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CENTRAL UNITS IN ALTERNATIVE LOOP RINGS

EDGAR G. GOODAIRE, CESAR POLCINO MILIES, AND
MICHAEL M. PARMENTER

ABSTRACT. Let L be an RA loop, that is, a loop whose loop ring in
any characteristic is an alternative, but not associative, ring. We show
that every central unit in the integral loop ring ZL is the product Zug
of an element £ € L and a loop ring element ug whose support is in the
torsion subloop of L, and use this result to determine when all central
units of ZL are trivial.

1. INTRODUCTION

A loop is a set L together with a binary operation denoted by juxtaposi-
tion and an identity element 1 for which the right and left translation maps
R(z) and L(z), z € L, defined by

aR(z) =az, aL(z)=za foracl
are bijections. For z,y € L, define maps T(z), R(z,y), L(z,v) by
T(2) = R(z)L(z) ™"
R(z,y) = R(z)R(y)R(zy) ™
L(z,y) = L(z)L(y)L{yz) .

The subgroup Inn(L) of the symmetric group on L generated by all such
maps is called the inner mapping group of L and the elements of Inn(L) are
called inner maps. In this paper, all loops are Moufang, that is, they satisfy
the identity (zy - 2)y = z(y - zy). In a Moufang loop, L(z,y) = R(z~1,y 1)
[GIM96, Theorem I1.3.3], so the inner mapping group is generated just by
maps of the form T'(z) and R(z,y). A subloop K of a loop L is normal if
K6 C L for all inner maps 8.

For any z,y,z € L, we use (z,y) and (z,y, 2), respectively, to denote the
commutator of  and y and the associator of z, y, and z. These elements
are defined by the equations

zy = (yz)(z,y) and =zy-z=(z yz)(z,¥,2)
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If L is a loop and R is a commutative, associative ring with identity, the
loop ring RL is defined in precisely the way the group ring is defined. Thus,
an element o of RL is a finite sum @ = 3 ayf, ap € R, £ € L. We shall have
occasion to refer to the support of o, this being {¢ € L | oy # 0}.

An RA loop is a loop whose loop rings, in any characteristic, are alterna-
tive, but not associative, rings. A good reference for the theory of RA loops
(and the loop rings they determine) is [GJM96], though it is convenient to
record here a few properties of RA loops that are of particular relevance to
this paper.

Let L denote an RA loop. Then L is Moufang and an extension of its
centre Z(L) by an elementary Abelian 2-group. This means that the square
of any element of L is central, as is any element of odd order. Moreover,
L has a unique nonidentity commutator, always denoted s, which is also a
unique nonidentity associator. Thus, if a, b, and ¢ are elements of L, the
commutator (a,b) must be 1 or s and the associator (a,b,¢) must be 1 or s.
It is easy to see that g must be central and of order 2.

Perhaps the most important and useful property of an RA loop is diasso-
ctativity: Subloops generated by two elements are always associative. More
generally, if a, b, ¢ are elements of an RA loop which associate (in any order),
then they generate a group.

2. MAIN RESULTS

A torsion element of an RA loop L is an element = with the property
that 2™ = 1 for some positive integer n. The set T of all torsion elements of
L is a locally finite normal subloop called the torsion subloop of L. If L is
finitely generated, then T is finite [GIM96, Lemma VIIL.4.1].

We denote by U(ZL) the set of units (invertible elements) in the integral
loop ring ZL. Under certain conditions, any unit of ZL can be factored as
the product of an element of £ and an element of the loop ring whose support
is in the torsion subloop of L [GIM96, §XII.1]. As with group rings [MS],
it turns out that any central unit can always be so factored.

Theorem 2.1. Let L be an RA loop with torsion subloop T. If u € ZL
is a central unit, then p = pol = fugy can be factored as the product of an
element £ € L and a unit pp € ZT.

Proof. We show that u = pgf and note that centrality of i gives p = £ug
too.

