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system of linear equations with integer coefficients from any method

capable of providing a sufficiently accurate approximate colution.



1. INTRODUCTION

Numerical methods for the solution of linear systems of equations
are usually classified in two main categories: direct and iterative.
Most textbooks on the subject then continue by stating that direct
methods are potentially able of finding the exact solution, if exact
arithmetic is used, in a finite number of steps. By contrast,
iterative methods are presented under the framework that they can,
only provide us with an approximate solution.

This paper shows that the classification of methods for the solution
of linear systems of equations in direct, implying exact, and
jterative, implying approximate, is not entirely accurate. In fact
we show that any sufficiently close approximation to the solution
jeads to the exact rational solution of a system with integer
coefficients with very little additional work.

As a consequence, the existing iterative methods and tﬁéir huge
supporting literature become available for utilization in the

exact solution of systems of linear equations.



2. THE MAIN OBSERVATION -

We are interested in finding the exact rational solution to a linear
system of equations with integer coefficients. We assume that
the system has a unique solution.

The main observation 1o be made concerns the discrete nature of
the problem. The solution vector can be found, for example with
Gaussian Flimination, in a finite number of arithmetic operations.
As a consequence the numerator and denominator of each rational
number in the solution cannot be arbitrarily large. So, there is only
a finite number of rationals to be considered as candidates for the
solution,

It is therefore possible, in principle, to find the solution
to such a system simply by trying one by one all rationals, candidates
to the solution. This brute force trial algorithm will obviously
have an exponential computing time. Trying one by one all candidates
to the solution is not a very good strategy.

The idea is stated more precisely as follows. Let

(1) A.x=B

be the linear system to be solved. The coefficients of the array A,

a5 57 1 <1, j <N, and of the vector B, bs, 1 <1 <N, are integers

smaller, in absolute value, than some integer d.



Lemma 1 provides a tight bound of the slze of the components of

x in (1).
Lemma 1. (Hadamard inequality)

Let det(A) be the determinant of the array A. Then

(2) (det(A))F s TT( | af ;).
1<isN 1<gjs<N

With our bound, d, to the coefficients of (1) we can write
(3) ldet(A)l < NV/2 % gN < p,

for a suitable integer D. For a proof of Lemma 1 see, for example,

exercise 4.6.1.15 in (8).

So, if

(4) xi =pi/q]’_) l<ic<N,

is the solution to (1), we will have |q;| <D, 1 <1 < N.
Next Lemma tells us that candidates to the solution of (1) are

not too close to each other.



Lemma 2. (Minimum distance)

let p/q and r/s be two rationals with p/q # r/s and |q| < D,

Is| £ D, Then

(5) min |p/q - r/s] < 1/D°,

Not only there is a finite number of candidates to the solution,

but also they are reasonably far apart from each other.



3. A SYSTEM OF INTEGER LINEAR INEQUALITIES AND ITS SOLUTION WITH

CONTINUED FRACTIONS.

Let us imagine we were able to find an approximation a/b to the
true value p/q of some component of the solution of (1). If the
distance between a/b and p/q is less than half the minimum distance
between two candidates to the solution, then the nearest candidate

to the approximation a/b will be p/q.

More precisely, the system of inequalities

(6) la/b - a/B] < 1/(2%D°%),
1<8 <D,

with a and 8 as integer unknowns, has at most one solution. Note
that the uniqueness of a possible solution to (6) is guaranteed by

lemma 2.

Inequalities (6) can be rewritten as follows:

(7) 2#D%b¥q - (2%D°%a + b)¥B < O,
_2¥D2%b¥a + (2%D°¥a - b)¥g < O,
g8 < D,

-8 s -1,
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The problem of determining whether a system like (7) has a solution
in integers and then, if some solution exists, actually finding one.
is in general NP-Complete. Hirschberg and Wong in (4) showed that
integer systems of inequalities with only two unknoﬁns are special.
They can be solved in polynomial time. In our case it is simpler
to find a solution of (7) by going back directly to the continued
fraction algorithm.

Continued froctions are an old and venerable topic and have close
ties with Euclid's Algorithm. The f{irst documented use of their
approximating powers seems to have been done by Huygens, (7). He
used continued fractions to compute the best number of teeth in pairs
of gears to be used in the driving mechanism of a telescope.

