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Let M be an uniformizable Anderson t-motive and L(M) its lattice. First, we prove
by an explicit construction that for the non-mixed M, the lattice map M +— L(M) is
not injective. Second, we show that 3 lattices Lo such that Lo # L(M) for pure M,
but 3 a non-pure M such that Lo = L(M). This is a result towards surjectivity of the
lattice map. The t-motives used in the proofs are non-pure t-motives of dimension 2,
rank 3. Finally, we start calculations in order to answer a question whether all non-pure
t-motives of dimension 2, rank 3 are uniformizable, or not.
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0. Introduction

We shall consider in this paper only Anderson t-motives having the nilpotent oper-
ator N equal to 0. Let M be an uniformizable t-motive of rank r, dimension n. Let
L(M) C CZ, be its lattice, it is isomorphic to Fy[0]". Is the lattice map M +— L(M)
an injection; a surjection? Unlike the case of abelian varieties where there is a
one-to-one correspondence between abelian varieties and lattices having a Riemann
form, in the functional field case we know much less.
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This paper contains two results on the lattice map. First, we prove that for
non-mixed t-motives, the lattice map is not injective. Second, we show that some
lattices which are not images of the lattice map of duals of Drinfeld modules, are
lattices of some non-pure t-motives.

The technique of both results is similar to the one of [6]. We consider the simplest
nontrivial case of t-motives of rank 3, dimension 2, defined by explicit Eqs. [22)
and ([B3]). We solve equations defining the lattices of these t-motives.

Let us explain what was known on the lattice map earlier. First, for the case
of Drinfeld modules, i.e. for n = 1, we have a one-to-one correspondence between
Drinfeld modules (they are all uniformizable) and lattices in Co [2].

Further, there is a result (see [6]) on a local surjectivity of the lattice map near
M = €™ where €, is the rank 2 Carlitz module (see 2.1 for its definition).

The most important result is the injectivity® of the lattice map on the set of
mixed uniformizable Anderson t-motives ([0, Theorem 3.34b]). Recall that a t-
motive is called mixed if it has a filtration such that its quotients are pure, of
increasing weight. See [d Definition 3.5b], for an exact definition of mixedness, and
[4, Definition 5.5.2], for the definition of purity.

The first result this present paper: the condition of mixedness is necessary. We
give two different examples of non-injectivity. First example: we give an explicit
construction of a one-parametric family of non-isomorphic non-mixed M (a), where
a € Cu is a parameter, such that all lattices L(M (a)) coincide. Second example: let
L be a fixed lattice. We show (see ([8:2))) that there exist a pure M; and a non-pure
Moy (hence Mj, My are not isomorphic) such that L = L(M;) = L(Ms).

Let us describe the second result. By the theory of duality (see [5]), we have
some information for the case n = r — 1. Namely, let L be a lattice of rank r in
Cr;t If L* — the dual of L — exists, then it is a lattice of rank 7 in C.,. Hence,
there exists a Drinfeld module M such that L(M) = L*. The dual of M (in the
meaning of [5 [10]), denoted by M*, always exists, it is a pure t-motive of rank r,
dimension r — 1. By the theory of duality [5], L = L(M™*). Moreover, we have the
following theorem:

Theorem 0.1 ([5, Corollary 8.4]). All pure t-motives of rank r, dimension r — 1
are uniformizable. The lattice map is a one-to-one correspondence between the set
of pure t-motives of rank r, dimension v — 1, and the set of lattices of rank r in
Crt having duals.

There is a natural

Question 0.2. Let L be a lattice of rank r in C7; ! such that its dual L* does not
exist. Is L a lattice of a t-motive (necessarily non-pure)?

Our second result (Theorem [B2)) is that for » = 3, for many such L the answer

“yes”. This gives us evidence that the lattice map is surjective.

is
2This is only a rough statement.
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Finally, we state the following question: what is the simplest example of a non-
uniformizable t-motive M (i.e. what are the minimal values of r,n of M)? The
simplest example known today is given in [Il Sec. 2.2]; see also [4, Example 5.9.9)].
It has the minimal known values of r = 4 and n = 2.