Replacing L by the support of i and, if necessary, three elements which do
not associate, we may assume that L is finitely generated, thus T is finite and
the group algebra QT = 3~ A; is the direct sum of unique simple algebras
A; with identity elements e; which are primitive central idempotents. (This
is classical if T' is associative and Corollary V1.4.3 in [GIM96] if T is an
RA loop.) Writing e; ~ e; if e; = ;0 for some inner map 8, we obtain
an equivalence relation and, partitioning the e; into equivalence classes, we
have QT = 37}, Ry, each Ry a sum of those A; whose identities form an
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equivalence class. In particular, each Ry is normal in QT in the sense that
R0 = Ry, for any 8 € Inn(L). This implies

Bpa = aRp, (Rpe)f = Ry(af),
(aRy)B = a(Ryp), and a(BRy) = (af)Ry

for any a,8 € QT.

Let Q be a transversal for T in L (that is, a set of representatives of
the cosets of T in L) and write p = Y2, s, s € ZT, ¢; € Q. Writing
Hi = Yhy Bihs Bik € Ry, we obtain

n
p=vi+vy+- o+ vy, Vh=zm,h4i; h=1,2,...,m,
i=1
and argue that each v, is central. For this, it suffices to show that vy

commutes elementwise with L [GIM96, Corollary 111.4.2], so take z € L.
Since p is central, uz = zu, so

NI+ W+ o+ UnZ=21n+Ty+ -+ TUn,. (2.1)

We claim that the supports of v,z and vz are disjoint if A # & (and similarly
for the supports of zvy and zvg). For this, consider the possibility that
(egi)z = (Byg;)z for some i, 5, some o € Ry, and some B € Ry. This implies
ag; = B¢, 80 i = j and o = 3, which cannot be because R; N R, = {0}.
Furthermore, the supports of vyz and zvy, are the same for any h. To see
why, look at vpz = Y I, (i ngi)z. Normality of R, implies

(1i,n0:)z
= p(@z) = s°p(og) = s*(paz)ei == s(zpa)g = s*z(maq), (2.2)

for certain py, pg, pa, s € Ry, and € € {0,1}. Since s% = 1, the projection s;
of s in each simple algebra A; is Le;. In particular, s;4; C A; and sRy C Ry,
for each Rp. Thus, (2.2) shows that the supports of vpz and T} are the
same, as asserted, and then (2.1) shows that vz = zvy. Thus each vy is
indeed central.

Now let ¢t € T and write g5 = 377 @5, & € Q. We have

n

tvn =Y t{sings)

i=1

=2 D ot(ti)

i=1 j=1

n T
== Zzajsej(ttj)qi! 9 = (tr tj! qi)1 €j € {07 1}1 (23)

i=1 j=1
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and

vt =Y (ipg)t = 3 as(ti@)t-

i=1 =l j=1

Now t;, ¢, and ¢ associate if and only if they generate a group, and this
occurs if and only if ¢, t;, and g; associate. Thus (;,q;,t) = (¢,t;,4;) and

n T
wt=3 Y a;s9t;(qt), sY = (t,q,1),

=1 j=1
n r

= 2.2 aits(ta)
=1 j=1

since if ¢ and ¢; commute, s% = 1 while, otherwise, s/ = s and ¢;t = stg;.
(Remember that 52 = 1.) Thus

vpt = i Zr: ;8% (t5t)g;. (2.4)

i=1 j=1

Comparing the coefficients of ¢; in (2.3) and (2.4), we have

r r
D _oystitt) = ) ays¥(tit) = o, say.
§=1 i=1
This equation shows that if £;¢ # tt; (and hence tt; = st;t), then a contains
terms s*st;t and s%t;t, with the same coefficient. After cancelling ¢, it
follows that

