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1. Introduction

A remarkable result due to Kemer (see [10]) states that, over a field of characteristic zero, every associative
PI-algebra is PI-equivalent to the Grassmann envelope of a finite-dimensional associative Z;-graded
algebra. This result, known as Representability Theorem, has profound and important consequences.
For instance, Kemer proved that every variety of associative algebras over a field of characteristic zero
satisfies the Specht property [10]. Another remarkable result is due to Giambruno and Zaicev, and they
establish the existence and integrity of the exponent of an associative PI-algebra [8, Theorem 6.5.2].

On the other hand, it is known that polynomial identities completely determine a finite-dimensional
prime 2-algebra over an algebraically closed field [11, Section 5] (see also [2, 3] and references therein).
So, it seems to be interesting to investigate a related question, proposed by I. Shestakov: do the
superpolynomial identities (i.e., the polynomial identities of the Grassmann envelope of a Z,-graded
algebra) completely determine a finite-dimensional graded-simple algebra over an algebraically closed
field?

In this paper, we study the Grassmann envelope of finite-dimensional graded-simple associative
algebras, with a particular focus on the finitely generated Grassmann algebras. Some of our results are
extended to the nonassociative setting. Firstly, we establish a general structural result regarding the finite-
dimensional Grassmann envelope of an algebra (see Section 3.1). These results are straightforward and
follow from simple observations. Next, we determine the polynomial identities of G;(A), where A is
a finite-dimensional Z,-graded-simple associative algebra and G is the Grassmann algebra of rank 1
(Propositions 4 and 5). The first one is self-evident, while the second one utilizes the theory developed
by Giambruno and Zaicev. Lastly, we classify when two finite-dimensional graded-simple associative
algebras satisfy the same set of superpolynomial identities (Theorem 12). We develop a general theory
of the Grassmann envelope for arbitrary Z,-graded 2-algebras (Section 4). Some of the results proved
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in the associative case carry over to the general setting of an arbitrary signature. Finally, we provide a
description of Z,-graded-simple 2-algebras (Theorem 26).

2. Preliminaries and notation

We assume that IF' is an algebraically closed field of characteristic zero. The Grassmann algebra is denoted
by G and its generators are ey, ez, ..., and Gy, stands for the Grassmann algebra generated by the first m
elements. We denote by G* and G}, the respective Grassmann algebras without unity. It is clear that we
have a decomposition G,, = (G)° @ (Gp)', G, = (G*m)o ® (G*m)l, etc, as sum of elements of even
and odd lengths, providing Z,-graded algebras. If A = A% & Al is a Z,-graded algebra, we define its
Grassmann envelope as G(A) = G° ® A’ ® G! ® A!. In the same way we define G*(A), G, (A) and
G, (A).

We denote by My, the Z,-graded algebra (My¢, (0,...,0,1,...,1)), and we assume that k > £ > 0

— ——
ktimes £ times

and k > 0 (the case £ = 0 corresponds to the matrix algebra My (F) endowed with the trivial grading).
That is,

A B
Mk,e = {( C D ) |A GMk,DEMZ,BGka[,CEMixk},

and the Z,-decomposition is

= [(§ 8} o= [(2 2}

The algebra M,,(FZ,) = M, (F) ® eM,,(F), where £? = 1, has a natural Z,-grading. The Z,-grading
is given by (M,,(FZ,))° = M,(F) and (M, (FZ,))! = eM,(F). It is known that a finite-dimensional
Z-graded-simple associative algebra over IF is either graded-isomorphic to My, or M, (FZ,) (see, for
instance, [8, Theorem 3.5.3]).

The set of polynomial identities of a given algebra A is denoted by Id(A). If A is Z,-graded, then the
set of its Z,-graded polynomial identities is denoted by Id,(.A).

Let A and B be Z,-graded algebras. We denote A =, B if they are isomorphic as Z,-graded algebras.

3. Main results: associative case
3.1. Structure results on G,,(A)

First, note that G}, (A) is an ideal of G, (A) and G, (A)™ ! = 0.In particular,if m > 0and A' # 0, then
Gm(A) is never a semiprime algebra (G(A) is not semiprime as well). Thus, we have the Wedderburn-
Malcev decomposition of G, (A):

Proposition 1. Let A = A° & A! be a finite-dimensional associative 7,-graded algebra. Assume that
A® = S+, where S is a semisimple subalgebra, ] = J(A°) is the Jacobson radical of A%, and SN ] = 0.
Then, for any m € N,

Gu(A) = S+ (J + G,,(A)),
and ] + G}, (A) is the Jacobson radical of G,,(A).

Proof. Let N = J + G¥,(A). Since A° is finite-dimensional, ] is a nilpotent ideal of .A°. In addition, as
discussed before, G}, (A) is a nilpotent ideal as well. Thus, N is a nilpotent ideal, so it is contained in the
Jacobson radical of G,,(A). Since G,,,(A)/N = § is semisimple, we see that J(G,,(A)) € N. Thus, we
obtain the equality. O
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Applying the result for the graded-simple associative case, the previous theorem reads as:

Corollary 2. Let m € N. Then, the Wedderburn-Malcev decomposition of the finite-dimensional
Grassmann envelope of the finite-dimensional graded-simple associative algebras are the following:

Gm(Mye) = My & Mg + G,(Mg),

Gn(Mn(FZ2)) = My + G, (My(FZ2)),

where G}, (My,) and G},,(M,(FZ,)) are their respective Jacobson radicals.

