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Abstract

The concepts of auto- and cross-correlation play a key role in several areas, including signal
processing and analysis, pattern recognition, multivariate statistics, as well as physics in general, as
these operations underlie several real-world structures and dynamics. In the present work, the
concept of multiset similarity, more specifically the coincidence similarity index, is used as the basis
for defining operations between a same network, or two distinct networks, which will be
respectively called autorrelation and cross-relation. In analogous manner to the autocorrelation
and cross-correlation counterparts, which are defined in terms of inner products between signals,
the two operations suggested here allow the comparison of the similarity of nodes and graphs
respectively to successive displacements along the neighborhoods of each of the constituent nodes,
which therefore plays a role that is analogue to the lag in the class correlation. In addition to
presenting these approaches, this work also illustrates their potential respectively to applications
for the characterization of several model-theoretic and real world networks, providing a
comprehensive description of the specific properties of each analyzed structure. The possibility of
analyzing the obtained individual autorrelation signatures in terms of their respective coincidence
similarity networks is also addressed and illustrated.

1. Introduction

Thanks to continuing advances in graph theory (e.g. [1-3]) and network science (e.g. [4-7]), these two areas
now underly a wide range of concepts and applications, extending from systems biology to transportation
systems. In this work, we will understand complex networks, or networks for short, as corresponding to
particularly intricate types of graphs (e.g. [8, 9]).

One of the most interesting characteristics of graphs and complex networks is their ability to represent
and model virtually every discrete system and phenomenon. Indeed, from the point of view of data
structures (e.g. [10-12]), graphs can be understood as providing one of the most general possible resources
for representing structures including lists, trees, lattices, etc.

The intrinsic representational generality of graphs and networks has motivated a directly related
interesting issue, namely how to mathematically handle, combine and compare the represented structures.
This bears a direct analogy with the manipulation of mathematical structures such as functions, fields,
vectors and matrices by using arithmetic and algebraic concepts and methods including addition, product,
inner products, correlation, etc.

Among the several operations between mathematical structures underlain by respective data structures
(e.g. vectors and matrices), the operations of auto- and cross-correlation, as well as the closely related
auto- and cross-convolution counterparts (e.g. [13—17]), play a key role in several important areas, including
signal and image processing and analysis, mathematic and computational physics, computer vision, control
theory, and electronic engineering, to name but a few possibilities. For instance, the blurring of an image is
frequently obtained by convolving the image with a Gaussian kernel (e.g. [14, 18]), and the recognition of an
instance of a pattern within a signal can be approached in terms of the respective cross-correlation
(i.e. template matching, e.g. [14, 19, 20]).

While auto- and cross-correlations are well-defined respectively to vectors and matrices, their extension
to graphs and networks is not so straightforward. Related approaches include the concept of graph Fourier
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transform, which involves the spectral analysis (eigenvalues and eigenvectors) of the Laplacian matrix of a
given graph or network (e.g. [21-23]). The term Fourier transform here tends to be used as an analogy, not
literally. Another approach related to the relationship between portions of a graph is correlation clustering,
aimed at finding cuts that optimize the allocation of edges with large weights to result within respective
clusters (e.g. [24-26]). Statistical-based approaches to correlation between graphs have also been suggested
(e.g. [27,28]).

The present work sets out at investigating the possibility to use multiset similarities, in particular the
coincidence similarity index [29-31], as a means for obtaining analogues of the auto- and cross-correlation
operations respectively to graphs and networks. The main justification for this approach is the fact that the
coincidence similarity provides a selective and sensitive means for strictly comparing any mathematical
structure (e.g. [30-33]).

In particular, the coincidence similarity operation is here employed in analogy with the inner product
(see also [34, 35]) for gauging the similarity between nodes belonging to a same graph or to two graphs or
networks. Then, in order to implement the operation analogous to the relative shifting of one signal
respectively to the other, we consider the mean coincidence similarity between topological properties of each
node of the networks, which is understood as a reference, and those of the nodes belonging to successively
defined neighborhoods, or hierarchies (e.g. [36—38]), at topological distance § from the reference node.
Thus, in this work the variable d plays an analogous role to the lag variable in traditional correlation analysis.

The resulting operations between two graphs are here called autorrelation and cross-relation so as to
indicate their analogy with the classic autocorrelation and cross-correlation, but at the same time
distinguishing from the counterparts, because they are based on different concepts: while the latter two
traditional operations are based on lagged inner products between functions or vectors, the autorrelation and
cross-relation are founded on the lagged coincidence similarity between features representing the topological
(or other types) of characteristics of the considered network nodes.