3
Hip = Zajt,- =) ajtj+(1+59) Z ajt;, (2.5)
i=1 t,€51 t;€8;
where S is the set of those ¢; which commute with ¢ and the ¢; in Sy do not
commute with ¢. Since (1 + 8)ZL is central [GIM96, Corollary II1.3.5], the
element u;5 commutes with . Since ¢ was arbitrary, u,» is central in QT.
Writing Ry = A;, + Aiy + -+ + A;, and pip = a1 + a2+ -+ +ax, ¢ € 45,

centrality of u; 5 implies centrality of each a;.
With p;p = 377 ajt; as before, and z € T, we have

r T
pipT(2) =Y oitiT(z) = Y ajsty, € €{0,1},

i=1 j=1

since t;T'(z) = z‘lt_.,-a: =t; or stj. Thus p 4T(z)—pin = (1—8)wy,wr € QT.
Similarly, if z,y € L,

r r
miaR(z,y) =D aitR(z,y) = Y a;st;, € €{0,1},
=1 =1
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since t;R(z,y) = (t;z - ¥)(zy)~! = t; or st; according as (t;,z,y) = 1 or s.
Thus p; s, R(2, y) — pip = (1—8)wa, wg € QT, and 80 p; p6 = pyp+(1—8)wip
for any inner map 6. Now pu; , € Ry, which is the direct sum A;, + A, +- -+
A;, of certain simple algebras A; . Writing p; 4 = (a1,02,...,ak), a; € 4;;,
and choosing 6 € Inn(L) such that e;0 = e, we have p;p6 = (a;,...), so
aj = a1 + (1 — 8;)w;, where s; the projection of s and w; is the projection
of win on A;;. It follows that u; » = (a1,a1,...,81) + (1 — s)w;p. We next
show that p;p € (1 — s)QL so that a; # 0.

If every element in the support of y; ; is central in T', then y; 4 is central in
Ry, = Aiy + Aig +-- -+ A, and hence a scalar in each simple component A;;.
If p p, = (1 — 8)w for some w, then ), is a zero divisor, so the projection of
i in each A;; is a zero divisor, hence 0. Thus ;p = 0, which is not true.
On the other hand, suppose there exists t; € supp(u;,) which is not central
in T. Choose ¢ with tt; # t;t and write pip = 3 5, @stj + (1 + 5)f as in
(2.5). Suppose y;p = (1~ s)w. Multiplying

Z ait; +(1+8)8=(1-sw

t;€5:
by 1+ s gives (1 + )Y, a;t; +2(1 + s)B = 0, a contradiction, because the
nonzero element 3 contains in its support no elements that commute with ¢
while, for ¢; € 51, both t; and stj do. All this proves that u; ¢ (1~ 8)QL
and a; # 0. As a consequence, A;;a1 is nonzero and a two-sided ideal of
the simple algebra A;;. (Recall that a; is central.) So A;,a1 = A;,, which
shows that g, is invertible. It follows that a; = a3 + (1 — 8;)w; # 0 for
any j (otherwise, a; = —(1 — s;)w; is invertible and a zero divisor), hence
A;; = Aija;. So each a; is invertible, hence p; p, is invertible.

Recall that vy = 3 1, ps ngs. Write v L= E.‘N=1 Tipi, pi € Q. Since vy 1
is a central unit, we know that the coefficients 7;, like the p; 4, are invertible.
In a Moufang loop, any inner map 8 is a semi-automorphism in the sense
that (zyz)8 = (28)(y9)(z6) [GIM96, Theorem I1.3.3] so, in particular, 8
maps units to units. In the calculations that follow, we make use of the
inner maps T'(z), R(z,y), and L(z,y), z,y € L, to move parentheses and
change the order of elements in a product with the assistance of the following
identities:

yz =z[yT(z)] and zy=[T(z) =
zy-2=[zR(y,2)|(y2) and =zy-z=z yzL(y,®)”"
z-yz = (zy)[z2L(y,z)] and =z-yz=zR(y,2)7 'y =z

