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Abllract. We co11,ider ,ome determiniatic cellular automata on th• ■tat• 
■pace {O, I} :rz•, 1larti11g from the product of Bernoulli measure■ and evolv­
i11g in di■cret• cima according co Ch• booucrap percolntion rules, in which 
a O ch1111g-■ to a 1 when it bu at leosl l neighboura which are 1. \Ve prove 
that in ca•• l = 2d - I the limiting measure ha■ an exponential decay of 
corr•la&ioae aad th• d•n•icy funcdon i• ana.ly'Cic in [0 1 1) . 

1. Introduction. 

The Bootstrap Percolation model is a cdlular automaton which t"Yolves in the 

following way. A given co11figuratio11 of O's aud l's 011 the sitt>s of the hypercubic 

lattice in d dimensions is updated by flipping to I each O with at lt-a.,,t i nt-ighboring 

l's and leaving the rest of that configuration 1111cha11gt-d. HC"re { is a nonnegative 

integer no bigger than 2d. 

The initial configuration is c-host-n acc-ording to a product of Bf'moullis with 

parameter p and updatt's nrt> pc>rformt-d at discttte time units. 
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Vv'e are interested in tht> liniiting bt>havior of th«- moclt>l as time go«'!! to infinity. 

More precisely, we want to study the limiting measure obtiuned by evolving the 

initial product mea.sure by the bootstrap percolation dymunics. (The limit exists 

since the dynamics cnn only increase the initial configuration.) 

It is known from the works of van E11ter [l) and Schomnann [5] that if l ~ d, 

then almost all initial configurations evolve towards the constant configuration with 

1 at all sites. On the other hand. it is dear that when l > d, the li1niting measure 

is different from this. For examplt', in the most simple of the latter ca.,es, when 

l = 2d, then the initial configuratio11 only changes once, the initial O's completely 

surrounded by l's flipping to l. nncl tht>m·e nothing changes under the dynamics. 

Thus the lianiting nu•asta.re will b .. tht" initial pn><luct 111eB.Stt.re c-ouditioued not to 

hnve O's complett>ly surrotmdt>d hy l's. So it is vrry close to being a product 

measure, the dependences arr only local (of range 1) and quantities as the density 

function cnn be written down explicitly as polynomials in p. 

The next simpler cast' is tht> ohject of this papt'r, namely, the case when f = 

2d - 1. It is the only remaini11,; ca.<;e iu d = 2 and without loss of generality we will 

restrict attention to this (for simplicity; nil our arguments are immediately seen to 

hold qualitatively in general for l = 2d - 1 ). 

In the situation in focus, n initial 0 is protected from evt'r flipping to I (or Jta6le) 

if it initially belongs to t»ithrr II circuit, which is a dost»d path of 0 sites, or to a 

dumbbell, which is two circuits joint>cl hy n path of 0 sites. The only if converse holds 

with probability one, as will be s~n, so lornl quantities as the density function (the 

probability under the limiting mt>asnre that tht' origin is 1) and other correlations 

of the limiting mea.,ure can be written very simply and conveniently in tenns of 
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probabilities under the initial product measure that oue or more i;itei; bclon,; to 

these quite simple stntctures. 

A natural estimate 011 the decay of the tail of the distribution of the diameter 

of these structures will then yirld smoothness properties of the dcusity function 

and exponential decay of correlations of the limiting measure. 

To get analyticity, the analysis of the i;tructures described above hy itself is not 

enough. We define thus a proct"dnre to constrnct a snhset of the rlns.-d p<'rrnlatiou 

cluster of the origin (joined to part of its boundary and a few other sites, see Section 

4) containing them, the analysis of which !Pads to th., desin•d result. 

