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Abstract. We show that the Rochberg spaces generated by complex interpolation form themselves com-
plex interpolation scales and obtain their new interpolated spaces and associated derivations. We present
our results in the context of analytic families of Banach spaces and study the problem of determining the
Rochberg spaces induced by these new families.

1. Introduction

This paper studies certain analytic families of Banach spaces that arise naturally in the context of com-
plex interpolation of families [13]. We will work in the context of admissible spaces F of vector-valued
analytic functions (Definition 2.1) over a complex domain U as formalized by Kalton and Montgomery-
Smith [24]. Starting with such an F we will consider, for n ∈ N and z ∈ U, the spaces introduced by
Rochberg [30], formed by the arrays of the truncated sequence of the Taylor coefficients of the elements
of F , namely

F (n)
z =

{(
f (n−1)(z)
(n − 1)!

, . . . , f ′(z), f (z)
)

: f ∈ F

}
endowed with the natural quotient norm. The space Fz = F (1)

z of arrays of length one (the values
of the functions of F at z) correspond, in the suitable context, to classical interpolation spaces, while
arrays of length two (the pair formed by the values of the derivative of the functions and the values of
the functions at z) constitute the so-called first derived space and correspond, in the suitable context, to
twisted sums of the spaces Fz.

Admissible spaces F emerge from complex interpolation schemas in different ways. If one has a
compatible couple (X0, X1) and works on the complex unit strip then F could be the classical Calderón
space C (X0, X1) associated to the couple [6]. If one has a suitable family X = {Xu : u ∈ ∂U} of Banach
spaces then the complex interpolation method for families [13] can be applied to generate the space
F . In general, complex interpolation applied to a family X of Banach spaces on the boundary of U
generates what is called an analytic family {Xz : z ∈ U} of Banach spaces on U, and these are the first
Rochberg spaces Xz = Fz for the suitably obtained admissible space F . Then, one can also form all
subsequent families of Rochberg spaces F (n)

z for n > 1 and z ∈ U. With this setting, our paper orbits
around two axis.

The first one is the fact, implicit in Rochberg [30] and made explicit in [5], that Rochberg spaces
arrange into exact sequences

(1.1) 0 −−−−−→ F (n)
z −−−−−→ F (n+k)

z −−−−−→ F (k)
z −−−−−→ 0 .
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Rochberg also observed that these sequences can be constructed by means of certain “unbounded non-
linear operators Ω” that we will call differentials. We are interested in identifying the differentials
Ωk,n

z that generate the sequences (1.1) and in using those differentials to derive information about the
Rochberg spaces. The crucial example to see these ideas in action is that of the interpolation couple
(`∞, `1), treated in Section 4. In classical Banach space theory, the middle space B in an exact sequence
0 −→ A −→ B −→ C −→ 0 is usually called a twisted sum of A and C, and corresponds [25, 22, 23]
to a certain type of nonlinear maps called quasilinear maps. Thus, the existence of diagram (1.1) con-
nects the theory of Rochberg families with the theory of twisted sums of Banach spaces and Rochberg’s
“unbounded nonlinear operators” with quasilinear maps.

The second axis of the paper is the connection between analytic families of Banach spaces and com-
plex interpolation. At this point, observe that the distinction between what occurs at the border and
the interior of the domain U is fundamental: the derived spaces only exist on the interior. Thus, given
n > 1, it is not granted the existence of an admissible space T so that T (1)

z = F (n)
z for every z ∈ U.

Due to this obstruction we introduce the more general notion of acceptable space of analytic functions
(Definition 2.2) and prove in Theorem 6.8 one of our main results: given an acceptable (in particular,
admissible) space F of analytic functions on U and n > 1 there exists an acceptable space of analytic
functions T such that T (1)

z = F (n)
z with equivalence of norms. Once that is proved, Rochberg spaces

form themselves new “acceptable families” and thus they are bound to form interpolation families. This
is interesting in itself even for practical reasons since, according to Kalton and Montgomery-Smith [24,
p.1151], “One of the drawbacks of the complex method is that in general it seems relatively difficult to
calculate complex interpolation spaces. There is one exception to this rule, which is the case when one
has a pair of Banach lattices”. Rochberg spaces are not Banach lattices and yet we can calculate the
spaces obtained by complex interpolation between them.

We are thus ready to describe the organization of the paper. In Section 2, Spaces of analytic func-
tions and complex interpolation, we recall the definition of an admissible space of analytic functions,
its connection with the complex interpolation method for families and introduce the notion of an ac-
ceptability. The definition of an acceptable space requires the using of a Fréchet algebra of analytic
functions, whose construction is presented in the Appendix. In Section 3, Rochberg spaces and their
entwining exact sequences, we do exactly as the title says; the results can be considered a reformulation
of [5] in the context of this paper. Section 4, The cornerstone example, presents a detailed study of the
higher order Rochberg spaces Zn generated by the interpolation couple (`∞, `1) at z = 1

2 . The first of
these spaces is Z1 = `2 and the second Z2 = Z2 is the celebrated Kalton–Peck twisted Hilbert space
[25]. We will obtain very precise two sided estimates for the type 2 constants of the finite-dimensional
subspaces of each of the spaces Zn from which we deduce, for instance, that Zm is not isomorphic to a
subspace of Zk if m > k. In Section 5, Duality issues, we introduce, given an admissible space F , a kind
of admissible space FF so that (FF)(n)

z can be interpreted as (F (n)
z )∗ maintaining the entwining exact

sequences between the spaces. To some extent, this section is the natural extension of duality results
from Kalton and Peck [25], Rochberg [30] and Cwikel [17]. Section 6, Analytic families of Rochberg
spaces and interpolation is the central section of the paper, where acceptable families enter the game
with a substantial role. We show that if F is an acceptable space then, for each n ≥ 2, there is an
acceptable space T such that Tz = F (n)

z . As we mentioned above, this is interesting in itself due to the
difficulty in calculating complex interpolation spaces other than Banach lattices. Since an acceptable
space of analytic functions depends on the complex domain U on which it is based, it is necessary for
technical reasons to move between U and the unit disc D. In particular, the difference between working
on the unit strip (classical interpolation with two spaces), on the unit disc (classical interpolation for
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families) and on a general domain conformally equivalent to them has to be considered. We present a
preparatory version on the unit strip (Proposition 6.1) and a general result on the unit disc (Proposition
6.7). Then, after a Chain and a Leibniz rule, useful in translating results from the disc to other domains,
we state and prove our main result (Theorem 6.8). In Section 7, Derivation of Rochberg families, we
use a bit homologically oriented techniques to describe the intertwining exact sequences of Rochberg
spaces in “low dimensions” and the way in which differentials are interlaced.

In Section 8, Applications, we solve a few problems in the literature. One of the conclusions that we
draw is that the higher Rochberg spaces provide the right perspective to understand analytic families,
even if one is interested only in the first derived spaces. Finally, the Appendix, A Fréchet algebra of
analytic functions, displays the construction of the Fréchet algebra of analytic functions required to
sustain the notion of an acceptable space.

1.1. Notation. Domains of the complex plane are displayed in “blackboard” fonts: C is the complex
plane, D is the unit disk and S is the unit strip. The border of a domain U will be called ∂U, even if the
unit circle will be always T. Spaces of vector-valued analytic functions are displayed in “mathscript”
fonts: F ,G and so on. Spaces and algebras of complex valued analytic functions follow a standard
notation: Hp,N+, A, A∞,W+, etc. The superscript (n) is always related to derivatives while Xn denotes
the product of n copies of X. We use the following notation for lists of Taylor coefficients. If A is an
ordered subset of the nonnegative integers and f is analytic in a neighbourhood of z ∈ C, then

τA( f ) =

(
f (n)

n!

)
n∈A

and δzτA( f ) = τA( f )(z) =

(
f (n)(z)

n!

)
n∈A

.

In particular,

τn( f ) =
f (n)

n!
, τ[n,0]( f ) =

(
f (n)

n!
, . . . , f

)
, τ(n,0]( f ) =

(
f (n−1)

(n − 1)!
, . . . , f

)
.

Given a (commutative, unital) topological algebra B and a Banach space X, we say that X is a B-module
if there is a jointly continuous outer product B × X −→ X satisfying the usual algebraic requirements.
Note that in this case, for each fixed a ∈ B, the map x 7−→ ax is a bounded operator on X whose norm
will be denoted by ‖a‖L(X) if necessary. Also note that B need not to be normed: actually the Fréchet
algebras A∞U introduced in the Appendix play a role in this paper.

2. Spaces of analytic functions and analytic families

This section introduces the spaces of analytic functions that we shall use along the paper. First,
we recall the standard notion of an admissible space of analytic functions taken from Kalton and
Montgomery-Smith [24]:

Definition 2.1. Let U be an open set of C conformally equivalent to the disc D = {z ∈ C : |z| < 1} and
let Σ be a complex Banach space. A Banach space F of analytic functions f : U −→ Σ is said to be
admissible provided:

(a) For each z ∈ U, the evaluation map δz : F −→ Σ is bounded.
(b) For every conformal equivalence ϕ : U −→ D and every analytic function f : U −→ Σ we have

f ∈ F if and only if ϕ f ∈ F and ‖ϕ f ‖F = ‖ f ‖F .

Condition (b) is basically a boundary condition and implies that for every z ∈ U the space F is
isometric to the subspace ker δz = { f ∈ F : f (z) = 0}, the isometry being given by multiplication by
any fixed conformal map ϕ : U −→ D such that ϕ(z) = 0.
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It turns out that admissibility is a too rigid notion for our present purposes and so we need to introduce
a weak version that we have called (for which we apologize in advance) acceptable spaces. This notion
requires using the algebras A∞U , whose definition and properties can be found in the Appendix.

Definition 2.2. Let U and Σ be as before. An acceptable space is a Banach space of analytic functions
f : U −→ Σ having the following properties:

(a) The evaluation maps δz : F −→ Σ are bounded.
(b) For each conformal mapping ϕ : U −→ D there is a constant K[ϕ] such that, if f : U −→ Σ is

analytic then ϕ f ∈ F if and only if f ∈ F and K[ϕ]−1‖ϕ f ‖F ≤ ‖ f ‖F ≤ K[ϕ]‖ϕ f ‖F .
(c) F is a module over the algebra A∞U under pointwise multiplication, that is, the pointwise product

A∞U ×F −→ F is jointly continuous.

Lemma 2.3. Every admissible space of analytic functions is acceptable.

Proof. It clearly suffices to check (c). Assume F is admissible on U and let us fix a conformal map
ψ : U −→ D. Then, for f ∈ F we have ψ f ∈ F , with ‖ψ f ‖F = ‖ f ‖F . Thus, if (cn)n≥0 is absolutely
summable and g(u) =

∑
n≥0 cnψ(u)n, then g f ∈ F , with ‖g f ‖F ≤

(∑
n≥0 |cn|

)
‖ f ‖F . This implies that F

is a “contractive” module over ψ∗[W+] under the pointwise multiplication. The definition of ψ∗[W+] is
given in the Appendix. But ψ∗[W+] contains A∞U with continuous inclusion (see Lemma 9.4); therefore
F is an A∞U -module as well. �

The following result and its proof have been included here at the request of the referee.

Lemma 2.4. Let F be an acceptable space of analytic functions on U. For every integer n ≥ 0 and
every z ∈ U, the map δ(n)

z : F −→ Σ given by δ(n)
z ( f ) = f (n)(z) is a bounded operator.

Proof. If n = 0 the conclusion is contained in the definition of an acceptable space. Let us see that the
maps δ(1)

z are bounded. Pick z ∈ U and then a sequence (zn)n≥1 in U\{z} converging to z. Given f ∈ F
we have

δ(1)
z ( f ) = f ′(z) = lim

n→∞

f (zn) − f (z)
zn − z

.

According to the Banach–Steinhaus theorem, δ(1)
z is bounded since it is the pointwise limit of a sequence

of bounded operators, namely of (δzn − δz)/(zn − z). Now proceed by induction on n. �

2.1. Calderón spaces. The simplest examples of admissible spaces are the spaces associated to couples
introduced by Calderón in his seminal paper [6]. Interpolation of couples is usually done in the unit
strip S = {0 < <(z) < 1}. In this paper we need to be careful with the spatial variable which is used
to differentiate functions and thus the size of the strip where the spaces are placed needs to be taken in
consideration; see Section 6.4.1. So, given real numbers a < b we put Sa,b = {a < <(z) < b}. Now
suppose that (Xa, Xb) is a compatible couple: this just means that Xa and Xb are Banach spaces linear
and continuously embedded into a third Banach space Σ.

The most popular Calderón space is C = C (Xa, Xb), which consists of those bounded analytic func-
tions f : Sa,b −→ Σ that extend continuously to the closure of Sa,b and, denoting again by f the extension,
satisfy the boundary condition that for j = a, b the restriction t ∈ R 7−→ f ( j + it) ∈ X j is continuous and
bounded. The norm of the space C is defined by ‖ f ‖C = sup{‖ f ( j + it)‖X j : t ∈ R, j = a, b}. A useful
variant is the space

C0 = { f ∈ C : ‖ f ( j + it)‖X j → 0 as |t| → ∞, j = a, b},
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which is a closed subspace of C . It is easy to prove that, if f ∈ C , then for every z ∈ Sa,b the function
w 7−→ e(w−z)2

f (w) belongs to C0. Moreover, if ∆ is any dense subset of Xa ∩ Xb, then the functions of the
form

(2.1) f (z) = eδz
2
∑

1≤i≤k

eλkzxk (xk ∈ ∆, λk, δ ∈ R, δ > 0)

are dense in C0; see [27, Chapter IV, Theorem 1.1, p. 220] or [2, Lemma 4.2.3]. We shall denote the
space of such functions as C00.

2.2. Interpolation families. A basic source of admissible spaces is the complex interpolation method
for families. The method we present here, which is that of [14], is a slight modification of the method
from [13].

Let U be a domain of the complex plane conformally equivalent to the disc and let ϕ : D −→ U be
a fixed conformal map. Conformal maps belong to the Smirnov class N+ (see [18, Theorem 2.1] and
note that “our” Smirnov class N+ corresponds to the “Nevanlinna class N” in Duren’s book) and so
they have nontangencial limits for almost every z ∈ T. Let us assume from now on that ϕ extends to a
surjective continuous function D̃ −→ U (there is no need to relabel), where D̃ is a subset of the closed
disc which contains D together with almost every point of T. In particular ϕ maps T∩ D̃ onto ∂U (up to
a null set). Note that this is actually a property of the domain, and domains such as a spiral of infinite
turns approaching the unit circle lacks it — we owe this remark to the referee of an earlier version of
the paper. When U = S one can use the conformal equivalence given by the formula

ϕ(z) =
1
2

+
2i
π

log
z + 1
1 − z

which extends to the closed disc, except z = ±1.

Definition 2.5. A familyX = {Xω : ω ∈ ∂U} of Banach spaces is an interpolation family with containing
space Σ, intersection space ∆ and containing function k if:

• Σ is a Banach space for which there are linear continuous embeddings Xω −→ Σ. We will
identify Xω with its image in Σ from now on.
• ∆ is a subspace of

⋂
ω∈∂U Xω such that for every x ∈ ∆ the function z ∈ T

⋂
D̃ 7−→ ‖x‖ϕ(z) is

measurable and ∫
T

log+
‖x‖ϕ(z) d|z| < ∞,

where log+ t = max(0, log t) for t > 0.
• k : ∂U −→ (0,∞) is a measurable function such that∫

T

log+ k(ϕ(z)) d|z| < ∞,

and ‖x‖Σ ≤ k(u)‖x‖u for every u ∈ ∂U and every x ∈ ∆.

If no risk of confusion arises we will simply say that X is an interpolation family. Given an interpola-
tion family X, we define G = G (X) as the space of all functions on U of the form g =

∑n
j=1 g jx j, where

g j ◦ ϕ is in the Smirnov class N+, x j ∈ ∆ for all j, and

(2.2) ‖g‖ = ess sup
u∈∂U

‖g(u)‖u < ∞.
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Here, ∂U carries the image of the measure d|z| under the map ϕ. Notice that this is well-defined because
functions in the Smirnov class N+ have almost everywhere nontangential limits on T and it does not
depend of ϕ, because if ψ : D −→ U is another conformal map, then ϕ ◦ ψ−1 is an automorphism of the
disc.

Let us briefly explain how these spaces fit into the general framework described earlier. We just state
the basic facts and refer the reader to [13, 14, 15] for more details. First, the evaluations δu : G −→ Σ

are bounded. This fact depends on the hypotheses made on the containing function k. Indeed, by
a result of Szegő [13, Proposition 1.1], (any measurable extension of) the function k ◦ ϕ : T −→
[0,∞) has an associated “outer” function in the Smirnov class, which means that there is K ∈ N+ such
that |K(z)|k(ϕ(z)) = 1 for almost everywhere z ∈ T, where the extension of K to T is defined taking
nontangential limits. It is now easy to check that for each u ∈ U one has ‖δu : G −→ Σ‖ ≤ |K(z)|, where
ϕ(z) = u; see [15, Proposition 2.3.52].