In addition to presenting the thus motivated auto- and cross-relation between two graphs or networks
(a graph with itself in the case of autorrelation), we illustrate the potential of the suggested concepts and
methods respectively to the identification of lag-based relationships between model-theoretic and real-world
networks. In particular, it is shown that the average autorrelation functions can provide markedly specific
signatures that can be used as a subsidy for inferring to which model a given network may adhere. In
addition, we also address the possibility to derive autorrelation networks from the coincidence similarity
between individual autorrelation curves or signatures, with promising results that can reflect in a particularly
effective and detailed manner the intricacy of the topology around the nodes of the original networks.

The obtained results indicate that the autorrelation and cross-relation between networks reflect several
global and local properties of the analyzed networks, therefore constituting an interesting resource for
network characterization, as well as for studying the overall topological organization of networks.

We start this work by presenting the several involved concepts, and then introduce the suggested
autorrelation and cross-relation operations and illustrate their potential for the characterization of global
and local properties of several model-theoretical and real-world networks.

2. Basic concepts

Given two column vectors X and y with N elements each, their inner product can be expressed as:

N
EPH=5F=> xiy (1)

i=1

If the magnitudes |x| and |¥| of the two vectors are kept constant, or if they are somehow normalized, the
respective inner product will provide a measurement of the similarity between these two vectors.
The cross-correlation between two real-valued vectors (or signals) X and y with sizes N can be written as:

N—1
(X7 = in vl —1] (2)

where vector ¥ is suitably padded with zeros and £ = 0,1,...,N — 1, so that the result has size N — 1.
The convolution (e.g. [13, 14]) between two vectors (or signals) X and ¥ with sizes N can be written as:

FPll =Y 5yl ®)

where vector ¥ is suitably padded with zeros and ¢ =0, 1,...,N — 1, so that the result has size N — 1.
2
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Let ¢g(t) be a function, with respective Fourier transform G(f). Its autocorrelation (e.g. [13, 14]) can be
calculated as:

g(t) @g(1) «— G (HG(f) = IG(f)I? (4)

where * is the complex conjugation, +— means a time-frequency Fourier pair, and |G(f)|? is often called the
power spectrum of f(t).

Given a non-directed graph, the degree of each of its nodes corresponds to the respective number of links.
The node degree, in general, corresponds possibly to the most important local topological information about
the local topology around that node. The clustering coefficient or transitivity of a node corresponds to the
ratio between the total number of links existing between the neighbors of that node and the total maximum
number of links that would be respectively possible (e.g. [4-6]).

Given a graph (or network), and one of its nodes i, the N (i) neighborhood of i corresponds to the set of
all nodes that are at topological distance smaller or equal to J (e.g. [37, 39—41]). The nodes that are precisely
at distance § from a reference node will be henceforth called as a layer, being expressed as Ls(i). These
successive neighborhoods and layers can be understood as defining a respective hierarchy respectively to i.

Given two networks ¢ and h with N nodes each, we henceforth say they are aligned, or in correspondence,
whenever for each node of ¢ we know which is the respectively corresponding node in h, and vice-versa. In
other words, the nodes in g and h are pairwise related through respective bijective binary relations. Observe
that two aligned networks may have distinct respective topologies.

The Jaccard index (e.g. [42, 43], see also [44]) applied to two traditional sets A and B, is calculated by
dividing the number of elements (cardinality) in their respective intersection by the number of elements
obtained in the respective union. Therefore, the original Jaccard index varies in the interval [0, 1], with the
largest value indicating maximum similarity (identity) between the two compared sets.

The real-valued coincidence similarity index has been found to provide a more strict comparison
between two non-empty multisets than the Jaccard or overlap indices taken separately, which has paved the
way to enhanced selectivity and sensitivity (e.g. [30, 32, 33]). More recently, the coincidence similarities
established between each node of the network and all the others was suggested [45] as an feature that can be
used to effectively complement to the characterization of the topology around each node.

Multisets (e.g. [10, 46-50]) can be understood as a generalization of traditional sets in the sense that
elements are allowed to appear repeatedly, with the number of repetitions being called the respective
multiplicity. Multisets inherits most of the main operations from traditional set theory, with the union and
intersection between two sets being replaced by the minimum and maximum between the respective
multiplicities of the elements of the two multisets.

The multiset coincidence similarity index has been suggested as a means to complement the Jaccard
index (e.g. [42, 43, 51-53]) by also taking into account the interiority between the two compared
mathematical structures [29]. It is henceforth assumed that all network measurements are non-negative.
Otherwise, the real-valued version of the coincidence index (e.g. [29, 30]) should be considered.