2. The Model and Results. 

The model considered in this paper is defined nu the lattice :zz", where 2Z is 

the set of integers, and d = 1, 2, .. . is the dimension. The systt"m evolves in discrete 

time t ::::: 0, 1. 2,. . . . To each element (site) of 22 11
, .r, we a.-;.~m·iat1· at t•ach instant 

of time t a random variable f/1( i: ), which take values O or l. \\"e say that the site 

z is closed (resp. open) at timf' t if 111(.r) = 0 (rt·sp . 111(.r) ::::: I). Elements 'Ir E 

{O, 1}2Z'• = fl will be called configurations. The system will he always started at 

t = 0, from a translation invariant product random field, i.e. the random variables 

710 (z), z E 2Z" arei.i.d. with P(r,o(z) = 0) = p, P(,10(.r) = 1) = q = l-p; p E IO, l) 

is called the initial density. The system evolves arcorcling tn a cletenninistic rule: 

.,.,(,)-{: if '7,(z) = l; 
if 11,(z) = 0 and I: '11(11)?: (; 

, =ll•-,11,=• 
if r,1(.r) = 0 and I: r1,(y) < l . 

•=11•-JII, =I 
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In this the article c1L-;e ( = 2d - 1 will be studied. 

Let us define the following functions: 

1) ij(zi = (T,,)(r) = lim ,, .. (z), z E 224
; 

,a-oo 

2) p(p) = ,,,(ij(O) = 1), p e (0, 1), where,,, is the integration with respect to the 

initial product measure with the density p; 

3) it•(p) = 1 - p(l - 11) = 1'1-,(ii(O) = 0). 

(Remack. ij is well defined by monotonicity) 

Now wr- summarizf' 011r results and explain how the rr-st of the article is or-

ganizc<l: In St•dion 3 wr- givr- a "grometric'' description of lattice animals which 

leave the origin t"mpty at all timf'&. Then Wt",Prc>Vt" that the diameter ilistribution of 

thest" structures has an exponentially dt"caying tail, and. as a corollary of this fact, 

we obtain that the limiting mt"a.sure '"fi, hns exponf'ntially decaying correlations. 

In Section 4, analyticity of the density function iJ,(p)(p(p)) on the interval [O, 1) is 

prOl"ell. Section 5 is devotl"d tn a hrief discm;siou of the shape of density function 

and thr case of the higher dimensions. 

As will be sttn in Section 4. the estimates we use to get a.ualitycity for yJ, are 

of the same nature a,, the ones in the Sl•dion 3, hut stronger. so Wt' did not really 

need to introduce most of the objects and results in the latter section. Their appeal 

and simplicity on the other hand justify their inclusion, in our opinion. 
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3. Preliminary results and elementary properties. 

Definition 3.1. GiVt'n n.n initial coutiguratiou ,,0 E {0, l}Z!1 
a sitt' .c E 2Z 2 is 

called Jtable if and only if fj( :c) = 0. □ 

Proposition 3.2. A site z E 2Z2 is stable if and only if it is initially closed and 

has at least two stable neighbours. 

The proof is obvious and Wf' omit it . 

Definition 3.3. We will i;ay that ~ollection of sites { .r,} ~= 1 , :c, E 2Z', k $ oo, 

forms: 

a) a path (an infinite path, if k = oo) if sites :c; are distinct, and 11.c,+ 1 -.r;lli = 1 

fori=l,2, ... ,k; 

b) a finite csrcuit, if k < oo, sitei; x, i = 1, .. . , k - 1 are distinct, ll.r;+ 1 - .r;ll1 = 
l, i = 1, ... ,k, and rt= .r 1 ; 

an infinite circuit, if k = oo, and tl1f' i.-ollt'ction { :c,}, cau lw n·prPsf'uted as a 

double infinite path {x,};€22'; 

c) a dumbbell, if sites of {..r,}; form two 11011-inten.ecting tiuitt' l 0 i1·cuits which are 

connected by a (finite) path or if they form a finite circuit attached to an 

infinite path (in the last case we say that the dumbbell is infinite). 0 

We say that a set o{ sites {x;} is closed (resp. OJ>f'U) if all its points are closed 

(resp. open). 

