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ABSTRACT
In this paper, we consider a model for repeated count data, with
within-subject correlation and/or overdispersion. It extends both the
generalized linear mixed model and the negative-binomial model.
This model, proposed in a likelihood context [17,18] is placed in
a Bayesian inferential framework. An important contribution takes
the form of Bayesian model assessment based on pivotal quantities,
rather than the often less adequate DIC. By means of a real biologi-
cal data set, we also discuss some Bayesian model selection aspects,
using a pivotal quantity proposed by Johnson [12].
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1. Introduction

Longitudinal count data are very common in practice, with counts collected for each unit
or individually at various times. The Poisson model is convenient and mathematically ele-
gant to analyze counts, but does come with restrictions. Two of its main limitations that
are addressed in this contribution are: (i) the occurrence of overdispersion, that is, the
phenomenon whereby variability in the data is not adequately captured by the model; and
(ii) the accommodation of data hierarchies owing to, for example, repeatedlymeasuring the
outcome on the same subject. One way of accommodating overdispersion in the model
is by using the negative-binomial distribution, of which the genesis is the inclusion of a
random, gamma-distributed effect into the Poisson model parameter.

To accommodate the correlation between measurements made on the same individ-
ual, one can include normal random effects in the linear predictor. Molenberghs et al.
[17], in line with Booth et al. [2], proposed a model that simultaneously generalizes the
Poisson–Normal generalized linear mixed model as well as conventional overdispersion
models, in particular the negative-binomial model. See also Fotouhi [6], Gumedze and
Chatora [10], Lee et al. [14], and Coelho-Barros et al. [3], for related work. A broader
framework, encompassing other than count data types, was constructed as well [18].
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2 F. B. RIZZATO ET AL.

This work was done from a likelihood perspective, with implementations in the SAS pro-
cedure NLMIXED. One concern is that it relies on the validity of the asymptotics inherent
in likelihood work.

Here, we take a Bayesian perspective, which is natural, given the random-effects for-
mulation of the model. The difficulty of calculating the posterior marginal densities is
overcome by obtaining a sample of the posterior joint distribution using stochastic sim-
ulation via Markov Chain (MCMC) algorithms. Thanks to the state of the art in Bayesian
computation, and flexible implementations thereof in standard statistical software tools,
such an endeavor has come within reach for routine use.

An important contribution of our work is that model assessment will be done using piv-
otal quantities. Methodology is illustrated on a set of data, not used before in this context.
Of course, when referring to model assessment in a random-effects context, one needs to
be aware that this refers only to the way the model fits the observed data, that is, the fit of
the so-called marginal model. Indeed, as shown by Molenberghs and Verbeke [16], differ-
ent hierarchical models can produce the same marginal model, illustrating that a good fit
of the marginal model should not be seen as definitive evidence for any of the candidate
hierarchical models.

An important advantage of this modeling approach is that it is based on full distribu-
tional assumptions, implying that analyses are valid under the assumption of missingness
at random (MAR), which means that missingness can depend on covariates and observed
outcome data, but given these not further on unobserved outcomes. Like when likelihood
is used, the analyses reported here are valid under MAR, without the need to explicitly
model the missing data mechanism. Of course, one cannot rule out a missing not at ran-
dom mechanism to be operating, implying that, even given observed data, missing data
further determine the missingness mechanism. Work needs to be done to allow for joint
modeling of the longitudinal outcome and the missingness indicators. At the same time,
a local influence-based method is being developed to assess the impact of incompleteness
on the model conclusions. These developments fall outside of the scope of the current
paper.

The structure of the paper is as follows. Section 2 describes the motivating data set.
Section 3 presents a review on some basic concepts. In Section 4, we describe the hierarchi-
cal Bayesian analysis for the combinedmodel and its three special cases ( Poisson–Normal,
negative-binomial and conventional Poisson models), using Markov Chain Monte Carlo
methods and introduced a pivotal quantity for Bayesian model assessment. Section 5
gives results from the analysis performed for the epilepsy data. A brief discussion about
a simulation study is presented in Section 6.

2. A clinical trial in epileptic patients

The data considered here are obtained from a randomized, double-blind, parallel group
multi-center study for the comparison of placebo with a new anti-epileptic drug (AED), in
combination with one or two other AEDs. The study is described in full detail in Faught et
al. [5]. The randomization of epilepsy patients took place after a 12-week baseline period
that served as a stabilization period for the use of AEDs, and during which the number of
seizures were counted. After that period, 45 patients were assigned to the placebo group,
44 to the active (new) treatment group. This subgroup of 89 patients out of the original
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Figure 1. Graph of individual profiles for the number of epileptic seizures experienced during 27 weeks
for patients assigned to the placebo group (0) and new treatment group (1) [colour online].

181 was used before in the statistical literature [16]. Patients were then measured weekly.
They were followed (double-blind) during 16 weeks, after which they were entered into
a long-term open-extension study. Some patients were followed for up to 27 weeks. The
outcome of interest is the number of epileptic seizures experienced during the most recent
week, that is, since the last time the outcome was measured. The key research question
is whether or not the additional new treatment reduces the number of epileptic seizures.
Individual profiles are shown in Figure 1. The unstable behavior can be explained by the
presence of extreme values, but is also the result of the fact that very little observations are
available at some of the time-points, especially past week 20.

3. Review of basic concepts

Background on generalized linear models is presented in Appendix A.
A straightforward and commonly used model for (i) is the Poisson–Normal model and

for (ii) is the negative-binomial model. Combining ideas from (i) and (ii), Molenberghs
et al. [17] specified, in line with Booth et al. [2], a model for repeated Poisson data with
overdispersion, taking the form:

Yij ∼ Poisson(λij),

λij = θijexp(x′
ijβ + z′

ijbi),

bi ∼ N(0,D),
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4 F. B. RIZZATO ET AL.

