
INVERSE IMAGES OF SOME CLOSED MAPPINGS 
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I) INTRODUCTION 

Our purpose is to generalize some results due to K. Mo­ 

rfta,[2], and to Y. Tanaka (3). Thcse results are bythernselves 

generalizations of Stone-Mori ta-Hanai 's theorem. We mean, by 

generalizations the e.x.teM-i.on of the results to any regular 

cardinal. 

II) PRELIMINARY DEFINITIONS 

m-infinite cardinal 

DEFINITION 1 - A topological space X is m-compact if any sub­ 

set of X having cardinali ty m has a cluster point. 

DEFINITION 2 - A topological space X verifies G -property if the inter- m 
section of a family of cardinality m of open subsets is still opcn. 

m-regular cardinal 

DEFINITION 3 - A topological space X is n-Frechel- if given 

YcX and p€Y there cx i s t s a n-scquence (p8) B<n, p8€Y, VB<n, 

converging to p. 

111) THEOREMS 

TI-IEOREM 1 - Le t f be a closed continuous function from a 
-71- 
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paracompact, locally m-compact Hausdorff space X onto a space 

Y. Let y
0 

be the following subset 

where m ia a rcgular cardinal. 

Then, if X satisfies property Gp' for any p<m, Y
0
isaclosed 

discrete subset of Y. 

PROOF - It is enough to show that {f-1(y) ly€Y
0
} is a discrete 

collection of closed subsets of X. For this, we are going to 

show that given C, a m-compact subset, C intersects fewer than 

rn subsets f-1(y), y€Y0. This is enough having in mind that X 

satisfies G , for any p < m. Let us assume the contrary, that p 
there exists a family (xa)a<m such that: 

Y fl x y 
O
, for B x a 

C is m-compact, so there exists a cluster point x. for the f am- 

ily (x ) . a a<m 

Obviously we can assume f(x.) x y , Va < m, otherwise if f(x.) = 
a 

= y0 for a<m we could change the family (xa)a<m to (x
0
)
0
<~. 

axa 

Being f(x.) =y., we have 

(1) 

Let us prove (1). For that assume the contrary that y .t:Y-Y O • 

Then C1{y.) is m-compact •. X being m-compact, there exists an 
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opcn s ub s e t L such that L is m-compact and f-l (y .) c L, lle r e it is 

important the condi tion of regulari ty on m to garantee the 

ex i s t cnc e of such L. Let M be defined as M = Y - f(X-L), then M 

is an open subset of Y and let 

x. is a cluster 

- a < m. Therefore 

-1 
point of (x) and so x-€f (M) for o. o.<m a 

- -1 -1 -1 ) for o., f (y-)cf (M)cL, and f (f- a a 

some o., 

is m- 

compact and this contradicts the hypothesis that y0EY0, Va<m, 

a~d (1) is proved. 

Being X paracompact and locally m-compact iliere exists an 

open covering of X, locally finite, {G
8
1ernl such that G8 is 

m-compact for each fl.-Define r ={81~
8 
n f-1(y.)•~},then lrl~m 

because f-1(y.) is not m-compact. Let 

G is open. 

Therefore v0 =Y -f(X-G) 

of the points (x) < a a m 

m, X being T 1. 

-1 -1 is open and f (y.)cf (V0)cG. The set 

-1 belong to f (V0) has cardinality that 

Let us denote this family (x08)8<m" Then x .. is a clustcr 

of (x08)8<m" 

Let D = {ya81Ya8 = f(xasl' 8<m}. We have y .. Ef>-n. 

. -1 Srnce x08€f (V0) = y08€v0, VB <m. 

, -1 -1 fhcrefore f (ra
8
)cf (V0)cG, VB <m. 
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By transfinite induction, we can find points 

x~p€f-l(Yap) fi (X- LiGy8), p<m 
B<p 

-1 h S:ince f (Yap) is not m-compact we can guarantec t at: 

p<m 

for any number p of sets GY, y€r. Since x~/:Gy and y p "'Yq for 

p xq and {Gyjy€r} is~locally finite. Therefore its image D,by 

is f,.closed. But y0€5-D. that is imp::issible.so theorem 1 is proved 

THEOREM 2 - Under the same hypothesis of theorem l, let 

Th en Y - Y 1 is locally m-compact. 

-1 PROOF - Let y€Y-Y1. Then af (y) is m-compact. X is locally m- 

compact so there exists an open subset L of X such that: 

-1 - at (y)cL and L is m-compact. 

Let U = f-
1
(y) U L = ~ U L, therefore U is open. Being V= 

= Y - f(X-U), V is open in Y and f-l(y)cf-l(V)cU that implies 

y€Vcf(U)cf(L) LI {y}. We conclude that V is m-compact. 