From the first sight, this is really the simplest example, because if M has r = 3,
n = 2 then M is dual to a Drinfeld module of rank 3 and hence is uniformizable.

But this is not completely true, because M having r = 3, n = 2 is dual to a
Drinfeld module of rank 3 only if M is pure. Non-pure M having r = 3, n = 2
exist, and we do not know are they uniformizable, or not (and if they are non-
uniformizable, we do not know their h', hy).

So, we have the following

Problem 0.3. Calculate h', hy of M,,(A) defined by the formula ([LG), and to

check, are they all uniformizable, or not.

This can be made by the methods developed in [3, B]. Conjecturally, all non-
pure M having r = 3, n = 2 can be defined by this formula. Recall that if M is not
uniformizable then it can happen that k' # hq.

Remark. M, (A) defined by (I.6]) depends on 3 parameters while t-motives of rank
4, dimension 2 considered in [3], 8] depend on 4 parameters. Hence, calculations for
them will be simpler than the original calculations of [3] §].

This paper is organized as follows. In Sec. [[I we give necessary definitions
and notations. Section [2] contains the proof of non-injectivity of the lattice map.
Section [3] contains the proof of the second result. Section Hl contains some related
possibilities of further research. In Sec. Bl we start calculations which will lead us
to solve Problem [0.3]

1. Definitions and Notations

We use standard definitions for Anderson t-motives. Let ¢ be a power of a prime,
F, the finite field of order ¢, 6 a transcendental element, Ry, := F4((1/6)) the finite
characteristic analog of R. It has a valua@ Voo defined by voo (6) = —1. Let R be
an algebraic closure of Ro.. Let Co := R, be the completion of R, with respect
to (the only continuation of) vs. It is the finite characteristic analog of C.

The Anderson ring Co[T, 7] is the ring of non-commutative polynomials over
Cw in two variables T, 7 with the following relations (here a € Cy):

al'=Ta; 7T =T7; 71a=alrT

It has subrings C[T], Coo{7}.

Let A be a matrix with entries in Co [T, 7]. We denote by A®),| where k € Z,
the matrix obtained by elevation of all coefficients of all entries of A to the ¢*-th
power (T and 7 are not elevated to a power).

2650028-3
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Definition 1.1. An Anderson t-motive M is a left C [T, 7]-module satisfying
conditions:

(1) M as a Coo[T]-module is free of finite dimension (denoted by 7);
(2) M as a Coo{7}-module is free of finite dimension (denoted by n);
(3) The action of T'— 6 on M/TM is nilpotent.

Let e, := ( ) be a basis of M over Coo{7}. In order to define M, we need to

€n

define the product Te,:
Te, = Ages + Arres + -+ + Aprhe,, (1.1)

where A; € M,,xn(Cs). Condition (3) is equivalent to Ay = 6I,, + N where N €
M« (Cso) is nilpotent. We shall consider only M having N = 0.
Let V =C% and L C V is isomorphic to F4[6]".

Definition 1.2. L is called a lattice of rank r if:

(1) The Coo-span of L is V;
(2) The Roo-span of L has dimension r over Ry, (i.e. elements of a basis of L over
F,[0] are linearly independent over Ry).

Two lattices L1y C Vi, Ly C Vh are isomorphic if there exists a Cyo-linear
isomorphism ¢ : V4 — V5 such that ¢(L1) = Lo.

Let us consider the properties of the lattices of t-motives. Let us fix a basis e, of
M over Co{7}, and let A; be from (III). The basis e, defines the following action
of T'on CZ:

T(Z)=0Z+AZY + ...+ A, Zz0)

where Z € C7 is a matrix column (recall that N = 0, hence in our case Ag = 61,,).
The following theorems are proved in [2] for the case n = 1, and in [I] for the
case of any n.