If X and y are two non-zero vectors of size N, with elements not taking negative real values, the respective
multiset Jaccard similarity (e.g. [29-31]) can be obtained as:

N .
2= min {xi,yi}
N
2= max {x;,y;}
where the maximum and minimum operations are taken between each of the involved multiplicities x; and

;. Observe that, as with the original Jaccard similarity index, we also have that 0 < 7 (¥,7) < 1.
The respective multiset interiority index (also overlap, e.g. [54]) can be expressed as:

S min {x;,yi}
min {SmSy}

j(fa)_;) = (5)

I(x,y) = (6)

N N
Se=> X $=> ¥ (7)
i=1 i=1

This index provides a quantification of how much any of the two multisets is contained within the other
multiset. In case the two compared multisets are identical, we have Z(X,y) = 1.

The multiset coincidence similarity between two non-null vectors ¥ and ¥ then corresponds to the product
of the respective real-valued Jaccard and interiority indices [29], i.e.:

C(xy) = I (X)) L(%,Y) (8)
3
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with 0 < C(¥,7) < 1.

As such, the coincidence similarity requires not only the compared vectors to be similar in the sense of
the Jaccard index, but also to take into account the overlap between them in the sense implemented by the
interiority index. Therefore, the coincidence similarity index in general results more strict than either the
Jaccard or overlap indices taken separately. The interesting properties of the coincidence similarity have been
applied with encouraging success to several situations, including characterization of cities [55] and
automated identification of motifs in networks [56].

The real-valued coincidence similarity between the two vectors ¥ and ¥ can be understood as being
analogous the Pearson correlation coefficient between these two vectors.

3. Autorrelation and cross-relation between two graphs

Having revised the main basic concepts, we are now in position to mathematically formalize the concepts
Autorrelation and Cross-Relation between two graphs or networks.

Given two aligned networks g and / with N nodes, as well as a set of M topological features x;,
j=1,2,...,M, we can associate each node i = 1,2,..., N of those networks to the respective features,
therefore obtaining the following feature vectors:

5 T
Xei = [xg,l,i Xg2,i - xg,M,i] (9)
5 T

Xni=[Xn1i Xn2i --- Xnmi) (10)

where x, ; ; means the value of the feature x; of node i in graph g.
The respective cross-relation of those two aligned vectors can now be defined as:

. 1 S o
@RR)i0) = = > € (%o Ko (1n)
G
5(i
where § = 1,2,..., A is the considered sequence of lags (distances from each reference node) and |L;(i)] is

the number of nodes in the topological layer J relatively to the reference node i.
In case ¢ = h, the above expression becomes the autorrelation of a node i of the network g:

1 -
Xg)[i,0] = , C(XeiXek)- 12
(g g)[l ] |£5(1)‘ ke%;(i) ( & gvk) ( )

Observe that (§X ¢)[7,d] with 6 = 1,2,..., A can be understood as individual signatures of each of the
network nodes i = 1,2,..., N, corresponding to how much that node in one network is similar in the
average, as far as the coincidence index is concerned, to the other network nodes at each successive layer
L5(i). A similar interpretation holds for the individual signatures (g g)[i, §], but here the comparison takes
place between nodes of the same network g.

The basic underlying assumption is that a system of progressive layers around each node i is therefore
defined respectively to successive values of the lag parameter 6, starting at that node when § = 0. Therefore, N
lag variables are established in this manner, allowing one of the networks to be shifted respectively to the
other in this highly dimensional space. Observe that, as the lag increases, the number of paths tends to
initially increase in a possibly combinatorial manner.

As such, the autorrelation of a network g can be understood in analogy to the autocorrelation of a
function or signal, while a similar relationship can be established between the cross-relation between two
networks g and 4 and the cross-correlation between two signals or functions.

As defined above, the autorrelation and cross-relation between two graphs will involve the coincidence
comparison between the features of each node with those of nodes in successive neighborhoods, whose
number tends to increase steadily in number as they radiate more links, and then decrease as a consequence
of reaching the border of the network. This implies that the average coincidence is taken respectively to
varying numbers of nodes in each successive neighborhood.

There are several ways, in addition to the henceforth adopted consideration of the average coincidence
between the reference node and the nodes at each of its successive neighborhoods, in which the autorrelation
and cross-relation between two graphs can be modified so as to make the resulting values more
commensurate. One such manner consists in comparing between each node in one network and the nodes in
a walk along the nodes in the other network. These walks can be specified in many ways, including the more
traditional random walks and self-avoiding random walks (e.g. [57, 58]).

4
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The autorrelation (cross-relation) presents potential for characterizing how much one (two) graphs are
similar respectively to a sequence of respective topological lags J. In the remainder of this work, we illustrate
the application of the autorrelation and cross-relation concepts respectively to several model-theoretical and
real-world structures.

