 ,x) + lO((y,x,x)x.x)x + (x2 ,x3
, y)+ 

2(y,x2 ,x)x.x + 3(x,x4,y) + (x,:r,:r3 y) + 2(y,x3 ,x)x = 0. 
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Table I. Equatiom (2). 

Representation 1 

The rows contain only zeros. 

Representation 2 

T" Ta 

1 1 2 
1 

1 
1 

Representation 3 

T, Ts 

1 2 
1 2 

Representation 4 

T, Ta 

1 -2 
1 1 

1 
1 

1 

Representation 5 

T, T11 

1 
1 

Table II. Equations (I) and (2). 

Representation 1 

T, Ts 

1 -1 

Representation 2 

T, Ta 

1 2 
1 

1 
1 

Representation 3 

T. Ts 

1 
1 

1 
1 

Representation 4 

1 
1 

1 
1 

1 

Representation 5 

T4 Ta 

1 
1 

1 

1 
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