Proof. We have (Me)® = My @ My and (M,,(FZ,))° = M, (F). Hence, both are semisimple and we
apply Proposition 1. O

Thus, we are able to compute the PI-exponent of such algebras:

Corollary 3. Given m € N, one has
exp(Gm(Myy)) = k> + 02, exp(Gp(M,(FZy))) = n?.
In addition,

exp(G(Me)) = (k+ 0% exp(G(M,(FZy))) = 2n*.

Proof. The infinite-dimensional case is well-known (see [8, Corollary 6.6.3]). Now, from Giambruno-
Zaicev results [8, Section 6.2 and Proposition 6.5.1], it follows that the exponent of G,(M,(FZ,))
coincides with the dimension of its semisimple part. Thus,

exp(Gm (M, (FZy))) = dim M, = n®.

Now, if £ > 0, then it is easy to see that MG}, (My,¢)M; # 0. Therefore, again from Giambruno-Zaicev
results, one has

exp(Gm(Myy)) = dim My @ My = k> + 2.
O

As an easy consequence, the numbers exp(li_r)n G (A)) and limy,_, o exp(G,,(A)) do not have to

coincide.

3.2. Polynomial identities of Gq(.A)
We describe the polynomial identities of G;(A) when A is a finite-dimensional Z,-graded-simple

associative algebra.
The first family of algebras is an easy remark:

Proposition 4. 1d(G; (M, (FZ,))) = Id(M,(F)).

Proof. Note that G;(M,(FZ,)) = M,(G;) = M,(F) ® G;. Since G; is a unital associative and
commutative algebra and F is infinite, then Id(M, (F) ® G;) = Id(M,,). O

For the next family, we have:

Theorem 5. 1d(G;(Mgy)) = Id(My)Id(Mp).
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Proof. From Corollary 2, one has
G1 (M) = M & My +J,

where J> = 0. Thus, clearly Id(My)Id(M;) < Id(G;(Mxye)). From Giambruno-Zaicev results [8,
Theorem 1.9.1], it is known that

Id(Mp)Id(Me) = Id(UT(k, £)),

where UT (k, £) is the upper block-triangular matrix algebra. Moreover, again from Giambruno-Zaicev
results [8, Theorem 8.5.6], UT(k, £) generates a minimal variety of exponent k? + £2. Since this number
equals the exponent of G; (M) (Corollary 3), it follows that

Id(MId(M) = 1d(G1 (M)
O

Question. Describe the polynomial identities of G,,(A) when A is an associative Z,-graded-simple
algebra.

3.3. Distinguishing simple algebras by their superpolynomial identities

We use the notation G (A) := G(A). First, note that, if A is ungraded, that is A° = A and A' = 0,
then for any m € N U {0}, one has

Gn(A) = (Gn)°’ ® A.

Since (Gp,)" is a unital associative and commutative algebra and F is infinite, then Id(A) = 1d(G,,(A)).
Thus, combining with Proposition 4, we have our first remark:

Lemma 6. Forany m € N U {oo},
1d(G1(Mn(FZ2))) = 1d(Gm (M (F))),
but M,(FZ,) # M, (F).

Now, we shall investigate the algebras G(Mj ().

Lemma 7. Let m € N. Then Id(My)" ™! C 1d(G,(Myy)). In addition, the product of m standard

polynomials of degree 2k is not a PI for My, that is,
2k (X15 -+ > X20)S2k (X2 15 - - > Xak) * 2k (X2k(m—1)+15 - - - > X2km) & 1d(G (Mp)).
Proof. The first assertion follows from Corollary 2, since
Id(My) € 1d(Gm(Mie)/ Gy (M),
and G}, (My¢)™ ! = 0. To prove the last assertion, note that

52k (€115 €125 - - + > Bk—1,k» Chk» €iChk+1) = €i€1 k+1>

2k (€i€k-+1,k> Ckk> € k—1> - - -» €21, €11) = €i€k+1,1>
Thus, we may find an evaluation on the product of m standard polynomials giving
(ererir1)(e2err1,1) - - (emery) = €1 - - - emery # 0,

where (t,t') = (1,k+ 1) if mis odd, or (¢t,¢') = (k + 1,1) otherwise. O
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Lemma 8. Let m,m’ € NU {oo}. If Id(Gy(My¢)) = 1d(Gpy (My o)), thenm = m', k =k and £ = {'.

Proof. Assume that Id(G, (M) = 1d(Gy (My ¢)). If m < oo, from Lemma 7, Capyz . - - - Capja ;| €

m + 1 times
1d(Gy(Mpe)). Thus k¥ < k and m’ < oo. Reversing the argument, we see that k = k. Hence, from
Lemma 7, since Id(My)™ € Id(G,y(My ¢)), we obtain that m < m’. Repeating the argument, one
obtains m = m’'. Finally, from Corollary 3, one has

K + € = exp(Gn(Mp ) = exp(Go (M 1)) = K + £7.

Thus, £ = ¢'. The same conclusion holds valid if we start assuming that m’ < oco.

So we may assume that m = m’ = co. However, this case follows from the classical Kemer’s theory.
O

Finally, we shall deal with the situation of M, (FZ,).
Lemma9. We have |5 | = LmT/J if, and only if, 1d(G,, (M, (FZy))) = 1d(G,,y (M, (FZy)).

Proof. Since Gy (M, (FZ3)) = My(Gp), and Id(G2m+1) = Id(Gam), we obtain from [1, Theorem 7.2.3]
that

1d(Gom1 (M (FZ2))) = 1d(Gom(My(FZ2)).

Since charF = 0, Frenkel [7, Theorem 5 and Proposition 6] found the minimal degree of a Capelli
identity satisfied by G, (M,,(FZ5)), which is n* + |m/2] + 1. This proves the converse of the statement.
O

Now, we shall prove that My, and M,,(FZ,) do not satisfy the same set of superpolynomial identities,
with the exception of the case described in Lemma 6. We start with a well-known result:

Lemma 10. The algebras G(M,(FZ,)) and G(My,) (When £ > 0) satisfy no Capelli identity.
Lemma 11. Let m,m’ € NU {o0}. If Id(G, (M) = Id(Gpy (M, (FZ3)), then £ = 0 and m’ = 1.

