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ABSTRACT
We investigate the Grassmann envelope (of finite rank) of a finite-dimensional
Z2-graded algebra. As a result, we describe the polynomial identities of G1(A),
where G1 stands for the Grassmann algebra with 1 generator, and A is a Z2-
graded-simple associative algebra. We also classify the conditions under which
two associative Z2-graded-simple algebras share the same set of superpoly-
nomial identities, i.e., the polynomial identities of its Grassmann envelope
(in particular, of finite rank). Moreover, we extend the construction of the
Grassmann envelope for the context of �-algebras and prove some of its
properties. Lastly, we give a description of Z2-graded-simple �-algebras.
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1. Introduction

A remarkable result due to Kemer (see [10]) states that, over a field of characteristic zero, every associative
PI-algebra is PI-equivalent to the Grassmann envelope of a finite-dimensional associative Z2-graded
algebra. This result, known as Representability Theorem, has profound and important consequences.
For instance, Kemer proved that every variety of associative algebras over a field of characteristic zero
satisfies the Specht property [10]. Another remarkable result is due to Giambruno and Zaicev, and they
establish the existence and integrity of the exponent of an associative PI-algebra [8, Theorem 6.5.2].

On the other hand, it is known that polynomial identities completely determine a finite-dimensional
prime �-algebra over an algebraically closed field [11, Section 5] (see also [2, 3] and references therein).
So, it seems to be interesting to investigate a related question, proposed by I. Shestakov: do the
superpolynomial identities (i.e., the polynomial identities of the Grassmann envelope of a Z2-graded
algebra) completely determine a finite-dimensional graded-simple algebra over an algebraically closed
field?

In this paper, we study the Grassmann envelope of finite-dimensional graded-simple associative
algebras, with a particular focus on the finitely generated Grassmann algebras. Some of our results are
extended to the nonassociative setting. Firstly, we establish a general structural result regarding the finite-
dimensional Grassmann envelope of an algebra (see Section 3.1). These results are straightforward and
follow from simple observations. Next, we determine the polynomial identities of G1(A), where A is
a finite-dimensional Z2-graded-simple associative algebra and G1 is the Grassmann algebra of rank 1
(Propositions 4 and 5). The first one is self-evident, while the second one utilizes the theory developed
by Giambruno and Zaicev. Lastly, we classify when two finite-dimensional graded-simple associative
algebras satisfy the same set of superpolynomial identities (Theorem 12). We develop a general theory
of the Grassmann envelope for arbitrary Z2-graded �-algebras (Section 4). Some of the results proved
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in the associative case carry over to the general setting of an arbitrary signature. Finally, we provide a
description of Z2-graded-simple �-algebras (Theorem 26).

2. Preliminaries and notation

We assume thatF is an algebraically closed field of characteristic zero. The Grassmann algebra is denoted
by G and its generators are e1, e2, …, and Gm stands for the Grassmann algebra generated by the first m
elements. We denote by G∗ and G∗

m the respective Grassmann algebras without unity. It is clear that we
have a decomposition Gm = (Gm)0 ⊕ (Gm)1, G∗

m = (
G∗

m
)0 ⊕ (

G∗
m
)1, etc, as sum of elements of even

and odd lengths, providing Z2-graded algebras. If A = A0 ⊕ A1 is a Z2-graded algebra, we define its
Grassmann envelope as G(A) = G0 ⊗ A0 ⊕ G1 ⊗ A1. In the same way we define G∗(A), Gm(A) and
G∗

m(A).
We denote by Mk,� the Z2-graded algebra (Mk+�, (0, . . . , 0︸ ︷︷ ︸

k times

, 1, . . . , 1︸ ︷︷ ︸
� times

)), and we assume that k ≥ � ≥ 0

and k > 0 (the case � = 0 corresponds to the matrix algebra Mk(F) endowed with the trivial grading).
That is,

Mk,� =
{(

A B
C D

)
| A ∈ Mk, D ∈ M�, B ∈ Mk×�, C ∈ M�×k

}
,

and the Z2-decomposition is

(Mk,�)
0 =

{(
A 0
0 D

)}
, (Mk,�)

1 =
{(

0 B
C 0

)}
.

The algebra Mn(FZ2) = Mn(F) ⊕ εMn(F), where ε2 = 1, has a natural Z2-grading. The Z2-grading
is given by (Mn(FZ2))

0 = Mn(F) and (Mn(FZ2))
1 = εMn(F). It is known that a finite-dimensional

Z2-graded-simple associative algebra over F is either graded-isomorphic to Mk,� or Mn(FZ2) (see, for
instance, [8, Theorem 3.5.3]).

The set of polynomial identities of a given algebra A is denoted by Id(A). If A is Z2-graded, then the
set of its Z2-graded polynomial identities is denoted by Id2(A).

Let A and B be Z2-graded algebras. We denote A ∼=2 B if they are isomorphic as Z2-graded algebras.

3. Main results: associative case

3.1. Structure results on Gm(A)

First, note that G∗
m(A) is an ideal of Gm(A) and G∗

m(A)m+1 = 0. In particular, if m > 0 andA1 �= 0, then
Gm(A) is never a semiprime algebra (G(A) is not semiprime as well). Thus, we have the Wedderburn-
Malcev decomposition of Gm(A):

Proposition 1. Let A = A0 ⊕ A1 be a finite-dimensional associative Z2-graded algebra. Assume that
A0 = S + J, where S is a semisimple subalgebra, J = J(A0) is the Jacobson radical of A0, and S ∩ J = 0.
Then, for any m ∈ N,

Gm(A) = S + (J + G∗
m(A)),

and J + G∗
m(A) is the Jacobson radical of Gm(A).

Proof. Let N = J + G∗
m(A). Since A0 is finite-dimensional, J is a nilpotent ideal of A0. In addition, as

discussed before, G∗
m(A) is a nilpotent ideal as well. Thus, N is a nilpotent ideal, so it is contained in the

Jacobson radical of Gm(A). Since Gm(A)/N ∼= S is semisimple, we see that J(Gm(A)) ⊆ N. Thus, we
obtain the equality.
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Applying the result for the graded-simple associative case, the previous theorem reads as:

Corollary 2. Let m ∈ N. Then, the Wedderburn-Malcev decomposition of the finite-dimensional
Grassmann envelope of the finite-dimensional graded-simple associative algebras are the following:

Gm(Mk,�) = Mk ⊕ M� + G∗
m(Mk,�),

Gm(Mn(FZ2)) = Mn + G∗
m(Mn(FZ2)),

where G∗
m(Mk,�) and G∗

m(Mn(FZ2)) are their respective Jacobson radicals.