E(θ i) = E[(θi1, . . . , θini)
′] = �i,

Var(θ i) = �i, (1)

where Yij is the jth outcome measured for cluster (subject) i, i = 1, . . . ,N, j = 1, . . . , ni;
Y i the ni-dimensional vector of all measurements available for cluster i; xij and zij, respec-
tively, the p-dimensional and q-dimensional vectors of known covariate values, with β the
p-dimensional vector of unknown fixed regression coefficients and bi the q-dimensional
vector of random effects; θ i the ni-dimensional vector of random effects for cluster i. The
above model extends a GLM by (a) including normal random effects, like in a gener-
alized linear mixed model (GLMM), and (b) including additional random effects θ i to
flexibly accommodate overdispersion. Note that the components of θ i can be allowed to
have constant as well as non-constant variance. At the same time, they can be correlated or
independent of one another. While in the application the variance of the θ random effects
will be assumed constant, also supported by the graphical exploration, it is important to
see that the general framework is very flexible.

This model leads to several important special cases: the Poisson, Poisson–Normal,
and negative binomial models, when θij ∼ Gamma(α1,α2) with E(θij) = α1 · α2 and
Var(θij) = α1 · α2

2. Molenberghs et al. [17] derived explicit expressions for means,
variance-covariance, and joint marginal probability of the outcome vector and discussed
several estimation options. Vangeneugden et al. [27] derived explicitly correlation func-
tions and showed the importance of having two different types of random effects. In the
following section, the Bayesian version of this model and its special cases will be presented,
against the background of the epilepsy data.

Another approach to incorporating heteroscedasticity and/or heterogeneity between
clusters was proposed by Lee and Nelder [13] when they introduced a class of double
hierarchical generalized linear mixed models (DHGLMs), in which random effects can
be specified in both the mean and the dispersion components.

4. A Bayesian analysis of the epilepsy data

Let Yij represent the number of epileptic seizures patient i (i = 1, . . . ,N) experiences dur-
ing week j (j = 1, . . . , ni) of the follow-up period. Also, let tij be the time-point at which Yij
has been measured, tij = 1, 2, . . . , until at most 27; y = (y11, . . . , y1n1 , . . . , yN1, . . . , yNnN )

and t = (t11, . . . , t1n1 , . . . , tN1, . . . , tNnN ). The models used to analyse this data set are
described below.

Model 1: Poisson model: We will first assume the model for inclusion of covariates,
considering that count variable follows a Poisson distribution (1) with parameter

λij =
{
exp{β00 + β01tij} if i in placebo group,
exp{β10 + β11tij} if i in treatment group.

We assume independence between the parameters β00,β01,β10,β11. The uncertainty
related to them is incorporated into the model specifying the following prior distributions:

βkl ∼ N(a, b2); a, b known, (2)
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with k = 0, 1 and l = 0, 1; the joint posterior distribution is proportional to

π(β00,β01,β10,β11|y) ∝ exp

⎛
⎝−

N∑
i=1

ni∑
j=1

λij

⎞
⎠ N∏

i=1

ni∏
j=1

λ
yij
ij

×
1∏

k=0

1∏
l=0

exp
{
− 1
2b2

(βkl − a)2
}
. (3)

Model 2: Poisson–Gammamodel: We assume that the count variable follows the Poisson
model (1) and to accommodate the variability among individuals, we consider a random
effect θij with gamma distribution, as follows:

Yij|θij ∼ Poisson(λij)

λij =
{

θijexp{β00 + β01tij} if i in placebo group,
θijexp{β10 + β11tij} if i in treatment group,

θij ∼ Gamma(α1,α2), (4)

where E(θij) = α1 · α2 andVar(θij) = α1 · α2
2. To avoid identifiability problems, we assume

α1 = α−1
2 . For the hierarchical Bayesian analysis, first let us assume the prior distributions

in Equation (2) for the parameter βkl, k = 0, 1 and l = 0, 1. We also assume that θij are
independent and the following prior distribution for the parameter α2

α2 ∼ Gamma(c, d); c, d known, (5)

which is chosen in a way that the values that α2 assume are non-negative. In a frequentist
setting, the above model is often called a negative-binomial model.

We further assume prior independence among the parameters. The joint posterior
distribution is proportional to

π(β00,β01,β10,β11, θ ,α2|y) ∝ exp

⎛
⎝−

N∑
i=1

ni∑
j=1

λij

⎞
⎠ N∏

i=1

ni∏
j=1

λ
yij
ij

×
1∏

k=0

1∏
l=0

exp
{
− 1
2b2

(βkl − a)2
}

×
N∏
i=1

ni∏
j=1

α
−α−1

2
2

�(α−1
2 )

θ
α−1
2 −1

ij e−α−1
2 θij × α2

c−1e−dα2 , (6)

where θ = (θ11, . . . , θ1n1 , . . . , θN1, . . . , θNnN ).
Model 3: Poisson–Normal model: We assume that the count variable follows the Poisson

model (1) and that the random effects bi to capture the correlation among longitudinal
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6 F. B. RIZZATO ET AL.

measurements follows a normal distribution as follows:

Yij|bi ∼ Poisson(λij)

λij =
{
exp{(β00 + bi) + β01tij} if i in placebo group,
exp{(β10 + bi) + β11tij} if i in treatment group,

bi ∼ N(0, σ 2). (7)

For the hierarchical Bayesian analysis, first let us assume the same prior distributions (2)
for βkl, k = 0, 1 and l = 0, 1. Under model 3, the bi are assumed to be independent ran-
dom variables with normal distribution N(0, σ 2). Further, we assume the following prior
distribution for the parameter σ 2

σ 2 ∼ Inverse Gamma(g, h); g, h known. (8)

We also assume prior independence among the parameters. The joint posterior distribu-
tion is given by

π(β00,β01,β10,β11, b, σ 2|y) ∝ exp

⎛
⎝−

N∑
i=1

ni∑
j=1

λij

⎞
⎠ N∏

i=1

ni∏
j=1

λ
yij
ij

×
1∏

k=0

1∏
l=0

exp
{
− 1
2b2

(βkl − a)2
}

×
N∏
i=1

1√
2πσ 2

exp
{

− b2i
2σ 2

}

× σ 2−(g+1)exp
{
− h

σ 2

}
, (9)

where b = (b1, . . . , bN).
Model 4: Poisson–Normal–Gamma ( combined) model: Finally, we combine models 2

and 3, that is,

Yij|bi, θij ∼ Poisson(λij),

λij =
{

θijexp{(β00 + bi) + β01tij} if i in placebo group,
θijexp{(β10 + bi) + β11tij} if i in treatment group.

