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Abstract Thepaper brings analytical–numerical stud-
ies on the problem of simultaneous passive suppres-
sion of the galloping of a square prism and energy
harvesting. For this, a device named bistable piezo-
electric nonlinear energy sink (BSPNES), defined as
a small mass linked to the main structure by a piezo-
electric pre-compressed spring and a linear dashpot, is
employed. The focus is the comparison of the BSPNES
performance with that obtained from its monostable
counterpart. The numerical results show that the BSP-
NES performs better than its monostable counterpart
for practically the whole range of reduced velocities.
More specifically, for a certain range of reduced veloc-
ities, both the suppression efficiency and the harvested
energy achieved by theBSPNESare significantly larger
than those from itsmonostable counterpart. Besides the
numerical results, a perturbation method, proper for
strong nonlinearities, is applied. The results from this
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perturbation method very well agree with those from
the numerical integration of the mathematical model.
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List of symbols

M , L Prismmass and length, respectively
D Side of the cross section
ky , cy Stiffness and damping constant of

the support, respectively
mN , cN , k Suppressormass, damping and spri-

ng constants, respectively
ρ Fluid specific mass
U∞ Free stream velocity
Y Dimensional prism displacement
W Dimensional suppressor displace-

ment
V Dimensional electric tension
R, CP Resistance and capacitance, respec-

tively
θ Electro-mechanical coupling term
�0 Neutral length of the suppressor

spring
�1 Length of the suppressor spring at

W = 0
ω =

√
ky

M+mN
Reference frequency

V0 = mNω2�1
2θ Reference electric tension
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An (n = 1, . . . , 7) Aerodynamic coefficients
Cy Cross-wise force coefficient
m∗ = mN+M

ρD2L
Dimensionless mass

m̂ = mN
mN+M Dimensionless suppressor mass

Ur = U∞
ωD Reduced velocity

Uc
r Critical reduced velocity

U0 Critical reduced velocity for the
Pure Galloping case

ζy = cy
2(M+mN )ω

Prism damping ratio
ζN = cN

2mNω
Suppressor damping ratio

τ = ωt Dimensionless time
y = Y

D Dimensionless prism displacement
w = W

�1
Dimensionless suppressor displace-
ment

v = V
V0

Dimensionless electric tension
ŷ Characteristic dimensionless oscil-

lation amplitude of the prism
ŷ0 Characteristic dimensionless oscil-

lation amplitude of the prism under
Pure Galloping

1 Introduction

Galloping is a particular flow-induced vibration (FIV)
phenomenon characterized by oscillatory responses
that appear when the free stream velocity is larger than
the critical value associated with the Hopf bifurcation.
Differently from vortex-induced vibrations (VIV), the
oscillations due to galloping monotonically increase
with the increase in the free stream velocity. Further
details regarding galloping can be found in the classi-
cal textbooks [1–3].

The occurrence of vibrations is usually unwanted,
especially when the structures are subjected to long
operational life cycles and are thus susceptible to
fatigue damage. Consequently, several solutions for the
passive suppression of oscillations have been studied
in the literature. A classical and well established solu-
tion is the tuned mass damper (TMD), which consists
of a mass (or set of masses) linked to the main structure
by linear springs and dashpots. For further discussions
regarding the use of TMDs, see [4].

Properly tuned TMDs have been shown to be very
efficientwhen the external excitation is narrow-banded.
However, if a broad-banded external excitation is con-
sidered instead, marked reductions on the efficiency of
the suppressor may be observed. Additionally, due to

their tuning nature, the robustness of the suppression
achieved can also be questioned due to other environ-
mental factors [5]. These limitations havemotivated the
study of the so-called nonlinear energy sinks (NESs).
Following the definitions presented in [5], a NES is a
substructure coupled to the main structure by means
of a (usually) linear dashpot such that the device has
no linear natural frequency (essentially nonlinear char-
acter). Under these conditions, energy is transferred
from the main structure to the suppressor, in which
it is dissipated. This mechanism of energy transfer
and dissipation is named energy pumping or Targeted
Energy Transfer (TET). References [6–8] discuss the
TET mechanism in greater depth.

Several studies have recently addressed the use of
NESs as passive suppressors for different FIV phenom-
ena, including VIV [9–18]), galloping [19–24], other
aeroelastic phenomena [25,26] and vibrations induced
by the internal flow [27–29]. Additional applications of
NESs to different engineering problems are discussed
in [30,31].

Different concepts of NESs can be found in the lit-
erature, including the rotational one [32,33] and those
based on vibro-impact (see, for example, [34–36]).
The focus herein lies on the bistable NES (BSNES).
Among the different strategies for obtaining a BSNES,
we highlight the one described in [37], which uses pre-
compressed springs placed orthogonally to the direc-
tion of the suppressor displacements. Other applica-
tions of BSNESs as passive suppressors can be found
in [38–40].

Energy harvesting from structural vibrations has
also received increased focus in the past decades.
Among other forms of electro-mechanical energy con-
version, this paper focuses on the piezoelectric one.
A piezoelectric material is one in which a mechanical
stress causes both mechanical strain and electric ten-
sion (direct effect). In addition, the application of elec-
tric tension to a piezoelectric material leads to mechan-
ical strain (inverse effect). Erturk and Inman [41]
brings comprehensive discussions regarding piezoelec-
tric energy harvesting. Due to their self-excited charac-
ter, FIV problems are potential sources of vibration for
energy harvesting solutions and have been the focus
of several recent papers (see, for example, [42–51]).
Abdelkefi [52] brings a literature review on energy har-
vesting from aeroelastic phenomena while [53] dis-
cusses perspectives of energy harvesting from FIV.
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Simultaneous passive suppression and energy harvesting from galloping 22217

Note that energy harvesting from FIV can be useful for
charging low-power equipment, such as small sensors.

Two other important aspects on the topic of energy
harvesting are now discussed. The first is the inclu-
sion of nonlinearities as a way to enhance the energy
harvesting efficiency. Paula et al. [54], for example,
shows that the piezoelectric energy harvesting from
the vibrations of a cantilevered beam is more effi-
cient if nonlinearities associated with the placement
of magnets are considered in the experimental arrange-
ment. The second aspect worth mentioning is related
to recent studies which focus on taking advantage of
the dynamic responses of NESs for energy harvesting
purposes. In the latter scenario, examples of devices
for the combined energy harvesting and passive sup-
pression include a magnet fixed to an oscillating beam
close to other two externally placed magnets [55] and
the VIV of cylinder fitted with a rotational NES linked
to an ideal generator; see [56].