As a rule, the space G will fail to be complete; however it always fulfils conditions (a) and (b) in
Definition 2.1: Let F = F (X) be its completion and observe that the continuity of the evaluations
at points of U allows us to identify F as a Banach space of analytic functions U −→ Σ, on which
the point evaluations remain bounded with the same norm (see [13, Proposition 2.3]). About condition
(b), keeping an eye in Definitions 2.1 and 2.2 let us observe the trivial fact that G , and therefore F ,
are contractive modules over H∞(U), since every bounded analytic function on the disc belongs to the
Smirnov class N+. In particular, if h : U −→ D is a conformal map and f ∈ F , then h f ∈ F
and ‖h f ‖F = ‖ f ‖F . It then remains to prove that f ∈ F whenever h f ∈ F . This is related to the
coincidence of the interpolation spaces associated to G and F . To explain this, and following [13], let
us fix z ∈ U and consider the following two spaces: the first one, often denoted by X{z}, is the completion
of the intersection space ∆ equipped with the norm x ∈ ∆ 7−→ inf{‖g‖F : g ∈ G and x = g(z)}. The
definition makes sense because for every x ∈ ∆ there is g ∈ G such that x = g(z). The other space is

X[z] = {x ∈ Σ : x = f (z) for some f ∈ F },

equipped with the quotient norm. To see how these spaces are related, have a look at the diagram

0 // ker δz
// F // F / ker δz

// 0

0 // ker δz ∩ G

OO

// G // F /ker δz ∩ G

Q

OO

// 0

Here, Q
(

f + ker δz ∩ G
)

= f + ker δz is an isometric quotient map (it maps the open unit ball of

F /ker δz ∩ G onto that of F / ker δz). A moment’s reflection suffices to realize that each nonzero
element of ker Q corresponds to an element f ∈ ker δz which is not in ker δz ∩ G , and so ker Q =

ker δz/ker δz ∩ G . Now observe that X{z} = F /ker δz ∩ G and X[z] = F / ker δz; thus, Q induces an
isometric quotient map of X{z} −→ X[z] “extending” the inclusion ∆ −→ Σ. This map is injective (that
is, X{z} = X[z]) if and only if ker δz ∩ G is dense in ker δz. On the other hand, if h : U −→ D is a
conformal map vanishing at z, we have ker δz∩G = hG in the sense that each function in G vanishing at
z has the form hg, for some g ∈ G . Using this, the following lemma is not hard to prove and it concludes
the argument:

Lemma 2.6. The following statements are equivalent:
• X{z} = X[z].
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• ker δz ∩ G is dense in ker δz.
• ker δz = h ·F . �

Definition 2.7. An interpolation family X = {Xω : ω ∈ ∂U} is said to be admissible at z ∈ U if it
satisfies the equivalent conditions recorded in the preceding lemma, and it is said to be admissible if it
is admissible at every z ∈ U

Observe that an interpolation family X is admissible if and only if the space F (X) obtained from it is
admissible in the sense of Definition 2.1, by the third condition in the lemma. Also note that it would not
make any sense to define “acceptable interpolation family”, because if X{z} and X[z] agree as sets, then
they carry the same norm — equivalently, if ker δz = h ·F , then “multiplication by h” is an isometry.

3. Rochberg spaces and their entwining exact sequences

Let us translate the basic facts of [5] to the context of acceptable spaces. If we fix z ∈ U, the map
δz : F −→ Σ is continuous and F / ker δz is a Banach space which is isometric to

Fz = {w ∈ Σ : w = f (z) for some f ∈ F },

endowed with the quotient norm ‖w‖Fz = infw= f (z) ‖ f ‖F . The family (Fz)z∈U will be called the analytic
family of Banach spaces associated to F , which is consistent with the traditional use when F is ad-
missible (cf. [24, § 10]) and, in particular, when F arises from an admissible interpolation family, as in
Section 2.2. In this case we have Fz = X[z] = X{x}.

Since the maps δ(n)
z : F −→ Σ are bounded for all z ∈ U and all n ∈ N (see Lemma 2.4), it makes

sense to consider the Banach spaces

(3.1) F
/⋂

i<n

ker δ(i)
z (n ∈ N).

As before these spaces are isometric to the Rochberg spaces

F (n)
z = {w ∈ Σn : w = τ(n,0] f (z) for some f ∈ F }

=

{
(wn−1, . . . ,w0) ∈ Σn : wi =

f (i)(z)
i!

for some f ∈ F and all 0 ≤ i < n
}
,(3.2)

endowed with the quotient norm: the norm of w = (wn−1, . . . ,w0) in F (n)
z is the infimum of the norms of

the functions of F fitting in (3.2).

For fixed z, the spaces F (n)
z can be arranged into exact sequences in a very natural way: this is implicit

in [30], even if the syntagma “exact sequence” does not appear, and a complete treatment can be found
in [5]. Indeed, if for 1 ≤ n, k < m we denote by ın,n+k : Σn −→ Σn+k the inclusion on the left given by
ın,n+k(xn, . . . , x1) = (xn, . . . , x1, 0 . . . , 0) and by πn+k,k : Σn+k −→ Σk the projection on the right given by
πn+k,k(xn+k, . . . , xk, . . . , x1) = (xk, . . . , x1), then πn+k,k restricts to an isometric quotient map of F (n+k)

z onto
F (k)

z (this is trivial) and ın,n+k is an isomorphic embedding of F (n)
z into F (n+k)

z . This can be proved as [5,
Proposition 2(a)], just using the second condition in the definition of an acceptable space instead of the
second condition in the definition of an admissible space; the third condition plays no role here and will
play no role until Section 6.3. Thus, see [5, Theorem 4], for each n, k ∈ N there is an exact sequence of
Banach spaces and operators

(3.3) 0 −−−−−→ F (n)
z

ın,n+k
−−−−−→ F (n+k)

z
πn+k,k
−−−−−→ F (k)

z −−−−−→ 0
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To describe the sequences (3.3) as twisted sums we will use the maps Ωk,n : F (k)
z −→ Σn defined as

follows: we fix ε ∈ (0, 1), and, for each x = (xk−1, . . . , x0) in F (k)
z , select fx ∈ F such that x = τ(k,0] fx(z),

with ‖ fx‖ ≤ (1 + ε)‖x‖, in such a way that fx depends homogeneously on x. Then define

Ωk,n(x) = τ(n+k,k] fx(z).

We could emphasize the fact that Ωk,n depends on z by adding the subscript z, if necessary. It is clear
that it also depends on the choice of fx, but different choices of fx only produce bounded perturbations
of the same map. Any Ωk,n defined in this way is a quasilinear map (see the definition below) from
F (k)

z to F (n)
z , which means that there is a constant C such that, for every x, y ∈ F (k)

z the difference
Ωk,n(x + y) − Ωk,n(x) − Ωk,n(y), which belongs a priori to Σn, actually falls into F (n)

z and obeys the
estimate

‖Ωk,n(x + y) −Ωk,n(x) −Ωk,n(y)‖F (n)
z
≤ C

(
‖x‖F (k)

z
+ ‖y‖F (k)

z

)
.

The map Ωk,n can be used to form the twisted sum space

F (n)
z ⊕Ωk,n F (k)

z =
{
(y, x) ∈ Σn+k : y −Ωk,n(x) ∈ F (n)

z , x ∈ F (k)
z

}
,

endowed with the quasinorm

(3.4) ‖(y, x)‖Ωk,n =
∥∥∥y −Ωk,n(x)

∥∥∥
F (n)

z
+ ‖x‖F (k)

z
.

It turns out that F (n)
z ⊕Ωk,n F (k)

z and F (n+k)
z are the same space, and that (3.4) is a quasinorm equivalent

to the norm of F (n+k)
z , see [5, Section 3.5]. Although the explicit use of quasilinear maps is marginal in

this paper it will be convenient to record the definition here:

Definition 3.1. Let X and Y be quasinormed spaces and let H be a linear space containing Y . A homo-
geneous mapping Φ : X −→ H (not Y) is said to be quasilinear from X to Y if:

(a) Φ(x + y) − Φ(x) − Φ(y) ∈ Y for all x, y ∈ X.
(b) There is a constant C such that ‖Φ(x + y) − Φ(x) − Φ(y)‖Y ≤ C

(
‖x‖X + ‖y‖X

)
for all x, y ∈ X.

Condition (a) guarantees that Y ⊕Φ X = {(h, x) ∈ H × X : h −Φ(x) ∈ Y} is a linear subspace of H × X,
while (b) and the homogeneous character of Φ imply that the formula ‖(h, x)‖Φ = ‖h − Φ(x)‖ + ‖x‖
defines a quasinorm on Y ⊕Φ X, which is equivalent to a norm when Φ arises as a derivation. The map
ı : Y −→ Y ⊕Φ X given by ı(y) = (y, 0) preserves the (quasi) norms and the map π : Y ⊕Φ X −→ X given
by π(h, x) = x takes the unit ball of Y ⊕Φ X onto that of X. These form a short exact sequence

(3.5) 0 // Y ı // Y ⊕Φ X π // X // 0

that shall be referred to as the sequence generated by Φ. We say that Φ is trivial (as a quasilinear map
from X to Y) if (3) splits. In general, a short exact sequence

0 // Y ı // Z π // X // 0

is said to split if there is an operator P : Z −→ Y such that P ı = IY , equivalently, there is an operator
S : X −→ Z such that π S = IX. For the exact sequence generated by Φ this happens if and only if there
is a, not necessarily continuous, linear map L : X −→ H such that Φ − L is bounded from X to Y in the
sense that ‖Φ(x) − L(x)‖Y ≤ M‖x‖X for some constant M and all x ∈ X.

We conclude this rugged introduction emphasizing the compatibility of the sequences (3.3) passing
through a given F (m)

z and drawing some consequences. Indeed, if m = k + n = i + j, with k < i say, then
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the following diagram is commutative:

(3.6)

0

��

0

��

F ( j)
z

��

F ( j)
z

��

0 // F (n)
z

��

// F (m)
z

��

// F (k)
z

// 0

0 // F (n− j)
z

��

// F (i)
z

��

// F (k)
z

// 0

0 0

Notation has been lightened up by understanding that unlabelled arrows F (N)
z −→ F (M)

z are ıN,M if
N ≤ M and πN,M if N ≥ M.

The commutativity of these diagrams has the following important consequence, which seems to have
gone unnoticed in [5]:

Proposition 3.2. Let F be an acceptable space on U and let z ∈ U. If

(3.7) 0 // F (n)
z

// F (n+k)
z

// F (k)
z

// 0

splits, then

(3.8) 0 // F ( j)
z

// F ( j+i)
z

// F (i)
z

// 0

splits whenever i + j ≤ k + n, in which case for every m ≤ k + n the space F (m)
z is isomorphic (but not

necessarily “equal”) to the m-fold direct sum Fz × · · · ×Fz. In particular, if i + j = k + n, then (3.7)
splits if and only if (3.8) splits.

Proof. Welcome to the Club of People Who Stare at Diagrams. If you don’t feel like joining, you can
skip this proof. Let us begin with the following observation: In a commutative diagram of the form
(please ignore the labels of the arrows for the time being)

(3.9)

0

��

0

��
A

I
��

A

J
��

0 // B

S
��

K // C

P
��

Q // D // 0

0 // E

��

L // F

��

R // D // 0

0 0
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with exact rows and columns the two sequences passing through F split if and only if the two sequences
passing through B split.

Indeed, if p : F −→ C is a section of P (that is, Pp = IF) and r is a section of R, then pr is a section of
Q — and K−1 pL is a section of S . Conversely, if k : C −→ B is a projection along K (that is, kK = IB)
and ı is a projection along I, then ık is a projection along J — and S k defines a projection along L.

Before proceeding with the proof of the proposition, let us remark that the result is almost trivial if
(i, j) ≤ (k, n), that is, if i ≤ k and j ≤ n, so the point is to get it for i + j = k + n. Hence it suffices to see
the “in particular” part. If k + n = 2 there is nothing to prove, so we may assume n + k ≥ 3 and check
that if i + j = k + n and |k− i| = |n− j| = 1, then (3.7) splits if and only if (3.8) does. It therefore suffices
to assume that n ≥ 2 and then prove that (3.7) splits if and only if (3.8) splits if i = k + 1 and j = n − 1.
Look at the diagram

0

��

0

��

F (n−1)
z

��

F (n−1)
z

��

0 // F (n)
z

��

// F (n+k)
z

��

// F (k)
z

// 0

0 // F (1)
z

��

// F (k+1)
z

��

// F (k)
z

// 0

0 0
which has the same form as (3.9). Assume that the middle horizontal sequence splits. Then so does the
other sequence that passes through F (n)

z since (1, n−1) ≤ (k, n) and we conclude that the middle vertical
sequence splits. And, conversely, if the middle vertical sequence splits, then so does the other sequence
that passes through F (k+1)

z since (k, 1) ≤ (k + 1, n − 1) and we conclude that the middle horizontal
sequence splits. �

Sometimes it is convenient to replace the starting acceptable space F by another one with more
convenient properties. If properly done, this will have very little effect in the resulting sequences:

Lemma 3.3. Let F and G be acceptable spaces of functions U −→ Σ. Assume that G ⊂ F and that
the inclusion is continuous. Fix z ∈ U. If Fz = Gz, necessarily with equivalent norms, then F (n)

z = G (n)
z ,

with equivalent norms, for every n ≥ 1 and the sequences induced by G at z agree with those of F .

The proof is an easy induction argument once one realizes that, under the hypothesis of the Lemma,
given n, k ≥ 1, there is a commutative diagram, of Banach spaces and operators

0 −−−−−→ G (n)
z −−−−−→ G (n+k)

z −−−−−→ G (k)
z −−−−−→ 0y y y

0 −−−−−→ F (n)
z −−−−−→ F (n+k)

z −−−−−→ F (k)
z −−−−−→ 0

where the descending arrows are the corresponding formal inclusions. This implies that the derived
spaces of admissible interpolation families and the corresponding exact sequences do not vary if one
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uses a norm of Hardy type instead of (2.2); see Pisier’s comments in [28, p. 425, second column],
especially the part concerning the “point often overlooked by non-specialists”.

The most important application for us occurs in the context of couples, where one has C (X0, X1)(n)
z =

C0(X0, X1)(n)
z , up to equivalent norms, for every z in the corresponding strip and all n ≥ 1. Actually it is

easy to see that C (X0, X1)(n)
z and C0(X0, X1)(n)

z are the same space, with the same norm, using functions
of the form w 7−→ exp

(
ε(w − z)2+4k), where ε > 0 is small and k ∈ N is large. We will use this fact

without further mention.

4. The cornerstone example

Let us investigate the particularly interesting case of the couple (`∞, `1), which in a sense motivated
the whole theory. We will denote by Z the Calderón space C (`∞, `1) on the unit strip, that is, Z is the
space of analytic functions f : S −→ `∞ having the following properties:

(1) f extends to a continuous function on S −→ `∞ that we denote again by f .
(2) ‖ f ‖Z = sup

{
‖ f (it)‖∞, ‖ f (1 + it)‖1 : t ∈ R

}
< ∞.

Of course Z is admissible and classical arguments show that Zz is the complex interpolation space
[`∞, `1]θ = `p with θ = <z and p = 1/θ for θ ∈ (0, 1); in particular, Zz = `2 for z = 1

2 . In the remainder
of the section we fix z = 1

2 as the base point and we denote Z (n)
1/2 by Zn for n ∈ N. If x is normalized in

`2 and we set x = u|x| then fx(z) = u|x|2z is normalized in Z and one has fx
(1

2

)
= x. Thus

fx(z) = u|x||x|2z−1 = x|x|2(z−1/2) = x
∞∑

n=0

2n logn
|x|

n!

(
z − 1

2

)n
,

from which (τn fx)(1
2 ) = 2n

n! x logn
|x|. For arbitrary x ∈ `2 we have, by homogeneity,

(τn fx)
(1

2

)
=

2nx
n!

logn
(
|x|
‖x‖2

)
.

Hence,

(4.1) Ω1,n(x) = τ[n,1] fx
(1

2

)
= x

(
2n

n!
logn

(
|x|
‖x‖2

)
, . . . ,

22

2!
log2

(
|x|
‖x‖2

)
, 2 log

(
|x|
‖x‖2

))
,

which leads to a quite manageable description of the spaces Zm. In particular, since Z1 = `2 we can
use the map Ω1,1 to obtain that the functional ‖(y, x)‖Ω1,1 =

∥∥∥y − 2x log
(
|x|/‖x‖2

)∥∥∥
2

+ ‖x‖2 is equivalent
to the norm of Z2. This shows that Z2 is isomorphic, but not equal, to the original Kalton–Peck space
Z2, whose quasinorm was defined by its legitimate owners as ‖(y, x)‖Z2 =

∥∥∥y− x log
(
‖x‖2/|x|

)∥∥∥
2
+ ‖x‖2 in

[25]. An isomorphism between both versions is (y, x) ∈ Z2 7−→ (y,−2x) ∈ Z2.

The paper [5] contains a proof that Zm is not a subspace of a twisted Hilbert space for m ≥ 3. We
show now a general result which requires the following inductive, ad hoc definition:

Definition 4.1. A twisted Hilbert space of order 1 is just a Banach space which is isomorphic to a Hilbert
space. For k ≥ 2, say that Z is a twisted Hilbert space of order k if for some (equivalently, for every)
choice i + j = k with i, j ≥ 1 there is a short exact sequence 0 −→ Ai −→ Z −→ A j −→ 0 in which Ai

and A j are twisted Hilbert spaces of order i and j respectively.
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The equivalence between the “for some” and the “for every” form of the definition above is not
entirely straightforward and requires a judicious use of diagrams: if n + m = i the commutative diagram

0

��

0

��
An

��

An

��
0 // Ai

��

// Z

��

// A j
// 0

0 // Am

��

// Z/An

��

// A j
// 0

0 0

shows that Z/An is a twisted Hilbert space of order m + j and hence Z is a twisted sum of twisted Hilbert
spaces of order n and m + j; and, analogously, if n + m = j using the commutative diagram

0 0

Z/B

OO

Am

OO

// 0

0 // Ai
// Z

OO

// A j
//

OO

0

0 // Ai
// B

OO

// An
//

OO

0

0

OO

0

OO

The space Zm is a twisted Hilbert space of order m and twisted sums of Hilbert spaces are exactly the
twisted Hilbert spaces of order 2.