θij is as in Equation (4) and bi is as in Equation (7). For the hierarchical Bayesian analysis, let
us assume the prior distribution (2) for the parameters βkl, k = 0, 1 and l = 0, 1. Consider-
ing that bi and θij are independent, let us assume the prior distribution (8) for the parameter
σ 2 and the prior distribution (5) for the parameter α2. Note that this model goes beyond
the negative-binomial model, because correlation among repeated measures is accounted
for by the normal random effects. As such, it combines GLMM and negative-binomial
concepts.
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We further assume prior independence among the parameters. The joint posterior
distribution is proportional to

π(β00,β01,β10,β11, θ , b,α2, σ 2|y) ∝ exp

⎛
⎝−

N∑
i=1

ni∑
j=1

λij

⎞
⎠ N∏

i=1

ni∏
j=1

λ
yij
ij

×
1∏

k=0

1∏
l=0

exp
{
− 1
2b2

(βkl − a)2
}

×
N∏
i=1

ni∏
j=1

α
−α−1

2
2

�(α−1
2 )

θ
α−1
2 −1

ij e−α−1
2 θij × αc−1

2 e−dα2

×
N∏
i=1

1√
2πσ 2

exp
{
− b2i
2σ 2

}
σ 2−(g+1)exp

{
− h

σ 2

}
.

(10)

Model 5: Poisson–Gamma–Gamma ( DHGLM) model: We assume that the count vari-
able follows Poisson model (1); to accommodate the variability among individuals a
random effect θij with gamma distribution is incorporated, like in Model 2. Additionally,
the randomeffects di, to capture the correlation among longitudinalmeasurements, follows
a gamma distribution. The model formulation is as follows:

Yij|di, θij ∼ Poisson(λij),

λij =
{

θijexp{(β00 + log(di)) + β01tij} if i in placebo group,
θijexp{(β10 + log(di)) + β11tij} if i in treatment group.

θij ∼ Gamma(α1,α2),

di ∼ Gamma(α3,α4).

Like in Models 2 and 4, to avoid identifiability problems, we assume α1 = α−1
2 and α3 =

α−1
4 . For the hierarchical Bayesian analysis, first we assume prior distributions (2) for the

parameter βkl, k = 0, 1 and l = 0, 1. We also assume that the θij’s are independent. Finally,
we assume the following prior distribution for the parameter α2 and α4:

α2 and α4 ∼ Gamma(c, d); c, d known, (11)

which are chosen in a way that α2 and α4 are guaranteed to be non-negative. We fur-
ther assume prior independence among the parameters. The joint posterior distribution
is proportional to

π(β00,β01,β10,β11, θ , d,α2,α4, σ 2|y) ∝ exp

⎛
⎝−

N∑
i=1

ni∑
j=1

λij

⎞
⎠ N∏

i=1

ni∏
j=1

λ
yij
ij

×
1∏

k=0

1∏
l=0

exp
{
− 1
2b2

(βkl − a)2
}
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8 F. B. RIZZATO ET AL.

×
N∏
i=1

ni∏
j=1

α
−α−1

2
2

�(α−1
2 )

θ
α−1
2 −1

ij e−α−1
2 θij × α2

c−1e−dα2

×
N∏
i=1

ni∏
j=1

α
−α−1

4
4

�(α−1
4 )

dα−1
4 −1

i e−α−1
4 bi × α4

c−1e−dα4 .

(12)

The joint posterior distributions (3), (6), (9), (10) and (12) are evidently important aspects
of Bayesian inference, but come with the issue that they are not analytically tractable. So,
the posterior summaries of interest are based on samples obtained from the joint posterior
distribution using stochastic simulation via Markov Chains. Implementation was done in
OpenBugs [26]. The tool requires the user to pass on the data, to specify the model, and to
provide initial values for the parameters. Otherwise, for implementation it is necessary to
obtain the full conditional posterior distributions. In this work, the history plot, showing
subsequent draws, the autocorrelation function plot, and theGelman–Rubin criterionwere
used as convergence diagnostics.

4.1. Bayesianmodel assessment using pivotal quantities

Model comparison is commonly based on the deviance information criterion (DIC) of
Spiegelhalter et al. [25] because of its widespread use and ease of application. However,
Millar [15] demonstrated that the use of DIC is inappropriate to assess the negative bino-
mial and Poisson-lognormal models when gamma and lognormal latent parameters are
included to incorporate extra-Poisson variability. The most familiar alternative to the DIC
is the Bayes factor, but it comes with some drawbacks: the difficulty to obtain the marginal
densities on the one hand and its sensitivity to prior specifications on the other. A sec-
ond strategy for assessing model adequacy is to use posterior-predictive model checks.
This approach was initially proposed by Guttman [11] and Rubin [23], and was extended
to more general discrepancy functions by Gelman, Meng, and Stern [8]. Despite its rela-
tive ease of implementation, Bayarri and Berger [1] and Robins et al. [21] have noted that
they are not (even asymptotically) uniformly distributed. This is a drawback because inter-
pretation is then more complicated. Indeed, to properly gauge the extent of departures,
the asymptotic reference distribution would have to be derived, which can be unwieldy in
realistic settings.

As an alternative, Johnson [12] proposed to explore the relation between the distribution
of pivotal quantities evaluated at the true parameter value and the distribution of the same
pivotal quantities evaluated at parameter values sampled from the posterior distribution.
In general, these two distributions are identical, which makes it straightforward to define
a large number of Bayesian model diagnostics. For Johnson’s approach, it is necessary to
define a pivotal quantity, a function S(Y ,	) �→ R

p for which the integral

G(s) ≡
∫
Y
IA(ω,y)f (y|ω)dy, A(ω, y) = {(y,ω) : S(y,ω) ≤ s}

depends only on the value of the vector s ∈ R
p for all ω ∈ 	. Johnson [12] showed that

S(Y ,ωY) and S(Y ,ω0) are identically distributed when ω0 is a random vector drawn from
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densityπ andωY is a parameter vector drawn from the posterior distribution onω givenY .
But it is not the same for the joint distribution of pivotal quantities based onmultiple draws
of (Y ,ωi

Y) from the same posterior distribution, where {ωi
Y} denotes posterior samples

of ω based on the same data vector Y ; i indexes these samples. However, he considered
strategies for combining information from multiple values of a pivotal quantity defined
from the same posterior distribution.