Proof. First, assume that m = 0o. Then

n2,  ifm eN,

(k+ )% = exp(G(My.) = exp(Gp (My(FZ2))) ={ o =

The equality (k + £)? = 2n? is impossible. Thus, m’ € N and k + £ = n. So dim G,y (M,,(FZ,)) < oo,
and Gy (M,(FZ,)) satisfies Capelli identities. However, from Lemma 10, if £ > 0 then both algebras
cannot satisfy the same set of polynomial identities. Hence, £ = 0. If m’ > 1, then [7, Proposition 6]
tells us that Capy. | ¢ Id(G,y (M,,(FZ3))), a contradiction. So, m’ = 1.

Now, assume that m < oco. Since dim G, (M ¢) < 00 and from Lemma 10, one obtains that m’ < oo.
From Corollary 3, one has

kK + 0 = exp(Gu(Mi)) = exp(Gpy (M (FZ,))) = n’.
Thus, if £ > 0, then n > k. So
(Cal?1<2+1)m+1 € Id(Gu (M) \ 1d(Gpy (M (FZy2))),

a contradiction. Hence, £ = 0. Now, once again from [7, Proposition 6], we see that m’ = 1. O
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Combining all the lemmas, we obtain the following result:

Theorem 12. Let A and B be finite-dimensional Z,-graded-simple associative algebras over an alge-
braically closed field of characteristic zero. Let m, m" € N U {oo}. If

1d(Gn(A) =1d(Gw (B)),
then one of the following holds valid:

(1) A=y, M, (F), B=y M,(FZy), and m' = 1, or
(2) the same as above, where A and BB, and m and m' switch places, or
(3) A=, B. In addition:

(@) if A =y My(FZy), then | ] = [ ™ ].
(b) if A=y My, thenm = m,

Conversely, if any of the conditions above holds valid, then 1d(G,,(A)) = 1d(G,y (B)).
Proof. We separate in some cases. If A =, M, (FZ,) =, B, then from Lemma 9 we obtain the case

(3)(a). If A =5 My and B =, My ¢, then we apply Lemma 8 to be in the situation (3)(b). If A =, My,
and B =, M,(FZ,), then we apply Lemma 11 to obtain the assertion (1) (or (2) if A and B switch

places).
The converse follows from the following. The situations (1) and (2) are described in Lemma 6; the
situation (3)(b) is immediate, while the situation (3)(a) is given by Lemma 9. O

4. w-algebras

Now, we shall provide similar constructions to non-necessarily associative algebras. Indeed, we shall
prove the results in the context of Q-algebras (see the definition below). We write 2 = U,,>¢2,, and we
always assume that Q, 7 @ for some n > 2. For convenience, we include some basic definitions.

4.1. Preliminaries

Let Q = |JO_, 2 be a set, called signature. An Q-algebra is a vector space A such that every o € Q2
defines an m-ary operation on A, thatis, alinearmapw : A® --- @ A — A.
—_——

m times
A vector subspace I of A is called an ideal if for any w € Q,,n > 1,allay,...,as-1,d5¢1,...,a, € A

(where 1 < s < n)andall b € I, one has
w(ay,...,a5-1,b,0541,...,a,) € L.

Let BB be another €2-algebra. A linear map f : A — B is called a homomorphism of Q2-algebras if
f(w(al’ab cee ’an)) = w(f(al)’f((’h)’ o af(an))’

forall aj,az,...,a, € Aand all w € Q, where w is an n-ary operation. If, moreover, f is bijective, then
we call f an isomorphism of Q-algebras. In this case, we say that A and 5 are isomorphic 2-algebras. If
A = B andf is an isomorphism, then we call f an automorphism.

Given a non-empty set X, one can define the free Q2-algebra Fq (X) as follows. First we build the set
W = Wq(X) of 2-monomials in X as the union of subsets W,, n = 0,1,2,... given by Wy = Qo U X
and forn > 0,

W, = U U U a)(W,'l,...,W,'m).

m=1weQy, i1++inp+1<n
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From this definition, it follows that for any @ € €, and any a;,...,a, € W the expression
w(ay,...,an) is a well-defined element of W. The elements of W,, are called monomials of degree n.

Then we consider the linear span Fo (X) of W = Wq (X).IfF, = Span{W,} then Fo(X) = @B, F.
The elements of F, are called homogeneous polynomials of degree n. In a usual way, one defines the degree
of an arbitrary nonzero polynomial. By linearity, every w € €2,, defines an m-linear operation on Fg (X).
Also, it follows that for any $2-algebra 4 any map ¢ : X — A uniquely extends to a homomorphism
¢ : Fo(X) — A. The Q-algebra Fo(X) is called the free Q-algebra with the basis (set of free
generators) X.

The equation of the form f(x;,...,x,) = 0 where f(x1,...,x,) € Fo(X) is called a (polynomial)
identity in an Q-algebra A if under any map ¢ : X — A one has ¢(f(x1,...,%,)) = 0. In other way,
f(ai,...,a,) =0,foranyay,...,a, € A Thesetof all polynomial identities of A is denoted by Idg (A).

For a polynomial g € Fq, we use the notation g |x,—, to denote the value of g when x; is replaced by
a, and we use a similar notation for the evaluation in more than one variables. Let g = g(x1,..., %) €
Fq(X). We say that g is linear in the variable x; if

g |xi=xi+)n)/i= g+ )‘g |xi=}/i’

where A € . A multilinear polynomial is a polynomial which is linear in each of its variables.

