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Approximation schemes, constructed by finite differences 

or variational methods For the nume r i ca l solution of linear partial 
different· l . ' . · . 13 equat1ons of parabolic and hyperbol1c type can be wr1tten 
l n co111pact form 

L( 1) U b, 
(1) 

where L(y) = A
0 

y111 A Ym-1 A · a polynomial with nxn matrix 
i- 1 + ... + m 1 s 

coefficient A . . h 5 ·, Ao non-singular or simply Au=l for expl1c1t sc emes, 
YU stand f J . s or the translation operator u (d1screte schemes) or the 
derivativ , k+1 . e U (t) (semi-discrete schemes) and b conta1ns the boundary 
conditions, among other things. 

t T~e numerical stability of (1) is usually analyzed by 
ransfonnin ( 1) . . . 9 1nto a first-order scheme hav1ng the cornpan1on 

111a tri x A . as i t s coefficient and with zero forcing term. From this, 
there is d b a eparture work. Either we unpos e cond1t1ons on A so that 
ounds can b At e found for the matrix sem1group solut1on E(A,S) (=e- 

se111idiscret ( k . e, -A) discrete) or we assume boundary conditions that 
w111 allow . , t to solve d1fference equations by the Von Neuman s 
echnique f . . . 

5 
h O separat1on of variables. For mos t comnon numer ice l 

c ernes both ' ways coincide whenever A has a full basis of eigenvetors 



. . . we have at w. correspond1ng to the e1genvalues A .• In this case, . ·ty 
J J h stab1l1 disposal a spectral decomposition which allows to refer t e 

· ly the to the growth of the spectral values E(A,A .) . More nr-ec i se • ) 

practical conditions Re A.$ K (semidiscrei~) and l'i 1<1 (discrete · J 

We wish to observe in this work, that when the 
coefficients A. share a con11110n basis of eigenvectors, so that the 

J . · . . t A must Von Neumann techn1que [1] is applicable, the coeff1c1en s j 

conmute. This latter consequence would then allow to use matrix . 

. . the t1rne funct1on theory for determining stability restrict1ons for . 
d 

. shall restrict an spat,al meshes. As a matter of illustration, we 
ourselves to second-order schemes. 

genera l Accordingly to the theory developed in [51, the 
solution of the matrix equation 

Uk + BUk +2 +l ( 2) 

can be written as U = (D + 
k k+1 

solution satisfying Di=l, Do=O 
. x 

is the ma tri DkB) U0 + Dk U, where Dk . that 
It turns out (dynamical solution). 

o(k) (D) = 2.\ 
dt I. 

6 = (B'-4C)/4 

. of the whenever B and C conmute. Here D(t) is the dynamical solut1on 

equation U" + BU' + C U = 0 and obtained in strict analogy to the 
scalar case. Let v be a common eigenvector for B and C with 
corresponding eigenvalues \ and y, Then 

dk - A t z = - [2 e 
dtk v = 

k 
i: 
j=1 



Where n± are the 
roots of characteristic equation 

Z 2 + AZ + y = 0 (4) 

We see f 
~ rom (3) that stability along the mode v will be achieved 
enever [111 \<1 T . ari s · · h 1 s approach wi 11 be app l i ed to s cond-order schernes 
ing for the d' . . . and th iscret1zat1on of the hyperbolic equat1on utt=c'uxx 

e parabo1· . interval i c equation u + a2 u = O on a finite spat1al 
and with h tt xxxx omogeneous boundary conditions. 

The finite-difference scheme for the wave equation 

u. k+1 k 
J - 2u . k-1 k 

J + U j = 11 ( U . 
J+l 

2uk k ) 
J 

., u. ' J -1 
( 5) 

Where 11 = 
( c 6t/6x)', gives rise to the tability condition 

C /\ t/ /\X 1, (6) 

due to 
Courant-Fr· . . . 

0btainect b iedrichs-Lewy. Let us see how this cond1t1on would be 
s Y the use f · · ( ) econct.

0 
° matnx functions. First, we write 5 as a rder ma tri · Where A is x difference equation (2). We have B = JJA-l, C=l 

A a 5Ymmet · · . j= 2 + 
2 

r ic trid1agonal matrix with eigenvalues 
the va1u Cos j11/N+1, (N+l) Ax=I, and U = Col [U~ ... U~J. Replacing, 
t es '=1,,. -2 . k . . urns out [ .!_ t- 

1

3nd Y=1 t nt.o the characteristic equat1on. (4), it 
2 ' ~) I 1 which is equivalent to cond1t1on (6) · 

the Parabo1 · Twizell and Kahl iq [6] have derived a discretization for 
ap lc equat· Proxirnat ion utta' u =0 in the following manner. They 
se. . e the fourt xxxx . rn1ct1scret h-order derivative in such a way to obtain the 

e Scheme 

U"+a'Au 0 ( 1) 



-4 

:16(/\X) .. h . envalues Aj . rnade where A is a symmetric banded matrix wi t e i q . f (7) ,s . 

. · · n t, me O h t 15 
Sen

4 

j1,/2(N+1), (N+1) l'IX=1. The discret1zat1on 1 . f (7), t 
3 

th solut1on o "''" th, "'"'""" celatio, satisfi,d hy ' [BI 

U(t+h) + U(t-h) = 2[)' (h) U(t) 

where D(t) = Sen a/At/ arr,:-- is the dynamical 
using (2,2) Pade approximants for O'(h)= Cos alf:I t, ,t 
(2) with B = R-1 (A) Q(A), C=!, where 

Q().) 

( 7). BY 
solution of again 

0ut turns 

1 1 (a At),, A2, R().) = 1 + 7I a2(11t)2 A + ffl 

5 ( a At ) ,, ),' ) . - (2 - - (a /\t)2\ + 
6 72 

) - o. (). - ' Q(,)n+R w, th,, ha,, th, ch, rnctec i sr tc eq,at i o, R I 1 I" • ., 1 ue 
of the It can be shown that i t s satisfy I n\ '1 regardless 

r = 11t/(/\x)2 > D. 

ti ons . func It is under study the appl ication of matr:~e shall
0
vl 

to second-order, centered difference approximations to 
water equations [7]. 
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