The most direct is numerical evaluation of the joint sampling distribution of the pivotal
quantity using prior-predictive-posterior (PPP) simulation [4], but PPP simulation comes
with a disadvantage, that is, the high computational burden. To avoid PPP simulations,
he suggested that model assessment be based on informal graphical comparisons of the
posterior distribution of several pivotal quantities to their nominal sampling distributions.
Assuming

y = (y1;1, . . . , y1;n1 , . . . , y89;1, . . . , y89;n89),

λ = (λ1;1, . . . , λ1;n1 , . . . , λ89;1, . . . , λ89;n89),

θ = (θ1;1, . . . , θ1;n1 , . . . , θ89;1, . . . , θ89;n89),

b = (b1;1, . . . , b1;n1 , . . . , b89;1, . . . , b89;n89),

d = (d1;1, . . . , d1;n1 , . . . , d89;1, . . . , d89;n89),

where the first index refers to subject and the second one to repeated measurement within
subject, we define the pivotal quantities

S(y,λ) =
∑
i

∑
j

(yij − λij)
2

λij
, (13)

Sb(b, σ 2) =
∑
i

(bi − 0)2

σ 2 , (14)

and considering the restrictions on the models with gamma random effect, E(θij) =
α1α2 = 1 and Var(θij) = α1α

2
2 = α2,

Sθ (θ ,α2) =
∑
i

∑
j

(θij − 1)2

α2
, (15)

E(di) = α3α4 = 1 and Var(di) = α3α
2
4 = α4

Sd(d,α4) =
∑
i

(di − 1)2

α4
, (16)

for each level in each proposed model that we will use. These measures are approxi-
mately pivotal quantities [12]. Intuitively, it follows from the fact that squared standardized
residuals are added, leading to exact or asymptotic χ2 distributions. The four pivotal
quantities address the fixed-effects structure (Equation (13)), the normal random effects
(Equation (14)), and the gamma random effects (Equations (15) and (16)), respectively.
Combining the three into a single measure could be of interest, but is not pursued fur-
ther here. Then, the analysis is based on the comparison of a draw from the posterior
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10 F. B. RIZZATO ET AL.

distributions of these measures with the respective χ2 distribution χ2
T , χ

2
89, and χ2

T , with
T = ∑89

i=1 ni = 1419, for the epilepsy data. In practice, for the Poisson–Normal–Gamma
model we plot the histogram-based estimates of S(y,λ), Sθ (θ ,α2), and Sb(b, σ 2), evaluated
at a posterior sample of (λ, θ ,α2, b, σ 2), and also here with the corresponding marginal
χ2 distribution for comparison. For the Poisson–Gamma–Gamma model, we plot the
histogram-based estimates of S(y,λ), Sθ (θ ,α2), and Sd(d,α4) evaluated at a posterior sam-
ple of (λ, θ ,α2, d,α4); likewise, the corresponding marginal χ2 distribution is plotted, for
the sake of comparison.

For the Poisson model, we plot the histogram estimate of Equation (13) for comparison
with the χ2

1419 distribution. For the Poisson–Gamma model we plot the histogram-based
estimate of Equations (13) and (15) for comparison, respectively, both with χ2

1419. For the
Poisson–Normal model, we plot the histogram-based estimate of Equations (13) and (14)
for comparison, respectively, with χ2

1419 and χ2
89. For the Poisson–Normal–Gammamodel,

we plot the histogram estimate of Equations (13)–( 15) for comparison, respectively, with
χ2
1419, χ

2
89, and χ2

1419. Finally, for the Poisson–Gamma–Gamma model, we plot the his-
togram estimates of Equations (13), (16), and (15) for comparison, respectively, with χ2

1419,
χ2
89, and χ2

1419.

5. Analysis of the epilepsy data

For a Bayesian analysis of the data set presented in Section 2, we assume for each model
the following hyperparameter values for the prior distributions (2), (5), (8), and (11): a =
1, b2 = 1000, and c = d = 0.001. These hyperparameters values were chosen to ensure
approximately non-informative priors when Gibbs sampling for the joint posterior distri-
bution of interest, using the OpenBugs software [26]. The code of the OpenBugs program
is given in Appendix A. For each model, we simulated two chains, each one with 55,000
samples. The first 5000 samples (‘burn-in-samples’) were discarded to eliminate the effect
of the initial values for the algorithm and to have approximately uncorrelated samples. We
considered the samples 10a, 20a, 30a, . . . , which result in final samples of size 5000 for each
parameter. It takes around 15minutes for the program to run. The chains were initialized at
different points and the convergence was monitored by the conventional time series plots
for simulated samples and also using the method proposed by Gelman and Rubin [9].

Although it does not provide reliable results formixedmodels [15], in Table 1we present
the estimatedDIC for eachmodel; smaller values of DIC indicate bettermodels, suggesting
that the combined model exhibits a better fit to the data.

Figures 2–6 present the histogram-based estimates of the posterior distributions of
measures S, Sθ , Sb, and Sd, described in Section 4, under Poisson, Poisson–Gamma,

Table 1. DIC criterion for each model obtained using the OpenBugs software.

Model λij DIC pD

Poissonmodel exp{β0 + β1tij} 11,597.700 4.002
Poisson–Gammamodel θijexp{β0 + β1tij} 4916.890 810.616
Poisson–Normal model exp{(β0 + bi) + β1tij} 6047.630 86.845
Poisson–Normal–Gammamodel θijexp{(β0 + bi) + β1tij} 4838.770 558.346
Poisson–Gamma–Gammamodel θijexp{(β0 + log(di)) + β1tij} 4831.000 552.200
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Figure 2. Histogram estimate of the posterior distribution of S(y,λy
i) under Poisson model. For com-

parison the graphs display in dashed line type the marginal χ2
1419 distribution.