In this paper, we present numerical and analyti-
cal studies for a solution to simultaneously allevi-
ate the response of a rigid and elastically mounted
square prism to the galloping phenomenon and perform
electro-mechanical energy conversion by the piezo-
electric effect. The device used for this purpose is com-
posed of a mass linked to the main structure by a lin-
ear dashpot and a pre-compressed piezoelectric spring.
Since the springs are pre-compressed, the system has
two stable equilibrium points, leading to a solution
herein named bistable piezoelectric nonlinear energy
sink (BSPNES). To the best of the authors’ knowledge,
such a device for the combined problem has not been
addressed in the literature, which provides novelty to
the present work. The rest of the paper is structured as
follows. Section2 describes the mathematical model.
Next, Sect. 3 details the analysis methodologies and
the results are discussed in Sect. 4. The conclusions are
addressed in Sect. 5 and Appendix A brings a discus-
sion on bistability on a simpler, albeit representative
problem.

2 Mathematical model

The governing equations are obtained by the Euler-
Lagrange formalism. In this approach, we define Y as
the displacement of the prism, W as the displacement
of the suppressor with respect to the prism and V as
the electric tension at the energy harvesting circuit. A

square of side D defines the cross-section of the prism,
which has mass M and length L . The prism is mounted
on an elastic support characterized by linear stiffness
ky and damping constant cy . The free stream velocity
is considered uniform and given by U∞. The support
allows for displacements only in the cross-wise direc-
tion (direction orthogonal to the free stream velocity)
and the surrounding fluid has specific mass ρ. Figure1
sketches the problem investigated.

The device for simultaneous suppression and energy
harvesting has mass mN and is connected to the prism
using a pre-compressed piezoelectric spring of stiff-
ness k and capacitance CP . The essentially nonlinear
dynamics of the suppressor is achieved by consider-
ing that the spring is orthogonal to the direction of the
motion of the device whenW = 0. The energy harvest-
ing circuit is composed of an electric load R and the
neutral (unloaded) length of the piezoelectric spring is
�0. As depicted in Fig. 1, the stretched length of the

piezoelectric spring is � =
√

�21 + W 2. The assem-
blage of the device to the prism does not allow impacts
between these elements.

The constitutive equation of the piezoelectric spring
is given by Eqs. 1 and 2 [57].

Fel = k�� − θV (1)

Q = θ�� + CPV (2)

where Fel is the spring force, �� = � − �0 is the vari-
ation of the length of the piezoelectric spring, Q is the
electric charge and θ is the electro-mechanical coupling
term. Notice that the constitutive equations are linear
in both �� and V . However, since �� depends on W
in a nonlinear form, the resulting equations of motion
present nonlinear terms due to the piezoelectric spring.

Kinetic energy T , elastic potential energy U and
electric internal energy W read:

T = 1

2
M(Y ′)2 + 1

2
mN (Y ′ + W ′)2 (3)

U = 1

2
kyY

2 +
∫

Feld��

= 1

2
kyY

2 + 1

2
k(��)2 − θ��V (4)

W =
∫

QdV = θ��V + 1

2
CPV

2 (5)

( )′ being the derivative with respect to time.
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Fig. 1 Schematic
representation. The
gravitational acceleration is
in the direction of the prism
axis

In addition to the expressions shown in Eqs. 3–5, the
virtual work of the non-conservative terms is needed
for deriving the mathematical model. This quantity is
given by Eq.6.

δWnc = (Fy − cyY
′)δY + (−cNW

′)δW + QδV

= Q̂1δY + Q̂2δW + Q̂3δV (6)

where Fy is the aerodynamic force associated with the
galloping phenomenon and Q̂i (i = 1, 2, 3) represents
the generalized force associated with the coordinates
Y , W and V .

Using the classical quasi-steady approach (see, for
example, [1]), the aerodynamic force coefficientCy can
be obtained either from experiments or from numerical
simulations with a fixed body under different angles of
attack.With these values, a polynomial function can be
employed for fitting the data. The coefficients of this
polynomial function An depend on the geometry on
the cross-section and properties of the incoming flow,
among other aspects.

For the oscillating prism under galloping, the instan-
taneous angle of attack is proportional to Y ′/U∞.
In this paper, a seventh-order polynomial function is
adopted and, hence, the aerodynamic force is given by
Eq.7.

Fy = 1

2
ρU 2∞DLCy

= 1

2
ρU 2∞DL

7∑
n=1

An

(
Y ′

U∞

)n

(7)

Following [41], the Euler-Lagrange equations for
the solid–fluid-electric system is given by:

d

dt

(
∂T
∂q ′

i

)
− ∂T

∂qi
+ ∂U

∂qi
− ∂W

∂qi
= Q̂i (8)

where i = 1, 2, 3 and q = {q1 q2 q3}T = {Y W V }T
is the vector that gathers the generalized coordinates.
After some algebraic work, Eqs. 9–11 are obtained as
the governing equations of the solid–fluid-electric sys-
tem.

(M + mN )Y ′′ + mNW
′′ + cyY

′ + kyY

= 1

2
ρU 2∞DLCy (9)

mN (Y ′′ + W ′′) + cNW
′

+ kW

⎛
⎝1 − �0√

�21 + W 2

⎞
⎠ − 2θV

W√
�21 + W 2

= 0

(10)

− 2θ

(√
�21 + W 2 − �0

)
− CPV = Q (11)
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Simultaneous passive suppression and energy harvesting from galloping 22219

Taking the derivative of Eq.11 with respect to time
and recalling the constitutive equation Q′ = V/R, one
obtains:

CPV
′ + V

R
+ 2θW ′

⎛
⎝ W√

�21 + W 2

⎞
⎠ = 0 (12)

For the sake of generality, the equations of motion
are rewritten in the dimensionless form. For this, we

define V0 = mNω2�1
2θ and ω =

√
ky

M+mn
as reference

values of electric tension and frequency, respectively. In
addition, the dimensionless displacements y andw and
electric tension v are defined as y = Y/D, w = W/�1
and v = V/V0. By adopting the quantities shown in
Eq.13, the dimensionless mathematical model is given
by Eqs. 14–16.

m∗ = mN + M

ρD2L
, m̂ = mN

mN + M
,

Ur = U∞
ωD

, α = �0

�1
, β = D

�1
, κ = k

mNω2

ζN = cN
2mNω

, ζy = cy
2(M + mN )ω

,

σ1 = 4θ2

CPmNω2 , σ2 = 1

RCPω
(13)

ÿ + m̂

β
ẅ + 2ζy ẏ + y

= 1

2

U 2
r

m∗

(
7∑

n=1

An

(
ẏ

Ur

)n
)

(14)

β ÿ + ẅ + 2ζN ẇ

+ κ

(
1 − α√

1 + w2

)
w − vw√

1 + w2
= 0 (15)

v̇ + σ1
wẇ√
1 + w2

+ σ2v = 0 (16)

where ˙( ) indicates the derivative with respect to the
dimensionless time τ = ωt .