Theorem 4.2. Zm cannot be embedded into a twisted Hilbert space of order k < m. In particular Zm is
not a subspace of Zk whenever k < m.

Let us recall from [19] the definition of n-th type 2 constant: If X is a Banach space, an(X) is the
smallest positive number a such that

Average
εi=±1

∥∥∥∥∥ n∑
i=1

εixi

∥∥∥∥∥2

≤ a2
n∑

i=1

‖xi‖
2

for all x1, . . . , xn ∈ X. It is clear that the constants an(X) satisfy:
• a1(X) ≥ 1;
• an(X) is nondecreasing in n;
• If Y is isomorphic to a subspace of X then an(Y)/an(X) is bounded.
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Theorem 4.2 will follow straightforwardly from the next two lemmata. The first one generalizes esti-
mates in [19, Theorem 3], [25, Theorem 6.2], [21, Theorem 7.5] that deal with the case m = 1. Note
that the base of logarithms is irrelevant.

Lemma 4.3. For each twisted Hilbert space Z of order m + 1 there is a constant C, depending on Z and
m, such that an(Z) ≤ C logm

2 n.

Proof. From [19, Theorem 1, Part 1] we know that, given a subspace Y ⊂ Z, one has

ank(Z) ≤ an(Y)ak(Z) + an(Y)ak(Z/Y) + an(Z)ak(Z/Y)

We then proceed by induction. The result is trivial for m = 0, by the parallelogram law. Assume it is
true for twisted Hilbert spaces of order m. Now let Z be a twisted Hilbert space or order m + 1 and let
0 −→ H −→ Z −→ X −→ 0 be a witnessing sequence, where H is a Hilbert space and X is of order
m. There is no loss of generality if we assume that Z contains H isometrically and the corresponding
quotient is X. Since X is a twisted Hilbert space of order m the induction hypothesis provides a constant
C such that an(X) ≤ C logm−1

2 n for all n ∈ N. Thus, for k ∈ N, one has

a2k(Z) ≤ a2(H)ak(Z)+a2(H)ak(X)+a2(Z)ak(X) = ak(Z)+(1+a2(Z))ak(X) ≤ ak(Z)+(1+a2(Z))C logm−1
2 k

and so
a2k+1(Z) ≤ a2k(Z) + (1 + a2(Z))C logm−1

2 2k = a2k(Z) + (1 + a2(Z))Ckm−1.

Also,
a2k(Z) ≤ a2k−1(Z) + (1 + a2(Z))C(k − 1)m−1,

and, iterating k times, we obtain

a2k+1(Z) ≤ a2(Z) + (1 + a2(Z))C
∑

1≤i≤k

im−1 ≤ C(Z)(n + 1)m,

where C(Z) is a constant that depends only on Z and we have used Faulhaber’s formula [1, p. 108]
to dominate

∑
1≤i≤k im−1. Using that an is nondecreasing, there is some constant C′ such that an(Z) ≤

C′ logm
2 n for all n. �

The following computation completes the proof of Theorem 4.2.

Lemma 4.4. For each m ≥ 0 there is cm > 0 so that cm logm
2 n ≤ an(Zm+1).

Proof. Put sN =
∑

1≤i≤N ei. Since for εi = ±1 one has ‖(0, . . . , 0,
∑

i≤N εiei)‖ = ‖(0, . . . , 0, sN)‖ in Zm+1

and ‖sN‖ =
√

N in `2, the inequality

‖(0, . . . , 0, sN)‖Zm+1 ≥ cm

√
N logm

2 N,

immediately yields the lower estimate for an(Zm+1).

We will use the following consequence of the binomial theorem:

(4.2)
1
n!

+
(−1)

(n − 1)!
+ · · · +

(−1)n−1

(n − 1)!
+

(−1)n

n!
=

∑
0≤i≤n

(−1)i

i!
1

(n − i)!
=

1
n!

(
1 + (−1)

)n
= 0.

For the rest of the proof we will use the following notations: given x ∈ Σ and scalars (α1, . . . , αk) we
write (α1, . . . , αk)x = (α1x, . . . , αkx). Also, we set L = log(1/N). We also take advantage of the fact that
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each Zn+1 can be written as a twisted sum of Zn and `2, using the map defined by (4.1): taking x = sN

there, we have

Ω1,n(sN) =

(
2n

n!
logn

(
N−1/2

)
, . . . ,

22

2!
log2

(
N−1/2

)
, 2 log

(
N−1/2

))
sN =

(
Ln

n!
,

Ln−1

(n − 1)!
, . . . ,

L2

2!
, L

)
sN .

For each n we fix a constant kn such that ‖(y, x)‖Zn+1 ≥ kn

(
‖(y −Ω1,n(x)‖Zn + ‖x‖2

)
. Actually one can

take kn = 1
3 for all n. After this preparation:

‖(0, . . . , 0, sN)‖Zm+1 ≥ km

∥∥∥Ω1,m(sN)
∥∥∥
Zm

= km

∥∥∥∥∥∥
(

Lm

m!
,

Lm−1

(m − 1)!
, . . . ,

L2

2!
, L

)
sN

∥∥∥∥∥∥
Zm

≥ kmkm−1

∥∥∥∥∥∥
(

Lm

m!
,

Lm−1

(m − 1)!
, . . . ,

L2

2!

)
sN −Ω1,m−1(LsN)

∥∥∥∥∥∥
Zm−1︸                                                        ︷︷                                                        ︸

(?)

.

Now,

(?) =

∥∥∥∥∥∥(Lm
[

1
m! −

1
(m−1)!

]
, Lm−1

[
1

(m−1)! −
1

(m−2)!

]
, . . . , L3

[
1
3! −

1
2!

]
, L2

−1/2!︷   ︸︸   ︷[
1
2! −

1
1!

] )
sN

∥∥∥∥∥∥
Zm−1

≥ km−2

∥∥∥∥∥∥(Lm
[

1
m! −

1
(m−1)! + 1

2!(m−2)!

]
, Lm−1

[
1

(m−1)! −
1

(m−2)! + 1
2!(m−3)!

]
, . . . , L3

[
1
3! −

1
2! + 1

2!1!

]︸           ︷︷           ︸
1/3!

)
sN

∥∥∥∥∥∥
Zm−2

.

Continuing in this way, after ` iterations, we see that ‖(0, . . . , 0, sN)‖Zm+1

/
(km · · · km−`) is at least∥∥∥∥∥∥(Lm

[
1

m! −
1

(m−1)! + 1
2!(m−2)! + · · · +

(−1)`

`!(m−`)!

]
, Lm−1

[
1

(m−1)! −
1

(m−2)! + 1
2!(m−3)! + · · · +

(−1)`

`!(m−1−`)!

]
,

. . . , L`+2
[

1
(`+2)! −

1
(`+1)! + 1

2!`! + · · · +
(−1)`

`!2!

]
, L`+1

[
1

(`+1)! −
1
`! + 1

2!(`−1)! + · · · +
(−1)`

`!1!

]︸                                    ︷︷                                    ︸
(−1)`/(`+1)!

)
sN

∥∥∥∥∥∥
Zm−`

.

And letting ` = m − 1 we conclude that

‖(0, . . . , 0, sN)‖Zm+1

(km · · · k1)
≥

∥∥∥∥∥∥(Lm
[

1
m! −

1
(m−1)! + 1

2!(m−2)! + · · · +
(−1)m−1

(m−1)!1!

]︸                                          ︷︷                                          ︸
(−1)m−1/m!

sN

)∥∥∥∥∥∥
Z1

=
|L|m

m!
N1/2. �

A more general, less tortuous argument will be given in the final paragraph of Section 5, just after
Corollary 5.7. Keep in mind in what follows that Zn ' Zn ⊕ Zn. Indeed, if N = A ∪ B is a partition
of N into two infinite subsets, and we set Zn(A) = {(xn, . . . , x1) ∈ Zn : supp xi ⊂ A for all 1 ≤ i ≤ n}
and similarly for Zn(B), then Zn(A) and Zn(B) are isometric to Zn, and Zn = Zn(A) ⊕ Zn(B) for all
n ≥ 1 exactly for the same reason as for n = 1, namely `2 = `2(A)⊕ `2(B), with the two direct summands
isometric to `2.

Corollary 4.5. Zn+k is not isomorphic to (a subspace of) Zn ⊕Zk.

Proof. Assuming n ≤ k,Zn ⊕Zk is a subspace of Zk ⊕Zk ' Zk, while Zn+k is not. �

Corollary 4.6. Let 0 ≤ k, j ≤ n. Zn−k ⊕Zn+k ' Zn− j ⊕Zn+ j if and only if k = j.
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Proof. Assume otherwise, and assume j < k. Then Zn+k would be a subspace of Zn− j ⊕Zn+ j, which is
in turn a subspace of Zn+ j, and that is impossible. �

In a forthcoming paper [11] it is proved that Zm does not contain complemented copies of Zn for
n < m, which implies that Z j ⊕Zk ' Zn ⊕Zm if and only if { j, k} = {n,m}.

5. Duality issues

This section studies the conjugate spaces of the Rochberg spaces associated to an admissible space
and the corresponding (dual) exact sequences. The material presented here is closely related to [13,
30, 17, 5] and has loose connections with [3, 12, 25]. We deal only with spaces of analytic functions
arising from admissible interpolation families. Let X be such a family, with spaces (Xu)u∈∂U, containing
space Σ, intersection space ∆ and containing function k : ∂U −→ (0,∞). We also fix a conformal
map ϕ : D −→ U, as in Section 2.2. Let F = F (X) and G = G (X) be as in Section 2.2 and let us
keep the traditional notation X(n)

z for F (n)
z , where z ∈ U. When n = 1 we just write Xz. It is an easy

consequence from G being dense in F that ∆n is dense in X(n)
z for all z ∈ U and all n. Besides, it follows

from Lemma 2.6 that for each x ∈ ∆n and every ε > 0 there is g ∈ G such that x = τ(n,0]g(z) and
‖g‖F ≤ (1 + ε)‖x‖X(n)

z
. This simplification will play a role in the identification of the dual of X(n)

z .

5.1. Derivation of duals of interpolation spaces. Adapting the techniques from [13] we may find the
dual of the intermediate spaces Xz the following way: let FF be the space of functions h : U −→ ∆?

(the algebraic dual of ∆) such that

• z 7−→ 〈h(ϕ(z)), x〉 is a function in N+ for every x ∈ ∆;
• there is C > 0 such that, for each x ∈ ∆ one has limw→z |〈h(ϕ(w)), x〉| ≤ C‖x‖ϕ(z) for almost every

z ∈ T, where the limit is nontangential.

The space FF will be normed taking ‖h‖FF as the infimum of the numbers C satisfying the preceding
condition. The question of whether F is complete is irrelevant for the subsequent discussion. For each
z ∈ U there is an isometry between X∗z and the “intermediate” space

(FF)z = {ξ ∈ ∆? : ξ = h(z) for some h ∈ FF},

with the natural quotient norm. More precisely, ξ ∈ ∆? belongs to (FF)z if and only if the functional
x ∈ ∆ 7−→ 〈ξ, x〉 ∈ C is bounded in the norm of Xz in which case the norm of the obvious extension in X∗z
agrees with the norm of ξ in (FF)z. We take this fact, proved in [13, Theorem 3.1] when ∆ is the whole
intersection space, as the starting point of this section. From now on we identify X∗z with that subset of
∆?, that is, we use ∆? as a “containing space” for the family X∗u, with u ∈ U. In this way the space FF

can be used to construct the derived spaces of the family X∗z using the ideas of Section 3.
First, we need a substitute for the derivatives: given h ∈ FF and n ≥ 0 we define h(n) : U −→ ∆? by

the formula

〈h(n)(z), x〉 =
dn

dzn 〈h(z), x〉 (x ∈ ∆).

The meaning of the expressions such as τA(h), τA(h)(z), and the like should be obvious in this context.
Now, set

(FF)(n)
z =

{
(ξn−1, . . . , ξ0) ∈ (∆?)n : there is h ∈ FF such that ξi =

h(i)(z)
i!

for 0 ≤ i < n
}
,
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with the quotient norm. At this juncture most structural properties of the spaces (FF)(n)
z remain obscure:

for instance if they are complete, or Hausdorff, or if (FF)(n)
z contains (FF)(k)

z when k < n. All these
thrilling questions will we settled in the next section.

5.2. Duality of the twisted sums. The first part of the following result was proved by Rochberg for
finite-dimensional spaces in [30, Theorem 4.1].

Proposition 5.1. For each z ∈ U and each n ≥ 1, there is a linear homeomorphism Tn : (FF)(n)
z −→

(X(n)
z )∗ given by

(5.1) Tn(ξn−1, . . . , ξ0)(xn−1, . . . , x0) =

n−1∑
j=0

〈ξ j, xn− j−1〉

for (ξn−1, . . . , ξ0) ∈ (FF)(n)
z and x j ∈ ∆. In particular, (FF)(n)

z is a Banach space. Moreover,

(5.2)
∥∥∥Tn : (FF)(n)

z −→ (X(n)
z )∗

∥∥∥ ≤ 1
dist(z, ∂U)n−1 .

As the reader may guess, the lion’s share of the proof is the boundedness of the pairing (5.1). We
shall need a number of intermediate steps, some new notations and a bit of function theory.

Given integers n and k, we consider the maps n,n+k : (∆?)n −→ (∆?)n+k and $n+k,k : (∆?)n+k −→ (∆?)k

defined by

n,n+k((ξn−1, . . . , ξ0)) = (ξn−1, . . . , ξ0, 0, . . . , 0︸  ︷︷  ︸
k times

) and $n+k,k(ξn+k−1, . . . , ξk, ξk−1, . . . , ξ0) = (ξk−1, . . . , ξ0)

We label them this way to distinguish them from the maps ın,n+k : Σn −→ Σn+k and πn+k,k : Σn+k −→ Σk

appearing in (3.3), although they are formally the same maps.

Lemma 5.2. For every n, k ≥ 1 and every z ∈ U, the map n,n+k is bounded from (FF)(n)
z to (FF)(n+k)

z

and $n+k,k is an isometric quotient map from (FF)(n+k)
z to (FF)(k)

z .

Proof. By [5, Lemma 1] there is a polynomial P of degree at most n+k−1 such that (P◦ϕ−1)(i)(z) = i!δik

(Kronecker delta) for 0 ≤ i < n + k. Pick ξ = (ξn−1, · · · , ξ0) in (FF)(n) and h ∈ FF such that
τ(n,0]h(z) = ξ. Consider the function H = (P ◦ ϕ−1)ḣ. Then H ∈ FF,

τ(n+k−1,0]H(z) = (ξn−1, . . . , ξ0, 0, . . . , 0) = n,n+k(ξ),

and ‖H‖FF ≤ (
∑

i |ai|) ‖h‖FF , where ai are the coefficients of P, so that ‖ n,n+k : (FF)(n)
z −→

(FF)(n+k)
z ‖ ≤

∑
|ai|. The second part is trivial. �

Lemma 5.3. Let h ∈ FF and g ∈ G . Then the function f : U −→ C given by f (z) = 〈h(z), g(z)〉 is
bounded, analytic on U and one has

(5.3) f (n)(z) = n!
n∑

j=0

〈
h( j)(z)

j!
,

g(n− j)(z)
(n − j)!

〉
and

∣∣∣ f (n)(z)
∣∣∣

n!
≤
‖h‖FF‖g‖F
dist(z, ∂U)n .

Proof. We begin by noticing that by our assumptions, and the very definition of G , the composition
f ◦ ϕ is in N+, and therefore has almost everywhere nontangential limits on T. If we denote by F the
boundary values of f ◦ ϕ, we have |F(z)| ≤ ‖h‖FF‖g‖F for almost every z ∈ T, so that z ∈ T 7−→ F(z) is
in L∞(T). This implies that f ◦ ϕ ∈ H∞, and therefore f is bounded on U.
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We will establish (5.3) by induction on n ≥ 0. The initial step (n = 0) is the definition of f . Suppose
(5.3) is valid for a given n ≥ 0, rewrite it as f (n)(z) =

∑n
j=0

(
n
j

)
〈h( j)(z), g(n− j)(z)〉, and let us check the

induction step:

d
dz

f (n)(z) =

n∑
j=0

(
n
j

)
d
dz
〈h( j)(z), g(n− j)(z)〉

=

n∑
j=0

(
n
j

) (
〈h( j+1)(z), g(n− j)(z)〉 + 〈h( j+1)(z), g(n− j+1)(z)〉

)
=

n+1∑
j=1

(
n

j − 1

)
〈h( j)(z), g(n+1− j)(z)〉 +

n∑
j=0

(
n
j

)
〈h( j)(z), g(n+1− j)(z)〉

=

(
n
0

)
〈h(0)(z), g(n+1)(z)〉 +

n∑
j=1

(
n + 1

j

)
〈h( j)(z), g(n+1− j)(z)〉 +

(
n
n

)
〈h(n+1)(z), g(0)(z)〉

=

n+1∑
j=0

(
n + 1

j

)
〈h( j)(z), g(n+1− j)(z)〉

The estimate follows from the bound | f (u)| ≤ ‖h‖FF‖g‖F for all u ∈ U and Cauchy’s estimates for the
derivatives of a bounded function, taking into account that for every r < dist(z, ∂U) the disc of radius r
centered at z lies inside U. �

Proof of Proposition 5.1. We begin by showing that, for each z ∈ U, the map Tn is bounded from
(FF)(n)

z to (X(n)
z )∗. Put x = (xn−1, · · · , x0) and ξ = (ξn−1, · · · , ξ0). Take g ∈ G such that τ(n,0]g(z) = x and

a corresponding h ∈ FF for ξ. Let f (u) = 〈h(u), g(u)〉. By Lemma 5.3, f is bounded and analytic on U,
with | f (u)| ≤ ‖h‖FF‖g‖G for all u ∈ U and

|Tn(ξ)(x)| =

∣∣∣ f (n−1)(z)
∣∣∣

(n − 1)!
≤
‖h‖FF‖g‖G

dist(z, ∂U)n−1 .