Figure 3. Histogram estimate of the posterior distribution of S(y,λy
i) and Sθ (θ y i ,α1y

i) under Pois-
son–Gamma model. For comparison the graphs display, in dashed line type the marginal χ2

1419 or χ2
89

distributions.
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12 F. B. RIZZATO ET AL.

Figure 4. Histogram estimate of the posterior distribution of S(y,λy
i) and Sb(θ y

i , σ 2
y
i
) under Pois-

son–Normal model. For comparison the graphs display, using dashed line type, the marginal χ2
1419 or

χ2
89 distributions.

Poisson–Normal, Poisson–Normal–Gamma and Poisson–Gamma–Gamma models,
respectively. Model assessment was based on informal graphical comparison of the pos-
terior distribution of a pivotal quantity (or several pivotal quantities) to their nom-
inal sampling distribution. From the graphical analysis, we concluded that the Pois-
son–Normal–Gamma model is the one that fits best to the data.

Further, in Figure 7(a)–(b), we compare the sample variances for the count data in each
time×treatment combination, and the variability captured by each model in each such
combination. As in the analysis of the pivotal quantities, through the DIC and graphical
analysis of the variability captured by each model, we conclude that the combined model
fits best, reinforcing our choice.

In Table 2, we observe the posterior summaries for the parameters of the models 1–5.
In order to compare the treatments, two measures were included ds = β11 − β01 and rs =
β11/β01, that is, the difference and ratio between parameters, respectively. If the values
zero and one belong to the credible interval for these measures, respectively, then we could
conclude that treatments do not differ. As in Molenberghs et al. [17], the Poisson model
leads to significance for both the difference and the ratio, whereas for the Poisson–Normal
this is not the case for the difference while some significance ismaintained for the ratio. For
the Poisson–Gamma, Poisson–Normal–Gamma and Poisson–Gamma–Gamma models,
both the difference and the ratio are non-significant.

The posterior predictive model check is a standard fit assessment technique, consisting
of drawing simulated values from the posterior predictive distribution of replicated data
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Figure 5. Histogram estimate of the posterior distribution of S(y,λy
i), Sθ (θ y i ,α1y

i), and Sb(θ y
i , σ 2

y
i
)

under a Poisson–Normal–Gamma model. For comparison the graphs display, in dashed line type, the
marginal χ2

1419 or χ
2
89 distributions.

and comparing these samples to the observed data through the graphs of the observed data
versus the mean of the predicted data. Figure 8 shows that the Poisson–Normal–Gamma
model fits the data well.

5.1. Sensitivity analysis on the prior grid

There are several ways of investigating the sensitivity of the estimates and their posterior
distributions to the choice of the hyperprior distributions. We investigated sensitivity of
the posterior mean estimates for large perturbations of the gamma and normal hyperpri-
ors by fitting the Poisson–Normal–Gamma model with different priors (informative and
non-informative). For the gamma priors, the following 3 × 3 grid of prior values have been
considered [7,22]: G(a, b) where a ∈ {0.5, 1, 1.5} and b ∈ {1/0.311, 1/0.622, 1/0.933}, giv-
ing nine pairs of values (a, b) while for the normal priors, N(0, d), we considered three
values d ∈ {1, 103, 106}, giving a total of 27 combinations. The results show that the values
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14 F. B. RIZZATO ET AL.

Figure 6. Histogram estimate of the posterior distribution of S(y,λy
i), Sθ (θ y i ,α1y

i), and Sd(θ y
i , σ 2

y
i
)

under a Poisson–Gamma–Gamma model. For comparison the graphs display, using dashed line type,
the marginal χ2

1419 distribution.

(a) (b)

Figure 7. (a) Graphic representation of the variability among subjects who received placebo captured
by different models for different times, with a variance of up to 150. b) Display of the variability among
subjects who received the new drug captured by the differentmodels for different times [colour online].
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Table 2. Posterior summaries considering Poisson, Poisson–Gamma, Poisson–Normal,
Poisson–Normal–Gamma, and Poisson–Gamma–Gammamodels.

Credible interval

Parameter Mean sd median 2.5% 97.5%

Poissonmodel
β00 1.266 0.042 1.265 1.182 1.347
β01 −0.013 0.004 −0.013 −0.022 −0.005
β10 1.453 0.038 1.453 1.378 1.527
β11 −0.033 0.004 −0.033 −0.040 −0.025
ds = β11 − β01 −0.019 0.006 −0.019 −0.031 −0.008
rs = β11

β01
2.891 3.898 2.458 1.411 6.991

Poisson–Gammamodel
β00 1.265 0.114 1.263 1.044 1.492
β01 −0.013 0.011 −0.013 −0.034 0.009
β10 1.475 0.109 1.474 1.264 1.692
β11 −0.035 0.010 −0.035 −0.055 −0.015
α1 0.526 0.025 0.525 0.477 0.578
α2 1.906 0.092 1.905 1.729 2.095
ds = β11 − β01 −0.022 0.015 −0.022 −0.051 0.007
rs = β11

β01
2.546 64.530 2.094 −21.160 27.860

Poisson–Normal model
β00 0.808 0.170 0.810 0.465 1.137
β01 −0.014 0.004 −0.014 −0.023 −0.006
β10 0.641 0.170 0.643 0.310 0.973
β11 −0.012 0.004 −0.012 −0.020 −0.003
σ 2 1.211 0.201 1.189 0.877 1.663
ds = β11 − β01 0.002 0.006 0.002 −0.010 0.015
rs = β11

β01
0.957 1.556 0.841 0.221 2.429

Poisson–Normal–Gammamodel
β00 0.895 0.183 0.894 0.536 1.253
β01 −0.025 0.008 −0.025 0.040 −0.009
β10 0.657 0.184 0.659 0.293 1.014
β11 −0.012 0.008 −0.012 −0.027 0.003
α1 2.462 0.211 2.452 2.080 2.905
α2 0.409 0.035 0.408 0.344 0.481
σ 2 1.191 0.203 1.168 0.855 1.649
ds = β11 − β01 0.013 0.011 0.013 −0.008 0.034
rs = β11