3 Analysis methodology

The dimensionless mathematical model governed by
Eqs. 14–16 is numerically integrated in the interval 0 ≤
τ ≤ 5000 using the package DifferentialEquations.jl
[58], developed for Julia Language Programming. In
this package, the user can both specify the solver or let

the algorithm choose the proper one. The second option
is employed herein.

The simulations cover the interval of reduced veloc-
ities 8 ≤ Ur ≤ 50 with 150 evenly spaced values.
Notice that the validity of the quasi-steady hypothe-
sis implies that the vortex-shedding frequency is much
larger than the natural frequency of oscillation (see, for
example, [1]). According to the latter reference, this
hypothesis holds if Ur > 20/(2π) = 3.18.

Aiming at inducing bistability, the piezoelectric
spring must be pre-compressed when w = 0. This
is achieved by taking α = �0/�1 > 1. The lat-
ter condition leads to three equilibrium positions for
the device, namely, w0 = 0, w0 = √

α2 − 1 and
w0 = −√

α2 − 1. Appendix A brings some discus-
sions regarding bistability in a simpler, albeit represen-
tative problem.

For all simulations, the only non-trivial initial con-
ditions are y(0) = 0.1 and w(0) = w0 = √

α2 − 1 if
α > 1 or w(0) = w0 = 0 if α ≤ 1. Note that initial
conditions may play an important role in the dynamics
of nonlinear systems. However, since the dimension of
the phase space is 5, computing these basins of attrac-
tion is not a trivial task, but can be explored in further
works.

Notice that, as the initial conditions are the same
in all the simulations, the hysteresis phenomenon that
can be potentially observed when the reduced veloc-
ity is increased or decreased cannot be captured. Such
aspect would be observed in a classical bifurcation dia-
gram, in which the initial conditions for the i th value
of the bifurcation parameter depend on the response of
the obtained for the (i − 1)th value of the mentioned
parameter.

Due to the large number of parameters of the math-
ematical model, a reference configuration is defined.
The following structural parameters of the prism are
extracted from the wind tunnel experimental investiga-
tion on the passive suppression of galloping described
in [21,22]: M = 1.39 kg, L = 58 cm, D = 5 cm,
ky = 360 N/m, ζy = 0.01. From the same references,
m̂ = 0.08 is considered as the dimensionless mass of
the suppressor. We also assume ρ = 1.225 kg/m3,
leading to m∗ = 850.6. The parameters of the energy
harvesting circuit are the same as presented in [44],
namely θ = 1.55 × 10−3 N/V, CP = 120 × 10−9 F
and R = 104 �. The use of these values of θ , CP and
R yields σ1 = 2.78 and σ2 = 53.99. The remainder
parameters which characterize the device, namely its
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damping constant, stiffness and nonlinearity level (ζN ,
κ and α, respectively) are defined after the analysis
of stability of the equilibrium condition, discussed in
greater depth in Sect. 4.1.

The values of the aerodynamic coefficients An are
obtained from the experimental data with a static prism
presented in [23]. In the latter reference, a statisti-
cal analysis was performed to remove a systematic
error intrinsic in the measurements of the aerodynamic
force. Figure2 shows the experimental data extracted
from [23] (properly reflected with respect to 0). From
these values, the coefficients of the polynomial fit are
obtained as A1 = 2.9828, A3 = −32.7051, A5 =
−52.1758, A7 = 409.3566 and A2 = A4 = A6 = 0.

Now, the methodologies for the signal analyses are
discussed. Prism oscillation amplitude ŷ is calculated
using Eq.17.

ŷ = √
2ystd (17)

where ystd is the standard deviation of y(τ ) eval-
uated while considering only τ ≥ 2500. This avoids
including the initial transient in the statistic calcu-
lated. For the same reason, the standard deviation of
v(τ) (vstd ) and all the calculated amplitude spectra,
obtained with the Fast Fourier Transform algorithm
implemented into the FFTW Julia package, also disre-
gard the mentioned initial transitory. In the amplitude
spectra, ω̂ is the oscillation frequency normalized with
respect to the reference frequency ω. Note that if the

Fig. 2 Cross-wise force coefficient as a function of the angle
of attack for the static prism. Experimental data from [23] and
7th-order polynomial fit

prism response y(τ ) is harmonic and monochromatic,
Eq. 17 leads to the exact value of oscillation amplitude.

In order to facilitate the assessment of the suppres-
sion efficiency, the same criterion adopted in [15] is
considered. In this criterion, parameter Ŝ is defined as:

Ŝ = 1 − ŷ

ŷ0
(18)

where ŷ is the characteristic oscillation amplitude of the
prism fitted with the device (calculated using Eq.17)
and ŷ0 is the characteristic oscillation amplitude of the
prism for the case in which the prism is not fitted with
the suppressor/energy harvester device. The latter case
in herein indicated as Pure Galloping.

4 Results and discussion

This section is divided into three subsections. Subsec-
tion 4.1 presents a study on the stability of the equi-
librium solution, which is important for defining the
values of κ , α and ζN to be considered in the numeri-
cal simulations. Section 4.2 discusses the influence of
the nonlinearity parameter α. Finally, analytical con-
siderations based on a perturbation method are made
in Sect. 4.3.

4.1 Stability analysis

We firstly investigate the influence of some of the
suppressor parameters on the critical reduced veloc-
ity associated with the galloping phenomenon Uc

r . For
this, we define x = {x1 x2 x3 x4 x5}T = {y w v ẏ ẇ}T .
Using this nomenclature, the equilibrium of Eqs. 14–
16 corresponds to x0 = {x1,0 x2,0 x3,0 x4,0 x5,0}T =
{0 w0 0 0 0}T , where w0 = ±√

α2 − 1 or w0 = 0 if
α > 1 andw0 = 0 if α ≤ 1. Note thatw0 is an unstable
equilibrium point for α > 1.

We define disturbances around the equilibrium
points as δxi = xi − xi,0 (i = 1, . . . , 5) and δ ẋ =
{δx1 δx2 δx3 δx4 δx5}T . Considering small distur-
bances, the temporal evolution of δxi are governed by
Eq.19.