Since h and g were arbitrary, we obtain that Tn(ξ) extends to a continuous functional on X(n)
z that we call

again Tn(ξ), and that Tn is a bounded map, with
∥∥∥Tn : (FF)(n)

z −→ (X(n)
z )∗

∥∥∥ ≤ dist(z, ∂U)1−n.

The remainder of the proof is easier. First, for n, k ≥ 1 and z ∈ U, the following diagram is commuta-
tive:

(5.4)

0 // (FF)(n)
z

n,n+k //

Tn
��

(FF)(n+k)
z

$n+k,k //

Tn+k
��

(FF)(k)
z

//

Tk
��

0

0 // (X(n)
z )∗

πn+k,k
∗

// (X(n+k)
z )∗

ık,n+k
∗

// (X(k)
z )∗ // 0

At this stage of the proof we cannot guarantee the exactness of the upper row of the preceding diagram:
we have not proved that the image of n,n+k fills the kernel of $n+k,k. However, we know that T1 is an
isomorphism (it is in fact an isometry, by the result of Coifman, Cwikel, Rochberg, Sagher and Weiss
mentioned before) and then a diagram chasing argument quickly shows that Tm is an isomorphism for
all m ≥ 1. Indeed let us assume that Tn and Tk are isomorphisms and let us check that then so is Tn+k. It
is clear that Tn+k is injective. We show that it is also onto and open. Pick an arbitrary x∗ ∈ (X(n+k)

z )∗ and
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let ξ ∈ (FF)(n+k)
z be such that $n+k,k(ξ) = T−1

k (ın,n+k
∗(x∗)), with

‖ξ‖(FF)(n+k)
z
≤ C‖T−1

k (ın,n+k
∗(x∗))‖(FF)(k)

z
.

for a constant C independent of the choices. Now, x∗ − Tn+k(ξ) belongs to ker ın,n+k
∗ and since the lower

row is exact there is y∗ ∈ X(n)
z such that πn+k,k

∗(y∗) = x∗ − Tn+k(ξ). Letting η = n,n+k(T−1
n (y∗)) it is clear

that x∗ = Tn+k(ξ + η). Besides,

‖ξ‖ ≤ C‖T−1
k ‖ ‖ık,n+k‖ ‖x∗‖,

‖η‖ ≤ ‖ n,n+k‖ ‖T−1
n ‖ ‖(πn+k,k

∗)−1‖ (1 + ‖Tn+k‖) ‖x∗‖. �

One thus has the following result, in which we adhere to the notation and conventions we we agreed
at the beginning of this section.

Theorem 5.4. If n, k ≥ 1 and z ∈ U then (5.4) is a commutative diagram in which the vertical arrows
are linear homeomorphisms and the rows are exact.

5.3. A useful “norming” subspace to work with couples. In this section we take advantage of a result
by Cwikel [17, Theorem 3.1] to obtain a quite useful subspace of the dual space of the derived spaces
of a couple.

Let (X0, X1) be a compatible couple with sum Σ and intersection ∆, which is equipped with the norm
x ∈ X0 ∩ X1 7−→ max

(
‖x‖0, ‖x‖1

)
. We assume that (X0, X1) is “regular”, i.e., ∆ is dense in each Xi. Then

each X∗i embeds into ∆∗ (not ∆?) in such a way that X∗0 ∩ X∗1 = Σ∗. Let A(S) be the algebra of analytic
functions on the strip that admit continuous bounded extensions to the closure.

There is a natural bilinear pairing B : C0(X0, X1) × C (X∗0, X
∗
1) −→ A(S) defined by

B(h, g)(z) = 〈h(z), g(z)〉

for g ∈ C00(X0, X1), h ∈ C (X∗0, X
∗
1); recall that such a g takes values in ∆ and that C00(X0, X1) is dense

in C0(X0, X1) so that the previous B can be extended to the completion), where the brackets refer to the
duality between ∆∗ and ∆. Now, mutatis mutandis, the arguments of the preceding section yield:

Proposition 5.5. For each z ∈ S and each n ≥ 1, let Tn : C (X∗0, X
∗
1)(n)

z −→
(
C0(X0, X1)(n)

z
)∗ be given by

(5.5) Tn(ξn−1, . . . , ξ0)(xn−1, . . . , x0) =

n−1∑
j=0

〈ξ j, xn− j−1〉

for (ξn−1, . . . , ξ0) ∈ C (X∗0, X
∗
1)(n)

z and x j ∈ ∆ for 0 ≤ j < n. The operator Tn is bounded, with

(5.6)
∥∥∥Tn : C (X∗0, X

∗
1)(n)

z −→
(
C0(X0, X1)(n)

z
)∗∥∥∥ ≤ 1

dist(z, ∂S)n−1 .

Moreover, Tn “renorms” C0(X0, X1)(n)
z in the following sense: there exist constants c,C > 0 that depend

on z and n, but not ξ or x, such that

(5.7) c ‖x‖C0(X0,X1)(n)
z
≤ sup

{∣∣∣Tn(ξ)(x)
∣∣∣ : ξ ∈ C (X∗0, X

∗
1)(n)

z , ‖ξ‖C (X∗0 ,X
∗
1)(n)

z
≤ 1

}
≤ C ‖x‖C0(X0,X1)(n)

z
.

In particular, if Xζ is reflexive for some 0 < <(ζ) < 1, which is always the case if one of the spaces of
the couple is reflexive, then Tn is an isomorphism for every n and z. The same happens if X0 or X1 is an
Asplund space (equivalently, the dual has the Radon-Nikodým property).
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Sketch of the Proof. The proof of the first part runs parallel to that of Proposition 5.1 and is left to the
reader. The “moreover” part follows from Cwikel’s result mentioned earlier (namely, that when n = 1
the inequalities in (5.7) are actually equalities with c = C = 1) by an easy induction argument. Consider
the commutative diagram

0 // C (X∗0, X
∗
1)(n)

z
//

Tn
��

C (X∗0, X
∗
1)(n+k)

z
//

Tn+k
��

C (X∗0, X
∗
1)(k)

z
//

Tk
��

0

0 // (C (X0, X1)(n)
z )∗

πn+k,n
∗

// (C (X0, X1)(n+k)
z )∗

ık,n+k
∗

// (C (X0, X1)(k)
z )∗ // 0

and recall our convention about unlabelled arrows. Assuming that Tn and Tk are “renormings”, one
quickly obtains chasing the diagram Tn+k renorms C (X0, X1)(n+k)

z . The last assertion in the statement
follows from being T1 a surjective isometry [24, Theorem 4.4], as it was explained during the proof of
Proposition 5.1, and thus, by Diagram 5.4, the same occurs to all Tn. �

Corollary 5.6. For every z ∈ S and every n ≥ 1 the dual of C (`∞, `1)(n)
z is isomorphic to C (`∞, `1)(n)

1−z.

If we specialize to z = 1
2 we obtain that each of the spaces Zn is isomorphic to its dual (Thus, for

instance, Theorem 4.2 can be dualized replacing “embeds in” by “is a quotient of”, and so on). However
the pairing witnessing it is not

〈(yn−1, . . . , y0), (xn−1, . . . , x0)〉 =
∑

i+ j=n−1

〈yi, x j〉

because this pairing induces an isomorphism between C (`∞, `1)(n)
1/2 = Zn and the dual of C (`1, `∞)(n)

1/2

which is isometric, but not equal, to Zn. In general, an isometry between C (X0, X1)(n)
1/2 and C (X1, X0)(n)

1/2

can be obtained as follows: pick x = (xn−1, . . . , x0) in C (X0, X1)(n)
1/2 and then f ∈ C (X0, X1) such that

x = τ(n,0] f ( 1
2 ) and ‖ f ‖ ≤ ‖x‖ + ε. Clearly g(z) = f (1 − z) has the same norm in C (X1, X0) as f in

C (X0, X1). Hence τ(n,0]g( 1
2 ) belongs to C (X1, X0)(n)

1/2 and has the same norm as x. Clearly

τ(n,0]g
(1

2

)
=

(
(−1)n−1xn−1, . . . ,−x1, x0

)
.

The inexorable conclusion is that the pairing that defines the isomorphism between Zn and its dual is

〈(yn−1, . . . , y0), (xn−1, . . . , x0)〉 =
∑

i+ j=n−1

(−1)i〈yi, x j〉

If we denote by un : Zn −→ Z ∗
n the corresponding (noncanonical) isomorphism then the family (un)n≥1

is “almost” compatible with the natural exact sequences:

Corollary 5.7. . With the same notations as before, for every k, n ≥ 1 the following diagram is commu-
tative

0 // Zn

(−1)kun
��

ın,n+k // Zn+k
πn+k,k //

un+k

��

Zk

uk

��

// 0

0 // Z ∗
n

π∗n+k,k // Z ∗
k+n

ı∗n,n+k // Z ∗
k

// 0

The continuity of the operators Tn of Proposition 5.5 provides lower bounds for the norm of an
element of the form (0, . . . , 0, x) in X(n)

c = C (X0, X1)(n)
c . Note that for 0 < c < 1 we have dist(c, ∂S) =
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min(c, 1 − c). Now, if h ∈ C (X∗0, X
∗
1), and x ∈ ∆, then

(5.8)
∣∣∣〈τn−1h(c), x〉

∣∣∣ =
∣∣∣(Tnτ(n,0]h(c)

)
(0, . . . , 0, x)

∣∣∣ ≤ ‖h‖C (X∗0 ,X
∗
1) ‖(0, . . . , 0, x)‖X(n)

c

min(c, 1 − c)n−1 .

Let us consider again the case where X0 = `∞ and X1 = `1 and estimate the norm of (0, . . . , 0, sN) in the
space Z (n)

c = C (`∞, `1)(n)
c , for 0 < c < 1. Note that Z (1)

c = `p with p = 1/c and so ‖sN‖Z (1)
c

= N1/p = Nc.
If we interpret C (c0, `1) as a subset of C (`∞, `1) in the obvious way, C (`∞, `1)c = C (c0, `1)c, with the
same norm: just think of the finitely supported sequences. It follows from Lemma 3.3 that C (`∞, `1)(n)

c =

C (c0, `1)(n)
c for all n ≥ 1 and 0 < c < 1, still with the same norm. Since (c0, `1) is a regular couple we can

go to Proposition 5.5 and then compute the extremals in C (`1, `∞). Note that C (`1, `∞)c = `q, where q is
the conjugate exponent of p and that if x is positive and normalized in `q, then the function z 7→ xq(1−z)

is normalized in C (`1, `∞) and assumes the value x at z = c. It follows that for any x ∈ `q the function

h(z) = x
(
|x|
‖x‖q

)−q(z−c)

= x
∑
n≥0

(−q)n

n!

(
logn |x|
‖x‖q

)
(z − c)n

is an extremal for x in C (`1, `∞), with

τnh(c) =
(−q)n

n!
x logn |x|

‖x‖q
.

Letting x = sN in `p and taking h as the corresponding extremal for sN in C (`1, `∞) so that h(c) = sN ,
with ‖h‖C (`1,`∞) = N1/q and applying (5.8) one obtains

N logn−1 N
(n − 1)!

≤
N1/q‖(0, . . . , 0, sN)‖X(n)

c

min(c, 1 − c)n−1 ,

hence (compare with the proof of Lemma 4.4)

‖(0, . . . , 0, sN)‖X(n)
c
≥

min(c, 1 − c)n−1

(n − 1)!
N1/p logn−1 N.

6. Analytic families of Rochberg spaces and interpolation

This section develops the central topic of the paper and it is where acceptable spaces are required
and admissible spaces do not suffice. The domain U on which an acceptable space of analytic functions
is based plays an important role here. The simplest domains are: the unit strip S, where classical
interpolation for couples occurs, and the unit disk D, where classical interpolation for families occur.
Thus, to motivate the problem let us consider first:

6.1. The case of couples. The following reiteration-like result is so natural that we can hardly believe
it has not been explicitly stated elsewhere. The case n = 1 is the classical reiteration theorem for the
complex method (cf. [6, Paragraph 12.3]).

Proposition 6.1. Let (X0, X1) be a regular couple of Banach spaces on the strip S, with sum Σ, intersec-
tion ∆ and 0 < a < b < 1. For every n ≥ 1 the Rochberg spaces X(n)

a and X(n)
b form a compatible couple

on the strip Sa,b as subspaces of Σn and, for every a < c < b, the formal inclusion X(n)
c −→ [X(n)

a , X(n)
b ]c is

an isomorphic embedding. If, in addition, ∆n is dense in X(n)
a ∩ X(n)

b , which is always the case when X1

contains X0, then [X(n)
a , X(n)

b ]c = X(n)
c , with equivalent norms.
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Proof. We first remark that in the case of couples we may assume that the norm of Σ is majorized by
those of X0 and X1. Thus, integrating on large rectangular contours and using Cauchy integral formulæ
one gets, for 0 < θ < 1, that

‖δ(n)
θ : C0(X0, X1) −→ Σ‖ ≤

n!
min(|θ|, |1 − θ|)n .

Thus, if x = (xn−1, . . . , x0) belongs to X(n)
θ , and f ∈ C (X0, X1) is such that x = τ(n,0] f (θ), then

max
0≤i<n
‖xi‖Σ ≤

‖ f ‖C
min(|θ|, |1 − θ|)n ,

hence Σn contains both X(n)
a and X(n)

b , the inclusions are continuous and
(
X(n)

a , X(n)
b

)
is a compatible couple

ready for interpolation on the strip Sa,b. From now on, we write Ya = X(n)
a and Yb = X(n)

b . Notice that at
the moment we do not know whether Yc = X(n)

c , which which is precisely what we have to prove. We
end this preparation noticing that, according to our general notations,

X(n)
η = C (X0, X1)(n)

η = C0(X0, X1)(n)
η and Yc = [Ya,Yb]c = C (Ya,Yb)c = C0(Ya,Yb)c.

Let us see that X(n)
c ⊂ Yc with contractive inclusion, which is the easy part. Given f ∈ C (X0, X1)

we define an analytic function R( f ) : Sa,b −→ Σn by R f (z) = τ(n,0] f (z). We claim that R defines a
bounded operator from C0(X0, X1) to C (Ya,Yb). Clearly, if f is a simple function with values in ∆ then
R f ∈ C (Ya,Yb) and ‖R f ‖C (Ya,Yb) ≤ ‖ f ‖C (X0,X1). For arbitrary f ∈ C0(X0, X1) the claim follows from an
obvious density argument. We therefore have a commutative square

C0(X0, X1)

δc◦τ(n,0]
��

R // C (Ya,Yb)

δc

��
X(n)

c
identity // Yc

witnessing that the formal identity is a bounded operator from X(n)
c to Yc, with norm at most 1. To

complete the proof of the first part we must show that there is a constant C such that ‖x‖X(n)
c
≤ C‖x‖Yc for

x ∈ ∆n. We need here the duality results of the preceding section. Since Tn renorms X(n)
c , it suffices to

show that there is a constant K such that

|Tnξ(x)| ≤ K‖ξ‖C (X∗0 ,X
∗
1)(n)

c
‖x‖Yc

for x ∈ ∆n, ξ ∈ C (X∗0, X
∗
1)(n)

c . Pick ε > 0 and a function g : Sa,b −→ Σn such that g(c) = x with
‖g‖ ≤ (1 + ε)‖x‖Yc . Now, pick h ∈ C (X∗0, X

∗
1) such that τ(n,0]h(c) = ξ, with ‖h‖ ≤ (1 + ε)‖ξ‖. Since

X∗0 ∩ X∗1 = Σ∗, slightly perturbing ξ if necessary, we may assume that h has the form (2.1), with vectors
in Σ∗. Then the components of τ(n,0]h are Σ∗-bounded on Sa,b and since g is Σn-bounded the function

f (z) = Tn(τ(n,0]h(z))(g(z))

is bounded and analytic on Sa,b, and f (c) = Tnξ(x). But, for z ∈ ∂Sa,b one has

| f (z)| ≤
∥∥∥Tn : C (X∗0, X

∗
1)(n)

z −→
(
X(n)

z
)∗∥∥∥ ∥∥∥τ(n,0]h(z)

∥∥∥
C (X∗0 ,X

∗
1)(n)

z

∥∥∥g(z)
∥∥∥

X(n)
z
≤

(1 + ε)2
∥∥∥ξ∥∥∥

C (X∗0 ,X
∗
1)(n)

c
‖x‖Yc

min(a, 1 − b)n−1

since for z ∈ ∂Sa,b the space X(n)
z agrees with Ya when<(z) = a and with Yb when<(z) = b. The result

follows from the maximum principle. The second part is clear: if ∆n is dense in X(n)
a ∩ X(n)

b , then it is
dense in [X(n)

a , X(n)
b ]c too. �
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One may wonder if the irritating hypothesis about the density of ∆n in X(n)
a ∩ X(n)

b is really necessary
to get the identity [X(n)

a , X(n)
b ]c = X(n)

c . (Even more when we do have [16] for n = 1.)
The reader may observe that the preceding proposition does not automatically guarantees that the

spaces X(n)
c for a < c < b — or, better, X(n)

z for a < <(z) < b — form an analytic family unless X0 ⊂ X1

(or vice versa) in which case they coincide with the analytic family attached to the Calderón space
C

(
X(n)

a , X(n)
b

)
, up to equivalence of the norms. In general, the question of which admissible space could

have been, and could now be, used to obtain the “derived spaces” of the family X(n)
z an the “higher order

Rochberg spaces” admits several answers. The most obvious is to choose:

D =
{
g ∈ C

(
X(n)

a , X(n)
b

)
: g(z) ∈ X(n)

z for a ≤ <(z) ≤ b
}
,

with the norm inherited from C
(
X(n)

a , X(n)
b

)
. One has:

Corollary 6.2. With the same notations as above, D is an admissible space of analytic functions on
the strip Sa,b and for each z ∈ Sa,b, one has Dz = X(n)

z , with equivalent norms. Besides, if x ∈ X(n)
z and

f ∈ C (X0, X1) is such that x = τ(n,0] f (z) and ‖ f ‖C (X0,X1) ≈ ‖x‖X(n)
c

, then, if F is the restriction of τ(n,0] f to
Sa,b, one has F(z) = x, and ‖F‖D = ‖ f ‖C (X0,X1) ≤ C‖x‖Dz , where C is a constant depending on z, but not
on x.