β01
0.564 1.730 0.480 −0.128 1.633

Poisson–Gamma–Gammamodel
β00 1.402 0.165 1.404 1.086 1.73
β01 −0.024 0.008 −0.024 −0.039 −0.009
β10 1.291 0.170 1.289 0.984 1.627
β11 −0.011 0.007 −0.010 −0.025 0.004
α1 2.456 0.211 2.446 2.080 2.902
α2 0.410 0.035 0.409 0.345 0.481
α3 0.984 0.141 0.976 0.733 1.286
α4 1.038 0.151 1.025 0.778 1.364
ds = β11 − β01 0.014 0.011 0.014 −0.006 0.035
rs = β11

β01
0.483 0.835 0.435 −0.186 1.445

of the gamma and normal hyperpriors have almost no influence on the posterior mean
estimates of all parameters as shown in Figure 9. It should be noted that some patterns,
like in the bottom panel of Figure 9, should not be over-interpreted, given the compact
vertical-axis scale.
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16 F. B. RIZZATO ET AL.

(a) (b)

Figure 8. (a) Graphical display of observed values versus the average of the predicted values by the
Poisson–Gamma–Normal model for individuals who were treated with placebo. ( b) Representation of
observed values versus the average of the predicted values by the Poisson–Gamma–Normal model for
individuals under the new AED.

Figure 9. Range of posterior mean estimates of parameters in the Poisson–Normal–Gamma model
for different values (a, b) of gamma and κ of the normal prior of the hyperparameters. The ordering
of parameters from left to right on the x-axis is as follows: gamma(a, b) and N(0, κ) 1: (a = 1.5, b =
1/0.933, κ = 1), 2: (a = 1.5, b = 1/0.622, κ = 1), 3: (a = 1.5, b = 1/0.311, κ = 1), 4: (a = 1.5, b =
1/0.933, κ = 1, 000, 000), 5: (a = 1.5, b = 1/0.622, κ = 1, 000, 000), 6: (a = 1.5, b = 1/0.311, κ =
1, 000, 000).
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6. Simulation study

6.1. Data simulation

To investigate the efficiency of Bayesian model assessment using pivotal quantities we pro-
vide a simulation study. Based on the epilepsy data set we generated 100 data sets from

(a)

(c)

(b)

Figure 10. (a) Histogram estimate of the posterior distribution of measures S under the Poisson model
and the correspondingmarginalχ2 distributions. ( b) Histogram estimate of the posterior distribution of
measures S and Sθ under the Poisson–Gammamodel and the corresponding marginal χ2 distributions.
( c) Histogram estimate of the posterior distribution ofmeasures S, Sθ and Sb under the combinedmodel
and the corresponding marginal χ2 distributions.
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18 F. B. RIZZATO ET AL.

three different models: Poisson–Gamma, Poisson–Normal, and Poisson–Normal–Gamma
(combined), using the software R [24]. We considered 89 patients, 45 treated with placebo
and 44 treated with a new AED, which will be observed for a period of 27 weeks.
We employed the estimates resulting from analyzing the epilepsy data as input for the
simulations.

Poisson–Gamma model: To generate data from the Poisson–Gamma model, the follow-
ing steps were performed:

Step 1.We generated 2403 values for the gamma random effects, assuming α1 = 2.4640,
α2 = 1/α1 and θij ∼ Gamma(α1,α2), i = 1, . . . , 89, j = 1, . . . , 27.

Step 2. The values for λij, i = 1, . . . , 89, j = 1, . . . , 27 were calculated using λij =
θij exp(1.2662 − 0.0134tj), i = 1, . . . , 45 and tj = 1, 2, . . . , 27 for placebo and λij =
θij exp(1.4531 − 0.0328tj), i = 46, . . . , 89 and tj = 1, 2, . . . , 27 for the new AED.

Step 3. Finally, we generated 2403 values Yij from a Poisson distribution with mean λij.
Such a data set was then analyzed using the Poisson, Poisson–Gamma, and Pois-

son–Normal–Gamma models to study the relative quality of the fits.
Poisson–Normalmodel: To generate data from the Poisson–Normalmodel, the following

steps were performed:
Step 1. We generated 89 values for the normal random effects assuming bi ∼

N(0, 1.1289), i = 1, . . . , 89. Step 2.] The values for λij, i = 1, . . . , 89, j = 1, . . . , 27 were
calculated using λij = exp(1.2662 + bi − 0.0134tj), i = 1, . . . , 45 and tj = 1, 2, . . . , 27 for
placebo and λij = exp(1.4531 + bi − 0.0328tj), i = 46, . . . , 89 and tj = 1, 2, . . . , 27 for the

Table 3. Posterior summaries considering Poisson, Poisson–Gamma, and Poisson–Normal–Gamma
models.

Credible interval

Parameter Mean sd median 2.5% 97.5%

Poissonmodel
β00 1.2180 0.0337 1.2180 1.1510 1.2840
β01 −0.0115 0.0022 −0.0115 −0.01573 −0.0071
β10 1.4470 0.0328 1.4470 1.3830 1.5129
β11 −0.0327 0.0023 −0.0327 −0.0373 −0.0282

DIC= 111962 pD = 4.018

Poisson–Gammamodel
β00 1.2200 0.0519 12200 1.1180 1.3210
β01 −0.0116 0.0033 −0.0116 −0.0179 −0.0051
β10 1.4480 0.0518 1.4480 1.3460 1.5500
β11 −0.0328 0.0034 −0.0327 −0.0394 −0.0263
α1 2.2900 0.1317 2.2870 2.0460 2.5610
α2 0.4381 0.0251 0.4373 0.3906 0.4889

DIC= 9539.48 pD = 1105.13

Poisson-Normal-Gammamodel
β00 1.2190 0.0521 1.2190 1.1170 1.3200
β01 −0.0116 0.0033 −0.0116 −0.0180 −0.0050
β10 1.4480 0.0518 1.4480 1.3460 1.5490
β11 −0.0328 0.0034 −0.0328 −0.0395 −0.0263
α1 2.2970 0.1325 2.2910 2.0510 2.5740
α2 0.4368 0.0251 0.4364 0.3885 0.4877
σ 2 0.0020 0.0025 0.0011 6.29E−5 0.0091
DIC= 9549.39 pD = 1105.37
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new AED. Step 3.] Finally, we generated 2403 values Yij from a Poisson distribution with
mean λij.