Let C and 1t (C and 1t resp.) denote the sets of all fiuitf' closf'cl C"ircuits and all 

finite closed dumbbells of the initial configuration 'lo respPctivf'ly ( all dosed circuits 
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and all closed dumbbf'lls rf'Sp. ). Elements of the union 'R = CU 1{ (R = ~UR) will 

be called finile ring, (rings resp.). 

Proposition 3.4 

{ij(x) = O} = {.i- ER for some RE 'R}. 

Proof. ( :::, ). Suppose R E R. Evt'ry ~ite in R is closed and (by Definition 3.3) 

has at least two ciO!led nearest neighbours. So, none of them can flip to l (become 

open). 

( C ). Let z = 0. By Proposition 3.2 one can find incluctivrly two st'queuces of 

5table sites z,, z1, ••• , Zn, • . • and z_ 1, Z-1, ••• , .x_,., .. . such that Zn and Z-n are 

uearesl neighbours to .x,._, ancl .&- .. +1 rPSpf"ctively for all n 2:: 1. Now we have four 

possibilities: 

either 

1) sequence { z,}; and { .x -, } ; intersf"rt; 

or 

2) sequence { z,}; intersects itself and sf'qttencf' { .r _;); intt'rsects itself and 1) 

does not happen; 

or 

3) sequence {z;}; intersects itself, {z-;}; clues not and I) does not happen; 

or 

4) neither {z;}, nor {z-d, intersf'cts itself nor the.other sequence. 

In cases 1) and 4), the origin belongs ton circuit and cases 2) and 3) the origin 

belongs to a dumbbell. D 
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Definition 3.5. 

'R, = { R E 'R such that O E R and R has minimal radius}. o 

Let R, be one of elements of 'R.,1 chosen in 1111 arbitrary predetermined way. 

We define: 

d = { radius of R,, 
0, 

if n, ¥- 0, 
if n, = 0. 

whre the radius is the maximal L1 distance from the origin of sites in R,. 

Proposition 3.6. The distribution of d has an exponentially decaying tail, i.e. 

there exists a > 0, such that for all n ;?: I 

Proof. Let us define: 

z;, i = 1,2,3,4 - the i-th nearest neighbour site to the oriir;in; 

e; = (0, z; ), i = 1, 2, 3, 4 - the i-th nearest neiir;hbour bond touching the origin; 

B;, i = 1, ... , 4 - the connected graph obtained from the closed percolation cluster 

of the origin without using {z;,i :/:- i}, which we call i-th branch of R,. 

A circuit formed by four sites will be called a ,quare and we observe that the closed 

square is the minimal stable ring; a path fanned by three sites which are not on 

the one line we will call a corner and use notation r for it. A corner of a ,ite z is 

any corner r such that r U {z} is a square. An outward corner of a ,ite z is any 

comer r of z such that S11.,11 1 n r = 0, where S,. is the sj>here of radius n centered 

at the origin. that is Sn = {y € ZZ2 
: IIYlli :::; 11 }. We further say that a set of sites 

has a closed corner attached if one of its sites has a comer which is closed. 
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Let us define now the following events: 

A~ = {there exists at least one closed path in B; inside S11-2 connecting the 

originto DS.,_2 , all such paths have no closed square attached}, 

i = 1, ... ,4, where DSn-a = {x: 1lxl11 = n - 2}. 

Notice that {d ~ n} C l)A~. But 

A~ C A:,-a n { Xn has no outward closed comer} ; 

where Xn is the first site (in the predetermined order) of DS,.-2 touched by any 

closed path of Ba from the origin within S,.-2 • 

We have: 

µ,(A~) :5 L 11,(A~-a ,Xn = x, x ha11 no outward closed comer} 
zeas._. 

= L 11,.(A!_ 1 ,X,. = x)11,(x ha.<i no outward closed comer) 
zeas._. 

(3.1) 

since the events E1 = {A:,-a ,X,. = x} and E2 = {x has no outward closed comer} 

are independent: Ea E :Fs._, and E2 E :Fs:.,_
2

, where, given A C 2Z2, :FA is the 

a--algebra generated by events dependent on sites in A. 

