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Critical versus spurious fluctuations in the search for the QCD critical point
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The neighborhood of the QCD chiral critical point is characterized by intense fluctuations of the chiral
field which could, in principle, generate pronounced experimental signatures. However, experimental
uncertainties which are inherent to heavy-ion collisions, as well as the modest size and duration of the
formed plasma, will severely attenuate these signatures. Using Monte Carlo techniques, we study second-
order event-by-event moments of pions as a prototype for signatures of the chiral critical point based on the
enhancement of the correlation length and event-by-event analysis. We test their viability against some

realistic ingredients, similar to the ones found in the RHIC beam energy scan program.
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I. INTRODUCTION

The chiral phase diagram of QCD is believed to possess
the very distinguishing feature of a second-order critical
end point [1-4]. This point marks the end of a first-order
transition line and its neighborhood exhibits very unique
behavior. The discovery of the chiral critical point would
represent a major breakthrough in the study of the phase
diagram of strong interactions. Although many models
agree on the existence of a critical point, there is no
consensus about its location in the (7,up) plane.
Furthermore, because of the sign problem, the reliability
of lattice results is severely compromised for large values of
the chemical potential. Nevertheless, current estimates
strongly suggest the chiral critical point might be reachable
at the current ultrarelativistic heavy-ion collision experi-
ments (HICs), a possibility which brings the hope of
accessing relevant information about the phase diagram
of the strong interactions [4-8].

The existence, location and properties of the chiral critical
point constitute a crucial issue in the study of the phase
diagram of strong interactions. Its clarification has been the
subject of a large amount of theoretical work and is one of the
main goals of the RHIC beam energy scan program (BES) [9].

One candidate source of experimental signatures of this
point is the increase of long-wavelength fluctuations in its
neighborhood, and, more specifically, its impact upon the
event-by-event distribution of observables. Indeed, the use of
event-by-event correlations of observables as signatures of
the critical point in HICs was proposed and explored in the
literature [ 10-16] and moments of the proton distribution are
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already being used in its experimental search [17-19].
Because of critical fluctuations, it is expected that these
correlations should exhibit nonmonotonic behavior when the
freeze-out conditions of the plasma formed in the experi-
ments are varied across the neighborhood of the critical point,
thus providing a possible signal of its presence.

However, while in equilibrium a second-order critical
point is marked by extremely pronounced features, such as
the divergence of susceptibilities; in realistic conditions
equilibrium near this point is hardly attained and critical
behavior can be dramatically attenuated by both dynamical
and finite-size effects, especially in the specific context of the
small, short-lived plasma formed in HICs [14-16,20-25].
Moreover, since HICs are very complex experiments, it is not
trivial that the nonmonotonic behavior emerging from critical
fluctuations can be measured and the viability of such signals
should be tested in realistic simulations.

Here, we use Monte Carlo techniques to test second-
order moments of pions as signatures of the critical point in
the context of HICs. While estimates of these signatures are
available in the literature [10-14], to our knowledge no
previous attempt has been made to test them in a more
realistic situation using computer simulations.

In order to introduce some realism, we discuss and
include some sources of spurious contributions which are
expected in these experiments. Nevertheless, we restrict our
analysis to a very simple effective theory [10] and sim-
plified models for both the spurious fluctuations and critical
slowing down [23]. Effects from dynamics are considered
only in the estimates of the correlation length and finite-size
effects are also partially taken into account by using
Dirichlet boundary conditions on a sphere. We believe
this simplified scenario to be optimistic when compared to
the more complex situation of a real heavy-ion collision
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experiment, while taking into account some of the most
essential features at play in such an environment.

II. FLUCTUATIONS OF PIONS

A. Effective theory

The chiral field o provides an approximate order
parameter for the chiral phase transition of QCD and is,
for that reason, subject to long-wavelength fluctuations in
the neighborhood of the critical point. Although these
fluctuations are not directly measurable, one would expect
them to have a significant effect upon pions, protons and
essentially every particle that interacts strongly enough
with the o field, increasing event-by-event correlations
among the corresponding observables [12,13].

We use the same effective theory as Refs. [10,12]. Since
we are interested in long-wavelength fluctuations, we adopt
a classical approach along with a homogeneous approxi-
mation for the chiral field: 6(x) = 6. One can then define
a probability distribution for its zeroth mode, o(:

Ploy] = e @l/T, (1)

where the effective potential Q can be expanded for small
fluctuations of o, (defining (¢) = 0):

1
2

In Eq. (2), m, is the physical mass of the chiral field,
which goes to zero at the critical point. Its value includes
contributions due to interaction with other fields as well as
thermal effects.

We are interested in how the fluctuations of ¢, given by
Eq. (1), affect fluctuations of the pions. For this purpose, it
is appropriate to use the linear sigma model and take the
coupling between the pions and o to lowest order in the
fields, yielding the interaction Lagrangian

Liy = —Goon - 7+ O(¢*), (3)

Qlog] = V=m2c5 + O(c}). (2)

which indicates that, in a first approximation, the inter-
action with o has the effect of correcting the pion mass:

m2 = m\? + 2Go,. (4)

Expression (4), together with Eq. (1), defines a Gaussian
probability distribution for the pion mass squared, of width
2G&+/T/V, where the chiral correlation length & is given
by m;!. Hence one can calculate event-by-event moments
of pions by considering an ensemble of realizations, each
with a different pion mass, corresponding to chiral field
fluctuations. This perspective is especially interesting for
sampling Monte Carlo events.