Such a data set was then analyzed using the same models as above.

(a)

(c)

(b)

Figure 11. Poisson–Gammasimulateddata: (a) Histogramestimate of theposterior distributionofmea-
sure Sunder the Poissonmodel and the correspondingmarginalχ2 distributions. (b) Histogramestimate
of the posterior distribution of measures S and Sb under thePoisson–Normal model and the correspond-
ingmarginalχ2 distributions. (c) Histograms estimate of the posterior distribution ofmeasures S, Sθ and
Sb under combined model and the corresponding marginal χ2 distributions.
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20 F. B. RIZZATO ET AL.

Poisson–Normal–Gamma model: To generate data from the combined model, the fol-
lowing steps were performed:

Step 1. We generated 2403 values for the gamma random effects assuming α1 = 2.4640,
α2 = 1/α1 and θij ∼ Gamma(α1,α2), i = 1, . . . , 89, j = 1, . . . , 27.

Step 2. We generated 89 values for the normal random effects assuming bi ∼
N(0, 1.1289), i = 1, . . . , 89. Step 3.] The values for λij, i = 1, . . . , 89, j = 1, . . . , 27 were cal-
culated using λij = θijexp(1.2662 + bi − 0.0134tj), i = 1, . . . , 45 and tj = 1, 2, . . . , 27 for
placebo and λij = θijexp(1.4531 + bi − 0.0328tj), i = 46, . . . , 89 and tj = 1, 2, . . . , 27 for
the new AED.

Step 4. Finally, we generated 2403 values yij from a Poisson distribution with mean λij.
Once more, the same models are then fitted to the data.

6.2. Results

For a Bayesian analysis of the simulated data set, we followed the procedures described
in Section 5. For all models fitted, the chain convergence was monitored by the conven-
tional time series plots and also using the method proposed by Gelman and Rubin [9]. We
conclude that the chains are uncorrelated. Here, we restrict ourselves to one of the data
sets only. In Appendix B, the graphics corresponding to Bayesian model assessment using
pivots are shown for 20 of the simulated data sets.

( a) Simulated data set from aPoisson–Gamma model: From the histogram estimate of
the joint posterior distribution of measures S, Sθ and Sb for the Poisson, Poisson–Gamma,

Table 4. Posterior summaries considering Poisson, Poisson–Normal and Poisson–Normal–Gamma
models.

Credible interval

Parameter Mean sd median 2.5% 97.5%

Poissonmodel
β00 1.7810 0.0253 1.7810 1.7310 1.8310
β01 −0.0139 0.0016 −0.0139 −0.0171 −0.0106
β10 1.8640 0.0259 1.8640 1.8120 1.9140
β11 −0.0319 0.0018 −0.0319 −0.0354 −0.0283

DIC= 18800.8 pD = 3.982

Poisson–Normal model
β00 1.2990 0.1599 1.3010 0.9710 1.6050
β01 −0.0138 0.0017 −0.0138 −0.0172 −0.0105
β10 1.3530 0.1573 1.3530 1.0460 1.6740
β11 −0.0319 0.0018 −0.0319 −0.0355 −0.0283
σ 2 1.0880 0.1735 1.0700 0.8027 1.4770

DIC= 7843.95 pD = 88.177

Poisson–Normal–Gammamodel
β00 1.2920 0.1595 1.2930 0.9770 1.5980
β01 −0.0139 0.0017 −0.0138 −0.0172 −0.0106
β10 1.3560 0.1613 1.3560 1.0390 1.6720
β11 −0.0319 0.0018 −0.0319 −0.0354 −0.0284
α1 1.5150 × 106 3.9990 × 106 155900.0 731.6 1.3030 × 107

α2 1.6350 × 10−4 4.3940 × 10−4 6.4180 × 10−6 7.6940 × 10−8 0.0014
σ 2 1.09 0.1742 1.073 0.7983 1.491
DIC= 9040.06 pD = 93.574

Jo
ur

na
l o

f 
A

pp
lie

d 
St

at
is

tic
s 



JOURNAL OF APPLIED STATISTICS 21

and Poisson–Normal–Gamma (Figure 10 and Figures C.1–C20), we observe that Pois-
son–Gamma and Poisson–Normal–Gamma models fit much better than the Poisson
model. From Table 3, we observe that the DIC value is smaller for the Poisson–Gamma
model, the values for posterior summaries for the parameters of the Poisson–Gamma are
similar to the assumed values, and that using the combined model nothing is added sig-
nificantly, as expected. However the DIC values presented in Table C.1 are smaller for the
Poisson–Gammamodel. Also, Figure C.21) for the values of the posterior summaries indi-
cate that the results for the parameters related to the mean do not vary much. Thus, it is
clear that there is no need for an additional random effect bi.

( b) Simulated data set from aPoisson–Normalmodel: From the histogram estimate of the
joint posterior distribution of measures S, Sθ , and Sb for the Poisson, the Poisson–Normal,

(a) (b)

(c) (d)

Figure 12. (a) Histogram estimates of the posterior distribution of measures S under the Pois-
son–Gamma model and the corresponding marginal χ2 distributions. (b) Histogram estimates of the
posterior distribution of measures S and Sθ under the Poisson–Gamma model and the correspond-
ing marginal χ2 distributions. (c) Histogram estimates of the posterior distribution of measures S and
Sb under the Poisson–Normal model and the corresponding marginal χ2 distributions. (d) Histogram
estimates of the posterior distribution of measures S, Sθ , and Sb under the combined model and the
corresponding marginal χ2 distributions.
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22 F. B. RIZZATO ET AL.

and the Poisson–Normal–Gamma (Figure 11), we observe that the Poisson–Normalmodel
fits better to the data set. The graphics presented in Figures C.22–C.41 show that the Pois-
son–Normal and Poisson–Normal–Gammamodels fitmuch better to the Poisson–Normal
simulated data sets than the Poisson model itself. From Table 4, we observe that the
DIC value is smaller for the Poisson–Normal model, the values for posterior summaries
for the parameters of the Poisson–Normal model are similar to the assumed values and
that by using the combined model nothing is added significantly, as expected. How-
ever, the DIC values presented in Table C.2 are the same for the Poisson–Gamma and
Poisson–Normal–Gammamodels. Figure C.42, presenting the values of the posterior sum-
maries, indicates that the results for the parameters related to the random effect θij do not
vary much, underscoring that there is no need for the additional random effect θij.

