INVERSE IMAGES OF SOME CLOSED MAPPINGS

MARIA STELLA CASTILLA

1) INTRODUCTION

Our purpose is to generalize some results due to K. Mo-
rita,[2), and to Y. Tanaka [3]. These results are by themselves
generalizations of Stone-Morita-Hanai's theorem. We mean, by
generalizations the extension of the results to any regular

cardinal.

11) PRELIMINARY DEFINITIONS

m-infinite cardinal

DEFINITION 1 - A topological space X is m-compact if any sub-

set of X having cardinality m has a cluster point.

DEFINITION 2 - A topological space X verifies G -property if the inter-
section of a family of cardinality m of open subsets is still open

m-regular cardinal

DEFINITION 3 - A topological space X is n-Fréchel if given
YcX and p€EY there exists a n-scquence (pB)B<n‘ pSGY. VB<n,

converging to p.
111) THEOREMS

THEOREM 1 - Let f be a closed continuous function from a
_71_
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paracompact, locally m-compact Hausdorff space X onto a space
Y. Let Y, be the following subset
1 .

(y) is not m-compact},

= Y| £
¥y {yG l

where m ja a regular cardinal.

Then, if X satisfies property Gp. for any p <m, Yo is a closed

discrete subset of Y.

PROOF - It is enough to show that {f—l(y)|y€Y0} is a discrete
collection of closed subsets of X. For this, we are goihg to
show that given C, a m-compact subset, C intersects fewer than
m subsets f-l(y)'yGYO. This is enough having in mind that X
satisfies Gp‘ for any p <m. Let us assume the contrary, that

there exists a family (x )

&7 s such that:

-1
x,€CT1 £ (v, Yoy, wicm,
yB *ya. for B za

C is m-compact, so there exists a cluster point x, for the fam-

ily (xu)a<m'

Obviously we can assume f(x,) *Y,» Yo <m, othervise if f(x,)=

= y; for a <m we could change the family (x)qem 0 (X)gcnm.

axa

m

Being f(x,) =y,, we have

(1) Yieyov Y« ’)'“ for a<m.

Let us prove (1). For that assume the contrary that Y.GY-YO.

Then f‘l(y,) is m-compact,X being m-compact, there exists an



- 13 =

open subset L such that L is m-compact and f_l(y,)cL. Here it 1is
important the condition of regularity on m to garantee the
existence of such L. Let M be defined as M=Y - £(X-L), then M

is an open subset of Y and let

x, 6£ 1y, ef (M) <L,

: . -1 : =
x, is a cluster point of (xu)a<m and so xa€f (M) for some a,
a <m. Therefore for a, f-l(ya)Cf-l(M)cL, and f-l(f&) is -
compact and this contradicts the hypothesis that yaEYO’ Va<m,

and (1) is proved.

Being X paracompact and locally m-compact there exists an
open covering of X, locally finite, {GBIBEQ} such that 5; is
m-compact for each B. Define T ={B|GB r]f_l(y.)=¢}.then [T |2m
because f_l(y,) is not m-compact. Let

6= |]G,,
ger P

G is open.

Therefore V, =Y - f(X-G) is open and f"l(y.)Cf—l(VO)CG. The set
of the points (xa)a<m that belong to {_1(V0) has cardinality
m, X being Tl'
Let us denote this family (Xu8)8<m' Then x, is a cluster

of (x°3)8<m'
Let D ={y“8|y“ﬁ =f(qu). g<m}. We have y,ED-D.

Since x, Gf—l(vo) = YGBGVO' VB <m.

8
Therefore f“l(yue)cf‘l(vo)cc. VB <m.



& 74 -

By transfinite induction, we can find points
. -1
Xa1€f “(Yoq) T1 6oy

x;;pef‘l(yap) T (x - e]zLG*B)' p<m

Since fhl(yap) is not m-compact we can guarantec that:
-1
f X -
(YGp) ”( BEIPGYB) x¢‘ p <m

for any number p of sets GY' YET. Since xo'szGY and ypryq for
p #q and {Gyly€l‘} is'locally finite. Therefore its image D,by

is f,closed. But y0€5—D. that is impossible.So theorem 1 is proved.

THEOREM 2 - Under the same hypothesis of theorem 1, let

Y, = {y€Y|af—l(y) is not m—compact}

=1 = =
GE ;) =t 11 (e 2.
Then Y -Y1 is locally m-compact.