An important aspect of the autorrelation and cross-relation between graphs as suggested above concerns
the fact that these operations are relative to the set of adopted node features, which can be of topological or
complementary types. This flexibility to define specific set of features allows the lag-based comparison of
networks to be investigated from the point of view of several choices of measurements, aimed at reflecting
network properties of specific interest in each research situation.

For simplicity’s sake, the measurements of node degree and clustering coefficient will be adopted
henceforth. Though the three types of network models considered in the present work tend to have relatively
small cluster coefficients, they have been still been verified to influence the individual autorrelation
signatures, also moderately contributing to enhancing the separation between different models, especially in
the Watts-Strogatz case.

4, Results and discussion

In this section, the concepts of autorrelation and cross-relation between two graphs are illustrated
respectively to model-theoretical and real-world examples. In all cases, networks that happen to be directed
are first symmetrized, and only the largest connected component is then taken into account. In addition,
given that maximum autorrelation value (equal to one) is always observed for § = 0, these values are not
shown henceforth for simplicity’s sake. Observe that this property does not necessarily hold for the
cross-relation.

We start the study of the application of the autorrelation and cross-relation concepts respective to three
model-theoretical complex networks (e.g. [4—6]), namely: Erdos—Rényi—ER, Barabési—Albert—BA, and
Watts—Strogatz—WS in its ring configuration. Consequently, we have the possibility to consider uniformly
random interconnectivity (ER), scale free degree distribution (BA), as well as the model WS which varies, in
terms of a respective rewiring probability, from a perfect lattice to an ER configuration. The ER, BA and WS,
the latter with high reconnection probability, are all characterized by having relatively small average shortest
path distances. At the same time, the WS structures with relatively small rewiring probability tends to have
larger average shortest path distances.

Figure 1(a) presents the autorrelation signatures obtained for an ER network with N = 300 nodes and
average degree (k) = 4, considering topological lags § = 1,2,...,15. Shown are the several autorrelation
signatures obtained for each of the 300 nodes (several random colors), as well as the respective mean
signature (shown in black). Interestingly, the autorrelation function of this network can be found to decrease
monotonically with two negative slopes: one with smaller magnitude taking place from ¢ equal to 1 to 4.5,
which is followed by increased slope magnitude thereon.

The autorrelation function of a BA network, also with N =300 nodes and (k) = 4, is presented in
figure 1(b). Compared to the ER case, a completely different result has been obtained. Now, the autorrelation
values increase progressively initially, and then undergo an abrupt decrease for lag >6. Similarity to the ER,
though, the final decrease again coincides with the neighborhoods reaching the network border. The increase
of autorrelation values, however, is mostly a phenomenon specific to this type of network among the three
considered types of structures. It follows from the fact that, in a BA network, although only a few nodes are
hubs, they are soon reached by the neighborhood progressions starting from the other nodes. Because the
hubs are not similar to the other nodes, while the other nodes are mutually similar, the autorrelation tends to
increase after reaching the hubs, until the border is met. The lower individual signatures have been found to
be associated to the hubs of the network, which have markedly distinct topological features respectively to
the other nodes.

Figure 1(c) depicts the autorrelation signatures obtained for a WS network (ring configuration) with
similar parameters as before, obtained by using a rewiring probability of p,, = 0.05 and neighborhood of two
nodes. A third type of autorrelation function can be observed for this network model, characterized by an
initial plateau, followed by the an accentuated decrease which again is a consequence of the finite size of the
network. The obtained plateau derives from the intrinsic mutual similarity between most nodes of this
network.

In order to explore in more detail the autorrelation structure of the WS networks, figure 2 presents the
results respectively obtained for WS networks with N = 300 nodes and rewiring probabilities
pyy = 0.005,0.01, and 0.02.

It can be readily observed that the increase of the rewiring probability not only reduces the range of lags
characterized by non-zero autorrelations, but also influences the sharpness of the transition from core to

5
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ER BA LE]

Figure 1. The autorrelation functions in terms of successive lag values ¢ for ER, BA and WS networks with N = 300 nodes and
(k) = 4. The WS network was obtained by using rewiring probability p,, = 0.05. Corresponding to the longest shortest path
between any two nodes of a network, the diameters of the ER, BA and WS networks in this figure are 11, 7, and 12, respectively.

ws ws ws

lag lag lag

(a) (b) ()

Figure 2. The autorrelation functions of an WS networks with N =300 nodes, p =4 and p,, = 0.005 (a), 0.01 (b), and 0.02 (c),
respectively to topological lags § = 1,2, ..., 30.

Table 1. The averages of the Kullback—Leibler divergences between each of the three types of networks considered in figure 1.

ER BA WS
ER 0.0187 0.616 0.62
BA 0.181 0.0060 0.955
WS 2.15 4.99 0.0394

border, as well as the height and extent of the plateaux. Also of interest are the lower signatures, which
correspond to outlier nodes originating from the network rewirings.