Although Eq. (3) is not manifestly invariant under chiral
transformations, it should be clear that the employed
coupling is derived from an approximately invariant
potential, as explicit in Ref. [10]. We also note that the
value of G should depend on medium conditions, being
estimated at ~1900 MeV in vacuum and ~300 MeV at the
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critical end point [10], although we consider it to be
constant in the vicinity of the critical point.

B. Strategy

In an ultrarelativistic heavy-ion collision with quark-gluon
plasma formation, this plasma is expected to expand and
cool. Ata certain temperature the system undergoes chemical
freeze-out, and inelastic collisions among the particles stop.
After further expansion and cooling, kinetic freeze-out is
achieved, and after some particles decay, a resulting dis-
tribution of particles is detected. Repeating the experiment
many times, one gathers a statistical distribution of observ-
ables, which contains information about the thermodynamic
properties of the system at freeze-out and, hopefully, about
whether the freeze-out conditions are near criticality.

We wish to reproduce critical contributions to second-
order moments of pions in a Monte Carlo simulation. If we
consider the system to be in equilibrium and the only effect of
interaction to be a correction dm2 to the pion mass squared,
the state of the pions at freeze-out is completely specified by
the set of occupation numbers {n,} where p labels each
eigenstate of the free one-particle Hamiltonian, including the
momentum p and all relevant quantum numbers. Thus, our
strategy is to sample sets of occupation numbers for each
event, corresponding to different values of o or, equiva-
lently, m2, according to the effective theory outlined above.
This can be accomplished by sampling a value for m2 from
Egs. (1) and (4), followed by each occupation number,
sampled independently from the Boltzmann factor
e Pl@r=in, where w » 18 the one-particle energy of the mode
labeled by p and depends on m2. In order to have a finite
number of modes, it is necessary, of course, to work with a
finite number of momentum modes, which can be done by
imposing adequate boundary conditions and introducing a
cutoff for the momentum.

It is possible to calculate critical contributions to second-
order moments within this framework. Because of chiral field
fluctuations, the correction to an energy level w,, éw,=
sm2 /2w, +O(5m}), fluctuates simultaneously for all modes,
introducing correlated fluctuations among all occupation
numbers. This can be seen by calculating the microscopic
correlator (An,Any) with p # k, where An, denotes the
fluctuation of n,, about its average in a given event and (- - -)
denotes an average over an infinite number of events,

ZO - , 0w in
(An,Any) = §<AnpAnke DL Yo
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which is in agreement with Ref. [10] and where we have used
(An,Ang)g = 6, f ,(1 + f,), with the subscript (, indicat-
ing nonperturbed averages, Z denoting the partition function,
and f, = (/@) — 1)~L.

Near the critical point, the correlation length & grows and
Eq. (5) indicates that second-order moments of pions
increase quadratically with it, providing possible signatures
of criticality. In order to study higher-order cumulants,
couplings of higher order in o, should be included in
Eq. (2). This is done in Refs. [12,13] and it is shown that
these contributions are proportional to higher powers of &.

III. PHYSICAL SCENARIO

The method presented in the previous section allows us
to sample events that reproduce critical correlations among
pions. However, this is clearly not enough to study the
effect of these correlations in a realistic context—useful
analysis requires some detail on HICs and their relevant
underlying background.

It is hoped that the position of the critical end point could
be revealed in these experiments through nonmonotonic
behavior as the freeze-out conditions of the resulting
plasma, namely its baryonic chemical potential up and
its temperature 7, are varied around its neighborhood.
Chemical freeze-out conditions should be more determi-
nant for signatures involving particle multiplicities, while
kinetic freeze-out conditions should affect signatures
related to the transverse momenta spectra. Nonetheless,
these conditions are not directly controlled but rather
estimated as functions of parameters such as the centrality
class of the collision, its center-of-mass energy +/s and
which ions are made to collide.

Additionally, the nonmonotonic behavior we aim at
might not be visible in experiments if it consists of a very
small peak compared to background contributions. Its
intensity will depend, among other things, on how much
the chiral correlation length is allowed to grow when
limited by finite-size and dynamical effects [20-25]. The
relevant background for our analysis comes from any
source of noncritical fluctuations that affect the studied
cumulants. This includes the variations of freeze-out
temperature, chemical potential and plasma volume among
collisions identified as freezing out in the same conditions,
which might hide thermodynamical event-by-event fluctu-
ations. Dynamical effects are only roughly taken into
account in the estimate of the maximum correlation length
reached in the collisions, while finite-size effects are only
partially included by boundary conditions which restrict the
possible pionic modes.

A. Collision parameters

There are currently no precise predictions for the
position of the critical point in the (7, ug) plane. A recent
paper [26] claims to have found evidence of the critical
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point at 7 ~ 165 MeV and pp ~ 95 MeV, although a lower
limit to its baryonic chemical potential, pp = 450 MeV,
was estimated in Ref. [27] using finite-size scaling. This
lower bound is consistent with lattice results excluding
up <500 MeV and ug/T <1 for a chiral critical point
[28,29]. Since we want to simulate realistic conditions, the
idea is to take data from the RHIC BES and simulate a
situation in which the critical point is in reach for these
experiments.

Since the considered thermal distribution of pions is not
directly sensitive to the baryonic chemical potential pp in
our treatment, the importance of experimental data is to
provide a value of the freeze-out temperature, as well as to
allow us to estimate the volume of the plasma, as seen in
Sec. IVA. We choose, for that purpose, data from STAR
Au + Au collisions at \/syy = 7.7 GeV, for which g =
420 MeV at chemical freeze-out, which we consider to be
sufficiently high [30].