PROOF - Let y€Y—Y1. Then Bf_l(y) is m-compact. X is locally m-

compact so there exists an open subset L of X such that:
=1 = .
af “(y)cL and [ is m-compact.

Let U=f-1(y) L = f—l(y) LIL, therefore U is open. Being V=
=Y -f(X-U), V is open in Y and f'l(y)cf"l(v)cu that implies
YEVef(U)c£f(L) || {y}. We conclude that V is m-compact.

THEOREM 3 - Under the same hypothesis of theorem 2, we can prove

that the closure 6f every neighborhood of y is not m-compact

for any yEZY1 .
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PROOF - Let us suppose that yIEY1 is such that has a neighbor-
hood W, with W m-compact. af—l(yl) is not m-compact. According

to thcorem 1, the set F, dcfined as below is closed in X.

P e U {0 yerg-0ry))

F r]f—l(yl) =@ then y belongs the open set V=Y-f(Y). Let V1

be the following neighborhood of Yl

Vv, =VTI¥

V.cW, so V, is m-compact.
1 1 g

Since af-l(yl)cf-l(vl) and af_l(yl) is not m-compact there

exists a locally finite family (Ga)aer of open subsets of X

such that:

-1
a) af “(y,)c || G
) | BEF a .
b) |r|2m (If every T has cardinality <m, 3f (yl) would

be m-compact, impossible)
<) cacf'l(vl), Va€r
Q) G e Tlaf  (y)) =8, Va€r.
o

We can choose then, for any a€l
x €x-£ 1y )) TG, -
a 1 a

The family (Gu)uEF is locally finite, then each point of
]€|Gu belongs to a finite number of G 's.
a€l

We can choose, if necessary, a subfamily of (ﬂﬂuer' that

. A} = " 3 :
we denote (X ) e such that |[T'| =m, and B =8"' implies Xg *Xg s
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B and B' in T. So A= || {x )} is closed discretc and has car-
a€El"' _
dinality m. Let us prove f(A) discrete and f(A)cVy, so £(A)

must have cardinality p <m. So |A| <m, which is impossiblc.

THEOREM 4 - Let f:X — Y be a continuous closed mapping from X
onto Y. X is paracompact and Y is locally m-compact. Then for

every ye€y, af_l(y) is m-compact.

REMARK - Before we start to prove it is good to obserye that
X is not necessary locally m-compact. Let X be a space that is
not m-compact. Let Y ={p} a unitary set with unique is pos-
sible topology and let f: X — Y be a constant map. We have all

the conditions from theorenm 4.

PROOF - Assuming the contrary, there exists yO€Y such ﬂun:af_l(y&
. . . -1

1s not m-compact. Hence there exists a family (xu)aq“.XGGSf (yo)
Va<m, that does not have a cluster point. Being X paracompact

there exists a discrete family of open sets (Aa)u<m such that

X EA , Va<nm.
aa

Let V be an open neighborhood of Yo such that V is m-com-

_ -1
pact. Let ¥, =4, e .

We are going to choose by transfinite induction a family

(x&)a<m, x&GA. Yo<m such that
1) {f(x&)|u<m} is closed discrete and is contained in V
2) f(x&) # f(xp) for a #B8, a and B <m
-1
3) x &V T (X-£77(y4)), Va<m
For a =0, as x0€af-1(y0) let us choose x6 such that

xbevoﬂ’(.‘(-f’l(yo))-
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Suppose wc have chooscn every x , a <68 <n. Then
= r A
FOl {f(x8)|85u}
is closed discrete and is defined having in mind that

xg€V, T1 (X-£71(y))

and all f(xé) are distinct. F = LlFa is closed in Y, and y/@F.

a<é
Hence there exists a ncighborhood W of Yo disjoint from F. So

we can choose
xtev, 1] (-£ 1(yy) T1ET (W)
66 0

therefore xeVy T (X=£ 1 (y,)) and £(x)€F.

Let F, =F || {£(xy)}.

F. satisfies the conditions and it is possible to con-

é
struct a discrete closed subset {f(x&)lu<m}cv- This is impos-

sible because V is m-compact. 0

Let m, n and p be infinite cardinals such that m<n<p and
n is -regular.
THEOREM § - Let f: X — Y be a continuous closed mapping from X
onto Y. X is paracompact and n-Fréchet and there exists a fa-
mily B of closed subsets of Y such that: if KcU, K m-compact
and U open subset of Y then ch%kF where FcB, |F| =m and B is

n-puntually.
Under those conditions af—l(y) is p-compact, for any y€Y.

