





-

minimal surface in RY, due to the product representation of Q,,
can therefore be studied in a similar manner. In fact, results
treating the case in R?® have been extended to that in R* by
Chern [ 3], Osserman [9], Hoffman and Osserman [5]. Very recently,
xavier [10]1 has made a remarkable improvement in the study of the
case in R®. Therefore its' quite natural to extend it to the case
in R, which will be shown in the following theorem.
'THEOREM 1-Iet S be a complete minimal surface in R'with g its
igeneralized Gauss map and gyr Ipr the corresponding projections.
‘Then S must be a plane if

(i) both 97 and 9, omit more than 10 points, or
, (ii) one projection is constant and the other omits more than

4 6 points.

PROOF - Let S be given by

(1) X: S0 S |-}

where S0 is a Riemann surface. Its generalized Gauss map can be

expressed by

(2) g = [0(0) sd,(0) 13(L) 16, (0)]
where
oX
A M k
(3) .¢k(C) = 2 Ya

with ¢z a local caomplex parameter. And the projection gyr 9, are

expressed by

ho+id by=id
(4) g = ———.-3—:—.———4——, g = _._._3-?'__4-_'
1T Te1e, 1 720 T9)7i6,




The induced metric is given by
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(5) as? = 3£|7(1+|gy |P) (1+]g,1%) d &

where f(c)==¢l—i¢2. For detailed explanation, see Osserman tael.

Wwithout loss of generality, we may assume SO to be simply
connected. Combining our hypothese in (i), (ii) with the Koebe uni-
formization theorem and the Picard's theorem, we may assume further

that S, is the unit disk D= {zer||c|<1}.

A crucial lemma used by Xavier [10] can be adapted easily
in our case as:
LEMMA - Let g;: D — T - {0,a}(a%0), g, =D — T-{0,b}(b20) be

holomorphic functions. Then

L)‘gl(r

for 0Sp<%—, where ¢ = E+in.

gh(z)
¢ \ dtdn < o

Now we proceed our proof. Suppose S is not a plane. Under

the hypothese in (i) or (ii) , we may assume that both g, and g, are

holomorphic.
For the case (i), suppose g, omits a,,...,2y, in T and g,
omits bl,...,b10 in L. Consider the function
10 10
-9 | -1
(6) h = glg.f m (g,-a,) n (g,-b.) ~.
172 i=lll j=12]

For the case (ii), suppose g, constant and 9, omits bl""

b. in €. And consider the function
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6 —
(7) h = gif n (957D

In both cases, using the same arguments in [10], we can

see that from one hand, essentially due to a theorem of Yau [11].

(8) |h|¢2/9(SO) for case (i) and Ih[¢L7/l6(SO) for case (ii)

and from the other hand, by direct calculation, we get

(9) |h[eL2/9(so) for case (i) and |h|eL7/16(SO) for case (ii).

which is impossible. Q.E.D.

Next we shall extend a theorem of Gackstatter [6] on

complete abelian minimal surfaces in R? to those in R".

THEOREM 2 - Let S be a complete abelian minimal surface in R",

and g its generalized Gauss map. Then S must be a plane if either

a) one projection, say 9y omits more than 4 points and the

other projection g, omits more than 3 points, oOr
b) 9, is constant and g, omits more than 3 points.

PROOF - By a complete abelian minimal surface S in R" . We mean

that S can be constructed out of a meromorphic differential fdz

and two meromorphic functions gl, g, on a compact Riemann surface

M with the metric

/]
as? = L1 1gy1%) (41g,17) | ?

which never vanishes. And the construction is made in the sense of

L.Bers [2] such that the immersion is given by the formula

(10) g Ref %(1+glgz,i(l-qlgz).gl-qz,-i(g1+q2))dt

P . g0 @ v |



on a covering space M over M- {p|ds?(p) =~} as long as (10) is
well-defined. The boudary points to the metric ds? are those
finitely many points pjs.../P, in M where ds? ==.
By a rotation of S, we may assume that
i) both 97 and g, have only simple poles, and they don't
have poles in common,
ii) the poles of 917 9 don't fall into the boundary points
pl""'pr' and ﬁence,
iii) at each pole of 9, or g, f must have a simple zero,
iv) f has no other zeros, and
v) at each pj, f must have a pole of order mj:zl.
Now suppose g, is an Nl—sheet and g, is an N2—sheet branching

covering. Then by the Riemann relation for the differential fdr,

we have

r
(11) (N, +N,) - Ym, = 2y -2

where y is the genus of M.

And by the Riemann relation for 9, and 9y in case of

non-constant, we have

(12) I (44-1) - 2Ny = 2y = 2
9

(13) ] (2,-1) = 2Ny = 2y =2
92

where ] (%,-1) and ] (2,-1)are the total branching orders of g,
9y 95
=Py respectively.

Now suppose S is non-flat, i.e, 9,1 95 can't both be




constant, and that
a) 99 omits 5 values ayreeerdgy 9, omits 4 values bl,...,b4

and neither one is constant. Then clearly

(14) 99 {avll <v<5te{pyseeasp s

(15) g5 (b |1susalelpy eeeip )

And (12), (13) can be written as

(16) 1 (2,=1) +3N; = 2y -2+ ¥ 1,
glza\) glza\)
(17) L (ay=1) +2N, = 2y -2+ ) 1
g,zb g,=
2"y 2 Ty

Comparing with (11), we get

b o
(18) 2¥m< J 1+ § 1

which contradicts (14) and (15).

b) 9y constant and Jg, omits 4 points bl""'b4' Clearly (15)

and (17) still hold with Nl=0, N2 >0. From (11), (17), we have

r
(19) ' mj < 2 1
i=1 gz—bu

which contradicts (15). Q0.E.D.

COROLLARY - If a) 91 omits exactly 4 points and 9, omits exactly

4 points, or

b) 99 constant and 9, omits exactly 3 points, then a) r=4,

m.=1o0r b) r=3, HB =1, respectively. Further, in neither case S




can have flat points.

PROOF - Note that p is a flat point of S if and only if g'l(P) =0

and g:'z(p) = (0. In case a) comparing (11) with

-1) +2N, = 2y -2 +
Za (2 1) 1 Y Z_a 1
g1 N g1 v

and (17), we get r =4, mj=1, !lel, 2251.

And in case b) comparing (11l) with

Zb (8,-1) ¢+ N, =2y-2+ ] 1
gzz u gz=bU

1

and N, =0, we get r =3, mj=l, 22 1. QL.E. D,

1

For complete minimal surface with finite total curvature,
it's known [4] that M=M - {pl,...,pr} and m > 2. Thus, Theo.2 & Cor.

together give an alternative proof of

THEOREM 3 (Hoffman-Osserman [5]) - Let S be a complete minimal

surface in R" with finite total curvature. Then S must be a plane

LE
a) both 9y and g, omit more than 3 points, or
b) 9, constant and g, omits more than 2 points.
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