On the other hand 

µ,(x bas no outward closed comers) :5 c = 1- {1- p)3• 

From (3.1) we have: ,,,(A~) :5 c11,(A~_.). 

This immediately implies that for p > 0 there exists o > 0 such that µ,.(A~) :5 

e-0
". In the neighborhood of p = 0, one can· use the fact that the size of the 
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closed percolation cluster of the origin hn.s an expont"ntial tail ((21) to get o > 0 
independent of p. Th.is finishes the proof. D 

Let us defineµ,. as Jl o T- 1, wherr Twas cl,•tinccl in Section 2. 

Corollary 3.T. Ti,. has exponentially decaying correlations: 

where C, o 1 > 0. 

Proof. First we notice that {ij"(O) = O} = {c/0 > 0}, where {O < cl, ~ r} = {.r 
belongs to a ring of diameter at most ,. } . 

Let n = fll.rlli/31 be fixed. We have: 

lii,.M0)11(z)) - ii,.(,1(0)) · ;r,.(,1(.r))I = 

and we get the result by making o' = o/3 and C = 6. □ 

Corollary 3.8. pis smooth in (0, 1). 

Proof. Here we follow the argument of Russo (see 14)) 
,J,(p) = 1-p(l -p) = ,,,_,,{c/o >OJ= Ll'1-,{do = 11} = 

H>O 

=LI: p"'q' 
n>O•EA. 
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where An = {11 E {O, 1} 5 - C 11 such that 17 has a minimal ring uf diameter n 

containing the origin }; 10'1~ = numbrr of closed sites iu O'; and m = IO'lc, b = 

Now, let p e (0, 1). Then 

$ Ctn21 L ,,"'l = c.,12t1,1-,.(do = n). 

•EA-

Thl'rl'fore the sum E j;rltJ-,.(cl0 = 11) is unifonnly c-onvergrnt in (0, 1), giving 
n>O 

that v>(p) is k times differentiabll'. □ 

The ar,;wnent for smoothnrss in th!' extr!'mrs of (0, 1) is differrnt. Instead of 

pursuing this further herr, WI' !rave the matter for the next sf'ction where we get 

the stronger result of analytirity oft/, in [0, lJ. 

4. Analyticity of p. 

Let A be the following ev!'nt: A. = { 0 is stable } . BefoTI' we introduce some 

additional constrnction (V-lattic-e nuimals) wr renuncl that on 2Z2 somf' ordering 

of the sites is fixed. Let us drnote by fJA the outer boundnry of a set A C 2Z2, that-­

is, fJA = {z '-A: 11.r - viii = 1. for somf' y EA}. 

Also let Sn= ((.:r1,.r2) E 22 2
: I.rd V lz2l ~ n} and define Q(.i:) = z + 51. 

Definition 4.1. (A constmctive description of V-lattice animal). 

I) l-i1 = Q(0); 

II) for n ~ 0, given V .. : 
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a) If the occurence of the event A ( or A) is cletenuinecl in V" we stop the procedure 

and set V = Vn, 

b) If occurence of the event A (or A) is not detenuined in \·:,, take the first (in 

the given order) site, denoted x,. and called a candidate, from the following set 

i){c(V,,)\ (any branch" with 11, square)} 

and, if there is a comer r,. of x,. such that {f,. U {x,.}} n V,, = 0, we say that 

Zn is /reJh and put 

Vn+I = v,, u Q(z,.); 

otherwise, put 

V.,+1 = V,, U {x,,J, 

Here c(A) is the subset of connected closed sites of A containing the origin; by 

branch" we mean the branch formed of closed sites in the sense of Section 3. 

Notice that in order to be fresh, a site must be a candidate. 

III) If procedure never stops, then V = LJ V,,. □ 
II 

We will say that a lattice animal is a.dmi.,,ible if it is obtainable trough the 

procedure described in the Definition 4.1. We have: 

t/J(p) = µ1-,(A) = ,L ,,,-,.(IVI = n,A) = 
-~1 

(1) 

= L L plVl•(l _ p)IVI-IVI, = LL a,.,.,.,•p"'(l _ p)', 

n~I IVl•n n~I n,,. 