Now, we shall assume that there exists m > 1 such that ©,, # ¢. Let A be an Q-algebra and §j,
S» € A. We define the product of S; and S, as the subspace spanned by all f(s1, $2, 41, . . ., a,), where
s1 €81, € 8s,a1, .0, € A;and f = f(x1, %2, 91, .., ¥r) € Fo(X) is linear in x; and x,. We denote
§? = S - S. Note that we get the same definition if we require the polynomial f to be multilinear. Then,
we say that:

(1) Aisa simple Q-algebra if A> # 0 and A has no proper nontrivial ideals.
(2) Ais prime if for any pair of nonzero ideals I;, I, € A, thenI; - I, # 0,
(3) A is semiprime if for any nonzero ideal I C A, one has I? # 0.

4.1.1. Gradings on w-algebras
The notion of a group grading extends naturally to an 2-algebra (see, for instance, [6]). We present here
only the situation where the grading group is Z;.

A Z,-grading on an Q2-algebra A is a vector space decomposition

A=A A,
where for each w € Q,, one has
(,()(Ail, L. ’Ain) g Al'1+"‘+l'n.

A graded homomorphism (isomorphism) between two Z;-graded 2-algebras is a homomorphism
(isomorphism) of ©2-algebras which is also a graded linear map. If there exists an isomorphism between
two 2-algebras, say A and 5, then we say that they are graded-isomorphic and denote A =, B.

The free Z,-graded Q-algebra is the free Q-algebra, freely generated by X”2 = X° U X!, where
X = {x%i), xg) ,. . .}. The free 2-algebra Fq (X”2) has a natural Z»-grading, and it satisfies the universal
property for the Z,-graded 2-algebras. We define a Z;-graded polynomial identity in the standard way.
The set of all Z,-graded polynomial identities of A is denoted by Id,(.A). We shall denote Y = X° and

Z = X', and denote y; = x\”, z = x.", for each k € N.

4.1.2. Codimension sequence

It will be relevant for us to consider the codimension sequence of an $2-algebra. We denote by P, o the set
of all multilinear polynomials of Fq (X) in the variables x1, ..., x;,. Note that one may have dim P,,, o =
oo. Given an Q-algebra A, we set

cm(A) =dim Py, /P NIdg(A), meN.
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In a similar manner as in the ordinary case, we define a variety ¥ of (2-algebras as the class of all Q-
algebras satisfying a given set of polynomials identities. The set of polynomials identities satisfied by all
the algebras in a given class 7" is denoted by Id(#"). Then, we set

cm(¥) =dim P, q/Pno Nldo(?), meN.

4.2. Grassmann envelope

Let A be an Q2-algebra. The tensor product A ® G has a structure of Q2-algebra, where
w—>u®le A®G, une
and, for any w € @, (n > 0), one has
®w:(a1®g,.-,a, Q%) €EARG" — w(ay,....,ay) ®g1...8n € ARG
Now, if A = A° @ Al is a Z,-graded Q-algebra, then we set
GA=A"RGCdA' ®G CARG.

Thus, G(A) becomes an 2-algebra. When Q = Q, = {-} (that is, A is a binary algebra), G(A) coincides
with the usual Grassmann envelope of A. Note that G(A) has a natural Z,-grading, where (G(A)? =
A’ ® G and (G(A)! = A' ® GL.

With these operations, G(A) (and A ® G) becomes a G°-algebra. It means that G(A) is a G’-module,
and every operation on G(A) is G%-linear.

The first results are standard and analogous to the ordinary case. Recall that every word in the free

algebra Fo (X) is uniquely determined if we suppress all the parenthesis of the operations [9, Lemma in
Section 2.7, p.79].

Definition 13 (x-operation). Let f = f(y1,...,¥r21,...,2) € Fq(X”?) be a multilinear polynomial,
and write

f = Z Z )"W,(TWOZO(I)WI c o Ws—1Z20 (s)Ws»
w oeS,

where each w; can be empty (i > 0) and contains variables of trivial degree and operations, wy is
nonempty and begins with an operation in ,, (n > 0) if degf > 1; and the sum varies between distinct
sequences w = (wg, W1, . .., Wws). We define

=000 (D7 hg WoZ (yWi -+ Ws— 1205 Wes

w oeS,

From a standard computation, we have:

Lemma 14. Let f = f(y1,...,Vr 21, ..,25) € Fo(X?2) be multilinear in all of its variables. Then, for
any admissible substitution on G(A), we have

f(al®hl)‘-'>a‘r‘®hhbl®g1)--'>b3®g5) :f*(ala"-’ar:bla--')bs)®g)
whereg = hy---heg1 - &

As one of the immediate consequences, we have:

Corollary 15. Let f € Fo(X?2) be a multilinear polynomial, and let A be a Z,-graded Q2-algebra. Then
f € 1d,(A) ifand only if f* € 1d(G(A)).

In particular, we have the following consequence. Let A and B be Z,-graded Q2-algebras. If char F =
0, then Id;(A) = Idy(B) if and only if Id,(G(A)) = I1d2(G(B)). If A and B are prime and finite-
dimensional over F, and IF is algebraically closed, then any of the former equalities implies A =, B [2].
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If two Z;-graded algebras satisfy the same set of superpolynomial identities, i.e., Id(G(A)) = Id(G(B)),
then it does not readily imply that the set of Z;-graded polynomial identities are the same. Thus, it is
not trivial to conclude that A =, B.