δ ẋ = J δx (19)

where
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Simultaneous passive suppression and energy harvesting from galloping 22221

J =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 1 0
0 0 0 0 1
0 0 −σ2 0 σ1x2,0√

x22,0+1

− 1
1−m̂ − m̂γ

β(1−m̂)
− m̂x2,0

β(1−m̂)

√
x22,0+1

A1Ur
2m∗ −2ζy
1−m̂

2m̂ζN
β(1−m̂)

β

1−m̂
γ

1−m̂
x2,0

(1−m̂)

√
x22,0+1

−β
(
A1Ur
2m∗ −2ζy

)

1−m̂ − 2ζN
1−m̂

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(20)

is the Jacobian matrix of the system given by Eqs. 14–
16 and auxiliary quantity γ reads:

γ = − ακx22,0(
x22,0 + 1

)
3/2

− κ

⎛
⎝1 − α√

x22,0 + 1

⎞
⎠ (21)

The classicalLyapunov’s indirectmethod is employed
for investigating the stability of the equilibrium condi-
tion. For this, let λi (i = 1, . . . , 5) be the eigenvalues
of J . Notice that J depends on several parameters,
including devicemass m̂, damping ζN , stiffnessκ , aero-
dynamic coefficient A1 and reduced velocityUr . Here,
β = 0.5 and m̂ = 0.08 are kept fixed and the critical
reduced velocity Uc

r is calculated for different values

of α, ζN and κ by inspecting the lowest value ofUr that
produces Re{λi } > 0.

Figure3 shows the results from the stability analysis.
In this figure, the domain 1 ≤ κ ≤ 15 × 0.5 ≤ α ≤
1.5 × 0.05 ≤ ζN ≤ 0.15 is discretized using a 300 ×
200 × 50 grid. In Fig. 3a, the colorbar represents the
ratio between Uc

r and the critical reduced velocity for
the Pure Galloping case U0 = 4ζym∗/A1 = 11.41.
Figure3b–d illustrates cross-sections of the 3D map
obtained by considering ζN = 0.072, ζN = 0.099 and
ζN = 0.124, respectively.

As indicated in Fig. 3, there is a narrow region of
the space of control parameters (κ, α, ζN ) in which a
marked increase in the critical reduced velocity for the
Hopf bifurcation is seen. For passive suppression appli-

Fig. 3 Results from the
stability analysis
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Table 1 Dimensionless parameters of the device investigated

Parameter Value Parameter Value Parameter Value

m̂ 0.08 m∗ 850.6 ζy 0.01

ζN 0.10 σ1 2.78 σ2 53.99

α 1.5 and 0.5 β 0.5 κ 9

cations, the choice of the control parameters in this
mentioned narrow region is of interest, since it cor-
responds to a marked increase in the critical reduced
velocity. In turn, for energy harvesting applications,
postponing the galloping phenomenon is undesired,
since the source of energy to be converted into elec-
tricity is the oscillatory response of the prism.

Aiming at balancing passive suppression of gallop-
ing and energy harvesting, the values of α, κ and ζN
are chosen such that no significant increase in the crit-
ical reduced velocity is observed. Using this criterion
and based on the stability maps presented in Fig. 3, we
define ζN = 0.1 and κ = 9. Two values of α are inves-
tigated for assessing the role of the bistability on the
device performance, namely α = 1.5 (Uc

r /U0 = 1.04)
and α = 0.5, which leads to Uc

r /U0 = 1.06.
Table 1 summarizes the dimensionless values of the

parameters that define the suppressor/energy harvester
device.

4.2 Influence of nonlinearity parameter α

Figure4 shows thevariationof both characteristic oscil-
lation amplitude of the prism ŷ and suppression effi-
ciency Ŝ with reduced velocity Ur . The oscillation
amplitudes obtained with α = 0.5 (monostable sys-
tem) are slightly smaller than those from the Pure Gal-
loping case. Quantitatively, the suppression efficiency
is Ŝ < 0.2 for Ur ≥ 15. In turn, the BSPNES with
α = 1.5 allows for significant suppression in the inter-
val 15 ≤ Ur ≤ 35, where ŷ ≈ 2. Still consider-
ing α = 1.5, a sudden loss of suppression efficiency
is observed around Ur = 35 and, after this value of
reduced velocity, curve ŷ(Ur ) follows that from Pure
Galloping, butwith some reduction in the characteristic
oscillation amplitude.

To complement the discussions regarding the prism
response, examples of time histories y(τ ) and w(τ)

and the corresponding amplitude spectra are analyzed
as from Figs. 5 and 6. In these figures, two values of

Fig. 4 Suppression efficiency ŷ as a function of reduced velocity
Ur for different values of nonlinearity parameter α. m̂ = 0.08,
m̂∗ = 850.6, ζy = 0.01, ζN = 0.10, κ = 9, σ1 = 2.78, σ2 =
53.99 and β = 0.5

reduced velocity are considered, namely Ur = 27.45
andUr = 42.95. Notice that these values are lower and
higher than Ur = 35, associated with the jump in the
ŷ(Ur ) plot for the BSPNES (see Fig. 4a).

For Ur = 27.45, Fig. 5a shows a strongly mod-
ulated response for the prism, a behavior previously
observed in passive suppression of vibrations using
NESs. Amplitude spectrum A(ω̂) shown in Fig. 5a
exhibits energy distribution for different frequencies,
even though a dominant one ω̂ ≈ 1 clearly appears.
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Simultaneous passive suppression and energy harvesting from galloping 22223

Fig. 5 Examples of time histories y(τ ). For the sake of visualization, the scales are not the same in all plots. Only the time window
4500 ≤ τ ≤ 5000 is shown

Now considering the monostable systemwith α = 0.5,
Fig. 5b reveals the existence of steady-state oscilla-
tions, defined by a narrowbanded amplitude spectrum
of dominant frequency ω̂ ≈ 1. For reduced velocity
Ur = 42.95, Fig. 5c and d indicate responses y(τ )

practically free from amplitude modulation and with
similar characteristic values ŷ and dominant frequency
ω̂ ≈ 1. Despite these similaritiesmentioned, the ampli-
tude spectra have distinct qualitative behaviors, the one
from the BSPNESwith α = 1.5 showing a richer spec-
tral content.

Device response w(τ) obtained from the BSPNES
with α = 1.5 at reduced velocity Ur = 27.45 is
shown in Fig. 6a. The joint analysis of Figs. 5a and 6a
reveals that the strongly modulated responses of the
prism are associated with oscillations around the equi-

librium points w0 = ±1.12 during the phase in which
y(τ ) increases. When these oscillations reach a certain
value, the device is captured for oscillating around the
other equilibrium point in a process that accounts for
decreasing the prism response. Such behavior is quite
different from the one observed for themonostable sys-
tem, characterizedby the steady-state oscillations of the
device.