Proof. We have (Mk,�)
0 = Mk ⊕ M� and (Mn(FZ2))0 = Mn(F). Hence, both are semisimple and we

apply Proposition 1.

Thus, we are able to compute the PI-exponent of such algebras:

Corollary 3. Given m ∈ N, one has

exp(Gm(Mk,�)) = k2 + �2, exp(Gm(Mn(FZ2))) = n2.

In addition,

exp(G(Mk,�)) = (k + �)2, exp(G(Mn(FZ2))) = 2n2.

Proof. The infinite-dimensional case is well-known (see [8, Corollary 6.6.3]). Now, from Giambruno-
Zaicev results [8, Section 6.2 and Proposition 6.5.1], it follows that the exponent of Gm(Mn(FZ2))
coincides with the dimension of its semisimple part. Thus,

exp(Gm(Mn(FZ2))) = dim Mn = n2.

Now, if � > 0, then it is easy to see that MkG∗
m(Mk,�)M� �= 0. Therefore, again from Giambruno-Zaicev

results, one has

exp(Gm(Mk,�)) = dim Mk ⊕ M� = k2 + �2.

As an easy consequence, the numbers exp(lim→ Gm(A)) and limm→∞ exp(Gm(A)) do not have to
coincide.

3.2. Polynomial identities of G1(A)

We describe the polynomial identities of G1(A) when A is a finite-dimensional Z2-graded-simple
associative algebra.

The first family of algebras is an easy remark:

Proposition 4. Id(G1(Mn(FZ2))) = Id(Mn(F)).

Proof. Note that G1(Mn(FZ2)) = Mn(G1) = Mn(F) ⊗ G1. Since G1 is a unital associative and
commutative algebra and F is infinite, then Id(Mn(F) ⊗ G1) = Id(Mn).

For the next family, we have:

Theorem 5. Id(G1(Mk,�)) = Id(Mk)Id(M�).
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Proof. From Corollary 2, one has

G1(Mk,�) = Mk ⊕ M� + J,

where J2 = 0. Thus, clearly Id(Mk)Id(M�) ⊆ Id(G1(Mk,�)). From Giambruno-Zaicev results [8,
Theorem 1.9.1], it is known that

Id(Mk)Id(M�) = Id(UT(k, �)),

where UT(k, �) is the upper block-triangular matrix algebra. Moreover, again from Giambruno-Zaicev
results [8, Theorem 8.5.6], UT(k, �) generates a minimal variety of exponent k2 + �2. Since this number
equals the exponent of G1(Mk,�) (Corollary 3), it follows that

Id(Mk)Id(M�) = Id(G1(Mk,�)).

Question. Describe the polynomial identities of Gm(A) when A is an associative Z2-graded-simple
algebra.

3.3. Distinguishing simple algebras by their superpolynomial identities

We use the notation G∞(A) := G(A). First, note that, if A is ungraded, that is A0 = A and A1 = 0,
then for any m ∈ N ∪ {∞}, one has

Gm(A) = (Gm)0 ⊗ A.

Since (Gm)0 is a unital associative and commutative algebra and F is infinite, then Id(A) = Id(Gm(A)).
Thus, combining with Proposition 4, we have our first remark:

Lemma 6. For any m ∈ N ∪ {∞},

Id(G1(Mn(FZ2))) = Id(Gm(Mn(F))),

but Mn(FZ2) �∼= Mn(F).

Now, we shall investigate the algebras G(Mk,�).

Lemma 7. Let m ∈ N. Then Id(Mk)
m+1 ⊆ Id(Gm(Mk,�)). In addition, the product of m standard

polynomials of degree 2k is not a PI for Mk,�, that is,

s2k(x1, . . . , x2k)s2k(x2k+1, . . . , x4k) · · · s2k(x2k(m−1)+1, . . . , x2km) /∈ Id(Gm(Mk,�)).

Proof. The first assertion follows from Corollary 2, since

Id(Mk) ⊆ Id(Gm(Mk,�)/G∗
m(Mk,�)),

and G∗
m(Mk,�)

m+1 = 0. To prove the last assertion, note that

s2k(e11, e12, . . . , ek−1,k, ekk, eiek,k+1) = eie1,k+1,

s2k(eiek+1,k, ekk, ek,k−1, . . . , e21, e11) = eiek+1,1,

Thus, we may find an evaluation on the product of m standard polynomials giving

(e1e1,k+1)(e2ek+1,1) · · · (emet,t′) = e1 · · · eme1,t′ �= 0,

where (t, t′) = (1, k + 1) if m is odd, or (t, t′) = (k + 1, 1) otherwise.
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Lemma 8. Let m, m′ ∈ N ∪ {∞}. If Id(Gm(Mk,�)) = Id(Gm′(Mk′,�′)), then m = m′, k = k′ and � = �′.

Proof. Assume that Id(Gm(Mk,�)) = Id(Gm′(Mk′,�′)). If m < ∞, from Lemma 7, Capk2+1 · · · Capk2+1︸ ︷︷ ︸
m + 1 times

∈

Id(Gm(Mk,�)). Thus k′ ≤ k and m′ < ∞. Reversing the argument, we see that k = k′. Hence, from
Lemma 7, since Id(Mk)

m �⊆ Id(Gm′(Mk′,�′)), we obtain that m ≤ m′. Repeating the argument, one
obtains m = m′. Finally, from Corollary 3, one has

k2 + �2 = exp(Gm(Mk,�)) = exp(Gm′(Mk′,�′)) = k′2 + �′2.

Thus, � = �′. The same conclusion holds valid if we start assuming that m′ < ∞.
So we may assume that m = m′ = ∞. However, this case follows from the classical Kemer’s theory.

Finally, we shall deal with the situation of Mn(FZ2).

Lemma 9. We have �m
2 � = �m′

2 � if, and only if, Id(Gm(Mn(FZ2))) = Id(Gm′(Mn(FZ2)).

Proof. Since Gm(Mn(FZ2)) ∼= Mn(Gm), and Id(G2m+1) = Id(G2m), we obtain from [1, Theorem 7.2.3]
that

Id(G2m+1(Mn(FZ2))) = Id(G2m(Mn(FZ2)).