The markedly distinct average signatures presented and discussed above, especially those in figure 1,
suggest that the autorrelation approach has potential to provide an effective means for distinguishing
between different types of complex networks, as well as for estimating a likely model for a given specific
network. In order to consider these possibilities further, we describe two related studies in the following.

First, we calculate the Kullback—Leibler (KL) divergence [59] between the individual signatures obtained
for 30 networks of each of the three models ER, BA, and WS having (k) = 4 and N = 300 nodes and three
prototype signatures representing each of these types of networks. For this specific purpose, the individual
autorrelation signatures obtained for each group were normalized as statistical distributions, so that the sum
of their values is equal to one. After being similarly normalized, the averages of the individual signatures
within each of the networks in each of these three types (please refer to figure 1) are taken as respective
prototypes.

Table 1 presents the average of the obtained KL divergence values. Each entry [i,j] in this table
corresponds to the average distance between the individual signatures in group of type j respectively to the
prototype specified by i. The values obtained along the diagonal are noticeably smaller compared to the other
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Figure 3. PCA projection of the derivatives of the individual signatures of 30 networks of each of the types ER, BA, and WS, as
well as the respective group averages (shown as black disks). Three completely separated groups have been obtained,
corresponding respectively to the ER, BA and WS considered types of networks. The cumulative percentage of variation explained
by the two principal components are indicted in the respective axes.

entries, substantiating the potential of the above described autorrelation approach to differentiate between
different types of complex networks.

In order to further investigate the potential of the autorrelation for distinguishing between network
types, we also performed a two-dimensional (2D) projection by principal component analysis (PCA, e.g. [60,
61]) of the numerical derivatives of the average autorrelation functions obtained for 30 networks of each of
the three models ER, BA, and WS having (k) = 4 and N = 300 nodes. The numerical derivatives of the
individual autorrelation functions have been considered in this experiment because they emphasize the
intrinsic variations along each of the individual signatures.

By projecting the high dimensional autorrelation signatures into just two-dimensions, it becomes
possible to visually appreciate the possible separation between the three network models. As can be seen
from the results shown in figure 3, three well-separated groups have been obtained, corresponding to the ER,
BA, and WS types of structures. These results corroborate further the potential of the autorrelation approach
for distinguishing, as well as possibly classifying, networks among pre-determined types.

A noticeably interesting possibility is to illustrate the autorrelations between the nodes in a given network
in terms of a respective coincidence similarity network [31]. Examples of this type of coincidence
network—obtained for the above ER, BA and WS networks, are shown in figures 4(a)—(c), respectively. The
size of the nodes reflect the degree of the nodes in the original network. The colors (from cyan to magenta)
indicate the transitivity of those nodes.

As could be expected, a relatively uniform autorrelation network has been obtained for the ER network,
except for some interesting substructures arising from statistical fluctuations. In addition, most of the nodes
are shown in cyan, reflecting the small transitivity of the original respective reference nodes.

An interesting structure can also be observed in the case of the BA network, with the hubs resulting in
one of the extremities of the larger connected component, which are then successively followed by nodes of
signatures obtained for medium and small degree original nodes. This type of structure reflects the fact that,
in a BA network, the hubs are markedly different from the other nodes regarding their topological properties
along the successive neighborhoods, but are mutually similar. As could be expected, most original nodes have
very small transitivity (most nodes are in cyan).

A more uniformly connected autorrelation network has been obtained for the WS case, reflecting the
predominant regularity of the original network. Interestingly, the shortcuts implemented by the rewiring
with p,, = 0.05 implied a segmentation of the autorrelation network into respective modules, or
communities. Observe that several nodes are shown in colors close to light magenta, indicating transitivity
values relatively higher that those obtained for the ER and BA cases.

All in all, the autorrelation signatures obtained for the three model-theoretical networks confirm the
ability of this approach to reflect several of the important properties of the respective networks, as well as
their parameter configurations. The individual signatures also provide an effective means for identifying
special types of nodes.

We now proceed to study the types of autorrelation functions that can be obtained from some real-world
networks.
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Figure 4. The coincidence networks obtained from the individual autorrelation signatures of the ER (a), BA (b), and WS

(c) networks, shown after thresholding by T'= 0.8, T = 0.6, and T = 0.8, respectively. Distinct values of threshold have been
chosen in order to enhance the respective visualizations. The size of the nodes corresponds to the degree of the original network
nodes providing the reference for the autorrelation analysis. The width of the edges is proportional to the respective coincidence
value between the respective individual autorrelation signatures. The colors (from cyan to magenta) indicate the transitivity of the
original nodes. The particularly dense patterns of interconnections observed in the WS structure in (c), as well as among the
nodes with smaller degree in (b), are mostly a consequence of the relatively high similarity values between the nodes in these cases.

zc macaque US airports

(a) (b) ()

Figure 5. The average (in black) and individual (random colors) autorrelation signatures obtained for the Zachary karate club
network [62, 63] (a); macaque network [63, 64] (b); and US airports network [63] (c). The diameters of the three networks in this
figure are: 5, 4, and 8, respectively.