Proof. To prove that D is admissible it suffices to check that if ϕ : Sa,b −→ D is a conformal equivalence,
g : Sa,b −→ Σn is analytic and ϕg ∈ D , then g ∈ D . Of course g ∈ C

(
X(n)

a , X(n)
b

)
. Let us see that

g(z) ∈ X(n)
z for all z ∈ Sa,b. This is obvious if ϕ(z) , 0. Put ζ = ϕ−1(0) and notice that the reasoning

about R contained in the proof of Theorem 6.1 shows that the restriction of g to the line <(z) = <(ζ)
is a continuous map with values in [X(n)

a , X(n)
b ]<ζ . As g(z) belongs to X(n)

z = X(n)
<ζ

for every z , ζ in the
line <(z) = <(ζ) and this space is closed in [X(n)

a , X(n)
b ]<ζ , we conclude that g(ζ) ∈ X(n)

<ζ
and so D is

admissible. The “besides” part is clear after Proposition 6.1. �

Thus, starting with a compatible couple (X0, X1) sitting on S one obtains the family Xc = C (X0, X1)c

and the corresponding Rochberg spaces X(n)
c for 0 < c < 1. These spaces can be twisted in two ways:

one is forming the space X(2n)
c which leads to the self-extension

(6.1) 0 −−−−−→ X(n)
c −−−−−→ X(2n)

c −−−−−→ X(n)
c −−−−−→ 0

described in Section 3. But the preceding corollary also opens up the possibility of considering X(n)
c as

one of the spaces of the analytic family induced by D which leads to the self-extension

(6.2) 0 −−−−−→ X(n)
c −−−−−→ D (2)

c −−−−−→ X(n)
c −−−−−→ 0

These extensions are different. Indeed, the differential associated to (6.1) is obtained as follows: given
x = (xn−1, . . . , x0) in X(n)

c we select f ∈ C (X0, X1) such that x = τ(n,0] f (c), with ‖ f ‖C (X0,X1) ≈ ‖x‖X(n)
c

and
set

Ωn,n(x) = τ(2n,n] f (c).

As for (6.2) we can use the restriction F of τ(n,0] f to Sa,b as an extremal for x in D , so that the corre-
sponding derivation is

Φ1,1(x) = F′(c) =

(
f (n)(c)

(n − 1)!
,

f (n−1)(c)
(n − 2)!

, . . . , f ′(c)
)

=

(
n

f (n)(c)
n!︸   ︷︷   ︸

nonlinear

, (n − 1)xn−1, . . . , x1︸                 ︷︷                 ︸
linear part

)
.
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This seems to indicate that, in a sense, (6.1) “twists” X(n)
c more than (6.2) does. This point will be

discussed in depth in Section 7, in the broader context of acceptable spaces.

6.2. The issue of families. We have encountered insurmountable difficulties to generalize Proposi-
tion 6.1 to admissible families. Let us explain this point in detail because, in the end, these difficulties
forced us to introduce the notion of acceptability, which will be much more relevant from now on than
it has been so far.

Let U be a domain and let V be a subdomain with compact closure contained in U. We fix conformal
equivalences ϕ : D −→ U and φ : D −→ V having the extension properties required in Section 2.2 and
we denote again by ϕ and φ their extensions to T. These are well-defined up to a null set.

Suppose we are given an admissible interpolation family on U, say X = (Xz)z∈∂U, with ambient space
Σ, intersection ∆ and containing function k. Fixing n ≥ 1 we can consider the family of Rochberg spaces
X(n)

z with z varying in U (note that there are no Rochberg spaces on the original boundary ∂U!), which
includes ∂V. In this way we obtain another family, parametrized by ∂V, namely Y = (Yn)v∈∂V, where
Yv = X(n)

v for v ∈ ∂V. We would like to make Y an interpolation family. To this end we can choose Σn

as the ambient space and ∆n as the intersection space of Y so that the compactness of V resolves the
“containing function” issue:

Lemma 6.3. Under the above hypotheses there is a constant C such that if (xn−1, . . . , x0) belongs to X(n)
v

for some v ∈ V, then
∑

0≤i<n ‖xi‖Σ ≤ C‖(xn−1, . . . , x0)‖X(n)
v

.

Proof. Let k : ∂U −→ (0,∞) be the containing function of X and K : D −→ C be the outer function
associated to k ◦ ϕ. Then, for every u ∈ U, every n ≥ 0 and every R < dist(u, ∂U), one has

‖ δ(n)
u : F (X) −→ Σ ‖ ≤

n! M(u,R)
Rn , where M(u,R) = max

|u−z|≤R
|K(ϕ−1(z))|.

This is straightforward from Cauchy’s estimates. Let r = 1
2 dist(V, ∂U). Then Vr = V+Dr = {v + z : v ∈

V, |z| ≤ r} is a compact subset of U containing V, where K ◦ ϕ−1 has to be bounded, say by M. Thus, for
every v ∈ V, in particular for v ∈ ∂V one has ‖δ(n)

v : F (X) −→ Σ‖ ≤ n!M/rn.
Now, pick v ∈ ∂V and x = (xn−1, . . . , x0) in X(n)

v . If f ∈ F (X) is such that τ(n,0] f (v) = x, we have∑
0≤i<n

‖xi‖Σ ≤ M

∑
0≤i<n

r−i

 ‖ f ‖F ,
as required. �

This shows that Σn, with the sum norm, is a containing space for the family Y, with containing
function (actually constant) M

(∑
0≤i<n r−i

)
. Up to here the good news. The bad news is that we have

been unable to establish the measurability of the function v ∈ ∂V 7−→ ‖x‖X(n)
v

for fixed x ∈ ∆n, that is,
we cannot guarantee thatY is an interpolation family. In the case of couples this was automatic as these
functions are constant on each vertical line! Worse yet, even if one could establish measurability in
some cases (e.g., if the extremals are unique) or if one could dispose of this issue (replacing N+

V by AV,
or something like that), it is unclear whether the hypothesized interpolation family would be admissible.
All we know is the following result, which obviates these difficulties adding to the hypothesis a statement
that we would have liked to put into the thesis, namely that the family of derived spaces is admissible.

Proposition 6.4. With the above notations, if Y is an admissible interpolation family with intersection
space ∆n, then, for every z ∈ V, one has Yz = X(n)

z with equivalence of norms.
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Proof. Let us prove first that, for each v ∈ V, one has X(n)
v ⊂ Yv, and the inclusion is contractive. Pick

x ∈ ∆n and then g ∈ G (X) such that x = τ(n,0]g(v). Let f : V −→ Σn be the restriction of τ(n,0]g to V.
Then f ∈ G (Y): indeed, if we write g =

∑
g ja j, with g j ∈ N+

U and a j ∈ ∆, then the successive derivatives
of each g j are all bounded on V and so they belong to N+

V. Besides, we have ‖ f (z)‖X(n)
z
≤ ‖g‖F for every

z ∈ ∂V, so we have f ∈ G (Y), with x = δv f , and

‖x‖Yv ≤ ‖ f ‖G (Y) ≤ ‖g‖F (X).

Since g is arbitrary and ∆n is dense in X(n)
v we are done.

We now prove the reversed containment and obtain the corresponding bound. This part uses duality
in a critical way. First, since Tn : W (X)(n)

v −→ (X(n)
v )∗ is an isomorphism, it suffices to see that there is a

constant K such that, if x ∈ ∆n and ξ ∈ (∆?)n, ‖ξ‖W (X)(n)
v
< 1, then

|Tnξ(x)| ≤ K‖x‖Yv .

So, take g ∈ G (Y) such that g(v) = x, with ‖g‖F (Y) ≤ (1 + ε)‖x‖Yv and h ∈ W (X) so that ξ = τ(n,0]h(v),
with ‖h‖W (X) ≤ 1.

By [13, Proposition 2.5] we can assume that the coefficient functions of g are bounded on V. There-
fore, using the conformal map φ : D −→ V we may consider the function f : D −→ C defined by

f (z) = Tn(τ(n,0]h(φ(z)))(g(φ(z))).

Then f is analytic, bounded on D and f (φ−1(v)) = Tnξ(x). Moreover, for almost every z ∈ T, one has

| f (z)| ≤
∥∥∥Tn : W (n)

φ(z) −→
(
X(n)
φ(z)

)∗∥∥∥ ∥∥∥τ(n,0]h(φ(z))
∥∥∥
W (n)
φ(z)

∥∥∥g(φ(z))
∥∥∥

X(n)
φ(z)
≤
‖g(φ(z))‖Yφ(z)

dist(∂V, ∂U)n−1 ≤
(1 + ε)‖x‖Yv

dist(∂V, ∂U)n−1 ,

and the result follows from the maximum principle. �

6.3. The case of analytic families on the disc. This and the next sections do what we wanted to do
in the previous section at the cost of working in the general setting of acceptable spaces. Precisely,
what we will show is that if F is an acceptable space of analytic functions on a domain U then the
family of Rochberg spaces F (n)

z , for z varying in U and n ≥ 2 fixed, is the analytic family associated to
another acceptable space that is naturally attached to F . This result has no counterpart for admissible
spaces. It actually was our original motivation to introduce the notion of an acceptable space and what
fully justifies our approach. We will treat in this section the case where the domain is the disc, taking
advantage of the fact that the underlying algebra A∞ admits differentiation. The adjustments required to
work on general domains are carried out in the next section.

Let F be an acceptable space on the disc and let H = H (D,Σ) be the space of all holomorphic
functions from D to Σ, the ambient space of F . We inductively define a sequence of Banach spaces
F (n), formally subspaces of the product H n as follows:

•F (1) = F .
• Once F (n) is defined we consider the linear map τ[n,1] : F −→H n and set

F (n+1) = F (n) ⊕τ[n,1] F =
{
( fn, . . . , f1, f ) ∈H n+1 : f ∈ F and ( fn, . . . , f1) − τ[n,1]( f ) ∈ F (n)

}
,

endowed with the norm ‖( fn, . . . , f1, f )‖F (n+1) =
∥∥∥( fn, . . . , f1) − τ[n,1]( f )

∥∥∥
F (n) + ‖ f ‖F .

Observe that F (2) consist of those pairs (g, f ) such that both f and g − f ′ are in F , with norm
‖(g, f )‖ = ‖g − f ′‖ + ‖ f ‖. To compute F (3), pick ( f2, f1, f0). Of course f0 has to be in F , while
( f2 − f ′′0 /2, f1 − f ′0) must be in F (2), that is, both f1 − f ′0 and f2 − f ′′0 /2 − ( f1 − f ′0)′ must be in F , so in
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the end the norm of ( f2, f1, f0) in F (3) is ‖ f2 − f ′1 + f ′′0 − f ′′0 /2‖ + ‖ f1 − f ′0‖ + ‖ f0‖. Instead of spoiling
all the fun presenting the 4D case, let us see an explicit formula that works in general. The form of the
coefficients that appear in the following result can somehow be considered a lucky strike:

Lemma 6.5. Fix n ≥ 1 and let fi ∈ H for 0 ≤ i < n. Then ( fn−1, . . . , f0) belongs to F (n) if and only if
for each 0 ≤ i < n the sum

fi +
∑

1≤k≤i

(−1)k

k!
f (k)
i−k

falls into F , where the sum over the empty set is treated as zero. Moreover, for such an array
( fn−1, . . . , f0) one has

‖( fn−1, . . . , f0)‖F (n) = ‖ f0‖F +
∑

0<i<n

∥∥∥∥∥ fi +
∑

1≤k≤i

(−1)k

k!
f (k)
i−k

∥∥∥∥∥
F
.

Proof. The proof goes by induction on n. The initial step n = 1 is trivial, so let us assume that the lemma
holds for n and let us check the corresponding statement for n + 1. Pick n + 1 functions fi ∈ H for
0 ≤ i ≤ n. By the very definition, ( fn, . . . , f0) ∈ F (n+1) if and only if f0 ∈ F and ( fn, . . . , f1) − τ[n,1] f0

belongs to F (n). Write

( fn, . . . , f1) − τ[n,1] f0 =

 fn −
f (n)
0

n!
, . . . , f1 − f ′0

 = (gn−1, . . . , g0).

Then the induction hypothesis says that (gn−1, . . . , g0) ∈ F (n) if and only if for each 0 ≤ i ≤ n − 1 the
following sum belongs to F :

gi +
∑

0<k≤i

(−1)k

k!
g(k)

i−k = fi+1 −
f (i+1)
0

(i + 1)!
+

∑
0<k≤i

(−1)k

k!

 f (k)
i+1−k −

f (i+1−k+k)
0

(i + 1)!

 = fi+1 +
∑

0<k≤i+1

(−1)k

k!
f (k)
i+1−k

because
−1

(i + 1)!
+

∑
0<k≤i

(−1)k

k!
−1

(i + 1)!
=

(−1)i+1

(i + 1)!
;

(see Equation 4.2). Probably it is not necessary to say anything more. �

Note that the Lemma implies, among other things, that

F (n+1) = F ⊕Λ F (n), with Λ( fn−1, . . . , f1, f0) = −
∑

1≤k≤n

(−1)k

k!
f (k)
n−k = −

∑
0≤k≤n−1

(−1)n−k

(n − k)!
f (n−k)
k ,

which is a linear map F (n) −→ H , hence a (trivial) quasilinear map from F (n) to F . It follows that
each F (n) is isometric, but not equal, to the direct sum F ⊕ · · · ⊕F — there are n summands.

We also have the following representation of F (n) that will be very useful in Section 7:

Corollary 6.6. With the same notations as before F ∈H n belongs to F (n) if and only it has the form

F =

 f (n−1)
0

(n − 1)!
+

f (n−2)
1

(n − 2)!
+ · · · + fn−1 , . . . ,

f ′′0

2!
+ f ′1 + f2 , f ′0 + f1 , f0


with fi ∈ F for 0 ≤ i < n, in which case ‖F‖F (n) is equivalent to

∑
0≤i<n ‖ fi‖F .

Let us then prove what has brought us here:
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Proposition 6.7. If F is an acceptable space of analytic functions on the disc, then so is F (n) for every
n ≥ 1. Moreover:

• If f ∈ F , then τ(n,0] f ∈ F (n) and ‖τ(n,0] f ‖F (n) = ‖ f ‖F .
• The analytic family associated to F (n) are the Rochberg spaces (F (n)

z )z∈D, up to equivalence of
norms.

Proof. We first observe that each n-tuple (gn, . . . , g1) in
∏n

i=1 H (D,Σ) can be seen as an analytic func-
tion from D to Σn just letting (gn, . . . , g1)(z) = (gn(z), . . . , g1(z)), where Σn can be equipped with the
direct sum norm, so certainly F (n) is a space of analytic functions.

The result is trivial when n = 1 and will be established by induction on n. So, let us assume it true
for 1, . . . , n and prove it for n + 1. To check completeness, just observe that F (n+1) is a twisted sum of
F by F (n) and that those spaces are complete by the induction hypothesis. A classical 3-space result
[10, Lemma 1.5.b] then asserts that a twisted sum of complete spaces is complete. In truth, all this is
unnecessary since Corollary 6.6 tells us that each F (n) is linearly homeomorphic (actually isometric) to
the direct sum of n copies of F .