Since charF = 0, Frenkel [7, Theorem 5 and Proposition 6] found the minimal degree of a Capelli
identity satisfied by Gm(Mn(FZ2)), which is n2 +�m/2�+ 1. This proves the converse of the statement.

Now, we shall prove that Mk,� and Mn(FZ2) do not satisfy the same set of superpolynomial identities,
with the exception of the case described in Lemma 6. We start with a well-known result:

Lemma 10. The algebras G(Mn(FZ2)) and G(Mk,�) (when � > 0) satisfy no Capelli identity.

Lemma 11. Let m, m′ ∈ N ∪ {∞}. If Id(Gm(Mk,�)) = Id(Gm′(Mn(FZ2)), then � = 0 and m′ = 1.

Proof. First, assume that m = ∞. Then

(k + �)2 = exp(G(Mk,�)) = exp(Gm′(Mn(FZ2))) =
{

n2, if m′ ∈ N,
2n2, if m′ = ∞ .

The equality (k + �)2 = 2n2 is impossible. Thus, m′ ∈ N and k + � = n. So dim Gm′(Mn(FZ2)) < ∞,
and Gm′(Mn(FZ2)) satisfies Capelli identities. However, from Lemma 10, if � > 0 then both algebras
cannot satisfy the same set of polynomial identities. Hence, � = 0. If m′ > 1, then [7, Proposition 6]
tells us that Capk2+1 /∈ Id(Gm′(Mn(FZ2))), a contradiction. So, m′ = 1.

Now, assume that m < ∞. Since dim Gm(Mk,�) < ∞ and from Lemma 10, one obtains that m′ < ∞.
From Corollary 3, one has

k2 + �2 = exp(Gm(Mk,�)) = exp(Gm′(Mn(FZ2))) = n2.

Thus, if � > 0, then n > k. So

(Capk2+1)
m+1 ∈ Id(Gm(Mk,�)) \ Id(Gm′(Mn(FZ2))),

a contradiction. Hence, � = 0. Now, once again from [7, Proposition 6], we see that m′ = 1.
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Combining all the lemmas, we obtain the following result:

Theorem 12. Let A and B be finite-dimensional Z2-graded-simple associative algebras over an alge-
braically closed field of characteristic zero. Let m, m′ ∈ N ∪ {∞}. If

Id(Gm(A)) = Id(Gm′(B)),

then one of the following holds valid:

(1) A ∼=2 Mn(F), B ∼=2 Mn(FZ2), and m′ = 1, or
(2) the same as above, where A and B, and m and m′ switch places, or
(3) A ∼=2 B. In addition:

(a) if A ∼=2 Mn(FZ2), then �m
2 � = �m′

2 �.
(b) if A ∼=2 Mk,�, then m = m′,

Conversely, if any of the conditions above holds valid, then Id(Gm(A)) = Id(Gm′(B)).

Proof. We separate in some cases. If A ∼=2 Mn(FZ2) ∼=2 B, then from Lemma 9 we obtain the case
(3)(a). If A ∼=2 Mk,� and B ∼=2 Mk′,�′ , then we apply Lemma 8 to be in the situation (3)(b). If A ∼=2 Mk,�
and B ∼=2 Mn(FZ2), then we apply Lemma 11 to obtain the assertion (1) (or (2) if A and B switch
places).

The converse follows from the following. The situations (1) and (2) are described in Lemma 6; the
situation (3)(b) is immediate, while the situation (3)(a) is given by Lemma 9.

4. ω-algebras

Now, we shall provide similar constructions to non-necessarily associative algebras. Indeed, we shall
prove the results in the context of �-algebras (see the definition below). We write � = ∪n≥0�n, and we
always assume that �n �= ∅ for some n ≥ 2. For convenience, we include some basic definitions.

4.1. Preliminaries

Let � = ⋃∞
m=0 �m be a set, called signature. An �-algebra is a vector space A such that every ω ∈ �m

defines an m-ary operation on A, that is, a linear map ω : A ⊗ · · · ⊗ A︸ ︷︷ ︸
m times

→ A.

A vector subspace I of A is called an ideal if for any ω ∈ �n, n ≥ 1, all a1, . . . , as−1, as+1, . . . , an ∈ A
(where 1 ≤ s ≤ n) and all b ∈ I, one has

ω(a1, . . . , as−1, b, as+1, . . . , an) ∈ I.

Let B be another �-algebra. A linear map f : A → B is called a homomorphism of �-algebras if

f (ω(a1, a2, . . . , an)) = ω(f (a1), f (a2), . . . , f (an)),

for all a1, a2, . . . , an ∈ A and all ω ∈ �, where ω is an n-ary operation. If, moreover, f is bijective, then
we call f an isomorphism of �-algebras. In this case, we say that A and B are isomorphic �-algebras. If
A = B and f is an isomorphism, then we call f an automorphism.

Given a non-empty set X, one can define the free �-algebra F�〈X〉 as follows. First we build the set
W = W�(X) of �-monomials in X as the union of subsets Wn, n = 0, 1, 2, . . . given by W0 = �0 ∪ X
and for n > 0,

Wn =
∞⋃

m=1

⋃
ω∈�m

⋃
i1+···+im+1≤n

ω(Wi1 , . . . , Wim).
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From this definition, it follows that for any ω ∈ �m and any a1, . . . , am ∈ W the expression
ω(a1, . . . , am) is a well-defined element of W. The elements of Wn are called monomials of degree n.

Then we consider the linear spanF�〈X〉 of W = W�(X). If Fn = Span{Wn} thenF�〈X〉 = ⊕∞
n=0 Fn.

The elements of Fn are called homogeneous polynomials of degree n. In a usual way, one defines the degree
of an arbitrary nonzero polynomial. By linearity, every ω ∈ �m defines an m-linear operation onF�〈X〉.
Also, it follows that for any �-algebra A any map ϕ : X → A uniquely extends to a homomorphism
ϕ̄ : F�〈X〉 → A. The �-algebra F�〈X〉 is called the free �-algebra with the basis (set of free
generators) X.

The equation of the form f (x1, . . . , xn) = 0 where f (x1, . . . , xn) ∈ F�〈X〉 is called a (polynomial)
identity in an �-algebra A if under any map ϕ : X → A one has ϕ̄(f (x1, . . . , xn)) = 0. In other way,
f (a1, . . . , an) = 0, for any a1, . . . , an ∈ A. The set of all polynomial identities ofA is denoted by Id�(A).