The key result that permits us to solve system (7) efficiently

is contained in the following Theorem.
Theorem C. (Continued fractions approximations)
If Ip/q - a/bl < 1/(2%q?),
then p/q is a convergent in the continued fraction series for a/b.
Préof: For an algebraic proof see Theorem 184 of (3). For a
more geometric and somewhat more revealing approach see Theorem 7.19

in (11).0

Proofs of Theorem C lead directly to Algorithm C.



Mgorithm C (Computation of the continued fraction appoximation).

Give

n the integers a 20, b > 0, D > 0, the algorithm- computes,

when they exist, two integers p', q', such that la/b - p'/q'l < 1/(2*D2)

and q' £ D.

Cl.

c2.

C3.

Cé.

C5.

[Initialize.]l Set p« 0, g« 1, p' « 1, q" « 0, A<a, B+b.
[Test for end.] If B = 0, then go to step C5.

[Compute new approximation.] Set W « lA/B}, p" +p + W ¥ p',

q" «q+ W*¥q'. Ifq">D, then go to step C5.

[Shift and go back.] Set p <« p', q + q', p' «p" ' «q"

T«A-B*W, A+« B, B+ T; then go back to step C2.

[Test for goodness and terminate.] If
|2 *D° % (a ¥q' -b ¥p')l sb *¥q' then the approximation to
a/b is p'/q', otherwise the algorithm returns "NO SOLUTION" and

terminates.



Algorithm C is an implementation of the Extended Euclidean
Algorithm with the addition of tests in steps C3 and C5.

Step C3 selects one of the continued fraction convergents, namely
the one with the largest denominator smaller than the bound D. The

chhoice follows from the following facts:

Fact 1. EFEach successive convergent, p/q, approximates a/b better

and better.
Fact 2. Inequalities (6) have at most one sclution.

Hence the only candidate to a solution of (6) is the convergent
with the largest possible denominator.
Step C5 is not necessary if we know in advance that tvo

integers, p, q, exist satisfying (6). For then we have
2 2
la/b - p/ql s 1/(2%¥D°) < 1/(2%q°),

because q < D and we can apply Theorem C.

In general, howewer, steps C1-C4 may fail to produce the required
approximation. The test in step C5 becomes necessary to differentiate
between a true solution to (6) and simply a continued fraction

approximation p/q to a/b having q < D.



The worst case computing time of Algorithm C is of 0((log N)°)
when all the inputs are bounded by some integé} N. For a computing
time analysis of Algorithm C, consult (8). For mam; details of its
practical implementation, consult Collins paper (1) and its

bibliography.
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4. THE PROCEDURE

The results in sections 2 and 3 suggest a two step procedure for
the computation of the exact solution of a linear system of equations

with integer coefficients.

Step 1. Obtain an approximate solution that differs, in each

component, from the true solution by less than l/(2*D2). D is an

integer bound for the denominators of the solution vector.

Step 2. Use Algorithm C to obtain the exact rational solution.

A computing time analysis of step 1 is difficult. The analysis
is further complicated by the fact that performance of iterative
methods depends strongly on the particﬁlar problem being solved.

Two improvements of a general nature in the computing time of step 1

are possible.

First, the bound D is in many cases too large. A much smaller
bound and considerably less iterations might do. It might be more
convenient to apply Algorithm C as a test of termination than to
iterate up to the precision necessary to be certain that step 2

will produce the exact solution.

Second, the use of exact arithmetic to compute successive
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approximations to the solution will cause an increase in the size

of the integers to be manipulated during each itération. Algorithm

C can be used to reduce the size of the integers in the approximation.
Some care must be exercised, however, not to destroy convergence of

the underlying iterative method.
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5. CONCLUSION

Continued fractions approximations can be used to obtain the
exact rationai solution to a problem Whenever:
(A) The denominator of the sought rational a/b is bound by some known
integer D.
(B) It is possible to obtain an approximation p/q to the rational

a/b, satisfying |p/q - a/b| < 1/(2%D?),

The continued fractions algorithm closely resembles the Extended

Euclidean Algorithm applied to the integers p and q.

As a last observation, consider all the real roots of all the
polyncmials of degree not greater than N and with integer coefficients
bounded by D. Sufficiently small intervals will contain at most
one of those roots. We would like to have an efficient algorithm
that, giveanuch an interval and given the bounds N and D, would
choose a polynomial in our set of polynomials having a robt
in the given interval. Such an algorithm would allow the use of
approximate methods for a wide range of exact computations with
algebraic numbers.

The continued fractions algorithm solves the problem efficiently

for N = 1.
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