For Ur = 42.95, BSPNES response w(τ) shown
in Fig. 6c covers the two equilibrium points (interwell
oscillations), with some amplitudemodulation that jus-
tifies the several peaks that appear in the amplitude
spectra calculated from the prism response depicted in
Fig. 5c. Note that even though the interwell oscillations
shown in Fig. 6c exhibit larger amplitudes, the transient
responses associated with switches at the equilibrium
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Fig. 6 Examples of time histories w(τ). For the sake of visualization, the scales are not the same in all plots. Only the time window
4500 ≤ τ ≤ 5000 is shown

points around which the device oscillates define more
favorable scenarios for passive suppression.

The variation of the root-mean square electric ten-
sion with the reduced velocity is illustrated in Fig. 7.
The values of vstd obtained from the monostable sys-
tem with α = 0.5 monotonically increase from 0 for
Ur ≤ Uc

r to vstd = 0.04 atUr = 50. For the BSPNES,
the values of vstd also monotonically increase from 0
to vstd ≈ 0.04 when the reduced velocity varies in
the interval Uc

r ≤ Ur ≤ 35. Notice that, in the latter
interval, the energy harvesting efficiency (if measured
by vstd ) is much larger for the BSPNES, despite the
smaller responses of the prism. Hence, it can be con-
cluded that bistability can be employed in the design of
a device that has superior performance in terms of both
passive suppression of oscillations and energy harvest-

ing. Energy harvesting and passive suppression may
seem to be competing aspects, since the decrease in the
structural response decreases the amount of energy to
be harvested. However, in the solution herein investi-
gated, the source of energy is the device motion instead
of the response of the main structure.

Examples of time histories v(τ) are illustrated in
Fig. 8. For the monostable system, Fig. 8b and d indi-
cate the existence of steady-state oscillations, in agree-
ment with corresponding time histories w(τ) shown
in Fig. 6b and d. In contrast to what is observed for
device response w(τ), dimensionless electric tension
v(τ) has dominant frequency ω̂ ≈ 2 (twice the domi-
nant frequency of w(τ)). As expected, the qualitative
aspect of time histories v(τ) obtained from the BSP-
NES (see Fig. 8a and c) also agrees with that from the
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Fig. 7 Standard deviation of the harvested electric tension as a
function of reduced velocityUr for different values of nonlinear-
ity parameter α. m̂ = 0.08, m̂∗ = 850.6, ζy = 0.01, ζN = 0.10,
κ = 9, σ1 = 2.78, σ2 = 53.99 and β = 0.5

associated device response w(τ) shown in Fig. 6a and
c.

This section is concluded with the analysis of
selected trajectories in the phase space. Since the phase
space has dimension 5, such analyses consider points
in the Poincaré section� defined by Eq.22. Notice that
the defined Poincaré section allows obtaining both pos-
itive and negative values of y(τ ) (two-sided Poincaré
section).

� = {(y, w, v, ẏ, ẇ) ∈ R
5 : ẏ = 0} (22)

Figure9 presents projections of the trajectories onto
thew(τ)×ẇ(τ ) plane and the corresponding points on
the Poincaré section, represented by the green circles.
In this plot, the initial transitory is not shown. As indi-
cated in Figs. 9a and c, the trajectories obtained with
the BSPNES densely fill the corresponding region of
the w(τ) × ẇ(τ ) plane, with a cloud of points in the
Poincaré section. In turn, Fig. 9b and d reveal well-
defined closed curve for the monostable system with
α = 0.5.

A more complete description of the dynamics of the
solid–fluid-electric system is depicted in Fig. 10, which
illustrates projections of the trajectories onto the space
y(τ )×w(τ)×ẇ(τ ), the points on the Poincaré section
and the values of v(τ). Indeed, the illustrated responses
from the monostable system are periodic (see Fig. 10b
and d), while those from the BSPNES do not exhibit

any regular pattern and densely fill a set of the phase
space.

4.3 Asymptotic analysis

A perturbation procedure is applied to Eqs. 14–16. The
dynamical systemunder analysis presents a strong non-
linear feature in Eq. 15, related to parameter α: more
specifically, as α → 1, the linear stiffness of the
absorber goes to zero, actually becoming an essen-
tially nonlinear oscillator. A possible way to deal with
this occurrence with perturbation methods is using the
Multiple Scale-Harmonic BalanceMethod (MSHBM),
introduced in [59] for externally forced main systems
embedded with a NES, and then extended to aerody-
namic systems in [25]. Then, a combination ofMultiple
Scale Method (MSM) and Harmonic Balance (HB) is
made, where the HB is only used for the NES equa-
tion, whereas the well-known features of system filter-
ing and reduction to the normal form of bifurcation are
left to theMSM for themain system.Other possibilities
include using the Complexification Averaging (CX-A),
as in [32].

The case under study in this paper requires an
improvement of the cited method, associated with the
bistable nature of the system. For the specific case,
the perturbation analysis is performed for either oscil-
lations of the absorber around the trivial equilibrium
configuration at α ≤ 1 or intrawell oscillations, around
one of the non-trivial equilibrium configurations for
α > 1, leaving the much more complicated pertur-
bation analysis of interwell oscillations [60], which are
detected for instance in Fig. 6a, to future developments.
More specifically, for the two cases analyzed, i.e. far
from α = 1, the absorber has a linearizable nature
although the MSHBM appears as a reliable tool as
well. The improvement of the method herein proposed
derives from the multiple scale analysis performed for
a weakly nonlinear thermo-mechanical system in [61],
where oscillations around non-trivial equilibrium con-
figurations are sought.

To perform the perturbation analysis, parameters
are rescaled, after introducing a small book-keeping
parameter ε > 0:

m̂ → εm̂, σ1 → εσ1,

A3 → A3

ε
, A5 → A5

ε3
, A7 → A7

ε5
,

(23)
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Fig. 8 Examples of time histories v(τ). For the sake of visualization, the scales are not the same in all plots. Only the time window
4500 ≤ τ ≤ 5000 is shown

which is based on the actual order of magnitude of the
parameters themselves and, moreover, lets the aerody-
namic nonlinear terms concurrently appear at the same
perturbation step in the prism equations, i.e. at order 2.
A sliding term Û is introduced as well for the reduced
velocity, which represents the bifurcation parameter,
namely:

Ur = U0 + εÛ (24)

entailing that the response is analyzed in a neighbor-
hood of velocity U0. Note that U0 corresponds to the
(nondimensional) critical velocity of the prism with
disconnected controlling device (Pure Galloping case).