For a polynomial g ∈ F�, we use the notation g |xi=a to denote the value of g when xi is replaced by
a, and we use a similar notation for the evaluation in more than one variables. Let g = g(x1, . . . , xm) ∈
F�〈X〉. We say that g is linear in the variable xi if

g |xi=xi+λyi= g + λg |xi=yi ,

where λ ∈ F. A multilinear polynomial is a polynomial which is linear in each of its variables.
Now, we shall assume that there exists m > 1 such that �m �= ∅. Let A be an �-algebra and S1,

S2 ⊆ A. We define the product of S1 and S2 as the subspace spanned by all f (s1, s2, a1, . . . , ar), where
s1 ∈ S1, s2 ∈ S2, a1, …, ar ∈ A, and f = f (x1, x2, y1, . . . , yr) ∈ F�〈X〉 is linear in x1 and x2. We denote
S2 = S · S. Note that we get the same definition if we require the polynomial f to be multilinear. Then,
we say that:

(1) A is a simple �-algebra if A2 �= 0 and A has no proper nontrivial ideals.
(2) A is prime if for any pair of nonzero ideals I1, I2 ⊆ A, then I1 · I2 �= 0,
(3) A is semiprime if for any nonzero ideal I ⊆ A, one has I2 �= 0.

4.1.1. Gradings on ω-algebras
The notion of a group grading extends naturally to an �-algebra (see, for instance, [6]). We present here
only the situation where the grading group is Z2.

A Z2-grading on an �-algebra A is a vector space decomposition

A = A0 ⊕ A1,

where for each ω ∈ �n, one has

ω(Ai1 , . . . ,Ain) ⊆ Ai1+···+in .

A graded homomorphism (isomorphism) between two Z2-graded �-algebras is a homomorphism
(isomorphism) of �-algebras which is also a graded linear map. If there exists an isomorphism between
two �-algebras, say A and B, then we say that they are graded-isomorphic and denote A ∼=2 B.

The free Z2-graded �-algebra is the free �-algebra, freely generated by XZ2 = X0 ∪ X1, where
Xi = {x(i)

1 , x(i)
2 , . . .}. The free �-algebra F�〈XZ2〉 has a natural Z2-grading, and it satisfies the universal

property for the Z2-graded �-algebras. We define a Z2-graded polynomial identity in the standard way.
The set of all Z2-graded polynomial identities of A is denoted by Id2(A). We shall denote Y = X0 and
Z = X1, and denote yk = x(0)

k , zk = x(1)

k , for each k ∈ N.

4.1.2. Codimension sequence
It will be relevant for us to consider the codimension sequence of an �-algebra. We denote by Pm,� the set
of all multilinear polynomials of F�〈X〉 in the variables x1, …, xm. Note that one may have dim Pm,� =
∞. Given an �-algebra A, we set

cm(A) = dim Pm,�/Pm,� ∩ Id�(A), m ∈ N.
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In a similar manner as in the ordinary case, we define a variety V of �-algebras as the class of all �-
algebras satisfying a given set of polynomials identities. The set of polynomials identities satisfied by all
the algebras in a given class V is denoted by Id�(V ). Then, we set

cm(V ) = dim Pm,�/Pm,� ∩ Id�(V ), m ∈ N.

4.2. Grassmann envelope

Let A be an �-algebra. The tensor product A ⊗ G has a structure of �-algebra, where
μ �→ μ ⊗ 1 ∈ A ⊗ G, μ ∈ �0,

and, for any ω ∈ �n (n > 0), one has
ω : (a1 ⊗ g1, . . . , an ⊗ gn) ∈ (A ⊗ G)n �→ ω(a1, . . . , an) ⊗ g1 . . . gn ∈ A ⊗ G.

Now, if A = A0 ⊕ A1 is a Z2-graded �-algebra, then we set
G(A) = A0 ⊗ G0 ⊕ A1 ⊗ G1 ⊆ A ⊗ G.

Thus, G(A) becomes an �-algebra. When � = �2 = {·} (that is, A is a binary algebra), G(A) coincides
with the usual Grassmann envelope of A. Note that G(A) has a natural Z2-grading, where (G(A))0 =
A0 ⊗ G0, and (G(A))1 = A1 ⊗ G1.

With these operations, G(A) (and A⊗G) becomes a G0-algebra. It means that G(A) is a G0-module,
and every operation on G(A) is G0-linear.

The first results are standard and analogous to the ordinary case. Recall that every word in the free
algebra F�〈X〉 is uniquely determined if we suppress all the parenthesis of the operations [9, Lemma in
Section 2.7, p.79].

Definition 13 (∗-operation). Let f = f (y1, . . . , yr , z1, . . . , zs) ∈ F�〈XZ2〉 be a multilinear polynomial,
and write

f =
∑

w

∑
σ∈Sr

λw,σ w0zσ(1)w1 · · · ws−1zσ(s)ws,

where each wi can be empty (i > 0) and contains variables of trivial degree and operations, w0 is
nonempty and begins with an operation in �n (n > 0) if deg f > 1; and the sum varies between distinct
sequences w = (w0, w1, . . . , ws). We define

f ∗ =
∑

w

∑
σ∈Sr

(−1)σ λw,σ w0zσ(1)w1 · · · ws−1zσ(s)ws,

From a standard computation, we have:

Lemma 14. Let f = f (y1, . . . , yr , z1, . . . , zs) ∈ F�〈XZ2〉 be multilinear in all of its variables. Then, for
any admissible substitution on G(A), we have

f (a1 ⊗ h1, . . . , ar ⊗ hr , b1 ⊗ g1, . . . , bs ⊗ gs) = f ∗(a1, . . . , ar , b1, . . . , bs) ⊗ g,
where g = h1 · · · hrg1 · · · gs.

As one of the immediate consequences, we have:

Corollary 15. Let f ∈ F�〈XZ2〉 be a multilinear polynomial, and let A be a Z2-graded �-algebra. Then
f ∈ Id2(A) if and only if f ∗ ∈ Id2(G(A)).

In particular, we have the following consequence. Let A and B be Z2-graded �-algebras. If charF =
0, then Id2(A) = Id2(B) if and only if Id2(G(A)) = Id2(G(B)). If A and B are prime and finite-
dimensional over F, and F is algebraically closed, then any of the former equalities implies A ∼=2 B [2].
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If two Z2-graded algebras satisfy the same set of superpolynomial identities, i.e., Id(G(A)) = Id(G(B)),
then it does not readily imply that the set of Z2-graded polynomial identities are the same. Thus, it is
not trivial to conclude that A ∼=2 B.