Theorem 1.3. For a fized e, there exists the only map exp = exp,,; : C& — C
defined by the formula

exp(Z) =Z+C1ZW + Cz® 4. (1.2)

where Z € C% is a matriz column and C; € M, xn(Cs), making the following
diagram commutative:

cr, = ocn
0] | Z—T(2) (1.3)
cr, = ¢

Theorem 1.4. L(M) := Ker exp is a Fy[0]-submodule of CZ, of dimension < r.

2650028-4
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Definition 1.5. M is called uniformizable if the dimension of L(M) as a F,[6]-
module is 7.

Theorem 1.6. If M is uniformizable then L(M) is a lattice in CI . It is well-
defined, i.e. if we change the basis e, by another basis €, then we get an isomorphic
lattice.

We shall consider M of rank 3, dimension 2. Let us give explicit forms of (L))
for them. First, let M be pure. Its Eq. (L) is

e g 0 e 0 —a e 0 1 e
(") = Y o)+ =2 e W)
€9 0 0 €9 1 —as €9 0 0 €9
We denote it by M (a1, a2) (subscript “p” means pure).

Theorem 1.7. My(a1,a2) is pure, it is the dual of a Drinfeld module of rank 3
defined by the equation

Tey =0 e1 + arre; + aamler + meq (1.5)

[10, Sec. 5;6 [7, (12.2.2)]. If a1, as are fized then there are only finitely many af, a4
such that My,(a1,a2) = My(ay,ay) [2]. All pure M of rank 3, dimension 2 have this
equation [5].

Let now M be a t-motive such that its Eq. (1) is
e 0 0\ [e e 10 e
() = Near () + 27, (1.6)
es 0 0 es es 0 0 €2

A= (a“ a”). (1.7)
a1 1

M 1is not pure. We denote it by M,,,(A).

where

Conjecture 1.8. All non-pure M of rank 3, dimension 2 have an equation of the

form [LA). If A of type (LT) is fized then there are only finitely many A’ of type
(I0) such that M,,(A) = Myp(A').

Corollary 1.9. The set of non-pure M of rank 3, dimension 2 is three-dimensional.

We shall work with reducible M defined by (@), see Egs. (Z2) and B3).

We see that L is a functor (a map on the level of sets) from the set of uni-
formizable t-motives to the set of lattices, both up to isomorphisms. Is it injective
or surjective?

Let us prove the result of non-injectivity: we construct explicitly a set of non-
isomorphic uniformizable t-motives such that their lattices are isomorphic.
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2. Construction

We need more notations and definitions. First, the Carlitz module € is a t-motive
having n = r = 1, it is defined by the formula

Te = fe+ Te,

where e is the only element of a basis of € over Coo{7}. Let us denote 6;; := -
and for j > 1

We have (Carlitz):
expe(2) =z 4+ 129 + 22?4 -

We denote by 71 a generator of the lattice L(€), it is unique up to multiplication
by F;. It is the finite characteristic analog of 2mi € C which is defined up to +1.

Further, the Carlitz module of rank 2 (denoted by €5) is a t-motive having
n =1, r =2 (ie. it is a Drinfeld module of rank 2) defined by the formula

Te = fe + T2e.

For even j > 2, we denote

€2, =
0j—2055-4---- 05200

We have
_ q q*
exXpg,(2) = 2+ c222% + o427 4.

We denote by 7y a generator of the lattice L(€5), it is unique up to multiplication
by ]FZQ.

We choose and fix w € Fz — Fy, ie. (1,w) is a basis of Fy2 over F,. We choose
and fix 71, w2, hence (w2, wms) is a basis of L(€2) over F,[6].

Let My := €, & €, and let Lo := L(My) C C% be its lattice. We have: elements

P e D A DR 2.1
1= - 5 2 .= 0 5 3= 0 ) ()

are a basis of Lo over F,[6].
Let a € Co, and let A from () be (8 ?) We denote the corresponding
M,»(A) by M(a). Then Eq. (L6) becomes

R 9 R B O R S Y B

2650028-6
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M (a) is reducible, it enters in an exact sequence
0—¢— M(a)— €y — 0. (2.3)

Arguments similar to [9], Example 3.9 show that M (a) is not mixed (if a # 0),
because wt (€) =1 > wt (€3) = 3.
We shall prove:

Proposition 2.1. There exists a neighborhood U of 0 € Co, such thatVa € U we
have: M(a) is uniformizable and L(M(a)) = L.