For our simulations, we choose midrapidity and very
high centrality, focusing at rapidity in the —0.5 <y < 0.5
range for the 5% most central collisions, with the purpose
of reducing the effects of anisotropic flow and event-by-
event fluctuations coming from initial conditions [31,32].
Inspired by Refs. [30,33], we use 7 = 130 MeV for the
plasma temperature and R, = 6.8 fm for its average radius
in the 0%—5% centrality class, standing midway between
chemical (T, = 145 MeV, Ry, = 5.8 fm) and Kkinetic
(Tyin = 116 MeV, V;, = 2000 fm?) freeze-out condi-
tions. Since the strongest critical behavior is expected
among the soft pions, and in order to avoid more complex
behavior in the high transverse momentum region [31,32],
we consider only pions with transverse momentum pr
below 1 GeV.

B. Critical slowing down

One of the main limitations for the growth of the
correlation length, and hence for the strength of signals of
criticality, in HICs is the fact that, considering the finite
duration of the formed plasma, there is not enough time for &
to grow by an arbitrarily large factor. Thus, the very large
increase in the equilibrium correlation length while
approaching the critical point results in equally large equili-
bration times, necessarily forcing the system out of equilib-
rium, a phenomenon known as critical slowing down [34].

In order to estimate the highest attainable value of the
correlation length in a collision, we inspire ourselves by
Ref. [23], which takes advantage of static and dynamical
universality class arguments to make rough but robust
estimates, largely based on qualitative behavior.

The model of Ref. [23] for the evolution of £ in time  can
be rewritten in the following way:

R ONCCII
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Equation (6) is an educated guess based on the behavior of
small deviations from equilibrium and depends on the
universal exponents a = 0.11, v =0.63 and z =2 4+ a/v
[34-36], as well as the dimensionless, nonuniversal param-
eter A, which cannot be directly estimated. The model
assumes the system to be in equilibrium until it reaches, at
temperature 7, a correlation length &, large enough that
universality arguments apply.

The function &.4(#) describes the correlation length for a
system in equilibrium at temperatures lower than 7'y. In order
to find it, some simplifying hypotheses must be used along
with universality. Namely, the plasma is taken to cool down at
fixed baryonic chemical potential, and its trajectory in the
phase diagram is supposed to map to the Ising model phase
diagram so that it is perpendicular to its first-order transition
line, with the Ising magnetic field & being approximated as
linear in the temperature 7'. The temperature is also taken to
decrease at a constant rate, a simplification which can be
improved on, although with no significant gain in the results
[23]. We optimistically consider the system to cool through
the critical point. From the Ising model universality class,
eq(h) o |h|7¥/P%, where p = 0.326, 5 = 4.80 [35,36], and,
within these approximations,

t —v/pé

Seq(t) = &o . (7)

T'y—Tg
|dT/dt]
system to cool down from T to T and choose T'(—7) = T,
and T(0) = T, where T is the temperature at the critical
end point.

Reference [23] lacks an estimate for A, a very important
parameter since it determines how closely & follows its
equilibrium value and, consequently, how high a value it
peaks. However, it is possible to put an upper bound on A
by requiring that |d&/dt| does not exceed the speed of light.
The maximum value of |dé/dt| can be determined as a
function of A and the ratio x:=7/&,. A plot of the product
xmax(|dE/dt]) versus the combination Ax is shown in
Fig. 1. The resulting curve is very well described by
xmax(|dé/dt|) = 0.83(Ax)*7, yielding an upper bound
A < A = 1.3x033,

The peak value of £/&; is controlled by the combination
Ax." We choose 7 =5.5 fm, inspired by Ref. [33], and,
since &y > 1/Tp, take & = 1/120 MeV = 1.6 fm, yield-
ing x =34 and A, x = 6.6.> We consider these esti-
mates to be quite optimistic, especially given that our value

where we denote by z:= the time interval taken by the

'"The dependence in the ratio 7/&, can be easily interpreted,
since a larger value of 7 means a longer time reacting to criticality.

In our case, 7 =5.5 fm can be understood as taking T, —
Tr =44 MeV and |dT/dt| = 8 MeV/fm, although choosing the
value of 7 is less restrictive than fixing these quantities.

The requirement &, > 1/T; comes from the conditions for
the application of universality, namely & > 1/T, which is never
exactly satisfied [23].
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FIG. 1. Relation between the unknown constant A and the
maximum value of |dé/dt|. Restricting the growth

of £ to be below the speed of light yields the constraint
0.83(Ax)*"5 < x.
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FIG. 2. Evolution of the correlation length & in the most
favorable scenario, with A = A_,,. Its value never exceeds
2&y, being most likely under 1.8£,, depending on at which
instant 7 freeze-out occurs.

for 7 is comparable to the lifetime of the system [33].
Figure 2 shows the dependence of £/&; on /7 on the most
optimistic scenario, namely A = A,,,,- We note that, even
in this scenario, ¢ can hardly exceed 1.8&; = 2.9 fm,
reaching at most 2.0, = 3.2 fm, its freeze-out value
depending on how early freeze-out occurs.

IV. SPURIOUS FLUCTUATIONS

Critical behavior is not the only source of event-by-event
correlations in heavy-ion collisions. As the behavior one
wishes to observe experimentally is marked by correlated
fluctuations of observables of pions, any global fluctuation
of experimental parameters is a source of background and
should hence be taken into account. In fact, collisions at the
same center-of-mass energy and in the same centrality class
might correspond to slightly different parameters such as
freeze-out temperature and plasma volume. These fluctua-
tions of the parameters have a global effect upon the
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resulting particles which might be indistinguishable from
critical collective behavior, affecting the measured corre-
lations and providing background to critical fluctuations.