Since oscillations around the trivial and nontrivial
equilibrium configurations are sought, a sliding vari-
able w̃(τ ) is also introduced for w(τ), as follows:

w(τ) = w0 + w̃(τ ) (25)

where w0 is one of the equilibrium configurations
defined in Sect. 4.1.

As even and odd nonlinear terms appear in the equa-
tions of motion, the following power expansion of the
variables is introduced:

y = ε1y1 + ε2y2 + ε3y3,

w̃ = ε1w1 + ε2w2 + ε3w3,

v = ε2v2 + ε3v3,

(26)

where variable v misses the term at order ε as it is
assumed to contribute later to the perturbation scheme.

Three time scales are introduced:

t0 = τ, t1 = ετ, t2 = ε2τ, (27)
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Fig. 9 Projections of the trajectories onto the plane w(τ) × ẇ(τ ). For the sake of visualization, the scales are not the same in all plots.
The green circles correspond to points in the defined Poincaré section

and, consistently, three differential operators are defined
as d j = d

dt j
, j = 0, 1, 2, where:

d

dτ
= d0 + εd1 + ε2d2,

d2

dτ 2
= d20 + 2εd0d1 + ε2(d21 + 2d0d2).

(28)

SubstitutingEqs. 23–28 intoEqs. 14–16, series expand-
ing and collecting the terms with the same powers of
ε, produce the following perturbation equations:
Order ε0:

κw0 − ακw0√
w2
0 + 1

= 0 (29)

Order ε:

d20 y1 + y1 = 0 (30)

βd20 y1 + d20w1 + 2ζNd0w1 + κw1

+ ακw2
0w1(

w2
0 + 1

)3/2 − ακw1√
w2
0 + 1

= 0 (31)

Order ε2:

d20 y2 + y2 = A7d0y71
2m∗U 5

0

+ A5d0y51
2m∗U 3

0

+ A3d0y31
2m∗U0

+ A1Ûd0y1
2m∗
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Fig. 10 Projections of the trajectories onto the space y(τ ) × w(τ) × ẇ(τ ). For the sake of visualization, the scales are not the same in
all plots. The green circles correspond to points in the defined Poincaré section and the colorbar indicates the values of v(τ)

+ A1U0d1y1
2m∗ − m̂d20w1

β

− 2ζyd1y1 − 2d0d1y1, (32)

βd20 y2 + d20w2 + 2ζNd0w2 + κw2

− ακw2√
w2
0 + 1

= −2βd0d1y1

− 2d0d1w1 − 2ζNd1w1

− ακw4
0w2(

w2
0 + 1

)5/2 + ακw3
0w

2
1(

w2
0 + 1

)5/2

− ακw2
0w2(

w2
0 + 1

)5/2 − ακw0w
2
1(

w2
0 + 1

)3/2

− ακw0w
2
1

2
(
w2
0 + 1

)5/2 + w0v2√
w2
0 + 1

, (33)

d0v2 + σ2v2 = −σ1w0d0w1√
w2
0 + 1

, (34)

Order ε3:

d20 y3 + y3 = −5Û A7d0y71
2m∗U 6

0

+ 7d0y2A7d0y61
2m∗U 5

0

+ 7d1y1A7d0y61
2m∗U 5

0

− 3Û A5d0y51
2m∗U 4

0

+ 5d0y2A5d0y41
2m∗U 3

0

+ 5d1y1A5d0y41
2m∗U 3

0

− Û A3d0y31
2m∗U 2

0
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+ 3d0y2A3d0y21
2m∗U0

+ 3d1y1A3d0y21
2m∗U0

− m̂d20w2

β
− 2d0d1y2

− 2m̂d0d1w1

β
− d21 y1

− 2d0d2y1 + Ûd0y2A1

2m∗ + Ûd1y1A1

2m∗ + d1y2A1U0

2m∗

+ d2y1A1U0

2m∗
− 2ζyd1y2 − 2ζyd2y1, (35)

βd20 y3 + d20w3 + 2ζNd0w3 + κw3

− ακw3√
w2
0 + 1

+ ακw3w
2
0(

w2
0 + 1

)3/2 =

− 5ακw3
1w

4
0

2
(
w2
0 + 1

)7/2 + 2ακw1w2w
3
0(

w2
0 + 1

)5/2

+ 5ακw3
1w

2
0

2
(
w2
0 + 1

)5/2 − w1v2w
2
0(

w2
0 + 1

)3/2

− 2ακw1w2w0(
w2
0 + 1

)3/2 − ακw1w2w0(
w2
0 + 1

)5/2

+ v3w0√
w2
0 + 1

− ακw3
1

2
(
w2
0 + 1

)5/2

− 2ζNd1w2 − 2βd0d1y2 − 2d0d1w2

− βd21 y1 − d21w1 − 2ζNd2w1

− 2βd0d2y1 − 2d0d2w1 + w1v2√
w2
0 + 1

, (36)

d0v3 + v3 = d0w1σ1w1w
2
0(

w2
0 + 1

)3/2

− d0w2σ1w0√
w2
0 + 1

− d1w1σ1w0√
w2
0 + 1

− d1v2 − d0w1σ1w1√
w2
0 + 1

.

(37)

Observe that, as a consequence of the introduced scal-
ing, at order ε0 the equation ruling the equilibrium
configurations of the absorber appears (Eq. 29), whose
solutions are w0 = 0 ∀α and w0 = ±√−1 + α2 for
α > 1. At order ε, the linear undamped equation of
the prism (Eq. 30) and the linearized equation for the
absorber (Eq. 31), which is coupled to that of the prism,
appear. Corrections emerge at order ε2 (Eqs. 32–34),
where also the equations ruling the electric tension are

considered (Eq. 34). From the equations at order ε3,
only the first will be used (Eq. 35).

The generating solution of Eq. 30 is:

y1 = A(t1, t2)e
it0 + cc, (38)

where i is the imaginary unit, cc stands for the complex
conjugate and A(t1, t2) is a slow-varying amplitude to
be evaluated.