Proposition 2.2. Conjecture [L8 holds for these M(a), i.e. for a fized a there are
only finitely many o’ such that M (a) = M(a’).

This implies that the lattice map is not injective.

Proof of Proposition 2.1. We need the notion of a Siegel matrix of a lat-
tice. It is defined exactly like in the case of abelian varieties. Let l1,...,l,. be
a basis of L over F,[6] such that [i,...,l,, is a basis of V over C,. The Siegel
matrix S € M(;_p)xn(Cs) of L with respect to a basis [1, ..., is defined by the
formula

lnt1 I
=51
Iy Iy
Two lattices Ly, Lo are isomorphic iff there exist bases [y, lo, of Ly, Lo such that
their Siegel matrices S1, So are equal.
Equation (21]) implies that S of Lg is (0,w). Let us show that Va € C a Siegel
matrix of L(M(a)) is the same. C; from ([2) for M(A) satisfy the recurrence
relation

_ MO+ AR

Cm emO

)

where C,,, = 0 for m < 0, Cy = I, Ay, Ay are from (L6, i.e. for our case A; =
(0 Z)7 Ay = (1 8). We get by induction that

0 0
Com *
Cm =Cp(a) = ( ' ) for m even,
0 Cn,
(2.4)
0 =
Cm =Cp(a) = ( ) for m odd.
0 cm

(see ([B.4) for the formulas for (*), here we do not need them).

2650028-7
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For sufficiently small a we have: M (a) is uniformizable.” We see that there is a
basis 11 (a), l2(a),l3(a) of L(M(a)) over Fq[f] such that

la(a) =1s = (7;2> , ls(a) =13 = (wg2> , while l1(a) #1; = (:1> .

We get that the Siegel matrix of L(M (a)) with respect to l1(a),l2(a),l3(a) is the
same (0,w). m|

Proof of Proposition We need a few facts on GLy(Coo{7}). Let
X = Xo+ X174+ Xp7" € May2(Coo{7}), (2.5)

where X; = (z“l m“z) € Msy2(Cy). We have:

Ti21  Ti22

Y € Mayx2(Coo{7}) such that XY =1 = |Xo| # 0 = X is not a zero
divisor from both right and left = Y X =1, i.e. X € GL3(Coo{7}).
Further, if for X € GLy(Coo{7}) we have Vi 2,21 = 0 then

k k
Zl‘illTi,Zl‘iggTi S (COO{T}* — Vi>0 Ti1l = Tioo = 0. (26)
=0 =0

Let us assume that M(a) = M (a’). Multiplication by T in M (a’) is given by

) 1 R Y A S e
T = + T + T (27
€h 0 6] \éh 0 1 €h 0 0 eh

An isomorphism between M (a) and M (a') is given by a matrix X from (Z3]) of
change of basis (where ... are indeterminate coefficients), i.e.

(2) — X (:é) . (2.8)

We substitute ([Z8) to [22), and we multiply 21) by X from the left. We get

matrix equalities:
e’ f 0 e’ e’ 10 e’
Tx ('] = X[ ') +ax®Os () + X@72 (1) (2.9
e 0 0 e e 0 0 e
e’ 0 0\ (€] e’ 10 e’
XT| })=x VlexAr| )+ X =, (2.10)
€5 0 60 €5 €5 0 0 €5

PMost likely M(a) is uniformizable for all a. We do not need this fact. See Remark B3] on uni-
formizability of M¢(a), and Problem [0:3] and the above considerations, for a general statement.

2650028-8
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0

where A = (8 a), A = (0

a/ . .
L 1). Equality of coefficients at 7™ of (2.9) and 2.10)

1S

10 . o 10
0Xm + AX.,(,:)_l + (O O) X,,(j)_g =01 Xm + melA/( 2 + Xm72 (O O)

where m =0,...,k+2and X; =0if i €0,... k.