A. Geometrical fluctuations

Information about the system size in heavy-ion collisions
is usually obtained through centrality binning. This implies
that events belonging to the same centrality class will in
general have different volumes, with values within a given
range. Volume fluctuations are expected to arise both from
a centrality bin width effect (CBWE), generated by
variations of the volume within a centrality bin, and a
centrality resolution effect, related to initial volume fluc-
tuations [37-39]. For simplicity, we only consider CBWE
volume fluctuations. In this case, it is possible to estimate
the form of the volume distribution corresponding to a
given centrality class by considering the probability dis-
tribution of values of the impact parameter. Furthermore,
since the resulting distribution turns out not to be Gaussian,
it is clear that volume fluctuations will also affect higher-
order cumulants.

From a geometrical argument, the number of ways in
which two nuclei can collide with an impact parameter b
should be proportional to the perimeter 2zb of the circle
defined by it. Therefore, the corresponding probability is
expected to be linear in b:

P(b)  b. (8)

Also using simple geometry, and considering the colliding
nuclei as discs,” it is easy to calculate the transverse overlap
area A between two equal colliding nuclei as a function of b
and their radius Ry,

b / b?
A(b, RN) = ZRIZV COS_I <m) -b R]zv - Z, (9)

where Ry can be taken from the parameter r, on the Woods-
Saxon nuclear density profile,” p(r) « (1 4 e("~"0)/)~1 and
we use the value Ry = ro = 6.38 fm (from Refs. [40,41]).

Hence, one can get a probability distribution for the
volume V of the plasma at kinetic freeze-out by supposing
that this volume is proportional to the initial overlap area A,
with a proportionality factor C with dimensions of
length. In order to estimate C, we fix the average value
of the plasma radius in the 0%-5% centrality class at
R, = 6.8 fm, yielding C = 12.7 fm [30,33].

“Due to Lorentz contraction, treating the nuclei as discs is
more reasonable than considering them to be spheres.

°In Refs. [40,41] this density profile is referred to as the two-
parameter Fermi model.
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B. Temperature fluctuations

We know very little about the temperature distribution
for a given class of collisions and lack a simple model that
connects geometrical and temperature fluctuations. For that
reason, we just take a Gaussian distribution of temper-
atures, with a 5% standard deviation.

Even though the larger heat capacity near the critical
point could diminish the impact of initial conditions on the
freeze-out temperature, suppressing spurious temperature
fluctuations, its growth should also be limited by critical
slowing down [34]. Since it should scale as Cy ~ &/* in
equilibrium, where y = 1.240 [35,36], we just consider that
scaling to hold as an approximation out of equilibrium and
find out that Cy, can grow by at most 70%—130% for a very
limited interval of time, even considering sigma fluctua-
tions to be responsible for 25% of the heat capacity when
&= ¢, and using £/&, = 2-2.5 [23].

C. Additional sources of spurious fluctuations

Until this point, we have only considered direct pions in
our analysis. Although pions from resonance decays could
provide a major source of background for the signatures we
study here, our results already place a fairly stringent limit
on their visibility [10]. Hence, the results below should be
regarded as the most optimistic scenario while taking into
account the minimal ingredients of an ultrarelativistic
heavy-ion collision experiment. Experimental results, on
the other hand, could be even less compelling. A study
including pions from decays is left for the future.

While a more refined analysis would also require taking
longitudinal and transverse flow, as well as the correspond-
ing event-by-event fluctuations, into account, the imple-
mentation of such effects in our Monte Carlo algorithm
would imply a large demand for computing power and is
also left for latter developments. This could be done using
data from blast wave model fits to experiments [42-45].

Since we are concerned with a limited window in phase
space, we disregard effects from energy conservation.

V. RESULTS

The model, methods and estimates discussed above were
implemented in a Monte Carlo simulation, and samples of
10% events were analyzed for several values of the chiral
correlation length £ at freeze-out. The viability of different
signatures of criticality could then be tested by comparing
their values for increasing £ and asking whether or not they
are sufficiently distinct that some kind of nonmonotonic
behavior might be detected while experimentally probing
the critical end point neighborhood.

Since our model only includes £ through the combina-
tion £2:=(G&)? and the estimated G and & are very
uncertain, we display our results in terms of this quantity.
A coupling G = 300 MeV is taken from Ref. [10], where
its value near the critical point is extracted from
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FIG. 3. Signal as a function of 55 and &, in proportion to the
reference value, taken at 5)2( = 6, £ = 1.6 fm. The variances of the
charged pion multiplicity, N, and the average transverse mo-
mentum of charged pions for a single event, pr, are shown. The
vertical dashed line, in red, marks the maximum value £ = 3.2 fm
found in Sec. III B.

considerations using a Ginzburg-Landau effective potential
and the linear sigma model. However, G is expected to
change significantly according to the medium, growing to a
value of G ~ 1900 MeV in vacuum [10], and it is difficult
to estimate the value of 5)2( far from the critical point. For
that reason, we use & = (300 MeV - 1.6 fm)? = 6 as our
baseline value.

Figure 3 exhibits our main result, consisting of the
relative deviation from the baseline for the second-order
moments ((AN)?) and ((Apr)?) as functions of &7, where
N is the charged pion multiplicity and py is the mean
transverse momentum in a given event. Both were nor-
malized by the appropriate power of (N) in each sample in
order to cancel out system-size dependence. These signa-
tures are linear in &2, as should be anticipated from Eq. (5),
and ((AN)?) is observed to provide the strongest signal
among them, reaching an increase of almost 10% depend-
ing on the value of £° The quantity F(pr), suggested as a
signature in Ref. [10], was also calculated, showing
increases of 2.2% for £ = 2.9 fm and 3.0% for £ = 3.2 fm.