In order to prove that the evaluations δz : F (n+1) −→ Σn+1 are bounded we can assume that δz :
F (n) −→ Σn are bounded. By Lemma 2.4, the successive derivatives δ(k)

z : F −→ Σ are all bounded.
Pick ( fn, . . . , f1, f0) ∈ F (n+1) and consider the decomposition

( fn, . . . , f1, f0) = ( fn, . . . , f1, f0) − τ[n,0] f0 + τ[n,0] f0

We have
‖( fn, . . . , f0)‖F (n+1) = ‖( fn, . . . , f1) − τ[n,1] f0‖F (n) + ‖ f0‖F .

Also,

‖δz( fn, . . . , f0)‖Σn+1 ≤ ‖δz
(
( fn, . . . , f1) − τ[n,1] f0

)
‖Σn +

∑
0≤k≤n

∥∥∥∥∥ f (k)
0 (z)
k!

∥∥∥∥∥
Σ

≤
∥∥∥δz : F (n) −→ Σn

∥∥∥ ‖( fn, . . . , f1) − τ[n,1] f0‖F (n) +
∑

0≤k≤n

∥∥∥∥∥δ(k)

k!
: F −→ Σ

∥∥∥∥∥ ‖ f ‖F ,
which is enough.

Let us check that F (n+1) is an A∞-module under pointwise multiplication assuming that F (n) is. As a
preparation we consider the following general situation. Suppose we have a (topological) algebra A and
that X and Y are topological left-modules over A. Let H be another A-module, not necessarily carrying a
topology, that contains Y as a submodule. Finally, suppose Φ : X −→ H is quasilinear from X to Y; see
Definition 3.1. It is very easy to see that the “coordinatewise” product a(h, x) = (ah, ax) makes Y ⊕Φ X
into a topological A-module if and only if for every a ∈ A and x ∈ X one has Φ(ax) − aΦ(x) ∈ Y and

‖Φ(ax) − aΦ(x)‖ −→ 0 as (a, x) −→ 0 in A × X.

(Such quasilinear maps are called “centralizers”, but that’s is another story, the first episodes of which
can be found in Kalton’s memoir [22], and the stellar moments in [23].) As the space F (n+1) is just
F (n) ⊕Φ F when Φ is the quasilinear map (linear in fact) given by τ[n,1] : F −→ H n what we need to
prove is that if f ∈ F and a ∈ A∞, then the difference τ[n,1](a f ) − aτ[n,1]( f ) falls into F (n) and

(6.3) ‖τ[n,1](a f ) − aτ[n,1]( f )‖F (n) −→ 0 as (a, f ) −→ 0 in A∞ ×F .
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Note that if f ∈ F , then, for each k ≥ 1, the array τ[k,0]( f ) belongs to F (k+1), with ‖τ[k,0]( f )‖F (k+1) = ‖ f ‖F
and so every array of the form (

f (k)

k!
, . . . , f ′, f , 0, . . . , 0

)
,

ending with ` zeroes, belongs to F (k+`+1) and its norm there agrees with ‖ f ‖F . Fix now f ∈ F , a ∈ A∞

and let us compute the difference τ[n,1](a f ) − aτ[n,1]( f ). Note, that, by the Leibniz formula

(a f )(k)

k!
=

∑
0≤i≤k

a(k−i)

(k − i)!
f (i)

i!
,

so

τ[n,1](a f ) =

(
(a f )(n)

n!
, . . . , (a f )′

)
= a

(
f (n)

n!
, . . . , f ′

)
︸            ︷︷            ︸

aτ[n,1] f

+a′
(

f (n−1)

(n − 1)!
, . . . , f ,

)
+

a′′

2!

(
f (n−2)

(n − 2)!
, . . . , 0

)
+ · · · +

a(n)

n!
( f , 0, . . . , 0)

Hence

τ[n,1](a f ) − aτ[n,1]( f ) = a′
(

f (n−1)

(n − 1)!
, . . . , f

)
+

a′′

2!

(
f (n−2)

(n − 2)!
, . . . , 0

)
+ · · · +

a(n)

n!
( f , 0, . . . , 0) ,

with each summand in F (n), and

‖τ[n,1](a f ) − aτ[n,1]( f )‖F (n) ≤
∑

1≤k≤n

∥∥∥∥∥∥a(k)

k!

∥∥∥∥∥∥
L(F (n−k))

‖ f ‖F .

To complete the proof that F (n+1) is acceptable let us assume that ( fn, . . . , f0) ∈ H (D,Σn+1) and ψ ∈
Aut(D) are such that ψ( fn, . . . , f0) = (ψ fn, . . . , ψ f0) falls into F (n+1). We must check that ( fn, . . . , f1, f0)
belongs to F (n+1) and that

‖( fn, . . . , f1, f0)‖F (n+1) ≤ K[ψ, n + 1]‖ψ( fn, . . . , f1, f0)‖F (n+1) ,

where K[ψ, n + 1] is a constant depending on ψ and the “dimension” n only. The hypothesis means that
ψ f0 ∈ F (hence f0 ∈ F ) and ψ( fn, . . . , f1)− τ[n,1](ψ f0) ∈ F (n). On the other hand, since ψ ∈ A∞ (see the
Appendix), we know from the previous step that the difference τ[n,1](ψ f0) − ψτ[n,1]( f0) belongs to F (n).
Thus,

ψ( fn, . . . , f1) − ψτ[n,1]( f0) ∈ F (n)

and the induction step yields ( fn, . . . , f1) − τ[n,1]( f0) ∈ F (n), hence ( fn, . . . , f1, f0) ∈ F (n+1).

As for the norm, one has

‖( fn, . . . , f1, f0)‖F (n+1) = ‖( fn, . . . , f1) − τ[n,1]( f0)‖F (n) + ‖ f0‖F

≤ K[ψ, n]‖ψ( fn, . . . , f1) − ψτ[n,1]( f0)‖F (n) + K[ψ, 1]‖ψ f0‖F

≤ K[ψ, n]
(
‖ψ( fn, . . . , f1) − τ[n,1](ψ f0)‖F (n) + ‖τ[n,1](ψ f0) − ψτ[n,1]( f0)‖F (n)

)
+ K[ψ, 1]‖ψ f0‖F

≤ max(K[ψ, n],K[ψ, 1])‖ψ( fn, . . . , f1, f0)‖F (n+1) + K[ψ, n]
∑

1≤k≤n

∥∥∥∥∥∥ψ(k)

k!

∥∥∥∥∥∥
L(F (n−k))

‖ f0‖F ,
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which is enough as it implies that

K[ψ, n + 1] ≤ max
(
K[ψ, n],K[ψ, 1]

)
+ K[ψ, n]K[ψ, 1]

∑
1≤k≤n

∥∥∥∥∥∥ψ(k)

k!

∥∥∥∥∥∥
L(F (n−k))

.

Finally, we prove the “moreover” part. For each k ≥ 1 let (F (k))z denote the analytic family induced
by F (k), while we keep the notation F (k)

z for the k-th Rochberg space induced by F at z. In particular:

(F (n+1))z = {x ∈ Σn+1 : x = F(z) for some F ∈ F (n+1)};

F (n+1)
z = {x ∈ Σn+1 : x = τ[n,0] f (z) for some f ∈ F }.

Now, if f ∈ F , then the array F = τ[n,0]( f ) belongs to F (n+1) by the very definition, and evaluating
at z one obtains the Taylor coefficients of f . Besides, ‖τ[n,0]( f )‖F (n+1) = ‖ f ‖F , hence (F (n+1))z contains
F (n+1)

z and the inclusion is contractive. To establish the other containment, one has to check that if
( fn, . . . , f0) belongs to F (n+1) then, for each z ∈ D, there is f ∈ F such that

fk(z) =
f (k)(z)

k!
(0 ≤ k ≤ n)

with ‖ f ‖F ≤ M‖( fn, . . . , f0)‖F (n+1) , where M = M[z, n + 1] depends only on z and n, but not on the array.
So, fix z ∈ D and pick ( fn, . . . , f0) in F (n+1). Then since the array ( fn, . . . , f1) − τ[n,1] f0 belongs to F (n)

we can assume by the induction hypothesis that there is g ∈ F such that

(6.4) g(z) = f1(z) − f ′0(z), . . . ,
g(n−1)(z)
(n − 1)!

= fn(z) −
f (n)
0 (z)
n!

,

with ‖g‖F ≤ M[z, n]
∥∥∥( fn, . . . , f1) − τ[n,1] f0

∥∥∥
F (n) . Take ψ ∈ Aut(D) vanishing at z and use [5, Lemma 1]

to get a polynomial P of degree at most n so that if a = P(ψ), then a(k)(z) = δk1 (Kronecker delta) for
0 ≤ k ≤ n. Obviously, a ∈ A∞ and so f = ag + f0 ∈ F . We have

‖ f ‖F ≤ ‖a‖L(F )‖g‖F + ‖ f0‖F

≤ ‖a‖L(F )M[z, n]
∥∥∥( fn, . . . , f1) − τ[n,1] f0

∥∥∥
F (n) + ‖ f0‖F

≤ max
(
‖a‖L(F )M[z, n], 1

)
‖( fn, . . . , f0)‖F (n+1) .

Regarding the Taylor coefficients of f , by Leibniz rule and (6.4),

f (k)(z)
k!

=
f (k)
0 (z)
k!

+
∑

0≤i≤k

a(i)(z)
i!

g(k−i)(z)
(k − i)!

=
f (k)
0 (z)
k!

+
g(k−1)(z)
(k − 1)!

= fk(z). �

6.4. General domains. We transplant our results from the disc to general domains. The main ob-
struction to proceed as we did in Proposition 6.7 is that the grafted algebras A∞U are not closed under
differentiation, even if U is a strip (see the Appendix). Therefore, most of the computations done along
the proof just do not make any sense for general domains. The idea is then to use a conformal map
between U and D to transfer the acceptable space F from U to D, then use Proposition 6.7 and then
move back to U. This involves the most basic operations in calculus: the Chain and Leibniz rule. The
paper [29] contains many deeper “translations” to vector valued analytic functions of much deeper facts
about complex analytic functions.
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6.4.1. Chain rule. Let F be an acceptable space on U and suppose ψ : V −→ U is a conformal
equivalence. Then we can consider the space

G = ψ∗[F ] = {g ∈H (V,Σ) : g = f ◦ ψ, f ∈ F },

with norm ‖g‖G = ‖ f ‖F . It is clear that G is acceptable, or admissible if F is. In some sense, G and F
are “equivalent” objects. This is indeed the case for the “degree zero” theory as shown by the fact that,
for each z ∈ V, one has Gz = Fψ(z), with identical norms. We omit the obvious proof.

What about the corresponding Rochberg spaces? They are still isometric but, in general, different. To
see this, fix z ∈ V and put u = ψ(z). Take (x1, x0) ∈ F (2)

u and pick f ∈ F so that x1 = f ′(u), x0 = f (u).
Then take g = f ◦ ψ and evaluate τ[1,0]g at z:

(g′(z), g(z)) = ( f ′(u)ψ′(z), f (u)) = (ψ′(z)x1, x0).

This shows at once:

• The map (x1, x0) 7−→ (ψ′(z)x1, x0) is a surjective isometry between F (2)
u and G (2)

z .
• If ψ′(z) , 1, then F (2)

u = G (2)
z as subspaces of Σ2 if and only if F (2)

u = Fu ×Fu.
• It λ = ψ′(z), then we have a commutative diagram (recall that Fu and Gz are the same space)

0 −−−−−→ Fu −−−−−→ F (2)
u −−−−−→ Fu −−−−−→ 0

λ

y λ×1
y ∥∥∥∥

0 −−−−−→ Gz −−−−−→ G (2)
z −−−−−→ Gz −−−−−→ 0

in which the middle arrow is an isometry.

In general we can describe nice isometries between F (n)
u and G (n)

z as follows. Take x ∈ F (n)
u and let

f ∈ F be a representative, that is, x = τ(n,0] f (u). Set g = f ◦ ψ and put y = τ(n,0]g(z). It is clear that
y depends only on x (if f has a zero of order k at u, then g has a zero of order k at z, and vice versa)
and that this correspondence defines a surjective isometry between F (n)

u and G (n)
z that we may denote

by L[n, u] thus emphasizing the fact that it depends on the base point. To understand the dependence
between the input x = (xn−1, . . . , x0) and the output y = (yn−1, . . . , y0) we can invoke Faà di Bruno’s
formula for higher derivatives of composite functions (see [20] for an exposition). Write

f (v) =
∑
m≥0

xm(v − u)m and ψ(w) =
∑
m≥0

zm(w − z)m

with positive radii of convergence. Then

g(w) = f (ψ(w)) =
∑
m≥0

ym(w − z)m, with ym =
∑

(b1,...,bm)

zb1
1

b1!
· · ·

zbm
m

bm!
k! xk,

where the sum is taken over all different solutions (b1, . . . , bm) of the equation b1 + 2b2 + · · · + mbm = m
in which each bi is a nonnegative integer and k = b1 + b2 + · · · + bm; in particular k ≤ m. Hence,
each L[n, u] is implemented by an upper triangular matrix with complex coefficients that we will denote
FdB[n, u, ψ], emphasizing the dependence on n, u and ψ; see Section 8.3.

Take n, k ≥ 1 and let πn+k,n : Σn+k −→ Σn denote the projection onto the last n coordinates. Clearly,
L[n, u] ◦ πn+k,n = πn+k,n ◦ L[n + k, u], so L[n + k, u] maps the kernel of πn+k,n : F (n+k)

u −→ F (n)
u onto that
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of πn+k,n : G (n+k)
u −→ G (n)

u and we have a commutative diagram

(6.5)

0 −−−−−→ F (k)
u −−−−−→ F (n+k)

u −−−−−→ F (n)
u −−−−−→ 0

I

y L[n+k,u]
y yL[n,u]

0 −−−−−→ G (k)
z −−−−−→ G (n+k)

z −−−−−→ G (n)
z −−−−−→ 0

in which I is an isomorphism, depending on n, k and u, in general different from L[k, u].

Moral: If you are interested in twisted sums, Banach space properties of the derived spaces and the
like you can change variables without causing any harm to your conclusions. If you are rather interested
in interpolation spaces, interpolation of operators and the like, you should be careful.

6.4.2. Leibniz rule. The preceding considerations suggest the following formal procedure to correct
the distorsion introduced by a change of variable. Let F be an admissible/acceptable space of analytic
functions from U to Σ and suppose L : U −→ Aut(Σ) is analytic when Aut(Σ) carries the restriction of
the norm topology of L(Σ). We can define a weighted version of F , denoted L∗[F ] with a slight abuse
of notation, taking those functions g : U −→ Σ of the form g(z) = L(z)( f (z)), for some f : U −→ Σ, with
norm ‖g‖L∗[F ] = ‖ f ‖F . It is clear that L∗[F ] is admissible/acceptable if and only if F is. Moreover, for
each z ∈ U, one has L∗[F ]z = L(z)[Fz] and that L(z) : Fz −→ L∗[F ]z is a surjective isometry.

The connection between the Rochberg spaces of F and those of L∗[F ] is as follows. Suppose
(xn−1, . . . , x0) ∈ Σn belongs to F (n)

z and that it agrees with the evaluation of τ[n−1,0]( f ) at z. Then g(ζ) =

L(ζ)( f (ζ)) belongs to L∗[F ] and since by Leibniz’s rule

g(k)(z)
k!

=
∑

0≤i≤k

L(k−i)(z)
(k − i)!

(
f (i)(z)

i!

)
we see that the isometry between F (n)

z and L∗[F ](n)
z is implemented by the following operator valued

matrix evaluated at z 

L(n−1)

(n−1)!
L(n−2)

(n−2)! . . . L′ L
0 L(n−2)

(n−2)! . . . L′ L
...

...
. . .

...
...

0 0 . . . L′ L
0 0 . . . 0 L


We are ready to state the conclusion of all this:

Theorem 6.8. Let F be an acceptable space of analytic functions U −→ Σ. For every n ≥ 2 there exists
an acceptable space T of analytic functions U −→ Σn with the following properties:

• For every f ∈ F , the array τ(n,0] f : U −→ Σn belongs to T , and ‖τ(n,0] f ‖T = ‖ f ‖F .
• For every u ∈ U one has Tu = F (n)

u , with equivalent norms.

Proof. Fix a conformal map ψ : D −→ U and let G = ψ∗[F ]. Then G is acceptable on D and Fu = Gz,
where u = ψ(z). If G (n) is the space provided by Proposition 6.7, we have:

• G (n) is an acceptable space of Σn-valued functions on the disc.
• The analytic family induced to G (n) is G (n)

z , up to equivalence of norms.
• If g ∈ G , then τ(n,0]g belongs to G (n), and ‖τ(n,0]g‖G (n) = ‖g‖G .
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Moreover, we know from Section 6.4.1 that there is an analytic mapping L(n, ·) : U −→ M[n], the space
of n × n matrices with complex coefficients, such that, if u = ψ(z), f ∈ F , g = f ◦ ψ, then

τ(n,0]g(z) = L(n, u)
(
(τ(n,0] f )(u)

)
.

Each L(n, u) is upper triangular and invertible and restricts to a surjective isometry between F (n)
u and

G (n)
z and so to an isomorphism from F (n)

u to (G (n))z. Now, we continue with this n fixed, and define
M : D −→ M[n] by M(z) = L(n, ψ(z))−1. Consider the space

M∗[G (n)] =
{
H ∈H (D,Σn) : H(w) = M(w)(G(w)), with G ∈ G (n)

}
.