Equation (ZII)) shows that if ;21 = Tm—121 = 0 then x,_221 = 0. By
induction from up to down we get that Vm x,,21 = 0. Hence, (2] implies that if
k> 1 then Xj = (8 ;) Further, for m = k + 2 (ZTI1]) becomes

10 10\ e
X 0 0 = 0 0 Xk <~ l‘k11€Fq27 Tgp1z2 = Tgo1 = 0. (2~12)

This means that k =0, X = Xo = (z(())n x(?n)' Finally, 2II) for m =1 is

0 a 0 o 0 xz¢,a 0 =zo11ad
xM = X, e 0227 _ o
0 1 0 1 0 s 0 022
This means that zg22 € Fy and M (a) is isomorphic to M(a') iff ' /a € Fe. O

3. Lattices Belonging to the Image of the Lattice Map

We need a definition of the dual lattice. An invariant (i.e. not depending on coor-
dinates) definition is given for example in [B, Sec. 2; [T, (12.9.2);[9]. We shall need
only the definition in terms of Siegel matrices. Namely, let L C CZ be a lattice,
L =(ly,...,1;) a Fy[0]-basis of L and S the Siegel matrix of L with respect to the
basis .

By definition, the dual lattice L* is a lattice of rank r in C.J" having a Siegel
matrix S? in some basis. This notion is well-defined, i.e. it does not depend on a
choice of [, and hence on a Siegel matrix.

Not all lattices have dual, because the [Definition [[2} condition (2)] for S* is

not always satisfied. Really, let n = 1. A matrix S = ( o ) € Mu_1)x1(C) is a

Siegel matrix of a lattice of rank r in Co, iff

1,81,...,8-—1 are linearly independent over R, (3.1)

while its transposed S* = (s1 ... s._1) € Mj,(—1)(Cs) is a Siegel matrix of a
lattice of rank 7 in CIo 1 iff

i such that s; € Ry. (3.2)

For r > 2 (B2) is weaker than (B.1]), i.e. all lattices of rank 7 in C4, have duals, but
not all lattices of rank r in C” ! have duals.

Remark 3.1. The same phenomenon occurs for Siegel matrices of other sizes.
For example, let S = {s;;} € Mayx2(Cs) be a matrix such that ve(ai1) ¢ Z,

2650028-9
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Voo (@21) & Z, Voo(a11) — Voo (a21) & Z. Then obviously S is a Siegel matrix of a
lattice (F,[0]))* € CZ. But if 1,a11,a12 are linearly dependent over Ry, then S°
is not a Siegel matrix of a lattice. We think that it is necessary to modify the
Definition of a lattice, in order to get the surjectivity of the lattice map.

According to Theorem [IL1] all lattices of rank r in C7_ ! having dual are lattices
of pure t-motives. Let us answer Question We consider the case r = 3. We
denote by L(s11) the lattice having a Siegel matrix S(s11) := (s11,w) € M1x2(Cx)
(recall that w € Fp2 — I, is fixed). It is really a lattice, because w & Ro, ie. (B.2)
holds.

We denote the field F2((67")) = {the Roo-linear envelope of 1 and w} by R o.
If s11 € Reo,2 then L(s;1) has no dual.

Theorem 3.2. For all sufficiently small s11 € Co there exists a t-motive M defined
by (L6l such that L(M) = L(s11).

Proof. Let a € Cy, and let A from (7)) be (Z 2) We denote the corresponding
M,,,(A) by My(a) (the subscript “t” means “transposed”). Then Eq. (I6) becomes

€1 6 0 €1 0 0 €1 1 0 2 (&)
T - + T + T - (33
€2 0 6 €2 a 1 €2 0 0 €2
These M;(a) enter in an exact sequence

0— & — Mi(a) — € —0, (3.4)

hence they are mixed. Their C,, from (L2) are denoted by Ci, = Cim(a), they
are transposed of Cy,(a) of (Z4):

0 0
dm(a) cm

627m O

Ctm(a) = (d (a) ¢

) for m even, Cy(a) = ( ) for m odd.
(3.5)