A higher signal, reaching up to 35%, is obtained by
employing the mixed cumulant (ANA p7). However, given
the temperature difference of ~30 MeV between chemical
and kinetic freeze-out [30], it is very unlikely that a
significant increase in & due to criticality will affect both
the particle multiplicity and transverse momentum distri-
butions. Hence, we discard this mixed signature as
unrealistic.

®Results were successfully compared with analytical estimates.
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FIG. 4. Behavior of the signal to baseline ratio of the variance
of N as the freeze-out temperature is varied for different choices
of the parameter A.

By using a linear fit,” it is possible to directly relate the
signal in ((AN)?) and the value of &2, or, alternatively, 7/7.
Figure 4 shows how the expected signal depends on the
difference between the freeze-out temperature 7, and the
critical point temperature 7y, assuming Ty — Ty =
44 MeV and using different values for A. For a more
moderate choice of A, such as A.,,/10, the peak in this
signature is decreased to a mere 1.4%.

It is unclear whether the tested signatures could be
visible in an experiment. Although we have found signals
of almost 8% for the maximum correlation length
& = 3.2 fm, our choice of parameters lies on the optimistic
edge of their acceptable ranges—we take the plasma to
spend almost its entire lifetime near criticality and the
correlation length to grow almost at the speed of light while
following its equilibrium value. We remark that changing
the value of the time scale 7 has the same effect as changing
A by the same factor.

Additionally, albeit it contains some realistic features, we
have explored a very simplified and optimistic scenario,
assuming perfect equilibrium and neglecting factors such as
hydrodynamic flow and its related fluctuations as well as
rescattering and resonance decay effects, all of which can
have a strong impact upon the signal. As an equilibrium
distribution was considered for pions, even though m2
fluctuates, we have implicitly neglected their equilibration
times when compared to the time scale for chiral critical
fluctuations. We take this as a simplifying hypothesis,
albeit the equilibration time scales for the multiplicity and
momenta of pions should further diminish the expected
signatures, possibly completely ruining the signal in a case
in which these time scales are too large. One should also
notice that fluctuations of the freeze-out temperature and
baryonic chemical potential should blur the sharp peak of
Fig. 4 in case it is experimentally probed. Bearing all these

"The mentioned linear fit yields good agreement, with a
reduced y? of 2.3.
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limitations in mind and using Fig. 4 as our reference, we
find it rather unlikely that a signal, in case there is one,
should go above 5% in a real experiment.

To gauge the importance of the spurious signal, the
results discussed above were repeated without considering
any effects from spurious fluctuations. It was found that in
this case the variance of the multiplicity N still provides the
largest signal, although it is almost twice as sensitive to the
value of 5)2( and reaches almost 15% for £ = 3.2 fm. Our
results indicate that spurious fluctuations only affect the
signatures by dissolving the signal and simply add a
constant background contribution to the signatures,
increasing the variance of N, normalized by its average,
from 1.0 to 2.0 at £ = 1.6 fm. Regardless of that, this
contribution is larger than the one coming from criticality
and can definitely make the difference between a pro-
nounced, detectable signature and one which is engulfed
by noise.

VI. FINAL REMARKS

We have studied second-order event-by-event moments of
pions as a prototype for signatures of the QCD critical end
point based on the increase of the correlation length in its
neighborhood. Those signals depend quadratically on the
chiral correlation length and are therefore expected to exhibit
nonmonotonic behavior as the neighborhood of the critical
point is crossed by experimental conditions. In order to test
this behavior against the experimental limitations of HICs,
we have made use of simplified models and qualitative
arguments, avoiding the introduction of unknown parameters
and making estimates tending to be moderately optimistic.

We have found spurious fluctuations to have significant
impact upon the tested signatures. The background in our
simulations, provided by fluctuations of the freeze-out
conditions, and the limited growth of &, due to critical
slowing down effects, were responsible for estimating the
tested signals of criticality as probably less than 5%, even
though the background was probably underestimated and
our analysis is not particularly conservative.

One way to make these signals slightly more pronounced
would be to decrease contributions from geometrical
fluctuations by using either a more restrictive centrality
class or a centrality bin width weighting method [38,39].
However, in our simple model, geometrical fluctuations
contribute only about 30% of the background.

An especially interesting extension to this work would
be to test strongly intensive fluctuation measures, such as
the ®-measure for the transverse momentum [46], as
signatures of the critical point. These measures are
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constructed from extensive quantities to cancel out not
only volume dependence but also effects from volume
fluctuations and should thus display enhanced performance
compared to ordinary cumulants [47,48], although it is not
clear for us how finite-size effects should affect them.
However, the separation between kinetic and chemical
freeze-out conditions makes our methods unreliable for
combinations of quantities such as multiplicity and total
transverse momentum. A relatively simple solution would
be to use observables involving different particle species
[49], but we leave this for future work.

Our results can also be generalized to second-order
moments of protons, with the difference that the two
flavors of charged pions would be replaced by the two
spin states of the proton and quantum statistics would
change. However, while the pion mass is expected to be
nearly the same at the critical point [10], this is not the case
for the mass of the proton, mp, which is approximately
proportional to the chiral condensate and should therefore
be much smaller near the critical end point [50,51]. The
correction to the mass of the proton due to the chiral field
fluctuations can be directly extracted from the linear sigma
model and is dmp = go,, yielding 6(m3) ~ Gpoy, with
Gp = gmp [50,51]. In the vacuum, f, =93 MeV and
mp© =938 MeV, resulting in g=my*/f, =10 [52].
The rhs of Eq. (5) would then change by a factor of
approximately  (Gp/G)(p? +m2)/(p?> +m3), which
depends on how g and Mp depart from their vacuum
values near the critical point. It is ~1 if g preserves its
vacuum value and Mp < 30 MeV near the critical point, so
that protons are not expected to display much stronger
signatures. Comparison between signatures from protons
and pions can be found in Ref. [13].