PROOF - Let us suppose that there exists Yo such that af—l(yo)
is not p-compact . There exists a family (xu)ueA‘lAl =p, dis-

crete, xueaf_l(yo) for any a€A. X is paracompact so we can
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find a discret family of open sets (U ) ca+ X €U, fO: any a€A.
Since xaeaf_l(yo). for any o€A, this implies xa€Ua-f (yo). for
any a€A. X is n-Frechet, so for any ofA there exists a n-se-

quence (x°8)8<n and
X — X a€A.

For any a€A, let Ca =(xa8.8<n}Lj{xa) Hence C(l is n-com-
pact, for any a€A. (Ca)ueA is a discrete family of closed sets,

hence X, = %lcu is closed in X. (X, is paracompact of course).
a€A

Let g =f|xo. g: Xy — Y, being Yo =f(Xy). g is a contin-

uous closed mapping from a paracompact locally n-compact space

Xo onto Yo. Let chYo defined as following.

¥, = (erolg-l(y) is not n-compact)

Yy s closed and discrete in Y,, by theorem 1. C, intersects
at most m elements g_l(Y). YEY,. Let C; be a subsequence of
(x°8)8<n from which we took of the points of g'l(yl). C, con-
verges to x,. a€A. Let Ay =g(D ), D, being the set of the points
of Cp- U ={Au)aeA' U is locally finite in YooY, (and hence
pontually finite in YO-Yl), 'Aul <n and if we fix a€A. A(a) =
= {BGAIAG r]AB*¢} is such that |A(a)| <n. Hence there exists

A'cA, |A'| =p such that

ur = {AGIGGA'} is pairwisc disjoint.

= f
, ] D I] D -{x_}
(x(:’_ll\‘ L ,ae‘/!\' @ o

is one-to-onc.
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Let X2 = Ca. Y2 =f(X2) is a closed subsct of Y. Yz is

|
aEA’
homeomorphic to XZ/FZ that is obtained indentif{ying the points

of PZ = {xa.ael\'}.

Let us think about the sequences C(; converging to Yo =
- f(Fo) as "rays". Let By be the set of elements of B such that
Yo does not belong to them and that intersect n rays and have

cardinality n, since B has puntually cardinality n.

Let (Pg) |By| =n be a well ordering of B;. Let z,€P,

BEB
i
and for each BEB1 let us choose zBGPB. Zg *Yo and Zg does not
belong to any of rays to which Zg belongs, Ya<B.

Hence the unions of elements of Bz intercets at most n

rays, by Generalized Continuous Hipothesis.

So there exists a ray that does not intersect any element
of BZ' Let us denote the union of this element with Yo by K. K is
m-compact. Let G = (Y,-{z,} ) |]X. G is an open neighborhood

0~ gen )
of K in Y.

But, we can observe, that none of the elements of B in-
sects K and is contained in G. Hence B does not have any
of described properties. Hence af_l(y) is p-compact for any

YEY. D

COROLLARY - Let f: X — X be a continuous closed mapping. X is
paracompact and locally m-compact. Y is locally m-compact 1if

and only if af—l(y) is m-compact.

PROOF - In the direction "only if" it is consequence from the-
orem 4. In the other way let us sce the following before, if

3f"1(y) , 1s m-compact for every y€Y, we can dcfine the follow-
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ing open set:

-1 " -1
f “(y) if 3f “(y) =9

L(y) =

f-l(y)-{py) if 3f-1(y) =@, where pyef-l(Y)

Let X, =X-L where L = ElL(y). X, is closed in X. Let
yey

V: Xo < X

and let g =fey. g is closed continuous and onto.

af'l(y) if af 1(y) =9
gty -

P, if at 1(y) =9.

Hence S—I(Y) is m-compact for any y€Y.

So we can think as f'l(y) being m-compact for every y€Y.
Por any fo-l(y) there exists 2., open in X such that ﬁx is

m-compact and xeﬂx.

{QXIXEf_l(Y)} is an open covering of f'l(y). Then, there

exists a subcovering (QXQ)GEA' |A| <m of f-l(Y)-

If o= !| 2y , then
a ' xa
yEV = Y - X 1] £(0x)

Vs m-compact, because is contained in a compact set. 0

EXAMPLE - A space under the conditions of theorem 5 is a space

that has an open basis B = LlBi, IBil <n such that B;, is a
£<n
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discrete covering of X and if j >1i, Bj refines Bi' This basis

B is the required family. For a concrete example sec [1].
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