MATRIX FUNCTIONS IN THE STABILITY OF HIGHER-ORDER NUMERICAL SCHEMES

Julio Cesar Ruiz Claeyssen
Cyro Patarra
Teresa Tsukazan
Ministerio da Ciencia e Tecnologia - MCT
Instituto de Pesquisas Espaciais - INPE
Caixa Postal 515 - 12201 - Sao José dos Campos - SP

Marco Tulio Vilhena
Departamento de Engenharia Nuclear
Universidade Federal do Rio Grande do Sul
90001 - Porto Alegre - RS

Approximation schemes, constructed by finite differences

Or variational methods, for the numerical solution of linear partial
differentia) equations of parabolic and hyperbolic type can be written

N compact form

L(y) U = b, (1

where () - Bg V" + Ay M=1 .. 4 Amis a polynomial with nxn matrix
coefficients A, A, non-singular or simply Ag=I for explicit SRbRIES
W stands for the translation operator U, | (discrete schemes) or the
derivatiye U'(t) (semi-discrete schemes) and b contains the boundary
tonditiong

» among other things.

The numerical stability of (1) is usually analyzed by
transforminq (1) into a first-order scheme having the companion
Matrix A as jts coefficient and with zero forcing term. From this,
EZE:Z is a departure work. Either we impose conditfons ki t?it

S can be found for the matrix semigroup solution E(A,S) (=e
S?midiscrete,(-A)k discrete) or we assume boundary conditions that
" allow to solve difference equations by the Von Neuman's
tech”iqUe of separation of variables. For most common numerical

N . ;
hemes, both ways coincide whenever A has a full basis of eigenvetors
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W, corresponding to the eigenvalues ..
dgsposal a spectral decomposition which
to the growth of the spectral values f(
practical conditions Re Aj s K (

t
In this case, we have abi]ity
allows to refer the sta
: e
A,).).More precisely, th 2
discrete/.
semidiscrete) and |1, [<1 (

e wish to obserye in this work, that when the the

; share a common basis of eigenvectors, so thatnust
Von Neumann teghnique [17 is applicable, the coefficients Aj {x
conmute. This Jattep consequence would then allow to use matri L
function theory for determining stability restrictions for the

et
) i 11 restri
and spatia] meshes. As a matter of iMustration, we sha

ourselves tg second-order Schemes .

coefficients A

ral
in [57. the gene
Accordingly t, the theory developed in [51,

solution of the matriy equation

(2)
Uk+? + BUk+1 + CU, =0,

k

can be written g Uk = (

ix
; e matr
Bl ILBY Wy 20, Uy where Dy is th

k+1 k Y k

solution satisfying Dy=1

\ that
s out
» Do=0 (dynamical solution). It turn

k ik nt
s Vi

D, = p(k) (0) - d ¥ & ['Sgi h _
dt (i

A= (B2-4¢) /4

whenever p and ¢ Conmute ,

Here D(t)
€quation y» , BU!

the
ion of
is the dynamical solutio

, to the
+CU =0 anq obtained in strict analogy

scalar case, Let v pe a col

ith
Tmon eigenvector for B and C wi
corresponding eigenvalues

Aand v, Then

Tt
DV = T [2 e Sen h[/V?ﬁ’tr‘z)/ Ny ] ve
dt
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Where
nt '
are the roots of characteristic equation

22 4 AZ + vy =0 (4)

We seq from (3)

that stability along the mode v will be achieved
Wheneyep ne] <1 y g the

arisj - This approach will be applied to second-order schemes
ng f 4 ] 4 %
Ll discretization of the hyperbolic equation uy,=C7U,,

and th
e i N .
i Parabolic equation u,, 4 az u 0 on a finite spatial
Nterya) and wit tt KR
1th homogeneous boundary conditions.

o finite-difference scheme for the wave equation

k
J =il -1 [

J il = ulL - ?Hk U s (5)

J+1 ] ] -1
Where
0=
¥ #hits) gives rise to the stability condition
cat/ox 1, (6)

_Friedri‘hS‘LUwy.ln-t us see how this condition would be

B of matrix functions. First, we write (5) as a
“Ordep : ) ’
mateiy difference equation (2). We have B = b=l G

Whep,
e A

s a :
: ARt tridiagonal matrix with eigenvalues

e AT A )
® valye ©os Ju/Nu, (N+1) ax=1, and U, = Col 0 u;]. Replacing,
S )‘=\ - ) ' i )
mrn50ut | ILAJ 2 and =1 into the characteristic equation (4), 1t

é (-A‘/AYLAI)\ I which is equivalent to condition (6).

thizet) and Kahliq [6] have derived a discretization for

DDroX1ma Wation u, +a2 | =0 in the following manner. They
XXXX '
SmmdiSCTe ™he fourth order derivative in such a way to obtain the
€ SChEme
Ull




4

(ax)

where A is 3 symmetric banded matr

-16
a
ix with eigenvalues

de
ig ma
s
ime of (Z):0 is
. : in time 0 t
Sen" ju/2(Ne1), (N+1) ax=1. The discretization ]? tion of (7)s e
) 51u
UPon the recurrence relation satisfied by the so (8)
UCt+h) + y(t-p) - 20" (h) u(t) By
) (1)t
) Tution 0 agaln
Where D(t) - ey At/ alh— e the dynam]sil'zo it turns out
using (2,2) pada approximants oy D*(h)= Cos a/A" t,
(2) with g - g- (A) q(n), C=1, where
i (- g ! (ant)" A%,
RO = 14 Tz ¥8t)2 A 4 oy
1 t)" A7)
Q()\)=‘(2‘ ;57(6 ‘A\t)l"\ } ) (1
6 /()
ROV =
A 2 Q(A)n +
We thep have the characteristic equation R(x)n? 4 )1 the value
‘dless of t
It can pe shown that it Satisfy |n|<1 regardle
T = At/(ax)2 o 0.

function®
. : latrix

It is undep study the application of n
to second-order, cen

sha]]ow
e to the

tered difference approximations

water €Qquationg E7T
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