Then, at the same order, Eq. 31 is considered, whose
solution is evaluated by the harmonic balance, making:

w1 =
∑
j

B( j)
1 (t1, t2)e

i j t0 + cc, (39)

whereB( j)
1 are slow-varying amplitudes, still to be eval-

uated. Substituting Eqs. 38 and 39 into Eq. 31 and bal-
ancing terms of frequency 1 (other frequency terms are
not considered in this paper) produces:

Aβ − B1κ + B1 − 2iB1ζN

− αB1κw2
0√

w2
0 + 1w2

0 +
√

w2
0 + 1

+ αB1κ√
w2
0 + 1

= 0 (40)

At the next perturbation order, the resonant term on
the right-hand side of Eq. 32 is now considered and
put to zero, to prevent the existence of secular terms in
the solution. This provides the Amplitude Modulation
Equation (AME):

d1A = 35A4A7A5
1Ā3

4096ζ 5
y m

∗6 + 5A3A5A3
1Ā2

128ζ 3
y m

∗4

+3A2A3A1Ā
16ζym∗2 + AA1Û

4m∗ − iB1m̂

2β
(41)

Taking into account Eq. 41, the solution of Eq. 32 is:

y2 =
(

21i A5
1A7

16384ζ 5
y m

∗6A
5Ā2 + i A1A3

64ζym∗2A
3

+ 5i A3
1A5

1024ζ 3
y m

∗4A
4Ā

)
e3i t0

−
(

7i A5
1A7

49152ζ 5
y m

∗6A
6Ā + i A3

1A5

3072ζ 3
y m

∗4A
5

)
e5i t0

+ i A5
1A7

98304ζ 5
y m

∗6A
7e7i t0 + cc,

(42)

and the solution of the Eq. 34 is:

v2 = − B1σ1w0eit0√
w2
0 + 1 (1 − iσ2)

+ cc. (43)
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Still at order ε2, the harmonic balance of Eq. 33 is
performed, after assuming the solution as:

w2 =
∑
j

B( j)
2 (t1, t2)e

i j t0 + cc, (44)

and only balancing the harmonic for j = 1, to obtain:

− 35iA4βA7A5
1Ā3

2048ζ 5
y m

∗6 − 5iA3βA5A3
1Ā2

64ζ 3
y m

∗4

− 3iA2βA3A1Ā
8ζym∗2 − iAβA1Û

2m∗

− 2id1B1 − 2ζNd1B1 − B2κ + B2 − B1m̂

− 2iB2ζN + αB2κ√
w2
0 + 1

− αB2κw4
0(

w2
0 + 1

)5/2 − αB2κw2
0(

w2
0 + 1

)5/2

− B1σ1w
2
0(

w2
0 + 1

)
(1 − iσ2)

= 0,

(45)

where B2 = B(1)
2 . If needed, one can easily obtain

the Amplitude Modulation Equation at order ε3 from
Eq. 35, which assumes the form:

d2A = −35i A7A5
1A3Ā3d1A

1024ζ 5
y m

∗6 + 105i A7A5
1A4Ā2d1Ā

4096ζ 5
y m

∗6

− 15i A5A3
1A2Ā2d1A

128ζ 3
y m

∗4

+ 5i A5A3
1A3Ād1Ā

64ζ 3
y m

∗4 + 3i A3A1A2d1Ā
16ζym∗2

− 3i A3A1AĀd1A
8ζym∗2

− 175Û A7A6
1A4Ā3

16384ζ 6
y m

∗7 − 15A5A4
1ÛA3Ā2

512ζ 4
y m

∗5

− 9i A2
3A

2
1A3Ā2

1024ζ 2
y m

∗4

− 3Û A3A2
1A2Ā

64ζ 2
y m

∗3 − iÛ A1d1A
4m∗

+ id21A
2

− m̂d1B1

β
− iB2m̂

2β

(46)

however, the evaluation of the contributions of w3 and
v3 is omitted, as the perturbation chain can be conve-
niently stopped at this step.

After reconstitution, coming back to time τ and con-
sidering:

Ȧ = εd1A + ε2d2A, B = εB1 + ε2B2, Ḃ = εd1B1,

(47)

the combinations of Eqs. 41 and 46, and of Eqs. 40 and
45, produce the nonlinear differential system ruling the
slow time amplitudes, which reads:

Ȧ + 3m̂Ḃ
4β

= −35A7A5
1m̂A3BĀ3

4096βζ 5
y m

∗6

− 315A7A5
1m̂A4Ā2B̄

16384βζ 5
y m

∗6 − 15A5A3
1m̂A2BĀ2

512βζ 3
y m

∗4

− 15A5A3
1m̂A3ĀB̄

256βζ 3
y m

∗4 − 3A3A1m̂ABĀ
32βζym∗2

− 9A3A1m̂A2B̄
64βζym∗2 − 175A7A6

1ÛA4Ā3

16384ζ 6
y m

∗7

+ 35i A7A6
1ÛA4Ā3

8192ζ 5
y m

∗7 + 35A7A5
1A4Ā3

4096ζ 5
y m

∗6

+ 75i A3A5A4
1A4Ā3

8192ζ 4
y m

∗6

− 15A5A4
1ÛA3Ā2

512ζ 4
y m

∗5 + 5i A5A4
1ÛA3Ā2

512ζ 3
y m

∗5

+ 5A5A3
1A3Ā2

128ζ 3
y m

∗4 + 9i A2
3A

2
1A3Ā2

1024ζ 2
y m

∗4

− 3A3A2
1ÛA2Ā

64ζ 2
y m

∗3 + 3A3A1A2Ā
16ζym∗2 − i A2

1Û
2A

32m∗2

+ A1ÛA
4m∗ − A1m̂ÛB

16βm∗ − i m̂B
2β

, (48)

2(i + ζN )Ḃ = βA − m̂B + B

− iβA1ÛA
2m∗ − 2iζNB

+ κ

⎛
⎝− αw2

0B√
w2
0 + 1w2

0 +
√

w2
0 + 1

+ αB√
w2
0 + 1

−B

⎞
⎠

− σ1w
2
0B(

w2
0 + 1

)
(1 − iσ2)

− 35iβA7A5
1A4Ā3

2048ζ 5
y m

∗6

− 5iβA5A3
1A3Ā2

64ζ 3
y m

∗4 − 3iβA3A1A2Ā
8ζym∗2 . (49)
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Real amplitudes and phases are introduced as fol-
lows:

A(τ ) = 1

2
a(τ )eiγ (τ) + cc,

B(τ ) = 1

2
b(τ )eiϕ(τ) + cc

(50)

and are substituted in Eqs. 48–49. Separating real and
imaginary parts, combining the phase equations and
defining the phase difference as

ψ(τ) = ϕ(τ) − γ (τ), (51)

produce the following set of Reduced AmplitudeMod-
ulation Equations (RAME):

ȧ = F1(a, b, ψ), (52)

ḃ = F2(a, b, ψ), (53)

abψ̇ = F3(a, b, ψ), (54)

where the function F j (a, b, ψ), j = 1, 2, 3 are not
reported for the sake of brevity.