It should be obvious by now that M∗[G (n)] is an acceptable space on the disc and also that (M∗[G (n)])z =

F (n)
u , with equivalent norms, where u = ψ(z). Finally, set T = (ψ−1)[M∗[G (n)]] and check the details.

�

There is a puzzling fact in that one is much less interested in which are the spaces T appearing in
Theorem 6.8 than in their mere existence. Indeed, T has been constructed to provide a framework that
legitimates the manipulations we will perform next. On the other hand, the formalism developed in this
paper for acceptable spaces is rather satisfactory in the sense that produces, under minimal hypotheses,
both the Rochberg spaces and the process to derive them. A reader interested in interpolation theory
could miss some concrete applications beyond Section 6. The main obstacle to derive “classical” inter-
polation results from the material in Sections 6.3 and 6.4 is that, while admissible interpolation families
lead to admissible spaces of analytic functions in the way explained in Section 2.2, we do not know how
to travel the way back, if there is a way back. Precisely, assume that F is an admissible space on the
disc and let us fix 0 < r < 1. Under which conditions one can guarantee that the spaces (Fz)|z|=r form an
interpolation family (in the sense of Definition 2.5) so that a new admissible space X can be eventually
formed? And, if so, do the new interpolation spaces (Xz)|z|<r agree with the old ones Fz?

7. Derivation of Rochberg families

Let F be an acceptable space on U. Fix m ≥ 2 and let T be the space provided by Theorem 6.8 so
that T (1)

z = F (m)
z ; the fact that T depends on the choice of a conformal map does not affect the ensuing

considerations. Since T is acceptable, given any integer n ≥ 2 one can construct the corresponding
Rochberg spaces T (n)

z and the associated exact sequences (3.6) they naturally form. This section makes
the first steps in the study of these objects. While our knowledge on this issue is very limited, the general
impression is that one arrives to certain degenerate versions of the Rochberg spaces generated by the
original F .

Let us agree on the following notations. For fixed m ≥ 1, if T is the space provided by Theorem 6.8
so that Tz = F (m)

z for all z ∈ U. Let us fix z ∈ U for the remainder of the section, write F[m, n] = T (n)
z

and rename the exact sequences entwinning the successive Rochberg spaces of T as

(7.1) 0 −−−−−→ F[m, n]
ımn,n+k
−−−−−→ F[m, n + k]

πm
n+k,k
−−−−−→ F[m, k] −−−−−→ 0

We may describe the elements of F[m, n] by means of m × n-matrices with entries in the ambient
space Σ as follows. Each function in T can be written as F = ( fm−1, . . . , f0) where f j : U −→ Σ are
certain analytic functions. Thus, a typical element of F[m, n] arises by evaluation of the following array
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of functions 

F(n−1)

(n−1)!
F(n−2)

(n−2)!
...

F′

F


=



f (n−1)
m−1

(n−1)!
f (n−1)
m−2

(n−1)! . . .
f (n−1)
1

(n−1)!
f (n−1)
0

(n−1)!
f (n−2)
m−1

(n−2)!
f (n−2)
m−2

(n−2)! . . .
f (n−2)
1

(n−2)!
f (n−2)
0

(n−2)!
...

...
. . .

...
...

f ′m−1 f ′m−2 . . . f ′1 f ′0
fm−1 fm−2 . . . f1 f0


at z. There is a quite natural operator Em,n : F (m+n−1)

z −→ F[m, n]. To see which one is, pick x =

(xm+n−2, . . . , x0) in F m+n−1
z . Let f ∈ F be an extremal for x so that x = τ(m+n−1,0] f (z) and put F(·) =

τ(m,0] f (·). Then F ∈ T and (the transpose of) τ(n,0]F is

F(n−1)

(n−1)!
F(n−2)

(n−2)!
...

F′

F


=



f (m−1+n−1)

(m−1)!(n−1)!
f (m−2+n−1)

(m−2)!(n−1)! . . . f (n)

(n−1)!
f (n−1)

(n−1)!
f (m−1+n−2)

(m−1)!(n−2)!
f (m−2+n−2)

(m−2)!(n−2)! . . . f (n−1)

(n−2)!
f (n−2)

(n−2)!
...

...
. . .

...
...

1
(m−1)! f (m) 1

(m−2)! f (m−1) . . . f ′′ f ′
1

(m−1)! f (m−1) 1
(m−2)! f (m−2) . . . f ′ f


Evaluating at z we obtain

Em,n(x) =



(m−1+n−1)!
(m−1)!(n−1)! xm−1+n−1

(m−2+n−1)!
(m−2)!(n−1)! xm−2+n−1 . . . nxn xn−1

(m−1+n−2)!
(m−1)!(n−2)! xm−1+n−2

(m−2+n−2)!
(m−2)!(n−2)! xm−2+n−2 . . . (n − 1)xn−1 xn−2

...
...

. . .
...

...
mxm (m − 1)xm−1 . . . 2x2 x1

xm−1 xm−2 . . . x1 x0


=

(
(i + j)!

i! j!
xi+ j

)
0≤i<n
0≤ j<m

It is clear that each Em,n is injective and continuous. We shall see very soon that Em,n is an embedding
with complemented range if m or n is 2. To this end we need the following remark that implicitly
concerns the pushout construction (The reader who is curious about this stuff can see it explained in [4,
§2.6]). We apologize for the tendentious notation.

Lemma 7.1. Let Z be a Banach space and let K and Y be closed subspaces of Z, with K ⊂ Y. Assume
one has another Banach space PO and a commutative diagram

0 // K inclusion //

inclusion
��

Z
quotient //

E
��

Z/K // 0

0 // Y J // PO
Q // Z/K // 0

with exact rows. Then E is an embedding with complemented range and PO/E[Z] is isomorphic to Y/K.
In particular PO is isomorphic to Y/K ⊕ Z.

Proof. The “three-lemma” (see the version in [4, Lemma 2.1.8]) tell us that E is an embedding and after
a short reflection on the meaning of the operator Q one realizes that PO = J[Y] + E[Z], so that (y, z) 7−→
J(y)+ E(z) is open from Y ⊕Z onto PO. Define U : Y/K⊕Z −→ PO letting U(y+ K, z) = J(y)+ E(z−y),
which is an operator whose inverse can be obtained as follows: given x ∈ PO take y ∈ Y and z ∈ Z such
that x = J(y) + E(z) and set V(x) = (y + K, z + y). Check, check, check. �
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The copies of Z and Y/K inside PO that arise by restricting U to each “factor” are obvious: the
restriction of U to Z is just E; as for Y/K one has

(7.2) U(y + K, 0) = J(y) − E(y)

which depends only on the class of y in Y/K since J and E agree on K.

Proposition 7.2. For each m ≥ 1 and z ∈ U the operator Em,2 : F (m+1)
z −→ F[m, 2] is an embedding

with complemented range and the quotient of F[m, 2] by Em,2[F (m+1)
z ] is isomorphic to F (m−1)

z .

Proof. We consider Fz and F (m)
z as subspaces of F (m+1)

z and check that the following diagram is com-
mutative

(7.3) 0 // Fz
ı1,m+1 //

ı1,m
��

F (m+1)
z

//

Em,2

��

F (m)
z

// 0

0 // F (m)
z

m ım1,2 // F[m, 2] // F (m)
z

// 0

where we have identified F (m)
z with F[m, 1] in the obvious way. Given x = (xm, xm−1, . . . , x0) in F (m+1)

z

one has

(7.4) Em,2(xm, xm−1, . . . , x0) =

(
mxm (m − 1)xm−1 . . . 2x2 x1

xm−1 xm−2 . . . x1 x0

)
The left square is commutative since for x ∈ Fz the two possible compositions lead to(

mx 0 . . . 0
0 0 . . . 0

)
The right square is commutative as well: given (xm, xm−1, . . . , x0) in F (m+1)

z one has

π2
2,1Em,2(xm, xm−1, . . . , x0) = π2

2,1

(
mxm (m − 1)xm−1 . . . 2x2 x1

xm−1 xm−2 . . . x1 x0

)
= (xm−1, . . . , x0).

Applying the preceding lemma concludes the proof. �

The remark after the lemma shows where the copies of F (m+1)
z and F (m−1)

z are located in F[m, 2]. The
first one is given by the action of Em,2, described by (7.4). The position of the complementary copy of
F (m−1)

z is defined by (7.2): if (ym−2, . . . , y0) ∈ F (m−1)
z and ỹ = (ym−1, ym−2, . . . , y0) is a “lifting” in F (m)

z

we have

U(ỹ+Fz, 0) = mım1,2ỹ−Em,2(ym−1, ym−2, . . . , y0, 0︸                  ︷︷                  ︸
ım,m+1(ỹ)

) =

(
0 ym−2 2ym−3 . . . (m − 2)y1 (m − 1)y0

−ym−2 −ym−3 −ym−4 . . . −y0 0

)

Reversing the parameters leads to similar conclusions:

Proposition 7.3. For each m ≥ 1 and z ∈ U the operator E2,m : F (m+1)
z −→ F[2,m] is an embedding

with complemented range and the quotient of F[2,m] by E2,m[F (m+1)
z ] is isomorphic to F (m−1)

z .
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Proof. We write the proof when U = D with base point at the centre of the disc. The general case
follows suit. Let us check that F[2,m] fits into a commutative diagram

(7.5) 0 // F0
//

��

F (m+1)
0

//

E2,m

��

F (m)
0

// 0

0 // F (m)
0

mJ // F [m, 2]
Q // F (m)

0
// 0

with exact rows. Recall what we agreed on unlabelled arrows. The other operators are defined as
follows:

E2,m(xm, . . . , x0) =


mxm xm−1

(m − 1)xm−1 xm−2

. . . . . .
2x2 x1

x1 x0

 ; J(ym−1, . . . , y0) =


ym−1 0
ym−2 0
. . . . . .
y1 0
y0 0

 ; Q


um−1 vm−1

um−2 vm−2

. . . . . .
u1 v1

u0 v0

 = (vm−1, . . . , v0)

While it is clear that the diagram commutes (when one replaces each space by its containing Σk) the
continuity of J and Q is not completely obvious.

But an analytic function F : D −→ Σ2 belongs to F (2) if and only if there are f0, f1 ∈ F such that
F = ( f ′0 + f1, f0) in which case ‖F‖F (2) = ‖ f0‖F + ‖ f1‖F ; take n = 2 in Corollary 6.6.

This implies that if f0, f1 are in F and f0 =
∑

k≥0 akzk and f1 =
∑

k≥0 bkzk are their respective Taylor
expansions, then

(7.6) M =


mam + bm−1 am−1

(m − 1)am−1 + bm−2 am−2

. . . . . .
2a2 + b1 a1

a1 + b0 a0

 belongs to F[2,m], with ‖M‖F[2,m] ≤ ‖ f0‖F + ‖ f1‖F .

and also that all points of F[2,m] have that form. Hence J is bounded (actually contractive) from F (m)
0

to F[2,m]: given x ∈ F (m)
0 take an extremal f ∈ F with x = τ(m,0] f (0), set F = ( f ′, 0) (that is,

f0 = 0, f1 = f ) and evaluate F at the origin. Since all elements of F[2,m] can be written as in (7.6) we
see that their right columns are in F (m)

0 and that Q is onto, with ‖Q : F[2,m] −→ F (m)
0 ‖ ≤ 1.

Clearly J is injective. It remains to check that ker Q agrees with the image of J. One containment is
trivial since QJ = 0. As for the other assume M ∈ F[2,m] is such that Q(M) = 0. If we write M as in
(7.6), with f0 =

∑
k≥0 akzk and f1 =

∑
k≥0 bkzk in F we have that ak = 0 for 0 ≤ k < m, so that

M =


mam + bm−1 0

bm−2 0
. . . . . .
b1 0
b0 0

 with

 f0 = amzm + am+1zm+1 + · · ·

f1 = b0 + b1z + b2z2 + · · ·

Since f0(0) = 0 we have that f (z) = f1(z) + m f0(z)/z defines a function in F ; letting y = τ(m,0] f (0) it
should be obvious that y ∈ F (m)

0 is such that J(y) = M. The proof concludes using Diagram (7.5) and
the preceding lemma. �
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The just proved proposition describes, in particular, the sucessive Rochberg (derived) spaces of the
“analytic family” of the Kalton–Peck spaces; see Section 6.1. It turns out that the spaces F[m, 2] and
F[2,m] are isomorphic since they are isomorphic to F (m+1)

z ⊕F (m−1)
z .

It is both tempting and hasty to conjecture that Em,n is always an embedding with complemented range
with F[m, n]/Em,n[F (m+n−1)] isomorphic to F[m − 1, n − 1] for m, n ≥ 2. We do not even know whether
E3,3 is an embedding or if F[3, 3] has a subspace isomorphic to F (5)

z .

8. The solution of some problems. Counter-examples

In this section we will solve some problems left unanswered in [5, 7, 8, 30].

8.1. A totally incomparable family with nonsingular derivation at any point. Recall that the Ba-
nach spaces X and Y are totally incomparable if no infinite-dimensional of X is isomorphic to a subspace
of Y . Recall also that an operator between Banach spaces is said to be strictly singular if it restrictions
to an infinite-dimensional subspace is never an isomorphism.

The paper [8] is devoted to different aspects of the stability of the differentials associated to an analytic
family (Cz). One problem not considered, though implicit, there is whether the total incomparability of
the spaces Ct for t real in a neighborhood of θ = <(z) forces the quotient map π2,1 : C (2)

z −→ Cz to be
singular.

The answer is negative. Indeed, if m ≥ 2, the quotient map F[m, 2] −→ F (m)
z in Diagram (7.4) is

never strictly singular because the composition

Fz
// F (m+1)

z
Em,2 // F[m, 2] // F (m)

z

agrees with the natural inclusion ı1,m. It therefore suffices to consider a couple (X0, X1) of Banach spaces
and some m ≥ 2 for which the spaces C (X0, X1)(m)

t are mutually totally incomparable for 0 < t < 1.
This is easily achieved for all m ≥ 2 taking X0 = `∞, X1 = `1 since in this case, the spaces C (X0, X1)(m)

t ,
begin “iterated” twisted sums of `p for p = 1/t are `p-saturated, by a simple 3-space argument; cf. [10,
Theorem 3.2.d].

8.2. Answer to a question of Rochberg. In [30, p. 266, last paragraph of Section 6], Rochberg ob-
serves that, when F is the Calderón space associated to a couple of Banach lattices with associated
differential Ω then Ω1,k( f ) depends only on f and Ω1,1( f ). He asked if the same is true for arbitrary
families. The answer is strongly negative since one can build, for each k ≥ 1, an admissible family such
that Ω1,i

z = 0 for 1 ≤ i ≤ k but Ω1,i
z is not trivial for i > k.

Let us proceed with the counter-example. Fix a function ω : D −→ S that extends to an analytic
function on a neighborhood of D that we denote again ω. We set p(z) = 1/<(ω(z)). Let W be the
space of analytic functions F : D −→ `∞ that admit a continuous extension F : D −→ `∞ such that
‖F‖W = sup|z|≤1 ‖F(z)‖`p(z) < ∞. One has:

Lemma 8.1.
(a) W is an admissible space.
(b) Wζ = `p(ζ) for every ζ ∈ D.
(c) Given |ζ | < 1 and f ≥ 0 normalized in `p(ζ), the (restriction to D of the) function D −→ `∞

defined by F(z) = f
ω(ζ)
ω(z) is normalized in Z [ω] and F(ζ) = f .
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Proof. (a) It is clear that for each z ∈ D the evaluation δz is bounded as a map W −→ `∞. Since
conformal automorphisms of the open unit disc extend continuously to the boundary (they are Möbius
transformations) in order to stablish that W has the required invariance property, it suffices to check that
for each F ∈ W one has ‖F‖ = supz∈T ‖F(z)‖`p(z) , which follows from the maximum principle. The space
W is complete since a uniform limit of analytic / continuous / bounded functions is analytic / continuous
/ bounded. Part (b) follows from the very definition of the norm of W and (c), which we prove next: Fix
ζ ∈ D. Pick then a nonnegative, normalized f ∈ `p(ζ) and define F : D −→ `∞ by

F(z) = f
ω(ζ)
ω(z)

with the convention that any power of zero is again zero. It is clear that F is continuous on the closed
disc and analytic on the interior. We are thus done because F (or rather its restriction to D) belongs to
W since for every z ∈ D,∥∥∥F(z)

∥∥∥
`p(z)

=
∥∥∥ f

ω(ζ)
ω(z)

∥∥∥
`p(z)

=
∥∥∥ f

<ω(ζ)
<ω(z)

∥∥∥
`p(z)

=
∥∥∥ f

p(ζ)
p(z)

∥∥∥
`p(z)

=
∥∥∥ f p(ζ)

∥∥∥ 1
p(z)

`1
=

∥∥∥ f
∥∥∥ p(ζ)

p(z)

`p(ζ)
= 1. �

The answer to Rochberg’s question comes now. For each z ∈ D, let Ωz be the differential generated
by W at z. Recall that η is a zero of order k of h if h(ζ) = h′(ζ) = · · · = h(k−1)(ζ) = 0 but h(k)(ζ) , 0.

Proposition 8.2. If ζ is a zero of order k ≥ 1 of ω′, then Ω
i, j
ζ is trivial if and only if i + j ≤ k + 1.