Another possible generalization would be to include
higher-order moments into our analysis, at the cost of
introducing extra unreliable parameters in our model.
These moments are expected to display stronger depend-
ence on the correlation length [12] and experimental
results for their dependence on /syy are available in
Refs. [17-19,53,54].

ACKNOWLEDGMENTS

We thank R. Derradi de Souza and M. Stephanov for
helpful discussions. We are also grateful to P. Sorensen for
significant comments. M. H. and E. S. F. acknowledge the
kind hospitality of the ITP group at Frankfurt University,
where part of this work was done. This work was partially
supported by CAPES, CNPq and FAPERIJ.

014029-7



M. HIPPERT, E. S. FRAGA, and E. M. SANTOS

[1] M. Stephanov, QCD phase diagram: An overview, Proc. Sci.,
LAT2006 (2006) 024 [arXiv:hep-lat/0701002].

[2] K. Rajagopal, The Chiral Phase Transition In QCD: Critical
Phenomena And Long Wavelength Pion Oscillations, in
Quark-Gluon Plasma 2, edited by R.C. Hwa (World
Scientific, Singapore, 1995), p. 484-554.

[3] M. A. Stephanov, QCD phase diagram and the critical point,
Prog. Theor. Phys. Suppl. 153, 139 (2004).

[4] Y. Hatta and T. Ikeda, Universality, the QCD critical and
tricritical point, and the quark number susceptibility, Phys.
Rev. D 67, 014028 (2003).

[5] O. Scavenius, A. Mdcsy, 1. N. Mishustin, and D. H. Rischke,
Chiral phase transition within effective models with con-
stituent quarks, Phys. Rev. C 64, 045202 (2001).

[6] O. Kiriyama, M. Maruyama, and F. Takagi, Current quark
mass effects on the chiral phase transition of QCD in the
improved ladder approximation, Phys. Rev. D 63, 116009
(2001).

[7] A. Barducci, R. Casalbuoni, G. Pettini, and R. Gatto, Chiral
phases of QCD at finite density and temperature, Phys. Rev.
D 49, 426 (1994).

[8] M. A. Halasz, A.D. Jackson, R.E. Shrock, M.A.
Stephanov, and J.J. M. Verbaarschot, Phase diagram of
QCD, Phys. Rev. D 58, 096007 (1998).

[9] M. Aggarwal et al. (STAR Collaboration), An experimental
exploration of the QCD phase diagram: The search for
the critical point and the onset of de-confinement, arXiv:
1007.2613.

[10] M. A. Stephanov, K. Rajagopal, and E. V. Shuryak, Event-
by-event fluctuations in heavy ion collisions and the QCD
critical point, Phys. Rev. D 60, 114028 (1999).

[11] M. A. Stephanov, Thermal fluctuations in the interacting
pion gas, Phys. Rev. D 65, 096008 (2002).

[12] M. Stephanov, Non-Gaussian Fluctuations Near the QCD
Critical Point, Phys. Rev. Lett. 102, 032301 (2009).

[13] C. Athanasiou, K. Rajagopal, and M. Stephanov, Using
higher moments of fluctuations and their ratios in the search
for the QCD critical point, Phys. Rev. D 82, 074008 (2010).

[14] S. Mukherjee, R. Venugopalan, and Y. Yin, Real-time
evolution of non-Gaussian cumulants in the QCD critical
regime, Phys. Rev. C 92, 034912 (2015).

[15] N.G. Antoniou, F. K. Diakonos, and E.N. Saridakis,
Evolution of critical correlations at the QCD phase tran-
sition, Nucl. Phys. A784, 536 (2007).

[16] N. G. Antoniou, F. K. Diakonos, and E. N. Saridakis, Evolu-
tionary intermittency and the QCD critical point, Phys. Rev.
C 78, 024908 (2008).

[17] X. Luo (STAR Collaboration), in Proceedings, 23rd
International Conference on Ultrarelativistic Nucleus-
Nucleus Collisions: Quark Matter 2012; Search for the
QCD critical point by higher moments of net-proton
multiplicity distributions at STAR, Nucl. Phys. A904-
A905, 911c (2013).

[18] L. Adamczyk et al. (STAR Collaboration), Energy Depend-
ence of Moments of Net-Proton Multiplicity Distributions at
RHIC, Phys. Rev. Lett. 112, 032302 (2014).

[19] X. Luo (STAR Collaboration), Beam energy dependence of
higher moments of net-proton multiplicity distributions in

PHYSICAL REVIEW D 93, 014029 (2016)

heavy-ion collisions at RHIC, Proc. Sci., CPOD2013 (2013)
019 [arXiv:1306.3106].

[20] L. Palhares, E. Fraga, and T. Kodama, Finite-size effects and
signatures of the QCD critical endpoint, J. Phys. G 37,
094031 (2010).

[21] O. Kiriyama, T. Kodama, and T. Koide, Finite-size effects
on the QCD phase diagram, arXiv:hep-ph/0602086.

[22] J. Braun, B. Klein, H.-J. Pirner, and A. Rezaeian, Volume
and quark mass dependence of the chiral phase transition,
Phys. Rev. D 73, 074010 (2006).

[23] B. Berdnikov and K. Rajagopal, Slowing out of equilibrium
near the QCD critical point, Phys. Rev. D 61, 105017 (2000).