The equilibrium solutions of Eqs. 52–54 are eval-
uated after posing ȧ = ḃ = ψ̇ = 0 and apply-
ing arc-length continuation for modifying Ur [62]. As
amplitudes and phases are detected at equilibrium, the
reconstruction of the state variables is performed with
Eqs. 25, 26, 38, 39, 42, 43, 44.

For the parameter values given in Table 1, analyti-
cal solutions y and w as functions of reduced velocity
Ur are shown in Fig. 11 for the Pure Galloping case, in
Fig. 12 for α = 0.5, and in Fig. 13 for α = 1.5. In these
plots, the analytical results are compared to those from
the numerical integration of the dimensionless math-
ematical model. In all the cases, supercritical bifurca-
tions are found, where for increasing Ur the always
existing trivial solution loses stability at bifurcation,
and stable limit cycles appear.

More specifically regarding outcomes, the Pure Gal-
loping case (Fig. 11) is very well caught by the analyti-
cal solution in the neighborhood of the critical velocity,
i.e. up to Ur � 15, which is actually about 30% larger
than that. After that value, further perturbation steps
would be required to obtain better agreement. Consis-
tently, the case α = 0.5 shown in Fig. 12, where oscil-
lations of the control device occur around the trivial
equilibrium, provides a very good agreement both in
the critical velocity and in the limit cycle amplitudes,
for y and w, still up to Ur � 15. The case α = 1.5
is shown in Fig. 13, where oscillations of the control

Fig. 11 Analytical (solid line) and numerical (dotted line) max
values of the solution for the pure galloping case

device occur around the non-trivial equilibrium. Here
the analytical solution catches the critical condition and
the regular part of the solution for y very well, whereas
accuracy is lost for y as non-regular responses occur.
In turn, max{w} is still caught in good agreement.

5 Conclusions

The paper numerically investigated a device for simul-
taneous piezoelectric energy harvesting and passive
suppression of oscillations. The device is composed
of a small mass attached to the main structure (here, a
rigid and elastically mounted square prism) by a pre-
compressed piezoelectric spring and a linear dashpot.
This pre-compression induced two stable equilibrium
points, justifying the adopted nomenclature bistable
piezoelectric nonlinear energy sink (BSPNES).

Due to the large number of parameters of the
mathematical model, focus was placed on three of
them, namely the device dashpot, stiffness and pre-
compression, represented by the dimensionless quan-
tities ζN , κ and α respectively. The analysis of the sta-
bility of the equilibrium configuration indicated that,
depending on the choice of ζN , κ and α, a marked
increase in the critical flow velocity may be achieved.
The latter condition is positive for passive suppression,
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Fig. 12 Analytical (solid
line) and numerical (dotted
line) max values of the
solutions for α = 0.5

Fig. 13 Analytical (solid
line) and numerical (dotted
line) max values of the
solutions for α = 1.5

but not for energy harvesting. In this scenario, the val-
ues of ζN and κ were chosen such that a slight increase
in the critical reduced velocity was achieved.

Once ζN and κ were defined, the performance of the
device was investigated for a wide range of reduced
velocity for two different values of α. Particularly one
value of α led to bistability (hence, to the so called
BSPNES) and the other (α = 0.5) to a monostable
system. In terms of passive suppression of oscillations,
the performance of the BSPNES was significantly bet-
ter than that from the monostable for reduced veloc-
ities ranging from 15 to 35. In terms of energy har-
vesting, the BSPNES also exhibited a superior perfor-
mance when compared to its monostable counterpart.
For the BSPNES, the prism showed strongly modu-
lated responses of maximum value much smaller than
those from the Pure Galloping case. In addition to the
numerical results, analytical studies based on perturba-
tions methods were developed. More specifically, the
Multiple Scale-Harmonic Balance Method was used

to obtain the Amplitude Modulation Equations, which
verywell capture themodification of the galloping phe-
nomenon due to the effects of the control device and
the harvester.

The results and the mathematical model presented
herein may be useful for designing similar devices.
Obviously, the designer must carefully choose the
parameters that define the device, provided a strongper-
formance as a passive suppressor of the main structure
response is not positive for energy harvesting purposes.
Notice, however, that the bistability led to intervals of
reduced velocity of superior performance in terms of
both alleviation of the prism response and energy har-
vesting. Hence, the inclusions of this kind of nonlin-
earities, if properly tailored, may be of relevance.

Further works include the development of compre-
hensive studies for choosing a set of device parame-
ters to achieve an optimized performance. This per-
formance will be quantified using a certain objective
function still to be defined. Once the device has its
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parameters tuned for optimization, experiments will be
carried out aiming at validating the concept.
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Appendix A: A discussion on bistability

The bistable behavior of the BSPNES can be discussed
in the light of the simpler problem with one degree
of freedom (namely, its vertical position W ) sketched
in Fig. 14. As well known, the equilibrium position is
governed by potential energy U , which is a function of
spring stiffness k and stretched and unstretched lengths

� and �0, respectively. Since � =
√

�21 + W 2 and defin-
ing�� = �−�0, the potential energy is given byEq.55.

U = 1

2
k(��)2 = 1

2
k�21

(
1 + w2 − 2α

√
1 + w2 + α2

)

(55)

We define dimensionless potential energy Û by
Eq.56

Û = U
1
2k�

2
1

= 1 + w2 − 2α
√
1 + w2 + α2 (56)

Fig. 14 Schematic representation of the simpler problem. The
gravitational effect is not considered

Fig. 15 Variation of Û − (1 + α2) with respect to w

where, as in the main part of the paper, w = W/�1 and
α = �0/�1. For the stability study, the term 1 + α2 in
Eq.56 is not relevant, provided it shifts the curve along
the vertical axis. Equilibrium points w0 are obtained
from:
(
dÛ
dw

)

w0

= 0 ⇒ w0

⎛
⎝1 − α√

1 + w2
0

⎞
⎠ = 0

⇔ w0 = 0;w0 = ±
√

α2 − 1 (57)

Local minima of the potential energy correspond to
stable equilibrium points, whereas local maxima char-
acterize unstable equilibrium points. Figure15 depicts
the variation of Û − (1+α2)with respect to the dimen-
sionless displacementw for different values of α. From
this plot and considering α > 1, notice that w0 = 0
is an unstable equilibrium point and w0 = ±√

α2 − 1
are two stable equilibrium points (bistable system).

Intrawell oscillations are those characterized by
oscillations around one of the stable equilibriumpoints.
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In turn, interwell oscillations correspond to oscillations
that cover the two stable equilibriumpoints. Notice also
that the increase in α expands the distance between one
stable equilibrium point and the unstable one, increas-
ing the energy level for triggering interwell oscillations.
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