Using the *-operation, we can define supervarieties of $2-algebras:

Definition 16. Let ¥ be a variety of Z,-graded 2-algebras. Then, the variety of ¥ -super $2-algebras is
the class 7 of all Z,-graded Q2-algebras A such that G(A) € 7.

Another consequence of Lemma 14 is as follows. A ¥ -supervariety is a variety of Z,-graded -
algebras. Moreover:

Corollary 17. Let {f; | i € .#} be a set of multilinear polynomials in Fq(X?2) defining a variety ¥ of
Zp-graded Q2-algebras. Then, V* is a variety of Z,-graded 2-algebras defined by {f | i € /}.

Now, we have seen that A satisfies a Z,-graded PI if and only if G(A) satisfies as well. Next, we
investigate the same question in the context of ordinary Q-polynomial identities. It is clear that if G(A)
satisfies a PI, then A satisfies the same PI (since A C G(A)). Since we assume that char F = 0, we need
only to deal with multilinear polynomial identities. As before, we denote by G,, the finite-dimensional
Grassmann algebra generated by m elements, and G,,(A) denotes the respective Grassmann envelope.

Lemma 18. Letm € Nand f = f(x1,...,xm) € Fo(X) be multilinear. Then, f € Ida(G(A)) if and only
iff € Ida(Gm(A)). Moreover, f € Ida(A ® G) if and only if f € Idg(A ® Gp).

Proof. Since G,(A) S G(A), it is clear that Idg(G(A)) € Idg(Gm(A)). Now, assume that f €
Ido (G (A)) is multilinear. Since f is multilinear, it is enough to check that f annihilates a set of
generators of G(A). So, let a; ® g1, ..., am ® gm € G(A). Write g; = h;d;, where h; € G° and either
di = 1 or d; = eg;. Then,

fa1®g,. .., am Q@ gm) =f(a1®d1,...,am ® dn)h,

where h = h; - - - hy, € Gy, Up to renaming generators, one has a; ® dy, ..., dm ® diy € Gy (A). Thus,
fla1 ®di,...,am ®dpy) = 0,and f € Idg(G(A)). A similar argument holds valid for A ® G, and
A®G. O

Theorem 19. Let A be a Z-graded Q-algebra such that c,,(A) < oo, for allm € N. Then
cm(A) < em(G(A)) < 2" e (A).

Proof. Let m € N. From the previous lemma, it is enough to compute Py, o (G, (A)). Every multilinear
polynomial f € Py, 0(Gy(A)) can be viewed as a multilinear map
@15 s ams Q15 8m) €EA” X Gl > f(a1 Qg5+ »m @ gm) € AR Gy
This identification is clearly injective. For, the existence of a multilinear polynomial having 0 as its image
implies that it is a polynomial identity for G,,(A). Now, from Lemma 14, the former equation equals
f*(a1,....am) ® g1 - - - gm. Thus, dim Py, (G, (A)) is bounded by dim(Pp, o (A) ® Gp). The first one
has dimension c,,(.A), while the second has dimension 2. Hence,
cm(G(A)) = cn(Gn(A)) < 2" (A),
forallm € N. O

As a consequence, we have the following:

Corollary 20. Let A be a Z,-graded Q-algebras, and V" be a variety of Q-algebras such that dim Py, o (¥)
asymptotically grows strictly faster than 2™ c,,(W') for any proper subvariety W C V', and assume that A,
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G(A) € 7. Denote by F (V) its relatively free algebra. Let A be a Z-graded Q-algebra. Then A satisfies a
PI from F (V) if and only if G(A) satisfies as well.

Proof. Since A € G(A), every polynomial identity satisfied by G(A) is satisfied by A as well. Conversely,
assume that A satisfies a polynomial identity in F (). It means that 2™ ¢,, (A) < ¢,y (¥), for somem € N.
From the previous theorem, one has

cm(G(A)) < zmcm (A) < cm(¥).
Thus, G(A) satisfies a polynomial identity in F(¥). O

The former result is slightly stronger than the statement “A is a PI-algebra if and only if G(A) is
a Pl-algebra” Consider, for instance, the associative case. Then A is associative if and only if G(A) is
associative. Thus, both algebras satisfy the polynomial identity given by the associator (xy)z — x(yz).
However, it is known that we have a stronger result: if A satisfies a polynomial identity as an associative
algebra, then G(A) also satisfies a polynomial identity from the free associative algebra. The associative
context is a particular case of the statement of the previous corollary. Indeed, let ¥ be the variety of
all associative algebras. The variety ¥ satisfies ¢,,(#") = m!, and Regev’s result states that every proper
subvariety of ¥ is exponentially bounded (see [12]). Thus, 2" ¢, (#) < cm(¥), for convenient values
of m and any proper subvariety % C #¥. Hence, ¥ satisfies the hypothesis of the previous result.

Remark 21. As a final remark, we have that Ida(A) = Ido(G(G(A))). Indeed, we shall prove
that both 2-algebras satisfy the same set of Z;-graded multilinear polynomial identities. Let f =
fOi,.. 5 ¥mz..2z) € Fg (X%2y such that f € Id,(A). It is clear that f** = f. Then, for any
homogeneous (a; ® g/) ® h;, (a]/« ® g]f) ® hj/« € G(A), we have, from Lemma 14,

fll@a®g)®h,...,d,g)QN) = (a1 ®g,...,a,®g) Qh
=f(a1,...,a) g®h =0,

whereg = ¢1...g4¢)---gland h = hy---hh| - h,. Thus, f € Id2(G(G(A))). Since both algebras
satisfy the same set of multilinear Z,-graded polynomial identities, then they satisfy the same set
of Z,-graded polynomial identities (char F = 0). Moreover, as a consequence, one has Idg(A) =

Ide(G(G(A)).