Simulated data set from a combined model: From the histogram estimate of the joint
posterior distribution of measures S, Sθ , and Sb for the Poisson, Poisson–Gamma, Pois-
son–Normal, and Poisson–Normal–Gamma (Figure 12), we observe that the combined
model fits better to the data, as expected. Figures C.43–C.62 indicate that the Pois-
son–Normal–Gamma model fits much better to the simulated data sets. From Table 5, we

Table 5. Posterior summaries considering Poisson, Poisson–Gamma, Poisson–Normal and Pois-
son–Normal–Gammamodels.

Credible interval

Parameter Mean sd median 2.5% 97.5%

Poissonmodel
β00 1.7810 0.0254 1.7810 1.7310 1.8310
β01 −0.0144 0.0017 −0.0144 −0.0178 −0.0111
β10 1.8700 0.0265 1.8700 1.8181 1.9220
β11 −0.0354 0.0019 −0.0355 −0.0391 −0.0317

DIC = 21576.8 pD = 4.007

Poisson–Gammamodel
β00 1.7770 0.0764 1.7770 1.6290 1.9250
β01 −0.0142 0.0048 −0.0142 −0.0234 −0.0049
β10 1.8810 0.0775 1.8790 1.7360 2.0380
β11 −0.0361 0.0049 −0.0361 −0.0459 −0.0267
α1 0.7045 0.0247 0.7040 0.6575 0.7541
α2 1.4210 0.0498 1.4210 1.3260 1.5210

DIC = 9800.01 pD = 1546.28

Poisson–Normal model
β00 1.3000 0.1549 1.302 0.9966 1.6010
β01 −0.0144 0.0017 −0.0144 −0.0177 −0.0112
β10 1.3860 0.1611 1.3830 1.0730 1.6970
β11 −0.0354 0.0019 −0.0352 −0.0390 −0.0317
σ 2 1.0830 0.1730 1.0670 0.7961 1.4670

DIC = 12245.9 pD = 89.175

Poisson–Normal–Gammamodel
β00 1.2950 0.1655 1.2990 0.9588 1.6150
β01 −0.0140 0.0032 −0.0140 −0.0203 −0.0078
β10 1.3830 0.1577 1.3850 1.0780 1.6950
β11 −0.0355 0.0034 −0.0355 −0.0422 −0.0289
α1 2.5720 0.1440 2.5700 2.3010 2.8670
α2 0.3900 0.0218 0.3890 0.3489 0.4346
σ 2 1.0710 0.1736 1.055 0.7815 1.4610
DIC = 9542.96 pD = 1110.56
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observe that the DIC value is smaller for the Poisson–Normal–Gamma model, the values
for posterior summaries for the parameters of the Poisson–Normal–Gamma and Pois-
son–Normal models are similar to the assumed values, a phenomenon not observed for
the other models. Additionally, the DIC values presented in Table C.3 are smaller for the
Poisson–Normal–Gamma model. Figure C.63, showing the values of the posterior sum-
maries, indicates that the results for the parameters related to the random effect bi and θij
are a necessary improvement of the model.

7. Concluding remarks

In this paper, we have developed Bayesian methods to analyze longitudinal count data,
potentially subject to overdispersion. For this, the so-called Poisson–Normal–Gamma,
or combined, model was used [27]. The original authors used maximum likelihood.
The model was fitted to a set of data, introduced in Section 2. Apart from the Pois-
son–Gamma–Normal model, three special cases were considered: the Poisson–Normal,
negative-binomial, and conventional Poisson models. Furthermore, we considered the
Poisson–Gamma–Gamma model [13]. We found that a Bayesian approach is well feasible
and hence a viable route, in particular thanks to recent software to simulate samples for the
joint posterior distribution of interest. TheOpenBugs software leads to great simplification
to obtain the posterior summaries of interest.

A further novel contribution is the development of Bayesian model assessment. This is
important, because until now no general model assessment tools for the combined model
were developed. Our assessment is based on graphical analysis of pivotal quantities. We
found that the Poisson–Normal–Gamma fits the data better than the simplified versions
considered. The model reached the proposed objective of capturing the variability among
individuals and the correlation between measurements across time. Finally, we concluded
that, based on the Poisson–Normal–Gamma model, the treatments do not differ as in
Molenberghs et al. [17] and Vangeneugden et al. [27].

A simulation studywas conductedmaking use of themethodology proposed by Johnson
[12], for which model comparison is based on the analysis of pivotal quantities. Precisely,
our aim was to see whether this is a good strategy to select the best fitting models. The
fit is usually best when the models used for simulation and analysis coincide. Evidently,
this is in line with expectation, but is useful in confirming that the procedures work in the
way they are supposed to. However, in some cases the Poisson–Gamma–Normalmodel fits
better, computationally, to data generated from a Poisson–Normal model, than the Pois-
son–Normal model itself. This seems surprising but can be explained as follows: when the
normal random effect generated is large, very large counts are generated. Fitting the Pois-
son–Normal model then becomes relatively unstable, because the normal random effect
distribution needs to compromise between the large variance and the correlation. The Pois-
son–Gamma–Normal model is better equipped to describe the variance and correlation
functions in their own terms. So, it can happen that the more elaborate model is, at least in
some cases, easier to fit.

Relevant questions center around model fit, influential subjects, and outliers. The com-
bined model, in itself, can be used to assess the fit of its sub-models, such as the GLMM.
Importantly, we have proposed pivotal quantities to assess model fit from a Bayesian per-
spective. It is also of interest to assess the impact of outliers and influential subjects on the
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conclusions. Work to this effect is being done, admittedly currently for a likelihood-based
context [19,20].
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