Using the ∗-operation, we can define supervarieties of �-algebras:

Definition 16. Let V be a variety of Z2-graded �-algebras. Then, the variety of V -super �-algebras is
the class V ∗ of all Z2-graded �-algebras A such that G(A) ∈ V .

Another consequence of Lemma 14 is as follows. A V -supervariety is a variety of Z2-graded �-
algebras. Moreover:

Corollary 17. Let {fi | i ∈ I } be a set of multilinear polynomials in F�〈XZ2〉 defining a variety V of
Z2-graded �-algebras. Then, V ∗ is a variety of Z2-graded �-algebras defined by {f ∗

i | i ∈ I }.

Now, we have seen that A satisfies a Z2-graded PI if and only if G(A) satisfies as well. Next, we
investigate the same question in the context of ordinary �-polynomial identities. It is clear that if G(A)

satisfies a PI, then A satisfies the same PI (since A ⊆ G(A)). Since we assume that charF = 0, we need
only to deal with multilinear polynomial identities. As before, we denote by Gm the finite-dimensional
Grassmann algebra generated by m elements, and Gm(A) denotes the respective Grassmann envelope.

Lemma 18. Let m ∈ N and f = f (x1, . . . , xm) ∈ F�〈X〉 be multilinear. Then, f ∈ Id�(G(A)) if and only
if f ∈ Id�(Gm(A)). Moreover, f ∈ Id�(A ⊗ G) if and only if f ∈ Id�(A ⊗ Gm).

Proof. Since Gm(A) ⊆ G(A), it is clear that Id�(G(A)) ⊆ Id�(Gm(A)). Now, assume that f ∈
Id�(Gm(A)) is multilinear. Since f is multilinear, it is enough to check that f annihilates a set of
generators of G(A). So, let a1 ⊗ g1, …, am ⊗ gm ∈ G(A). Write gi = hidi, where hi ∈ G0 and either
di = 1 or di = e�i . Then,

f (a1 ⊗ g1, . . . , am ⊗ gm) = f (a1 ⊗ d1, . . . , am ⊗ dm)h,
where h = h1 · · · hm ∈ Gm. Up to renaming generators, one has a1 ⊗ d1, …, am ⊗ dm ∈ Gm(A). Thus,
f (a1 ⊗ d1, . . . , am ⊗ dm) = 0, and f ∈ Id�(G(A)). A similar argument holds valid for A ⊗ Gm and
A ⊗ G.

Theorem 19. Let A be a Z2-graded �-algebra such that cm(A) < ∞, for all m ∈ N. Then
cm(A) ≤ cm(G(A)) ≤ 2mcm(A).

Proof. Let m ∈ N. From the previous lemma, it is enough to compute Pm,�(Gm(A)). Every multilinear
polynomial f ∈ Pm,�(Gm(A)) can be viewed as a multilinear map

(a1, . . . , am, g1, . . . , gm) ∈ Am × Gm
m �→ f (a1 ⊗ g1, . . . , am ⊗ gm) ∈ A ⊗ Gm.

This identification is clearly injective. For, the existence of a multilinear polynomial having 0 as its image
implies that it is a polynomial identity for Gm(A). Now, from Lemma 14, the former equation equals
f ∗(a1, . . . , am) ⊗ g1 · · · gm. Thus, dim Pm,�(Gm(A)) is bounded by dim(Pm,�(A) ⊗ Gm). The first one
has dimension cm(A), while the second has dimension 2m. Hence,

cm(G(A)) = cm(Gm(A)) ≤ 2mcm(A),
for all m ∈ N.

As a consequence, we have the following:

Corollary 20. Let A be a Z2-graded �-algebras, and V be a variety of �-algebras such that dim Pm,�(V )

asymptotically grows strictly faster than 2mcm(W ) for any proper subvariety W ⊂ V , and assume that A,
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G(A) ∈ V . Denote by F(V ) its relatively free algebra. Let A be a Z2-graded �-algebra. Then A satisfies a
PI from F(V ) if and only if G(A) satisfies as well.

Proof. SinceA ⊆ G(A), every polynomial identity satisfied by G(A) is satisfied byA as well. Conversely,
assume thatA satisfies a polynomial identity inF(V ). It means that 2mcm(A) < cm(V ), for some m ∈ N.
From the previous theorem, one has

cm(G(A)) ≤ 2mcm(A) < cm(V ).

Thus, G(A) satisfies a polynomial identity in F(V ).

The former result is slightly stronger than the statement “A is a PI-algebra if and only if G(A) is
a PI-algebra”. Consider, for instance, the associative case. Then A is associative if and only if G(A) is
associative. Thus, both algebras satisfy the polynomial identity given by the associator (xy)z − x(yz).
However, it is known that we have a stronger result: if A satisfies a polynomial identity as an associative
algebra, then G(A) also satisfies a polynomial identity from the free associative algebra. The associative
context is a particular case of the statement of the previous corollary. Indeed, let V be the variety of
all associative algebras. The variety V satisfies cm(V ) = m!, and Regev’s result states that every proper
subvariety of V is exponentially bounded (see [12]). Thus, 2mcm(W ) < cm(V ), for convenient values
of m and any proper subvariety W ⊂ V . Hence, V satisfies the hypothesis of the previous result.

Remark 21. As a final remark, we have that Id�(A) = Id�(G(G(A))). Indeed, we shall prove
that both �-algebras satisfy the same set of Z2-graded multilinear polynomial identities. Let f =
f (y1, . . . , yr , z1, . . . , zr) ∈ F�〈XZ2〉 such that f ∈ Id2(A). It is clear that f ∗∗ = f . Then, for any
homogeneous (ai ⊗ gi) ⊗ hi, (a′

j ⊗ g′
j) ⊗ h′

j ∈ G(A), we have, from Lemma 14,

f ((a1 ⊗ g1) ⊗ h1, . . . , (a′
s ⊗ g′

s) ⊗ h′
s) = f ∗(a1 ⊗ g1, . . . , a′

s ⊗ g′
s) ⊗ h

= f (a1, . . . , a′
s) ⊗ g ⊗ h = 0,

where g = g1 . . . grg′
1 · · · g′

s and h = h1 · · · hrh′
1 · · · h′

s. Thus, f ∈ Id2(G(G(A))). Since both algebras
satisfy the same set of multilinear Z2-graded polynomial identities, then they satisfy the same set
of Z2-graded polynomial identities (charF = 0). Moreover, as a consequence, one has Id�(A) =
Id�(G(G(A))).