Tl-lEOREM 3 - Under the s ame hypothesis of theorem 2, we can prove 

that the closure 6f every ncighborhood of y is not m-compact 
for any y€Y 1 • 
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PROOf - l.e t us s uppo s e that y1€Y1 'is such that has a neighbor- 

- -1 hood W, with W m-compact. ar (y1) is not m-compact. According 

to thcorem l, the set F, dcfined as bclow is closed in X. 

F n f-l{y
1
) -=0 then y belongs the open set V =Y-f(Y). Le t v1 

be the following ncighborhood of Y1 

v1cw, so v1 is m-compact. 
I 

exists a locally finite family (Ga)a€r of open subsets 

such that: 

of X 

a) 3f-1(y1)c I I G e~r a 
b) [r ] ~m (If every r has cardinality <m, 3f-

1
(y1) would 

be m-compact, impossible) 

-1 c) Gacf {V1) i Va€f 

d) G c flat-1{y1) d/J, vssr . a 
We can choose then, for any a€f 

-1 x E(X-f (y1)) n G · a a 

The family (Ga)aEf is locally finite, then each point of 

I I G belongs to a finitc number of G 's. 
atr a a 

We can choose, if necessary, a subfamily of (xa\lEf' that 

wc denotc (x
0
)a€r' such that lr'I =m, and 8 ~e· implies x8~x8,, 
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B and B• in r. So A " LJ {x ) is closed d i s c r e t e and has c a r « 
a€r' a 

dinality m. Let us provc f(A) discrete and f(A)cV1, so f(A) 

must have c a r d i n a I i t y p <m. So jAj <m, which is impossiblc. 

THEOREM 4 - Let f: X -+- Y be a continuous closcd mapping from X 

onto Y. X is paracompact and Y is locally m-compact. Thcn for 
-1 every yEY, at (y) is m-compact. 

REMARK - Be f o r e w e s t a r t to provc it is good to observe that 

X is not nccessary locally m-compact. Let X be a space that is 

not m-compact. Let Y = {p} a uni t ar y set with unique is pos­ 

s ib I.c topology and let f: X ........ Y be a constant map. We have all 

the con<litions from theorem 4. 

PROOF - Assuming the contrary, there exists y
0
CT such that af-1(yJ 

. -1 1s not m-compact. Hencc there exists a family (x) , x Eaf (y
0
) 

a a<m a 
Va<rn, that does not have a cluster point. Being X paracompact 

there exists a discretc family of open sets (A) such that 
a a<m 

Let V be an opcn neighborhood of y
0 

such that V is m-com­ 

pact. Let V =A n f-l(V). a a 

We are going to choose by transfinite induction a family 

(x~)a<m' x~EA, Va<m such that 

I) {f(x') [c-cm} is closed discrete and is contained in V a 

2) f(x~) ;,c f(xp for a ., B, a and B < m 

3) x'€V n (X-f-1(y0)), Va<m a. a 

For a =O, as x0€af-
1(y

0
) Ict us choose x6 such that 

-1 
x0€V O ff rx-r (y 0)). 
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Supposc wc have choo s cn every x . a < 6 <n. Then a 

is closed discrete and is defined having in mind that 

and all f(x~) are distinct. F .C' LI F is closed in Y, and y0~F. 
µ a<6 a 

llcnce there exists a ncighborhood W of y0 disjoint from F. So 

we can choose 

Let F0 "'F U {f(x~)}. 

F
0 

satisfies the conditions and it is possible to con- 

struct a discrete closed subset {f(x') la<m}cV. This is impos­ a 

sible because V is m-compact. D 

Let m, n and p be infinite cardinals such that m<n<p and 

n is ·regular. 

THEOREM S - Let f:X ....... y be a continuous closed mapping from X 

onto Y. X is paracompact and n-Frechet and there cxists a fa­ 

mily B of closed subsets of Y such that: if KcU, K m-compact 

and U open subset of Y then Kc LJ F where FcB, IF I = m and B is 
F€F 

n-puntually. 

Under those conditions af-1(y) is p-compact, for any y€Y. 

PROOF - Let us suppose that there exists y0 such that af-1(y0) 

is not p-compact . There exists a family (x
0
)a€A' IAI =p, dis­ 

crcte, x
0
€af-1(y0) for any a€A. X is paracompact so we can 
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find a discrct family of open sets (U
0
)
0
€A, x

0
€U

0 
for any a€A. 

Since x
0
€3f-1(y0), for any a€A, this implies x

0
€lJ

0
-f-1(y0), for 

any a€A. X is n-Frcchet, so for any of.A there ex i s t s a n -s e- 

of.A. 

For any a€A, let C
0 

= {x06, B<n} LJ {X0} Hence C is n-com­ 
a 

pac t , for any a€A. (C0)a€A is a discretc family of closed sets , 

hcnce 

uous 

X0 = a~A C0 is closed in X. (X0 is paracompact of course). 