[24] M. Stephanov, Evolution of fluctuations near QCD critical
point, Phys. Rev. D 81, 054012 (2010).

[25] M. A. Stephanov, Non-equilibrium physics of fluctuations near
QCD critical point, Prog. Theor. Phys. Suppl. 186,434 (2010).

[26] R. A. Lacey, Indications for a Critical End Point in the Phase
Diagram for Hot and Dense Nuclear Matter, Phys. Rev. Lett.
114, 142301 (2015).

[27] E.S. Fraga, L.F. Palhares, and P. Sorensen, Finite-size
scaling as a tool in the search for the QCD critical point in
heavy ion data, Phys. Rev. C 84, 011903 (2011).

[28] O. Philipsen, Status of the QCD phase diagram from lattice
calculations, Acta Phys. Pol. 5, 825 (2012).

[29] J.T. Moscicki, M. Wo§, M. Lamanna, P. de Forcrand,
and O. Philipsen, Lattice QCD thermodynamics on the
Grid, Comput. Phys. Commun. 181, 1715 (2010).

[30] S. Chatterjee, S. Das, L. Kumar, D. Mishra, B. Mohanty, R.
Sahoo, and N. Sharma, Freeze-out parameters in heavy-ion
collisions at AGS, SPS, RHIC, and LHC energies, Adv.
High Energy Phys. 2015, 349013 (2015).

[31] R. Derradi de Souza, Estudo dos efeitos de flutuagdes da
condi¢do inicial em colisdes nucleares relativisticas, Ph.D.
thesis, Instituto de Fisica Gleb Wataghin, 2013.

[32] J. Takahashi, R. D. de Souza, and D. D. Chinellato, Effects
of jets in the flow observables, J. Phys. Conf. Ser. 509,
012031 (2014).

[33] L. Adamczyk et al. (STAR Collaboration), Beam-energy-
dependent two-pion interferometry and the freeze-out
eccentricity of pions measured in heavy ion collisions at
the STAR detector, Phys. Rev. C 92, 014904 (2015).

[34] P. Hohenberg and B. Halperin, Theory of dynamic critical
phenomena, Rev. Mod. Phys. 49, 435 (1977).

[35] J. Zinn-Justin, Determination of critical exponents and
equation of state by field theory method, arXiv:hep-th/
9810193.

[36] R. Guida and J. Zinn-Justin, 3D Ising model: The scaling
equation of state, Nucl. Phys. B489, 626 (1997).

[37] X.-F.Luo (STAR Collaboration), in Proceedings, 27th Winter
Workshop on Nuclear Physics, 2011; Probing the QCD
critical point with higher moments of net-proton multiplicity
distributions, J. Phys. Conf. Ser. 316, 012003 (2011).

[38] X. Luo, J. Xu, B. Mohanty, and N. Xu, Volume fluctuation
and auto-correlation effects in the moment analysis of net-
proton multiplicity distributions in heavy-ion collisions, J.
Phys. G 40, 105104 (2013).

[39] N.R. Sahoo, S. De, and T. K. Nayak, Baseline study for
higher moments of net-charge distributions at energies

014029-8


http://arXiv.org/abs/hep-lat/0701002
http://dx.doi.org/10.1143/PTPS.153.139
http://dx.doi.org/10.1103/PhysRevD.67.014028
http://dx.doi.org/10.1103/PhysRevD.67.014028
http://dx.doi.org/10.1103/PhysRevC.64.045202
http://dx.doi.org/10.1103/PhysRevD.63.116009
http://dx.doi.org/10.1103/PhysRevD.63.116009
http://dx.doi.org/10.1103/PhysRevD.49.426
http://dx.doi.org/10.1103/PhysRevD.49.426
http://dx.doi.org/10.1103/PhysRevD.58.096007
http://arXiv.org/abs/1007.2613
http://arXiv.org/abs/1007.2613
http://dx.doi.org/10.1103/PhysRevD.60.114028
http://dx.doi.org/10.1103/PhysRevD.65.096008
http://dx.doi.org/10.1103/PhysRevLett.102.032301
http://dx.doi.org/10.1103/PhysRevD.82.074008
http://dx.doi.org/10.1103/PhysRevC.92.034912
http://dx.doi.org/10.1016/j.nuclphysa.2006.12.006
http://dx.doi.org/10.1103/PhysRevC.78.024908
http://dx.doi.org/10.1103/PhysRevC.78.024908
http://dx.doi.org/10.1016/j.nuclphysa.2013.02.163
http://dx.doi.org/10.1016/j.nuclphysa.2013.02.163
http://dx.doi.org/10.1103/PhysRevLett.112.032302
http://arXiv.org/abs/1306.3106
http://dx.doi.org/10.1088/0954-3899/37/9/094031
http://dx.doi.org/10.1088/0954-3899/37/9/094031
http://arXiv.org/abs/hep-ph/0602086
http://dx.doi.org/10.1103/PhysRevD.73.074010
http://dx.doi.org/10.1103/PhysRevD.61.105017
http://dx.doi.org/10.1103/PhysRevD.81.054012
http://dx.doi.org/10.1143/PTPS.186.434
http://dx.doi.org/10.1103/PhysRevLett.114.142301
http://dx.doi.org/10.1103/PhysRevLett.114.142301
http://dx.doi.org/10.1103/PhysRevC.84.011903
http://dx.doi.org/10.5506/APhysPolBSupp.5.825
http://dx.doi.org/10.1016/j.cpc.2010.06.027
http://dx.doi.org/10.1155/2015/349013
http://dx.doi.org/10.1155/2015/349013
http://dx.doi.org/10.1088/1742-6596/509/1/012031
http://dx.doi.org/10.1088/1742-6596/509/1/012031
http://dx.doi.org/10.1103/PhysRevC.92.014904
http://dx.doi.org/10.1103/RevModPhys.49.435
http://arXiv.org/abs/hep-th/9810193
http://arXiv.org/abs/hep-th/9810193
http://dx.doi.org/10.1016/S0550-3213(96)00704-3
http://dx.doi.org/10.1088/1742-6596/316/1/012003
http://dx.doi.org/10.1088/0954-3899/40/10/105104
http://dx.doi.org/10.1088/0954-3899/40/10/105104