4.3. Polynomial identities of the Grassmann algebra

In this section, we shall compute the �-polynomial identities of the Grassmann algebra. The result
obtained here will be important to obtain a generalization of Lemma 9 in the context of �-algebras.
The natural structure of �-algebra on G (and on Gm) is as follows. First, for any μ ∈ �0, we shall
associate

μ �→ 1 ∈ G.

If ω ∈ �n, then, we set

ω(g1, . . . , gn) = g1 · · · gn, g1, . . . , gn ∈ G.

Before we proceed, it is worth mentioning the following. If A and B are �-algebras, then A ⊗ B is an
�-algebra as well, via the map satisfying:

ω : (a1 ⊗ b1, . . . , an ⊗ bn) ∈ (A ⊗ B)n �→ ω(a1, . . . , an) ⊗ ω(b1, . . . , bn) ∈ A ⊗ B.

Then, given any Z2-graded �-algebra A, the above defined �-operations on G gives operations on the
tensor product A ⊗ G. These operations agree with the natural one defined in Section 4.2.
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First, note the following polynomial identities satisfied by G:

(1) ω(x) − x ∈ Id�(x), for any ω ∈ �1. Thus, operations in �1 may be ignored.
(2) given ω ∈ �n, we have several associativity relations that are polynomial identities for G. For

instance, if n = 3, then one of the many possible combinations is:

ω(x1, ω(x2, x3, x4), x5) − ω(ω(x1, x2, x3), x4, x5) ∈ Id�(G).

(3) if ω, ω′ ∈ �n, then ω − ω′ ∈ Id�(G). Thus, we may fix one ω ∈ �n, and any other ω′ ∈ �n can be
represented via ω, modulo Id�(G).

(4) if ω ∈ �n and ω′ ∈ �t , where t > n, then

ω′(x1, . . . , xt) − ω · · ·ω︸ ︷︷ ︸
t − n + 1 times

(· · · (x1, . . . , xn), . . . , xt) ∈ Id�(G).

It means that we may choose a ω ∈ �n, where n > 1 is the first index such that �n �= ∅. Any other
operation may be represented via ω, modulo Id�(G).

(5) If �0 �= ∅ and μ ∈ �0, then for any ω ∈ �n (where n > 1), we have a bilinear polynomial

p(x, y) = ω(x, y, μ, . . . , μ) ∈ F�〈X〉.
This polynomial behaves like a binary operation on G, and, in particular, the polynomial identities
(2)–(4) hold valid if we replace ω by p.

Let T be the T�-ideal generated by all of the above polynomial identities. The identities (1)-(5) mean
that we may replace the free �-algebra by the relatively free �-algebra F�〈X〉/T. If �0 = ∅, then, from
identities (3) and (4), this relatively free algebra can be seen as the set of all words of length at least n,
where n > 1 is the first index such that �n �= ∅. From identity (2), these words can be left-normed. In
other words, if we suppress the operations, then we can identify the words of F�〈X〉/T with the words
in the free associative algebra. In the special case where �0 �= ∅, then F�〈X〉/T coincides with the free
associative algebra F〈X〉. Hence, a basis of F�〈X〉/T is described below:

(i) If �0 �= ∅, then a basis consists of 1 and xi1 · · · xim , for m ≥ 1, and xi1 , …, xim ∈ X.
(ii) If �0 = ∅ and n > 1 is the first index such that �n �= ∅, then a basis consists of all words xi1 · · · xim ,

where m ≥ n, and xi1 , …, xim ∈ X.

In particular, we can identify the set of multilinear polynomials Pm,�/T ∩ Pm,� and the multilinear
associative polynomials Pm, for all m ≥ n. Moreover, we have Pm,�(G) = Pm(G). Thus, it is enough to
find a set of polynomial identities in I ⊆ Id�(G) such that Pm(G) ≡I Pm,�. If either �2 �= ∅, or �0 �= ∅,
then the description of the polynomial identities Id�(G) coincides with the classical associative case (up
to all the polynomial identities (1)–(5)).

Remark 22. Let A be a (binary) associative algebra and assume that �0 = ∅. Then, for any ω ∈ �n
(n > 0), we can define

ω : (a1, . . . , an) ∈ An �→ a1 · · · an ∈ A.

Using this, the polynomial identities (1)–(5) holds valid. Thus, A belongs to the variety of �-algebras
generated by T.

Theorem 23. Consider the relatively free algebra F�〈X〉/T. Assume that �0 �= ∅. Then,

Id�(G) = 〈[x1, x2, x3]〉T .

If �0 = ∅ and n > 1 is the least integer such that �n �= ∅, then a set of generators of �-polynomial
identities of G is

{x1 · · · xi[xa, xb]xi+1 · · · xn−2 − x1 · · · xn−2[x1, xb] | i = 0, 1, . . . , n − 3} .
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Proof. First, recall that, as an associative algebra, Id(G) = 〈[x1, x2, x3]〉T , and a basis of Pn(G) consists
of all xi1 · · · xir [xj1 , xj2 ] . . . [xjs−1 , xjs ], where s, r ≥ 0, s + r = n, s is even, i1 < · · · < ir , and j1 < · · · < js
(see, for instance, [4]).

Now, let us assume that �0 = ∅ and n > 1 is the first index such that �n �= ∅. With all the notations
set, we shall compute the polynomial identities of the Grassmann algebra. First, note that, for any i =
0, 1, . . . , n − 3,

x1 · · · xi[xa, xb]xi+1 · · · xn−2 − x1 · · · xn−2[xa, xb] ∈ Id�(G). (1)

In particular, when i = n − 3, the described polynomial is the triple commutator up to a sequence of
variables, that is, x1 · · · xn−3[xn−2, xn−1, xn]. Moreover, the difference between two consecutive identities
of (1) gives the triple commutator x1 · · · xi[xa, xb, xc]xi+1 · · · xn−3 in the middle of a sequence of
variables.