4.3. Polynomial identities of the Grassmann algebra

In this section, we shall compute the 2-polynomial identities of the Grassmann algebra. The result
obtained here will be important to obtain a generalization of Lemma 9 in the context of Q2-algebras.
The natural structure of 2-algebra on G (and on Gy,) is as follows. First, for any u € €, we shall
associate

ur—1eaG.
If w € 2y, then, we set

w(gl,...>8) =81 " 8> &l»----8n €G.

Before we proceed, it is worth mentioning the following. If A and B are Q2-algebras, then .4 ® B is an
Q2-algebra as well, via the map satisfying:

w: (@ Q®b1,...,a,b,) € AQRB) — w(ai,...,a,) Quw(by,...,b,) € AQB.

Then, given any Z,-graded Q-algebra A, the above defined 2-operations on G gives operations on the
tensor product A ® G. These operations agree with the natural one defined in Section 4.2.
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First, note the following polynomial identities satisfied by G:

(1) w(x) — x € Idq(x), for any w € ;. Thus, operations in £2; may be ignored.
(2) given @ € $£2,,, we have several associativity relations that are polynomial identities for G. For
instance, if n = 3, then one of the many possible combinations is:

o (x1, 0 (X2, X3, X4), X5) — w(w (X1, %2, X3), X4, X5) € lda(G).

(3) ifw, o € 2y, then w — @' € 1dg(G). Thus, we may fix one € €2, and any other o’ € 2, can be
represented via @, modulo Idg (G).
(4) ifw € Q, and @’ € Q4, where t > n, then

/
WO Xy sXt) — w0 (o (X Xn)s .. xp) € Ido(G).
t —n 41 times

It means that we may choose a w € Q,,, where n > 1 is the first index such that Q,, # #. Any other
operation may be represented via @, modulo Idg (G).
(5) If Qo # ¥ and p € Qo, then for any w € Q, (where n > 1), we have a bilinear polynomial

P(x,)’) = G)(x,)”l%- )RS ]FQOQ

This polynomial behaves like a binary operation on G, and, in particular, the polynomial identities
(2)-(4) hold valid if we replace w by p.

Let T be the Tq-ideal generated by all of the above polynomial identities. The identities (1)-(5) mean
that we may replace the free Q2-algebra by the relatively free 2-algebra Fq(X)/T. If Q¢ = @, then, from
identities (3) and (4), this relatively free algebra can be seen as the set of all words of length at least n,
where n > 1 is the first index such that 2, # ¢. From identity (2), these words can be left-normed. In
other words, if we suppress the operations, then we can identify the words of Fo(X)/T with the words
in the free associative algebra. In the special case where Qg # ), then Fq(X)/T coincides with the free
associative algebra IF(X). Hence, a basis of Fq(X) /T is described below:

(i) If Q¢ # @, then a basis consists of 1 and x;, - - - x;,,, for m > 1, and x;,, ..., xi,, € X.
(ii) If Q¢ = Y and n > 1 is the first index such that ©2,, # @, then a basis consists of all words x;, - - - x;, ,
where m > n,and x;,, ..., x;,, € X.

In particular, we can identify the set of multilinear polynomials P,, /T N Py, q and the multilinear
associative polynomials P,,, for all m > n. Moreover, we have P, o(G) = P,,(G). Thus, it is enough to
find a set of polynomial identities in I € Idq(G) such that Py, (G) =1 Py, . If either 2, # ), or Qo # 0,
then the description of the polynomial identities Idg (G) coincides with the classical associative case (up
to all the polynomial identities (1)-(5)).

Remark 22. Let A be a (binary) associative algebra and assume that ¢ = @. Then, for any w € 2,
(n > 0), we can define
w:(ay,....,ap) € A" > ay---a, € A
Using this, the polynomial identities (1)-(5) holds valid. Thus, A belongs to the variety of €2-algebras
generated by T.
Theorem 23. Consider the relatively free algebra Fo(X)/T. Assume that Qo # 0. Then,
1de(G) = (b1, x2,x3]) "

If Qo = W and n > 1 is the least integer such that Q, # U, then a set of generators of Q-polynomial
identities of G is

{x1 - xilxas xplxipr - X2 — X1+ xp2[x1, %] [ i =0,1,...,n— 3}.
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Proof. First, recall that, as an associative algebra, Id(G) = ([x1, X2, x31)7, and a basis of P, (G) consists

ofall x;, - - x;, [xj,, xj,] . . . [%j,_» xj. ], where s,r > 0,s+r =n,siseven,i; < --- <ipandj; <--- <js
(see, for instance, [4]).

Now, let us assume that Q¢ =  and n > 1 is the first index such that €2,, # ¢J. With all the notations
set, we shall compute the polynomial identities of the Grassmann algebra. First, note that, for any i =
0,1,...,n—3,

X1 XilXas XplXip1 -+ X2 — X1+ - - Xn—2[Xa, xp] € 1dQ(G). (1

In particular, when i = #n — 3, the described polynomial is the triple commutator up to a sequence of
variables, that s, x1 - - - x,_3[Xn_2, Xn_1, X ]. Moreover, the difference between two consecutive identities
of (1) gives the triple commutator xj - - - xi[xa, Xp, Xc]Xiy1 - - - Xy—3 in the middle of a sequence of
variables.

Now, we shall prove that the polynomials

X1 - - XilXa> Xpl[Xe> Xq1Xi1 - - - Xn—a — X1 - - - Xi[ X5 X [xp> Xa)Xip1 -+ - Xp—ss

foralli = 0,1,...,n — 4, are consequence of (1). This follows from the fact that x; - - - x;[x,, x][x, x4]
Xiy1---Xn—4 is a consequence of the same set of identities, which can be checked using standard
computations.