Proof. Although a good assimilation of Proposition 3.2 would simplify the proof, we present an argu-
ment based on the fact that the Kalton–Peck space Zp is not isomorphic to a closed subspace of `p for
1 < p < ∞; see [25, Theorem 6.1 and Corollary 6.7] or [4, Proposition 3.2.7] for a simplification.

Since ω has no zeros on D one easily checks that ω′ has a zero of order k ≥ 1 at ζ if and only if the
derivative of 1/ω does: just apply the Leibniz rule to 1 = ω · (1/ω). The hypothesis means that for |z− ζ |
small enough we have

ω(ζ)
ω(z)

= 1 +

∞∑
n=k+1

an(z − ζ)n

with ak+1 , 0, where ζ is considered “fixed” and z “variable”. Set a(z) = ω(ζ)/ω(z) − 1, so that a has a
zero of order k + 1 at ζ. Take a positive, normalized f ∈ Wζ = `p(ζ) and let F be the extremal provided
above:

F(z) = f
ω(ζ)
ω(z) = exp

(
ω(ζ)
ω(z)

log f
)

= exp
(
(1 + a(z)) log f

)
= f exp

(
a(z) log f

)
,

where f can be treated as a “constant” in `∞. Differentiating F we obtain F′(ζ) = · · · = F(k)(ζ) = 0
which immediately implies that Ω

i, j
ζ is bounded for i + i ≤ k + 1; which gives

(8.1) W (n)
ζ = Wζ ⊕ · · · ⊕Wζ︸           ︷︷           ︸

n summands

= ` n
p(ζ) ' `p(ζ)

for 1 ≤ n ≤ k + 1. On the other hand, F(k+1)(ζ) = a(k+1)(ζ) f log f and thus

Ω1,k+1
ζ ( f ) =

(
ak+1 f log | f |, 0, . . . , 0

)
,

for all normalized f ∈ `p(ζ). This map cannot be trivial since projection onto the first factor (which is
bounded according to (8.1)) yields (a multiple of) the genuine Kalton–Peck map, which is not. This also
shows that W (k+2)

ζ is naturally isomorphic to

Zp(ζ) ⊕ `p(ζ) ⊕ · · · ⊕ `p(ζ)︸              ︷︷              ︸
k summands

' Zp(ζ) ⊕ `p(ζ).



HIGHER ORDER DERIVATIVES OF ANALYTIC FAMILIES 37

Hence Ω
i, j
ζ cannot be trivial when i + j = k + 2 since otherwise W (k+2)

ζ = W ( j)
ζ ⊕

Ω
i, j
ζ

W (i)
ζ would be

isomorphic to the direct product — and so to `i+ j
p(ζ) ' `p(ζ), which is not. From this one easily gets that

Ω
i, j
ζ is nontrivial for i + j ≥ k + 2. �

The most obvious examples where the preceding Proposition applies are obtained taking ω(z) =
1
2 + rzk+1, with 0 < r < 1

2 and k ≥ 1. In this case ω′(z) = (k + 1)rzk has a zero of order k at 0 and
thus W (i)

0 = (`2)i ' `2 for 1 ≤ i ≤ k + 1, while W (k+2)
0 = Z2 ⊕ `

k
2 ' Z2 ⊕ `2 where Z2 ' Z2 is the

Kalton–Peck space according to the notation in Section 4. The distribution of the spaces on T induced
by the configuration ω consists of a “periodic” family of `p(θ) spaces where θ ∈ [0, 2π), and

p(θ) =
1

<
(1

2 + rei(k+1)θ) =
2

1 + 2r cos
(
(k + 1)θ

) .
In [5, Corollary 6], it is shown that if the first differential Ω1,1 induced by an admissible space F is not
trivial at z then all Ωn,m are nontrivial at z. Problem 6.1 in [5] asks whether the reciprocal is true. The
preceding example shows that the answer is negative.

8.3. A remark on “reiteration” for higher order differentials. The spaces W , or rather, the ad-
missible interpolation family {`p(z) : z ∈ T} are “toy-examples” of the general construction of Coifman,
Cwikel, Rochberg, Sagher and Weiss mentioned in Section 2.2 whose “first degree” version is studied in
[7]. The key result we need is the basic reiteration for families of [13, Theorem 5.1]: Let α : T −→ [0, 1]
be a measurable function such that both its infimum and supremum are attained. Let (X0, X1) be a couple
of Banach spaces. Then X =

{
(X0, X1)α(z) : z ∈ T

}
is an admissible interpolation family (in the sense of

Section 2) and, if F = F (X) denotes the corresponding admissible space, then Fz = (X0, X1)α̃(z), with
equality of norms, where α̃(z) =

∫
∂T
α(ω)dPz(ω) is the harmonic extension to D provided by the Poisson

kernel Pz.
(Here α corresponds to the real part of the restriction of “our” ω.) The crucial fact inside the proof

of this theorem is that if β is the harmonic conjugate of α̃ (with β(0) = 0, say) and ψ = α̃ + i β then,
given z ∈ D and x ∈ Fz = (X0, X1)α̃(z) one can obtain an extremal in F just taking an extremal f for x in
C (X0, X1) and letting f ◦ ψ.

It follows that if Ωθ denote the differentials associated to C (X0, X1) for 0 < θ < 1, then the differentials
associated to F are given by Φz = ψ′(z)Ωψ(z) = ψ′(z)Ωα̃(z) at the first degree level (this is [7, Theorem
3.20]).

More generally, recall from Section 6.4.1 that for each n there is an upper triangular matrix
FdB[n, z, ψ] such that τ(n,0]( f ◦ ψ)(z) = FdB[n, z, ψ]τ(n,0] f (ψ(z)). It is clear that these matrices inter-
twine the successive differentials by the formulæ(

Φn,k
z

(
FdB[n, z, ψ] x

)
,FdB[n, z, ψ] x

)
= FdB[n + k, z, ψ](Ωn,k

α̃(z)(x), x
)
,

where x ∈ C (X0, X1)(n)
α(z), which matches with Diagram 6.5. Note that Ωn,k

α̃(z) = Ωn,k
ψ(z).

9. Appendix: A Fréchet algebra of analytic functions

This appendix contains the definition and basic properties of the algebra that supports the notion of
an acceptable space. There are a number of reasons, most of them implicit in Section 6, suggesting that
one must start with an algebra of analytic functions on the disc which contains Aut(D), the conformal
automorphisms of the disc, and admits differentiation. The heuristic argumentation could be like this:
Pick an admissible space F of Σ-valued functions. To generate F (2) one would itch to set the space
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of Σ2-valued functions {( f ′, f ) : f ∈ F }; since F is admissible the product ϕ f is in F for every
f ∈ F and every conformal ϕ as in Definition 2.1. Now the point is that ((ϕ f )′, ϕ f ) does not behave as
expected; and this is because (ϕ f )′ = ϕ′ f + ϕ f ′. The term ϕ f ′ is harmless since F is admissible, but
ϕ′ f is not, unless we somehow have a product A×F −→ F by an algebra containing all derivatives of
conformal maps.

In the search for A, observe that Banach algebras tend not to admit differentiation. So, instead of
struggling to get an artificial one it is perhaps a better move to give up and look into the realm of Fréchet
algebras, the natural habitat of derivatives. This is what we will do. A sequence of complex numbers
(cn) is said to be rapidly decreasing if, for every positive real α, one has |cn| = O(n−α). Let us denote by
(s) the Fréchet space of rapidly decreasing sequences in its natural topology generated by the system of
norms |(cn)|α = supn≥0 |cn| nα for 0 < α < ∞. Note that (s) contains every geometric progression (an)n≥0

with a ∈ D.

Let A∞ denote the linear space of all analytic functions f : D −→ C whose Taylor coefficients at the
origin belong to (s), with the obvious Fréchet topology. The following facts about A∞ are not hard to
check:

• A∞ is a unital Fréchet algebra with the pointwise product (which does not correspond to the
coordinatewise product of sequences, but to their convolution).
• Ordinary differentiation is a continuous, linear endomorphism on A∞.
• Aut(D) ⊂ A∞.

To prove the third point, recall that all conformal automorphisms of the disc are Möbius transforma-
tions and so they have the form

ϕ(z) = λ
z − a

az − 1
(|λ| = 1, |a| < 1).

Assuming λ = 1 we have

ϕ(z) =
a − z

1 − az
= (a − z)

∑
n≥0

anzn = a +
∑
n≥1

(
aan

+ an−1
)

zn =⇒ ϕ ∈ A∞.

A minor drawback of the definition of A∞ is that everything seems to depend on the behaviour of the
functions at the origin. We now characterize those functions which are in A∞ by means of their boundary
values. First of all, note that since the Taylor coefficients of any f ∈ A∞ are absolutely summable, f
extends continuously to the closed disc and in particular, it belongs to the disc algebra A and even to the
positive Wiener algebra W+ (see definiton below). Let us denote this extension again by f . If f is any
function defined on the closed disc, then fT denotes the “boundary values”, that is, the periodic function
defined by fT(t) = f (eit) for real t. We denote by Dg the ordinary derivative of g : R −→ C with respect
to the real variable t:

Dg(t) = lim
h−→0

g(t + h) − g(t)
h

provided that limit exists. Given a continuous 2π-periodic function g : R −→ C, the n-th Fourier
coefficient of g is

cn = cn(g) =
1

2π

∫ 2π

0
g(t)e−intdt (n ∈ Z).
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Note that if g corresponds to the boundary values of some function of the disc algebra, then cn(g) = 0
for each n < 0. If, moreover, f ∈ A, then, by Cauchy formulæ,

f (n)(0) =
n!
2πi

∮
T

f (z)
zn+1 dz =

n!
2πi

∫ 2π

0

f (eit)
ei(n+1)t deit =

n!
2π

∫ 2π

0

f (eit)
eint dt,

so the n-th Taylor coefficient of f at the origin agrees with the the n-th Fourier coefficient of fT.

Differentiability properties of periodic functions are related to the decay of their Fourier coefficients;
indeed, a continuous 2π-periodic function g : R −→ C is smooth (that is, it has derivatives of all orders)
if and only if the (bilateral) sequence of Fourier coefficients of g belongs to (s); see, for instance, [26,
Lemma 3]. All this shows:

Lemma 9.1. An analytic function f : D −→ C belongs to A∞ if and only if it has a continuous extension
to the boundary which is smooth on T. �

Corollary 9.2. If ψ ∈ Aut(D), then ψ∗ is a (continuous) automorphism of A∞.

Proof. Here, ψ∗(a) = a ◦ ψ. It suffices to prove that ψ∗ is correctly defined (that is, it maps A∞ to itself)
since the closed graph theorem implies continuity and the inverse is given by (ψ−1)∗. But the restriction
of ψ is a smooth diffeomorphism of T and so the boundary values of ψ∗(a) are smooth if and only if so
are those of a. �

We now graft our algebra A∞ into an arbitrary domain U, conformally equivalent to the disc. Suppose
ψ : U −→ C is a conformal equivalence. We define

ψ∗[A∞] = {g : U −→ C such that g = f ◦ ψ for some f ∈ A∞},

with the obvious (Fréchet) topology. One has.

Lemma 9.3. ψ∗[A∞] is independent of ψ.

Proof. Suppose ψi : U −→ C are conformal equivalences for i = 1, 2. Then ψ = ψ2 ◦ ψ
−1
1 is an

automorphism of the disc and so ψ∗ is an automorphism of A∞. It is unnecessary to continue. �

From now on we write A∞U instead of ψ∗[A∞]. Of course A∞D is just A∞.

The positive Wiener algebra W+ is the algebra of all analytic functions on the disc whose Taylor
coefficients at the origin are absolutely summable. It is clear that each function in W+ has a continuous
extension to D and, in particular, it is bounded on D. Given f ∈ W+ we put ‖ f ‖W+ =

∑
n≥0 |cn|, where

f (z) =
∑

n≥0 cnzn for z ∈ D. As before, if ψ : U −→ D is a conformal map, we define

ψ∗[W+] = {g : U −→ C such that g = f ◦ ψ for some f ∈ W+}

and we transfer the norm of W+ to ψ∗[W+] by stipulating that ‖g‖ψ∗[W+] = ‖ f ‖W+ provided g = f ◦ ψ.
Note that g : U −→ C belongs to ψ∗[W+] if and only if there is (cn)n≥0 in `1 such that g(u) =∑

n≥0 cnψ(u)n for all u ∈ U in which case ‖g‖ψ∗[W+] = ‖(cn)‖`1 =
∑

n |cn|. One has:

Lemma 9.4. ψ∗[W+] contains A∞U , and the inclusion is continuous.

Proof. Since A∞U = ψ∗[A∞] it suffices to check that W+ contains A∞ and the inclusion is continuous.
Which is obvious: every rapidly decreasing sequence (cn)n≥1 is absolutely summable, with ‖(cn)‖`1 ≤
π
6 |(cn)|2. �
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In spite of our good intentions, and rather unexpectedly, the grafted algebras A∞U are not closed under
differentiation, even for very natural choices of U. To convince the skeptical reader let us work out
the following example: the function ϕ(z) = (ez − 1)/(ez + 1) maps conformally the (horizontal) strip
U = {z : =(z) ∈ (−π2 ,

π
2 )} onto D. Obviously ϕ ∈ A∞U . But if we write w = ez, then

ϕ′(z) =
2w

(w + 1)2

and we see that ϕ′(z) has poles at z = ±π2 i. In particular ϕ′ is unbounded on U, and therefore it cannot be
in A∞U which contains bounded functions only. In the end, this is one of the reasons why the generation
of Rochberg families in general domains requires to move back and forth from U to D which, in turn,
requires the versions of the Chain and Leibniz’s rules presented in Section 6.4.
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Authors’ answers to the referee’s report

We have incorporated most of your suggestions into the text. Here we will only refer to the points
where we have not followed the report to the letter. In this case the relevant point of the report is shown
in italics, followed by our reply.

(1) p7 bot; boundedness of evaluation of the derivatives. I am not comfortable with what is said.
I don’t see why the norm boundedness of point evaluations implies the boundedness of, say,
evaluation of the first derivative at that point. I may just be missing something obvious and/or
the resolution might be buried in the definition of “Banach space of analytic functions”

We have added a lemma with this (Lemma 2.4).

(2) FFF p8 par 3; I don’t think that at this point you have defined quasilinear map or twisted
direct sum (I couldn’t find ”Definition 1”) [....I found ”Definition 1”. It’s on Page 32. There is
a Tex mistake; the definitions in Section 2 are numbered 2.1, 2.2, etc., by that scheme Definition
1 should be Definition 7.1 (which is why I couldn’t find it.)

You are right. We have placed these definitions on p. 8, see Definition 3.1. Thank you.

(3) p9 bot; ”...norm of Hardy type...Pisier’s...” The meaning is not clear (but I suspect I know what
you mean) nor is the justification. You could fill in more details or perhaps the comment should
be dropped.

Here we have adopted an intermediate solution, being very precise in the reference to Pisier’s
work, so that the interested reader can understand what we are talking about. See the paragraph
following Lemma 3.3.

(4) p 13 bot; “...in the final paragraph of Section 5”. If the reader then turns to Section 5, as I did,
the result is there, but I was looking for a numbered lemma to compare to Lemma 4.4. Perhaps
make that change in Section 5.

Well, we put a more precise comment on Section 4, but we didn’t add any label in the end.

(5) p14 top: “It is likely...” It would be nice if you could establish that. Perhaps the duality result
helps.

This is actually true, but requires a lot of additional work. We added a reference at the end of
Section 4.

(6) p 17 bot: I am guessing that you want “∆∗ (not ∆?)” but [. . . ] I suggest you use the same ? in
the superscript on ∆ as you used for F . There may also be some other places this is an issue.

Since F is a linear space, this would lead us to a certain ambiguity given that FF could be
interpreted as the algebraic dual of F . We have left it as it was.

(7) p23 mid; here the good...

Ok, but “news” takes a singular verb.

(8) p 31 Section 7; I think that this section has some very nice ideas but it is not well integrated
with the rest of the paper. In addition to the issues I mentioned in the commentFFF (moving
the introduction of quasilinear maps and twisted sums earlier, regularizing the numbering of the
Definition, etc,) I suggest a pointer to this work earlier in the introduction; perhaps a sentence
such as ”We consider the relationship between the exact sequences associated to T and to F in
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Section 7.” in the middle of the middle paragraph of p2. The analysis which leads to the formula
for F[m, 3] should be more clearly separated from the earlier discussion. (”We continue our
analysis...” isn’t strong enough,) It looks to me as if that result should be a numbered proposition.
(I would be tempted to reorganize the section and put all the homological work in a technical
proposition and then have a corollary with the representations of F[m, 2] and F[m, 3]. Also,
consider doing the computations similar to those on the top of page 35 for the case of F[3, 3].

We have completely rewritten Section 7, partly because there was a bug that we have not
managed to fix (in the computation of F[3, 3]) and partly to integrate it better with the rest of the
work (which we think we have achieved, you can judge for yourself).

(9) We also have added a result that we felt was important and which is new even in the context of
admissible spaces / families (Proposition 3.2).

(10) Finally, we have used a more consistent notation and terminology: “Compatible couple” Always.
No Banach couple or Interpolation couple. No interpolation pair. “Degree” of a Rochberg space,
theory, and other similar things. Always. Not “order”: polynomials have degree, not order.
Zeros have both “order” and “degree” but, while a polynomial can have degree 0 (a “constant”),
zeros cannot be of 0-th order because a single zero has order 1.
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