Now, we shall prove that the polynomials

x1 · · · xi[xa, xb][xc, xd]xi+1 · · · xn−4 − x1 · · · xi[xa, xc][xb, xd]xi+1 · · · xn−4,

for all i = 0, 1, . . . , n − 4, are consequence of (1). This follows from the fact that x1 · · · xi[xa, x][x, xd]
xi+1 · · · xn−4 is a consequence of the same set of identities, which can be checked using standard
computations.

It is known that the space of multilinear associative polynomials may be written as a linear combina-
tion of

xi1 · · · xir c1 · · · ct ,

where i1 < · · · < ir and c1, …, ct are commutators (see, for instance, [4]). Then, it is clear that the set

xi1 · · · xir [xj1 , xj2 ] · · · [xjs−1 , xjs ], r, s ≥ 0, s even, i1 < · · · < ir , j1 < · · · < js,

generates Pm, modulo the T-ideal generated by (1). From the previous discussion, we obtain that this is
a set of generators for Id�(G).

Problem. Find a minimal basis of polynomial identities of Id�(G).

From all the discussion and the proof of the previous theorem, the polynomial identities of the finite-
dimensional Grassmann algebra is as follows.

Theorem 24. Assume that �0 �= ∅, and let m ∈ N, k = �m
2 �. Then

Id�(Gm) = 〈[x1, x2, x3], [x1, x2] · · · [x2k+1, x2k+2]〉T .

If �0 = ∅, and n > 1 is the least integer such that �n �= ∅, then

Id�(Gm) = Id�(G) + 〈[x1, x2] . . . [x2k+1, x2k+2]x2k+3 · · · xn〉T ,

where x2k+3 · · · xn is empty if n ≤ 2k + 2.

Proof. The finite dimensional Grassmann algebra Gm has the set of associative polynomial identities
given by

Id(Gm) = 〈[x1, x2, x3], [x1, x2] · · · [x2k+1, x2k+2]〉T ,

and a basis of Pn(Gm) is the same as of G, except that s ≤ k (in the notation of the proof of the previous
theorem). Now, the proof is a continuation of the arguments of the previous theorem.

In particular, Gm and Gm′ satisfy the same set of �-polynomial identities if and only if �m
2 � = �m′

2 �.
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4.4. Graded-simple algebras

First, we denote the vector space FZ2 = 1F ⊕ εF, and we define

εm =
{

1, if m is even,
ε, if m is odd.

Using this terminology, we shall construct the algebra A ⊗ FZ2, where A is an arbitrary �-algebra. As
vector space, the elements of A ⊗ FZ2 are linear combination of elements of the kind a := a ⊗ 1 and
εa := a ⊗ ε, for a ∈ A. We define a structure of �-algebra on A ⊗ FZ2 as follows. Given ω ∈ �n and
εi1 a1, …, εin an ∈ A ⊗ FZ2, we set

ω(εi1 a1, . . . , εin an) = εi1+···+inω(a1, . . . , an).
The given structure turnsA⊗FZ2 into aZ2-graded �-algebra. Note that, if we give the natural structure
of �-algebra onFZ2, as described in Remark 22, then the just defined structure of �-algebra onA⊗FZ2
coincides with the structure of �-algebra on the tensor product of A and FZ2. Now, we have:

Lemma 25. Let A be an �-algebra. Then A ⊗ FZ2 is graded-simple if and only if A is simple.

Proof. Assume that A is simple as an �-algebra. Then (A ⊗ FZ2)
2 ⊇ A2 �= 0. Let I ⊆ A ⊗ FZ2

be a Z2-graded ideal, and assume that I �= 0. Then, we can find 0 �= a + εb ∈ I, where a, b ∈ A.
Then, either a �= 0 or b �= 0 (or both are nonzero), so assume that a �= 0. Since I is a graded ideal, it
means that a ∈ I. Since A is simple, one has a · A = A. Thus, for any c ∈ A, we can find a polynomial
f = f (x1, x2, . . . , xm) ∈ F�〈X〉 and a2, …, am ∈ A, such that c = f (a, a2, . . . , am). It also implies that
εc = f (εa, a2, . . . , am). Thus, c, εc ∈ I, so I = A ⊗ FZ2. An analogous argument holds if b �= 0.

On the other hand, assume that A is not simple. If A2 = 0, then the construction of A⊗FZ2 implies
that (A⊗ FZ2)

2 = 0. On the other hand, if I ⊆ A is an ideal, I �= 0 and I �= A, then it is elementary to
see that I ⊗ FZ2 is a graded ideal of A ⊗ FZ2. Hence, in any case, A ⊗ FZ2 is not graded-simple.

Now, we shall prove the following description of Z2-graded-simple �-algebras.

Theorem 26. LetA be aZ2-graded �-algebra which is graded-simple, over a fieldF of characteristic not 2.
Then either A is simple as an �-algebra, or A ∼=2 B⊗FZ2 as �′-algebras, where B is a simple �′-algebra,
and �′ = (�0 ∩ A0) ∪ ⋃

n>0 �n.

It is interesting to mention that, when � = �2 = {·} (that is, A is a binary algebra), this result
is already known. Moreover, Elduque proves a more general result for an arbitrary grading group
G [5].

We shall break the proof of Theorem 26 in a few steps. From now on, on this subsection, unless
otherwise explicitly mentioned, we shall assume that A = A0 ⊕ A1 is a Z2-graded �-algebra which
is graded-simple. Moreover, we shall assume that A is not simple as an �-algebra. We denote by πi :
A → A the projection A → Ai (with respect to the decomposition A = A0 ⊕ A1), followed by the
embedding Ai ↪→ A. We shall use the same symbol to denote the projection πi : A → Ai.

Lemma 27. Let I ⊆ A be an ungraded ideal such that I �= 0 and I �= A. Then, the maps πi|I : I → Ai
are linear isomorphisms.

Proof. Note that I cannot contain a homogeneous element. Indeed, assume that a ∈ I is homogeneous,
and let J be the graded-ideal of A generated by a. Then, J is a nonzero homogeneous ideal contained
in I. Since A is graded simple, then A = J ⊆ I, a contradiction. Now, given x ∈ A, the condition
πi(x) = 0 implies either that x is homogeneous of Z2-degree equals to i+1, or x = 0. From the previous
discussion the former is impossible, so we have that πi|I is an one-to-one linear map. Now, let x ∈ I \{0},
and let y ∈ A0. Then π0(x) �= 0 and A = A · π0(x). Thus, we can find a multilinear polynomial
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f (x1, x2, . . . , xm) ∈ F�〈X〉 and homogeneous a2, a3, …, am ∈ A such that y = f (π0(x), a2, a3, . . . , am).
Now,

f (x, a2, a3, . . . , am) = f (π0(x), a2, a3, . . . , am) + f (π1(x), a2, a3, . . . , am),

is the decomposition as a sum of homogeneous element. It means that y = πj(f (x, a2, a3, . . . , am)) (for
some j ∈ {0, 1}), and f (x, a2, a3, . . . , am) ∈ I, since I is an ideal. Thus, the restriction of the projections
are onto maps.