The expression for d,,(a) is the following, it can be easily found by induction:

A 4 a-Cym— A 4
dpm(a) = % for m even, d,(a) = 92’0 Ly [ 012(1)} for m odd:
dp(a) = 0; d(a)—i' da(a) = al ds(a) = ¢ + a” :

0 o 00" 7 021020 ° 031050 032031030
3
al at
ds(a) = + ;
4(@) 042041040 043042041040
2 4
a al at
ds(a) = + + ;
5(a) 053051050 053052051050  054053052051050

2650028-10
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etc., we do not need its exact form. It is easy to find elements of a basis of L(M;(a)),
ie. Z = (2) € CZ, which are solutions of

Z Chm(a) 2™ = 0. (3.7)

The solutions are

To find 295 and z35 we denote

= i dm(a)ﬂgm; i Ay (@) (W)
m=1

m=1

Both D(a), D, (a) are power series in a:
D(a) = doa + 010 + 0909 4 .-
D, (a) = ©doa +wdra? + ngaq2 +...

where w = w? is the conjugate of w and

q q* q°
Ty T T
0 = -2+ + oo
O10 031030 053051050
7l nd
01 = +
021020 042041040
3
q
T
02 = 2 + -
032031030

Calculating v (9;), we see
First, that 99 # 0, because voo(12) = —¢2/(¢* — 1) and v (20) = —¢q/(¢* — 1).
Second, that D(a) and D, (a) converge for all a € Co
Equation ([371) becomes

D(a) + expg(z22) = 0; Dy (a) + expe(z32) = 0. (3.9)

Remark 3.3. Since exp, is surjective, we get, as a by-product, that M;(a) is
uniformizable Va € Co

Now and below we shall consider only sufficiently small a, such that the series
loge(D(a)), loge (D (a)) converge. We have:

299 = loge(—D(a)), 232 =loge(—Dy(a)). (3.10)

We denote the Siegel matrix of M,(a) corresponding to the basis (B.8]), by &(a).
B3) and ([BI0) imply that
S(a) = S(s(a)) = (s(a);w), (3.11)

2650028-11
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where

_ loge (= Dw(a)) —w - logc(_D(a))'

st

s(a)

The function a — s(a) is an additive power series in a having a nonzero radius of

convergence. It is nonzero: its first term is
Op(w —w
of ),
Uyt
and 99 # 0. Hence, a — s(a) is a local isomorphism in a neighborhood of 0. This

completes the proof of Theorem B2} for s1; near 0 we find a such that s(a) = s17.
For this a we have: L(M;(a)) = L(s11). m|

Let us consider two applications.

3.1.

Let s11 € Reo,2. The lattice L(s11) has no dual. So, earlier we could not guarantee
that it is the lattice of a t-motive (except the trivial case s1; = 0). Theorem
tells us that for all sufficiently small s11 there exists a t-motive such that L(s11) is
its lattice.

3.2.

Let a sufficiently small s1; € Coo — Reo 2. The lattice L(s11) has dual. From one
side, this means that L(s11) is the lattice of the only one pure t-motive of rank 3,
dimension 2 (= dual of a Drinfeld module of rank 3). From another side, Theo-
rem B2 tells us that L(s11) is the lattice of a non-pure t-motive M;(a), as above.
We get once again the result that the lattice map is not injective on the set of
non-pure t-motives.

4. Further Questions

Here we consider some possibilities of further research related to the subject of this
paper.

Question 4.1. Conjecture[[.§ implies that the set of M,,,(A) has dimension 3 over
Coo. Clearly, the set of lattices of M,,(A) has dimension 2 over C, because it is
defined by a 1 x 2 Siegel matrix. Hence, we conjecture that the fibers of the lattice
map on the set of M,,,(A) have dimension 1. Conjecturally, they are analytic curves
in the space (a11,a12,a21). Is it really true? What are these curves?