Setting 6; = R(gi, 7;q;), 02 = T(g;), 03 = L(gj, ), 6s = T(gig;)™", and
85 = R(7;620304,4i¢;)~", we have
(14,89:) (7595) = [1,n61] g - 755]
= [pin61]lg: - ¢;(7502)]
= [ n01}{0iq; - 759204
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= {p; 4n01] (7628304 - qigs)
= [(1i,10105)(75020364))[gsg5)-

So the equation vpvy ! — 1 implies an equation of the form 1 = 3 §%iD;-
Since L/T is torsion-free Abelian, it can be ordered and we may assume
@1 <g<-:-<gnpandp <py<---<pp. It follows that 3 v ;qp; can
have only one summand, so n = N = 1. In particular, vp = p1 4q1.

Since u is the sum of the vy, hence a sum of terms of the form p; 4,
collecting terms involving the same g¢;, we eventually obtain u = 3 u;iq;,
each p; a sum of y, for different hs, and hence invertible. (Think of the
direct sum Y i~ ; Ry.) For the same reason, the product of two different p;8
is 0. So 4? = 3 p3q? = ¥ jq? with with Tq} # T} if j # k and a; € ZT
(because p = pjq; € ZT implies each yu; € ZT'). Since

t;42 = Z tajq?
and

wit= Z ozﬂtq_,2
for t € T, we have a;t = ta; and so the ring R generated by the o; is
central in ZT. Let A be the (torsion-free Abelian) group generated by the
gj. Then 42 is a unit in the group ring RA. Let N be the (nil) radical of R.
Since idempotents of R/N can be lifted to R C ZT', a ring which contains no
nontrivial idempotents [MS02, Corollary 7.2.4], R/N contains no nontrivial
idempotents. By [Seh70, Lemma 2], the group ring [R/N]A has only trivial
units, 80 p? = ag® + %, v nilpotent. But 7 is a sum of a;g;, which is
invertible. So 4 = 0, 2 = aq? has just one term, and the representation
# =3 p;q; has just one term also. This completes the proof. O

In the proof of the next theorem, the second major result of this paper,
for @ = S asf in ZL, we let o denote the element 3o f~. (In group
rings, o’ is denoted o®, notation which we avoid because o* has an entirely
different meaning when L is an RA loop [GIM96, §II1.4].) It is easy to see
that 8 defines an antiautomorphism of ZL.

In any integral loop ring ZL, elements of the form +¢, £ € L, are clearly
units. These are called #rivial A classical theorem of Graham Higman
describes those finite groups in whose group rings the only units are triv-
ial. Subsequently, similar theorems concerning central units in group rings
have appeared [RS90, DMS]. Here, we generalize to loop rings that are not
associative.

Theorem 2.2. Let L be an RA loop with torsion subloop T'. The following
are equivalent:

(a) All central units in ZL are trivial.
(b) T/L' and Z(L)NT each have exponent 2, 3, 4, or 6.
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Proof. Assume all central units in ZL are trivial. Since Z(L)NT is a central
subloop of L, the integral group ring Z|Z(L) N 7] has only trivial units,
80 Z{(L) N T has exponent 2, 3, 4, or 6 by a generalization of Higman’s
theorem [GJM96, Theorem VIIL.3.2]. Our argument that T/L' has one of
these exponents too uses the fact that if G is a group of index two in L with
Z(G) € Z(L), then all central units in ZG are trivial. To see why, let u
be a central unit in ZG. Since the centre of a group ring is spanned by the
(finite) class sums, we can write g = pg+(1+ s)p, for some p; € ZG, where
o has support in Z(G). Since Z(G) C Z(L) and (1 + 8)ZG is central in
ZL, p is central in ZL and hence trivial.