Le.t g =flxo' g: x0---. v0 being v0 =f(X0). g is a contin­ 

closed mapping from a paracompact locally n-compact space 

X0 onto Y0. Let Y1cY0 defined as following, 

Y1 is closed and discrete in v0, by theorem 1. c
0 

intersects 

at most m elcments g-1(y), €Y L C' b b nc e of y 1. et a e a su seque 

(xa818<n from which we took of the points of g-1(y
1
). C~ con­ 

verges to x0, a€A. Let A
0 

= g(D
0
), 0

0 
being the set of the points 

of C~. U=f\1}0€A' U is locally finite in y
0
-Y

1 
(and hence 

pontually finitc in Y0-Y1). /A
0

1 ,;n and if we fix a€A. A(a) = 

= {8€AIAa n AB>'~} is such that IA(a) I <;n. Hence there exists 

A'cA, IA' I= p s uch that 

U' = {A0la€A'} is pairwisc disjoint. 

g I IJ D = fi IJ D -{x } 
a€A' a a€A' 0 a 

js one-to-one. 
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Le t x2 ak~, Ca. Y 2 = f(X2) is a closed s ub s c t of y. y 2 is 

hornecmo rph i c to x
2
;F2 that is obtained indentifying the points 

of F 2 = { x a , a €A ' } • 

Let us think about th~ sequcnccs C' convcrging 
a 

to Yo = 

f(F
0
) as "rays". Lct B1 b e the set of elemcnts of B such that 

y
0 

does not belong to thcm and t ha t intersect n r ays and have 

cardinality n, since B has puntually cardinality n. 

Le t (P
8
)
8
tB IB11 =n be a well ordering of B1• Let z0€P0 

1 
and for each BEB

1 
lct us choose z

8
sr8, z8 sy0 and z8 does not 

belong to any of rays to which 28 belongs, Va<B. 

Hence the unions of elements of B2 intercets at most n 

rays, by Generalized Continuous Hipothesis. 

So there exists a r ay that does not i.n t e r s e c t any element 

of B
2
• Let us denote the union of this element with y O by K. K is 

m-compact. Let G = (Y0-{zB}l3€B ) LI K. G is an open nei.ghbo rhcod 
1 

of K in Y. 

But, we can observe, that none of the elements of B in- 

sects K and is contained in G. Hence B does not have any 

of described properties. Hence af-l(y) is p-compact for any 

y€Y. D 

COROLLARY - Lct f: X -+ X be a continuous closed mapping. X is 

paracompact and locally m-compact. Y is locally m-compact if 

and only if af-1(y) is m-compact. 

PROOF - In the direction "only if" it is consequence from the­ 

orem 4. In the other way let us sce the fol]owing bcforc, if 

-1 af (y), is m-compact for every yEY, we can dcfine the fol l ow- 
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ing open set: 

0 

--:---jf-1(y) if 3f-
1
(y) ><0 

L (y) = 

f-l(y)-{p } if H-l (y) c 0, wherc p tC1(y) y y 

Lct x0 c X-L wherc L -= 11 L(y). x
0 

is closed in X. Le t 
y'tY 

and let g c f•lji. g is closed continuous and on t o . 

-1 g (y) c l
at-1(y) if af-1(y) ><0 

Py if aC1 (y) = (iL 

Hence g-1(y) is m-compact for any y€Y. 

So we can think as f-1(y) being m-compact for every y€Y. 
-1 - Por any x€f (y) there exists nx, open in X such that nx 

m-compact and xEn. 
x 

is 

{nxjx€f-
1
(y)} is an open covering of f-1(y). Then, there 

ex i s ts a subcovering (nx
0
) a€A, I Aj < m of f-l (y). 

If n 11 nx , then 
a~' a 

~ is m-compact, bccause is ontained in a compact sct. D 

l:.XA IPLE - A. pa c under the condi tions of thcorem 5 is a spacc 

t ha t has an o p n b o s i s B• LI B., !B. I < n such that Bi, 
1<n l l 

is a 
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discrcte covering of X and if j >i, B. rcfines B .• This basis 
J 1 

B is the required family. For a concretc cxample sec [1). 

BIBLIOGRAPHY 

[1] - ALAS,O.T., A spacial type of paracompact spaccs, (papcr written for 

the Organization of the American Statcs, (1972). 

[2) - t-ORITA, K., 0n closed mappings, Proc.Japan Acad.,32, S39-S43 (19S6). 

[J] - TANAKA, Y., Closed maps on metric spaces, Top. and its Appl. 11, 87- 
92 (1980). 

D - 

lnstituto dc Matcmatica e Estatistica 

lb1iversidade de Sao Paulo 

Sao Paulo - Brasil 