CRITICAL VERSUS SPURIOUS FLUCTUATIONS IN THE ...

available at the BNL Relativistic Heavy Ion Collider, Phys.
Rev. C 87, 044906 (2013).

[40] H.D. Vries, C.D. Jager, and C.D. Vries, Nuclear charge-
density-distribution parameters from elastic electron scatter-
ing, At. Data Nucl. Data Tables 36, 495 (1987).

[41] C.D.Jager, H. D. Vries, and C. D. Vries, Nuclear charge- and
magnetization-density-distribution parameters from elastic
electron scattering, At. Data Nucl. Data Tables 14, 479 (1974).

[42] B. Abelev et al. (STAR Collaboration), Systematic mea-
surements of identified particle spectra in pp, d+Au, and Au
+Au collisions at the STAR detector, Phys. Rev. C 79,
034909 (2009).

[43] C. Hung and E. V. Shuryak, Equation of state, radial flow,
and freeze-out in high energy heavy ion collisions, Phys.
Rev. C 57, 1891 (1998).

[44] S. Das (STAR Collaboration), Centrality dependence of
freeze-out parameters from the beam energy scan at STAR,
Nucl. Phys. A904-A905, 891c (2013).

[45] E. Schnedermann, J. Sollfrank, and U. W. Heinz, Thermal
phenomenology of hadrons from 200A GeV S+S collisions,
Phys. Rev. C 48, 2462 (1993).

[46] M. Gazdzicki and S. Mrowczynski, A method to study
“equilibration” in nucleus-nucleus collisions, Z. Phys. C 54,
127 (1992).

[47] M. 1. Gorenstein and M. Gazdzicki, In order: Strongly
intensive quantities, Phys. Rev. C 84, 014904 (2011);

PHYSICAL REVIEW D 93, 014029 (2016)

M. Gazdzicki, M.I. Gorenstein, and M. Mackowiak-
Pawlowska, Normalization of strongly intensive quantities,
Phys. Rev. C 88, 024907 (2013).

[48] M. 1. Gorenstein, New Theoretical Results on Event-by-
Event Fluctuations, Proc. Sci., CPOD2014 (2015) 017
[arXiv:1505.04135].

[49] S. Mréwczynski, In order: Chemical fluctuations in
high-energy nuclear collisions, Phys. Lett. B 459, 13
(1999); M. Gazdzicki, A method to study “chemical”
fluctuations in nucleus—nucleus collisions , Eur. Phys. J.
C 8, 131 (1999).

[50] M. Gell-Mann and M. Levy, The axial vector current in beta
decay, Nuovo Cimento 16, 705 (1960).

[51] O. Scavenius, A. Mocsy, I. Mishustin, and D. Rischke,
Chiral phase transition within effective models with con-
stituent quarks, Phys. Rev. C 64, 045202 (2001).

[52] J. Beringer et al. (Particle Data Group), Review of particle
physics, Phys. Rev. D 86, 010001 (2012).

[53] N.R. Sahoo (STAR Collaboration), Probing the QCD
Critical Point by Higher Moments of Net-Charge Distribu-
tion, in Proceedings of ICPAQGP-2010 Conference, 2010
(to be published).

[54] L. Adamczyk et al. (STAR Collaboration), Beam Energy
Dependence of Moments of the Net-Charge Multiplicity
Distributions in Au+Au Collisions at RHIC, Phys. Rev. Lett.
113, 092301 (2014).

014029-9


http://dx.doi.org/10.1103/PhysRevC.87.044906
http://dx.doi.org/10.1103/PhysRevC.87.044906
http://dx.doi.org/10.1016/0092-640X(87)90013-1
http://dx.doi.org/10.1016/S0092-640X(74)80002-1
http://dx.doi.org/10.1103/PhysRevC.79.034909
http://dx.doi.org/10.1103/PhysRevC.79.034909
http://dx.doi.org/10.1103/PhysRevC.57.1891
http://dx.doi.org/10.1103/PhysRevC.57.1891
http://dx.doi.org/10.1016/j.nuclphysa.2013.02.158
http://dx.doi.org/10.1103/PhysRevC.48.2462
http://dx.doi.org/10.1007/BF01881715
http://dx.doi.org/10.1007/BF01881715
http://dx.doi.org/10.1103/PhysRevC.84.014904
http://dx.doi.org/10.1103/PhysRevC.88.024907
http://arXiv.org/abs/1505.04135
http://dx.doi.org/10.1016/S0370-2693(99)00663-2
http://dx.doi.org/10.1016/S0370-2693(99)00663-2
http://dx.doi.org/10.1007/s100529901070
http://dx.doi.org/10.1007/s100529901070
http://dx.doi.org/10.1007/BF02859738
http://dx.doi.org/10.1103/PhysRevC.64.045202
http://dx.doi.org/10.1103/PhysRevD.86.010001
http://dx.doi.org/10.1103/PhysRevLett.113.092301
http://dx.doi.org/10.1103/PhysRevLett.113.092301