Figure 5(a) presents the autorrelation signature obtained for the Zachary karate club network [62, 63].
Despite the relatively small size of this network, the respective autorrelation signatures suggest that it has
hubs, possibly possessing an approximately scale-free node distribution.

The autorrelation signatures obtained for the macaque network [63, 64], shown in figure 5(b), is
characterized by relatively high initial autorrelation values, which is followed by a mostly gradual respective
decrease, defining an overall shape that is similar to that obtained for the ER network (figure 1(a)).

The results obtained for the US airports network [63] are presented in figure 5(c). The average signature,
which involves relatively small values, indicates a relatively more complex autorrelation structure for this
network, involving the three following regimes: (a) an initial plateaux indicating sustained mutual similarity
between each node and those at the nearest respective neighborhoods; (b) a following peak of autorrelation
values, possibly related to presence of hubs in this network; and (c) a moderate decrease implied by the
neighborhood progressions hitting the border of this network. An impressive variety of individual
autorrelation signatures can be identified, some characterized by particularly small autorrelation values,
indicating the presence of several potentially interesting outlier nodes.

Figure 6 depicts the coincidence similarity network obtained by considering the individual autorrelation
signatures of the US airports network. The resulting coincidence network has been thresholded at T'=0.87
for the sake of enhanced visualization.

Several interesting aspects can be observed from the coincidence network obtained for the US airports
network. First, we have that the signatures have been organized along a sequence of interconnections related
to the degree of the original nodes. The hubs, being most different from the other nodes, but tending to be
similar each other, resulted at one of the extremities of the main obtained structure. As the degree of the
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Figure 6. The coincidence similarity network obtained from the individual autorrelation signatures of the US airports network,
shown after thresholding by T'= 0.87. The size of the nodes corresponds to the degree of the original network nodes. The width of
the edges is proportional to the respective coincidence value between the respective individual autorrelation signatures. The colors
(from cyan to magenta) indicate the transitivity of the nodes in the original network.

nodes becomes smaller, the observed structure initially defines a predominantly sequential, chained
structure, up to a point where two main branches and more intricate smaller structures start to emerge. This
transition is possibly associated to the predominantly scale-free interconnections characteristic of the larger
(in the sense of having more flights) airports into the more geographical interconnection patterns between
smaller (as indicated by the respective small node diameters associated to smaller original degrees), spatially
adjacent/closer airports.

Of particular interest is the separation of this initially string-like structure into two major branches, each
of which presenting complex interconnections, including ring-like substructures. At the same time, several
smaller disconnected components involving strongly interconnected nodes with smaller degree can be also
observed. Also of particular interest are the relatively small string component observed at the top left-hand
side of the visualization in figure 6, as well as the nodes that remained disconnected given the adopted
parameter configuration. Most of these nodes are characterized by low transitivity.

It is also worth comparing the coincidence network obtained for the US airports individual autorrelation
signatures with that of a BA network, as illustrated in figure 4(b). Though these two networks share some
important properties, such as the chained/string-like connections with a gradual progression of the degree of
the original nodes, they also present important differences, including the markedly more intricate structure
of the US airports network for smaller values of original node degree, possibly as a consequence of the more
local and geographical nature of the interconnections between smaller airports, thus suggesting that this
network involves a mixture of structural organization principles varying along topological scales.

In order to verify the effect of the extension of the considered range of lags taken into account while
building the coincidence network from the individual autorrelation signatures, we show in figure 7 respective
autorrelation networks derived from the US airports individual signatures considering increasing lag
intervals. The effect of taking into account longer lag extensions contributes to obtaining progressively more
detailed coincidence networks. Interestingly, the complex topological structure of this network could not be
discerned from the coincidence similarity networks considering narrow lag extensions. At the same time, the
effect of incorporating additional lags tends to be larger for smaller lag extensions, with progressively more
similar coincidence networks being obtained as the maximum lag approaches the borders of the network.

The above examples and results illustrate the potential of the autorrelation approach for revealing
detailed information about the network being analyzed from the perspective of its hierarchical similarity
structure.
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lag= 1; Th= 0.87 lag= 2 Th= 0.87

lag= 3; Th= 0.87

lag= 4; Th= 0.87

Figure 7. The coincidence networks obtained from the individual autorrelation signatures of the US airports network considering
successive lags varying from 1 to 9. By supplying additional information about the topology of the original network, networks
derived from individual signatures with larger lag values tend to yield progressively more detailed coincidence networks.