It is known that the space of multilinear associative polynomials may be written as a linear combina-
tion of

Xip +* X, €1 Cts
where i; < --- < i,and ¢y, ..., ¢; are commutators (see, for instance, [4]). Then, it is clear that the set
Xip - X (X5 X1 - [%G_ %5, s >0, seven, iy < - <dp, ji <-ec <

generates P,,, modulo the T-ideal generated by (1). From the previous discussion, we obtain that this is
a set of generators for Idq(G). O

Problem. Find a minimal basis of polynomial identities of Idg (G).

From all the discussion and the proof of the previous theorem, the polynomial identities of the finite-
dimensional Grassmann algebra is as follows.

Theorem 24. Assume that Qo # @, and let m € N, k = | ]. Then

1do(Gm) = ([x1, %2, %31, [x1, %21 - -+ [Xok1, %ak2])
If Q2 = 0, and n > 1 is the least integer such that Q, # 0, then
1de(Gm) = 1da(G) + ([x1,%2] . . . [Xakt1> Xoks2)2k43 - - Xn)
where Xp13 « - - X is empty if n < 2k + 2.
Proof. The finite dimensional Grassmann algebra G, has the set of associative polynomial identities
given by
1d(Gm) = ([x1, 22,631, [x1, 2] - - - [xages 12 22k42])

and a basis of P,(G,y) is the same as of G, except that s < k (in the notation of the proof of the previous
theorem). Now, the proof is a continuation of the arguments of the previous theorem. O
m/

In particular, G, and G, satisfy the same set of Q2-polynomial identities if and only if | 5 | = [5-].
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4.4. Graded-simple algebras
First, we denote the vector space FZ, = 1FF & ¢F, and we define

o — 1, ifmiseven,
g, ifmisodd.

Using this terminology, we shall construct the algebra .4 ® FZ,, where A is an arbitrary Q-algebra. As
vector space, the elements of A ® FZ, are linear combination of elements of the kind a := a ® 1 and
ea:=a® e, for a € A. We define a structure of Q-algebra on A ® FZ, as follows. Given w € 2, and
eltay, ..., ena, € AQTFZ,, we set

w(Emay,. .. emay) =" gay, .. an).

The given structure turns AQFZ; into a Z,-graded Q2-algebra. Note that, if we give the natural structure
of Q-algebra on FZ,, as described in Remark 22, then the just defined structure of Q2-algebra on AQFZ,
coincides with the structure of Q-algebra on the tensor product of A and FZ,. Now, we have:

Lemma 25. Let A be an Q-algebra. Then A ® FZ, is graded-simple if and only if A is simple.

Proof. Assume that A is simple as an Q-algebra. Then (A ® FZ;)? 2 A? # 0.Let] € A ® FZ,
be a Z;-graded ideal, and assume that I # 0. Then, we can find 0 # a + ¢b € I, wherea, b € A
Then, either a # 0 or b # 0 (or both are nonzero), so assume that a # 0. Since I is a graded ideal, it
means that a € I. Since A is simple, one has a - A = A. Thus, for any ¢ € A, we can find a polynomial
f=fl1,%...,xm) € Fo(X) and ay, ..., a € A, such that ¢ = f(a,az,...,an). It also implies that
ec=f(ea,az,...,an). Thus, ¢, ec € I, so I = A Q@ FZ,. An analogous argument holds if b # 0.

On the other hand, assume that A is not simple. If A = 0, then the construction of A ® FZ, implies
that (A ® FZ,)? = 0. On the other hand, if ] € Aisanideal, I # 0and I # A, then it is elementary to
see that I ® FZ, is a graded ideal of A ® [FZ,. Hence, in any case, A @ FZ, is not graded-simple. [

Now, we shall prove the following description of Z,-graded-simple $2-algebras.

Theorem 26. Let A be a Z,-graded Q2-algebra which is graded-simple, over a field IF of characteristic not 2.
Then either A is simple as an Q-algebra, or A =, BQFZ, as Q'-algebras, where 13 is a simple ' -algebra,
and Q' = (Qo N A" U, 2.

It is interesting to mention that, when Q@ = Q, = {-} (that is, A is a binary algebra), this result
is already known. Moreover, Elduque proves a more general result for an arbitrary grading group
G [5].

We shall break the proof of Theorem 26 in a few steps. From now on, on this subsection, unless
otherwise explicitly mentioned, we shall assume that A = A° @ A! is a Z,-graded Q-algebra which
is graded-simple. Moreover, we shall assume that A is not simple as an Q-algebra. We denote by 7; :
A — A the projection A — A; (with respect to the decomposition A = A° & A!), followed by the
embedding A" < A. We shall use the same symbol to denote the projection ; : A — A'.

Lemma 27. Let I € A be an ungraded ideal such that I # 0 and I # A. Then, the maps m;l; : I — A,
are linear isomorphisms.

Proof. Note that I cannot contain a homogeneous element. Indeed, assume that a € I is homogeneous,
and let ] be the graded-ideal of A generated by a. Then, J is a nonzero homogeneous ideal contained
in I. Since A is graded simple, then A = J C I, a contradiction. Now, given x € .4, the condition
7;(x) = 0 implies either that x is homogeneous of Z,-degree equals to i+ 1, or x = 0. From the previous
discussion the former is impossible, so we have that 7r;|; is an one-to-one linear map. Now, let x € I'\ {0},
and let y € A% Then mp(x) # 0and A = A - mo(x). Thus, we can find a multilinear polynomial
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f(x1,%2,...,xm) € Fq(X) and homogeneous ay, as, ..., a, € A such that y = f(mo(x), a2,4a3, ..., am).
Now,

fxaz,a3,...,am) = f(mo(x), a2, a3, . . ., am) + f(1(x), a2, a3, . . ., Am),

is the decomposition as a sum of homogeneous element. It means that y = 7;(f(x, a2, as, . . ., a,)) (for
somej € {0,1}), and f(x, a2, a3, ...,a,) € I, since I is an ideal. Thus, the restriction of the projections
are onto maps. O

From now on, we shall fix an ungraded ideal I € A, such thatI # 0 and I # A.