(4.1) 

where the sum 1:<1> is taken over all V sucl1 that IVI = ri, the event A occurs in V, 

and Vis admissible, and a,.,.,.,• is the number of admissible lattice animals of size 

n with m dosed and I, open sites in which the event A occurs. 
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Let z be a complex uumber in a neighborhood N of nn arbitrary closed interval I 
of (0, 1) and write 

ip(:) = L L""·"··•-="'(I - =>' = 
n2:l M,6 

=LL 4 n,m,6 (:) m G =:) • p'"(l - p)' $ 
n2:l 111,, p p 

~ L c" L a,.,n,,,pm(l - p)6 == L c"1,1-,(IVI = n, A), .. ~. . ... , "~' 

(4.2) 

where c > 1. By taking N close enough to I, we can bring c arbitrarily close to 1. 

Lemma 4.2. There exists /j > 0 such that 

and /j doesn't depend on p. 

Lemma 4.3. If V = n then V at least n/25 fresh sites. 

Proof. Let Q(.r) denote .r + 52. We will pick a site .r in V and show that Q(.r) 
must contain a fresh site. This is tnte for any site in Q(O) 1,eca\L'!e the origin is 
fresh. So we pick a site z in V outside Q(O). Let us consider the successive sites 
of Vin Q(.r) added in the induction steps order. Sometimes more than one site is 
added in a single step; in this case, a set of sites of the form Q(z) is added for some 
z, which is necessarily fresh and we set the convention that : is added before the 
remaining sites of Q(: ), which are added in the given order of 2'22

• 

It is clear that the first one, say z and added at the end of step k, belongs to 
the boundary of Q(.r). If z is not fresh, then clearly Q(z) n Vi:+ 1 = 0. So Q(z) is 
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unchecked at the begiwun,; of the next stl'J> aud so it r,•1ruu11.'i a." long a11 successive 

sites of V added to the bounclnry of Q(.r) nre not frf'Sh or n cnndiclate site of Q(:r) 

is not added. Eventunlly a site of Q( .r) must Ii,• 11.dded ( for .i h,L-; to lw added some 

time), say it does for the first time at the eutl of step /,:'. \Vt' cunclude that if no 

site in V., at the boundary of Q( .i) is fresh. then Q( .l) n \,'i,, = 0 ancl the added 

site (at the boundary of Q(.i)) must be a candidate, for otherwise it belongs to the 

boundary of Q(z) for a (fresh) site:: in the boundary of Q(.r), and it 11111st be fresh, 

for it has a corner in (besides helonging to) Q(.i). □ 

Proof of Lemma 4.2. 

Let us consider the times in the induction steps for the costruction of \/ when 

fresh sites are added, defined a.'I follows . 

Tok= 0, 

T,.!t = inf{k > r,._ 1 : the procedure reached k steps and :ri is fresh} for n 2: 1, 

where we set inf 0 = oo. 

In {r1: < oo}, we denote by A1: the event that one of the uncheck,·d corners f.t, 

chosen in an arbitrary order, together with .q forms n square which is not closed. 

Now, by the preceding lemma, {IVI = n,A} C {T1: < oo}, with k = O(n), and 

the last event is contained in 

1:-1 1:-1 

LJ n {r; < oo,A;}, 
j•I ifij.isl 

and, for j = 1: - 1, 

1:-1 .t-:i 

µ( n {r; < oo,A,}) = I11,(A,l{T; < 00},A,-1,••. ,Ao) 

·-· 



... 
and similarly for the other j < k - l. 