To further complement our investigation of the potential of the autorrelation approach to characterizing
the individual nodes of complex networks, the obtained individual signatures shown in figure 8 have been
organized into three respective clusters for each of the ER, BA and WS networks in figure 1 by employing
Ward’s hierarchical agglomerative clustering approach (e.g. [65]). Basically, this method successively merge
the original patterns into clusters according to a minimum variance principle. The complete individual
signatures were considered as features during respective clustering by using the Ward’s approach.

Each of the three main clusters identified respectively to each of the three networks in figure 1 are shown
as green, blue and salmon in figure 8. The original individual signatures are shown—respectively to the ER
(a), BA (d), and WS (g)—in these three colors according to their respective membership in clusters identified
by the Ward’s methodology. It can be observed that the group marked as green mostly corresponds to the
longer individual signatures, while the blue cluster tends to be associated to shorter individual signatures, the

blue group corresponding to intermediate-length signatures.

The plates in the intermediate column of figure 8—namely (b), (e), and (h)—show the 2D PCA
projections of the respective individual autorrelation signatures. Recall that the identification of the three
main clusters was performed while considering the whole signatures, and not their respective 2D PCA
projections, which are shown only for visualization purposes.

Figures 8(c), (f), and (i) present visualizations, by using the Fruchterman—Reingold approach (e.g. [66]),
of the original ER, BA, and WS networks from which the results in figures 1 and 8 have been obtained, with
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Figure 8. Characterization of nodes associated to the autorrelation curves in figure 1 respectively to the ER (a)—(c), BA (d)—(f),
and WS (g)—(i) networks. The original individual signatures are shown in (a), (d) and (g), respectively, for reference. The PCA
projections are depicted in (b), (e), and (h). Three main clusters for each of the three groups of signatures have been obtained by
applying Ward’s hierarchical agglomerative clustering (e.g. [65]) onto the whole original individual signatures, and then used for
identifying the nodes in the PCA projections (only for visualization purposes), as well as in the respective networks from which
the individual signatures were obtained, shown in (c), (f), and (i). The white nodes in (c) correspond to isolated nodes in the ER
network, which have not been taken into account in the analysis. In the three types of networks, a well-defined tendency can be
observed of the groups having longer signatures (shown in green) to correspond mostly to the boundary of the original respective
networks. At the same time, the nodes associated to shorter individual signatures (shown in salmon) tended to be found at the
core of the respective networks, especially in the case of the ER and WS cases. These two observed tendencies are less noticeable in
the BA case because of its smaller diameter (7), as well as the more widespread interconnections implemented by the respective
hubs, which tend to blur the separation between core and boundary.

the node colors indicating the respective membership relatively to the three main identified clusters. These
interesting results indicate that the longer individual autorrelation signatures (green) tended to correspond
to the nodes at the boundary of the networks (e.g. [67]), while the shorter signatures (salmon) are mostly
related to the respective cores or centers of the networks. The remainder signatures (blue) tended to be
associated to intermediate nodes to be found between the respective boundaries and cores. These results

indicate, at least for the three considered networks, that the specific characteristics of the individual
autorrelation signatures are directly related to the topological situation of the respective nodes within the

original network.
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ER BA US airports

coine.

Figure 9. The average (in black) and individual (random colors) cross-relation signatures obtained between the ER network in
figure 1(b) and: itself after 500 edge rewirings (a), the original BA network and respective version after 4000 rewirings (b), as well
as the US airports network and respective network obtained for 3000 rewirings (c).

ER BA US airports

(a) (b) (c)

Figure 10. The cross-relation functions between the original ER, BA, and US airports networks and their respective versions after
removal of the 5% of nodes with the highest degree (hubs).

The remainder of the present section is aimed at providing some results related to the cross-relation
between two aligned networks respectively to three modifications of the original ER, BA, and WS networks
in figure 1.

Examples of cross-relations between original and rewired versions of a same network are depicted in
figure 9. First, we have the ER network in figure 1(a) before and after 500 rewirings. Interestingly, a
noticeable effect of the rewirings on the average signature can be observed, which is possibly a consequence
of random fluctuations given the relatively small size of this network. The individual and average
autorrelation signatures obtained for the BA network are shown in figure 9(b). The obtained average
cross-relation signature is characterized by a less accentuated initial increase, which is a direct consequence of
the partial loss of the scale free property, as a consequence of the hubs being rewired into more uniform
configurations, as indicated by the associated reduction of the number of outlier (lower) signatures. The
rewiring effects on the US airports network, shown in figure 9(c), included making the intermediate peak less
salient, reducing the extent of the signatures at the same time as they became less dispersed, as well as leading
to a sharper final transition.