Lemma 28. Let f = f(x1,...,xm) € Fq(X) be a multilinear polynomial, where m > 2, and as, ...,
am € A be Z,-homogeneous elements. Denote

d:(x,y) e Ax A f(x,,a3,...,am) € A.
Then, given x, y € I, one has
d(mo(x), m1(y)) = d(m1(x), w0 (), d(7o(x), M0 () = d(71(x), m1(y)).
Proof. On one hand, d(7o(x), y), d(x, mo(y)) € I. Moreover,

d(mo(x),y) = d(7o(x), 70 (y)) + d(7o (x), 71 ()

is the decomposition of d(mo(x), ¥) as a sum of homogeneous elements. On the other hand,

d(x, 7o(y)) = d(7wo(x), 70 (y)) + d(w1(x), 70 ()

is the decomposition of d(x, o (y)) as the sum of its homogeneous components. One of the homogeneous
component is the same for both elements. From Lemma 27, it implies that d(7o(x), y) = d(x, 7o (y)),
since both belong to I. As a consequence, the other homogeneous component also coincide, that is,

d(mo (x), w1 () = d(m1(x), T (p)).

So we get the first relation.
Now,

d(m1(x), y) = d(m (%), mo(y)) + d(m1(x), T1(P)).

Again, a homogeneous component of this element coincide with a homogeneous component of
d(x,mo(y)). Then, from Lemma 27, both elements coincide so the other homogeneous component
must be equal. It means that d(sr (x), 7o (¥)) = d(m1(x), 71 (). O

As a consequence, we have:

Lemma 29. Letf = f(x1,...,xm) € Fo(X) be a multilinear polynomial and a, ..., an, € 1. Then:

(i) mo(f(ai,...,am)) = 2’”_1f(71,-1 (a1)s ..., i, (am)), for any sequence (iy, . . ., iy,) containing an even
number of 15,
(i) T (f(ai,...,am)) = 2™ (7 (a1), ..., 7, (am)), for any sequence (i1, . .., in) containing an odd

number of 15.

Proof. First, from Lemma 28,

f(mi(ar), ..., 7w, (@m)) = f(mj, (a1), . . ., 7, (Am))
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whenever iy + -+ + iy =2 j1 + -+ + jm. Now, let (i1,...,im) € {0,1}" be a sequence containing an
even number of 1’s. Writing a; = mo(a¢) + 1 (a¢), one has, from multilinearity:

mo(fan..am) = Y [ (@)s... .7, @)

jitetim=20

= 2mjlf(7Ti1 (a1), ... > Wiy (@m))-

This proves (i). In a similar way we get (ii). O
Finally, we can prove the main result of this subsection:

Proof of Theorem 26. If A is simple as an Q-algebra, then there is nothing to do. Otherwise, letI € A
be an ungraded ideal, such that I # 0 and I # A. Denote Q¢ = U,~0Q,. As I isitself an Q. ¢-algebra,
define

0 :x+ey e IQFZy — 2my(x) + 2m1(y) € A

Clearly ¢ is a well-defined Z;-graded linear map, and Lemma 27 tells us that ¢ is a linear isomorphism.
It remains to show that ¢ is a homomorphism of - ¢-algebras. So, let n > 0, w € Q,, and " ay, ...,
ea, € I ® FZ,, and denote i = i + - - - + i,,. Then, using Lemma 29, one has

p(w(Ehay,.. . e"a,) = 2mi(w(ay, . .., ay) = 2"w(m, (a1),. . ., T, (an))
= 0@ (a1),...,27;,(an) = w(@(e"ar), ..., o ap)).

Thus, I @ FZ, =, A as Z,-graded Q2. ¢-algebras. Now, from Lemma 25, we see that I is a simple £2-¢-
algebra. Moreover, for any i € Qo, if u € A%, then we can define u — ¢~!(u) € I Thus, I contains
all 0-ary operations of A of trivial homogeneous degree. Hence, I is an Q'-algebra, and I @ FZ, =, A
is an isomorphism of ©’-algebras.

4.5. Some generalization

Using the results of this section, we obtain the following generalizations of the counter-examples found
in the associative case. We highlight these cases. First, we need a technical result. The associative case is
proved in [1, Theorem 7.2.3]. The same argument holds valid in the context of Q-algebras.

Lemma 30. Let A, A, B, B’ be finite-dimensional Q-algebras, and assume that 1dg(A) C 1dg(A), and
Ido(B) C Idq(B). Then

ldo(A' ® B') € Ido(A® B).

As a consequence, combining the previous proposition and Theorem 24, we have an extension of
Lemma 9.

Proposition 31. Let A be an Q-simple algebra, and let m, m" € N. Then, | 5] = | % | implies
1d(Gm(A ® FZ,)) = 1da(Gu (A ® FZy)).
Problem. Does the converse of the previous corollary hold?

From Theorem 26, and repeating the reasoning of the associative case, we have an extension of
Lemma 6.
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Proposition 32. Let A be a finite-dimensional simple Q-algebra. Then A @ FZ, = A ® e Ais a Z,-
graded-simple Q-algebra. Moreover, for any m € N,

1d(G1 (A ® FZ,)) = 1d(Gp(A)) = 1d(G(A)),

but AQFZ, % A.
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