Now let 1 #¢ € T. Since t2 € Z(L) N T, ¢ has order 1, 2, 3, 4, or 6 by
what we have already proven. Thus ¢ has order one of 2, 3, 4, 6, 8, 12. If
t has order any of 2, 3, 4, 6, then tL’ has order one of these same numbers
in T/L'. If t has order 8 or 12, then ¢ cannot be central, so it belongs to
a group G of index two in L with Z(G) = Z(L) [GIM96, Corollary IV.2.3,
Theorem IV.3.1 and Corollary II1.3.5]. As observed, ZG has only trivial
central units so, applying the main theorem of [DMS] to the finite normal
subgroup (¢, s) generated by ¢ and s, we have ¢/ conjugate (in G) to either
t or t~! whenever j is an integer relatively prime to the order of t.} Using
the fact that L’ = {1, s}, it is easy to see that t* = s when ¢ has order 8 and
% = s when ¢ has order 12, so tL/ has order 4 or 6, respectively, in T/L’.

Conversely, assume that T/L’ and Z(L) N T have exponent 2, 3, 4, or 6.
Let p € U(ZL) be central. Write u = uof as in Theorem 2.1. We compute
ppf and in so doing note that g is a central multiple of £ (since y is central).
Thus g and 4§ lie in the group generated by £ and the centre of ZL and no
parentheses are required to indicate order of multiplication in

pp® = polt™ uf = pous.
Hence pup? is a central unit in ZL which lies in ZT. It follows that we can
write puu? = Bg + (1 + 8)B1 with By € Z[Z(L) N T] and the support of 8
consisting of elements of T\ Z(L). Since the group ring of T/L’ has only
trivial units, we can write pu® =t + (1 — s)a, t € T, @ € ZT. Multiplying
by 1+ s gives (1 4 s)t = (1+ 8)Bo + 2(1 + 8)B1. Using remarks made
earlier about the supports of 8y and f;, we conclude that (1 + 8)8; = 0,
so pu® = Bo € Z{Z(L) N T). Since this group ring has only trivial units,
it follows that pp® is trivial and hence equal to 1 (because it has nonzero
coefficient of 1). So u is trivial as claimed. a

As noted in the proof of Theorem 2.2, necessary and sufficient conditions
for an integral group ring to have nontrivial central units were obtained
in [DMS]. At first glance, the condition stated in the aforementioned paper
looks different from condition (b) of our Theorem 2.2. Our final result shows
that they are equivalent.

n this paper, when we say £ is conjugate to k, we mean that ¢z = k for some z.
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Theorem 2.3. Let L be an RA loop with torsion subloop T. The following
conditions are equivalent.
(8) T/L' and Z(L)NT have exponent 2, 3, 4, or 6.
(b) for allt € T and all integers j relatively prime to the order of t, t/
is conjugate (in L) to t or to t™1;

Proof. Assume (a) and let ¢t € T. Since T'/L’ has exponent 2, 3, 4, or 6 and
L' has order 2, t has order 1, 2, 3, 4, 6, 8, or 12. In all cases but the last
two, t/ =t or t/ =t~ for any j relatively prime to the order of ¢. If ¢ has
order 8, then £ is not central and ¢* = 5. Choosing = € L with zt # tz, we
have 2=tz = st = 5, so t° is conjugate to t. Since t3 is not central (because
12 is central and ¢ is not), we see similarly that ¢3 is conjugate to t~1. If ¢
has order 12, then again t is not central and t® = s, giving ¢ conjugate to ¢
and t® conjugate to t~!. We have proven (b).

Conversely, assume (b). If t € Z(L) N T and j is relatively prime to the
order of ¢, then t/ = ¢ or #/ = ¢~1 and this forces ¢ to have order 1, 2, 3, 4,
or 6. If t € T is not central, then t3 € Z(L)NT, so ¢ has order 1, 2, 3, 4, 6,
8, or 12. If ¢ is of order 8, then ¢3 must be conjugate to either ¢ or t7, and
gince any conjugate of ¢ must be ¢ or st (and s has order 2), it follows that
t? is conjugate to t7. Thus s = t* and tL’ is of order 4. Similarly, if ¢ is of
order 12, then s = ¢® and tL' is of order 6. We have (a). 0
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