From now on, we shall fix an ungraded ideal I ⊆ A, such that I �= 0 and I �= A.

Lemma 28. Let f = f (x1, . . . , xm) ∈ F�〈X〉 be a multilinear polynomial, where m ≥ 2, and a3, …,
am ∈ A be Z2-homogeneous elements. Denote

d : (x, y) ∈ A × A �→ f (x, y, a3, . . . , am) ∈ A.

Then, given x, y ∈ I, one has

d(π0(x), π1(y)) = d(π1(x), π0(y)), d(π0(x), π0(y)) = d(π1(x), π1(y)).

Proof. On one hand, d(π0(x), y), d(x, π0(y)) ∈ I. Moreover,

d(π0(x), y) = d(π0(x), π0(y)) + d(π0(x), π1(y))

is the decomposition of d(π0(x), y) as a sum of homogeneous elements. On the other hand,

d(x, π0(y)) = d(π0(x), π0(y)) + d(π1(x), π0(y))

is the decomposition of d(x, π0(y)) as the sum of its homogeneous components. One of the homogeneous
component is the same for both elements. From Lemma 27, it implies that d(π0(x), y) = d(x, π0(y)),
since both belong to I. As a consequence, the other homogeneous component also coincide, that is,

d(π0(x), π1(y)) = d(π1(x), π0(y)).

So we get the first relation.
Now,

d(π1(x), y) = d(π1(x), π0(y)) + d(π1(x), π1(y)).

Again, a homogeneous component of this element coincide with a homogeneous component of
d(x, π0(y)). Then, from Lemma 27, both elements coincide so the other homogeneous component
must be equal. It means that d(π0(x), π0(y)) = d(π1(x), π1(y)).

As a consequence, we have:

Lemma 29. Let f = f (x1, . . . , xm) ∈ F�〈X〉 be a multilinear polynomial and a1, …, am ∈ I. Then:

(i) π0(f (a1, . . . , am)) = 2m−1f (πi1(a1), . . . , πim(am)), for any sequence (i1, . . . , im) containing an even
number of 1’s,

(ii) π1(f (a1, . . . , am)) = 2m−1f (πi1(a1), . . . , πim(am)), for any sequence (i1, . . . , im) containing an odd
number of 1’s.

Proof. First, from Lemma 28,

f (πi1(a1), . . . , πim(am)) = f (πj1(a1), . . . , πjm(am))
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whenever i1 + · · · + im ≡2 j1 + · · · + jm. Now, let (i1, . . . , im) ∈ {0, 1}m be a sequence containing an
even number of 1’s. Writing a� = π0(a�) + π1(a�), one has, from multilinearity:

π0(f (a1, . . . , am)) =
∑

(j1,...,jm)
j1+···+jm≡20

f (πj1(a1), . . . , πjm(am))

= 2m−1f (πi1(a1), . . . , πim(am)).

This proves (i). In a similar way we get (ii).

Finally, we can prove the main result of this subsection:

Proof of Theorem 26. If A is simple as an �-algebra, then there is nothing to do. Otherwise, let I ⊆ A
be an ungraded ideal, such that I �= 0 and I �= A. Denote �>0 = ∪n>0�n. As I is itself an �>0-algebra,
define

ϕ : x + εy ∈ I ⊗ FZ2 �→ 2π0(x) + 2π1(y) ∈ A.

Clearly ϕ is a well-defined Z2-graded linear map, and Lemma 27 tells us that ϕ is a linear isomorphism.
It remains to show that ϕ is a homomorphism of �>0-algebras. So, let n > 0, ω ∈ �n, and εi1 a1, …,
εin an ∈ I ⊗ FZ2, and denote i = i1 + · · · + in. Then, using Lemma 29, one has

ϕ(ω(εi1 a1, . . . , εin an)) = 2πi(ω(a1, . . . , an)) = 2nω(πi1(a1), . . . , πin(an))

= ω(2πi1(a1), . . . , 2πin(an)) = ω(ϕ(εi1 a1), . . . , ϕ(εin an)).

Thus, I ⊗ FZ2 ∼=2 A as Z2-graded �>0-algebras. Now, from Lemma 25, we see that I is a simple �>0-
algebra. Moreover, for any μ ∈ �0, if μ ∈ A0, then we can define μ �→ ϕ−1(μ) ∈ I. Thus, I contains
all 0-ary operations of A of trivial homogeneous degree. Hence, I is an �′-algebra, and I ⊗ FZ2 ∼=2 A
is an isomorphism of �′-algebras.

4.5. Some generalization

Using the results of this section, we obtain the following generalizations of the counter-examples found
in the associative case. We highlight these cases. First, we need a technical result. The associative case is
proved in [1, Theorem 7.2.3]. The same argument holds valid in the context of �-algebras.

Lemma 30. Let A, A′, B, B′ be finite-dimensional �-algebras, and assume that Id�(A′) ⊆ Id�(A), and
Id�(B′) ⊆ Id�(B). Then

Id�(A′ ⊗ B′) ⊆ Id�(A ⊗ B).

As a consequence, combining the previous proposition and Theorem 24, we have an extension of
Lemma 9.

Proposition 31. Let A be an �-simple algebra, and let m, m′ ∈ N. Then, �m
2 � = �m

2 � implies

Id�(Gm(A ⊗ FZ2)) = Id�(Gm′(A ⊗ FZ2)).

Problem. Does the converse of the previous corollary hold?

From Theorem 26, and repeating the reasoning of the associative case, we have an extension of
Lemma 6.
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Proposition 32. Let A be a finite-dimensional simple �-algebra. Then A ⊗ FZ2 = A ⊕ εA is a Z2-
graded-simple �-algebra. Moreover, for any m ∈ N,

Id(G1(A ⊗ FZ2)) = Id(Gm(A)) = Id(G(A)),

but A ⊗ FZ2 �∼= A.
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