Question 4.2. Does there exist a simply described two-dimensional subset G5 of
the set of A defined in (7)) such that for any lattice L C C% of rank 3 there exists
A € &3 such that L = L(M,,(A))? That is, this G, is a representative of the set
of the above curves.
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Existence of this G5 will help us to prove the conjecture that the lattice map
from the set of M,,(A) defined by (L8), to the set of lattices of rank 3 in CZ, is
surjective.

Question 4.3. The set of M (a) defined by (22 is EXt(%:Oo[T,T](Q:2’ ¢1). We have:
Ext}Cw[T’T]((’:g, ¢1) is a module over Z(Cx [T, 7]) = F,4[T]. We showed in Proposi-
tion 22 that Extg_ ir,7(€2, 1) can be considered as having dimension 1 over Co.
Hence, it is meaningful to consider a new invariant of a non-uniformizable t-motive
M, namely, the dimension of EXt(:(ljoo[Tﬂ'] (M, Zy) (here Z1 = Coo{T} is from [],
(5.9.22)) over C. Recall that M is uniformizable <= Ext}Cw[T’T](M, Z1) =0. As
a F,y[T]-module, most likely, Extg_ ir,71(M, Z1) is infinite-dimensional, but we can
expect that over Co, the dimension is finite and gives us an invariant of M.

It is possible to ask the same for Coker exp,, C Ext{ _ i, (M; Z1).

Remark 4.4. It is not too difficult to find v, of the coefficients of the power series
s(a), and hence its Newton polygon. Hence, we can find explicitly the size of the
set of s11 that belong to the image of 5. Maybe this set is even the whole C.

Our purpose is to prove the conjecture that the lattice map for r = 3,n = 2
is surjective. Therefore, we should not restrict ourselves by the Siegel matrices of
the form (s11,w), we should consider all matrices satisfying ([B.2]) and hence more
general M than the ones defined by (B.3]).

5. Lattices of t-Motives Defined by ([I.6]), (1.7

We want to start to solve Problem [0.3l Here we apply the methods of [3, [§] to the
non-pure t-motives M of rank 3, dimension 2 defined by (L6), (I7), in order to get

an analog of formulas (B.8)—G10) of [§].

f1 e1
A basis of this M over Coo[T] is {fs} = <f2> = ( e2 ) . The action of 7 on {f.}
f3

TE1

is defined by a matrix @ € Coo[T:
0 0 1
7f« = Qf+ where in our case Q = 0 T-0 —as |,
T—0 —ap(T—-0) —d

where d = |A| = a11 — a12a21. In order to find L(M), we must solve a system

QX =xW, (5.1)
X1
where X = | X2 | € Coo{T}3. Hence, (B is
X3
X5 =xW, (5.2)
(T - 9)X2 — a21X3 = X2(1)7 (53)
(T — )Xy — aro(T — )Xy — dX5 = X{. (5.4)
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Let us make eliminations. Equations (B.2)—(5.4) imply

(T — 00XV =ty (T — 00X —asx® — xB) =0, (5.5)
T-0 1
xM = Xy — —X5, (5.6)
a1 a1
9y T =07 1 2

X =0 x) - - xP, (5.7)

Qs Aoy

T — 09 1
X =0 x{ - X (5.8)

asy Aoy

Substituting ([@0)-GR) to (G0, we get

1 T 4 g7 1 da
7?@$+<——7+ﬁr+—g>X§L%T—9Q(;—+a%+—T>XQ
21 (551

ad adl a1 ad] 2
T—00)(T -0
L IZT ) g,y (5.9)
a1
In order to simplify further calculations, we introduce new variables
1 d4 1 al
U = — + a(112 + q - — Ll7
a 21 @21 Oy
s 97
V= — + —5.
a3 agi

If asy # 0 then the set of (a21,a11,a12) is in one-to-one correspondence with the
set of (a21,u,v). Equation (B3] has the form

(T —61)(T - 0)

a21

1 T
—xP s [—= 0| xP @ —07) u xV + Xy =0.
q 2 q 2 2

gy sy

(5.10)

This is an analog of [8, ([B8)]. Continuing the calculations similar to the ones of
13, 8], we shall find hq, h' of all M,,(A).
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