But, clearly, the conditioning ev("nts nbov" depend only on the configuration 

in l-~, while A, du.-s not, so, upon notkinl!; that \ ~ is a .,toppin_q .,ct (that is, the 

event { l; = ,, } dt•p.-mls only on th.- on·upntiuu c,mfiF;ttrntion in v for all possible 

configurations v) for all i, each of tht" prnlml,iliti"s in the above product equals the 

(unconditional) probability that a given square is not dosed, naiu"ly, c := 1 - p4 • 

Thus 

11(1VI = n,A) :5 (k - l)c"-3• o 

This is a desired bmmcl for p away from 0. Since c(V) is contained in the 

percolation cluster of closed sit"s of th" origin, sta.nclnrd perc-olation argument■ at 

low dl'nsity givt' us tht' desired bound for p rlose to 0. 

Now, going back to (4.2), Lemma 4.2 implies that t/J r.onvergE'S unifonuly on a 

region of the complex plant' rnntaining (0, 1). For the neighborhoods of O and 1, 

we follow Kesten ({3], p 250) to find 

L a 11 ,n,,6 $ 4". 

"••• 

It follows that t/J convergt'S unifonnly on complex neighborhoods of O and 1. We 

■ummarize everything in the following 

Theorem 4.4. The dt"ll!',ity function tv is analytic function of p in the intereval 

10.11. 0 

\Ve close this sertion hy rt'markine; that the approach used in this section with 

V does not succeed if used with the minimal structure R, since th" evt"nt that ■uch 
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a structure has size n depends ou order n 2 sites, which spoils the e£timate in the 

lattice animal expansion ( 4.2). 

5. Concluding remarks. 

I. Shape of the density function. 

We have 

a) lJt/,(p) I = O· op ,-o , b) aip(p) I = i 
Op p•I • 

Moreover tj,(p) is convex in the neighbou1·hoocl of O and concave in the neighbour-

hood of l. 

Indeed, (4.1) implies that n1 = n2 = n, = 0 (since the minimal V which determines 

A is the closed square) and it implies a). On the other hand t/,(p) > 0 for p > 0, so 

if cit0 ,,, is the first non-zero coefficient, Wl' ,;et 

·'·( ) ~ "'(I )' "• ~ ,n-A-•(I )' 'I' P = L""•"'•'P -p =p L.., a,.,m ,,P -11 
lo~o 

and in the neighbourhood of the origin 1/,,(p) has the sign of ii10 , , so we get that 

ii1,0 , , > 0 which implies convexity of t/, at p = 0. 

Case b) follows from the Russo's formula (see (2)): Let A be an increasing event 

which depends on only finitely many sites of 2Z2
• Then 

d 
dp P,.(A) = E,.(N(A)), 

where N(A) is the number of sites which are pivotal for A. So, if p = 1 we have 

N(A) = 1 and get b). Moreovr,r t/,{p) is monotonous, t/,(b) ~ p and i 1,. .. 1 = 1 

which implies concavity of tb at p = 1. 
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It is natural to conjecture that ip bus u globo.l S shape, tho.t is, its second 

derivative changes sign once and only once in the intervnl (0, 1 ). 

II. Case d > 2. 

It is clear that if t = 2,l - 1 then the origin is stable if and only if it belongs or to 

a circuit or to a dumbhell. So, it remains just to repeat all proofs. 

For the cased< l < 2d-1 (only possible ind> 2), the stmcture of the closed 

clusters of stable sit~ is more complicated, with branching. In this context we do 

not even know how to address the question of existence of an infinite minimal such 

structure with positive probability, except in two situations, namely when p > 1-pc, 

that is, iD the non-percolative regime of the O's, where one can derive analyticity 

of the density and exponential decay of correlations from the exponential decay of 

the distribution of the size of the percolation cluster of O's, to which a minimal 

structure or a constntct like V will (basically in the case of V) belong to and in for 

p close enough to 0, where one gets the exponential estimates from standard cluster 

expansion arguments. A positive answer in the intem1cdiate rf'gion would possibly 

be interesting, though our feelings go in the opposite direction. Nor can we give a 

full description of the minimal stable structures in this case as we did for the case 

treated in this paper in Proposition 3.4. 
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