The cross-relation between networks and their rewired versions is strongly affected by the necessarily
implied reduction of the average shortest path length, which substantially narrows the extent of the
signatures along the lag 9.

Another interesting study of cross-relations between two graphs consists of considering the original
graph and a respective version with a given percentage of hubs removed from the network. Figure 10
illustrates this type of analysis respectively to the removal of 5% of the nodes with the highest degrees
respectively to the ER, BA and US airports networks.

As could be expected, this modification had almost no effect in the case of the ER network, which does
not tend to have nodes with substantially higher degrees (hubs). However, in the case of the BA network,
several alterations can be verified as a consequence of the removal of just a few hubs. We can observe a
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Figure 11. The cross-relation functions between the original ER, BA, and US airports networks and their respective versions after
permutation of nodes.

reduction of the extent of the signatures, as well as a substantial change in the shape of the average signature,
which now corresponds mostly to a plateau instead of a peak. The effects on the US airports network are also
strong, implying longer signatures as well as a reduction of the peak and change of the shape of most
signatures. This result indicates that the hubs in this network tend to play an important role in defining its
respective topological properties.

Figure 11 presents the cross-relation analysis of networks under another type of modification, now
involving complete permutation of the labels of all nodes respectively to the original network. The effect of
this alteration was similar in the case of the ER, BA, and US airports networks, consisting in making the
signatures more similar.

The above cross-relation examples illustrate the potential of this concept for comparing between two
aligned networks while considering respective displacements along the distance lags. The obtained results
indicate that the cross-relation average and individual signatures has potential for providing interesting
information about the topological properties of the analyzed structures, especially regarding the presence of
hubs and the uniformity of the topology around the nodes at successive topological scales.

5. Concluding remarks

An important class of associations between a given pair of mathematical structures regards how much they
are interrelated in terms of a relative displacements, controlled by respective lag values. The importance of
this type of relationship is reflected in the key role that the related operations of autocorrelation and
cross-correlation play in areas including signal and image processing and analysis, control systems, computer
vision, neuronal networks and Al.

In the present work, we aimed at developing operations that would be analogue to the autocorrelation
and cross-correlation between functions, fields, vectors and matrices, but adapted to the specific nature of
graphs and networks. In order to do so, we resourced to the multiset coincidence similarity, which
implements a strict and stable quantification of the similarity between any two mathematical structures.

More specifically, we defined a sequence of hierarchical layers around each network node as being
analogous to the lag parameter in the classic correlation. Therefore, it became possible to compare the
topological features each reference node with those of nodes along the nodes at increasing topological
distances, which has been done in terms of the respective average similarity. This operation yields a function
of the topological distance from the successive layers, which acts as the lag parameter. The possibility to
choose among several possible topological, or other types of features accounts for additional flexibility in the
implemented analysis, which can be customized to the aspects of specific interest in each research situation.
Once these measurements have been obtained, the estimation of the autorrelation and cross-relation involves
relatively small computational cost. In the case of the present work, which adopted the node degree and
transitivity as features, the overall cost resulted particularly low given that these measurements are local and
can be effectively calculated.

As with the traditional autocorrelation and cross-correlation between two functions, the autorrelation
function has its maximum value observed for lag zero. As it has been indicated by several examples involving
several model-theoretical and real-world networks, the average and individual autorrelation and
cross-relation signatures can reflect several important aspects of the analyzed networks, including the
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presence of hubs, overall regularity, scale-free behavior, presence of outliers, as well as the extent of
topological scales along which the network is more or less strongly mutually similar. Of particular interest is
the intricate coincidence similarity structure obtained from the individual autorrelation signatures which, in
the case of the US airports network, revealed complex interrelationships between involved signatures,
confirming the particularly complex organization of this network. The relationship between the shape of the
individual autorrelation signatures obtained for each node and the topological characteristics of these nodes
was also studied by using a clustering methodology, with interesting results.

Supplementary material related to the present work can be found at https://github.com/ldafcosta/
compl_autorr.

The reported concepts and methods, which are respective to the adopted models, assumptions, and
parametric configurations, pave the way to several interesting further complementary developments,
including the consideration of other node measurements, alternative model-theoretical networks (especially
heterogeneous modular networks), as well as the investigation of other parameter configurations (e.g. average
degree and number of nodes). Other promising possibilities concern the application to additional real-world
networks. In particular, it would be interesting to study the interesting subject of the scale free property (e.g.
[68]) from the perspective of the concepts and methods suggested in the present work.
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